
 
G DiscreteCountable

Def G E total order is left invariant if fcg hfehg
bi invariant if Left right inv

E 2 lexicographical

E E is L orderable in fact bi orderable harder

Exercise If E is L order f g f e g giveexample

fog f f f g I f g

Exercise it Surface Bi ordeable

MCG surface w 2 L Order
BraidGroups Lor tr

Thompsons groups

Observe G has Lo G torsionfree
Indeed ft id f id negative or f id positive
If f id f fu s sid

f Id

Exercise Give example of G torsion free not L orderable
Mustbe non abelian



Exercise Giveexample Ogroup G E f id SE
g f g e id some g e G

THI Dedekindms Holder m G admits an Archimedean
order I G E IR E where
order is Archimedean means H f id g EG Fh f g

But this imposesa cardinality restriction on whichgroups
have an Archimedean order

Paul Conrad 50 s

Def E a L order on G is Conradian if tf id
Vg id I ne 2 fg g

Fine N
n O

f g
h g g g

n

fg fg n g

Exercise G is Conradian fur n 2

ITHI Conrad Brodzky G is Conradordeable
G is locallyindicable i e FGoeG finitelygaited
F Go IR horn nontrivial



THT DaveWitteMorris Assume G amen

G is L orderable G is Ioc indicable

Exercise Giveexample of L orderable not locallyindicable

TH Hyde Lodha2018 Matleban Triestino
FG fin ly ga ed L ceterable simple

The dynamical approach

G is L orde able actsan CR Es byorderpics bij's
faithfully

trivial do as an orbit use lexicographical
i e D w un ar fix well order define

fsay if fcw g wi or if then f wz glue
or if then gettotalorder

Remark bychangingthe well order can change E

THI Folklore G countable L ordeable then
G Homeo UR

conversely if G Home R G is L order

Exercise x vs x11 X x 3 generatecopy of Fe EHaneyIR



Proof of TH G g gn enumeration

Look g pCg O if ga g then pega pgH

ga g pCgd ply l
Fu g do save unless inmiddle thenplays ismidpoint

ExerciseG p g gea thisextendsto a continuousaction

0 Assume E is bi inv whatdo youget

Q Same fur Conradin

Space of Orders ch batyGhgs Sakara

LOCG Left orders an G
BO G bi orders Cota Conradorders

ChabatyTopology E E LOCG Assure f g fu gu

N E f g fu gn E E satisfies allthese ineq's

E LOLG w this topology istotallydisconnected



Remix topologysame as E E l I

according to how f g a re E ar

G Lg g define B n ballradius h
dCE E th if n smallestradius
Sf E E donotcoincide on Bcn

If G is L order able amenable G islocallyindicable

Roots G Lot G byconj compactmetric space
Gamer Fer inv measure

Lemmy p CecaD I

Uses Poincare Recurrence

DAY 2

G is L O G P w P w id both P P semigroups

Poof let P g e G i g id P EgEG gaid be the
positive negative cones respectively



P is a semigroup g id h id gh g id
P is too g id h id gh g id Ba

E y Given the decomposition define
g eh kg h g h C P

Totaladeri g th either g h C Par g HEP
g h hang

Transitivity f g g h g f
CP h g EP

h gg f E P i.e h f E P

22 P a b a O or a O G O

P Cab as 0 or a 6 0

p p



Alternatively Let a c R Q 22 51 a

EE G'T Klein Bottle La b l bab a
La b w sa b w Eid Lg h

means
wordsusing

p only
powers

P

Alternative La b w La b w id

I can always swap P P get new order

claim it Klein has onlythese 4 orders

Poof choice to whether a 6 Z id



E BSC1 2 La b aba b 2 has only
4 orders

THI Torain completeClass if of groups w fini

many Left orders have solvable statue where
conjugation reverses orient anprevious element

Remar ki Linnell let C be LO ar G SE De is
finitelygen'ed s is isolatedpointinOtay

