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Abstract. We compute the high orders of the Weyl expansion for the heat kernel of a circle billiard

in the presence of a uniform and perpendicular magnetic field. It is shown, in accordance with
a conjecture made in Narevi@t al (1998J. Phys. A: Math. GerB1 4277), that some terms of

this expansion can be identified with those of the Weyl expansion of a semi-infinite cylinder. The
boundary correction to the Landau diamagnetic susceptibility of a non-degenerate electron gas in
the billiard is determined.

Consider a spinless particle of charge (e > 0) and mas#: constrained by a hard wall to
move inside a disc of radius A uniform magnetic fieldB is applied perpendicularly to the

disc. Letw = e||B|/mc, Iy = h/mw andR = /2a/ly = \/2ma2w/h be respectively

the cyclotron frequency, the magnetic length and the dimensionless radius. In the symmetric
gaugeA = %B x ¥, the Hamiltonian of the particle is:

_ 1. 1 . 2\
H =ho (—af—;a,+ﬁ<—|ao+z>> (1)

where(r, 0) are the dimensionless polar coordinates definedy/2||X||/15; 6 is the angle
betweenx and a fixed vectoé, parallel to the plane of the disc, counted positively if the
triad (e,, X, B) is right-handed. The eigenfunctionis (r, 8) of H are required to be finite

asr — 0 and to satisfy the Dirichlet boundary conditigh)(R,6) = 0,0 < 6 < 27. In

this letter, we describe an algorithm to compute the Weyl asymptotic expansion of the heat
kernel P(t) = tr e “/PH for this system. This also determines the Weyl expansions of other
simply related spectral quantities, like e.g. the density of states [3]. The first few terms of the
asymptotic expansion df(t) ast = wr — 0 are:
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The Weyl expansion in the zero field is obtained by keeping only the first term in each
parenthesis and coincides with known results [2,3]. The terms proportion&f tdirst
parenthesis) give the Weyl expansion of the heat kemglt) associated with the Landau
spectrum (infinite plane geometry), whose full asymptotic expansion can be easily calculated
[3,1]. The terms proportional t&® (second parenthesis) coincide with the first terms of the
Weyl expansion oP,,, (t) — P (), hereP,,, (¢) is the heat kernel of a semi-infinite cylinder of
radiusa in a uniform magnetic field [1]. This result is in agreement with a conjecture made in
[1], according to which each term of the Weyl expansion of a billiard with a smooth boundary
in zero field becomes multiplied by a universal billiard-independent function ef wt if
a uniform magnetic field is applied perpendicularly. The first two functions, multiplying
respectively the area teriR?/4)r—! and the perimeter term (/7 R/4)t~Y/2, have been
found in [1] to be(z/2)/sinh(z/2) and

ctico de
\/>/ “/ dr 3 IND_5(0)+Ly(e+1)

wherec > 0andD_._1,», ¥ are respectively the parabolic cylinder and the digamma functions.
We use this opportunity to correctan error made in the Weyl expansiy,af) in [1], formula

(29): the correct power of 2 in the denominator of the term of ord&? should be 19 as in
(2), instead of 20.

SinceP(r) for t = A is the canonical partition function, one can determine from (2) the
magnetic susceptibility of an ideal non-degenerate gas in the disc at inverse tempefature
If N is the number of particles per unit area and= +/7h%8/2m <« N~ is the de Broglie
thermal length, we obtain an expansionyoin powers ofar /a which begins as follows:
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where xoo = —NBe?h?/12m?c? is the Landau susceptibility. We have found that at each

order inA7r/a up to the fifth order, the corrections to the Landau diamagnetic susceptibility
are paramagnetic.

To show (2), we use a Green function approach [1-3]. The Green function
G(E;r,0;r',0) is given by:

(H+E)G(E;r,0;r',0) = %8(}’—#)8(9—9’) (4)
rip

(note the + sign in front of the energy). It satisfies the boundary condition:
G(E;R,0;1r',0") = G(E;r,0; R,0") = 0, and we require moreover that it be finiteras> 0
andr’ — 0. One defines similarly the ‘infinite plane’ Green funct@g,(E; r, 6; ', ") which
satisfies the same equation, is finite at the origin, and is such thatrG.(E; r, 0; ', 0")
andr’ — r'G(E; r,0;r’,0’) be integrable oR,. Sete = E/hw and Ietf,i(e, r) be two
independent solutions of

