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In a two-mode Bose-Josephson junction formed by a binary mixture of ultracold atoms, macro-
scopic superpositions of phase states are produced during the time evolution after a sudden quench
to zero of the coupling amplitude. Using quantum trajectories and an exact diagonalization of the
master equation, we study the effect of one-, two-, and three-body atom losses on the superposi-
tions by analyzing separately the amount of quantum correlations in each subspace with fixed atom
number. The quantum correlations useful for atom interferometry are estimated using the quantum
Fisher information. We identify the choice of parameters leading to the largest Fisher information,
thereby showing that, for all kinds of loss processes, quantum correlations can be partially protected
from decoherence when the losses are strongly asymmetric in the two modes.

PACS numbers: 03.75Gg, 42.50.Lc, 03.75.Mn, 67.85.Hj

I. INTRODUCTION

Non-classical states such as squeezed states and macro-
scopic superpositions of coherent states are particularly
interesting for high-precision interferometry since they
allow for phase resolution beyond the standard quantum
limit. One of the systems where such states may be en-
gineered is a Bose-Einstein condensate (BEC) made of
metastable vapors of ultracold atoms. This system dis-
plays a wide tunability of parameters: the interaction
between atoms can be controlled by Feshbach resonances
[1, 2], and, by using optical lattices, the BEC can be
coherently split into up to few thousands sub-systems
with controlled tunneling between them [3–5]. When the
condensed atoms are trapped in a double-well potential,
they realize an external Bose-Josephson junction (BJJ).
The spatial wave functions localized inside a single well
constitute the two modes of the BJJ and the tunneling
between the wells leads to an inter-mode coupling. An
internal BJJ is formed by condensed atoms in two hy-
perfine states resonantly coupled by a microwave radio-
frequency field, trapped in a single harmonic well. In
both cases, when inter-mode coupling dominates interac-
tions, the ground state of the BJJ is a spin coherent state
(CS), that is, a product state in which all atoms are in
the same superposition of the two modes. After a sudden
quench to zero of the coupling, the dynamical evolution
builds up entangled states because of the interactions be-
tween atoms. In the absence of decoherence mechanisms,
the system evolves first into squeezed states [6–8], then to

∗ Dominique.Spehner@ujf-grenoble.fr

multi-component superpositions of CSs [9, 10], and then
has a revival in the initial CS.

To date, only squeezed states, which appear at times
much shorter than the revival time, have been realized
experimentally [11–13]. At longer times, recombination
and collision processes leading to losses of atoms in the
BEC give rise to strong decoherence effects and eventu-
ally to the disappearance of the BEC. Particle losses also
destroy partially the coherence of the squeezed states,
as analyzed quantitatively in [14–17]. The phase noise
produced by magnetic fluctuations in internal BJJs is
another important source of decoherence [12, 18]. The
superpositions of CSs appear later in the evolution and
are expected to be more fragile than squeezed states. The
main theoretical studies on decoherence effects on such
superpositions have focused on the influence of the cou-
pling of the atoms with the electromagnetic vacuum [19]
and the impact of phase noise [20]. In particular, it has
been shown in [18, 20] that the coherences of the superpo-
sitions are not strongly degraded by phase noise, and this
degradation does not increase with the number of atoms
in the BJJ. Under current experimental conditions, pho-
ton scattering is typically negligible and phase noise can
be decreased by using a spin-echo technique [13]. In such
conditions, the most important source of decoherence is
particle losses. Three kinds of loss processes may play a
role: one-body losses, due to inelastic collisions between
trapped atoms and the background gas; two-body losses,
resulting from scattering of two atoms in the magnetic
trap, which changes their spin and gives them enough
kinetic energy to be ejected from the trap; and three-
body losses, where a three-body collision event produces
a molecule and ejects a third atom out of the trap.

In a previous work [21], we have analyzed the impact of
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two-body losses on the superpositions of coherent states
produced in internal BJJs. In this paper, we extend this
analysis and study the combined effect of one-body, two-
body, and three-body losses on the formation of the su-
perposition states. By using a quantum trajectory ap-
proach we find, in agreement with Ref. [22], that for all
types of losses the fluctuations in the atomic interaction
energy produced by the random loss events give rise to
an effective phase noise. We show that for weak loss
rates this noise is responsible for the strongest decoher-
ence effect. The tunability of the scattering lengths by
Feshbach resonances makes it possible to switch the ef-
fective phase noise off in the mode loosing more atoms,
without changing the interaction strength in the unitary
dynamics, i.e. keeping the formation times of the super-
positions fixed. One may in this way partially protect the
coherences of the superpositions for strongly asymmetric
losses in the two modes, as it has been already pointed
out in Ref. [21] in the case of two-body losses. We show in
this work that this result applies to all loss processes and
that for moderate loss rates the corresponding states are
more useful for high-precision atom interferometry than
the squeezed states. This usefulness for interferometry is
quantified by the quantum Fisher information F , which
is related to the best phase precision achievable in one
measurement according to (∆ϕ)best = 1/

√
F [23]. We

calculate the Fisher information as a function of time in
the lossy BJJ by using an exact diagonalization of the
master equation.

The paper is organized as follows. In Sec. II we re-
call the dynamical evolution in a BJJ in the absence of
tunneling and present the theoretical tools used to ana-
lyze it. We first introduce the Bose-Hubbard model and
the Markovian master equation describing the dynamics
in the presence of particle losses (Sec. II A). In the re-
maining part of the section, we give a brief account on
atom interferometry (Sec. II B) and on the quantum tra-
jectory method for solving master equations (Sec. II C).
Our main results on the time evolution of the quan-
tum Fisher information in a lossy BJJ are presented in
Sec. III. These results are explained in Sec. IV with the
help of the quantum trajectory approach. We analyze
separately the contributions to the total atomic density
matrix of quantum trajectories which do not experience
any loss (Sec. IVB) and of trajectories having a single
or several loss events (Sec. IVC). The various physical
effects leading to an increase or a decrease of the Fisher
information at the formation times of the macroscopic
superpositions are described in detail (Sec. IVD). Sec-
tion V contains a summary and conclusive remarks. Four
appendices offer some additional technical details.

II. MODEL AND METHODS

A. Quenched dynamics of a Bose-Josephson

Junction

In this subsection we first recall the main features of
the dynamics of a two-mode Bose-Josephson junction
(BJJ) in the quantum regime after a sudden quench of
the inter-mode coupling to zero. We then introduce the
Markovian master equation describing atom losses in the
BJJ and the conditional density matrices with fixed num-
bers of atoms.

1. Initial coherent state and Husimi distribution

We denote by âi, â
†
i , and n̂i = â†i âi the bosonic annihi-

lation, creation, and number operators in mode i = 1, 2.
The total number of atoms in the BJJ is given by the
operator N̂ = n̂1 + n̂2. The Fock states |n1, n2〉 are the
joint eigenstates of n̂1 and n̂2 with eigenvalues n1 and
n2, respectively. Initially, the BJJ is in its ground state
in the regime where inter-mode coupling dominates in-
teractions. This initial state is well approximated by

|ψ(0)〉 = |N0;φ = 0〉 ≡ |N0; θ =
π

2
, φ = 0〉 , (1)

where N0 is the initial number of atoms and

|N ; θ, φ〉 =
N∑

n1=0

(
N
n1

)1/2
(tan(θ/2))n1

[1 + tan2(θ/2)]
N
2

e−in1φ|n1, n2 = N − n1〉 (2)

are the SU(2)-coherent states (CSs) for N atoms [24].
An arbitrary (pure or mixed) state ρ̂ with N atoms can

be represented by its Husimi distribution on the Bloch
sphere of radius N/2,

QN(θ, φ) =
1

π
〈N ; θ, φ|ρ̂|N ; θ, φ〉 .

This distribution provides a useful information on the
phase content of ρ̂. The initial CS (1) has a Husimi dis-
tribution with a single peak at (θ, φ) = (π2 , 0) of width

≈ 1/
√
N0, as shown in the panel (a) of Fig. 1.

2. Dynamics in the absence of atom losses

After a sudden quench to zero of the inter-mode cou-
pling at time t = 0, the two-mode Bose-Hubbard Hamil-
tonian of the atoms reads [25]

Ĥ0 =
∑

i=1,2

(
Ein̂i +

Ui

2
n̂i(n̂i − 1)

)
+ U12n̂1n̂2, (3)

where Ei is the energy of the mode i, Ui the interac-
tion energy between atoms in the same mode i, and U12
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the interaction energy between atoms in different modes
(U12 = 0 for external BJJs). For a fixed total number of
atoms N0 = n̂1+ n̂2, the Hamiltonian (3) has a quadratic
term in the relative number operator n̂1− n̂2 of the form
χ(n̂1 − n̂2)

2/4, with the effective interaction energy

χ =
U1 + U2 − 2U12

2
. (4)

The atomic state |ψ(0)(t)〉 = e−itĤ0 |ψ(0)〉 displays a pe-
riodic evolution with period T = 2π/χ if N0 is even
and T/2 if N0 is odd. Before the revival, the dynam-
ics drives the system first into squeezed states at times

t ≈ TN
−2

3

0 [6] (see panel (b) in Fig. 1). At the later times

tq =
π

χq
=
T

2q
, q = 2, 3, . . . , (5)

the atoms are in macroscopic superpositions of coherent
states,

|ψ(0)(tq)〉 =
q−1∑

k=0

ck,q
∣∣N0;φk,q

〉
, (6)

with coefficients ck,q of equal moduli q−1/2 and phases
θ = π/2 and φk,q = φ0,q +2πk/q, where φ0,q depends on
q, N0, and the energies Ei and Ui [9, 10]. In particular, at
time t = t2 the BJJ is in the superposition (|N0;φ0,2〉 −
|N0;φ1,2〉)/

√
2 of two CSs located on the equator of the

Bloch sphere at diametrically opposite points. Panels (c)
and (d) of Fig. 1 show the Husimi distributions of the
states (6) for q = 2 and q = 3.

It is easy to determine the matrix elements of the den-
sity matrix ρ̂(0)(t) = |ψ(0)(t)〉〈ψ(0)(t)| in the Fock basis.
They have time-independent moduli

|〈n1, n2|ρ̂(0)(t)|n′
1, n

′
2〉| =

1

2N0

(
N0

n1

)1/2(
N0

n′
1

)1/2

(7)
behaving in the limit N0 ≫ 1 like

√
2

πN0
exp
{
− 1

N0

((
n1 −

N0

2

)2
+
(
n′
1 −

N0

2

)2)}
, (8)

where we have set n2 = N0 − n1 and n′
2 = N0 − n′

1.
At the time tq of formation of the superposition (6), it

is convenient to decompose ρ̂(0)(tq) as a sum of a “diago-

nal part” [ρ̂(0)(tq)]d, corresponding to the statistical mix-
ture of the CSs in the superposition, and an “off-diagonal
part” [ρ̂(0)(tq)]od describing the coherences between these

CSs. Defining [ρ̂(0)(tq)]kk′ = ck,qc
∗
k′,q|N0;φk,q〉〈N0;φk′,q|,

one has [18]

[ρ̂(0)(tq)]d =

q−1∑

k=0

[ρ̂(0)(tq)]kk

[ρ̂(0)(tq)]od =

q−1∑

k 6=k′=0

[ρ̂(0)(tq)]kk′ . (9)

(a)

-π π
φ 

0

π

θ 

(b)

-π π
φ 

0

π

θ 

(c)

-π π
φ 

0

π

θ 

(d)

-π π
φ 

0

π

θ 

FIG. 1. (Color online) Husimi functions in the absence of
losses in the BJJ at some specific times: (a) t = 0 (coherent
state); (b) t = T/40 (spin squeezed state) , (c) t = T/6
(3-component superposition of phase states), (d) t = T/4 (2-
component superposition). Other parameters: U1 = U2 = 2π

T
,

U12 = 0, E1 = E2 = 0, and N0 = 10.

These diagonal and off-diagonal parts exhibit remarkable
structures in the Fock basis, which allow to read them
easily from the total density matrix [18]:

〈n1, n2|[ρ̂(0)(tq)]d|n′
1, n

′
2〉 = 0 if n′

1 6= n1 modulo q

〈n1, n2|[ρ̂(0)(tq)]od|n′
1, n

′
2〉 = 0 if n′

1 = n1 modulo q.
(10)

The off-diagonal part does almost not contribute to the
Husimi distribution. The Husimi plots in Fig. 1 (c,d) thus
essentially show the diagonal parts only. On the other
hand, the quantum correlations useful for interferometry
(i.e. giving rise to high values of the Fisher information,
see below) are contained in the off-diagonal part [18].

