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Premiére partie

Resumé detaillé de la Thése



Chapitre 1

Premier Article

Le premier article se propose d’expliciter, pour les caractéres, la corres-
pondence donnée par le théoréme de monodromie locale p—adique récem-
ment demontré (cf. [And02], [Ked04], [Meb02]).

Définition 1.0.1. Soit K un corps ultramétrique de caractéristique 0. Nous
dénotons par Ri l'anneau “de Robba”

Ri ={f(T):=>cpaT" | a; € K,3p <1 tel que f(T)
converge pour p < |T| < 1¥1.0.1.1)

et par 5;( lanneau de “Robba borné”
El = {f(T) € R | sup|ai| < +00} . (1.0.1.2)

Dans cet article nous obtenons les résultats suivants :

e Une classification compléte des équations différentielles de rang un,
solubles sur l’anneau de Robba R (resp. sur 8};), et une étude detaillée
de chaque équation, & isomorphisme prés ;

e Une correspondence explicite entre caractéres de Artin-Schreier- Witt
du groupe de Galois absolu de k((t)), et équations différentielles de rang
un sur Ry ;

e Le calcul explicite, pour ces caractéres, du foncteur de Monodromie
p—adique qui associe a une représentation V, du groupe de Galois
absolit Gy ), un p—module DT(V) sur 5}} et par conséquence une
équation différentielle p—adique MT(V) sur Rg ;

e Pour tout corps p—adique L de corps residuel k; de caracteristique
p > 0, on donne une description des extensions non ramifiées cycliques
de L, qui proviennent, par henselianité, d’une extension finie séparable
du corps k..

Ces résultats passent par I’étude detaillée de la convergence/surconvergence

des solutions des équations solubles sur I'anneau de Robba R .



Notre travail commence par I'introduction d’une nouvelle classe d’expo-
nentielles de type Artin-Hasse, nommées 7 —exponentielles qui généralisent
la bien connue exponentielle de Dwork

exp(moT) (1.0.1.3)

ol 7y est une racine du polynéme XP~! = —p. Ces exponentielles sont solu-
tions d’équations de rang un solubles, et reciproquement toute solution d’une
équation de rang un soluble est de ce type (aprés éventuel changement de
base dans le module différentiel).

Les m—exponentielles sont 'outil technique central de l'article et leur
étude permet de clarifier et de décrire trés explicitement toute la théorie en
rang un.

Remarque 1.0.2. Afin d’étre simple, nous fesons dans cette introduction
une suite d’hypotheses, qui en réalité ne sont pas nécessaires. Les énoncés ne
sont donc pas dans leur forme la plus générale.

Les différents définitions et les principals objets qui apparaissent dans
cette introduction sont rapélée dans les premieres chapitres de la thése.

1.1 7—exponentielles

Nous fixons une série de Lubin-Tate P(X) € Zp[[X]] et son groupe de
Lubin-Tate & p. Par définition la série P(X) vérifie

P(X)=wX mod X?Z,[[X]] , P(X)=XP modp-Zy[[X]] (1.1.0.1)

ou w € Z, est une uniformisante. Le groupe &p(X,Y) € Z,[X,Y] est
I'unique groupe formel pour lequel P(X) est un endomorphisme. De plus
G p a une structure canonique de Zj,—module pour laquelle la multiplica-
tion par w est donnée par la série P(X). Les points de w"”—torsion de &p
sont alors les zéros, de valuation inférieure ou égale a 1, dans une cloture
algébrique @Zlg de Qp, de la série P (X):= PoPoPo---0P.

n fois
Ker(w") := {z € Q¥ | [z| <1, P"(z) = 0} . (1.1.0.2)
Le groupe de Tate associé a &p est par définition
T(6p) :=lim (Ker(w”“) . Ker(w")> : (1.1.0.3)

On trouve que T(&p) est un Z,—module libre de rang un. Un générateur
de T(&p) est une suite (7;) ;>0 compatible (i.e. P(my) =0 et P(mj;1) = 7},
pour tout j > 0) tel que mg # 0 et |mp| < 1.



Définition 1.1.1. Nous fixons un générateur 7 := () >0 de T(&p).

Exemple 1.1.2. Si P(X) = X?P + pX, alors my est le bien connu “m de
Duwork” (cf. 1.0.1.3).

Proposition 1.1.3. Soit L un corps valué complet de caractéristique 0,
qui contient les racines p™*!—émes de l'unité. Soit d = np™ > 1, avec
(n,p) =1, et m > 0. Soit XA := (Ao, ..., Am) € Wy, (Op) un vecteur de Witt.
Soit ¢ = (¢, - - -, dm) € (Or)™ " son vecteur fantome, i.e.

. . A
G =N AN Pl
Alors, la serie formelle (nommée — exponentielle)

m

e TP
eq(A,T) :=exp <7Tm¢OT” + 7Tm—1¢17 44 woqsmpm> (1.1.3.1)

converge pour |T'| < 1. De plus, elle est surconvergente (i.e. converge pour
|T| <1+ ¢, avec € > 0) si et seulement si |\;| < 1, pour tout i =0,--- ,m.

En particulier, la série
ea N TP = eg(p AT | (1.1.3.2)
est toujours surconvergente.

Exemple 1.1.4. Pourm =0 etn =1 (i.e. d=1), on trouve

61()\0,T) = exp(wo)\oT) s (1141)
e1(Ag, TP = exp(mpAoT)P = exp(moproT) . (1.1.4.2)

Dans l'article on trouve une étude détaillée de I’équation différéntielle
satisfaite par une w—exponentielle.

Proposition 1.1.5. L’équation différentielle satisfaite par eq(X, T~1) est

dr(ea N\, T71))

eq(X, T-1) =0r+tn: (Z”mfj-sbj'T‘”p”’) . (1.1.5.1)

J=0

Ld(A) = @T —

Ou dr = T%. On définit s, < m respectivement par ¢ = (po, . .., Ps,0,...,0),
avec ¢ps # 0, et A = (Xo,...,Am), avec |Xo|, ..., |[A—1| <1 et |A\| =1. Par
convention, si |\;| <1 pour tout i, on pose r = oo. Alors :
— Lopérateur Lg(X\) est trivial sur Ry (i.e. eq(A, T71) € Ry) si et
seulement si v = 00, (i.e. | Aol ..., |Am| < 1).
— Plus précisement irrégularité formelle de Lg(X) est égale a d/p™™* =
np® et lirregularité p—adique est égale a d/p" = np™ .



Voici le graphe logarithmique de la fonction

p— Ray(La(X),p)/p (1.1.5.2)
ot Ray(Lg(X), p) est la rayon de convergence générique en p de Lg(A) :

4 log(Ray(M, p))

O—p log(p)

—_

m—r

irregularité p—adique = d/p” = np

m—s

irregularité formelle = d/p = np°

e Dans les notations précédentes, soit kr le corps residuel de L. Soit
@ : Op — Op un Frobenius qui réleve la puissance p—éme de kr. Nous
dénotons encore par ¢ : W(Or) — W(OL) le morphisme d’anneau déduit
par fonctorialité.

La proposition suivante dépend fortement de la théorie de Lubin-Tate :

Proposition 1.1.6. Pour tout A € W(Qp), la série formelle

04\, T) = W (1.1.6.1)

est surconvergente si et seulement si le groupe G p est isomorphe au groupe
multiplicatif formel G,,,. Dans ce cas, on peut considérer sa valeur en 1.

Exemple 1.1.7. Pour d =1 on trouve
61(%o, ) = exp(mo(p(Ao)T? = AoT)) . (LL7.1)

En particulier, si P(X) = X? +pX (i.e. mo est le m de Dwork), alors on
retrouve la bien connue “splitting function” de Dwork (cf. [Dwo62, §4,a)])

01(1,T) = exp(mo(TP = T)) . (1.1.7.2)

1.2 Une déformation du complexe de Artin-Schreier-
Witt dans le complexe de Kummer

Dorénavant nous supposerons que & p est isomorphe a G,,. Ceci révient
a demander que w = p.

Les théories de Artin-Schreier-Witt et de Kummer consistent dans la
donnée de deux complexes qui calculent la cohomologie galoisienne.

+1

m
r—xP

char 0 0 —— G (L) Gm(L) ——0 Kummer
A A A
char p 00— Wm(k‘L) w5 Wm(k/;) —0 Artin-Schreier




Le théoréme suivant “déforme” le complexe de Artin-Schreier-Witt dans
celui de Kummer. Les applications qui déforment un complexe dans 'autre
sont la valeur en T' = 1 des w—exponentielles surconvergents Gpm(—,T) et
epm (=, TP

Ce théoréme constitue I’analogue d’une partie de la théorie de Sekigichi-
Suwa (cf. [SS94]).

Théoréme 1.2.1. Posons Gp = Gal(L*¢/L), Gy, = Gal(k}"/kL) et
(’)le :={a € Or | a¥ = a}. On a un diagramme commutatif

SKum

1= pym+r L% L% HY(GL, pyme1)

7 zn—»zpm+l A
o T 0,m (—,1) epm (=, 1)P"

L Wi (05— Win(O1) —— Win(O2)

U
0— Z/p" 2 ——— Wi (k) ——> W (kL) —> HY (G, ,2/p™H17)
F—1

ol

ot F est le Frobenius de W, (kz). De plus, 6,m (—, 1) induit une identification
L& s Z/p™ ML " (1.2.1.1)
ott &, est I'unique racine p™ ! —éme de 1 tel que |(&, — 1) — | < |-

Exemple 1.2.2. La derniére partie de ce théoreme généralise le fait bien
connu que la fonction surconvergente 01(1,T) = exp(mo(T? — T)) a pour
valeur en T' = 1 l"unique racine p—éme de ['unité {al qui vérifie |§o—1—mo| <
|mol| (cf. ex.1.1.7).

Ceci permet de donner la description suivante des extensions cycliques
non ramifices de L dont 'ordre est une puissance de p :

Corollaire 1.2.3. Soit A € W,,,(kz). Soit k'/ky, I'extension définie par X.!
Alors I'extension non ramifiée L' de L correspondante a k' est donnée par

L' = LOym(v,1)), (1.2.3.1)

o v € W, (Op/) est une relévement arbitraire d’une solution v, dans
W, (k7P), de I'équation ) B
Fo)—-v=AX. (1.2.3.2)

Exemple 1.2.4. Sim =0, alors la suite de Artin-Schreier est

0— Z/pZ — ki, kp, =

v—vP—u

H'(Gy,,Z/pZ) — 0, (1.2.4.1)

'Rappelons que Pextension k' est par définition le corps fixé par le noyau du caractére
§(A) : Gy, — Z/p™tZ, ot § est le morphisme cohomologique de Artin-Schreier-Witt
défini dans le diagramme du théoréme 1.2.1.



Si X € kg, alors Uestension k' /kr, définié par X est, par définition, le sous-
corps de k5P stabilisé par le noyau de 6(\) et est égale a k' = kr(v), ou
v € k%P est une racine de l'équation vP — v = \. L’extension de L'/L est
alors donnée par

L' = L(01(v,T),_,) = L exp(mo(o(v)T? — vT)) |, ) - (1.2.4.2)

Remarque 1.2.5. Le corollaire 1.2.3 n’est pas entierement explicite car il
necessite le calcul de v. Nous allons voir que, bien que 5;[( ne soit pas complét,

ce corollaire s’applique aussi au cas L = 5;(. Dans ce cas nous aurons une
description meilleure qui dépend uniquement de A, et ne nécessite pas le
caleul de v (cf. 1.4.2). En effet on remarque qu’on a l'identité

m+41 m+1

Oy (U, )P = epm (A, 1)P (1.2.5.1)

Au contraire, lécriture Opm (v,1) = epm(X,1) n'a pas de sens car la série
epm (X, T') n’est pas surconvergente et on ne peut pas prendre sa valeur en T =
1. Dans le cas du corps 5;[( nous allons donner un sens au symbole eym (A, 1)
pour une classe de vecteurs X qui est suffisamment grande pour décrire toutes
les extensions non ramifiée de 5}} qui proviennent par henselianité d’une
extension séparable de son corps residuel k((t)) (voir théoréme 1.4.2).

1.3 Equations différentielles solubles de rang un

Posons dp = T %. Les modules différentiels solubles de rang un sur
R sont, dans une base convenable, définis par un équation dp — g(7T'), ou
g(T) € K[T71]. La solution de Taylor a I'infini d'une telle équation s’ex-
prime comme produit de w—exponentielles. Cette solution est ’analogue de
I'élément O,m (v, 1) du corollaire 1.2.3. Remarquons que le diagramme du
théoréme 1.2.1 donne I’'équation

m—+1 m—41

By (v, 1P = epm (A, 1P (1.3.0.2)

Bien que la série entiére epm(X,T') ne soit pas en général surconvergente,
cette remarque justifie la définition suivante

Définition 1.3.1. Soit m > 0 et soit f(T) := (f, (T),..., frn(T)) un vec-
teur de Witt dans W, (T YOk [T71]). Soit (¢o(T), ..., ¢m(T)) son vecteur
fantome. Nous posons

e (£ (1), 1) = exp m(T) 4 s 2100 énlD)).

ek m
(1.3.1.1)

e La série formelle eym (f~(T),1) appartient a 1 + 7, T Og[[T~]], et
est donc convergente pour |T'| > 1.



e Sa différentielle logarithmique g(T') := dr(epm (f (1), 1)) /epm (f(T),1)
est un polynéome en 71 sans terme constant. On pose

L(f(T),0) := dr — g(T) , (1.3.1.2)

cette équation est triviale sur R si et seulement si sa solution e,m (f~(77),1)
appartient a R .

e On étudie la série em (f(7),1) en la décomposant en produit fini de
w—exponentielles élémentaires de la forme 1.1.3.1. On développe le langage
qui permet de passer d’une écriture a 'autre.

e La fonction e,m (f (1), 1) est algébrique sur Ry (resp. 5};) et est aussi

le générateur d’une extension de Kummer de & ! , car on a

m—+1

e (F7(T), 17" = epm(p™F - £7(T),1) € £ . (1.3.1.3)

Plus précisement, on a les résultats suivants qui font le pont entre la théorie
de Artin-Schreier-Witt pour le corps k((t)) et les équations différentielles sur
Ri.

Théoréme 1.3.2. Tout module différentiel soluble sur R a une base dans
laquelle 'opérateur associé est défini & I'infini. La solution de Taylor & I'infini
de cet opérateur est alors de la forme

T - ey (£7(T),1) (1.3.2.1)

pour un m > 0 convenable, un ag € Z,, et un vecteur de Witt f(7') €
W (T 1Ok, [T71]), ott Ky := K (ptyme+1).

Théoréme 1.3.3. La série formelle e,m (f~ (1), 1) est surconvergente si et
seulement si ’équation d’Artin-Schreier-Witt

F(g) —g=f(T) € Wi (k(1) (1.3.3.1)

a une solution g € W, (k((¢))*P). En particulier si ¢ : 5}( — EIT( est un
morphisme d’anneaux qui reléve la puissance p—éme de k((t)), alors la série

Opr (F~(T), 1) := epm((F7(T)) = F7(T),1) (1.3.3.2)
est surconvergent pour tout £ (T) € W, (T 1Ok [T~1)).

Exemple 1.3.4. Si P(X) = XP+pX, etsi f(T)=T"', m =1, alors on
retrouve
er(T™11) = exp(moT™ ), (1.3.4.1)

dans ce cas exp(moT )P = exp(mopT 1) € 5}2. D’autre part on trouve

01(T71,1) = exp(mg(T7P —T71)) . (1.3.4.2)



Définition 1.3.5. Soit Pic*® (R le groupe, pour le produit tensoriel, des
classes d’isomorphisme des modules différentiels de rang un sur Ry . Soit
Koo = Up>0Kp, ot Ky, == K (7). Nous posons

Pic*(R,.) := | J Pic™™(Rk,,) - (1.3.5.1)
m>0

Corollaire 1.3.6. Soit ks, le corps résiduel de K. On a

Pic(Rk.) = Zp/Z x Hom(Zy__ (1), Qp/Zy) (1.3.6.1)

CW (ks (1))

= Zp/Z x (F — I1d)CW (ks (1))

(1.3.6.2)

e Le groupe Pic™! (R ) est le groupe des caractéres du groupe de Galois
tannakien de la catégorie des modules différentiels sur 'anneau de Ry .2

e Nous donnons aussi une description du sous-groupe de Pic**\(Rg. )
formé par les équations qui sont trivialisées par une extension spéciale R’ de
R (i.e. une extension étale finie de R qui “provient” d’une extension finie
séparable de k((t)) cf. [Mat02, 5.1]).

1.3.1 Un critére de solubilité

Nous obtenons un critére de solubilité pour les équations différentielles
de rang un & coefficients dans R, sans avoir besoin de passer a K.
Théoréme 1.3.7. Soit g(T) = >,z a;T" € Ri. Alors 'équation différen-
tielle Op — g(T') est soluble si et seulement si, pour tout entier n premier a
p, les vecteurs

( U—p A pp  Q_pp2 > (an Upp  App2 )
- s s yree ) ) ) PRI

n n n n’ o n n
sont les vecteurs fantomes de vecteurs de Witt A_,, = (A, 0,A_pn1,...)

et Ay = (M0, An1,...) qui appartiennent & W(Op). Trés explicitement
Or — g(T) est soluble si et seulement si pour tout couple (n,m) € Z x N,
avec n premier a p, ils existent A\, ,, € Ok, de telle sorte que

m m—1
Qppn = =N = =N oA DA )
m m—1
anpm = n - an,m = n- ()\71270 +p)\£71 + - +pm)\n,m) .

e On remarque que si 'on considére une famille arbitraire de vecteurs
Ao, A\ —1 dans W(Og), et si 'on forme la série formelle
(n.p)

Q(T) = Z Z ngbn,anpma

neZ m>0

2Remarquons que le corps Ko, n’est pas complet. L’anneau Ry est alors défini par
Ri. = Rrx ®rx K. De cette facon tout module différentielle sur Ry, provient, per
extension des scalaires, d’un module sur Rg,,, pour un K,, convenable.



il n’est pas vrai en général que cette série soit dans R i, ni qu’elle converge sur
une couronne. Nous donnons une caractérisation des familles {A—n, Ay } (0 py=1
pour lesquelles cette série est bien dans R

Le théoréme précédent donne alors le corollaire suivant

Corollaire 1.3.8. Si K est non ramifié sur QQ,, alors toute équation différen-
tielle soluble de rang un sur R est modérée (i.e. isomorphe & une equation
du type Or — ag, avec ag € Zy).

1.4 Calcul explicite du foncteur de monodromie pour
les caractéres

Supposons que k soit un corps parfait de caractéristique p > 0. Soit A/Q,
une extension finie de corps résiduel F,, avec ¢ = p”, qui contient les racines
p™ Tt —émes de 1. Nous supposons de plus que A est munie d’un Frobenius
oo : A — A qui reléve la puissance p—ié¢me de Fg, et tel que of = Idp et
00(mm) = mm. Nous notons encore par og (resp. o) le Frobenius o9 @ F (resp.
Id ® F") sur 'anneau

K:=A QW (F,) W(k}) .

Notons par (’)}( I’anneau des entiers du corps é’;f(. Nous fixons donc un
Frobenius ¢ : (’)1( — O}( qui prolonge oo : K — K. Alors ¢g et ¢ = ¢

s’étendent de maniére unique a toute extension finie non ramifié¢ de 5};.

e Soit Gy (y) le groupe de Galois absolu du corps k((t)). Pour tout carac-
tére
a: Gy — A,

notons V,, la représentation de Gy,4) donnée dans une base e € V,, par

v(e) :=aly)-e, pourtout v € G-

Si maintenant
a Gk((t)) — Z/perlZ

est un caractére, et si &,, est la racine définie dans le théoréme 1.2.1, nous no-
tons encore par V,, la représentation obtenue par composition zoq : Gk((t)) —
[,me+1 ou

1 1 &, o Z/pmH 7 s Hpmt1 - (1.4.0.1)

e Notons par DT(V,) le ¢—module sur 8}2 défini par
(DT(V,), epivy)) = (Va ®a 5;<7unr)Gk«t>) ,1®p).

L’application 1 ® 7 est alors une connection sur Df(V,). Nous notons par
M'(V,) I'équation différentielle de rang un sur Ry ainsi définie.



e [’abélianisé Gzl()(t)) se décompose comme
ab __~sab ab
Gy = ey © Gk

ou Gy, est le groupe de Galois absolu de k. Ceci implique que tout caractére
a de Gy(y) est produit d'un caractére a— de Zy () avec un caractere ag de
Gp. En termes de représentations ceci s’exprime en disant que

Vo =Va_ ® Vg, . (1.4.0.2)

On trouve que M'(V,,) = 0.
e Soit maintenant « : Zy(y) — A un caractére avec image finie. Alors

le groupe abélien O‘(Il?&t))) C pu,, se décompose en un produit de groupes

cycliques. Pour calculer DT(V,) et M(V,), on peut alors supposer que a
est un caractére cyclique, c’est a dire que :

[0 Ik((t)) — Mypm (1.4.0.3)

ol £ est un nombre premier.
e Pour ¢ premier a p on trouve que l'extension définie par le noyau de «
est k((tY*™), et alors on a a(y) = y(tY¢") /tY/¢" pour tout v € NOK

A(e) = () [ e

On reléve, par hensélianité, k((t1/*")) en une extension kummérienne de 5;2,
dont un générateur de kummer est donné visiblement par 7%/ . Donc une
base de Df(V,) est donnée par

e@ T V" € (V, @p ELM) Gk | (1.4.0.4)
On calcule alors facilement la matrice du Frobenius et de la connexion :

1) (e@T V") = TV o(T V") (e T~") (1.4.0.5)
(1@dr)(exT V") = —1/m. (e T V). (1.4.0.6)

En particulier I'équation différentielle est L(0, ag), avec ag = 1/™ (cf. 1.3.1.2).
Le cas £ = p™ est traité dans le paragraphe suivant.