, 1 5 5 1 r2 2
<8r +;8,+Q;(6,r)> file,r) =0 Qji(e,r) = —E—r—<l+z> : ®)



Letter to the Editor L229

The conditions on these functions are that,lirg £, (¢, r) < oo and that- — rf," (e, r) be
integrable ong, oo for anyc > 0. We are interested in solutions of (5) of the following form:

f[i(é, r) = (rqi(e, I"))i%eii frro ar’ qi(e,r") (6)

whererg > 0 and the imaginary parts of the complex functigng, r) tend to 400 asr — oo
orr — 0. Using (1) and expanding the Green functions as Fourier sertes-ifY, one gets:

’ ’ m = eil(Gfe’) — H / + ’
GoolE: 1,017, 0) = ——2 I:ZOO WS £ (e, min{r, r'}) £t (e, max(r, '}) :
- o @O e R "
G(E;r,0;r,0) =Go(E;r,0;r,0") +

TR2 A~ W) f (e, R) frenfrer).

The WronskianW, = rf,”d, f;" — rf;"9, f;” in the denominator is independent of The
Laplace transformAg(E) of AP(t) = P(t) — Px(t) is related toG(E; r,0;r',60) and
Goo(E; 1,051, 0) by [2]:

[o¢] d _
Ag(E) :/ f’e*E’/hAP(z)
0
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- %f rdr/ 40 (G(E;r,0:r,0) = Goo(E; 1, 0:1,0)).  (8)
0 0

Manipulating equation (5) in a standard way one shows that

R
/O rdr f;(e,r)” = R(f; 0r0c f;” — (0r f;)(0c /7)) (€, R). 9)
Using (6)—(9) and the Poisson summation formula, one obtains after some algebra:
A S i vl I
hoAg(E) = v;m > [m di e (—85 + 2—qlaR8€> Ing; (e, R). (10)

The smallr expansion ofA P(¢) can easily be found from the large expansion ofAg(E)

and the reciprocal of Watson’s lemma [4]. In order to determine this |&rggpansion, we
sety;(e, r) = r¥? fi(e, r) in (5), and solve asymptotically the resulting equation by means of
an improved version of the Wentzel-Kramers—Brillouin (WKB) method due tonfan and
Froman [5] (the calculation has also been done using the WKB method, with the same results).
The functiongy (¢, r) in (6) are expanded as follows:

qi(e. R) = Qi(e, R) YY" (e, R) (11)
n=0

with Y% (¢, R) = 1. TheY,®"s can be calculated recursively by replacing (11) and (6) in (5),
giving (see [5]):
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if n > 1. The asymptotic expansion afg(E) is obtained by keeping only the tenm= 0 in
(10). Letu = I/R + R/4 and setZ® (¢, u, R) = ¥/*(¢, R) andz(e, u) = —iQi(e, R) =
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~/e +u2. Making this change of variables in (10), we obtain:
peBr= o [~ <_i X82% 2l —uR
ho J_ 4z2 23", Z@Y 8BRSy 2 Z@m
Z;‘;l BBEZ(Z”) Zf:’mzl 852(2”)8Z(2’”) )
42(Y L0 230)2 42320 Z3)3

with 8 = (—u/R + %)au + dg. The integrand in the right-hand side is expanded in the form
> o<i<j_24di.j(R)u'z™/, giving by a simple integration and change of indices:

[ee]

(13)

2p+1)

AP(T) ~ RZZ r (2 —2 oy i1 (R)T/P =0t - 0. (14)
r=1 p=0

The two first terms in (13) give contributions & ;(R) for j even and the three last terms
contribute tod; ;(R) for odd j. The firstZ®”, found by performing the change of variables
(6,1, R) — (¢, u, R) in (12), are, for example, given by:
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We calculated the coefficiends, ;(R) with theMathematica computing system (version 3.0).

The Weyl expansion that we have derived here could be valuable in calculating various
spectral quantities for cavities in a magnetic field. Recently, non-congruent planar regions were
constructed that have identical spectra [6, 7]. Turning on the magnetic field, one can expect
from a perturbation theory argument that these cavities do not remain isospectral. According
to the conjecture in [1], they could however possess identical Weyl series. The circular billiard
also provides an interesting example to study the generalization in the presence of a magnetic
field of a conjecture made by Berry and Howils [3] about the high orders of the Weyl expansion
of billiards in a zero field. This question will be addressed in a future project.
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