3. Master equation in the presence of atom losses

We account for loss processes in the BJJ by considering
the Markovian master equation [26–28]

dρ̂

dt
= −i

[
Ĥ0, ρ̂(t)

]
+ (L1-body + L2-body + L3-body)(ρ̂(t))

(11)
where we have set ~ = 1, ρ̂(t) is the atomic density ma-
trix, and the superoperatorsL1-body, L2-body, and L3-body

describe one-body, two-body, and three-body losses, re-
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spectively. They are given by

L1-body(ρ̂) =
∑

i=1,2

αi

(
âi ρ̂ â

†
i −

1

2

{
n̂i, ρ̂

})

L2-body(ρ̂) =
∑

1≤i≤j≤2

γij

(
âiâj ρ̂ â

†
i â

†
j −

1

2

{
â†i â

†
j âiâj, ρ̂

})

L3-body(ρ̂) =
∑

1≤i≤j≤k≤2

κijk

(
âiâj âk ρ̂ â

†
i â

†
j â

†
k

−1

2

{
â†i â

†
j â

†
kâiâj âk, ρ̂

})
, (12)

where the rates αi, γij , and κijk correspond to the loss
of one atom in the mode i, of two atoms in the modes
i and j, and of three atoms in the modes i, j, and k
(with i, j, k = 1, 2), respectively, and {·, ·} denotes the
anti-commutator. To shorten notation we write the loss
rate of two (three) atoms in the same mode i as γi = γii
(κi = κiii) and set κ12 = κ112 and κ21 = κ122. Note that
the inter-mode rates γ12, κ12, and κ21 vanish for external
BJJs. The loss rates depend on the macroscopic wave
function of the condensate and thus on the number of
atoms and interaction energies Ui. As far as the number
of lost atoms at the revival time T remains small with
respect to the initial atom number N0, one may, however,
assume that these rates are time-independent in the time
interval [0, T ]. Hereafter we always assume that this is
the case.

4. Conditional states

The master equation (11) does not couple sectors with
different numbers of atoms N . As a result, if the den-
sity matrix ρ̂(t) has initially no coherences between states
with different N ’s then such coherences are absent at all
times t ≥ 0. Hence

ρ̂(t) =

N0∑

N=0

ρ̃N (t) , ρ̃N (t) = wN (t)ρ̂N (t) , (13)

where ρ̃N (t) (ρ̂N (t)) is the unnormalized (normalized)
density matrix with a well-defined atom number N (that
is, 〈n1, n2|ρ̃N (t)|n′

1, n
′
2〉 = 0 for n1+n2 6= N or n′

1+n
′
2 6=

N) and wN (t) ≥ 0 is the probability of finding N atoms
in the BJJ at time t (thus

∑
N wN (t) = 1). The matrix

ρ̂N (t) is the conditional state following a measurement of

N̂ . More precisely, it describes the state of the BJJ when
one selects among many single-run experiments those for
which the measured atom number at time t is equal to
N and one averages all experimental results over these
“post-selected” single-run experiments, disregarding all
the others. In this sense, ρ̂N (t) contains a more precise
physical information than the total density matrix ρ̂(t).
To have access to this information, one must be able to
extract samples with a well-defined number of atoms ini-
tially (since we assumed an initial state with N0 atoms)
and after the evolution time t. Even though the precise

measurement of N̂ is still an experimental challenge, the
precision has increased by orders of magnitude during the
last years [29–31].

B. Quantum correlations useful for interferometry

A useful quantity characterizing quantum correlations
(QCs) between particles in systems involving many atoms
is the quantum Fisher information. Let us recall briefly
its definition and its link with phase estimation in atom
interferometry (see [18, 32, 33] for more detail). In a
Mach-Zehnder atom interferometer, an input state ρ̂in is
first transformed into a superposition of two modes, anal-
ogous to the two arms of an optical interferometer. These
modes acquire distinct phases ϕ1 and ϕ2 during the sub-
sequent quantum evolution and are finally recombined to
read out interference fringes, from which the phase shift
ϕ = ϕ1 − ϕ2 is inferred. We assume in the whole paper
that during this interferometric sequence one can neglect
inter-particle interactions (nonlinear terms in the Hamil-
tonian (3)) and loss processes. This is well justified in the
experiments of Ref. [13]. The dependence of the phase
sensitivity on inter-particle interactions has been stud-
ied in [34, 35]. Under this assumption, the output state

of the interferometer is ρ̂out(ϕ) = e−iϕĴ~n ρ̂ine
iϕĴ~n, where

Ĵ~n = nxĴx +nyĴy +nzĴz is the angular momentum gen-
erating a rotation on the Bloch sphere along the axis

defined by the unit vector ~n, with Ĵx = (â†1â2 + â†2â1)/2,

Ĵy = −i(â†1â2 − â†2â1)/2, and Ĵz = (â†1â1 − â†2â2)/2.
The phase shift ϕ is determined by means of a statisti-

cal estimator depending on the results of measurements
on the output state ρ̂out(ϕ). The best precision on ϕ that
can be achieved (that is, optimizing over all possible es-
timators and measurements) is given by [23]

(∆ϕ)best =
1√

MF (ρ̂in, Ĵ~n)
, (14)

where M is the number of measurements and

F (ρ̂, Ĵ~n) = 2
∑

k,l,pk+pl>0

(pk − pl)
2

pk + pl

∣∣〈k|Ĵ~n|l〉
∣∣2 (15)

is the quantum Fisher information. Here, {|l〉} is an
orthonormal basis diagonalizing ρ̂, ρ̂|l〉 = pl|l〉. The
quantum Fisher information thus measures the amount
of QCs in the input state that can be used to enhance
phase sensitivity with respect to the shot noise limit

(∆ϕ)SN = 1/

√
M〈N̂〉, that is, to the sensitivity ob-

tained by using 〈N̂〉 independent atoms. Since Ĵ~n does
not couple subspaces with different N ’s, it follows from
Eq.(15) and from the block structure (13) of ρ̂ that

F (ρ̂, Ĵ~n) =

N0∑

N=0

wNF (ρ̂N , Ĵ~n) , (16)
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where FN (ρ̂N , Ĵ~n) is the Fisher information of the condi-
tional state ρ̂N with N atoms and wN is the correspond-
ing probability.

It is shown in [36] that if F (ρ̂, Ĵ~n) is larger than the

average number of atoms 〈N̂ 〉 then the atoms are entan-

gled. According to Eq.(14), the condition F (ρ̂, Ĵ~n) > 〈N̂〉
is a necessary and sufficient condition for sub-shot noise
sensitivity (∆ϕ)best < (∆ϕ)SN.

In order to obtain a measure of QCs independent of the
direction ~n of the interferometer, we optimize the Fisher
information over all unit vectors ~n and define [37],

F (ρ̂) = max
‖~n‖=1

F (ρ̂, Ĵ~n) = 4Cmax . (17)

Here, Cmax is the largest eigenvalue of the 3 × 3 real
symmetric covariance matrix

Cab =
1

2

∑

k,l,pk+pl>0

(pk − pl)
2

pk + pl
Re
{
〈k|Ĵa|l〉〈l|Ĵb|k〉

}
,

(18)
with a, b = 1, 2, 3. For simplicity we write Ftot(t) ≡
F (ρ̂(t)) for the optimized Fisher information of the to-
tal atomic density matrix ρ̂(t) at time t (note that the

direction ~n maximizing F (ρ̂, Ĵ~n) depends on t). When
studying the QCs in the conditional states we optimize
over ~n independently in each subspace and define FN (t)
as in (17), by replacing ρ̂ by ρ̂N (t) in this formula. Note
that Ftot(t) is not equal to

∑
N wN (t)FN (t), because the

optimal directions may be different in each subspace.

In the absence of losses, the two-component superpo-
sition of CSs has the highest possible Fisher information
F [ρ̂(0)(t2)] = N2

0 , which is for N0 ≫ 1 approximately
twice larger than that of the superpositions with q com-

ponents, 3 ≤ q <∼ N
1/2
0 [18, 33]. The upper solid curve

in Fig. 2(a) shows Ftot(t) in the absence of losses as a
function of time for N0 = 10 atoms in the BJJ.

C. Quantum trajectories

We solve the master equation (11) using two methods:
the quantum jump approach and an exact diagonaliza-
tion. We outline in this section the first approach, which
yields a tractable analytical solution in the case of few
loss events and gives physical intuition on the various
decoherence mechanisms. This approach will be used to
explain the results provided by the exact diagonalization
method, which offers the exact solution for the whole
density matrix when inter-mode losses are absent, i.e.
γ12 = κ21 = κ12 = 0. The exact diagonalization method
is described in Appendix A. We use it mostly to compute
numerically the Fisher information.

In the quantum jump description, the state of the
atoms is a pure state |ψ(t)〉 which evolves randomly in
time as follows [38–43]. At random times s quantum

jumps occur and the atomic state is transformed as

|ψ(s−)〉 −→ |ψ(s+)〉 = M̂m|ψ(s−)〉
‖M̂m|ψ(s−)〉‖

, (19)

where the index m labels the type of jump and M̂m is
the corresponding jump operator. In our case, restricting
for the moment our attention to two-body losses, one
has three types of jumps: the loss of two atoms in the
first mode, with M̂2,0 = â21, the loss of two atoms in

the second mode, with M̂0,2 = â22, and the loss of one

atom in each mode, with M̂1,1 = â1â2. The probability
that a jump m occurs in the infinitesimal time interval
[s, s + ds] is dpm(s) = Γm‖M̂m|ψ(s)〉‖2ds, where Γm is
the jump rate in the loss channel m. Using the notation
of Sec. II A 3, one has Γ2,0 = γ1, Γ0,2 = γ2, and Γ1,1 =
γ12. Between jumps, the wave function |ψ(t)〉 evolves
according to the effective non self-adjoint Hamiltonian
Ĥeff = Ĥ0 − iD̂2−body with

D̂2−body =
1

2

∑

m

ΓmM̂
†
mM̂m (20)

=
1

2

∑

i=1,2

γin̂i(n̂i − 1) +
γ12
2
n̂1n̂2 .

The physical origin of the damping term comes from the
gain of information acquired on the atomic state by con-
ditioning the system to have no loss in a given time in-
terval [39, 43]: the longer the time interval, the smaller
must be the number of atoms left in the BJJ in the mode
losing atoms.

The random wave function at time t reads

|ψJ (t)〉 =
|ψ̃J (t)〉
‖ψ̃J(t)‖

|ψ̃J (t)〉 = e−i(t−sJ )Ĥeff M̂mJ
e−i(sJ−sJ−1)Ĥeff M̂mJ−1

· · ·
· · · e−iĤeff (s2−s1)M̂m1

e−is1Ĥeff |ψ(0)〉 , (21)

where J is the number of loss events in the time inter-
val [0, t], 0 ≤ s1 ≤ · · · ≤ sJ ≤ t are the random loss
times, and m1, . . . ,mJ the random loss types. The time
evolution of the wave function t 7→ |ψJ(t)〉 for a fixed
realization of the jump process is called a quantum tra-
jectory.

The probability to have no atom loss between times 0

and t is given by ‖e−itĤeff |ψ(0)〉‖2. The probability to
have J loss events in [0, t], with the νth event of type mν

occurring in the time interval [sν , sν +dsν ], ν = 1, . . . , J ,
is

dp(t)m1,...,mJ
(s1, . . . , sJ ; J)

= Γm1
. . .ΓmJ

‖ψ̃J(t)‖2ds1 . . .dsJ . (22)

The link of this approach with the master equation de-
scription is that the average over all quantum trajectories
(that is, over the number of jumps J , the jump times
sν , and the jump types mν) of the rank-one projector
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FIG. 2. (Color online) (a) Total quantum Fisher information Ftot(t) versus time t (in units of T = 2π/χ) for symmetric
two-body loss rates γ1 = γ2 in each mode and γ12 = αi = κi = κij = 0. The different curves correspond to (from top to
bottom) γ1T = 0, 0.025, 0.5, and 5. The dotted vertical lines indicate the formation times t2 = T/4 and t3 = T/6 of the 2-
and 3-component superpositions. The histogram (b) shows the contributions wNFN (ρ̂N , J~nopt

) to Ftot of the subspaces with
different atom numbers N [see Eq.(16)] for two different times, t2 (pink boxes) and t3 (blue boxes), and for the loss rates
indicated above the histogram. The percentages on top of each boxes are the probabilities wN of finding N atoms at these
times (weights smaller than 1% are not indicated). (c) Same as in (a) for (i) symmetric losses (γ1 = γ2 = 0.177/T ) and
energies (U1 = U2); (ii) asymmetric losses (γ1 = 0.6/T , γ2 = 0) and symmetric energies (U1 = U2); (iii) symmetric losses
(γ1 = γ2 = 0.177/T ) and asymmetric energies (U2 = U12 < U1); (iv) asymmetric losses (γ1 = 0, γ2 = 0.6/T ) and energies
(U2 = U12 < U1). The loss rates are chosen in such a way that the number of lost atoms at time t2 is the same and equal to
about 3 in all cases. The interaction energies Ui are such that T = 4π/(U1 +U2 − 2U12) is the same in all cases. (d) Histogram
of the contributions of the subspaces with N atoms to Ftot(t2) for the same values of γi and Ui as in (c) in the cases (i) (right
pink boxes), (ii) (middle green boxes), and (iv) (left purple boxes). In all panels N0 = 10, γ12 = 0, and one- and three-body
losses are absent. All results are obtained from the exact diagonalization method (see Appendix A).

|ψJ (t)〉〈ψJ (t)| yields the density matrix ρ̂(t) solution of
the master equation (11) [39]. We thus recover the block
structure (13) of the atomic density matrix, with

ρ̃NJ
(t) =

∑

m1,...,mJ

Γm1
. . .ΓmJ

∫

0≤s1≤···≤sJ≤t

ds1 . . .dsJ

|ψ̃J(t)〉〈ψ̃J (t)| , (23)

where we have set NJ = N0 − 2J . Therefore, quantum
trajectories provide a natural and efficient tool to study
the conditional states ρ̂NJ

(t) with NJ atoms, which only

depend on quantum trajectories having J two-body loss
events.