1.4.1 Cas de la p—torsion

Pour ¢ = p on rencontre le probléme technique de trouver un générateur
de Kummer explicite de I’extension non ramifiée de 5;2 attachée a une exten-
sion finie séparable de k((t)) cyclique de degrée p™. Ce probléme est résolu
par le corollaire 1.2.3. De plus I'équation 1.3.0.2 montre comment décrire
I'élement O,m (v, 1). On obtient donc les théorémes 1.4.2 et 1.4.4.
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Définition 1.4.1. Soit f(t) = (fo(t),..., fm(t)) € Wy, (k((t)) un vecteur

de Witt. Si fi(t) =3, >n, a;t, nous posons f; (t) := Y mi<n<—1 a;t' et

@)= (fi(@t),..., fm(t)) . (1.4.1.1)

Le théoréme suivant donne une description des extensions Kummeriennes
non ramifiées de 8}( dont le corps résiduel est une extension d’Artin-Schreier-
Witt donnée de k((t)) (i.e. cyclique d’ordre une puissance de p). Rappelons
la suite d’Artin-Schreier-Witt :

0 — Z/p" L — W (k(£) "5 W k() — HY (G, Z/p™'Z) — 0
(1.4.1.2)
Théoréme 1.4.2. Soit f(t) € W,,,(k((t)) et soit a = §(f(t)) le caractére

de Artin-Schreier-Witt défini par f(t). Soit £'((t)) U'extension finie séparable
de k((t)) fixée par le noyau de a. Soit (£7) I'extension non ramifice de 5};

obtenue par hensélianité de &'((¢')). Alors on a

(&N =&l (epm(F7(1).1)), (1.4.2.1)

ou K’ est 'extension non ramifiée de K attachée par henselianité a k'/k, et
F(T) € W, (T7rOk[T™1]) est un relévement arbitraire de £ (¢).

Exemple 1.4.3. 1.- Sim =0, et £ (T) =T, alors, comme £ (T) n'a
pas de terme constant, alors Uextension K'(t')/k((t)) est totalement ramifié
(i.e. on a k' = k). Plus précisement l’'on a

(tfl)p - ;1/ = % o k(@) = K@) (1.4.3.1)

L’extension non ramifiée (ET)’/S;r( qui correspond a k((t')) est donnée par

(Tl’)p - % - % . (EY =g (1.4.3.2)

Mais, par le théoreme 1.4.2, elle peut s’exprimer comme
(&N = & (exp(mT ™)) . (1.4.3.3)

2.— On remarque que (ST)/ et SIT( sont isomorphes par l'isomorphisme (non
canonique) donné par T + T'. Si l'on exprime exp(nT 1) dans la nouvelle
variable T" on trouve (cf. 1.4.3.2)

exp(rT ™) = exp(m (T') ™" —(T')71) ) = 6((T") ", 1) (1.4.3.4)
et l'on a donné un sens a l’égalité
€pm (A, 1) = epm (V, 1) (1435)

qu’on avait envisagée dans 1.2.5.1.
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Théoréme 1.4.4. Soit f(t) € W,,,(k((t))) et soit a = §(f(¢t)) le caractére

de Artin-Schreier-Witt défini par f(¢). Alors
1. Une base de D(V,,) est donnée par

e® Oy (v, 1), (1.4.4.1)
onveW,, (é‘}‘{nr) est une solution de 1’équation

po(v) —v=f(T), (1.4.4.2)

ott f(T) € W,,,(Ok[[T)][T~1]) est un relévement arbitraire de f(t);

2. Le Frobenius g agit sur V,, et 'on a
wo(e ® Opm (v, 1)) = Opm (F(T),1) - (€ ® Opym (v, 1)) . (1.4.4.3)
Donc, si

Te(f(T)) := f(T) +po(£(T) + -+ w5 (F(D)),

alors
(e @ Opm(v,1)) = bpm (Te(£(T)),1) - (e ®bOpm (v, 1)) ;5 (1.4.4.4)

3. La classe d’isomorphisme de M'(V,) dépend seulement du caractére
a_ et le module différentiel MT(V,) est isomorphe au module dif-
férentiel défini par l'opérateur L(f(7),0) (cf. 1.3.1.2) ou f(T) €

W, (T 1Ok [T71]) est un vecteur de Witt arbitraire qui reléve £ ().

4. Lirrégularité de Mf (V) est égale au conducteur de Swan de la repré-
sentation V.

Exemple 1.4.5. Soit o : Gal(k((t))**?/k(t) — Z/pZ le caractére de
Artin-Schreier défini par t—1 € k((t). Si y est une solution de I’équation
yP —y=1t"1, alors on a

a(y)=9y) —yelF,, pour tout v € Gal(k((t))*P/k((t) . (1.4.5.1)

Notons encore par o : Gal(k((t))*P/k((t))) — w, le morphisme obtenu
par composition avec 1.4.0.1. Dans cet exemple A = Q,(&), avec & = 1,

§o# 1, et

op=0=IdA®F (1.4.5.2)
eo(T) = (T) =T" (1.4.5.3)
a=a (1.4.5.4)
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Dans les notations de l’exemple 1.4.3 on obtient que une base de DT(V,) est

donnée par (cf.1.4.4.1 et 1.4.3.4) :

e ®exp(meT ™),
v=t)"
(T =7"

La matrice de ¢ agissant sur V,, est alors égale a

Opm (T, 1) = exp(mo(TP —T7 1)) .

L’équation différentielle définie par MT(Vy) est

d
T— 7.
ar T

(1.4.5.5)
(1.4.5.6)
(1.4.5.7)

(1.4.5.8)

(1.4.5.9)

Le conducteur de Swan de V,, et lirrégularité de cette équation sont égales

al.

Remarque 1.4.6. En general si l’on ne considére que des vecteurs de Witt
de longueur 0, on retrouve les calculs faits par Dwork. Nous envisageons donc,
dans le futur, de reprendre ses calculs sur la fontion Gamma p—adique, sur le
principle de Boyarsky, et sur les fonctions zéta des variétés en caractéristique

p pour les généraliser.
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Chapitre 2

Deuxiéme article

Dans le deuxiéme article nous étudions, dans le cadre p—adique, le phé-
nomeéns de la confluence d’une famille d’équations aux g—différences vers une
équation différentielle et celui de la déformation d’une équation différentielle
vers une équation aux g—différences.

Soit B un anneau de fonctions sur un domaine D. Soit O un sous-groupe
multiplicatif de K* tel que D est stable par tout homothetie z — gz, avec
q € Q. Pour tout ¢ € Q, notons par o, l'automorphisme de B donné par
f(T) — f(¢T). La g—dérivation est alors

Jlah) = /(1) (2.0.6.1)

A1) = T

Pour ¢ qui tend vers 1, la g—dérivation tend vers la dérivation d; := T% de
B. Soit maintenant

{Ag(Y) = H(q,T) - Y}geo (2.0.6.2)

une famille d’équations aux g—différences. Dans le cadre classique, la confluence
et la déformation décrivent le fait heuristique que certaines de ces familes
d’équations ont la propriété suivante : lorsque g tend vers 1, I’équation
A, — H(q,T) “tend” vers une équation différentielle §; — G(1,T), en ce sens
que la solution Y, (7') de I'équation A, —H(q,T) “tend” vers la solution Y;(7T')
de I’équation différentielle 0; — G(1,7) :

lim ¥, (T) = Yi(T). (2.0.6.3)

Nous montrons, dans le contexte p—adique, que si I'on part d’une seule
équation aux gp—différences o4, (Y) = Ay (T) - Y, alors, si la solution Y,
satisfait certaines conditions, il existe un sous-groupe ouvert U C Q et une
famille canonique d’équations aux g—différences

{oq(Y) = A(¢,T) Y}eev , (2.0.6.4)
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tels que la matrice A(q,T) est localement analytique pour (¢,T) € U x D, et
vérifie Ag, (T') = A(qo,T'). En fait la solution de Taylor Y (T',c) de 2.0.6.4, en
tout point ¢ du domaine D, est la méme pour toutes les équations de cette
famille.

En d’autres termes, dans ce contexte p—adique, I’équation 2.0.6.3 s’écrit

Y,(T)=Yi(T), VYqeU. (2.0.6.5)

On remarque que, comme la solution Y (7', ¢) est en méme temps solution
de chacune des équations de la famille 2.0.6.4, la famille peut étre entiérement
reconstituée a partir de la solution Y (7, c¢). En effet A(q,T) = Y (¢T,¢) -
Y(T,c)~ L.

Ceci montre que le module M aux gg—différences donné au départ est
canoniquement muni d’une action de o4, pour tout ¢ € U. Ceci s’exprime en
disant que M est un faisceau de modules sur le faisceau d’anneaux Og défini
par

Og(U) = B[{oq, 0, }eeu] - (2.0.6.6)

Nous dirons que M est un o—module analytique. Nous dirons que M est
constant sur U s'il existe une solution Y (T, ¢) qui soit solution simultanée
de toute fibre de M.

Pour ¢ = 1 la fibre n’est pas définie, car A, n’est pas défini. Plus gé-
néralement, si g est égal a une racine £ de I'unité, alors 'opérateur o; est
d’ordre fini et la catégorie des équations aux £ —différences est de nature fon-
damentalement différente par rapport a la catégorie des g—différences pour
q proche de &.

Par exemple, la fibre naturelle d’'un o —module analytique, pour ¢ proche
de 1, est une équation différentielle 6; — G(1,7) définie par

G(1,T) := geri H(q,T) = (qCZJA(q?T)>| . (2.0.6.7)
4=

Notons par 0(11\/17 Ag/l, 5! Taction de 4y, o4, Ay sur M, que nous visualisons
dans ce dessin :

End$ent (M

Plus généralement pour ¢ = £ la “vrai” fibre d’un tel faisceau est la donnée
du module M, de l'opérateur d’ordre fini O'év[, et de 'opérateur £—tangent
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53/[ défini par

M M
U Y U d
5" = q lim -~ —1 =“q—(o)') 2.0.6.8
¢ i—q 4 —q qdq( @) ( )

Cet opérateur vérifie (534 = 0(11\/[ o 5%/[ et donc, pour tout f € Bet me M :

SN (f - m) = og(f) - 83 (m) + 8,(f) - o (m) . (2.0.6.9)

Pour tenir compte de ces phénoménes nous introduisons la notion de (o, §)—modules
analytiques.
e Les notions de “confluence forte” et de “déformation forte” consistent
alors a passer d’'une fibre a 'autre du (o, §)—module analytique canonique-
ment attaché a 'équation aux gg—différences du départ.

Exemple 2.0.7. L’équation différentielle de rang un 6; +77 !, avec 7P~ ! =
—p, a pour solution de Taylor & I'infini la fonction

y(T) = exp(nT 1) . (2.0.7.1)

Nous considerons cette équation sur I'anneau des fonctions analytiques sur
la couronne Ag(I), avec I =]1 —¢g,1[, 0 < ¢ < 1. Alors, si ¢ € D™ (1,7),
avec T = 1 — ¢, la déformation forte envoie cet opérateur différentiel dans
I'équation aux g—différences o, — A(q,T') ot

Alq,T) = exp(n(qg~t —1)T71). (2.0.7.2)

En effet, comme ¢ € D™ (1,7), alors A(¢q,T) € Ax(]1 —¢,1])*, et de plus
la solution de o, — A(g,T) est toujours égale & exp(nT 1), pour tout q €
D= (1,7).

Remarque 2.0.8. Dans un souci de concision, les énoncés de ce résumé ne
sont pas dans leur forme la plus générale, et la présentation qui en est faite
ne suit pas toujour lordre logique des démonstrations.

2.1 Théoréme principal

Soit (K, |.|) un corps ultramétrique sphériquement complet. Dans la suite
B sera un anneau de fonctions sur un affinoide A, ou, plus généralement, une
limite inductive ou projective de tels anneaux. Par exemple B = R, 5;(, ou

B = Hk (les definitions de R, 5};, ont été données dans la premiére partie
de ce resumé, cf. 1.0.1.1, 1.0.1.2). On pose :

Hi = {£(T) =>a;T" | f(T) converge pour p; < |T| < pa,
pour p; < 1 < pg non precisés} . (2.1.0.1)
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Nous notons @ le sous groupe topologique de K* formé des ¢ pour lesquels
o4 est un automorphisme de B. Le groupe Q est ouvert dans K*.

e Pour fixer les idées nous prenons pour B ’anneau des fonctions ana-
lytiques sur une couronne Cx () := {x € K | |x| € I}, ou I C R> est un
intervalle borné.

A (D) = {f(T ZaZTZ | f(T') converge pour |T'| € I} (2.1.0.2)
1E€EL

Alors Q ={q e K | |¢q| =1}.
Définition 2.1.1. Soit ¢ € Q un point. On dénote par
— Mod(Ax(I)) (2.1.1.1)

la catégorie des équations auzr q—différences sur Ag (I)

Un module aux g—différences M est un B—module libre de type fini muni
d’une action bijective d'un opérateur o,—semilinéaire alq\/[ (i.e. 0(1]\/1( f-m)=
oq(f) - o}t (m), pour tout f € Ag(I) et m € M). Les morphismes sont ceux
qui commutent & ag/[.

Si {e1,...,en} est une base de M, et si o) (e;) = > @i (g, T)ej, alors
l'opérateur attaché & M dans cette base est o, — A(q,T'), ou A(¢q,T) =
(@i j(q,T))i;. Les solutions de cet opérateur dans une B—algébre C, mu-
nie d'un opérateur o4, sont alors en correspondance naturelle avec les mor-

phismes o : M — C qui commutent a oy,.

Notation 2.1.2. 1.— Pour n > 0, nous posons [0]; = 0, [n], := q::f, [0]31 =1,
n
| .
[l = [ Tlila -
i=1

2.— Nous posons encore pour tout n > 0

(= Y)gn = (x —y)(z —qy)(z — qzy) s (= q"fly) ) (2.1.2.1)

3.— Si o4y — A(q,T) est un opérateur aux g—différences, alors nous no-
tons Hp, (T') € Mp(Agk(I)) la matrice de I'opérateur (7 L AM) (i.e. telle que

(£A)"(Y) = Hy,Y) on a alors Hyg) = 1, Hyy(T) = % ot

1

Si ¢ n’est pas une racine de 'unité, on note

=> Hy(y) &= Y)gn (2.1.2.2)

n>0 ]

la g—résolvante de I'équation o, — A(q,T).
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Remarque 2.1.3. Si ¢ = £ est une a une racine m—eéme de 'unité, alors
[m]e = 0 et donc [n]'5 =0, pour tout n > m. Pour cette raison il n’existe pas
de g—résolvante si q est une racine de ['unité.

Définition 2.1.4. Soit q différent d’une racine de l'unité. Un opérateur
aux q—différences o4 — A(q,T') est dit admissible si la g—résolvante Y (z,y)
converge dans un voisinage de la diagonale de Ci(I) x Cx(I) de la forme
Ur = {(z,y) € Ck(I) | |z — y| < R}, pour un R > 0.

y

DIAGONALE

Cre(l
URr

Cr(I) |

La sous catégorie pleine de o, —Mod(Ak (1)) dont les objets sont admissibles
sera notée
oq — Mod(Ag (I))24™ (2.1.4.1)

Théoréme 2.1.5 (Théoréme principal). Soient g9 € Q et M € o4, —
Mod(Ag (I))24™ défini dans une base par Iopérateur

g0 — Ago (T) (2.1.5.1)

avec Ag, (1) € GLy( Ak (1)), alors il existe un sous groupe ouvert U C Q, et
une famille unique de matrices {A(q,T')}qer qui vérifient :

L Algo, T) = Ag(T) ;
2. A(q,T) € GL,(Ak(I)) pour tout ¢ € U ;

3. Pour tout ¢ € U il existe un disque D™ (g, 74) tel que la matrice A(g, T')
est analytique sur le domaine

D™ (q,79) x Ck(I) ; (2.1.5.2)

4. Pour tout point ¢ € Cx (1), la solution Y (7, ¢) de ’équation 2.1.5.1 est
solution aussi de chaque opérateur o, — A(g,T') pour tout ¢ € U.

de plus Y (T, ¢) coincide avec la solution de Taylor de I’équation différentielle
01 — G(1,T) définie par

Alg,T) 1 _ <q6§2A(q,T)) . Moy (Ax(I)) . (2.1.5.3)
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Preuve : On démontre ce théoréme en utilisant les propriétés de la ré-
solvante : on a Y(z,2) = Y(z,y) - Y(y,2). Si c € Cx(I), et si Y(T,c) est la
solution de I’équation prés de ¢, alors la matrice cherchée est

Alq,T) ==Y (qT,c) - Y(T,e)"' =Y (qT,T) . (2.1.5.4)

qui converge dans un voisinage de ¢ = 1. On démontre que le lieu de conver-
gence de cette matrice est en realité un sous groupe ouvert de Q. [

Remarque 2.1.6. Ce théoréme montre que le module M recoit de fagon
canonique l’action de o4 pour tout q € U.

2.2 Les oc—modules analytiques

Définition 2.2.1. Soit U C Q un ouvert et (U) le sous-groupe engendré par
U. Un o—module analytique sur U est un A (I)—module libre de type fini,
muni d’un morphisme de groupes :

oM (U) —— Aut§e" (M) (2.2.1.1)

M
q—0oy

de sorte que dans une (et donc toute) base de M on ait

f aq(f1)
o) ( : ) = A(q,T) - ( : ) : (2.2.1.2)
fn aq(fn)

ot la matrice A(q,T) vérifie les propriétés 1, 2, 3 du théoréme 2.1.5. Les mor-
phismes entre o—modules analytiques sont les morphismes A (I)—linéaires
qui commutent a o4 pour tout ¢ € U. On note par

o — Mod (A (I))2 (2.2.1.3)

la catégorie des o—modules analytiques sur Uouvert U. Si le module M vé-
rifie dans une base (et alors dans toute base) la proprieté 4 du théoréme
2.1.5, alors nous dirons que M est constant sur U. Nous dénotons par
o— Mod(AK(I))?Jn’const la sous-catégorie pleine de 0 — Mod(Ag (1))} dont
les objets sont constants. Nous dirons que M est admissible sl est constant
sur U et si sa résolvante converge dans un voisinage de type Ur. Nous notons

o —Mod(Ag(I)3™ C o — Mod(Ag ()5 (2.2.1.4)
la sous-catégorie pleine de o — Mod(.AK(I))?]n’mnst des objets admissibles.
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2.3 Opérateurs g—tangents et (o,d)—modules

Définition 2.3.1. Pour tout ¢ € Q l’opérateur g—tangent sur Ax(I) est
défini par
0q := lim 9¢ ~ %

=04001 , 2.3.1.1
d—q ¢ —q ! ( )

ot la limite est prise au sens de la topologie de la convergence simple de

End§2™ (Ax (I)).

End$2™ (M

Lemme 2.3.2. On a 61 = T% et §; := 04001 = 01 0 04. En particulier,
l'opérateur d, vérifie

9q(f9) = 04(f) - 04(9) + 94(f) - o4(9) (2.3.2.1)

pour tout f,g € Ax ().

2.3.1 (0,0)—modules analytiques
Définition 2.3.3. Soit ¢ € Q. Nous notons

(04, 34) — Mod(Ag (I)) (2.3.3.1)

la catégorie dont les objets sont des A (I)—modules libres de type fini munis
d’un opérateur o,—semilinéaire 0}]\/[ M 5 M et d’un opérateur différentiel
S e M — M avec la proprieté ag/[ oo =Mo 02/[. Les morphismes sont
ceuzr qui commutent a 0(11\/[ et 6M.

Un (0g4,04)—module est dit admissible si la résolvante de l'opérateur dif-
férentiel ) est égale a la résolvante de l'opérateur J}ZVI et st elle converge dans
un voisinage de la diagonale de type Ur. La catégorie des (o4, 04)—modules
admissibles sera note

(04,04) — Mod(Ag (1))*™ . (2.3.3.2)

Remarque 2.3.4. Comme 6, = 04061 (cf 2.3.1.1), la donnée du couple

(olqw, M) sur le module M est équivalente a la donnée du couple (J}Z\/I, 5}1\4), ot

5y == oplo g (2.3.4.1)
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A partir d’'un o—module analytique (constant ou non) sur U on peut
construire, pour tout ¢ € U, un (og, §;) —module, par les formules

M M
ag V. g
oy ==gq- lim - —° (2.3.4.2)
7—q ¢ —(q

En particulier 6 est égal a (O'g/l

démontre que, si M est un o —module analytique constant, alors la résolvante

Y (x,y) qui, par hypothése, est solution de chaque U}]V[, est aussi solution de

ylo 5}]\/[ et est une connexion sur M. On

I'opérateur 6M.