Proofs G sa a 5 w ca a wEid
pt in openset ai id

E Bs Lo ro oirzf oiQTz
a.to ba2b a a G Tz 6 05

Bz La 05 w La b WE'd

Remark If every cone is finitelygen ed then
there are finitelymeng LO's

I K Pe La b bae a since b a bas id

Exercise Find y St X 25



Ex x a y ab
i
check x y X

i

y
i

Free Groups

PingDonglemma Klein

Supposei E is bi inv or G action on IR
Sf par p gh tonight

gh h g positive

gCx x HEIR if grid
gG Ex Vx EIR if g id

Fz is biorderable in particular has action as above

PL Coil is bi orderable have 1 as above
in Particular Thompson's grip SPL o I

E Conversely if G EHomeo R SE g id gas X

ar g x c X G is Bi orderable



Day3

TH Vinogradov Gi bi orderable so is G Gz

Dynamical Proof for L O

Each Gi with LO M Gi E HomeoflR
Use Baire Category to find 9 St G 96.4 Fa.kz

TH Rivas LOCG GD is a Cantar Set in particular
Lot E

OpenProblemS
F G ECT Left order ble
is BOC E a center Set

ITHI Linnell If Loca is a uncountable contains
cantor set

Some remarks on Compactness

G is LO F f g gn all id F ki kn E f t.tl
S t id f Lg guk semignp

Pref E LO ang take ki I if gi id
i f go id gi id



I
Lg gin EP ofEid's

Ex UseTychonov's Th

G is Bo Hg g n all not id F k kn
s t id El Lg gin

N't

f
subsemigpwhere Smallest Normal

E Find Gnp that is not Left orderble
Hint must have finitelymagelmts can't beordered

Ca E G HoneaCR w o global fixed pt
Archimedean Free action
Canadian us

Let f EG pure fCx X

Archimedean Hf id FgEG IN Sf f g

farM
Fh EG FM se fM h

palm pth ptg Cfo

Free Actions by Homeo of IR

Hilder engadin is semiconj totranslations



Semiconjugate means can contact orbit by intervals Denjoy
not mean can contact togetsymmetrysayyouhave
a common lift

G E Archimedean fix f id

Holder'sMep Y g linen PIE f 9Egp's efatty
nos 4 G IR t is orderembedding

4 a 2 boring
4 G Dense in112

Dense 4 Cx sup Rch h o Ex give semi conj 1125

Claims 4 is nondecreasing
4 hx Xcx tech the G
Vis continues

Proof 4 hcx sup 41g g o Eh

h gco EX

sup 4 hg geo Ex
41419cg

Rch t sup 9cg g 071 3 4147 46



Gives that 4 is Lmagbe semi conj

Proof is exercise use 4CG dense if discontinuity eveywk

Mysterious Canned Property
tf id Vg id F ns.t.fghsg
tf idVg id one has fof g
Cared orders is closed set in LOCG

The Followingdoes not happen
h fh C f high ghz hz

Fifi's This failure is
hit Lexicographical

in nature

DAY 4 start w torsion free group not L orderable

F La 6 a'bak b 6264 a Crystallographic on IRS

a x y E xt l l y Z 6Cxy Z x y11 l Z
ab x y E l X y Z 11

Look at687468 72 C ab

a'bat 6 GAZE a
2 6256 2 6a ft of

b2a5 a a 07 1



P torsion free
a x y z acxti l y E x 2 y Z similarly6 c
cause e 23

E 7 23 2 20 2 2

Let WET w a 625EK x a orb
WZ azifz.sc2K a b CZK assume x a

a 62 Kazific a using ab'a b 2 Ec
alia is a order

Claimi T not left orderable

Back to Ca69468at
2
id foranychoice E S

e II

EI G istorsion free gap w normal subgroup co cyclic that
is also L orderable is L order66

UPP uniqueproductproperty G has UPP if VS.ca
finite F se S S that appearsonly once
where S S s S Sz i si es