It is straightforward to extend the above description
to include also one- and three-body losses. This is
achieved by adding new types of jumps with jump op-
erators M̂1,0 = â1, M̂0,1 = â2 (for one-body losses) and

M̂3,0 = â31, M̂0,3 = â32, M̂2,1 = â21â2, and M̂1,2 = â1â
2
2

(for three-body losses). The corresponding jump rates
are Γ1,0 = α1, Γ0,1 = α2, Γ3,0 = κ1, Γ0,3 = κ2,
Γ2,1 = κ12, and Γ1,2 = κ21. The conditional state
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ρ̂N (t) is obtained by summing the right-hand side of
Eq.(23) over all J and all r1, . . . , rJ ∈ {1, 2, 3} such that

N0 −
∑J

ν=1 rν = N , rν being the number of atoms lost
in the νth loss event. The effective Hamiltonian becomes
Ĥeff = Ĥ0 − iD̂ with D̂ = D̂1−body + D̂2−body + D̂3−body

and

D̂1−body =
1

2

∑

i=1,2

αin̂i (24)

D̂3−body =
1

2

∑

i=1,2

κin̂i(n̂i − 1)(n̂i − 2)

+
1

2

∑

i6=j

κij n̂i(n̂i − 1)n̂j . (25)

III. MAIN RESULTS

We present in this section our main results on the
time evolution of the QCs in the atomic state under the
quenched dynamics in the presence of atom losses. The
amount of QCs is estimated by the total quantum Fisher
information Ftot(t).

Before investigating the combined effect of the vari-
ous loss processes, we start by a detailed analysis of a
small atomic sample with N0 = 10 atoms subject to two-
body losses only and without inter-mode losses (the latter
losses cannot be addressed by our exact diagonalization
and will be discussed in Sec. IV). Figure 2 shows the ef-
fect of increasing the loss rates in a symmetric model with
γ1 = γ2 and U1 = U2 (panel (a)). The Fisher informa-
tion, which in the absence of losses is characterized by a
broad peak at the time t2 = T/4 of formation of the two-
component superposition, rapidly decreases once the loss
rate increases. If, however, an asymmetric model is cho-
sen – with parameters yielding the same average number
of lost atoms at time t2 and the same revival time T as in
the symmetric case – we find that the Fisher information
is considerably increased (panel (c) in Fig. 2). The most
favorable situation turns out to be the one with asymmet-
ric energies U2 = U12 < U1 and vanishing loss rate γ1 = 0
in the mode with largest interactions (a similar result
would be obtained for U1 = U12 < U2 and γ2 = 0). The
histograms shown in panels (b) and (d) in Fig. 2 give the

contributions wN (t)F (ρ̂N (t), Ĵ~n) to Ftot(t) of the various
subspaces with fixed atom numbers N (see (16)), evalu-
ated in the direction ~n = ~nopt optimizing the Fisher in-
formation of the total state, for t = t2, t3. One infers from
these histograms that the aforementioned effect is non-
trivial, namely, the large Fisher informations at times t2
and t3 for asymmetric rates and energies do not come
from the contribution of the subspace with N = N0.

We study now an atomic sample with N0 = 100 atoms
initially in the case where several loss processes are com-
bined together. Figure 3 shows the total quantum Fisher
information for experimentally relevant parameters ex-
tracted from Refs. [12, 14, 16] (we explain how these pa-
rameters are obtained in Appendix B). As can be seen in

this figure, in the presence of two-body asymmetric losses
only, the QCs of the superpositions are well preserved as
in the small atomic sample discussed above. This asym-
metric situation is realized in the experiment of Ref. [13],
the two-body losses occurring mainly in the upper inter-
nal level [44]. When one- and three-body losses – which
are also present in this experiment – are added, the co-
herences of the superpositions are still preserved provided
that all losses occur in the second mode (upper energy
level). In this case, the QCs can be protected against
atom losses by tuning the interaction energy U2 such
that U2 = U12. This shows that the results of Ref. [21]
concerning two-body losses hold for one- and three-body
losses as well. However, when symmetric one-body or
three-body losses are added, the QCs are destroyed on a
much shorter time scale and the peak in the Fisher in-
formation at time t2 disappears. In the experiments of
Refs. [12, 13], the one-body losses are symmetric since
they are due to collisions with atoms from the back-
ground gas, which are equally likely for the two inter-
nal atomic states. These one-body symmetric losses are
therefore much more detrimental to the QCs than asym-
metric two-body losses.
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FIG. 3. (Color online) Total quantum Fisher information
Ftot(t) versus time t (in units of T ) from exact diagonal-
ization for more realistic experimental conditions (see Ap-
pendix B) with N0 = 100, U2 = U12, U1 − U12 = 18.056Hz,
and (i) asymmetric two-body losses γ2 = 0.0127Hz and γ1 = 0
without one- and three-body losses; (ii) one-, two-, and three-
body losses in the second mode with rates α2 = 0.4Hz,
γ2 = 0.0127Hz, κ2 = 1.08× 10−6Hz, and no losses in the first
mode; (iii) symmetric one- and three-body losses and asym-
metric two-body losses, α1 = α2 = 0.2Hz, γ2 = 0.0127Hz,
γ1 = 0, and κ1 = κ2 = 0.54× 10−6Hz. The case (iii) roughly
corresponds to the experimental conditions in Refs. [12, 13].
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IV. QUANTUM CORRELATIONS IN THE

SUBSPACES WITH FIXED ATOM NUMBERS

A. Overview of the results from the quantum jump

method

In order to explain the behavior of the total Fisher
information observed in the exact diagonalization ap-
proach, we analyze separately the contributions of each
subspace with a fixed atom number to the total Fisher
information. This is done by using the quantum jump
approach of Sec. II C. We argue in what follows that the
stronger decoherence for symmetric two-body loss rates
and energies in Fig. 2(c) originates from a “destructive
interference” (exact cancellation) when adding the con-
tributions of the two loss channels at time t2. A similar
cancellation occurs at time t3 for symmetric three-body
losses, but it is absent for one-body losses. Moreover,
the weaker decoherence for completely asymmetric losses
obtained by tuning the interaction energies as described
above comes from the absence of dephasing in the mode
i losing atoms. This effect is somehow trivial for external
BJJs: there this absence of dephasing occurs for a van-
ishing interaction energy Ui = U12 = 0; for such Ui the
collision processes responsible of two-body losses in the
mode i are suppressed (moreover, our assumption that
the loss rates are independent of the energies is not justi-
fied anymore). In contrast, for internal BJJs decoherence
is reduced when Ui is equal to the inter-mode interaction
U12 6= 0 and the effect is non-trivial. We shall explain it
by invoking the effective phase noise produced by atom
losses in the presence of interactions [21, 22].

B. Conditional state in the subspace with the

initial number of atoms

We start by determining the conditional state ρ̂N0
(t)

with the initial number of atoms N0 at time t. In the
quantum jump approach this corresponds to the contri-
bution of quantum trajectories with no jump in the time
interval [0, t], which are given by (see Sec. II C)

|ψ̃0(t)〉 = e−it(Ĥ0−iD̂)|N0;φ = 0〉 . (26)

The unnormalized conditional state is ρ̃
(no loss)
N0

(t) =

|ψ̃0(t)〉〈ψ̃0(t)|. In the Fock basis diagonalizing both Ĥ0

and D̂, it takes the form

〈n1, n2|ρ̃(no loss)
N0

(t)|n′
1, n

′
2〉 =

e−t[dN0
(n1)+dN0

(n′
1
)]〈n1, n2|ρ̂(0)N0

(t)|n′
1, n

′
2〉 , (27)

where ρ̂
(0)
N0

(t) is the state in the absence of losses (see
Sec. II A 2), n2 = N0 − n1, n

′
2 = N0 −n′

1, and dN0
(n1) =

〈n1, n2|D̂|n1, n2〉. The probability to find N0 atoms at
time t is found with the help of Eqs.(7) and (27). One

finds

wN0
(t) = tr ρ̃

(no loss)
N0

(t) =
1

2N0

N0∑

n1=0

(
N0

n1

)
e−2tdN0

(n1) .

(28)
In the following we restrict our attention to symmetric

three-body losses κ1 = κ2 and κ12 = κ21. The asymmetric
three-body loss case is treated in Appendix C. Let us set
κ = (3κ1 − κ12)/2 and

a =
1

2

(
γ1 + γ2 − γ12

)
+ (N0 − 2)κ . (29)

If a 6= 0, the damping factor in Eq.(27) (i.e. the exponen-
tial factor in the right-hand side) is Gaussian. Actually,
by using Eqs.(20), (24), and (25), one obtains

dN0
(n1) = a(n1 − n1)

2 + c , (30)

where c is an irrelevant n1-independent constant which
can be absorbed in the normalization of the density ma-
trix, and

n1 =
1

4a

(
∆α−∆γ+N0(2γ2−γ12)+2N0(N0−2)κ

)
(31)

with ∆α = α2 − α1 and ∆γ = γ2 − γ1.
In order to estimate the QCs in ρ̂N0

(t) and the typical
loss rates at which this state is affected by the Gaussian
damping, we now focus on three particular cases.

(i) Symmetric loss rates γ1 = γ2 and α1 = α2. In
this case a = γ/2 + (N0 − 2)κ with γ = 2γ1 − γ12 and
n1 = N0/2. Hence the damping factor in Eq.(27) is a
Gaussian centered at (n1, n

′
1) = (N0/2, N0/2). This cen-

ter coincides with the peak of the matrix elements in
the absence of losses, which have a width ≈

√
N0, see

Eq.(8). Thus the effect of the Gaussian damping begins
to set in for times t such that at ≈ 1/N0. In particu-
lar, the macroscopic superposition at time tq = π/(χq)
is noticeably affected by damping for a >∼ χq/N0. It
is shown in Appendix C that ρ̂N0

(tq) converges at large
loss rates a ≫ χq to the pure Fock state |N0/2, N0/2〉
with equal numbers of atoms in each mode if N0 is even,
as it could have been expected from the symmetry of
the losses. This convergence is illustrated in the up-
per panels in Fig. 4, which represent the density matrix
(27) at time t = t3 for increasing symmetric two-body
loss rates and vanishing one-body, three-body, and inter-
mode rates. The Fisher information FN0

(t2) in the sub-
space with N0 atoms at time t2 is displayed in Fig. 5.
For γ1 = γ2 >∼ 5/T , it is close to the Fisher information
FN0

(∞) = N0(N0/2+ 1) of the Fock state |N0/2, N0/2〉.
Let us, however, stress that at such loss rates ρ̂N0

(t2) has
a negligible contribution to the total density matrix (13)
and is very unlikely to show up in a single-run experi-
ment, because the no-jump probability wN0

(t2) is very
small. Thus, the large value of FN0

(t2) for strong sym-
metric losses does not mean that the total atomic state
ρ̂(t) has a large amount of QCs. The Husimi distribu-
tions of the conditional state ρ̂N0

(t2) are shown in the
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FIG. 4. (Color online) Moduli of the matrix elements in the Fock basis of the state ρ̂N0
(t3) in the subspace with N0 atoms

at the time of formation t3 = T/6 of the 3-component superposition, from the exact diagonalization method. Upper panels:
symmetric two-body losses (γ1 = γ2). Lower panels: completely asymmetric two-body losses (γ2 = 0). The values of γ1 are
indicated on the top of each panel. Other parameters: αi = γ12 = κi = κij = 0 and N0 = 10.
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FIG. 5. (Color online) Fisher information FN0
(t2) optimized

in the subspace with N0 atoms at time t2 as a function of the
loss rate γ1 (in units of T−1). Solid line: symmetric losses
(γ1 = γ2). Dashed line: asymmetric losses (γ2 = 0). The
Husimi functions are plotted in the insets for some specific
choices of loss rates indicated by circles on the two curves.
Other parameters as in Fig. 4.

upper insets in Fig. 5 for various rates γ1. The two peaks
at (θ, φ) = (π/2, 0) and (π/2, π) of the two-component
superposition in the absence of losses are progressively
washed out at increasing γ1, until one reaches the φ-
independent distribution of the Fock state |N0/2, N0/2〉.

(ii) Completely asymmetric two-body losses and no

three-body losses, γ2 = γ12 = κ = 0. Then a = γ1/2
and n1 = ∆α/(2γ1) + 1/2. The onset of the damp-
ing on the q-component superposition is at the loss rate
γ1 ≈ χq/N2

0 , which is smaller by a factor of N0 compared

with the symmetric case, except for strongly asymmet-
ric one-body loss rates satisfying ∆α ≈ γ1N0. In the
last case, this onset occurs when γ1 ≈ χq/N0 as in case
(i). Therefore, if ∆α is not of the order of γ1N0, the
Gaussian damping affects more strongly the macroscopic
superpositions than in the symmetric case. The lower
panels in Fig. 4 represent the matrix elements of ρ̂N0

(t3)
in the Fock basis and the dashed curve in Fig. 5 displays
the Fisher information FN0

(t2) for ∆α = κ = 0. Ex-
cept at small values of γ1, FN0

(t2) is much smaller than
for symmetric losses. This can be explained from the re-
sults of Appendix C, which show that ρ̂N0

(tq) converges
in the strong loss limit γ1 ≫ χq to the Fock state |0, N0〉
if α2 < α1 and to a superposition of Fock states with
n1 = 0 or 1 atoms in the first mode if α1 = α2. These
pure states have Fisher informations of the order of N0,
which are smaller by a factor of N0 than those obtained
for strong symmetric losses. Because the aforementioned
Fock states are localized near the south pole of the Bloch
sphere (θ = 0), the two peaks in the Husimi functions
(lower insets in Fig. 5) move to values of θ smaller than
π/2 when increasing γ1. Note that this picture is drasti-
cally modified when α2 = γ1N0 + α1: then ρ̂N0

(t2) con-
verges to a superposition of the Fock states |N0/2, N0/2〉
and |N0/2 + 1, N0/2 + 1〉 for even N0 (see Appendix C),
and thus FN0

(t2) behaves like in the case (i).