Notation 2.3.5. Par la suite nous utiliserons aussi la notation
(0,6) — Mod(Ag (I))3m (2.3.5.1)

pour indiquer la catégorie o — Mod (A (I))2™. Nous appelons ses objets les
(0,6)—modules analytiques admissibles sur U.
On obtient un foncteur

ResV

(0,8) — Mod(Ag (1)) 224, (5, 8,) — Mod(Ag ()™ | (2.3.5.2)

qui est pleinement fidéle. Donc si U’ C U le foncteur de restriction

(0,6) — Mod(Ag (I))3m By, (0,8) — Mod(Ag (I))3d™ | (2.3.5.3)

est aussi pleinemen fidéle. Par le théoréme 2.1.5, on obtient alors une équi-
valence de catégories

adm U % Resfllj

J(@.8) = Mod(Ag (1)3™ =" (g, 6,) — Mod (A (1))*4™ . (2.3.5.4)

U
out U parcourt les ouverts qui contiennent ¢. Par ailleurs, on a les restrictions
naturelles
adm Resg adm
o — Mod(Ag(I)ii™ —— 04 — Mod(Agk (I))*™ , (2.3.5.5)

qui est pleinement fidéle seulement si ¢ n’est pas racine de 'unité. Dans ce
cas on obtient une équivalence de catégories

U
%dm Uy Resg

Jo — Mod(Ax (1)) 0q — Mod(Ag (I))24™ | (2.3.5.6)
U

si et seulement si ¢ n’est pas une racine de 'unité. On obtient alors le dia-
gramme
Uy o — Mod(Ag (I))24m —= (0, 6) — Mod(Ag (I))adm (2.3.5.7)
Uo Resf{i ® Z\LUU Resg

Oq — MOd(AK(I))a’dmmq(Uq, 5q) — MOd(AK(I))adm
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Si g n’est pas une racine de 'unité, alors toutes les fléches de ce dia-
gramme sont des équivalences. Dans ce cas on peut oublier la donnée de
I'operateur d,.

Par contre si ¢ = ¢ est une racine de ['unité, alors la restriction de droite
reste une équivalence et la restriction de gauche ne 'est pas. Dans ce cas I'in-
formation “au voisinage de £” est préservée par 'opérateur d¢. On peut avoir
I'impression que le foncteur “Oubli é¢” est intéressant. Par contre on montre
que dans le cas trés important des équations avec structure de Frobenius le
foncteur ne donne aucune information, car tout o¢—module avec structure
de Frobenius est trivial (i.e. somme directe de I'objet unité).

Notation 2.3.6. Pour ces raisons, désormais on va travailler uniquement avec
les (04, d4)—modules, en sachant que, si ¢ n’est pas une racine de l'unité,
alors

0q — Mod(Ag (1))™™ = (o,,8,) — Mod(Ag (I))*™ . (2.3.6.1)

2.4 Déformation et Confluence

adm

Soit U C Q un sous groupe ouvert. Notons par (g, 0;) —Mod(Ax (1))
la sous-catégorie pleine de (a4, 6;) — Mod (A (I))2™ qui est 'image du fonc-
teur 2.3.5.2, de fagon que le foncteur (2.3.5.2) induise une équivalence

U
Res q

(0,8) = Mod(Ag (I)F™ — (0, 85) — Mod(Ax (D)™ . (2.4.0.2)

Pour tout ¢, ¢’ € U on obtient par composition I’équivalence de déforma-
tion :

0,6) — Mod(Ag (I))adm

De

(04, 84) — Mod (A (1))eam Pelaa’ (50 6.) — Mod(Ag (I))3m

Dans le cas ¢’ = 1 on appelle ce foncteur confluence :
Conf, : (a4,0,) — Mod(Ag (I))3™ == §; — Mod(Ag (1))#™ . (2.4.0.3)

En particulier, si ¢ n’est pas une racine de 'unité, alors le théoréme 2.1.5,
et I'identification 2.3.6.1, garantissent I’existence d’un tel sous-groupe. Donc
pour tout ¢ different d’une racine de 'unité on a un foncteur pleinement

fidele

0q — Mod(Ag (I))24m £, 51— Mod(Ag (1)) . (2.4.0.4)
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2.5 Equations sur ’anneau de Robba

On adapte sans difficulté la théorie précédente a I'étude des équations
sur I'anneau de Robba Rk et 'anneau H}(.

Soit U € D™ (1, 1) un sous-groupe, et soit M € o — MOd(RK)aén’conSt. Par
définition M provient par extension des scalaires d'un module M, sur A (]1—
g,1[). De fagon complétement analogue au cas des équations différentielles,
on définit, pour 1 — e < p < 1, la rayon générique Ray(Mc, p) de M..
Lemme 2.5.1. Soit r := lim, ;- Ray(Mc, p). Alors M est admissible sur
D~ (1,7) (i.e. quitte & diminuer e, M. est admissible sur D™ (1,r)).

Définition 2.5.2. On note

(04,8,) — Mod(R)!" (2.5.2.1)
(resp.  (0,0) — MOd(RK)[DT},(Ll)) (2.5.2.2)
la sous catégorie pleine de
(04, 64) — Mod(R )2dm (2.5.2.3)
(resp. (0,0) — Mod(RK)aDd_HEM) ) (2.5.2.4)

formée par les (o4, 4)—modules (resp. analytiques constants) qui vérifient

lim Ray(Mc,p) > 1. (2.5.2.5)
p—1—

Le corollaire suivant est alors une conséquence immeédiate de la section
2.4

Corollaire 2.5.3. Pour tout ¢ € D7(1,r) on a une équivalence

[7] Requ @)

—1 s (04,0,) — Mod(Rg) . (2.5.3.1)

(0,8) = Mod(Ri)lyL ()~

De plus pour tous ¢,¢" € D™(1,1) (resp. ¢,¢' ¢ (D~ (1,1))), et tout r qui
vérifient
max(|g —1[,[¢' = 1) <7 <1, (2.5.3.2)

on a ’équivalence de déformation

Defqu/

(04, 0) — Mod(Rg)I"T —2% (07, 8,) — Mod (R )" . (2.5.3.3)
Rappelons encore que, si g n’est pas une racine de 'unité, alors le foncteur
“Oublie 6,7

(04,0,) — Mod(Rx )l —"" 5, — Mod(R )" (2.5.3.4)

est une équivalence.
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2.6 Quasi-unipotence des 0 —modules admissibles

On généralise a tout c—module (admissible) avec structure de Frobenius
le théoréme de monodromie locale p—adique. Ce théoréme est obtenu par
“déformation” du théoréme de monodromie locale p—adique pour les équa-
tions différentielles.

Nous supposons désormais que K est de valuation discréte et que son
corps résiduel k est parfait. Cette hypothése intervient dans le théoréme de
monodromie locale p—adique pour les équations différentielles.

2.6.1 Monodromie locale : quasi unipotence des modules avec
structure de Frobenius

Les extensions finies séparables du corps k((¢)) se relévent bijectivement,
par henselianité, a des extensions finies non ramifiées du corps 8};. En ten-
sorisant avec Ry on obtient une classe d’extension de 'anneau Ry dites
spéciales.

{ Extensions finies } ~ { Extensions finies }

séparables de k((t)) speciales de Ry (2.6.0.5)

Definition 2.6.1. Un module différentiel est dit quasi-unipotent s’il est tri-
vialisé par une extension de Ry de la forme R'[log(T")] o R’ est une exten-
sion finie spéciale de R.

Rappelons que M est “trivialis¢” par Panneau R'[log(T)], si M ®xr,
R'[log(T")] est isomorphe & une somme directe itérée de l'objet unité (dans
la catégorie des modules différentiels sur R'[log(T)]).

On sait que les modules différentiels quasi-unipotents ont une structure
de Frobenius, la réciproque est vraie quitte & permettre une extension finie
des constantes :

Théoréme 2.6.2 (monodromie locale p—adique). Si M est un module dif-
férentiel avec structure de Frobenius sur Ry, alors il existe une extension
finie K'/K telle que M ® ¢ K’ est quasi-unipotent.

De fagon complétement analogue a la situation des équations différen-
tielles, on donne la définition de structure de Frobenius et de quasi-unipotence
pour les (o4,04)—modules et pour les (o,d)—modules sur un sous groupe
ouvert U C D™ (1,1). On généralise alors, sans peine, le théoréme de la mo-
nodromie locale p—adique :

Théoréme 2.6.3 (monodromie locale p—adique (généralisée)). Si M est
un (o,d)—module sur D7(1,1) avec structure de Frobenius sur R, alors
il existe une extension finie K'/K telle que M @5 K’ est quasi-unipotent.
En particulier, si ¢ € D7(1,1) n’est pas une racine de l'unité, alors tout
o4—module avec structure de Frobenius est quasi-unipotent.
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Deuxiéme partie

Rank One Solvable p—adic
Differential Equations and
Finite Abelian Characters via
Lubin-Tate Groups.
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Abstract

We introduce a new class of exponentials of Artin-Hasse type, called
m-exponentials. These exponentials depend on the choice of a generator m
of the Tate module of a Lubin-Tate group & over Q,. They arise naturally

as solutions of solvable differential modules over the Robba Ring. If & is
isomorphic to @m over Zy, we develop methods to test their
over-convergence, and get in this way a more strong version of the
Frobenius structure theorem for differential equations. We define a natural
transformation of the Artin-Schreier complex into the Kummer complex.
This provides an explicit generator of the Kummer unramified extension of
EIT(OO, whose residue field is a given Artin-Schreier extension of k((t)), where
k is the residue field of K. We compute then explicitly the group, under
tensor product, of isomorphism classes of rank one solvable differential
equations. Moreover, we get a canonical way to compute the rank one
p—module over S}L{oo attached to a rank one representation of
Gal(k((2))*P/k((t))), defined by an Artin-Schreier character.
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Chapitre 1

INTRODUCTION

The aim of this paper is to make the theory of rank one solvable diffe-
rential equations over the Robba ring R (cf. 2.1.1) as explicit as possible,
where (K, |.]) is a complete ultrametric field with residue field k. It is known
(cf. [And02], [Meb02] and [Ked04]) that, under some restrictions on K and k,
a solvable p—adic differential module over R becomes unipotent, after pull
back on a covering of R, coming from a separable extension of E := k((t)).
In particular, in [Meb02] the aim is to express this module as extension of
rank one modules, and get a p—adic analogous of the classical Turritin’s
theorem for K ((T"))—differential modules.

Let Op := TdiT. We shall answer to the following questions :

1. When a given differential equation

L=0r+g(T), g(T)=> aT' €Rg (1.0.3.1)
€L

is solvable ?

2. What is its irregularity ?

3. Can we describe explicitly the group (under tensor product) Pic*®!(R )
of isomorphism classes of rank one solvable differential equations over
Ri?

4. How this differential equations changes by Artin-Schreier extensions ?
In particular what is the family of rank one solvable modules becoming
trivial after a given separable extension of E = k((t)) 7

5. Let E*P be the separable closure of E. What is explicitly the rank
one p—module attached to an Artin-Schreier character (or rank one
representation) of Gg := Gal(E*? /E) via the theory of Fontaine-Katz ?
In particular what is the solvable equation attached to this p—module ?
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1.1 Robba exponentials

The first example of irregular solvable differential equation was given by
Dwork with the function
exp(nT™ 1), (1.1.0.2)

which is the Taylor solution at oo of the irregular operator o + 7T ~!, where
7 is a solution of the equation X?~! = —p. Dwork shows that the exponential

I(T) = exp(n(T? —T7h)) (1.1.0.3)

is over-convergent (i.e. converges for |T| > 1 — e, for some & > 0). This
provides the so called “Frobenius structure” isomorphism between dp 477!,
and Or + 71T~ P.

1.1.1 The limits of the work of Robba

In [Rob85|, Robba generalizes the example of Dwork by producing a class
of exponentials, here called FE,,(T"), commonly known as Robba’s exponen-

1
tials. Namely Robba shows that, for all number 7y such that |m| = |p|»—T,

there exists a sequence ajq, o, ... such that, for all m > 1, the exponential
B T_pm T_pm71 B
Ep(T™") = exp(mo St e aT N) (104

converges in the disk |T'| > 1, and hence the operator

m—1

L=0p +7m(T"" + TP + - +a,T71), (1.1.0.5)

with E,,(T~!) as solution, is solvable at p = 1. Moreover Robba shows the
1

necessity of the condition |moa;| = |p|»*~1, for all ¢ > 0. This construction
leads Robba to define the p—adic irregularity of a solvable differential equa-
tion as the slope at 17 of the radius of convergence (cf. 2.4.5).

But the Robba’s construction is not sufficient for two reasons. The first
one is that the numbers a; are obtained as intersection of a decreasing se-
quence of disks, and then the field K must be spherically complete. The
second reason is that Robba was not able to prove the over-convergence of
En(T7P)/E,,(T71), since the ;’s are essentially unknown.

1.1.2 Matsuda’s progress

These problems are solved by S.Matsuda in [Mat95|. He simplifies remar-
kably the proof of Robba by using the Artin-Hasse exponential. The idea of
introducing the Artin-Hasse exponential is due to Dwork (cf. [Dwo82, 21.1]),
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and Robba (cf. [Rob85, 10.12]) itself. Matsuda shows that, if ;41 is a primi-

tive p™ 1 —th root of 1, and if Emt1—j = ffiﬂ, then we can choose mg = £1—1
and o; = (41— 1)/(&1 — 1), for all @ > 1. Then

—p™ —pm
iZm +@2_niwﬁl+'”+QMH_lﬂvv'
(1.1.0.6)
Matsuda proves also that, if p # 2, then the exponential E,,(T~P)/E,,(T~1)
is over-convergent. He obtains these results by a quite complicate, but ele-
mentary, explicit estimation of the valuation of the coefficients of this expo-
nential.

For the first time we see, in the paper of Matsuda, the algebraic nature of
these analytic exponentials. Indeed, if « : Gg — A is a character of Gy into
a finite extension A/Q,, such that a(Gg) is finite, then Matsuda shows that
the irregularity of the differential equation, attached to the ¢ — V—module
over EfT( defined by «, is equal to the Swan conductor of «.

Bn(T™) = exp( (&1~ 1)

1.1.3 Chinellato’s algorithm

Independently from Matsuda, D.Chinellato, under the direction of Dwork,
gets a new algorithm showing the existence of the ;s (cf. [Chi02]).

1.1.4 Ouwur contribution

Even with the great progress given by Matsuda, (André, Kedlaya, Krew,
Mebkhout, Tsuzuki and others...) the questions given in 1 are still open, and
are the object of this paper.

We generalize, and improve, the technics of Matsuda and Chinellato, by
introducing the Lubin-Tate theory. We recall that the Artin-Hasse expo-
nential F(—,T) is the group morphism E(—,T) : W(B) — 1+ TBJ[[T]],
functorial on the ring B, sending the Witt vector A = (Ao, A1,...) € W(DB)
into the series

TP "’

E(\,T) :exp<¢0T+¢1?+¢2p—2+--') : (1.1.0.7)
where (¢g, ¢1,...) € BY is the phantom vector of X (cf. 2.7.0.2). If B =
Opcalg, then this exponential has bounded coefficients, and hence converges
at least for |T'| < 1. Given a Frobenius automorphism of Z,[[X]], that is
a series P(X) € XZ,[[X]] lifting X? € F,[[X]], we consider a sequence
{m;}j>0 in Oay, such that P(my) = 0, and P(mj41) = 7, for all j > 0.
Then we provide, for all m > 0, a Witt vector [m,,] € W(Oga), whose
phantom vector is (m,, ..., 7, 0,0,...). In this way, we obtain a large class
of exponentials of type “Robba” :

m

TP TP
E(T) = B[], T) = exp(mnT + R wop—m) . (1.1.0.8)
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We show then that the radius of convergence of these exponentials is 1 if
and only if P(X) is a Lubin-Tate series (cf. 2.9.0.3), and defines then a
Lubin-Tate group p. In this case m := (7;);>0 is a generator of the Tate
module of &p (cf. 2.9.5). If &p is the formal multiplicative group @m, that is
if P(X) = (X +1)? —1, then we recover the Matsuda’s exponentials 1.1.0.6.
On the other hand, if P(X) = pX 4+ XP, we recover, for m = 0, the Dwork’s
exponential. Observe that, in the case considered by Dwork, the formal group
& p is isomorphic, but not equal, to G,.

Furthermore, we show that E,(T%?)/En(T) is over-convergent, for all
m > 0, if and only if & p is isomorphic (but not necessary equal) to G,,. This
is the reason of the over-convergence of the exponentials E,,(T?)/E,,(T) of
Matsuda and Dwork.

From this starting point we develop the explicit link between abelian
characters of Gal(k((¢))**P/k((t))) and rank one solvable differential equations
over Ry, and examine various applications.

1.2 Organization of the paper

In Sections 2.1, 2.2, 2.7, 2.8, and 2.9 we get the definitions and recall
some facts used in the sequel.

In Section 3.1 we define some canonical Witt vectors with coefficients
in Z,[[X]], and show their properties with respect to the Artin-Hasse ex-
ponential. In section 3.3 we introduce a new class of exponentials called
mr—exponentials (cf. 3.3.1.1), and show their main properties with respect to
the convergence/over-convergence.

1.2.1 An explicit Kummer generator

In Section 4, we give the first application. Fix a Lubin-Tate group &p
isomorphic to @m, and a generator 7 = (7;);>0 of the Tate module. Let L
be a complete discrete valued field, with residue field kr, and let ¢ : L — L
be a lifting of the Frobenius x +— 2P of kp. Let L,, := L(§,), where &, is
a primitive p™t1—th root of 1. It is well known that we have the henselian
bijection

{Finite unramified extensions of L} — {Finite separable extensions of kz }.

We shall describe an inverse of this map. Let &’/kr, be a finite cyclic abelian
extension of degree d, and let L'/L be the corresponding unramified exten-
sion. If (d,p) = 1, and if kj, contains the d—th roots of 1, then k’/ky, is of
Kummer type, and hence L' = L(#), where 6 is the Teichmiiller of a Kummer
generator 0 € k.

On the other hand, if d = p™, then k' is of Artin-Schreier type (cf. 2.8.3),
and it is generated, over kr,, by (the entries of ) a Witt vector v € W, (k77),
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which is solution of an equation of the type F(#)—o = X, where A € W, (k1)
is a so called Witt vector “defining” &’. In this case L], /Ly, is again Kummer,
since all cyclic extensions of L,, whose degree is p"* are Kummer. Now choose
an arbitrary lifting A € W,,,(O1) of A, and solve the equation p(v) —v = A,
Ve Wm(funr). Then a Kummer generator 6 of L] is given by the value at
T =1 of a certain w—exponential, called O,m (v, T'), (cf. 4.1.11).

The Artin-Schreier theory and Kummer theory are given by some com-
plezes computing the Galois cohomology. Roughly speaking, we shall obtain
a natural transformation of functors which “deforms” the Artin-Schreier com-
plex into the Kummer complex and induces a quasi isomorphism (functorially
on the unramified extensions of L) :

m-+41
1 —— (L) s (L) —— 1 (1.2.0.9)
A A
K e

Actually, such a natural transformation can not exist, because the Artin-
Schreier complex is in characteristic p, and the Kummer complex is in charac-
teristic 0. As a matter of fact, we lift the Artin-Schreier complex in characte-
ristic 0 and deform it into the Kummer complex, by using the value at T =1
of some over-convergent 7— exponentials called Opm (—,T) and epm (—, )"
(see diagram 4.1.9.1). This provides a well defined morphism between the co-
homologies.

Under some assumptions on K (cf. 4.2.1.1), even if the field L = 5}; is not
complete, we show that this diagram exists for 5;{ and its finite unramified
extensions (cf. 4.2.5). The commutative diagram is then :

A LA « Oxum_ FL(G )
D (€, ) = () - B Gy byt ——1
A
Tepm(vl) Tepm(—,l)pm-’_l
L Wi (OF) > W, (0)) —— Wi (Ok) e ()P

0 ——=2/p" L —— Wi (E) ——> Wy (E) ——HY(Gg, Z/p"+'Z) —>0
(1.2.0.10)

where E := k((t), Gk := Gal(k(£)*P/k()) and Gy = Gal(ER™8 /€l ).

We precise the kernel and the image of the morphisr{ln € between the coho-

mologies. If f(t) € W,,,(k((#)) is a Witt vector defining an Artin-Schreier

separable extension of k((t)), then (up to add the p™*! —th roots of 1) a gene-

rator of the corresponding unramified extension of E;r(m is given by O,m (v, 1),
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where v € Wm(é\}l{nr) is a solution of the equation p(v) — v = f(T'), and
f(T) e Wm((’)k) is an arbitrary lifting of f(t).

1.2.2 The Kummer generator over SIT{ relations with diffe-
rential equations

Let Ky, := K(mp) = K(&n), Koo := UKy, and let k,, be the resi-
due field of K. In Sections 5, 5.2, and 5.4 we classify all solvable rank one
differential equations over Rk, . The key point is the following equality, ari-
sing from the diagram 4.2.5.1, and useful to describe the Kummer generator

Opm(v,1) :

m—+41 m—+1

Opr (v, 1)P7 " = epm (f(T),1)"

The expression e,m (f(1),1) has no meaning, because e,m(—, Z) is not over-

convergent as function of Z. We make sense to this symbol in some cases :
in Sections 5.2 we define a class of exponentials of the form

¢1 (T)
p

(1.2.0.11)

G (T)
pm

+e g

)

ey (£ (70, 1) = 0xp (5 (1) + 7
(1.2.0.12)

where £~ (T) € W, (T 10K [TY]), and (95 (T), -+ , é(T)) € (T O[T~y
is its phantom vector. This exponential is 7! —adically convergent and de-
fines a series in 1+ 7710k, [[T7!]], whose p™ ! —th power lies in Rp,,.

These Witt vectors correspond to totally ramified Artin-Schreier exten-
sions of E := k((t)). The exponential 1.2.0.12 is then the desired Kummer
generator O,m (v, 1) of the extension of 6’;{ corresponding to this totally ra-
mified extension of k((t)). Moreover e,m (f~(7),1) is at the same times the
solution of a solvable differential equation.

