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INTRODUCTION Introduction

TWO-POINT FUNCTIONS

Let (M, g) — globally hyperbolic, V ∈ C∞(M,R). Wave
operator

P ··= −�g + V ∈ Diff2(M).

Two-point functions Λ± : C∞c (M)→ C∞(M)

(1) PΛ± = Λ±P = 0
(2) Λ± ≥ 0, Λ+ − Λ− = i(G+ − G−)

(3’) WF′(Λ±) ⊂ N± ×N±

Construct distinguished Λ± with specified
symmetries/additional properties
Parametrize large class of Λ±’s

today method of parametrix for Cauchy problem
[Gérard, W. ’14]
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M = R× S. In Gaussian normal coordinates wrt. S,
g = −dt2 + ht

P = ∂2
t + a(t) + r(t)∂t,

a(t) ··= −∆ht + V(t) ∈ Diff2(S)

r(t) ··= |ht|−
1
2∂t(|ht|

1
2 )(t) ∈ Diff0(S).

Here a∗ = a wrt. L2(S, |ht|
1
2 dx). Rewrite (∂2

t + a + r∂t)φ(t) = 0 as

i−1∂tψ(t) = A(t)ψ(t), ψ(t) =

(
φ(t)

i−1∂tφ(t)

)
,

with A(t) =

(
0 1

a(t) ir(t)

)
— ‘scattering theorist’s Laplacian’.
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i−1∂tψ(t) = A(t)ψ(t), A(t) =

(
0 1

a(t) ir(t)

)
,

Notation: For b(t) ∈ C∞(R,Ψ∞), Ub(t, s) solution of (if exists!)
∂
∂tUb(t, s) = ib(t)Ub(t, s),
∂
∂sUb(t, s) = −iUb(t, s)b(s),

Ub(t, t) = 1.

Recall G = G+ − G−. Consequence of Stoke’s formula

UA(t, s) = ρtG∗ρ∗sσ, ρsφ ··=
(

φ�t=s
i−1∂tφ�t=s

)
, σ ··=

(
0 1
1 0

)
.

Now setting
U±A (t, s) ··= ±iρtΛ±ρsσ

(1)-(2) mean U+
A (t, s) + U−A (t, s) = UA(t, s), σU±(t, t) ≥ 0
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Suppose we have b(t) ∈ C∞(R,Ψ1(S)) s.t.

(∂t + ib(t) + r(t)) ◦ (∂t − ib(t)) = ∂2
t + a(t) + r(t)∂t

I Hence also (∂t − ib∗ + r) ◦ (∂t + ib∗) = ∂2
t + a + r∂t

Set ψ̃(t) ··=
(
∂t + ib∗(t)
∂t − ib(t)

)
φ(t). Now (∂2

t + a + r∂t)φ(t) = 0⇔

i−1∂tψ̃(t) = B(t)ψ̃(t), B(t) =

(
b∗(t) + ir(t) 0

0 −b(t) + ir(t)

)
.

Of course, UB(t, s) =

(
U−b∗+ir(t, s) 0

0 Ub+ir(t, s)

)
and

UA(t, s) = S(t)UB(t, s)S−1(s) where ψ(t) = S(t)ψ̃(t).

I Now U+
A (t, s) ··= S(t)

(
U−b∗+ir(t, s) 0

0 0

)
S−1(s).
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Properties of

U+
A (t, s) = S(t)

(
U−b∗+ir(t, s) 0

0 0

)
S−1(s),

U−A (t, s) = S(t)
(

0 0
0 Ub+ir(t, s)

)
S−1(s) :

well-defined if b + b∗ invertible
I U+

A (s, t) + U−A (s, t) = UA(s, t)
I U±A (s, t′)U±A (t′, s) = U±A (s, t), U∓A (s, t′)U±A (t′, s) = 0
I WF′(U+

A (s, t)) = {(x, ξ, x′, ξ′) ∈ T∗S× T∗S : (x, ξ) =
Φ+(t, s)(x′, ξ′)} (Φ+ — flow generated by σ1(b(t)))