(iii) Strong inter-mode two-body losses γ12 > γ1 + γ2 +
2(N0 − 2)κ, i.e. a < 0. Then the onset of damping at
time tq occurs for |a| ≈ χq/N2

0 , except when ∆γ ≈
−∆α/(N0 − 1), in which case it occurs for |a| ≈ χq/N0.
As shown in the Appendix C, ρ̂N0

(tq) converges at strong
losses either to the Fock state with n1 = 0 or n1 = N0

atoms in the first mode, which has a Fisher information
FN0

(∞) = N0, or, if ∆γ = −∆α/(N0 − 1), to the so-
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called NOON state, which has the highest possible Fisher
information FN0

(∞) = N2
0 .

C. Conditional states with N < N0 atoms

We study in this subsection the contribution to the
total atomic density matrix ρ̂(t) of quantum trajectories
having J ≥ 1 jumps in the time interval [0, t].

1. General results

We first fix some notation. Let t 7→ |ψJ(t)〉 be a
trajectory subject to J loss events, occurring at times
0 ≤ s1 ≤ · · · ≤ sJ ≤ t. As in Sec. II C we denote each
type of loss by the pair m = (m1,m2) ∈ {1, 2, 3}2, where
m1 and m2 are the number of atoms lost in the first
and second modes, respectively. The associated jump
operator is M̂m = âm1

1 âm2

2 . We use the vector notation
s = (s1, . . . , sJ) for the sequence of loss times sν and
m = (m1, . . . ,mJ) for the sequence of loss types mν .
Here mν = (mν,1,mν,2) with mν,i the number of atoms
lost in mode i during the νth loss process. Finally, let

|m| =∑J
ν=1(mν,1 +mν,2) be the total number of atoms

ejected from the condensate between times 0 and t.
It is easy to see that each jump (19) transforms a CS

|N0; θ, φ〉 into a CS |N0 − r; θ, φ〉, where r = 1, 2, 3 is
the number of atoms lost during the jump. This CS is
rotated on the Bloch sphere by the evolution between
jumps driven by the nonlinear effective Hamiltonian Ĥeff .
This rotation is due to the different numbers of atoms in
the BJJ in the time intervals [0, s1], [s1, s2], · · · , [sJ , t],
leading to different interaction energies. More precisely,
it is shown in Appendix D that for three-body loss rates
satisfying

κi, κij ≪ (N0t)
−1 , i, j = 1, 2, i 6= j , (32)

the wave function |ψJ (t)〉 is up to a normalization factor
given by

|ψJ(t)〉 ∝ e−itĤeff |N0 − |m|; θm(s), φm(s)〉 , (33)

where θm(s) and φm(s) are random angles depending on
the loss types and loss times. These angles are given by

θm(s) = 2 arctan
(
exp
{
−

J∑

ν=1

sν
2

(
δ1mν,1 + δ2mν,2

)})

φm(s) =
J∑

ν=1

sν(χ1mν,1 + χ2mν,2) , (34)

where we have introduced the interaction energies

χ1 = U1 − U12 , χ2 = −(U2 − U12) , (35)

and the loss rate differences

δ1 = 2γ1 − γ12 + (3κ1 − κ21)N0 ,

δ2 = −(2γ2 − γ12 + (3κ2 − κ12)N0) . (36)

Equation (33) means that, apart from damping effects

due to the effective Hamiltonian Ĥeff , atom losses can be
accounted for by random fluctuations of the two phases
θ and φ of the CS. For a single loss event (J = 1), these
fluctuations have magnitude

δθm ≃ 1

2
δsm

∣∣∑

i=1,2

δimi

∣∣ , δφm = δsm
∣∣∑

i=1,2

χimi

∣∣

(37)
(we assume here δθm ≪ 1), where δsm is the fluctua-
tion of the loss time s, whose distribution is given by
Eq. (D14) in Appendix D. This analogy between atom
losses and φ-noise is already known in the literature in
the large N0 regime [22]. In this regime the θ-noise is
negligible (see below).

The conditional states ρ̂N (t) with N < N0 atoms turn
out to be simply related to the (unnormalized) density
matrix conditioned to no loss event for an initial CS with
N atoms, defined as follows

ρ̃
(no loss)
N (t) = e−itĤeff |N ;φ = 0〉〈N ;φ = 0|eitĤ†

eff . (38)

The matrix elements of ρ̃
(no loss)
N (t) in the Fock basis are

given by Eq.(27) upon the replacement N0 → N . It is
demonstrated in Appendix D that if N < N0, the matrix
ρ̂N (t) is given in this basis by

〈n1, n2|ρ̂N (t)|n′
1, n

′
2〉 ∝

EN (t;n1, n
′
1)〈n1, n2|ρ̃(no loss)

N (t)|n′
1, n

′
2〉 , (39)

where EN (t;n1, n
′
1) is an envelope depending on time and

on the matrix entries n1 and n′
1. This envelope is de-

termined explicitly in Appendix D. If a single r-body
loss event occurs between times 0 and t, it is denoted by

E(1−jump)
N0−r (t;n, n′) and is given by Eq.(D16). According

to Eq.(39), ρ̂N (t) is given in the Fock basis by the loss-

less density matrix ρ̂
(0)
N (t) for an initial CS with N atoms

modulated by the envelope EN and by the damping factor
of Eq.(27).

Let us assume that, in addition to the above condition
(32) on three-body losses, the two-body loss rates satisfy
γi, γ12 ≪ t−1. Furthermore, let the total number |m| =
N0 − N of atoms lost between times 0 and t be much
smaller than N0. Then one finds (see Appendix D)

EN (t;n, n′) =
∑

J1,J2,J3≥0,J1+2J2+3J3=N0−N

1

J1!J2!J3!

3∏

r=1

[
E(1−jump)
N0−r (t;n, n′)

]Jr

. (40)

Therefore, the envelope for several jumps is obtained by
multiplying together the single-jump envelopes raised to
the power Jr, and by summing over all the numbers Jr
of r-body losses in the time interval [0, t] such that N =
N0 − J1 − 2J2 − 3J3.

Equations (33), (39), and (40) are our main analyti-
cal results from the quantum trajectory approach. They
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are valid provided that tΓm ≪ N
2−|m|
0 for all two-body

(|m| = 2) and three-body (|m| = 3) loss rates Γm. This is
not a strong restriction since for large N0 the mean num-
ber 〈N̂〉t of atoms in the BJJ at time t when the BJJ is
subject to two-body (respectively, three-body) losses is
of the order of N0γit (respectively, N2

0κit) [45]. Hence
the aforementioned condition is still fulfilled if a large
fraction (e.g. 50%) of the initial atoms are lost between
times 0 and t. For that reason, we will say that the loss

rates Γm such that (tN
|m|−1
0 )−1 <∼ Γm ≪ (tN

|m|−2
0 )−1

pertain to the intermediate loss rate regime.

2. Small loss regime

For small loss rates satisfying

Γm ≪ N1−r
0 t−1 , r = |m| = 1, 2, 3 , (41)

the general results of Appendix D take a simpler form
which we discuss here. For concreteness we restrict our
attention to the times t = tq. Let us first observe that
one can neglect the θ-noise. In fact, δθm is much smaller
than the quantum fluctuations in the CSs forming the
components of the superposition (6) (the latter are of
the order of 1/

√
N0). In contrast, due to the large fluc-

tuations δsm ≈ tq of the loss time – which has an almost
flat distribution between 0 and tq, the φ-fluctuations are
quite large. Indeed, if χ1m1 + χ2m2 ≈ χ then one finds
from Eq.(37) that δφm is of the order of the phase sepa-
ration φk+1,q − φk,q = 2π/q between the CSs.

According to Eqs.(27) and (39), for a single r-body

loss process the conditional state ρ̂
(1−jump)
N1

(tq) with N1 =
N0−r atoms is obtained in the Fock basis by multiplying

the matrix elements of the superposition ρ
(0)
N1

(tq) in the
absence of losses by the damping factor

Dq(n1, n
′
1) = exp

{
− π

χq

(
dN1

(n1) + dN1
(n′

1)
)}

(42)

and by the envelope (see Eq.(D16) in Appendix D)

Eq,r(n1, n
′
1) =

qχ

π

∑

|m|=r

ΓmCm(tq;n1, n
′
1) . (43)

In the last formula, Cm(tq;n, n
′) is given by Eq.(D17) and

the factor in front of the sum is put for convenience (then
Eq,r(n1, n1) =

∑
|m|=r Γm) and disappears in the state

normalization. In the limit (41), Cm(tq;n, n
′) can be

approximated for symmetric energies U1 = U2 (i.e. χ1 =
−χ2 = χ) by

Cm(tq;n, n
′) ≃

1− exp
{
−iπq (m1 −m2)(n− n′)

}

iχ(m1 −m2)(n− n′)
. (44)

D. Channel effects and protection of quantum

correlations against phase noise

In this subsection we study the conditional density ma-
trix ρ̂N1

(tq) with N1 = N0 − r atoms for a BJJ subject

to a single r-body loss event (with r = 1, 2, or 3), focus-
ing on the times of formation t = tq of the macroscopic
superpositions. The more complex case of combined loss
processes and several loss events will be discussed in the
next subsection. We first single out the peculiar behavior
of the Fisher information FN1

(tq) in the subspace with
N1 atoms as one varies the loss rates and interaction en-
ergies, by relying on the exact diagonalization method.
This behavior is then interpreted in the light of the an-
alytical results of Sec. IVC. We identify several physical
effects explaining the different decoherence scenarios dis-
cussed in Sec. III for symmetric and asymmetric loss rates
and energies.

1. Density matrix and quantum Fisher information in the

subspace with N0 − 2 atoms

Let us start by presenting the amount of QCs in the
subspace with N1 atoms calculated from the exact di-
agonalization method. We restrict ourselves here to
two-body losses, assuming no one-body, three-body, and
inter-mode losses (i.e. αi = γ12 = κi = κij = 0). The
density matrix ρ̂N1

(t2) in the Fock basis is shown in
Fig. 6. If the interaction energies in the two modes
are equal, i.e. U1 = U2, we observe that ρ̂N1

(t2) is al-
most diagonal in the Fock basis for weak symmetric
loss rates γ1 = γ2 <∼ χ/N0 (upper left panel), while it
has non-vanishing off-diagonal elements for odd values of
n′
1 − n1 for completely asymmetric rates γ2 = 0 (middle

left panel). Moreover, if one takes γ1 = 0 in the first
mode and tunes the energies such that U2 = U12, keep-
ing χ = (U1 + U2 − 2U12)/2 fixed, the density matrix
has the same structure as that of a two-component su-
perposition with N1 = N0 − 2 atoms (lower left panel).
This is confirmed by looking at the Fisher information
FN1

(t2), which is displayed in Fig. 7. We stress that,
unlike in Fig. 2, this Fisher information is not multi-
plied by the one-jump probability wN1

(tq) and the op-
timization over the interferometer direction ~n is done
in the N1-atom sector, independently of the other sec-
tors. If one of the modes does not lose atoms and
Ui = U12 in the other mode (Fig. 2b), FN1

(t2) is approx-
imately equal for γ1 ≪ χ/N0 to the Fisher information
N2

1 of a two-component superposition. At stronger loss
rates γ1 ≈ 1/T = χ/(2π), FN1

(t2) decreases to much
lower values. In contrast, for symmetric losses and en-
ergies, FN1

(t2) starts below the shot-noise limit at weak
losses and increases with γ1 to reach a maximum when
γ1 ≃ 2/T . As we will see below, these different behaviors
of the Fisher information for symmetric and asymmet-
ric loss rates and energies occur in all subspaces with
N < N0 atoms and for all types of losses, thereby ex-
plaining the differences in the total Fisher information
presented in Sec. III.

We now turn to the quantum jump approach. By an-
alyzing the form of the envelope (43) in the small loss
regime, we argue below that the aforementioned behav-
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FIG. 6. (Color online) Moduli |〈n,N1 − n|ρ̂N1
(t2)|n

′, N1 − n′〉| of the density matrix in the Fock basis at time t2 = T/4 in the
subspace with N1 = N0 − 2 atoms for increasing two-body losses rates (from left to right), from exact diagonalization. The
upper panels correspond to symmetric losses and energies (γ1 = γ2 and U1 = U2), the middle panels to asymmetric losses and
symmetric energies (γ2 = 0 and U1 = U2), and the bottom panels to asymmetric losses and energies (γ1 = 0 and U2 = U12).
The revival time T is the same in all cases. White dashed lines are marking the values of (n, n′) for which the matrix elements

of the diagonal part [ρ̂(0)(t2)]d of the two-component superposition do not vanish. Other parameters as in Fig. 4.

ior of FN1
(tq) comes mainly from the combination of two

effects: a channel effect for U1 = U2 and q = 2, 3, and the
suppression of phase noise in the ith loss channel when
Ui = U12. Before discussing these two effects, we show
that for U1 = U2 the phase noise always induces a com-
plete phase relaxation in the weak loss regime. However,
we emphasize that this phase relaxation is not relevant
for the Fisher information.