1.2.3 Explicit correspondence between Abelian characters of
Gg and differential equations

We state then the explicit bijection between the abelian Galois theory for
E = k((t)), and the theory of rank one differential equations over Ry _ . Mat-
suda, in [Mat95], has pointed out, under some restrictions, that such a cor-
respondence should exist. We go further by removing any restrictions, impro-
ving his methods, and by making the correspondence more explicit (cf. 5.2.2,
5.2.4). Namely we introduce the fundamental exponential epm (f~(7"),1). We
show that every rank one differential module M over Rg_ comes, by scalar
extension, from a module Mg o], over Koo [T~1], and the Taylor solution, at

00, is (in some basis) of the form
T% - ey (F(T),1) (1.2.0.13)
for some m > 0, ag € Zy, and f~(T) € Wy, (T 'Ok, [T~']). Moreover, the

isomorphism class of M depends only on the class of ag in Z,/Z, and on the
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Artin-Schreier character a defined by the reduction of f~(7") in W, (kn, ((2)))-
Suppose that ag belongs to Z,) := Q N Zp,. Then ag corresponds to the
moderate extensions of E = k((t)), generated by ¢t*. On the other hand,
f(T) corresponds to the Artin-Schreier extension given by (the kernel of)
the Artin-Schreier character defined by the reduction f~ (7). We recover in
this way the well known bijection

solvable differential equations ,
over R with rational residue
(1.2.0.14)

{ Rank one

Isomorphism classes of rank one
characters of Z;,__ () } 7

where Z;,__ (1) is the inertia subgroup of Gal(keo (t))*P /Koo ((1)))-

1.2.4 Frobenius structure for m—exponentials

The central point is that the following w—exponential is over-convergent

epm(f(_p) (T)7 1)
epm (f7(T),1)

where f(_F) (T) is an arbitrary lifting of the reduction F(f~(t)) € W, (kn((2)))-
If a lifting of the p—th power map ¢ : Rx — R is given, then this result
implies the usual Frobenius structure theorem. Observe that we do not need
the existence of ¢ (cf. 3.6.2), because actually the isomorphism class of a
given module M depends only on the reduction of f~(7") in characteristic p.
This represents a progress in two directions, with respect to the analogous
theorem of |[CC96] : firstly we do not suppose k perfect, and secondly we get
a precise description of the isomorphism class of M. In particular, we precise
that, if ap = 0, then “the order” (cf. 2.5.8) of the Frobenius structure is 1 (cf.
6.2.3).

In section 5.4 we prove these theorems essentially by reducing the study
to the “elementary” w—exponentials called s—co-monomials. These exponen-
tials are studied in detail in sections 3.3.

= e (f (1) = £7(1), 1) , (1.2.0.15)

1.2.5 Complements

We give then some complements (Sections 6.1,6.2,6.3,6.4,6.5). In particu-
lar, in the Section 6.2, we compute the group of rank one solvable equations
killed by a given Artin-Schreier extension and answer than to the question
(4) of 1. In Section 6.3 we extend the definition of our w—exponentials to a
more large class of differential equations, and we provide an algorithm (see
proof of 6.3.9), which gives a criterion of solvability, (cf. 6.3.15). In particular
we show that there is no irreqular rank one equations if K/Q,, is unramified
(cf. 6.3.18). This answers to the question (1) of 1. Then we compute the ir-
reqularity in some classical cases (cf. 6.4). We describe the tannakian group
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of the category whose objects are successive extension of rank one solvable
modules. We remove the hypothesis “K is spherically complete” present in
the literature. In section 6.6 we compute the ¢ — V—module attached to a
character with finite image of Gg. This answer to question (5) of 1.
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Chapitre 2

DEFINITIONS AND NOTATIONS.

2.1 General notations

Let p > 0 be a fixed prime number. Let (K,|.|) be a complete valued
field containing (@, |.|). For every valued extension field L/K, we denote by
Or ={z € L | |z| <1} the ring of integers of L, by pp, ={z € L | |z| < 1}
its maximal ideal and by k;, = O /py, its residue field. We set k := kx. K alg
will be a fixed algebraic closure of K, and k& := kg, will be its residue
field. Q/K will be a spherically complete extension field containing K®8,
satisfying |2 = R>, and whose residue field kq/k is not algebraic. We set

_1
w = |p|P-T.

We denote by Or := Td% the usual derivation. For all ring R we denote by
R* the group of invertible elements in R.

2.1.1 Analytic functions and the Robba ring.

For every (non vacuous) interval I C R> we denote by Ag () (or simply
A(I)) the ring of convergent analytic functions on I, that is the ring formed
by the series f(T) = >z a;T%, a; € K, such that lim; .4 |a;|p* = 0, for
all p € I. The topology of Ak (I) is defined by the family of absolute values

|f(T)|, = %ELZX|a¢|pi , Vpel. (2.1.0.1)

The Robba’s ring R (or simply R) is the ring of germs of convergent
analytic functions at 17, that is Rx = U.Ax(]1 — ¢,1[), with the limit
topology. Let £k be the Amice ring. The elements of £k are series f(T') :=
>iez aiT", such that lim,; . |a;| = 0, and sup; |a;| < +oc. If the valuation
on K is not discrete we may have |a;| < sup; |a;], for all i € Z. E is complete
with respect to the topology given by the absolute value | f(7T')|1 := sup; |a;].
We denote by Og,. :={f € £ ||fl1 <1} its ring of integers.
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Definition 2.1.1. For all algebraic extension H/K we set
AH(I) = AK(I)®KH, Ry =Rrg®xH, g =ExRQxH . (2.1.1.1)

Since K is algebraically closed in Ag(I) (resp. Rk, Ex) then Ag(I)
(resp. Ru, €m) is a domain. All p—adic differential equations over A (1)
(resp. Ry, £g) come, by scalar extension, from an equation over Ay, (I) (resp.
Rr, &) with L/K finite. This will justify the definition 2.4.7.

Definition 2.1.2. For all formal series f(T) = Y,., a;T" we define

J(T) = Z al" | fHT) = ZaiTi , (2.1.2.1)

i<—1 i>1
we have f(T) = f~(T) +ao+ fH(T).

Definition 2.1.3. For all algebraic extension H/K, let
5}{771 =RuyN€&y.

We denote by (’)LT := Og,; NRp. If no confusion is possible we will write
EL (resp.OL) instead of SJ]ZI,T (resp. O}LLLT).

Remark 2.1.4. The quotients Og, /{f € Og, : |fl1 < 1} or (’)}{/{f € (’)}{ :
|fl1 < 1} are reduced to k((t)) if and only if the valuation on K is discrete.
Nevertheless, if the valuation is not discrete, the rings Og, and O}( are
always local, their maximal ideals PO: . and p ol are formed by series f =
>, a;T" such that |a;| < 1, for all i € Z, observe that, since the valuation is
not discrete, this condition do not implies that |f|; < 1. The residue fields
(9}( /p ol and Og, /po,, are actually always equals to k((t)).

2.2 Generalities on rank one differential equations

2.2.1 The strategy of Manin

Let D : B — B be a derivation on the ring B. Let B[D] = {}", ;D" | a; €
B} be the ring of differential polynomials on D, we recall that Da = aD +
D(a), for all a € B. Let B[D] — mod be the category of left B[D]—modules.
The category MLC(B) of (free) differential modules over B is the full sub-
category of B[D] — mod formed by modules who are free and of finite rank
as B—modules.
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2.2.2 Operators and differential modules
Let G = (9i)i; € My (B). The operator
D-G:B"—B"

is the map (b;); — (D(b;))i — G - (b;);- Let M € MLC(B) and let e =
{e1,...,e,} be a basis of M. We will say that M is defined by the operator
D — G, in the basis e if D(e;) = =37, gj. - ¢j -

M -2 (2.2.0.1)

Zi © i?
B” > B”

D-G

We will call G the matrix of the K—linear map D in the basis e. For all
s > 1, the matrix of D* in this basis is called G5 € M, (B) and satisfy
D?(e) = —e - Gs. We have

Ger1=D(G)+G Gy,  Goi=1d. (2.2.0.2)

In all the sequel B will be equal to A(I), R, &, or £, and we will work
with both derivations % and Op = T%. We will denote by

G5(T) = the matrix of 07 ; G5 (T') = the matrix of (d/dT)".
(2.2.0.3)
We have G1(T) = TG;(T) € Mu(B). We will put G(T') = G1(T') for
brevity. If M is of rank one, we will write g(7'), gs(T'), gjs)(T) instead of
G(T>7 GS(T>7 G[s] (T)

2.2.3 The classification of Manin

Let M € MLC(B) be the rank one module defined by D—g(T). If f € B*,
then M is defined, in the basis f - e, by the operator D — (¢ — D(f)/f). Let
N be another rank one B—differential module defined by the operator D — g
in the basis €. The tensor product M ® N is defined, in the basis e ® €, by
the operator

D—(g+79) . (2.2.0.4)

Let us call Pic(B) the group (under tensor product) of isomorphisms classes
of rank one differential modules over B. Following [Man65|, we will identify

Pic(B) = B/Diog(B*), (2.2.0.5)
where Djo, : BX — B is the additive map f — %.

Definition 2.2.1. Let C be a B—differential algebra, and let M be a rank
one differential B—module defined in some basis by the operator D — g. A
solution of M with values in C is an element ¢ € C satisfying D(c) = g - c.
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2.3 Taylor solution and radius of convergence

Let I € R>g be some interval. In this subsection, M will be a rank one
A (I)—differential module defined by the operator dr — g(7T).

Let z € Q, |z| € I. We look at Q[[T —x]] as an A (I)—differential algebra
by the Taylor map

)k
1) = @ T A — ol -4
k>0

The Taylor solution of 07 — g(T') at x is (recall that g(T") = T'g;1)(T))

T — x)k
s2(T) == g (g;)(k! : (2.3.0.1)
k>0
Indeed 07 (s,(T)) = g(T)s.(T). The radius of convergence of s, (7)) at x is,
by the usual definition,

Ray(M,x) = liminf(|g[k](a})\/|k!|)_% . (2.3.0.2)

Definition 2.3.1. The radius of convergence of M at p € [ is

Ray(M, p) = min(p, liminf(|gp,/k!]) /")

= min(p, w[limksup(\g[kﬂp)l/k]_1> . (2.3.11)

The second equality follows from the fact that the sequence |k!|*/* is
convergent to w, and |g[,€]|;1/k is bounded by max(|g|,, p~!). The presence of
p in the minimum makes this definition invariant under change of basis in

M.
Theorem 2.3.2 (Transfer). For all p € I we have

Ray(M, p) = min( p, (iZI|1f| Ray(M,x) ). (2.3.2.1)
xzell|x|=p

Assume now that I = [0, p|]. Then

Ray(M, p) = min(p, min Ray(M,z)) (2.3.2.2)
zeQ,|z|<p

In particular Ray(M, p) < min(p, Ray(M,0)).

Proof : Since for p = |z| we have |g(,(T)|, > |g[s)(z)|, hence by definition
2.3.1, Ray(M, p) < min(p, Ray(M,x)). Let t, € § be such that {z € Q | |z —
tol < py N K =0, then |gigl, = |g(q(tp)], for all s > 0 ([CR94, 9.1]), hence
Ray(M, p) = min(p, Ray(M,t,)). The last assertion follow the same line. [J
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Lemma 2.3.3 (Small radius). Let p € I. Then
Ray(M, p) > wp - min(1, \g(T)\;l). (2.3.3.1)

Moreover Ray(M,p) < wp if and only if |g(T)|, > 1, and in this case we
have

Ray(M, p) = wp- |g(T)|; " (2:33.2)
Proof : By induction on 2.2.0.2 one has (cf. 2.2.0.3)
|915lp < max(p™, lgy|p)* = p~* max(1, |gl,)° (2.3.3.3)

and equality holds if |gp|, > p~ L. Then apply definition 2.3.1. O
Definition 2.3.4. M is called solvable at p € I, if Ray(M,p) = p.

Theorem 2.3.5 ([CD94|). The map p — Ray(M, p) : I — R> is continuous
and locally of the form r-p°t1, for suitable r € R>, and 3 € N. More precisely

there exist a partition I = Upezly, supl, = inf I,41, and two sequences
{Tn}neZ; {ﬁn}nEZy such that (3, € Z,
Ray(M, p) = rpp®*) | Vpel,, (2.3.5.1)

and (cf. 2.4.3)

We will call this property the log —concavity of the function p — Ray(M, p).

Proof : The existence of the partition follows from the small radius
lemma 2.3.3 and theorem 2.5.5 (below). For more details see [CM02, 8.6]
and [CD94, 2.5]. O

Definition 2.3.6. We will call 3, the slope of M in the interior of I,,. More
generally if p = sup I,, = inf I,,11, we set

sIT (M, p) == B, sIT(M, p) := Bnt1. (2.3.6.1)

2.3.1 Solution of the tensor product

The Taylor solution of M ® N is the product of the Taylor solutions of
M and N. Hence, by 2.3.2

Ray(M @ N, p) > min(Ray(M, p), Ray(N, p)). (2.3.6.2)
Proposition 2.3.7. If Ray(M, p) # Ray(N, p), then we have
Ray(M @ N, p) = min(Ray(M, p), Ray(N, p)). (2.3.7.1)

Proof : Let sy, sy, smen be the Taylor solutions of M, N, M ® N at the
generic point ¢, €  of valuation p. Suppose that Ray(M,p) < Ray(N,p).
By a wronskian argument, it is well known that a solution of a rank one
differential operator has no zeros in its disk of convergence. The inverse of
such a power series solution is then convergent in the same disk. We can
write sy = SponN - sjvl, and then we get the contradiction

Ray(M,t,) > Ray(N",t,) = Ray(N,t,) .0 (2.3.7.2)
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2.4 Solvability, Slopes and Irregularities

In this subsection, M is a rank one differential module over Ry, defined
by the operator

or+9(T) . g(T):=>) aT" € Ry . (2.4.0.3)

€7
Lemma 2.4.1 (Algebraicity). There exists d > 0 such that M is isomorphic
to the module defined by Or+3 i~ 4 a;T". In other words there exists f(T) €

Ry such that Opog(f) = Y e _gaiT".

Proof : By hypothesis ¢(T') € Ax(]1 — &,1[), for some ¢ > 0. Then
> it0 a;T)i € Ag(J1 — &,1[). In particular lim;_,_ |a;/i|p® = 0, for all
p €]1—¢,+o0[. Let d > 0 be such that sup,._,4(|a;/i|p!) < w for all ]1 —¢,1].
Then f(T) = exp(— Y ;o _gaT"/i) lies in Rg.0

Definition 2.4.2. Let M be a differential module over R . The module M
is called solvable if and only if

lim Ray(M,p) = 1. (2.4.2.1)
p—1~

We will denote the category of solvable differential modules over Ry by
MLS(Rk).

Lemma 2.4.3. Let M € MLS(Rx) be defined in some basis by the operator
or — g(T), g(T) € Ri. Then
1. There exist 0 < e < 1 and a last slope 5 :=sl"(M,1) > 0 such that

Ray(M,p) = p* . forallpe]l —e,1[. (2.4.3.1)

2. There exists €' such that |g(T)|, < 1, for all p €]1 — &', 1][.
3. If g(T) =37, a;T?, d >0, then |a_q| < w and, for p close to 0,

Ray(M, p) = wla_q|"1p™t  (for p close to 0). (2.4.3.2)

4. Moreover, if d > 0, and if |a_q| = w, then § =d.
5. If d <0, then Ray(M,p) = p, for all p €]0,1[ and = 0.

Proof : The slopes are positive natural numbers, hence the decreasing
sequence {0}, becomes constant for n — oco. Then 5 = min,ez{5,}. The
second assertion follows from the small radius lemma 2.3.3. Let now ¢(T") =
Sis_ga; T, with d > 0. We study the function p — Ray(M, p)/p. Let

R(M,r) :=log(Ray(M, p)) —log(p) r:=log(p) . (2.4.3.3)
Then R(M,r) <0, for all » <1, and the function
r— R(M,r):]—o00,1[ — | — 00,0] (2.4.3.4)

is of the following form
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tog(eo/la_afp ")

e r = log(p)
p—adic slope =

|small radius| og(w)

formal slope = d

Since d > 0, then [g(T)|, = |a—qlp~¢ > 1, for p— 0. Hence, near 0, we can ap-
ply the small radius lemma (cf. 2.4.4) : we have Ray(M, p) = wla_q4|~Lpd+L.
Since lim,_1 Ray(M,p) = 1, hence by log —concavity and continuity, we
must have wla_g|™! > 1 (or equivalently log(w/|a_g4|) > 0 as in the picture)
and if |a_g4| = w, then, again by continuity and log-concavity, this graphic
is a line, and § = d. If d < 0, then |g(7T")|, < 1, for all p < 1, hence the
small radius lemma gives R(M,r) > log(w) for all » < 0. Since R(M,r)— 0
for r — 0 (solvability), then by log —concavity and continuity this implies
R(M,r)=0,vVr<0.0

Remark 2.4.4. In the notation of lemma 2.4.3 part (3), let us call
Irrp (M) = min(0, d) (2.4.4.1)

be the Formal slope of M (i.e. the classical slope of M as K((T"))—differential
module), then we have

Irrp (M) = st (M, 0) . (2.4.4.2)

We recall that, in the higher dimensional case, slp(M) is the largest slope
of the formal Newton polygon of M, and in the rank one case it is equal to
the formal irregularity of M. In the rank one case, by definition slp(M) :=
max (0, —vr(g)), where vr(g) is the T'—adic valuation of g(7'). We recall
that the formal Newton polygon of an operator > & as(T)0%, a,(T) =1, is
the convex hull of the set formed by the points of the form (s,vr(as)), and
the two additional points (—o00,0), (0, 4+00). In particular the last point is
always (u,0). This remark can be easily generalized to all ranks (cf. [Pul04,
3.2]).

The following definition is then natural

Definition 2.4.5. Let M be a solvable rank one differential module over R.
The p—adic irreqularity of M is the natural number

Irr(M) :=sl" (M, 1). (2.4.5.1)
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Remark 2.4.6. If M is the solvable module defined by an operator op+ g(7T'),
g(T) € Ax([0,1[)[1/T] C R, then by log-concavity and continuity we have

Irrp (M) > Irr(M). (2.4.6.1)

Definition 2.4.7. If K'/K is a finite extension, then we denote by Pic® (R x)
the group, under tensor product, of isomorphism classes of solvable rank one
differential modules over Rg-. For all algebraic extensions H/K, we set

Pic™®(Rpy) := U Pic*® (R ). (2.4.7.1)
KCK'CH , K'/K finite

Corollary 2.4.8. Let M, N € MLS(Rg). We have
Irr(M ® N) < max(Irr(M), Irr(N)) . (2.4.8.1)
If Irr(M) # Irr(N), then
Irr(M ® N) = max(Irr(M), Irr(N)) . (2.4.8.2)
Proof : This results immediately from 2.3.7.0J

Proposition 2.4.9. Let Op — g(T), 9(T) = >,z aiT" € Rk, be a solvable
differential equation. Then dr — g~ (T), Or — ag, Or — g (T') are all solvable

(cf.2.1.2).

Proof : Let us call My_. o), Mo, Mg the differential modules defined
by Or—g (T'), Or —ag, Or — g™ (T) respectively. Then M = M1 —c.00) @ Mo ®
Mg 1[- By the small radius lemma 2.3.3, the equation Oy — g~ (T') (resp. Or —
g™ (T)) has a convergent solution at oo (resp. at 0), hence Ray(Mji_. o], p) =
p, for large values of p and Ray(Mjg [, p) = p, for small values of p. While
Ray(Mo, p) = Ro - p, for all p (cf. 2.6.3). Hence the slopes of Mj;_ o (resp.
Mo 1|, Mo) in the interval |1 —¢, 1[ are strictly positive (resp. strictly negative,
equal to 0) as in the picture (cf. 2.4.3.3)

— A
i o 105((1T—)é)1\-‘ R(M,7) r = log(p)

R(O7 — 9+(T)m>\/@\ /@<R(8T — 97 (1))
o i

RO — ag,r) = log(Ro>/u

|small radius]| ®log(w)

By 2.3.6.2, we have
Ray(M, p) = inf(Ray(M)1_. o), p), Ray(Mo 1, p), Ray(Mo, p))  (2.4.9.1)

for all 1 —e < p < 1, with the exception of a finite numbers of p. By conti-
nuity of the radius, we have equality even for these isolated values of p.
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Since lim,—.1 Ray(M, p) = 1, this implies Ray(Mg1[,p) = p for all p < 1,
Ray(Mo, p) = p for all p, and Ray(M)_c ), p) = p for all p > 1. 0J

The classification of the equations of the type Or — ag is well known (see
2.6), while the solvable equations of the form 97 — g*(T') are always trivial :

Proposition 2.4.10. Let Oy — g™ (T'), with

gt (T) = aT" € Ap([0,1]) C Ri (2.4.10.1)
i>1

be solvable at 1~ (cf. 2.4.2). Let M be the module attached to O — g™ (T),
then

1. We have g (T) € TOy[[T]]. Hence M comes, by scalar extension, from
a differential module Mg 1| over Og|[T]] ;

2. We have Ray(M [, p) = p, for all p<1;
8. Mgy is trivial as Og|[T]]—module ;
4. The exponential exp()_;~, a;T%/i) lies in 1+ TOg[[T]].

