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TWO-POINT FUNCTIONS

Let (M, g) — globally hyperbolic, V € C*(M, R). Wave
operator

P := —[; + V € Diff*(M).
Two-point functions A1 : C°(M) — C*(M)
(1) PAy =A4P=0
2 A+ =20, Ay —A_=i(G4 —G-)
(3) WF,(A:t) C Nj: X Nj:

@ Construct distinguished A4 with specified
symmetries/additional properties
2 Parametrize large class of A1’s

today method of parametrix for Cauchy problem
[Gérard, W. "14]
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M =R x S. In Gaussian normal coordinates wrt. S,
g = —di’z + I’lt

P =0? +a(t) +r(t)o},
a(t) == —Ay, + V(t) € Diff*(S)
(1) := 1| "20,(u|2)(¢) € Diff(5).

Here a* = a wrt. L(S, ]ht|%dx). Rewrite (97 4+ a + rd;)$(t) = 0 as

i_latw(t) =A)y(t), »(t) = <11¢a(1€2(t)> ’

. 0 1 , . L .,
with A(t) = ( a(t) ir(t) ) — ’scattering theorist’s Laplacian’.
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o) = atvn, 40 =( 0 4t )

(t) ir(t)
Notation: For b(t) € C*(R, ¥>), Uy(t,s) solution of (if exists!)
Up(t,s) = ib(E)Uy(t,s),
Up(t, ) —ildy(t,5)b(s),
Z/{h(t, ) =

Recall G = G4 — G_. Consequence of Stoke’s formula

=19 1
Ua(t,s) = piG pso,  psd = ( i%[ttdgfts > C 0T ( (1) 0 > '

Now setting
Uf(t,s) = dip Ay pso

(1)-(2) mean U (t,s) + U, (t,5) = Ualt,s), oUE(t,t) >0
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¢ Suppose we have b(t) € C*(R, U1(S)) s.t.

(O +ib(t) + r(t)) o (0 — ib(t)) = O? + a(t) + r(t)d

» Hence also (0; — ib* +r) o (O +ib*) = 0? +a + 10,

Set yi(t) = (35 i (( ))> 6(t). Now (9 +a+rda(t) = 0 =

i19(t) = B(t)d(t), B(t) = ( o (J)rir(t) —b(t)o+ir(t) > ‘

Of couree, tos) - ( u,,,*gr(t,s) y 0( ))and
b+1r

Ua(t,s) = S(H)Up(t,s)S™1(s) where v (t) ()(t)
» Now U (t,s) := S(t) ( Uspr +” (t5) > s1
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Properties of

i) = s (S D) s,

Lﬁaﬁyzao<8 %&&t®>s4@y

+ well-defined if b + b* invertible
> UL (s,t) + U, (5,1) = Ua(s, t)
> U (s, )UK (F,s) = Ui (s.8), UT (5,8 UK (H,5) =0
» WF (U (5,t) = {(x,,x/,&) e T*S x T*S : (x,€) =
Ot (t,s)(x', &)} (@ — flow generated by o1 (b(t)))
# OKif 1 (b(t)) = (o2(—Ap,))/?
> oU5(tt) > 0iffb+b* >0

indeed, U7 (t,1) = (571(t))* ( 8 b(t) + b* () )5—1(t)
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RICCATI EQUATION

(0 +ib(t) + r(t)) o (9 — ib(t)) = OF + a(t) + r(t)os
...is actually a Riccati equation idb — b? +a +irb = 0.
# pickag € C*(R)s.t. a(t) :==a(t) +ap(t)1 > 1

Theorem
Assume S = RY or compact, then 3b(t) € C®(R, U1(S)) s.t.

i) b=az+C®(R,0(S)),
i) (b+b)l=ai(1+r_1)a i, rq€C®(R,UYS)),
i) (b+b*)"1 > Caz, for some C(t) > 0
iv) 0 —b? +a+irb € C(R, ¥>(S)).
Ansatz b = a2 + by gives transport equations

bo = (@ 20,z +a 2raz) + F(by),
F(bo) = 12 (84by + [a2, bo) + irby — b2).
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+ Invertibility:

» Write b(t) = a5 (1+r_1(t))(t)
» Replace r_; by

roir(t) = x (;;{%) ralt)x (;;2))

Now to get actual solutions replace L{;‘t(t, s) by
Un(t, O)Z/llf‘t(O, 0)U4(0,s), where Uy (s, t) — ‘true propagator’!

i -1
Lr,evw

+ WF unchanged by ‘interaction picture argument’
» B(t) replaced by B(t), B(t) — B(t) € C>®°(R, U~*°)
We get:
» Two-point functions A (s, t) = mo U (t,s) 7}

» Feynman propagator
Gr(s,t) =i o (UL (t,5)0(t — s) — U, (t,5)0(s — t)) 7}
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REGULAR TWO-POINT FUNCTIONS
So far: C*(R, Ul(s)) > b(t) — two-point functions AY..

Theorem
If Ay two-point functions s.t. Ay (t,t) € U(S)S2 then 3b(t) s.t.
Ay =AY

# Bogoliubov transformations

1
10 (10 (1+ aa*)2 a
- U U, U=
<0 0) (0 0) ( a* (1+a*a);)

SRR

£ aeU® = (1+aa*)2 —a)*t €14 U~

On the other hand: b(t) determines —[J, + V by Riccati eqn.
Consequence: b(t) determines both quantum fields and the
background geometry !!
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ASYMPTOTIC DATA
Piece of cake if (M, g) = R, suppV C [-T/2,T/2] x R%:

UF(0,0) := Uy (0, T)Uy(T, 0)Uy" (0,0)Uy (0, T)Uy (T, 0).

More general V:

» If lim; o V(t) = 0 and Moller operator
ST :=limr_, 1o Uy (0, T)Uo(T, 0) exists

U (0,0) := ST o Uy (0,0) 0 (ST)T
2 is WF still OK? [in progress w. Gérard]
» Fix Vs.t. suppV C [-T/2,T/2] x R4, V =V on [-T/4,T/4]
Uy} (0,0) := U (0,0)

This is the deformation argument [Fulling, Narcowich, Wald '79]
More challenging: black hole horizons. ..
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