2. Complete phase relaxation for U1 = U2

Let us study the impact of the phase noise on ρ̂N1
(tq)

for symmetric interaction energies U1 = U2 (i.e. χ1 =
−χ2 = χ) and small loss rates satisfying (41). Then
δsm ≈ tq and Eq.(37) gives δφm ≈ |m1 −m2|π/q. This
implies that phase noise due to losses with unequal num-
bers of atoms mi in each mode i blurs out the phases of
the CSs, whereas a loss of one atom in each mode does
not modify the state.

Before showing this explicitly, let us mention some re-
sults established in [18, 20] concerning the effect of phase
noise on macroscopic superpositions in BJJs. We recall
that one can decompose the density matrix as a sum of its

diagonal and off-diagonal parts defined in Eq.(9). This
can also be done in the presence of noise. Phase noise
flattens the Husimi distribution of the superposition in
the φ direction (phase relaxation), which manifests itself
by the convergence for strong noise of the diagonal part of
the density matrix to a statistical mixture of Fock states
with completely undefined phases. A second effect of
phase noise is the loss of the coherences between the CSs
of the superposition, leading to a convergence of the off-
diagonal part to zero at strong noises. This off-diagonal
part, albeit it does not influence the Husimi distribu-
tion, contains the QCs useful for interferometry. It was
pointed out in [18, 20] that for intermediate phase noise
one may have almost complete phase relaxation while
some QCs remain (weak decoherence).

In our case, the action of phase noise on the diagonal
and off-diagonal parts of ρ̂N1

(tq) can be evaluated ex-
actly. From Eqs.(10), (27), and (39), the matrix elements
of [ρ̂N1

(tq)]d in the Fock basis vanish for n′
1 6= n1 modulo

q. We may thus restrict our attention to n′
1 = n1 + pq

for integer p’s. Due to Eqs.(43) and (44), if p 6= 0 then
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FIG. 7. (Color online) Quantum Fisher information optimized
in the subspace with (N0 − 2) atoms at time t2 as a function
of the two-body loss rate (in units of T−1) for (a) symmetric
losses γ1 = γ2 with U1 = U2 (red solid line) and U2 = U12

(green dashed line); (b) completely asymmetric losses with
γ2 = 0 and U1 = U2 (red solid line), U1 = U12 (green dot
dashed line), and U2 = U12 (blue dashed line). The Ui are
chosen in such a way that the revival time T does not change.
Insets: plots of the Husimi functions for some specific choices
of loss rates (indicated by circles and arrows). Other param-
eters as in Fig. 4. All results are obtained from the exact
diagonalization method.

the envelope reads

Eq,r(n1, n1+pq) ≃






−i∆α 1−(−1)p

πp for r = 1

γ12 for r = 2

−i(∆κ+ 3∆κ12)
1−(−1)p

3πp for r = 3

(45)
with ∆α = α2−α1, ∆κ = κ2−κ1, and ∆κ12 = κ21−κ12.
Therefore, for weak two-body losses and in the absence
of inter-mode losses the diagonal part is equal to a sta-

tistical mixture of Fock states,

〈n1, N1 − n1| [ρ̂N1
(tq)]d|n′

1, N1 − n′
1〉

∝ δn1,n′
1

(
N1

n1

)
e−

2π
χq

dN1
(n1) , (46)

where we have used Eqs.(7), (42), and (43). This is con-
firmed in the upper and middle left panels in Fig. 6, where
one observes vanishing matrix elements along the dashed
lines n′

1 = n1 ± 2, n′
1 = n1 ± 4, . . .. We thus find that

the loss of two atoms in the same mode leads to com-
plete phase relaxation. This explains the φ-independent
profile of the Husimi distributions in the insets in Fig. 7
corresponding to χ1 = −χ2 and γ1 ≪ 1/(TN0). In con-
trast, no phase relaxation occurs in the inter-mode chan-
nel m = (1, 1).

For one- and three-body losses, complete phase relax-
ation occurs for symmetric losses (α1 = α2, κ1 = κ2,
and κ12 = κ21) only. This can be understood intuitively
as follows. For weak losses the random phase φ1,0 = sχ
(φ0,1 = −sχ) produced by the loss of one atom in the
mode i = 1 (i = 2) is uniformly distributed in [0, π/q]
([−π/q, 0]). Since the components of the superposition
have a phase separation of 2π/q, it is clear that one needs
equal loss probabilities in the two modes to wash out its
phase content completely. Note that here complete phase
relaxation comes from an exact cancellation when adding
the contributions of the two loss channels m = (1, 0) and
m = (0, 1), which separately lead to non-diagonal matri-
ces [ρ̂N1

(tq)]d. A similar argument applies to three-body
losses.

3. Loss of quantum correlations when U1 = U2 and q = 2
or 3: channels effects

As discussed above, the phenomenon of phase relax-
ation does not tell us anything about the QCs useful for
interferometry, which can still be present in the atomic
state even if one has complete phase relaxation. Let us
now study these QCs, contained in the off-diagonal part
[ρ̂N1

(tq)]od of the conditional state. We still assume sym-
metric energies U1 = U2 and small losses satisfying (41).
The off-diagonal part corresponds to the matrix elements
of ρ̂N1

(tq) in the Fock basis such that n′
1 6= n1 modulo

q (see Eq.(10)). In view of Eq.(44), the main effect of
phase noise is to multiply the matrix elements in the ab-
sence of noise by a factor of (n1 − n′

1)
−1. This factor

decays to zero as one moves away from the diagonal but
does not modify substantially the elements close to the
diagonal. This explains the presence of off-diagonal ma-
trix elements for n′

1 = n1 ± 1 and n′
1 = n1 ± 3 in Fig. 6

when γ1 ≪ χ/N0, γ2 = 0, and U1 = U2 (left middle
panel), as well as the relatively high value of the Fisher
information FN0−2(t2) in Fig. 7(b). For such loss rates
and energies we are in the noise regime of the aforemen-
tioned weak decoherence, i.e. phase noise is more efficient
in washing out the phase content of each component of
the superposition than in destroying the coherences.
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However, we see in Figs. 6 and 7 that the situation
is quite different for symmetric two-body losses γ1 = γ2
and γ12 = 0: then [ρ̂N1

(t2)]od vanishes completely and
the Fisher information at weak losses is smaller than
N0. This comes from a cancellation when adding the
contributions of the m = (2, 0) and m = (0, 2) loss
channels, which occurs only at time t2 and in the ab-
sence of inter-mode losses. A similar cancellation oc-
curs at time t3 when the two modes are subject to
three-body losses with symmetric rates κ1 = κ2 and
κ12 = κ21 = 0. In fact, for such loss rates Eqs.(43)
and (44) yield Er,r(n, n′) ≃ 2Γr,0δn,n′ for r = 2, 3. Hence
[ρ̂N1

(t2)]od = 0, so that the whole density matrix ρ̂N1
(t2)

is diagonal in the Fock basis and given by Eq.(46). This
is clearly seen in the upper left panel in Fig. 6. As a
consequence of this channel effect, the two-component
(three-component) superposition suffers in the absence
of inter-mode losses from a complete decoherence in the
N1-atom subspace, for arbitrary small symmetric two-
body (three-body) loss rates. Note that this is not in
contradiction with the fact that the total state ρ̂(t2) con-
verges to ρ̂(0)(t2) when Γm → 0, since the probability
wN1

(t2) converges to zero in this limit and thus ρ̂N1
(t2)

does not contribute to the total state. Such a channel
effect does of course not occur for completely asymmet-
ric losses involving only one channel. It is illustrated in
Fig. 8, which displays the Fisher information FN1

(t) as a
function of time. For asymmetric losses, FN1

(t) is max-
imum at time t2 as in the lossless case. For symmetric
two-body losses, instead, FN1

(t) is minimum at t2 due to
the channel effect.

We emphasize that symmetric one-body losses α1 = α2

and inter-mode three-body losses κ12 = κ21 do not pro-
duce any channel effect. This means that these loss pro-
cesses are less detrimental to the macroscopic superposi-
tions than symmetric two-body losses. For instance, one
has Eq,1(n, n′) = 2α1 sinc[π(n − n′)/q] for α1 = α2 (we
remind that we are treating for the moment the case of
symmetric interactions U1 = U2). A striking consequence
of this observation will be discussed in Sec. IVE1 below.

4. Protecting macroscopic superpositions by tuning the

interaction energies

Let us now proceed to the case of asymmetric interac-

tion energies U1 6= U2. In order to keep the formation
time tq = π/(χq) of the superposition constant, we vary
U1 and U2 while fixing 2χ = χ1 − χ2. We still consider
weak losses satisfying (41). Then the phase relaxation
described above is incomplete, as well as decoherence at
times t2 or t3 for symmetric losses. An interesting situ-
ation is U2 = U12 < U1, i.e. χ2 = 0 and χ1 = 2χ. Then
φ0,r(s) = 0 by Eq.(34), thus the second mode is protected
against phase noise, whereas the first mode is subject to
a strong noise with fluctuations δφr,0 ≈ 2πr/q. Taking
for simplicity vanishing inter-mode rates, one gets from

Eq.(43) and from Eq.(D17) in Appendix D

Eq,r(n, n′) = Γ0,r + qΓr,0

1− exp{−i 2πrq (n− n′)}
2iπr(n− n′)

. (47)

For symmetric rates Γ0,r = Γr,0, the off-diagonal ma-
trix elements of ρ̂N1

(t2) in the Fock basis coincide with
those of a two-component superposition up to a factor of
the order of 1/2. Loosely speaking, ρ̂N1

(t2) is a “half
macroscopic superposition”. Such a state has a large
Fisher information, as shown in Fig. 7(a). An even larger
Fisher information is obtained for completely asymmet-
ric losses with Γr,0 = 0, i.e. if atoms are lost in the
protected mode i = 2 only. Then Eq,r(n, n′) = Γ0,r

and ρ̂N1
(tq) ∝ ρ̃

(no loss)
N1

(tq), that is, the conditional state
ρ̂N1

(tq) coincides with a superposition of q CSs with N1

atoms, slightly modified by the damping factor (42). This
is in agreement with the convergence at weak losses and
asymmetric energies of the Fisher information FN0−2(t2)
in Fig 7(b) to the highest possible value (N0−2)2, and to
the presence of two well-pronounced peaks at φ = ±π/2
in the corresponding Husimi distributions.

In summary, by tuning the interaction energies Ui such
that χ1 = 0 or χ2 = 0 one can protect one mode against
phase noise, to the expense of enlarging noise in the other
mode, thereby limiting decoherence effects on the condi-
tional state with N1 atoms. This way of switching phase
noise off in one mode has been pointed out in [21] for
two-body losses. As a central result we find here that
it applies to one- and three-body losses as well. One
can similarly switch the phase noise off in the two-body
inter-mode loss channel m = (1, 1) by tuning the ener-
gies such that χ2 = −χ1 (i.e. by taking symmetric en-
ergies U1 = U2) and in the three-body inter-mode loss
channels m = (2, 1) and (1, 2) by taking χ2 = −2χ1 and
χ1 = −2χ2 (i.e. U1 = U2 ∓ 2χ/3), respectively. We em-
phasize that it is impossible to suppress the noise in two
different loss channels at the same time. Therefore, the
optimal energy tuning for protecting the macroscopic su-
perpositions is to switch phase noise off in the channel
losing more atoms.

To complete the description of Fig. 7 we discuss in
what follows three effects of atom losses occurring at in-
termediate and strong loss rates.

5. Increasing the loss rates reduces phase noise

We first study the regime of intermediate loss rates.
Surprisingly, the φ-noise decreases if one increases Γm.
This results from the decrease of the loss time fluctu-
ations δsm at increasing Γm, leading to a decrease of
the phase fluctuations δφm in Eq.(37). In fact, while for
small rates the loss time is uniformly distributed on the
interval [0, tq], for larger rates the loss has more chance
to occur at small times and δsm gets smaller. For in-
stance, it is easy to see by inspection of the distribution
(D14) in Appendix D that δsm ≃ G−1

m when Gm
>∼ χq
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FIG. 8. (Color online) Quantum Fisher information optimized
in the subspace with N0 − 2 atoms versus time for symmetric
energies U1 = U2, from exact diagonalization. The red solid
and green dashed lines (upper curves) correspond to asym-
metric two-body losses with (i) γ1T = 0.05, γ2 = 0 and (ii)
γ1T = 1.0, γ2 = 0. The blue dot-dashed, brown dotted and
magenta dot-dashed lines (lower curves) correspond to sym-
metric two- and one-body losses with (iii) γ1 = γ2 = 0.025/T ,
αi = 0, (iv) γ1 = γ2 = 0.5/T , αi = 0, and (v) γ1 = γ2 =
0.025/T , α1 = α2 = 0.5/T . Other parameters: N0 = 10 and
γ12 = κi = κij = 0.

and N0 ≫ 1, Gm being a non-decreasing function of the
rates Γm given by Eq.(D6). This decreasing of the phase

noise sets in for Gm ≈ χq, that is, Γm ≈ χqN
1−|m|
0 .