Proof : We have |a;| < 1, because the small radius lemma 2.3.3. Since
Or — g7 (T) has a convergent solution at 0 (namely this Taylor solution
is exp(_;>y a;T"/i)), then Ray(Mjy i, p) = p for all p close to 0. Since
lim, ;- Ray(M,1[, p) = 1, then by log-concavity we must have Ray(M[O,l[,'p) =
p, for all p < 1. By transfer theorem 2.3.2 the Taylor solution exp(} .~ a;T" /1)
converge in the disk |T'| < 1 and it belong to Ok|[[T]] (because a non trivial
solution of a differential equation has no zeros in its disk of convergence).[]

Corollary 2.4.11. FEvery rank one solvable differential module over Ry has
a basis in which the matriz lies in O [T~1].

Proof : By 2.4.10 there exists a basis in which the matrix lies in Rg N
Ok[[T~Y]. The base change matrix to obtain this basis is an exponential
convergent in [0, 1[. Now, by 2.4.1 we recover the good basis, this last base
change matrix is again an exponential convergent in |1 — &, co[.0]

2.5 Frobenius structure and p—th ramification

Definition 2.5.1. An absolute Frobenius on K is a Q,—endomorphism o :
K — K such that |o(x) — 2P| < 1, for all z € Ok.

If an absolute Frobenius ¢ : K — K is given, an absolute Frobenius on Ry
is then a continue endo-morphism of rings ¢ : Rx — Rx extending o, and
such that

o(T)—TP = Zai(gp)Ti , with |a;(p)]| <1lforallie€Z, ai(p) € K .
(2.5.1.1)
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Remark 2.5.2. By continuity ¢ is given by o and by the choice of ¢(T),
indeed

P(f(D) = (Y aTh) =) ola)e(T) = f7(p(T)), (2.5.2.1)
where f(T) := > a;T" and f7(T) := > o(a;)T".

Let ¢ : Rk — Rx be an absolute Frobenius. By scalar extension (and
change of derivation), we have a functor :

¢* : MLC(R) ~ MLC(R) (2.5.2.2)
If M € MLC(R) is defined by the operator 0r — G(T'), G(T) € M, (Rk),

then ¢*(M) is defined by the operator dp — ( % -G7(p(T))).

The simplest absolute Frobenius is given by ¢(T') := TP, and we denote
it by @5 :
0o(d_aiT’) =Y ola)T? . (2.5.2.3)

Lemma 2.5.3 (|CMO02, 7.1]). Let M € MLC(R). Let ¢,o : R — R be two
absolute Frobenius. If there exists 0 < e < 1 such that

(1) — o(T)]p < Ray(M, p) , (2.5.3.1)
for all p €]1 — ¢, 1], then ©*(M) is isomorphic to ¢* (M) over R.

Corollary 2.5.4 (Independence on ¢). If M € MLS(R), then ¢*(M) =
©5(M), for all absolute Frobenius ¢ : Rx — Ri.

Proof : We look at 2.5.1.1. Since K is not discrete valued (cf. 2.1.4),
we observe that we could have sup, |a;(¢)[1 = 1. This will not be a problem
because, in this case, for all 8 = sl™(M, 1) > 0 there exists ¢ < 1 such that
lp(T) — TP|, < pP*1, for all p €]1 — ¢, 1[. Then we can apply 2.5.3. O
2.5.1 p—th ramification

Let o be an absolute Frobenius on K. For all analytic functions f(T") :=
SiaiTt € A(D), we set fo(T) :=3,0(a;)T", and

ep(f(T)) := f(I7). (2.5.4.1)

Observe that ¢, is not an absolute Frobenius. We set ¢, (f(7T')) := f7(T?).
The p-th ramification map ¢, : A(I?) — A(I) defines, as before, a functor
denoted by ¢y : MLC(Ak (I?)) ~ MLC(Agk (1))

Theorem 2.5.5. Let M € MLC(Ag (I?)). Then for all p € T

Ray(¢(M), p) = Ray(}(M), p) > min(Ray(M, p*)/? | |p| ™ p' P Ray(M, pP)),

and equality holds if Ray(M, p) # wPp.
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Proof : Since f(T') — f9(T) is an isometry, we have the first equality.
The second one follows from a quite complex, but elementary, explicit com-
putation (see [Pul04, 5.7] for a complete proof of this well known theorem).]

Example 2.5.6. The radius of the operator d7 — % is equal to wp|lp = wPp
(cf. 2.3.3), but its image by Frobenius is the trivial module.

Corollary 2.5.7. Let M € MLS(Rg), let ¢ : Rk — Rk be an absolute
Frobenius, then sl™ (¢*(M),1) = sl (M, 1).

Proof : Apply theorem 2.5.5 and corollary 2.5.4.0]

Definition 2.5.8 (Frobenius structure). Let M be a rank one p—adic dif-
ferential module over Ry . We will say that M has a Frobenius structure of
order h, if there exists an R g —isomorphism

M (M), (2.5.8.1)
where ¢ (M) := ¢*(M), and inductively ¢} (M) := ©* (0} (M)).

Remark 2.5.9. If M has a Frobenius structure, then it is solvable by theorem
2.5.5 applied to “antecedents” of M. (see [CM02, 8.6 and 7.7 infra|).

Remark 2.5.10. By equation 2.5.5 we have

Irr(¢*(M)) = Irr(p,(M)) = Trr(M) . (2.5.10.1)

2.6 Moderate characters
Definition 2.6.1. Let ap € K. We denote by
M(ag, 0) (2.6.1.1)

the module defined by the constant operator dr — ag (cf. 2.2.2). We will call
moderate every solvable differential module (over Ry ) of the form M(ap,0).

Remark 2.6.2. By [Rob85, 5.4], M(ag,0) is solvable if and only if ag € Z,,.
Moreover the equation 97,10¢(f(T)) = ap has a solution f(T) € Ry if and
only if ap € Z, and in this case f(7') = 7. This shows that the group under
tensor product of moderate differential modules is isomorphic to Z,/Z.
Lemma 2.6.3. Let a(ag) := limsup,(|ag(ap — 1)(ap — 2) -+ (ap — s + 1)|§)
Then

Ray(M(ag,0),p) =p-Ro<p, forallp>0, (2.6.3.1)

with Ry := min(1,w - a(ag)™!).
Proof : A direct computation gives g(,(T) = as(ao)T~*, with as(ag) :=
ap(ap —1)---(ap —s+1) (cf.2.2.0.3). Then apply 2.3.1.00
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Lemma 2.6.4. Let ¢ : R — R be a Frobenius, then M(ag,0) has a Frobenius
structure if and only if ap € Zy).

Proof : By 2.5.4 we can suppose ¢ = ¢,. Suppose that M(ag,0) has a
Frobenius structure of order h. Since M(ag,0) is solvable (cf. 2.5.9), hence
ag € Zy. By definition 2.5.8, pl-ag — ag € Z, hence ag € Q. Conversely, let
ap = a/b € Zyy, b > 0. Let b =[], ¢ be the factorization of b in positive
prime numbers. For all ¢, € Z, r > 0, we define

q

[dlr :=q? (2.6.4.1)

r—times, (i.e. [g]1 = ¢ and [g],41 = ¢!¥7). We have pldr—1 = 1 (mod ¢").
Then if h = [[,([¢:], — 1) we have (p" — 1)ag € Z.0O

2.7 Notations on Witt Vectors and covectors

Let R be a ring. Notations concerning the ring W (R) of Witt vectors will
follow [Bou83a]|, except for the indexation “m” of the ring W, (R) of Witt
vector of finite length. We set W,,,(R) := W(R)/V™" " W (R) (see 2.7.3.5).
We denote by

On(Xo, ... Xn) = XU +pXP" 44X, (2.7.0.2)

the Witt polynomial. For all v := (v, v1,...) € W(R), we will call ¢;(1p,...,v;) €
R the j—th phantom component of v. We will write ¢;, or also ¢;(v), instead
of ¢j(r,...,vj). We recall that, by definition of W, for all v1,v9 € W(R)

we have

dj(v1+v2) = dj(v1) +¢i(v2) . @i(v1-va) = di(vi) - di(va)

Vectors in RN and in R™*! will be distinguished from Witt vectors by the no-
tation (¢, ¢1, . ..) instead of (¢g, ¢, ...). The vector (¢g, ¢1,...) € RY (resp.
(G0, ..., Pm) € R™TY) will be called the phantom vector of (vg,v1,...) €
W(R) (resp. (vo,...,Vm) € Wp(R)).
Lemma 2.7.1 ([Bou83a, Lemme 3 §1, N°2]). Let A — ¢(X) : W(R) 2 RN
be the phantom component map.

e Ifp € R is not a zero divisor, then ¢ is injective.

o Ifp € R s invertible then ¢ is bijective. J

Lemma 2.7.2 ([Bou83a, Lemme 2 §1, NY2|). Let 0 : R — R be a ring
morphism satisfying o(a) = af (mod pR), for all a € R. Then a vector
(b0, .., Pm) € R™L is the phantom vector of a Witt vector if and only if

¢; = o(¢pi—1) mod p'R, forall i=1,...,m .0 (2.7.2.1)
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Remark 2.7.3. All assertions concerning relations between Witt vectors or
properties of w—exponentials (see below) will be proved by translating these
relations or properties in terms of phantom components.

Let
P R — Ry

be a ring morphism. We denote again by
1 Wi (R1) — Wi, (R2)
the morphism obtained by functoriality. The phantom vector of

V(oo Vm) = (W(1o)y ..y (Vi) (2.7.3.1)

is (¥(d0), ..., 0(dm)). If Ry = Ry we will put also v¥ := ¢ (v).

2.7.1 Frobenius and Verschiebung

We denote by F : W(R) — W(R) and V: W(R) — W(R) the usual
Frobenius and Verschiebung morphisms. We have

V(Vo, Vi, .- ) = (0, vy, V1, - - ) . (2.7.3.2)

We recall that if (4o, ¢1,...) is the phantom vectors of v € W(R), then the
phantom vectors of F(v) and V(v) are

p(F(v)) = (f1,62,...) (2.7.3.3)
o(V(v)) = (0,p-do,p-¢1,...) (2.7.3.4)

We recall that F(v) = v? mod pW(R), and that FV(v) = p-v. We denote
by

F:Wpnii(R) > Wn(R) : V:Wpy(R)— Wpi(R) (2.7.35)

the reduction of the Frobenius and Verschiebung morphism on W,,,(R). We
have again FV(v) = p-v in W,,(R).

If R has characteristic p, then F(vo,v1,...) = (5, 17,...). Hence it is
possible to reduce the morphism F of W(R) to a morphism of W, (R) into
itself, by setting

F(vo,...,vm) = Wh,...,10) . (2.7.3.6)
We denote this morphism by

F: W,n(R) — Wh(R). (2.7.3.7)
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2.7.2 Completeness

Let R be a topological ring. Let us identify topologically W,,,(R) with
R™1 via the function (1, ..., Vm) = {10, -, Vm). Then the operations on
W,,,(R) are continuous, because defined by polynomials.

Lemma 2.7.4. If R has a basis Ur of neighborhood of 0 formed by ideals,
then R is complete if and only if W,,(R) is complete for all m > 0.

Proof : 1t is evident for m = 0. Let m > 1 and {vy, }, vy, := (Vnos - -, Vnom)
be a Cauchy sequence in W, (R). The sequence vy, is Cauchy in R and we

denote by vy := lim, 19 . The translate sequence vl =v, - (10,0,...,0)

is Cauchy, so we can suppose v} = 0. For every ideal I € Ug there exists ns

such that v}, — vl = (Somings - - Smmime) € Win(I), for all ny, ng > ny.

Let us write Sty ny = V1, = Y1y + P(Vgnys Yo.ny)- By [Bou83a, §1 n'3 a)

the polynomial S}, n, is isobaric without constant term. Since I/&n e I, for

1
1,n1

is Cauchy and converges to v1 € R.

n > n/y, sufficiently large and since I is an ideal, hence v

1
1,n

- Vllm € I, for
all ny,ng > nf. So the sequence v
Moreover the sequence v2 := v} — (0,11,0,...,0) is such that both l/g’n and
V%n go to 0. Now we can restart this process and conclude by induction.[]

Corollary 2.7.5. If (R, |.|) is an ultrametric valued ring, then R is complete
if and only if Wy, (R) is complete for all m > 0.

Proof : R := {r € R | |r| < 1} satisfies the hypothesis of 2.7.4. Following
the proof of 2.7.4, the sequence n + v, — vy, lies in W,,,(I) C W,,(R?),
forn >>0. 0

2.7.3 Length

Let R be a ring of characteristic p. If the vector v = (vg,...,vm) €
W,.(R) is such that vy = ... = 1,1 = 0 and v, # 0, then we define the
length of v as

v):=m—r, (2.7.5.1)

and £(0) := —oo. If R is not of characteristic p, then we will define ¢(v) as
the length of the image of v in W,,,(R/pR).

2.7.4 Covectors

We recall that the covectors module CW (R) is the additive group defined
by the following inductive limit ([Bou83a, §1 ex. 23 p.47]) :
CW(R) := lim(Wp,(R) % W1 (R) 5 ---) .

—

(2.7.5.2)
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2.7.5 Skew covectors

In the sequel we must work with a slightly different sequence. Let R be a
ring of characteristic p. Then VF = FV and VF (vp, ..., vm) = (0,14, ..., V).
We define CW(R) as the following inductive limit :

VF
)

CW (R) := lim(Wn(R) 5 Wit (R) 2 - (2.7.5.3)

If R is a perfect field of characteristic p, then CW(R) is isomorphic to
CW (R). This results from the following commutative diagram :

R~ W1 me) V.~ CW(R) (2.7.5.4)

N |

R—>W1 &W2(R)£>"'4>CW(R).

Remark 2.7.6. If R is a field in characteristic p, then

CW(R) = CW(R?) . (2.7.6.1)

while CW (RP) C CW(R).

2.8 Notations in Artin-Schreier theory

Let R be a field of characteristic p > 0 and let R%P /R be a fixed separable
closure of R.

Definition 2.8.1. We denote by Gp = Gal(R*P?/R). If R is a com-
plete discrete valuation field, we denote by Zgr the inertia and by Pg the
pro—p—Sylow of Zp.

We have (cf. [Ser62, Ch.X, §3])
HY(GR, Z/p™Z) —— Hom*"*(Gr, Z/p™7Z) . (2.8.1.1)

The situation is then expressed by the following commutative diagram :

Fo1
00— Z/p™ 7 — > W (R) — = W (R) — > Hom®™ (G, Z/p™2Z) —= 0
ll © l\/ © iv © l]
F-1
0 ——=Z/p" L ——> Wpni1(R) ——> W1 (R) —— Hom®*(Gg, Z/p™?Z) —— 0
(2.8.1.2)
where 2 : 1 +— p is the usual inclusion, and j is the composition with 2.

Let A € W,,,(R), the character a = d(\) sends the automorphism ~ in the
element a(y) := y(v) — v € Z/p™ 1 Z, where v € R*P is a solution of the
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equation F(v) —v = . Taking the inductive limit, we get the following exact
sequence :

0— Q,/Z, — CW(R) =5 CW(R) — Hom®" (G, Q,/Z,) — 0 ,
(2.8.1.3)
where the word “cont” means that all characters Gg — Q,/Z,, factorize on
a finite quotient of Gg. Indeed lim Hom(GRg,Z/p™Z) can be seen as the
subset of Hom(Gg, Q,/Z,) formed by the elements killed by a power of p.

Remark 2.8.2. If the vertical arrows V are replaced by VF in the diagram
2.8.1.2, then the morphisms 2 and j remain the same. Indeed

S(A) = 6(F(N)), (2.8.2.1)

because F(A) = A + (F — 1)(X), for all A € W,(R). Hence we have also

0 — Q,/Zy — CW(R) =1 CW(R) — Hom®"(Gg, Q,/Z,) — 0.
(2.8.2.2)

Remark 2.8.3. Let XA = (Mo, ..., Am) € Wi (R). The kernel of a := §(A) is
the subgroup of Gr whose corresponding extension field is

R({vo,...,vm}),

(i-e. the smallest field containing the set {vo, ..., v }), where v = (v, ..., vm) €
W, (R*P) is solution of F(r) —v = A. All cyclic extensions of R, whose de-
gree is a power of p, are of this form for a suitable m > 0.

Let x be a field of characteristic p > 0, and let R := x((t)). The Galois
group of an abelian extension of k((t)) is the product of its p—torsion part
(controlled by the Artin-Schreier theory) and its moderate part (controlled
by Kummer theory).

Definition 2.8.4. We put
P (k) := Hom®™(Pr , Q,/Z,) = Hom“™ (I , Q,/Zy). (2.8.4.1)

Remark 2.8.5. We will see that

~  CW(@ 's[t7"])
P(k) = F = OW(—a[tT]) (2.8.5.1)
On the other hand
CW(x)/(F —1)CW (k) = Homcont(GR/IR,Qp/Zp) , (2.8.5.2)

and describes the abelianized of a pro-p-Sylow of the quotient Gr/Zg.
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2.9 Notations in Lubin-Tate theory

For notations and results on Lubin-Tate theory we refer to [LT65|. In
this paper we will treat only Lubin-Tate groups over the field Q,. We recall
briefly only the facts used in this paper. Let

Wi=p-u€ply, uci,,

be a uniformizing element. We recall that §y is the family of formal power
series P(X) € Z,[[X]] satisfying
P(X)=wX (mod XQZP[[XH) , P(X)=X? (mod wZy[[X]]).
(2.9.0.3)

A series in §y will be called a Lubin-Tate series. For all P € §, there exists
an unique formal group law &p(X,Y) € Z,[[X, Y]] such that

P(&p(X, V) = 6p(P(X), P(Y)) (2.9.0.9
that is P(X) is an endomorphism of &p(X,Y).

Lemma 2.9.1. Let P,ﬁ € Sw. For all a € Z, there exists a unique formal
series [a] p 5(X) € Zyp[[X]] such that

1. [a]Pﬁ(X) =aX (mod X?Z,[[X]]),

2. |a]pp(&p(X,Y)) = &5([a] p 5(X), la] p 5(Y)).

In other words, [a], 5(X) is an homomorphism of group laws. We set
la]p(X) = [alpp(X) . O (2.9.1.1)

By the uniqueness, we have that P(X) = [w]p(X), and that the map
a [a]p(X):Z, — End(&p) is an injective morphism of rings which makes
&p(X,Y)aZy,—module. Since p(X,Y) = X+Y +(monomials of degree >
2), hence the bounded series & p(z, y) converges for |z|, |y| < 1, and |&p(z,y)|
max(|z|, ly|) < 1. For all complete extension fields L/Q,, the position z*y :=
& p(z,y) defines on py a new group law. We denote by &p(pz) this group.
The group &p(pr) becomes a Z,—module by setting az := [a]p(z), z € pr.

Let P®*) denote the series Po Po---o P, k—times. Following [LT65] let

Apm = Ker(P™) = Ker([w™]p) = {z € Cp | P () = 0 and |z| < 1}
(2.9.1.2)
the set of w" —torsion points of p(pc,), and

Ap = UmAp’m . (2.9.1.3)

We observe that Ap C leg, because zeros of convergent analytic functions
are algebraic (cf. [CR94, 5.4.7]). Since [1], 5(Apm) = Ap,,, hence the field
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Qp(Apsm) depends only on w. Since Gal((@glg /Qp) acts continuously on leg,
hence

V(lalp(x)) = [alp(v(2)) , (2.9.1.4)
for all v € Gal(@Zlg/@p), and all € &p(pc,). Then Qy(Ap,)/Qp is Galois.

Theorem 2.9.2 ([LT65, Th.2|). We have the following properties :

1. For all m > 0, we have the following isomorphisms of Z,—modules

1

Apim Zp)P" Ly | (2.9.2.1)
Ap = Q,/Z,. (2.9.2.2)

2. Let v € Gal(Q,(Ap)/Qp). There exists an unique unit u, € Z, such
that

v(z) = [uy]p(z), Vo e Ap.

3. The map y +— u is an isomorphism of Gal(Q,(Ap)/Qp) onto the group
Z]f. The same map gives an isomorphism

Gal(Qy(Ap)/Qp(Apm)) ——= 1+wW"Z,, ¥Ym>1.  (2.9.2.3)
4. Ifu € Z;, then

[ulp(2) = (u™!, Qp(Apm)/Qp)(2) (2.9.2.4)

for all x € Ap,y,, where (u™,Qu(Apm)/Qp) € Gal(Q,(Ap)/Qy) is the

norm residue symbol.

Remark 2.9.3. The simplest Lubin-Tate series is P(X) = wX +XP. If w = p,
then a non trivial zero mg of P is called a “n” of Dwork. If again w = p and

~

P(X)=(X+1)?—1, then &p = G,,, and all torsion points are of the form
€ —1, with €?" =1, 3 k > 0. This was the choice made by Matsuda [Mat95].

Theorem 2.9.4 ([Haz78, Prop. 8.3.22]). Let & and & be two Lubin-Tate
groups relative to the uniformizers w and w respectively. Then & is isomor-
phic to & (as formal groups over Zy) if and only if w =w. O

2.9.1 Tate module

Definition 2.9.5. The Tate module of &p is

T(6p) = im(Apy, 5 Apy_i) . (2.9.5.1)
m

—
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A generator
7 = (7p;)j>0

of the Tate module T(&p) is a family (7p;);j>0, 7j € Ap, such that

P(rpg) =0, mpo#0, and P(mpjt1) =7py .

for all j > 0. If no confusion is possible, we will write 7; instead of 7p ;.
The Newton polygon of P shows that P has exactly p—1 non trivial zeros
1

of value w = |p|»-1 , and inductively P(X) — m;_; has p zeros of valuation
1

w?’ . Hence ‘
Im| = WP V>0, (2.9.5.2)

and then the Galois extension Q,(Ap,) = Qp(my—1) is totally ramified. On
the other hand the field K (m,;,,—1) is not always totally ramified.