OK if σ1(b(t)) = (σ2(−∆ht))
1/2

I σU±A (t, t) ≥ 0 iff b + b∗ ≥ 0

indeed, U+
A (t, t) = (S−1(t))∗

(
0 b(t) + b∗(t)
0 0

)
S−1(t)
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RICCATI EQUATION

(∂t + ib(t) + r(t)) ◦ (∂t − ib(t)) = ∂2
t + a(t) + r(t)∂t

. . . is actually a Riccati equation i∂tb− b2 + a + irb = 0.
pick a0 ∈ C∞(R) s.t. ã(t) ··= a(t) + a0(t)1 ≥ 1

Theorem
Assume S = Rd or compact, then ∃ b(t) ∈ C∞(R,Ψ1(S)) s.t.

i) b = ã
1
2 + C∞(R,Ψ0(S)),

ii) (b + b∗)−1 = ã−
1
4 (1 + r−1)ã−

1
4 , r−1 ∈ C∞(R,Ψ−1(S)),

iii) (b + b∗)−1 ≥ C ã−
1
2 , for some C(t) > 0

iv) i∂tb− b2 + a + irb ∈ C∞(R,Ψ−∞(S)).

Ansatz b = ã
1
2 + b0 gives transport equations

b0 = i
2(ã−

1
2∂tã

1
2 + ã−

1
2 rã

1
2 ) + F(b0),

F(b0) = 1
2 ã−

1
2 (∂tb0 + [ã

1
2 , b0] + irb0 − b2

0).
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Invertibility:
I Write b(t) = ã−

1
4 (1 + r−1(t))ã(t)−

1
4 , r−1 ∈ Ψ−1

I Replace r−1 by

r−1,R(t) = χ

(
ã(t)

Rλ(t)

)
r−1(t)χ

(
ã(t)

Rλ(t)

)
Now to get actual solutions replace U±A (t, s) by
UA(t, 0)U±A (0, 0)UA(0, s), where UA(s, t) — ‘true propagator’!

WF unchanged by ‘interaction picture argument’
I B(t) replaced by B̃(t), B(t)− B̃(t) ∈ C∞(R,Ψ−∞)

We get:

I Two-point functions Λ+(s, t) = π0 U+
A (t, s)π∗1

I Feynman propagator
GF(s, t) = i−1π0

(
U+

A (t, s)θ(t− s)− U−A (t, s)θ(s− t)
)
π∗1
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REGULAR TWO-POINT FUNCTIONS

So far: C∞(R,Ψ1(s)) 3 b(t) 7→ two-point functions Λb
±.

Theorem
If Λ± two-point functions s.t. Λ±(t, t) ∈ Ψ∞(S)⊕2 then ∃ b(t) s.t.
Λ± = Λb

±.

Bogoliubov transformations(
1 0
0 0

)
7→ U∗

(
1 0
0 0

)
U, U =

(
(1 + aa∗)

1
2 a

a∗ (1 + a∗a)
1
2

)
︸ ︷︷ ︸

∈ 1+Ψ−∞

a ∈ Ψ−∞ ⇒ ((1 + aa∗)
1
2 − a)±1 ∈ 1 + Ψ−∞

On the other hand: b(t) determines −�g + V by Riccati eqn.
Consequence: b(t) determines both quantum fields and the
background geometry !!
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ASYMPTOTIC DATA

Piece of cake if (M, g) = R1,d, suppV ⊂ [−T/2,T/2]× Rd:

U+
V (0, 0) ··= UV(0,T)U0(T, 0)U+

0 (0, 0)U0(0,T)UV(T, 0).

More general V:
I If limt→∞V(t) = 0 and Møller operator

S+ ··= limT→+∞ UV(0,T)U0(T, 0) exists

U+
V (0, 0) ··= S+ ◦ U+

0 (0, 0) ◦ (S+)†

is WF′ still OK? [in progress w. Gérard]

I Fix Ṽ s.t. suppV ⊂ [−T/2,T/2]× Rd, Ṽ = V on [−T/4,T/4]

U+
V (0, 0) ··= U+

Ṽ
(0, 0)

This is the deformation argument [Fulling, Narcowich, Wald ’79]

More challenging: black hole horizons. . .
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