Therefore, by increasing the loss rates one protects the
conditional state with N1 atoms against phase noise and
thus against decoherence. As seen in Fig. 2, this counter-
intuitive effect does not manifest itself in the total Fisher
information Ftot(t). Indeed, when increasing γ1 the sub-
spaces contributing to Ftot(t) in Eq.(16) have less atoms
and hence are less quantum correlated, and the increase
of FN0−2(t) is counter-balanced by the decrease of the
probability wN0−2(t). As a consequence, Ftot(t) is get-
ting smaller.

6. Effect of the θ-noise

The fact that the peaks of the Husimi distributions in
Fig. 7(b) at intermediate losses are centered at values of
θ smaller than π/2 is due to the θ-noise. In fact, in this
figure δ1 = 2γ1 > 0 and δ2 = 0, so that θ2,0(s) < π/2 and
θ0,2(s) = π/2. For larger initial atom numbers N0 the θ-
noise is always small, its fluctuations being of the order of
1/N0 when N0 ≫ 1. Actually, when Gm

>∼ χq one finds
δθm ≈ 1/N0 by replacing δsm byG−1

m in Eq.(37), whereas
for Gm < χq one has δθm < tqrmax{|δ1|, |δ2|}/2.

7. Damping effects

Increasing further the rates Γm, the damping due
to the effective Hamiltonian begins to play the major
role. The combination of this damping with the re-
duced phase noise effect described above leads again
to different behaviors of FN1

(tq) as a function of the
loss rates for symmetric and asymmetric losses. Let
us recall from Sec. IVB that the onset of damping is

for Γm ≈ χqN
1−|m|
0 in the symmetric case and Γm ≈

χqN
−|m|
0 in the asymmetric case. On the other hand,

we have seen above that phase noise reduction begins

when Γm ≈ χqN
1−|m|
0 . For symmetric losses, there ex-

ists a small range of loss rates Γm on which phase noise
is reduced by increasing Γm while the damping is still
relatively small. This explains the increase of FN1

(t2)
with γ1 seen in Fig. 7(a). At the point where FN1

(t2)
reaches a maximum, two peaks are clearly visible in the
Husimi distribution, as opposed to the flat distribution
observed at weak losses. This nicely illustrates phase
noise reduction. In contrast, in the asymmetric case
damping effects counter-balance phase noise reduction
and the Fisher information decreases when increasing γ1
(even though some peaks show up in the Husimi plots).
For γ1 = γ2 ≫ χ and even initial atom numbers N0,
ρ̂N0−2(tq) converges to a Fock state with (N0 − 2)/2
atoms in each mode, which has a high Fisher informa-
tion (N0 − 2)N0/2 (see Appendix C). For asymmetric
losses, instead, ρ̂N0−2(tq) converges to a superposition of
Fock states with n1 = 0 or 1 atom in the first mode,
and FN0−2(t2) ≈ N0, as seen in Fig. 7(b). Similarly, the
comparison of the two first rows in Fig. 6 shows that an
increase of γ1 = γ2 makes non-vanishing off-diagonal ma-
trix elements to appear, as a consequence of phase noise
reduction, while for γ2 = 0 the same operation moves
the peak in the density matrix towards n1 = n′

1 = 0, as
a consequence of damping.

Let us stress again that these effects on the condi-
tional state with N1 atoms at strong losses do not affect
the total density matrix because of the small probability
to have a single loss event between t = 0 and t = tq.
Note also that the approximations made in Sec. IVC
break down for strong losses, namely, Eq.(39) is still
valid but the envelope EN has a more complex expres-
sion than that given in Eq.(40) (see Appendix D). Since

for Γm ≫ χN
1−|m|
0 the most important effect is damping,

the precise form of EN does, however, not matter.

E. Conditional states for several loss events

We can now extend the previous results to the case
of several loss events. In view of Eq.(40) the physical
effects discussed above are present in all subspaces with
N atoms, provided that 0 < N0 − N ≪ N0. However,
some of our conclusions for a single loss event must be
modified because of the combination of the different loss
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processes.

1. Suppression of the channel effect due to one-body losses

The channel effect leading to complete decoherence at
times t2 or t3 for weak symmetric losses is suppressed
if, in addition to two- or three-body losses, also one-
body losses are present. In fact, the density matrix
in the subspace with N0 − r atoms, r = 2 or 3, is
given by Eq.(39) with an envelope EN0−r(tr;n, n

′) ∝
Er,r(n, n′) + [Er,1(n, n′)]r/r!, see Eq.(40). As pointed out
in Sec. IVD3, Er,r(n, n′) vanishes for n 6= n′ (channel ef-
fect), but this is not the case for the envelope Er,1(n, n′)
coming from one-body losses. We thus find that by
adding one-body losses one can reduce decoherence on
the two-component or the three-component superposi-
tions. We have checked that off-diagonal elements indeed
appear in the density matrix ρ̂N0−2(t2) displayed in the
upper left panel in Fig. 6 when one adds one-body losses.
A surprising consequence of these off-diagonal elements is
shown in Fig. 8: if one-body losses are added to the two-
body losses, the Fisher information FN0−2(t2) increases
in spite of the larger amount of losses. This does, how-
ever, not affect the total Fisher information. Indeed, we
have always observed numerically a decrease of Ftot(t)
when one-body losses are added.

2. Tuning the interaction energies

For strongly asymmetric loss rates, as in the case of
a single loss event it is possible to protect the QCs in
the atomic state by tuning the interaction energies while
keeping fixed the energy χ governing the lossless dynam-
ics. However, if the loss rates are symmetric, decoherence
effects are strong when many loss events occur between
times 0 and tq, whatever the choice of the energies. The
argument goes as follows. If all losses occur mostly in
the same mode i, one can switch phase noise off in that
mode i by tuning the atomic energies in such a way that
χi = 0 (see Sec. IVD4). Then each conditional state
ρ̂N (tq), with N0 − N ≪ N0, is close to a q-component
superposition with N atoms, apart from small damping
effects. This comes from the product form (40) of the en-
velope EN in Eq.(39) and from our previous results on the
envelope Eq,r(n, n′) for single loss events, which is almost

constant for weak loss rates Γm ≪ qχN
1−|m|
0 . The same

statement holds if losses occur mainly via inter-mode
two-body processes (i.e. γ12 ≫ γi, αi/N0, κiN0, κijN0);
then one must tune the energies such that U1 = U2. For
symmetric losses the situation is different. As soon as the
number N0 −N of lost atoms becomes large, the tuning
of the energies Ui is inefficient to keep the coherences of
the superposition, because the probability that all losses
occur in the same mode decreases exponentially with the
number of loss events. Actually, we have seen above that
only one mode can be protected against phase noise if χ is

kept constant. Therefore, when a large number of atoms
leave the BJJ, the loss rates must be strongly asymmet-
ric in order to be able to protect efficiently the superpo-
sitions from decoherence by tuning the Ui. These results
provide a good explanation of the effects described in
Figs. 2 and 3.

In order to fully explain the high values of the total
Fisher information at time tq for strongly asymmetric
losses found in Sec. III, we must also show that the inter-
ferometer direction ~n optimizing the Fisher information
F (ρ̂N (tq), Ĵ~n) in the N -atom subspace is almost the same
for all N (otherwise one could not take advantage of the
QCs to improve the phase precision of the interferometer
when the number of atoms at time tq is unknown). To see
that this is indeed the case, let us note that the optimal
directions roughly coincide with one of the phases φk,q
of the superposition (6), which are given by (we assume
here E1 = E2)

φk,q =
[
2k + ǫq −N + χ−1(N − 1)

U2 − U1

2

]π
q

(48)

with ǫq = 0 if q is even and 1 otherwise. When U2 =
U12 (or U1 = U12) we obtain φk,q = [2k + ǫq − 2N +
1]π/q (or φk,q = [2k+ ǫq − 1]π/q). Thus the components
of the superpositions are transformed one into another
by changing N (for q fixed) and the optimal directions
are the same. One deduces from this argument that the
total Fisher information Ftot(tq) in Eq.(16) is close to the
Fisher information of a q-component superposition with
〈N̂〉tq atoms, and thus scale like 〈N〉2tq , where 〈N̂〉tq is
the average number of atoms at time tq.

F. Dependence of the Fisher information on the

initial atom number N0

Let us briefly discuss the effect of an increase of the
initial number of atoms N0 on the QCs in the macro-
scopic superpositions, focusing on the completely asym-
metric loss case α1 = γ1 = κ1 = 0 and no inter-mode
losses. The increase of N0 leads to a rapid increase of
the probability for losing atoms. Indeed, for large N0

the mean number 〈N〉tq of atoms in the BJJ at time tq
behaves like N0(γ2N0tq + 1)−1 for two-body losses and

N0(2κ2N
2
0 tq + 1)−1/2 for three-body losses, as follows

from the phenomenological rate equations.
We first consider the case of asymmetric interaction

energies U2 = U12 < U1. If N0 is small enough so
that the BJJ remains in the weak loss regime α2 ≪ χq,
γ2N0 ≪ χq, and κ2N

2
0 ≪ χq, it has been argued above

that the total Fisher information Ftot(tq) should scale like
〈N〉2tq ≈ N2

0 . However, when γ2N
2
0 and κ2N

3
0 become of

the order of χq one expects a less pronounced increase of
Ftot(tq) with N0 because of the damping effects discussed
in Secs. IVB and IVD7, as confirmed by a comparison
of Fig. 2(a) and Fig. 3. Increasing further N0, one enters
into the intermediate loss rate regime with γ2N0 ≈ χq
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and κ2N
2
0 ≈ χq, characterized by a non negligible frac-

tion of lost atoms, strong damping, and much stronger
decoherence effects.

Let us now take symmetric energies U1 = U2. In
the weak loss regime the envelope in Eq.(39) decays like
(n1−n′

1)
−J1−J2−J3 as one moves away from the diagonal

n1 = n′
1, see (40), (43), and (44). Thus, as the number

N0 − N = J1 + 2J2 + J3 of lost atoms is getting larger
the conditional states ρ̂N (tq) become more diagonal in
the Fock basis, in contrast with what happens for asym-
metric energies. By increasing N0, the mean number of
lost atoms increases and the total atomic state ρ̂(tq) gets
closer to a statistical mixture of Fock states, leading to a
disappearance of the QCs in the macroscopic superposi-
tion. It should be noted, however, that for fixed numbers
of jumps J1, J2, and J3, the decay of the off-diagonal el-
ements of the conditional states ρ̂N (tq) in the Fock basis
is the same for all N0. This is related to the fact that in
a BJJ subject to phase noise the decoherence time is in-
dependent of the number of atoms [20]. Hence some QCs
remain in the conditional states ρ̂N (tq) even for large N0.
The degradation of the QCs in the total state results from
the decay of the probabilities wN (tq) to have N atoms at
time tq. The behavior of the Fisher information Ftot(tq)
as a function of N0 strongly depends on the behavior of
these probabilities.

V. SUMMARY AND CONCLUDING REMARKS

We have studied in detail the decoherence induced by
one-, two- and three-body atom losses on the superposi-
tions of coherent states dynamically generated in BJJs.
For all loss types and at weak losses, the degradation of
the superposition is mainly due to a strong effective phase
noise and to a channel effect. The last effect gives rise
to enhanced decoherence on the two-component (three-
component) superposition after summing over the two
loss channels when the two-body (three-body) loss rates
and interaction energies are the same in the two modes
and there are no inter-mode losses. Conversely, if all
losses occur mostly in one mode, we have shown that it
is possible to partially prevent this degradation by ad-
justing the interaction energy Ui of each mode, keeping
their sum fixed and exploiting the experimental tunabil-
ity of Ui. For instance, in the absence of inter-mode
losses the effective phase noise can be suppressed in the
mode loosing more atoms by choosing an interaction en-
ergy in this mode equal to the inter-mode interaction
U12. For internal BJJs with Rubidium atoms as used in
Ref. [13], this could be done by reducing the scattering
length a1 in the mode i = 1 loosing less atoms. Then,
because a2 and a12 are almost equal, one has U2 ≃ U12,
whereas |U1 − U12| can be large. For experimentally rel-
evant loss rates and initial atom numbers, we have found
that the amount of coherence left at the time of forma-
tion of the two-component superposition can be made in
this way substantially higher, provided that the system

has strongly asymmetric losses (see Fig. 3). In the ex-
periment of Ref. [13], this condition is met for two-body
losses but not for one-body losses, which are symmet-
ric in the two modes. As a consequence, in the range
of parameters corresponding to the experimental situa-
tion that we have studied, we predict that one-body loss
processes lead to much stronger decoherence effects on
the macroscopic superposition than the asymmetric two-
body processes.
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Appendix A: Solution of the master equation by the

exact diagonalization method

We present in this appendix the exact solution of the
master equation (11) with Lindblad generators (12) in
the absence of inter-mode losses. In the notation of
Sec. II A this means κ21 = κ12 = γ12 = 0. The loss rates
in the first and second modes are denoted as in Sec. II C
by Γr,0 and Γ0,r, respectively, with r = 1, 2, and 3 for
one-, two-, and three-body losses.