Definition 2.9.6. We set K, := K(m,,) (resp. K(Ap) := Upn>0Ky), and
denote by ky, (resp. ky) its residue field. Moreover, if w = p, we put

Koo := K(Ap) (2.9.6.1)

and ko := kp. For all algebraic extensions L/K, Lo will be the smallest
field containing L and K.

Example 2.9.7. If P(X) = (X + 1)? — 1, then &p = Gy, and A, =
m+1
{&n — 1] &0 = 1} is the set of p™™!—th root of 1 minus 1. A generator

~

of T(Gy,) is a family (§; — 1);j>0 satisfying f;’i =&, forall 0 <i<j.

Definition 2.9.8. Let P, P € Fy be two Lubin-Tate series. We will say that
r € Ap and y € Ap are equivalent if y = [1], 5(x) (cf. 2.9.1).

Remark 2.9.9. Since [1], 5(z) = x + (things divisible by #?), hence
jz = [1]pp()] < [a]. (2.9.9.1)

In particular, if w = p and if 7,, is fixed, then there exists a unique p™*!'—th
2
root of 1, say &, such that [(§, — 1) — 7| < w?™ (cf. 2.9.3).
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Chapitre 3

T™—EXPONENTIALS

3.1 Construction of Witt vectors

Let P(X) € Z,[[X]] be a series, with P(0) = 0, satisfying
P(X)=X? mod pZ,[[X]]. (3.1.0.1)

We consider the Frobenius op : Zp[[X]] — Zp[[X]] given by op(h(X)) :=
h(P(X)).

Lemma 3.1.1 (|[Bou83a, Ch.IX,§1,ex.14,a)|). There is a unique ring mor-
phism

—|: Z,|| X|| ———— W(Z,|| X 3.1.1.1
15 Zp[X) s W(Zy[[X]) 311
such that ¢j o [—] = O'Jé. In other words, for all h(X) € Z,[[X]], the Witt
vector [h(X)] is the unique one whose phantom vector is equal to
(MX), h(P(X)), h(P(P(X))), ...). (3.1.1.2)
Moreover [—] is also the unique ring morphism satisfying the relation
F(A(X)) = [h(P(X))]. (3.11.3)

Proof : By lemma 2.7.2, the ring morphism h(X) — (h(X), h(P(X)),...)
Zp[[X]] — (Zp[[X]])Y has its values in the image of the phantom component
map ¢ : W(Z,[[X]]) = (Z,[[X]])Y. Since, by 2.7.1, ¢ is injective, the lemma
is proved. [

Definition 3.1.2. Let B be a complete topologized Z,—ring, and let b € B
be a topologically nilpotent element. The specialization X +— b : Z,[[X]] — B
gets, by functoriality, a morphism W(Z,[[X]]) — W(B). For brevity, we
denote by [h(b)] the image of h(X) via the morphism

2,11X]] L wz,[[x]) X2t w(B). (3.1.2.1)

We will denote again by [h(b)] its image in W,,,(B).
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Remark 3.1.3. The phantom vector of [h(b)] is
(h(b), h(P(b)), h(P(P(b))), ...). (3.1.3.1)

In general there is no morphism Z,[b] — W(B) sending h(b) into [h(D)],
the notation [h(b)] is actually abusive, but more handy.

Lemma 3.1.4 (Key Lemma). Let (B, |.|) be a Z,—ring, complete with respect
to an absolute value |.|, extending the absolute value of Z,. Let h(X) =
Ym0 @i X' € Zy[[X]], and let [h(b)] = (Ao, A1,...) € W(B), with |b] < 1.
Then the following statements are equivalent :

1. ao| = [pl" ,

2. [ Xols- -y | Ar1] < 1, and [N | = 1.

Proof : Let X = (X\g, A1, . ..) = [h(b)]. We denote by B the residue field.
The condition (2) is equivalents to A, # 0, and \; = 0, for all i < r, or, if
k > 0 is given, it is equivalent to X?k # 0, and X?k = 0, for all 7 < r. This
last condition is equivalent to the condition (2) for the vector F¥(X). Now
the phantom vector of FF(X) is

(W(P® (b)), h(P*+D (b)), .. ) (3.1.4.1)

(cf. 2.9.1.2). Moreover |P(b)| < sup(|b?, |p||b]), hence, for all £ > 0, there
exists k > 0 such that |[P®)(b)| < ¢, for all i > k. If ¢ is small enough, then
|h(P@(b))] = |ag|, for all i > k. Let (vg,v1,...) := FF(X), then, since

pvy=hPO®) = +-+p "), (3.1.4.2)

we see, by induction, that |ag| = [p|" if and only if || = 1 and |v;| = |p|" 7,
forall j <r—1.00

Definition 3.1.5. We fix now a sequence @ := {w,};>¢ in leg satisfying
|owo| < 1, P(wp) =0 and P(wj11) = wj, for all j > 1.

Remark 3.1.6. The ring Z,[ww,,] is complete, for all m > 0. Indeed w,, is
algebraic and integral over Z,, hence Zy[w,,] is a free module over Z,,.

Remark 3.1.7. If P is a Lubin-Tate series, then o is a generator of the Tate
module T(&p), while if P(X) = X? mod XP™7Z,[[X]], then w; = 0 for all
Jj=0.

Observe that, for allm > 0, [wy,| € W (Zy[w,,]) is the unique Witt vector
whose phantom vector is (w,,, @m—1, ..., @0, 0,...). The uniqueness follows
from the injectivity of the phantom map ¢ : W(Zy[wn]) < (Zy[wm])N.

Proposition 3.1.8. For all Z,|wy,]—algebra B of characteristic 0, we have

[@;]W(B) C [w; 1 1]W(B), j=0,....m—1. (3.1.8.1)
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Moreover, for all A € W(B), and all j =0,...,m — 1, we have
o)) = [m5] 5 V(] N = [ma] VO, (3.182)

Hence F([w;j1]W(B)) C [w;]W(B) and V([w;]W(B)) C [@;+1]W(B).

If now wo # 0, then the kernel of the morphism X v+ [wwy]\ is the ideal
V™ HIW(B). The induced morphism W,,(B) — W (B) is a functorial iso-
morphism of W, (B) into the ideal [ww,,|W (B) (as W (B)—modules), which
commutes with V.: W, (B) — W, 11(B) and F : W,,11(B) — W,,,(B)

W B) 2 wB) (3.1.8.3)

i |

W,.(B) ——= [w] - W(B) .
Proof : Let h(X) := P(X)/X, then [w;]A = [P(wjt1)|A = [@j41 -
h(@j1)]A = [@wjt1] - [M(wwj41)]A. This shows the inclusion 3.1.8.1. All other
assertions are easily verified on the phantom components. []

Corollary 3.1.9. Let {¢o,...,¢m) € Zp[wm)™ . If there exists a formal
series h(X) =35 a; X" € Z,[[X]] satisfying

hwm—j) =¢;, forall0<j<m, (3.1.9.1)
then (¢o, . .., ¢m) is the phantom vector of [h(wp,)] = (vo,...,Vm) € W (Zy[wp]).
Moreover, |ag| = |p|", for some r >0, if and only if |vol, ..., |vr—1| <1 and
vyl =1.0

3.2 Artin-Hasse exponential and Robba exponen-
tials

Definition 3.2.1 (|[Bou83a, ex.58]). Let B be a Z,)—ring, and let

T TV
E(T) := exp(T + o + o +0) €1+ TZy[[T]] - (3.2.1.1)

For all XA := (Ao, A1,...) € W(B), the Artin-Hasse exponential relative to A
is

. TP TP
E\T) := HE()\j TP = exp(¢0T+¢1?+¢2p—2+'~) e 1+TB[[T]],
j=0
(3.2.1.2)
where (¢g, ¢1,...) is the phantom vector of A.
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Remark 3.2.2. The Artin-Hasse exponential is then a group morphism
E(-,T): W(B) — 1+ TBI[[T]], (3.2.2.1)
functorial on the Z,)—ring B.

Proposition 3.2.3. Let [wy,] € W(Zy[wy,]) be as in 3.1.5. The exponential

m

TP TP
En(T) := E([owy], T) = exp(wn,T + wm_1? +-+ wop—m) (3.2.3.1)

converges exactly in the disk |T| < 1, for all m >0, if and only if P(X) is
a Lubin-Tate series, and ©o = (wj)j>0 is a generator of the Tate module

T(Gp).

Proof : Assume that the radius of convergence of E([cw,],T) is equal to
1, for all m > 0. Then, for m = 0, the radius of convergence of exp(woT) is
1, hence |wy| = w. The Newton polygon of P(X) implies that P(X) = wX
mod XZ,[[X]], with |w| = |p|, hence P(X) is a Lubin-Tate series. Conver-
sely, assume that P(X) is a Lubin-Tate series, and that o := (w;);>0 is a
generator of T(&p). Consider the differential operator

L:=0r+w,T '+, TP+ 4wl P . (3.2.3.2)

Then E,,(T~!) is the Taylor solution at 4+oc of L. Since |wp| = w, by lemma
2.4.3, we have Ray(L, p) = p?"+1, for all p < 1. In particular, the irregularity
of L is p™. Then E,,(T~1) is not convergent for |T'| < 1, because otherwise,
by transfer at oo, E,,,(T~!) € R, and L will be trivial. O

Theorem 3.2.4. Let P(X) =wX+--- be a Lubin-Tate series, and let oo :=
(w;)j>0 be a generator of T(®). Then the formal series Ep(T?)/Ep(T) ts
over-convergent (i.e. convergent for |T| < 1+ ¢, for some ¢ > 0) if and only
if

[w —p| < [p|™ .
In particular, E,,(T?P)/En(T) is over-convergent for all m > 0 if and only if
B p is isomorphic to the formal multiplicative group @m (cf. theorem 2.9.4).

Proof : This theorem will follow easily from the theory of w—exponentials
(cf. the proof of 3.6.1 infra), and is placed here for expository reasons.[]

3.3 m—exponentials

We preserve the notations of section 3.1. In this section we fix an unifor-
mizing element w of Z,, a Q,—Lubin-Tate series P € Z,[[X]], P € §w, and
a generator 7 = (m;);>0 of the Tate module. We fix three natural numbers
n,m,d such that

d=n-p"™ >0, and (n,p) = 1. (3.3.0.1)
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Definition 3.3.1. Let B be a Z,[m,]|—algebra. Let A = (Ao,..., \p) €
W,.(B), and let {¢y, ..., dn) € B™H! be its phantom vector. We set

T
ed()‘a T) = E([ﬂ-m])‘a Tn) = eXp(ﬂ-m(bOTn + 7I-mfl(ﬁl? + -

np

Td
-t 770¢m7) .
p

1

(3.3.1.1)

We will call e4(A,T) € 1+ 7, TBJ[[T]] the w—exponential attached to A.

Proposition 3.3.2. The map A — eq(X,T) defines a group morphism

W (B) — 1+ mnTB[[T]] .

Moreover, for all A,v € W ,(B), we have

edAT) = [[ Em—y 05T,
=0

En(T) = em((1,0,. ..,

ed(N,T?) = epa(V(A),T)

O)’T) ) ed(A’T>

) ed()‘+VaT)

(3.3.2.1)

(3.3.2.2)

Gpm (Aan) )
ed(AaT) ’ ed(VaT) :

Furthermore, if B = Op is the ring of integers of some finite extension L/ K,
and if, for some r > 1, there exists a Frobenius o on Oy, lifting the p"—th
power map x — P of kr,, and satisfying o(mj) =7, V0 <5 <m, then we

have

eg(AvT) = ed(a()‘)’T) y

where o(Xo, ..., Am) = (0(Xo), .., 0(Am)) (cf. 2.7) and, for all f(T) =
> aiTt, we set fO(T)=> o(a;)T" (cf. 2.5.2.1).

(3.3.2.3)

Proof : All the assertions are easily verified on the phantom components.

O

3.4 Study of the differential module attached to a

w—exponential

We preserve the notations of section 3.3. As usual d = np™ > 0, with
(n,p) = 1. In this subsection H/K is an algebraic extension (not necessary

complete) and

H,, = H(mm) .

(3.4.0.4)

Remark 3.4.1. The Witt vectors we are considering have a finite number of
entries. Hence the exponential e4(A,T") has its coefficients in a finite (hence
complete) extension of K. This will solve all problems concerning the conver-

gence.
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Definition 3.4.2. Let A = (Ao, ..., A\p) € W, (Op), and let (P, . . ., dm) €
(’)EH be its phantom vector. We define

La(\) = 0r = Oriog(ea N, T7Y)) = 0p+n- (3 wonj -y T7) . (3.4.2.1)
j=0

We denote by My(A) the differential module over Ry, defined by Lg(A).
Lemma 3.4.3. Ly(\) is solvable at p = 1, and hence Mg(A) € Pic®®(Ry. ).

Proof : The Taylor solution at +o00 of Lg(A) is eg(A, T71) € 147, 7' Og, [[T]],
which has bounded coefficients and converges then for |T'| > 1. By transfer
(cf. 2.3.2), Ray(Lg(X),p) = p, for all p > 1. By continuity of the radius,
Ray(Lg(X),1) =1.0

Proposition 3.4.4. The map X — eq(\, T~1) defines a group morphism
W, (Oy) — 1+ 7, T 10y, [[T7] . (3.4.4.1)

More precisely, for all \,v € W,,(Og), we have :

PE(Ma(N) = Mpa(VIA) , MgA+v) = Mg(A) @ Ma(v),
(3.4.4.2)
where @, (f(T)) = f(TP) (cf. 2.5.4.1). Moreover, if there exists an absolute
Frobenius o on Hy, (cf. 2.5.1) such that w7 = mj, for all 0 < j < m, then
we have

polea X T)) = ealps(N),TP) ,  ¢5(Ma(N) = Mua(V(e(N),
where oo (f(T')) = fO(TP), (cf. 2.5.2.3), and g(Xo, - .., Am) = (6(X0), .., 0 (Am)).

Proof : The first part is a direct consequence of 3.3.2. The last assertion
is a consequence of 3.5.4 and is placed here for expository reasons. Observe
that, in the sequel, we do not suppose the existence of o on H. Indeed, our
“Frobenius structure theorem” does not need the existence of ¢ (cf. 3.6.3). O

Remark 3.4.5. In particular Md defines a morphism of groups
Mg : W, (On) — Pic™® (R, ) . (3.4.5.1)

Theorem 3.4.6. Let A := (Ao, ..., \m) € W, (Opn) be a Witt vector, and
let (¢o,...,Pm) € Og“ be its phantom vector. The following assertions are
equivalent :

1. Mg(X) is trivial (i.e. isomorphic to Ry, ) ;

2. The exponential eq(X,T) is over-convergent (i.e. convergent in some
disk |T| <14¢, withe >0);

3 Mol [Am| < 1.
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Moreover, if |Xo|, ..., | \v—1| < 1 and |\.| =1, r < m, then we have (cf.
2.7.3)
Irr(Mg(A) = n - p"™ = d/p" . (3.4.6.1)
Proof : The equivalence (1) < (2) is evident. By 3.3.2.2 and by 3.2.3,
the condition (3) implies that eg(A, 1) € Ry, , then Mg(A) is trivial. The
converse follows from the last assertion. Let then |[Xgl,...,[\.—1] < 1, and
IAr| = 1, 7 < m. Clearly |¢,,(A)| = 1 if and only if |[Ng| = 1 (cf. 2.7.0.2).
Then, if 7 = 0, we can apply 2.4.3, and hence Irr(M) = Irrp(M) = d. Let now
0 < r < m,then E,,—;(\;T77") belongs to Ry, ,forall j=0,...,7—1. Then
we change basis by the function f(T) := H;;é Epj(MT Pt e Ry - By
the rules of 3.3.2, the new solution is
F(T) - ea(NT) =eq((0,...,0, Ao, Am), T) = egypr (Ao, Am), TP).
(3.4.6.2)

In other words, we have 1\~/[d(/\0, co Am) = go;j(l\~/[d/pw (Ary ooy Am)) (cf. 2.5.2.1
and 3.4.4.2). By 2.5.10, the theorem is proved by induction, since |A,| = 1.00

Remark 3.4.7. In particular, 1\~/[d passes to the quotient W, (krr), and induces
an injective additive map called My :

W (On) —2> Pic*(Ry, ) (3.4.7.1)

7

~

Corollary 3.4.8. Consider the morphism of groups

Zo[[X]] 5 Wi (Zy[rm]) © Wi (O ) M Pic® Ry, ). (3.4.8.1)

Let h(X) == ;50 a; X" € Z,[[X]] be such that |ag| = |p|" (vp(ao) =r). Then
My([h(7m)]) has irreqularity d/p", and is trivial if and only if ¥ > m + 1.

In particular, the kernel of the composite map is the ideal p™17Z,[[X]] +
XZp[[X]].

Proof : Combine 3.1.9 and 3.4.6.01

3.5 Dependence on the Lubin-Tate group and on 7

We preserve the notations of sections 3.3 and 3.4. As usual
d=np™ >0, (n,p)=1. (3.5.0.2)

Theorem 3.5.1 (Dependence on the choice of 7). Let m = () >0, ® =
(75)j>0 be two generators of T(&p). Denote by My(—), E}(T) and ej(—,T)
the constructions attached to w'. Then Mg(1,0,...,0) and M/(1,0,...,0)
are isomorphic over Ry, if and only if m, = m,,. Moreover, in this case,
Mg(X) and M/(X) are isomorphic over Ry, , for all X € W, (kgr).
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Proof : The solution at oo of Ry, is eq((1,0,...,0),T~Y) = E,(T~").
We shall show that E,,,(T~")/E/ (T™") € R*, that is E (T-YHY/E,(T™Y) €
R*, if and only if m,, = 7],. We have

T
En Bl (T7Y) = ( (1- -). 3.5.1.1
Y — exp Zwm a- T 35.11)
There exists v € Gal(Q,(A)/Qp) such that 7} = (), for all j > 0 and, by
the Lubin-Tate theorem 2.9.2, v(7;) = [uy]p(7;), uy € Z*. We set *

hy(X) :=1—[u,]p(X)/X, (3.5.1.2)
in order to have
En(TY/EL (T = eq([hy(mn)], T7H). (3.5.1.3)

Indeed, by construction (cf. corollary 3.1.9 and definition 3.3.1.1), we have
¢j([hy(mm)]) = 1=, _;/7m—j. Since hy(0) = 1—wu,, hence, by the reduction
theorem 3.4.6 and lemma 3.4.8, the series E,,(T~!)/E! (T~1) lies in R* if
and only if |1 —u.| < |p|™*, i.e. u, € 14+p™T1Z,. Then, again by the recipro-
city law 2.9.2, the automorphism = is the identity on Qp(Apm+1) = Qp(mm).
Hence m,, = m},.0]

We recall that two Lubin-Tate groups are isomorphic (as formal groups
over Zj) if and only if they are relative to the same uniformizer w (cf. theorem
2.9.4).

Theorem 3.5.2 (Independence on the Lubin-Tate group). Let PP €3y
be two Lubin-Tate series, let ® = (mj)j>0 and ™ = (75 ;)j>0 be a genera-
tor of T(&p) and T(& ) respectively. Let us denote by M&P)(—), g (1),

Elp)(_v

constructions attached to . If m = [1] 5 5(7pm), then Mg(X) = M&P)()\)
over Ru,,, for all X € W, (kg).

Proof : Let X € Wy, (kp), and let A € W,,(Op) be a lifting of A. We
shall show that ed(j\, T)/eﬁlp)(jx, T) belongs to Ry. By equation 3.3.2.2, we

reduce us to show that Em_j(Tfl)/Er(f_)j(Tfl) € Ry, forall 0 < j < m.
Since 75, = [1]P,13(7Tp7m), then 75, = [1]P7]5(7Tp,j), for all 0 < j < m. We

T) the constructions attached to 7, and denote in the usual way the

have

B (T~ /ED) § j (1 7713”"‘J')T_pj) (3.5.2.1)
= exp s — — ). 5.2
. ] TPm—j 2

'Note that the symbol [~]p was defined in 2.9.1 and is different from [~] defined at
3.1.2.
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Let us set, as usual,
hpf,(X) =1-[1],3X)/X, (3.5.2.2)
in order to have (cf. 3.1.9 and definition 3.3.1.1)
En(T™)/EP(TY) = eq([hp ()], T7Y) . (3.5.2.3)

Since [1], 5(X) = X mod X?Z,[[X]], hence hy, 5(X) € X - Zy[[X]], and,
by the reduction theorem 3.4.6 and lemma 3.4.8, this exponential lies in

R, - By the way, its inverse lies also in Ry, , then Mg(X) = M((ip) (X), over

Ru,, .U

m

Remark 3.5.3. If w = p, and if P is given, then, by 2.9.8 and 2.9.9, the
isomorphism class of M4(A) is determined by the choice of a sequence {&}i>0

of pI™1 —th roots of 1 such that & = &,,_;.

Corollary 3.5.4. Let v : H(Ap) — H(Ap) be a continue endo-morphism
of fields. Then v(Ep(T™Y))/En(T™1) € Ry, if and only if v is the identity
on Qp(my,), and in this case, for all X € Wm(OH(AP)); we have

ey (A T) = ea(y(A), T) (3.5.4.1)
where, for all f(T) =" a;T%, we set fY(T) = ~v(a;)T".