G has UPP G is torsion fee if f h id then
take S id f f f



The converse is not true Rips Sageev hyperbolicgps
ProofbyPromislov computational smellcancellation

Look U V W Uz VzWz u UzV Vz W ND
Ui Vi wi E 20 man mtn in on with

moth with in in m h

G 2 DI crystallographic groupabove
a 1,0 8 bald I I

G group MRG group algebra

Assume f id in RG f 1 f t 1 1 O
non trivial zoodivisor

Question Keplanski Is the converse true

73 90
Example Thurston Bergman G finitely gened G SE

nontrivial 4 G IR

La b e a G3 c d EPSLAIR Acts byreflection

Actson S em lift to action Is

on IR to ta b E I I 2 53 5 26 IS



Conrad'sProperty Will correspond to actionson line
with no resilientpairs Plante Solodou

f g be ow

L 0 on Gi's Comedian this can'thappen

h s fh Cfhigh agheehe

ITHI Plante Solodov G E Honea IR is finitelygen'ed
has no resilient pair F G inv r finite meesar IR

r
consider translation number T G IR 1

C g y
x gx if gx x

gx x if g
independentof

S

T gh p xghCx x y gx gg

p Ex hx ty hxghx T h 1 Tcg

Back to Plante solodov Th Either I a discreteo G't ar
the actionsemi conjugates to an action bytranslation
the semi conjugacy my result in a kernel

Remark G is L O t subexp growththen everyorder on
Cris Conrad ion



Idea of Proof
Resilientpairs f g free semigroup

THI E Coundian AResilient Cfg hiha

Pwof Suppose f id g id violateConrad car di ie
f g g Hn

set u id V f g w g the followinghold
c u w v

n
cit g w v of v u f n
iii FMN se f v us gMu

I
g

f Mt
U w V U w V

EI Finish

DAY 5

EI a fin ly gened 1 Loca71 2 7 G E Z



Hint 10 finite then everyone is Canadian
nontrivial

Remi G fin b g en ed E Cound IG IR and pies
I f id g id F n u z gf3f

E 22 I it's Canned cobs biorder
26 22 IR Ker 4 O V

otherwise restrict to kernelget Yi Ko 9 R

Formulafor 4 mm am bn 4furn L ai cmul

cam Pt vs 0124 Center
set

TH Rives COCG is finite or Cantor set

E 110cal N Kot 4 BSC1.2

solvable
ITHI NRivasTessera G is LO Loca D

Loca is CenterSet

Qi true fun G amenable I



AlreadySaw G locallyindicable F E Conned in an G
G is LO Comverse

notte ingen

MHI Dave Witte Morris G Amen G is 20 Carved

Proof
G T LO G Gamen Assume G fin b gented

g ft Eg f g id g fg id

PoincareRecurrence T Xen 9 me as pres A EX
ae xe A Fu EN Sf Th x CA

Proof B Al YI YA showedB 0

0dg T B n T I B 0 Fit
Threes pres All have mees 0

Apply to each gEG

claim p ConradOrders 1

Fix g id Vg E i g id f EG define

Bg f Ugh f Vg

Bg BgCf B idBg



M B 0 By Poincare Recurrence

Claim Bc E Conradian

Proof Suppose E E B Assume f id g id E EVg
E BgCf EB E E f n Vg

E f n CVg

I ns.t.gsfnid f gf id
gf f n f id n O DU

Exercise G Ex 22 i G has Conradorder
ii t LO ar G F f g id SE

gf
n f n V n 0

OpenProblem Assume G finitelygented LOGIE
G is Carved Order 66 ie Loc ind

Linnell's Conjecture

Thurstan 73 The conjecture for a men groups is in paper

OpenQuestion Can a n Loca beminimal



ITHI McCleary Rivas 3dense orbit in LOC E
Denote orbit rep

conj of acheives any finitesequence of E s

Fixi fi g i l h gi fi O

S orderan G action on IR