Let us first note that the inter-mode interaction en-
ergy U12n̂1n̂2 in the Bose-Hubbard Hamiltonian (3) can
be absorbed in the intra-mode interactions up to a term
depending on the total number operator N̂ only, yielding

Ĥ0 = Ĥ(1) + Ĥ(2) +
U12

2
N̂(N̂ − 1)

Ĥ(i) = Ein̂i +
Ui − U12

2
n̂i(n̂i − 1) , i = 1, 2 . (A1)

As neither the initial density operator nor the dynamics
couple subspaces with distinct total atom numbers, one
can ignore the term depending on N̂ . Then Ĥ0 reduces
to a sum of two single-mode Hamiltonians Ĥ(1) and Ĥ(2).
Since we assumed no inter-mode losses, the Lindblad gen-
erators can also be expressed as sums of generators acting
on single modes. Thus the two modes are not coupled in
the master equation (11) and the dynamics of the two-
mode BEC can be deduced from that of two independent
single-mode BECs, which are only coupled in the initial
state ρ̂(0) = |ψ(0)〉〈ψ(0)| given by Eq. (1).
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Let us first focus on the single-mode master equation:

dρ̂

dt
= −i

[
Ĥ, ρ̂(t)

]
+

3∑

r=1

Lr-body(ρ̂(t)) (A2)

with Ĥ = U
2

(
â†
)2
â2 and

Lr-body(ρ̂) = Γr â
rρ̂
(
â†
)r − Γr

2

{(
â†
)r
âr, ρ̂

}
, (A3)

where we denote the energies U1−U12 or U2−U12 collec-
tively by U and the loss rates Γr,0 and Γ0,r collectively
by Γr. Hereafter we use the notation

ρk+j,l
k,l+j = 〈k, l + j|ρ̂|k + j, l〉 (A4)

for the matrix elements of the two-mode density operator
in the Fock basis, and similarly

ρk+j
k = 〈k|ρ̂|k + j〉 (A5)

in the single-mode case. This unusual indexing will turn
out to be convenient later. The master equation (A2)
takes the following form in the Fock basis:

d

dt
ρk+j
k = λj,k ρ

k+j
k (t) +

3∑

r=1

u
(r)
j,k+rρ

k+r+j
k+r (t) , (A6)

where we have set ρl+j
l (t) = 0 for l > N0 or l + j > N0,

λj,k = − iU

2

(
k(k − 1)− (k + j)(k + j − 1)

)
(A7)

−
3∑

r=1

Γr

2

(
r−1∏

w=0

(k − w) +

r−1∏

w=0

(k + j − w)

)
,

and

u
(r)
j,k = Γr

r∏

w=0

√
(k − w)(k + j − w) . (A8)

From (A6) we conclude that the master equation (A2)
couples only the matrix elements which are in the same
distance j from the diagonal. Therefore, the set of differ-
ential equations (A6) for all j and k can be grouped into
families of equations with a fixed j, which can be solved
independently from each other.

For a given j and N = j, . . . , N0, we solve Eq.(A6)
with the initial condition

ρk+j
k (0) = δk,N−j , k = 0, . . . , N − j . (A9)

Then ρk+j
k (t) = 0 at all times t when k > N − j. It is

convenient to collect the matrix elements together into a

vector having its kth component equal to ρk+j
k (t),

vN,j(t) =
(
ρj0(t), ρ

1+j
1 (t), . . . , ρNN−j(t)

)
. (A10)

Then the equations (A6) for different k but fixed j can
be combined into a single equation for the vector vN,j:

dvN,j

dt
= AN,jvN,j(t) , (A11)

where AN,j is a time-independent (N−j+1)×(N−j+1)
triangular superior matrix with coefficients determined
by (A6). The solution of Eq.(A11) has the form

vN,j(t) = exp (AN,jt)vN,j(0). (A12)

To determine the exponential in the right-hand side one
has to diagonalize AN,j.

As this matrix is triangular, its eigenvalues are given
by its diagonal elements λj,n, defined in Eq.(A7). Let lj,n
and pj,n be the left and right eigenvectors of AN,j with
eigenvalue λj,n. In the general case we have not been
able to find explicit expressions for these eigenvectors.
However, by Eq.(A6) their components pkj,n and lkj,n, k =
0, 1, . . . , N − j, can be obtained recursively thanks to the
formulas

pkj,n=





0 if k > n
1 if k = n

u
(1)
j,k+1p

k+1
j,n + u

(2)
j,k+2p

k+2
j,n + u

(3)
j,k+3p

k+3
j,n

λj,n − λj,k
if k < n

(A13)
and

lkj,n =





u
(1)
j,kl

k−1
j,n + u

(2)
j,kl

k−2
j,n + u

(3)
j,kl

k−3
j,n

λj,n − λj,k
if k > n

1 if k = n
0 if k < n

.

(A14)
Using these eigenvectors and eigenvalues, the solution
(A12) with initial condition (A9) takes the form

vN,j(t) =

N−j∑

n=0

lN−j
j,n pj,ne

λj,nt . (A15)

Having the solution in a single mode, we can find the
solution of the two-mode master equation (11) in the
main text,

ρk+j,l
k,l+j(t) =

N0−l∑

N=k+j

ρN,N0−N
N−j,N0−N+j(0)

×[v
(1)
N,j(t)]k[v

(2)
N0−N+j,j(t)]

∗
l , (A16)

where we added superscripts referring to the modes 1 and
2 to the vectors vN,j(t), to stress that the loss rates and
interaction energies differ between modes.

The solutions (A15) and (A16) can be substantially
simplified if only one-body losses are present. For in-
stance, Eq.(A15) takes the form

[vN,j(t)]k = (A17)

= ezjtekxjt

(
N − j

k

) 1

2

(
N

k + j

) 1

2

(
exjt − 1

xj/Γ1

)N−k−j
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with zj = iU(j2 − j)/2− Γ1j/2 and xj = iUj − Γ1.
Although the formula (A16) for the density matrix el-

ements is a bit cumbersome, one can use it to derive
simple expressions for the correlation functions charac-
terizing the state. To give an example, the first-order
correlation function (j = 1) reads (for simplicity we
take symmetric loss rates Γ1,0 = Γ0,1 = α and energies
U1 = U2 = U12 + χ):

Re
{
〈â†2â1〉t

}
= Re

{∑

k,l

ρk+1,l
k,l+1(t)

√
k + 1

√
l + 1

}

=

(
α2 + χ2e−αt cos (χt) + αχe−αt sin (χt)

χ2 + α2

)N0−1

×N0e
−αt

2
.

The latter formula agrees with the results obtained with
the help of the quantum trajectory method [16] and gen-
erating functions [17].

In the case of two- and three-body losses, the eigen-
vectors pj,n and lj,n are evaluated numerically using the
recurrence formulas (A13) and (A14).

Appendix B: Extraction of experimentally relevant

parameters

We choose a symmetric trap with frequency ω =
2π × 500Hz and initial number of atoms N0 = 100 as
in Ref. [14]. We compute the condensate wave function
ψ(r) with the help of the Gross-Pitaevskii equation, as-
suming no inter-species interaction, i.e. a12 = 0, and ne-
glecting the interactions in one of the two modes, namely
a2 = 0, where a12 and a2 are the scattering lengths. Then
U2 = U12 = 0. We estimate the interaction energy in the
first mode with the formula U1 = 4πa1

M

∫
|ψ|4(r)d3r, M

being the atomic mass. To compute the loss rates we use
the constants for the atomic species used in Refs. [12, 16].
For such parameters the probability of three-body colli-
sions is relatively small compared with the probability of
two-body processes. Moreover, the two-body processes
are highly asymmetric for the internal states used in the
experiment. Conversely, one-body losses appear to act
symmetrically in the two modes. For the results shown
in Fig. 3 we additionally neglect inter-mode losses (i.e.
γ12 = 0).

Appendix C: Conditional state with N0 atoms in the

strong loss regime

In the strong loss regime, the probability wN0
(t) that

the BJJ does not lose any atom in the time interval [0, t]
is very small (see Eq.(28)). As a consequence, the contri-
bution to the total density matrix ρ̂(t) of the conditional
state ρ̂N0

(t) with N0 atoms is negligible. However, one
can gain some insight on QCs at intermediate loss rates

by investigating this strong loss regime. This study is
performed in this appendix. We also discuss the form of
the damping factor in Eq.(27) for asymmetric three-body
loss rates. We use the same notation as in Sec. IVB.

Let us first consider symmetric three-body losses κ1 =
κ2 and κ12 = κ21 and assume that Eq.(29) defines an
effective loss rate a > 0. The strong loss regime then
corresponds to at≫ 1. The damping factor in Eq.(27) is
Gaussian and given by Eq.(30). After renormalization by
wN0

(t), this damping factor send all the matrix elements
〈n1, N0 − n1|ρ̂N0

(t)|n′
1, N0 − n′

1〉 of ρ̂N0
(t) to zero except

those for which n1 and n′
1 are the closest integer(s) to

n1. If n1 is an half integer, the four matrix elements
with n1, n

′
1 = n1 ± 1/2 are damped by exactly the same

factor. Therefore, ρ̂N0
(t) converges to a pure state,

ρ̂N0
(t) → |ψ(∞)

0 (t)〉〈ψ(∞)
0 (t)| . (C1)

This state is either a Fock state |ψ(∞)
0 〉 = |E(n1), N0 −

E(n1)〉 if n1 is not half integer (here E(n1) denotes the
closest integer to n1) or, if n1 is half integer, a superpo-
sition of two Fock states

|ψ(∞)
0 (t)〉 ∝

∑

±

(
N0

n1 ± 1
2

)1/2

eitϕ±

|n1 ±
1

2
, N0 − n1 ∓

1

2
〉 (C2)

with ϕ+ = E2 + (N0 − n1 − 1
2 )U2 + (2n1 − N0)U12 and

ϕ− = E1 + (n1 − 1
2 )U1. In particular, if γ1 = γ2 and

α1 = α2 (case (i) in Sec. IVB), ρ̂N0
(t) converges to the

Fock state |ψ(∞)
0 〉 = |N0

2 ,
N0

2 〉 if N0 is even and to a su-

perposition of the Fock states |N0±1
2 , N0∓1

2 〉 if N0 is odd
(since n1 = N0/2). Similarly, if γ2 = γ12 = κ = 0
(case (ii) in Sec. IVB), ρ̂N0

(t) converges to the Fock state
|0, N0〉 if α2 < α1 (since then n1 < 1/2, see Eq.(31)) and
to a superposition of Fock states with n1 = 0 or 1 atoms
in the first mode if α1 = α2 (since then n1 = 1/2). Ig-
noring one-body losses, this can be explained as follows.
If one detects the same number of atoms initially and at
time t ≫ 1/γ1, the atomic state must have zero or one
atom in the first mode suffering from two-body losses,
since otherwise the BJJ would have lost atoms in the
time interval [0, t].

Let us turn to the case a < 0, i.e. γ12 > γ1+γ2+2(N0−
2)κ (case (iii) in Sec. IVB). We still assume symmetric
three-body losses. It is easy to show from Eq.(31) that
n1 > N0/2 if and only if ∆γ < −∆α/(N0 − 1). There-
fore, ρ̂N0

(t) converges in the strong loss limit |a|t≫ 1 to
the Fock state with n1,2 = 0 if ±∆γ < ∓∆α/(N0 − 1),
whereas it converges to the so-called NOON state

|ψ(∞)
0 (t)〉 = 1√

2

(
e−itN0[E1+U1(N0−1)/2]|N0, 0〉

+e−itN0[E2+U2(N0−1)/2]|0, N0〉
)

(C3)

if ∆γ = −∆α/(N0 − 1). The latter state arises because
if one knows that the BJJ has not lost any atom at time
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t ≫ |a|−1 one can be confident that it has either n1 = 0
or n1 = N0 atoms in the first mode, in such a way that no
inter-mode collision is possible. Since one cannot decide
among the two possibilities, the state of the BJJ is the
superposition (C3).

If a = 0, i.e. γ12 = γ1 + γ2 + 2(N0 − 2)κ, then

dN0
(n1)− dN0

(0) = bn1 (C4)

varies linearly with n1, where b = −(∆α+(N0−1)∆γ)/2.
One easily finds that in the strong loss limit |b|t ≫ 1,
ρ̂N0

(t) converges to the same states as in the previous
case a < 0. Note that for ∆γ = −∆α/(N0 − 1) one has
no damping, i.e. ρ̂N0

(t) coincides with the lossless density
matrix.

For completeness, let us now investigate the asymmet-

ric three-body loss case K = 3(κ1−κ2+κ21−κ12)/2 6= 0.
We do not assume anymore strong losses and take K > 0
(the case K < 0 is treated by permuting the two modes).
The damping factor in Eq.(27) is cubic in n1,

dN0
(n1) =

1

3
Kn3

1 + an2
1 + bn1 + c , (C5)

where c an irrelevant n1-independent constant and

a =
1

2

[
γ1 + γ2 − γ12 − 3κ1 + 3(N0 − 1)κ2

+(N0 + 1)κ12 − (2N0 − 1)κ21
]

(C6)

b =
1

2

[
−∆α+∆γ −N0(2γ2 − γ12)− 2∆κ

+N0

(
−3(N0 − 2)κ2 − κ12 + (N0 − 1)κ21

)]
.(C7)

In the last expression we have set ∆κ = κ2 − κ1. The
minimum of dN0

(n1) over all integers n1 between 0 and
N0 is reached either for n1 = 0 or for n1 = n1 =
(
√
a2 − bK − a)/K. The effect of damping at time tq on

the lossless density matrix sets in when |K|N3
0 , |a|N2

0 , or
|b|N0 are of the order of χq or larger, that is, for loss rates
κ >∼ χq/N3

0 , γ >∼ χq/N2
0 , or α >∼ χq/N0. For completely

asymmetric losses of all kinds (i.e. all rates vanish save

for α1, γ1, and κ1) one finds n1 = 1 + 1/
√
3 when only

κ1 is nonzero and n1 ≃ (−γ1 +
√
γ21 − 3κ1α1)/(3κ1) < 0

when N0 ≫ 1 and α1, N0γ1, and N2
0κ1 have the same

orders of magnitude. In both cases, ρ̂N0
(t) converges at

strong losses to the Fock state |0, N0〉, in analogy with
what happens for two-body losses.