Proof : The proof follows the same line of the proof of 3.5.1.1]

3.6 Frobenius structure for w—exponentials

Theorem 3.6.1. Let r > 0 and let A € Wy, (kp). Let X € Wi, (Op) be
a lifting of X, and let AF) ¢ W,.(Og) be an arbitrary lifting of F(X) €
W, (k). The following statements are equivalent :

1. The power series )
eq( A TP)

T (3.6.1.1)

is over-convergent, for all choices of X\, A and AE) ;

2. The modules Mg(X) and Mpq(VE(X)) are isomorphic over Rpy,,, for
all X € W, (kn) ;

3. The power series Ey,(TP)/E,,(T) is over-convergent.
4. We have the inequality |w — p| < [p|™*2.
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Proof : (1) < (2) and (1) = (3) are evident. Let us show (3) < (4).
Write

+1
En(T?)/En(T) = exp( Zwm —j /p]‘ Zﬂm —j j >
ex m+1 Tm—j (g
= exp(—pmm1T) - exp(; Tm41—j (P — —— pfj)
where m_; := P(m) = 0. Let
hivon(X) i= p — P(X)/X | (3.6.12)

in order to have (cf. 3.1.9 and definition 3.3.1.1)

En(T?)/En(T) = exp(=pmm1T) - epm+1 ([Arrob (Tms1)], 7). (3.6.1.3)

Since the function exp(—pm,+17T) is over-convergent, hence E,,(T?)/E,,(T)
is over-convergent if and only if e,m+1([hrrob(Tm+1)],T) is. The constant
term of hpyob(X) is p — w. Hence, as usual, by the reduction theorem 3.4.6
and lemma 3.1.9, E,,(T?)/E,,(T') is over-convergent if and only if |p — w| <
|p|™+2. Let us now show (3) = (1). Since (3) and (4) are equivalent, we
see that E;(TP)/E;(T) is over-convergent, for all j = 0,...,m. Let A =
(Aoy -+ Am) and A= (/\(()F),...,)\,(S)). We can suppose )\g-F) = >‘§> V=
0,...,m. Indeed, the Witt vector n := AF) — (ABsoo s M) = (M0s -+ 1im) €
W, (Op) satisfies |n;| <1,V j=0,...,m. Hence

ca AT TP) = eg(n, TP) - eq((AD, ..., \P), TP) , (3.6.1.4)

and the function ey4(n, T?) is over-convergent by the reduction theorem 3.4.6.
Now, by the equation 3.3.2.2, we have

cal(M, -, M) T7) _ 7 By O5T"7)
a1 Em—j(\T™)

(3.6.1.5)
§=0

Since Ep,—j(T?)/Ey—;(T) is over-convergent, for all j = 0,...,m, then all
factors Ey,—;(A] T ) By (A;T™) are over-convergent. [J

Remark 3.6.2. In this theorem we do not need the existence of an absolute
Frobenius on H. This is due to the fact that the isomorphism class of M4(\)

depends only on the reduction A € W,.(kr), and kg is endowed naturally
with the Frobenius given by the p—th power map.

Remark 3.6.3. We will generalize this theorem for all rank one differential
equations (cf. theorem 5.2.2). Let us show how to recover, from 3.6.1, the
Frobenius structure theorem in the usual sense. Let A € W,,,(Op) be a lift
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of A € W,,(kp). Suppose that w = p, in order to have the theorem 3.6.1.
Suppose that o : Ho, — Hy is an absolute Frobenius (cf. 2.5.1) such that

n7 = mj, for all j > 0, and such that o(H) C H. By corollary 3.5.4, we have

©o(ea( A, T)) = eg(A7, TP), and hence ¢*(Mg(A)) = Mya(V(A?)). By 3.4.6,
the isomorphism class of 1\~/Ipd(V(/\J)) depends only on the reduction V(A7) =
VE(X) € W, 11(kpg.,), then Mpd(V(A”)) is isomorphic to M,q(VF(X)) over
R, . Then theorem 3.6.1 gives us the usual Frobenius structure. Indeed,

#a(Ma(A) Cor;.5.4 Mpa(VA7)) Th;.4.6 Mpa(VE(X)) Th.;.6.1 Ma(A) -
Remark 3.6.4. Let ¢ be the p—th ramification map (cf. 2.5.4.1), and let \ €
Opn. We observe that we can not have an isomorphism My (X) = (M (X)),
for all A. For example, suppose that A is such that A" # X in kg, for all
r >0 (ie. A ¢ F&%). Then exp(moATP)/ exp(moAT) is not over-convergent.
Indeed, for all lifting AF") € Oy of A" we have [AF") — \| = 1, then

exp(moATP)  er(A\,TP) 61()\(FT),TP)

- - . _\FT) TP
exp(morT)  er(\T) (0 T) el(A = AT T

and while e (AF") TP) /e; (X, T) is over-convergent, the function e; (A—AF"), TP)
is not over-convergent, since the reduction of A — X is not 0 in kg (cf.
3.4.6).
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Chapitre 4

A NATURAL TRANSFORMATION
OF THE ARTIN-SCHREIER
COMPLEX INTO THE KUMMER
COMPLEX, VIA DWORK’S
SPLITTING FUNCTIONS.

Hypothesis 4.0.5. From now on, until the end of the paper, we will suppose
w = p in order to have the theorem 3.6.1. Then &p = @m, the formal
multiplicative group (cf. 2.9.4). We fix moreover a generator 7 = (7;);>0 of
the Tate module T(&p).

4.1 The deformation from Artin-Schreier to Kum-
mer

In this section L will be a complete valued field, containing (Q,, |-|), and
endowed with an absolute Frobenius ¢ : O, — Oy, (i.e. a lifting the x — aP
of kL)

We set as usual Ly, := L(my,) and Lo := Uy Ly,. We denote by ky, (resp.
ko) the residue field of L,, (resp. Lso). We fix an algebraic closure L of
L, then kilg := kg is an algebraic closure of k. Let k7" (resp. kn", ki)
be the separable closure of kr, (resp. ki, koo) in kilg (we recall that ky, is
not supposed perfect). We denote by Lunr (resp. E;‘rf”) the completion of the
maximal unramified extension of L (resp. L) in L*%. We set

G, = Gal(kyP/kr), Gy, := Gal(kSP /ky,) (4.1.0.1)
Gr :=Gal(L¥8/L), GCp, := Gal(L¥/L,,). (4.1.0.2)
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Remark 4.1.1. Let kY = Kk Nk, be the separable closure of kr in ky,
and let Lo := W(k}) ®@w,) L = L' N L,,. The extension ke /KY is pu-
rely inseparable (i.e. for all x € ky, there exists 7 > 0 such that 2P €

k%), then Gal(k,,/k?) = 1, and we have a canonical identification Gy,, =
Gal(km" /km) — Gal(k7"/k?). Hence Gy, is naturally contained in Gy, :

L, C Luwr ke C KSP
Ul Ul Ul Ul (4.1.1.1)
L C [0 C puw kL C K C EP.

All these extensions are Galois. We will identify Gy, with GaAl(E“mnr /L),
and Gy, with Gal(L""/L). In this way Gy, acts naturally on L"".

Remark 4.1.2. The Frobenius ¢ extends uniquely to all unramified extensions
of L, and hence it commutes with the action of G, . One can shows that
the Frobenius ¢ extends (not uniquely) to an absolute Frobenius ¢, of L,.
But in general the is no absolute Frobenius on L,, satisfying ¢, (7)) = Tm.
For this reason we do not suppose the existence of a Frobenius on Oy, . We
need the existence of ¢ because the functor of Witt vectors of finite length
W,,(—) is not endowed canonically with an additive functorial Frobenius
morphism (see remark 4.1.12 to improve this situation).

Definition 4.1.3. For XA := (Ao, ..., \n) € W, (OL), we set

ed(@()‘)va)

T (4.1.3.1)

95‘0)()\, T):=

To simplify the notations, we will write 84(X,T) if no confusion is possible.

Example 4.1.4. Let d = 1 and P(X) = pX + XP (cf. 2.9.3). Then 7y is the
“m of Dwork”, and 6;(1,T) = exp(mo(TP —T')) is the usual Dwork’s splitting
function. While in general, if A € Or, we have 01(\,T) = exp(mo(p(N\)TP —
AT)).

The following theorem show that the over-convergent function A +—
O(X, 1) is a splitting function in a generalized sense with respect to Dwork
(cf. [Dwo82, §4, a),p.55]). In a paper in preparation we shall see in detail
this kind of functions.

Definition 4.1.5. We set OY~' := {\ € O | ¢(\) = A} and OF~" =

0= /(0= NpL). We see that OF~" =T,

Theorem 4.1.6. Let a? = a € Op, and let A € W,,(OF~"). Then 9((;'0)()\, a)
is a p" 1 —th root of 1. Moreover the group morphism

0 (=, 0) : W (OF™Y) — pymin C Zyfmn]
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factorizes on Wm(szl) = W,,(F,) = Z/p™'Z and defines an isomor-
phism

0 (—a) : Z/p™ L s . (4.1.6.1)
More precisely the image of 1 € Z/p™ 17 is the inverse of the unique pri-
mitive p™ 1 —th root of 1, say &, satisfying

la" T — (§m — 1)| < |a" 7. (4.1.6.2)

In particular, if a = 1, then &, is the p™ ' —th root of 1 defined in remark
2.9.9.

m—+41

Proof : Let A= (Ao, - - -, Am) € W, (OF~1). Let us show that 64(X, a)?
1. Indeed T+ eg(X, T)P""" is over-convergent (cf. 4.1.7), then

m—+1 m—+1 m+1

0N, )" = ea(p(N), )" Jea(A a)P" T =1, (4.1.6.3)

since both numerator and denominator do make sense and are equal. If
IAj| < 1, for all j = 0,...,m, then T +— e4(X,T) is over-convergent (cf.
reduction theorem 3.4.6), hence both numerator and denominator of the ex-
pression eg(A, a?)/eq(A, a) do make sense and are equals. Let us show the
last assertion. By the equation 3.6.1.3, we have

04((1,0...,0),T) = E,(T")/E,(T") (4.1.6.4)
= exp(—pmp1T") - epd([hFrob(Trm-H)]a T).

By 3.3.2.1 this series lies in 147,417 Zp[mp+1][[T]]. To show that this root is
&1 it is sufficient to show that [04((1,0,...,0),a) "t —&,| < |mm| = |&n —1].
We work then modulo the following sub group

Co={14+> T | ¢ € Zplmmi1] , |ei] < |mml| , for all i > 1}.

We have exp(—pmm17™) = 1 mod C. Let us consider (cf. the setting
3.6.1.2)

[AFrob(Tm+1)] = [p — P(Tmt1)/Tm+1] = (v0, - - - Vmi1)- (4.1.6.5)

Then vy = p — (T /Tm+1) and, since p = w, by lemma 3.1.9, we have
|vj| < |mm41], for all j =0,...,m+ 1. By the equation 3.3.2.2 we have

m—+1 ]
epd([hFrob(ﬂ—m-&-l)]?T) - H Em—l—l—j(Vanpj) : (4166)
=0

Moreover, we know that (cf. equation 3.3.2.1)

Epy1-j(r;T™) = 1 4 (things of valuation < |mmy1_j-v4]), (4.1.6.7)
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forall  =0,...,m+ 1. Then
04((1,0,...,0), ) = Epy1(oT™) ™' mod C. (4.1.6.8)

Since |} = |m,|P~1, hence, by 3.3.2.1, only the first p—1 terms of Ep,+1(vpT™) !

are bigger than or equal to ||, that is

(T 1T )P
(p—1)!

Since Tmy10 = P - Tmi1l — Tm, hence 04((1,0,...,0),7)"' = 1 + 7, T"

mod C.[J

Remark 4.1.7. Observe that T — eg(A, T = eq(p™ A, T) is over-
convergent for all A\ € W,,,(Op), because the reduction of p X\ in W, (k)
is 0 (cf. theor.3.4.6).

Remark 4.1.8. Recall that there is no Frobenius on L, (cf. Remark 4.1.2).

Epi(voT™) ' = 1+ 7w 0T+ + mod C. (4.1.6.9)

Theorem 4.1.9. The following diagram is well-defined, commutative and
functorial, on the complete (or algebraic) unramified extensions of L

pm+1
et

1 Hopmaa (Lm) (Lm)X ﬂ)Hl(GLWHpmH) —1
7 A
. T Tgpm (=1 Tepm(,l)perl
! Wm(oi:1)c—> Wm(OL) i) Wm(OL) iéi:epm(—»l)pmjrl

| ]
0—— Z/pm-i-lZ - Wm(kL) ?Wm(k’L) 4‘5> Hl(GkL, Z/perlZ) — =0
(4.1.9.1)

where G, = Gal(La/L,,). More explicitly Opm (=, 1) induces the identifi-
cation

L& s Z/p™ s pymy (cf 4.1.6) (4.1.9.2)

where &, is the unique p™t1—th root of 1 satisfying |(&m — 1) — mm| <
[T (cf. 2.9.9). Moreover € sends H' (G, , Z/p™ 1 Z) in HY(Gy,,, prym+1) C
HY(GL,,, ttym+1) via the canonical diagram

Gr, <G, . (4.1.9.3)

ai e(a)
Y

7, pmtly = o ymeia
A =g

In other words the Artin-Schreier character v — a(v) : Gy, — Z/p™ 7 is

sent by € into the Kummer character v — e(a)(y) = 5;@‘}(7)

In particular €(a) = 1 if and only if Gi,, C Ker(a).

: ka — Mpm+1.
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Proof : Let L' /L be an unramified extension, and let X' = (\{,...,\,,) €
W,,,(Op/). If L'/ L is not complete, but algebraic, then the series 6,m (X', T),
and epm(A’,T)pmH, are convergent at I’ = 1, since the finite extension
L({\.}i)/L is complete. By 4.1.6, to show the commutativity it is enough to
prove that € is well-defined. Let A € W,,(Op) be such that §(A) = 0 (cf.
diagram 2.8.1.2). By definition, there exist z,n € W,,(Op), such that n =
(Mo - -y Mm), with |n;| <1, for all j =0,...,m, and that A = ¢(2) —z +n.
Hence

m—+1 m—+1 m—+41

epm (A, )P = 0m (2,177 - epm(m, 1)P (4.1.9.4)

Then epm (A, 1)P"" € (0, )" In other words, even if the symbol epm (A, 1)
has no meaning, the number e,m (X, 1)1’m+1 is the p™*1 —th power of the num-
ber Oym (z,1) - epm (), 1) of Ly,. Hence dxum(epm (A, 1)P7) = 1.

Let us show that the map e works as indicated in the diagram 4.1.9.3.
Let a = 6(A), and let A € W,,,(O1) be an arbitrary lifting of A € W,,,(kz).
By lemma 4.1.10, an easy induction on m shows that there exists v €
W, (O uar) such that

pov)—rv=2A. (4.1.9.5)

By definition (cf. 2.8.1.2), for all y; € Gy, , we have a(y1) = (V) — U €
Z/p™ 1 Z. On the other hand, by definition, é(a) is the Kummer character
of Gr,, defined by e,m (A, 1)P""" and is given by &(a)(7) = y(y)/y, for all
v € Gr,, , where y is an arbitrary root of the equation Y?""" = epm (A, 1)
We let y := 0,m (v, 1). Then

e(a)(v) =vW)/y = 1 (Opm (v, 1)) /Opm (v, 1) = Oy (v (V) = v, 1) € pyme,
(4.1.9.6)
because () = T, since vy € Gr,,,. Now y(v) —v € szl, because y(v) is
again a solution of the equation 4.1.9.5. By 4.1.6, the root 0,m(v(v) — v, 1)

depends only on the reduction of v(v) — v in k7", and is equal to &;Lah). O

Lemma 4.1.10. Let L be discrete valued, and let LT e the completion of
the unramified extension of L. Then for all X € O, the equation

ov)—rv=2A (4.1.10.1)
has a solution in L.

Proof : The equation 9P —v = X has a solution in k7", hence |(p(v) —v)—
Al < 1, for all lift v of ©. Since L is discrete valuated, the lemma follows from
an induction on the value of the “error” 7, in the equation ¢(v) —v = A\+n.0

Theorem 4.1.11. Let L be discrete valued. Let o = 6(A) be the Artin-
Schreier character defined by X € W, (kL) (cf. 2.8.1.2). Let ko [k, be the
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separable extension of kr, defined by the kernel of o, and let L, /L be the
corresponding unramified extension. Then

La(m) = Lig(6ym (v, 1)) | (4.1.11.1)

where X is an arbitrary lifting of XA in W,,(Or), and v € W, (Ofunr) 15 @
solution of the equation p(v) — v = A. In other words, up to change L with
L,,, the extension L is generate by O,m (v, 1).

Proof : Since both L (mp,) and Ly, (0, (v, 1)) contain LY (cf. 4.1.1), and
since ¢ extends uniquely to L°, hence we can suppose L = L. In this case €
is injective, Ly, /L is totally ramified, and G, can be identified to Gy,,. Let
us show the inclusion Ly, (0pm (v,1)) C Lo(mm). If Gy, = Gal(k}? /ks) =
Ker(a), then the inclusion follows from the fact that 6,m (v, 1) is fixed by
G, (CGp = Gal(L™ /L,y,)). Indeed, for all v € Gal(L"™ /L,,), we have, as
in the proof of 4.1.9,

Y (Opn (1, 1)) = Opn (Y(V) — 1, 1) - Opm (1, 1) = £, - Oy (v, 1), (4.1.11.2)

and if v € Gyg,, we have a(y) = 0. Then L;,(0ym(v,1)) C Lo(mm). In
particular,

(Lo (0 (2, 1)) Ln] < [La(7tm) : L) = [k * k) | (4.1.11.3)

where ko, is the smallest field in kp," containing k,, and k, (i.e. the sub-field

(i
of kP fixed by Gg, acting on kp,"). The inclusion L () C Ly, (6pm (v, 1))
follows from the equality [Ly,(0pm (v, 1)) : L] = [kam : km]. Indeed, since
Ly = L, then the map € is injective. Hence [Ly, (6ym (u, 1)) : L] = [ka : kL],
because these two degrees are equal to the cardinality of the cyclic Galois
groups generated by €(a) and « respectively. On the other hand, since kj, =
k:(L], we have [kq @ kr] = [kam : km].O

Remark 4.1.12. The hypothesis of discreteness of L, in theorem 4.1.11, and
the hypothesis of existence of ¢ can be suppress as follows. Let F), : W,,, —
W,, be the map (Ao, ..., Am) — (A, ..., A0.). Replace ¢ by F), and define
OéF”)()\,T) = eq(Fp(X), TP)/eq(N,T). Then F, is defined for all extensions
of L, and commutes with the Galois action. It is easy to recover theorems ana-
logous of 4.1.6, 4.1.9, and 4.1.11. In particular the analogous of the diagram
4.1.9.1 is defined and functorial, on all complete (or algebraic) extensions of
L. Observe that the map A — QEZFI’ )()\, T') is not a group morphism, but in-
duces again the group morphism 1+ ¢ Z/p™ 17 & Mymir (cf. 4.1.6.1),
which is the reduction of set W, (OFP_I) ={A € W,,,(Or) | Fp(A) = A},
formed by Witt vectors whose entries are p — 1 roots of 1.
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4.2 Application to the field 5;(

Remark 4.2.1. These methods apply to obtain a description of the Kummer
extensions of Ex (resp. 5;[() coming by henselianity from an Artin-Schreier
extension of k((t)) (see below). This description is really entirely explicit,
since the Kummer generator 6,= (v, 1) is explicitly and directly given by the
vector A (and not on v). Indeed, we will give meaning to the expression
Opm(v,1) = epm (A, 1), and we do not need to find a solution of the equation
o(v) —v = X (cf. definition 5.1.1, and Theorem 6.6.8-(3)).

The theory can be applied to the field L = &, under the following
assumptions on K :

(1) K is discrete valued (used in 4.1.10).
(2) There exists an absolute Frobenius o : K — K (4.2.1.1)
(i.e. a lifting of the p — th power map of k).

Fixing an absolute Frobenius of £k the theory applies without problems.
Recall that we can suppress these two hypothesis if necessary (cf. remark
4.1.12).

The situation is slightly different for the field EIT{, because it is not com-
plete. Nevertheless the precedent results are still true for 5;{. Let K satisfy
4.2.1.1, and fix an absolute Frobenius ¢ : OJIF( — (’);(, extending o, by choo-
sing (T in O, lifting t* € E = k((t)) (cf. 2.5.2.1).

Remark 4.2.2. Since ¢(T') € (’)}{ is a lifting of t? € E, hence there exists
0 < e, < 1 such that ¢(Axk,, (I?)) C Ak,, (1), where I =]1 — e, 1] .

The fact that K is discrete valued is used also in these two following
results.

Theorem 4.2.3 ([Cre87, 4.2],[Mat95, 2.2|). If K is discrete valued, then (’)}{
1s Henselian, hence we have a bijection

Finite unramified extensons of ELY X {Finite separable extensions of E = k((t))} .
K

Proposition 4.2.4. Let f(T) € Wm((’)}{), then

m—+1

O (F(T),1) , epm(F(T), )P € OF, . (4.2.4.1)

Moreover if uw(T) = (up(T),...,us(T)) € WS(O}{S) is such that |u;(T)|; <
1, then eps (u(T), 1) make sense (cf. 3.4.6), and belongs to (’)}(5.