Appendix D: Determination of the conditional states

with N < N0 atoms

In this appendix we justify the formulas (33), (39), and
(40) of Sec. IVC.

1. Contribution of trajectories with a single loss

event

We first determine the quantum trajectories having ex-
actly one jump in the time interval [0, t] and the cor-

responding conditional state ρ̂N1
(t) with N1 = N0 − r

atoms, r being the number of atoms lost during the jump
process.

Let t 7→ |ψ1(t)〉 be such a trajectory subject to a sin-
gle loss process, occurring at time s ∈ [0, t] and of type
m = (m1,m2) ∈ {1, 2, 3}2, with r = m1 + m2. As a
preliminary calculation, we take a Fock state |n1, n2〉 as

initial state. This state is an eigenstate of Ĥeff with eigen-
value Heff(n1, n2). According to Eq.(21) and given that

M̂m = âm1

1 âm2

2 , the corresponding unnormalized wave

function |ψ̃1(t)〉 at time t is (up to a prefactor) a Fock
state with n′

i = ni −mi ≥ 0 atoms in the mode i = 1, 2,

|ψ̃1(t)〉 = e−i(t−s)ĤeffM̂me
−isĤeff |n1, n2〉 (D1)

=

√
n1!n2!

n′
1!n

′
2!
e−iΦm,s(n

′
1
,n′

2
)e−itĤeff |n′

1, n
′
2〉 ,

where

Φm,s(n
′
1, n

′
2) = s(Heff(n1, n2)−Heff(n

′
1, n

′
2)) (D2)

is a complex dynamical phase. The real part of Φm,s

is the dynamical phase associated to the change in the
atomic interaction energy because of the reduction of par-
ticles at time s. Since the Hamiltonian (3) is quadratic
in the number operators n̂i, this real part is linear in n′

1

and n′
2. Setting n′

2 = N1 − n′
1, one finds

ReΦm,s(n
′
1, n

′
2) = φm(s)n′

1 + cm , (D3)

where cm is an irrelevant n′
1-independent phase and

φm(s) = s
(
χ1m1 + χ2m2

)
(D4)

with χ1 = U1 − U12 and χ2 = −(U2 − U12).
The imaginary part of Φm,s is associated to a change in

the damping due to the reduction of particles at time s.
It is quadratic in n′

i because of the presence of the cubic

damping operator D̂3−body (see Eq.(25)), but we will see
below that one can neglect the quadratic term provided
that the three-body loss rates satisfy κi, κij ≪ (N0t)

−1.
In fact, by neglecting all terms of the order of sN0κi and
sN0κij and keeping in mind that n′

1 and n′
2 = N1 − n′

1

are at most of the order of N0, one gets

ImΦm,s(n
′
1, n

′
2) = −s

2

[∑

i=1,2

∑

j 6=i

(3κi − 2κij + κji)mi ×

(
n′
1 −

N1

2

)2
+
(
δ1m1 + δ2m2

)(
n′
1 −

N1

2

)
+Gm

]
(D5)

with

Gm = γ12

(rN1

2
+m1m2

)
+
∑

i=1,2

(
αi + γi(N1 − 1 +mi)

+
∑

j 6=i

(3κi + κji + 2κij)
N2

0

4

)
mi . (D6)

Here, we have set δ1 = 2γ1 − γ12 + (3κ1 − κ21)N0 and
δ2 = −(2γ2 − γ12 + (3κ2 − κ12)N0) as in the main text.
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We now take as initial state the CS |N0;φ = 0〉. The
corresponding unnormalized wave function is obtained
from Eq.(D1) by using the Fock state expansion (2) for
this CS. This yields

|ψ̃1(t)〉 =
1

2N0/2

√
N0!

N1!

N1∑

n′
1
=0

(
N1

n′
1

)1/2

e−itĤeff ×

e−iΦm,s(n
′
1
,N1−n′

1
)|n′

1, N1 − n′
1〉 . (D7)

Note that only the terms with |n′
1 − N1/2| <∼

√
N1 con-

tribute significantly to the last sum. Thus one can ne-
glect the quadratic term in the dynamical phase (D5) in
the limit κi, κij ≪ (N0t)

−1. Plugging Eqs.(D3) and (D5)
into Eq.(D7), one recognizes the Fock state expansion of
a CS with N1 atoms. We get

|ψ̃1(t)〉 = 2−
r
2

√
N0!

N1!
e−sGm/2

[
cosh

(s
2

∑

i

δimi

)]N1

2 ×

e−itĤeff |N1; θm(s), φm(s)〉 (D8)

with

θm(s) = 2 arctan
(
exp
{
−s
2

(
δ1m1 + δ2m2

)})
. (D9)

This justifies Eq.(33) for J = 1, namely

|ψ1(t)〉 ∝ e−itĤeff |N0 − r; θm(s), φm(s)〉 . (D10)

Moreover, from Eqs.(22) and (D8) we find the probability

dp
(t)
m (s; 1) that a loss event of type m occurs in the time

interval [s, s+ ds] and that no other loss occur in [0, t],

dp(t)m (s; 1) = p̃(t)m (s; 1)‖e−itĤeff |N1; θm(s), φm(s)〉‖2ds

p̃(t)m (s) =
Γm

2r
N0!

N1!
e−sGm coshN1

(s
2

∑

i=1,2

δimi

)
. (D11)

Let us assume that the BJJ is subject to r-body losses
only, with r = 1, 2, or 3 fixed. According to Eq.(23), the
state in the subspace with N1 = N0 − r atoms is

ρ̂N1
(t) ∝ ρ̃

(1-jump)
N1

(t) =
∑

m,|m|=r

∫ t

0

ds p̃(t)m (s)× (D12)

e−itĤeff |N1; θm(s), φm(s)〉〈N1; θm(s), φm(s)| eitĤ
†
eff

and the probability to have N1 atoms in the BJJ at time

t is wN1
(t) = tr ρ̃

(1-jump)
N1

(t). Equation (D12) means that
by conditioning to a single loss event one obtains the
same state as if there were no atom loss, one had initially
N1 atoms, and the BJJ was subject to some external
noises θ and φ rotating the state around the Bloch sphere.
More precisely, with the help of the commutation of Ĥeff

with the angular momentum Ĵz = (n̂1 − n̂2)/2 and the

identity |N ; θ, φ〉 = (eiφ coshu)−N/2e(−iφ+u)Ĵz |N ;φ = 0〉
with u = ln(tan(θ/2)), one can rewrite (D12) as

ρ̃
(1-jump)
N1

(t) (D13)

∝
∑

m,|m|=r

〈
U eff
m (s)|N1;φ = 0〉〈N1;φ = 0|U eff

m (t)†
〉

s
,

where U eff
m (s) = e−i(φm(s)+i ln(tan(θm(s)/2))Ĵze−itĤeff is a

non-unitary random evolution operator and the brackets
denote the average with respect to the exponential dis-
tribution hm(s) ∝ Θ(t− s)e−sGm of the loss time s (here
Θ denotes the Heaviside step function). Hence the im-
pact of atom losses on the conditional state can be fully
described by introducing the effective noises θ and φ, in
addition to the damping coming from the non self-adjoint
Hamiltonian Ĥeff . These noises have fluctuations given
by Eq.(37) in the main text, where δsm is the fluctuation
of the loss time with respect to the distribution

fm(s) =
p̃
(t)
m (s)Θ(t− s)
∫ t

0 ds p̃
(t)
m (s)

. (D14)

We now proceed to evaluate the density matrix (D12)
explicitly in the Fock basis. It reads

〈n1, n2|ρ̃(1-jump)
N1

(t)|n′
1, n

′
2〉 ∝ (D15)

E(1-jump)
N1

(t;n1, n
′
1)〈n1, n2|ρ̃(no loss)

N1
(t)|n′

1, n
′
2〉 ,

where ρ̃
(no loss)
N1

(t) is the unnormalized density matrix con-
ditioned to no loss event between times 0 and t for an
initial phase state with N1 atoms (see Eq.(38)) and

E(1-jump)
N1

(t;n1, n
′
1) =

∑

m,|m|=r

ΓmCm(t;n1, n
′
1) (D16)

with

Cm(t;n, n′) =
1− e−t[Gm+(δ1m1+δ2m2)(n+n′−N1)/2+i(χ1m1+χ2m2)(n−n′)]

Gm + (δ1m1 + δ2m2)(n+ n′ −N1)/2 + i(χ1m1 + χ2m2)(n− n′)
. (D17)

Note that in the presence of both one- and two-body
losses, to get the state ρ̂N1

(t) in the subspace with

N1 = N0− 2 atoms one must add to ρ̂
(1-jump)
N1

(t) the con-
tribution of trajectories having two one-body loss events,

which we now proceed to evaluate.
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2. Contribution of trajectories with several loss

events

The extension to J > 1 loss events of the previous
calculation does not present any difficulty. We denote
by |ψJ(t)〉 the wave function after J jumps of types
m1, . . . ,mJ occurring at times 0 ≤ s1 ≤ · · · ≤ sJ ≤ t.
One easily finds that if κi, κij ≪ (N0t)

−1 then |ψJ (t)〉
is the time-evolved CS defined in Eq.(33), with phases
φm(s) and θm(s) given by Eq.(34). As in the case J = 1,
φm(s) and i ln(tan(θm(s)/2)) are the real and imaginary

dynamical phases per atom in the first mode associated
to the variations in the interaction energy and damping
subsequent to the losses.

We are now ready to determine the conditional states
ρ̂N (t) for all N when the BJJ is subject simultaneously to
one-, two-, and three-body losses. To this end one needs
not only the wave function |ψJ(t)〉 but also the norm of

|ψ̃J(t)〉 giving the probability (22). Using Eq.(21) and
the vector notation of Sec. IVC, a simple (but some-
how tedious) generalization of the calculation leading to
Eq.(D8) yields

|ψ̃J (t)〉 = 2−
|m|
2

√
N0!

NJ !
exp

{
−1

2

J∑

ν=1

sνGm,ν

}[
cosh

( J∑

ν=1

sν
2

∑

i=1,2

δimν,i

)]NJ
2

e−itĤeff |NJ ; θm(s), φm(s)〉 , (D18)

where mν,i is the number of atoms lost in mode i in the νth event, NJ = N0 − |m| is the remaining number of atoms
in the BJJ after the J jumps (i.e. |m| =∑ν,imν,i), and

Gm,ν =
∑

i=1,2

[
αi + γi

(
NJ − 1 + µν,i + µν+1,i

)
+
∑

j 6=i

(3κi + κji + 2κij)
N2

0

4

]
mν,i

+γ12

( |mν |NJ

2
+ µν,1µν,2 − µν+1,1µν+1,2

)
(D19)

with µν,i =
∑J

ν′=ν mν′,i for ν = 1, . . . , J and i = 1, 2. Thanks to Eqs.(23) and (D18), the matrix elements in the Fock
basis of the unnormalized conditional state ρ̃N (t) with N atoms are

〈n1, n2|ρ̃N (t)|n′
1, n

′
2〉 =

N0∑

J=1

∑

m,N0−|m|=N

Γm1
. . .ΓmJ

∫

0≤s1≤···≤sJ≤t

ds1 . . . dsJ 〈n1, n2|ψ̃J (t)〉〈ψ̃J (t)|n′
1, n

′
2〉

∝ EN (t;n1, n
′
1)〈n1, n2|ρ̃(no loss)

N (t)|n′
1, n

′
2〉 , (D20)

with

EN (t;n, n′) =

N0∑

J=1

∫

0≤s1≤···≤sJ≤t

ds1 . . . dsJ
∑

m,N0−|m|=N

Γm1
. . .ΓmJ

exp
{
−i(n− n′)

J∑

ν=1

sν
∑

i

χimν,i

}
×

exp
{
−

J∑

ν=1

sνGm,ν − (n+ n′ −NJ)

J∑

ν=1

sν
2

∑

i

δimν,i

}
. (D21)

If, in addition to the above condition on three-body losses, the two-body loss rates satisfy γi, γ12 ≪ t−1 and
|m| ≪ N0, the envelope EN (t;n, n′) takes the particularly simple form given by Eq.(40). Actually, in these limits the
expression (D19) of Gm,ν reduces to the corresponding expression (D6) for a single loss event of type m = mν ,

Gm,ν ≃ Gmν
≃ γ12

|m|N0

2
+
∑

i=1,2

(
αi + γiN0 +

∑

j 6=i

(3κi + κji + 2κij)
N2

0

4

)
mν,i . (D22)

The integrand in Eq.(D21) is then symmetric under the exchange of the sν ’s, allowing us to replace the integration
range by [0, t]J upon division by J !. With the help of a simple counting argument, one obtains Eq.(40) of Sec. IVC.
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