Proof : Let € > 0 be such that f(T') € Ws(Ag(]1 —¢,1])). For all com-
pact J C]1—e, 1], the algebra A (J) is complete with respect to the absolute
value || f(T)|s == supye |f(T)]p- Hence epm (F(T), )P € Wi (A, (1)),
for all compact J C]1 — &, 1], and then eym(£(T),1)P"" € W, (Ag,, (|1 —
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g,1[)). On the other hand, Oym(f(T),Z) € 1+ mnZOg; [[Z]] is a series
in Z depending only on f(T) and ¢(f(T)). By 4.2.2, there exists £ such
that both f(T') and ¢(f(T)) lie in W,,,(Ax(]1 — €’,1[)). Hence as before
O (F(T), Z) € 14+ 1Ak, (J)[[Z]], for all compact J €]1 —¢’,1[, and hence

Opm (f(T),Z) € 1 + T Z Ak, (11 — €', 1])[[Z]].
The assertion on u(7") follows from 3.4.6, and the same considerations.[]

Corollary 4.2.5. The diagram 4.1.9.1 can be computed for E;f( instead of
L, and the other assertions of theorems 4.1.9 and 4.1.11 remain true

m+1
1—>Mpm+1—>(gzm)><f'—>fp (gzm)x 5K$_H1(GSz 7/"’pm+1)*>1
7 “ m
. A
Tepm(_vl) Tepm(,l)perl :
0 Wm(Ogil)(—> Wm(OE) ﬁ' Wm(OTL) é::epm(—71)pm+1

i |

0——— Z/pm“Z —_— Wm(E) ? Wm(E) ?- Hl(GE7 Z/pm+1Z) —

(4.2.5.1)

In particular, if a = §(f(t)) is the Artin-Schreier character defined by some

F(t) € W, (E), and if Eo/E is the separable extension defined by the kernel

of a, then the (Kummer) unramified extension of 5}(m, whose residue field
15 Eq, s given by

el (epm(u, 1)) , (4.2.5.2)

where v is a solution of o(v) —v = f(T), for an arbitrary lifting f(T) of
F(t).

Proof : Let F,/E be the separable Artin-Schreier extension defined by
F(T) € W,,(E), and let F}, be the corresponding unramified extension of
5’;{. Let v € Wm(g}‘(nr) be a solution of p(v) — v = f(T'). The non trivial
fact is that @pm(v,1) lies in ij(ﬂ'm) and not only in its completion, say
Fa(mm). In other words, we shall show that Fi(m,) = 5;% (6pm(v,1)). Both
Si(m(ﬁpm(u, 1)) and Fi(m,) are unramified over 5;[(’0 = 5}}m N 5};’““, since
their completions are unramified. Moreover, by theorem 4.1.11, they have the
same residue field, since this last coincides with that of their completions.
By uniqueness (cf. 4.2.3), they are equal. O

Remark 4.2.6. We will see that the study of a generic Artin-Schreier charac-
ter, given by f(T), can be reduced to the case in which f(T) € W (Ox[T~1])
(cf. 4.2.7, 5.1.2, and 5.4.10).
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Lemma 4.2.7. Let f(T) € W,,,(O%. ), then there exist £(T) € W, (Ox,, [T][T 1)

m

and w(T) = (up(T), ..., un(T)) € Wm(Okm) such that |uj(T))1 <1 for all
§=0,....,mand f(T) = w(T)+f(T). In particular Opm (v, 1) = epm (u(T),1)-
Opm (v, 1), where U is a solution of p(v) — v = f(T).

Proof : 1t is evident for m=0. By induction the lemma follow from the
relation

(fo(T), - fm(T)) = (fo(T),0,...,0) + (0, fi(T), ..., fm(T)) ~ (4.2.7.1)

valid for Witt vectors in general (|[Bou83a, ch.10,§1,Lemme4|).0]
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Chapitre 5

CLASSIFICATION OF RANK ONE
DIFFERENTIAL EQUATIONS OVER

RKoo (OR ET OO)

Throughout this second application, we will not need the results of section
4. Namely, (K, |.|) is only a complete valued field containing (Q,, |-|), we will
not suppose that K verifies 4.2.1.1, nor that its residue field is perfect. We fix
a Lubin-Tate group & p, isomorphic to G,,, and fix a generator m = (7;) >0
of the Tate module T'(&p).

We recall that K = K (75), and that ks is its residue field (cf. 2.9.6). For
all algebraic extension H/K, we set Hs := H(7s). The residue fields of H
and Hy are denoted by kp and kp, respectively. We set Eg 1= ks((2)).

5.1 The settings

The starting point of the classification is the equation

s+1 s+1

O, (v, )P = e, (F(T), )P (5.1.0.1)

with the notations of corollary 4.2.5. In some cases the symbol eps(f(7),1)
does make sense, and the interesting “Kummer generator” 6,s(v,1) is equal
to eps (F(T'),1). We will show that all rank one solvable differential equations
over Ry, admit, in some basis, such an exponential as solution.

Definition 5.1.1. Let £ (T) € W(T 1Ox[T~1]), then we set

91 (T) o5 (1)
D p*

eps (F7(T),1) := exp(ﬂ's(ﬁa(T)‘f‘ﬂ'sfl + - ) (5.1.1.1)

where ¢ (T') is the j—th phantom component of f~ (1) = (f (T),. .., f; (1))
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Remark 5.1.2. Clearly ¢; (T) lies in T 1Ok[T71], for all j = 0,...,s, and
hence the expression 5.1.1 converges T~ —adically. Moreover,

eps (f(T),1) = HEs_j(f;(T)) € 1+nT'Or[T7Y]. (5.1.2.1)

In particular, eps(f~ (T"),1) is convergent for |T'| > 1. As mentioned in the
remark 4.2.6, lemmas 4.2.7, 5.4.5, and 6.3.15, will be useful to reduce the
study of s (v, 1), with p(v) — v = f(T), to this case in which f(T) €
W, (Og[T71)).

5.2 Survey of the Results

Remark 5.2.1. For all algebraic extensions H/K, the function
f(T)—eps(fF(T),1) (5.2.1.1)

(cf. 5.1.1) defines a group morphism (as we can see on the phantom compo-
nents)

eps(— 1) : W(TrOy[T™Y) — 1+ 7,71 0p [[T7Y]] . (5.2.1.2)
)

Indeed f~(7) involve only a finite numbers of coefficients of H, then the
series eps (f (1), ) lies in a finite (and hence complete) extension of K.
Let £~ (T) € W(T71Og[T™1]), we set

L0, f7(T)) = Or — Orogleps (f (1), 1)). (5.2.1.3)

Observe that 1 + m, 7~ *Oy [[T~1]] is not contained in &y, = Ex R Hy.
However, every series in this multiplicative group is convergent for |T'| > 1
(cf. 5.1.2). Then, by 2.3.2 and by continuity of the radius, L(0, f~(T)) is
solvable over Ry, .

Theorem 5.2.2 (main theorem). Let M be a rank one solvable differential
module over Ry (i.e. over Rk, , for some m >0, or over Ry (cf. 2.4.7)).
Then there exists a basis of M such that

1. the 1x1 matrix of the derivation of M lies in Ag (]0, 00 )NOk [T [T 7] ;

2. there exist an s > 0, and a Witt vector f~(T) € W(T 10k, [T71])
such that the Taylor solution (cf. 2.5.0.1) of M, at oo, is

T% e (f(1),1), (5.2.2.1)
with ag € Zy. In particular M is defined (in this basis) by the operator
L(ao, f(T)) = 0r— 010 (T -eps(f7(T),1)) (5.2.2.2)

S J o
= Or+ap+ Z Ts—j Z fi_ (T)pjﬂaT,log(fi_ (T))
Jj= =
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Moreover the isomorphism class of M depends bijectively on
- the class of ag in Zy/Z; o
- the Artin-Schreier character o := 6(f~(t)) defined by the reduction
F(t) € W,(B,) of £(T).

Definition 5.2.3. We will denote indifferently by M(ag, «), M(ao,F(t)) or
M(ag, f~ (7)), the differential module defined by L(ag, f~(T)).

Assume the point (1) and (2) of the theorem 5.2.2. Then the last assertion
can be translated in terms of w—exponentials as follow. Recall that p = w

(cf. 3.6.1).

Theorem 5.2.4. Let £ (T) € W (T 'O, [T7Y)), and let £~ (t) € W (t ' k[t™1])
be its reduction. Then

(3) If f (T) € Wo(TLOk.[T~Y]) is another lifting of f~(t), then

ep (F7 (1), 1) _ eps (F(T) — F (T),1) (5.2.4.1)

eps(f (T),1)
is convergent for |T| > 1 — e, for some e > 0 (i.e. lies in Rk, ).

(4) If f(%)(T) € W (T 10k, [T7Y]) is an arbitrary lifting of F(f(t)),

then B
€ps (f(p) (T)v 1)
eps (f7(T),1)
is convergent for |T| > 1—¢€', for some &' >0 (i.e. lies in Rk, ).

(5) Conversely the function eps(f~(T),1) lies in Ry, if and only if the
equation

= epe(f oy (T) = £7(T),1) (5.2.4.2)

F(v )—v =f (t) (5.2.4.3)
has a solution v~ € W(t™ ks[t™1]).

Notation 5.2.5. The point (5) will be called the Frobenius structure theorem.

5.3 Description of Pic®®(Ry_) (or PicSOI(é';{m))

By the main theorem 5.2.2, the definition 5.1.1 and by the rule 2.2.0.4,
it follows that, for all s > 0, and for all algebraic extensions H/K, we have
a exact sequence of abelian groups (functorial on the algebraic extensions H

of K)

Wtk [t1]) T25 Wt k1) 2O

Pic*(Ry.) .  (5.3.0.1)
On the other hand, it follows by the definition 5.1.1, that we have
epst1(V(f(T)),1) = eps (f(T),1) . (5.3.0.2)
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Hence, for all s > 0, we have the following functorial commutative diagram

Wt kg [1]) — e W (kg 1)) 0L

Vl O] Vl
_ M(Ov_)

Wi (t kaltY) ——> W (6 kaltY)

Pic™!(Ry,,,) (5.3.0.3)

This shows, by passing to the inductive limit, that we have again an exact
sequence

F-1

Pl oWt ) MO

CW (t Yky[t™1]) Pic®(Ry.) . (5.3.0.4)

The group Z,/7Z has no p—torsion element. On the other hand, every ele-
ments of CW (t~ kg [t~1]) is killed by a power of p. Since we are assuming
that all solution are of the forme 5.2.2.1, this proves the following

Lemma 5.3.1. Let H be an algebraic extension of K. The image of M(0, —)
is the sub-group of the p—torsion elements of Pic™®(Ry), and if H/ Ky is
Galois, then Pic®® (Ry) is isomorphic, as Gal(H /K )—module, to the direct
sum of Zy/Z with the image of M(0,—). O

This consideration shows that we can descend by Galois. In other words
Corollary 5.3.2. The map (ag,«) — M(ag, ) induces an isomorphism

CW (t kgt~ ) s
Z”/Z@<F—1>c(w<t—1[kw%2—1]> M(N) Pic(Ri.) . (5.3.2.1)

perf
0o -

Proof : By Galois descent M(—, —) induce an isomorphism, with %

(kalg)Gal(kalg/koo) instead of k.. But actually, the covector quotient is inva-
riant under inseparable extension of k., as explained in subsection 5.3.3.2
below. [J

5.3.1 Characters of the abelianized wild inertia

On the other hand, it is well known that (cf. lemma 5.4.5 and 5.4.10)

H' (Gal(k((t)*®/k(t)), Qp/Zy) = P(x) ® H' (Gal(k°*P/k), Qp/Zy)
(5.3.2.2)
where P (k) is the character group of Pg_, with Eoo = koo((t)) (cf. 2.8.5).
More precisely we have the following (for a more handy description of P (k)
see 6.1.1)

Lemma 5.3.3. For all field k of characteristic p > 0, we have

CW (it 1k[t™1)
(F—1)CW(t tk[t-1])

P(k) = (5.3.3.1)
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Proof : This will follow from 5.4.5 and 5.4.10. [J

Furthermore we have
Pk = P(koo) (5.3.3.2)

because, by remark 2.7.6 (or 2.8.2.1), the Artin-Schreier complex is stable un-
der purely inseparable extensions, that is Gal(K2™ P /BT = Gal(kSP /Ko ).
In other words, for all 7 > 0, the two co-vectors £~ () = (..., 0, %(t), . ,f?(t))
and Fr(?(T)) =(..., O,E(t)pT, ..o, fs (t)P") have the same image in the
right hand quotient of equation 5.3.3.1.

5.4 Proofs of the statements

We prove first the statements (3), (4), and (5) of the theorem 5.2.4. The
idea is to express eps(f (7'),1) as a product of w—exponentials of the type
eq(A, T~1). The main tool will be the notion of s—co-monomial which reduce

the study to m—exponentials (see equation 5.4.11.1). The principal lemma
will be 5.4.3.

Definition 5.4.1. Let H/K be an algebraic extension. Let d = np™ > 0,
(n,p) = 1. Let s > 0. We will call s—co-monomial of degree —d relative to
A= (Aoy- ..y Am) € W, (Op) the following Witt vector in W (T~ Ox [T 1))

/—:mH
AT~ = (0,...,0, T ", T, ..., \yT™% if m<s,
AT~ = AT AT AT i m> s,
(5.4.1.1)
where r = m — s. We denote by
W (On) (5.4.1.2)

the sub-group of W(T~1Oy[T~1]) formed by s—co-monomials of degree
—d, and by
WD (k) (5.4.1.3)

its image in W (¢t Yky[t™1]).

Remark 5.4.2. By looking at the phantom components we have an isomor-

phism of groups W‘(;d)(OH) = Wiin(s,m)(On), and hence ngd)(k:H) —
Wmin(s,m) (kH) :

Lemma 5.4.3. Let now H/K be an algebraic extension. Let d = np™ > 0,
(ny,p) =1, let s > 0, and let X := (Ao, ..., Am) € Wi, (Op). If m < s, we
have

eps AT~ 1) = eq(A\, T71) . (5.4.3.1)
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Proof : The phantom vector of (0,...,0, AT ™", T~ ™, ... A\, T~%), is
——

S—m
0,...,0,p° ™poT ", p* ™1 TP, ..., p5 T, (5.4.3.2)

where (g, - , dm) is the phantom vector of (Ao, ..., Ay ). The proof follows
immediately from the definitions 5.1.1 and 3.3.1.1. [J

Definition 5.4.4. For all algebraic extensions H/K we set Eg := kg ((t)).

Lemma 5.4.5. For all s > 0, we have a (functorial) decomposition
1. W(Er) = @0 W (kir) & Wilksr) & Wi(tha[[t]) ;
2. Wo(Ou[IT)[T 7)) = ®aso Wi (On) & W.(On) & W(TO[[T])).

Proof : Let s =0, then kg ((t)) = Gasokut ¢ & kg & thy[t]. The proof
follows easily by induction from 4.2.7.1.0]

Remark 5.4.6. Witt vectors in ©4-0 W' @ (Oy) (resp. W4(Op), W (TOx[[T]]))
have their phantom components in T~'Oy[T~!] (resp. Oy, TOk[[T]]).

Corollary 5.4.7. We have a (functorial) decomposition
W (T70g[T7Y]) = 4o WS D(On) , Wt kult™"]) = @aso W (k) -

Proof : The inclusion C follows by the remark 5.4.6. The inclusion D
is evident since all monomials belong to W(T~*Oy[T~]). The right hand
equality result by reduction. [

Definition 5.4.8. For all £(T) € W, (Oy[[T]][T~?]), we will denote by

FT) = (D) + fo+ £7(T) (5.4.8.1)

the unique decomposition of f(7T') satisfying £~ (T) € W(T1Ox[T~1)),
fo € Ws(Op), fH(T) € Wy (TOg[[T]]) (cf. 5.4.5). The same notation will
be used for a Witt vector f(t) € W4(Eg).

Remark 5.4.9. By 2.8.1.2, we have then a correspondent decomposition of
a = 5(?(15)& ie. a = a” +ap, (™ =0 by 5.4.10), with o= = 6(f(¢)),
and ag = 6(f). This shows that Gal(Ex"/Ex)* = Gal(Ey® /Eg)™ & T> |

where Eg = kg ((t)) .

Proposition 5.4.10. W, (tkg[[t]) C (F — 1)W(tkg[[t]]), for all s > 0.

Proof : Since Ep is complete, then, by 2.7.5, W (Eg) is complete.
Let F7(t) € W,(tkg[[t]]). Hence the series gt (t) :== — S .o FI(F (1)) is
Cauchy for this topology, and hence converges in W (Ex ). Moreover ?Jr (t) =
F(g*(t) —g*(t).0
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Remark 5.4.11. Let H/K be an algebraic extension and let f~(T) € W (¢t 1Og[t™1]).
Let v,(—) be the p—adic valuation (namely v,(d) = m if d = np™, (n,p) =

1). Let £ (1) = Y joo AT ™% with Ay € W, (@) (k) be its decomposition

in s—co-monomials of degree —d. We can suppose s > 0 (cf. 5.3.0.2), then

ep (F(T),1) = e (O AT™% 1) = [ epr AaT~% 1) °2° [T ealha, T7Y).
d>0 d>0 d>0
(5.4.11.1)

Then eps (f(7'),1) is a (finite) product of elementary 7—exponentials. In
terms of differential modules, we have

M0, £ (T)) = @gsoM(0, \gT~%) . (5.4.11.2)

Hence, by 2.2.0.4, the study can be reduced to w—exponentials.

5.4.1 Proof of the statements (3),(4), (5) of theorem 5.2.4 :

Notation 5.4.12. For all index d > 0, we set d = np™, with (n,p) = 1,
and v, (d) := m. In the sequel the letters n and m will indicate always this
decomposition of a given d.

First of all, lemma 5.4.3 shows that, for all d appearing in the (finite)
product 5.4.11.1, we have (cf. definition 3.4.2)

La(Ag) = LO, AT . Mg(Ag) = M0, A,T°%),  (5.4.12.1)

where A\yT~% is the s—co-monomial of degree —d attached to Ay € W @) (On)
(cf. 5.4.1). Actually, by the rule 5.3.0.2, we can suppose s > v,(d) =m, for
all d > 0 appearing in the (finite) product 5.4.11.1.

The assertions (3) and (4) are consequences of the reduction theorem
3.4.6, and the Frobenius structure theorem for 7—exponentials 3.6.1, res-
pectively. Let us show the assertion (3). We decompose £~ (T) — f (T) in
s—co-monomials of degree —d, f~(T) — f (T) = S AT~ with Ay €
W, (@) (On) (cf. 5.4.5). Then

_ ~— _ 5.4.3 _
eps (F(T) = f (T),1) = [Jeps(AaT™%1) "=" [J ea(Aa, T71) . (5.4.12.2)
d>0 d>0

The over-convergence of eps(f~ (1) — F (T),1) will result from the over-
convergence of every eg(Ag, T~1). In order to apply the reduction theorem
3.4.6, we shall show that the reduction of Ay is 0, for all d > 0. Since the

reduction of f~(T) — f (T) is 0, hence, by lemma 5.4.5, the reduction of

XTI~ ¢ in W(_d)(kH) is 0, for all d > 0. By remark 5.4.2, for all d > 0, we
have an isomorphism

AT~ A WD (Of) S W (0)(Or) - (5-4.12.3)
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Hence, for all d > 0, the reduction of Ay in W, (4 (kg) is 0

The assertion (4) follows the same line. Namely, by the assertion (3), the
isomorphism class of M(0, f~(7")) depends only on the reduction F(t) €
W, (t 'kg[t™!]) of £7(T). As usual, we decompose F(t) = Y yeoAat ™%
with Agt=? € W@ (kz). The morphism F : W, (E) — W4(Ep) sends the
monomial Agt~% into F(Ag)t P, Hence F(f~(t)) = > =0 F(Ag)t P4, Then

M(0, £7(1)) = @a>0Ma(Aa) T—— @a>0Mpa(VE(Aa)) = M(0,F(f7 (1)) ,
(5.4.12.4)
where the last isomorphism follows from the fact that V(F(XAg)t7P4) and
F(Ag)t7P? define the same differential module (cf. 5.3.0.2).

The proof of the assertion (5) of theorem 5.2.4 follows from assertions (3)
and (4) of theorem 5.2.4 in the following way. Suppose that ey (f™ (7)), 1) is
over-convergent. We want to show that the equation F(v) — o = f~ (¢ t) has
a solution ¥ € W (¢t 'ky[t™!]). In other words, we shall show that £~ (t)
belongs to (F — 1)W(t 'kg[t™']). Let us write £~ (T) =Y o0 AT ? as a
(finite) sum of s—co-monomials. We need to replace f~ (7") by a more handy
Witt vector.

Definition 5.4.13. A Witt vector f, (T') € W (T *Ogx[T~!]) is said pure
if its decomposition in s—co-monomials is a (finite) sum of the type

0 =3 ApeeT " (5.4.13.1)
nelp
where

and )‘npm(”) S Wm(n)((’)H)
Remark 5.4.14. We have

Or 105 (epe (5 =Y -n Z ()= T, (5.4.14.1)
neJp
where (¢,,,mm) 05 - s Prpm(n) m(n)) 18 the phantom vector of A, me . In this

case the coefficients of the differential equation are simpler and directly re-
lated to the Witt vector. This fact will be useful for explicit computations
(cf. 6.3.18).

The interest of the notion of pure Witt vector is the following

Lemma 5.4.15. Let f,(T) € W (T 'Og[T~"]) be a pure Witt vector.

The exponential eys(f, (T),1) is over-convergent if and only if E(t) = 0.
Moreover,

Trr (M(0, £, (T))) = max Trr (anmw) (Anpm(n))) . (5.4.15.1)

nedp
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Proof : Write M(0, f, (T)) = ®neJEM(0, )\npm(n)T*"pm(n)). The irregula-
rity of M(0, A, mem T~"7"") —=

a number belonging to the set

il M, pm(n) (Appm@ny) 18, by theorem 3.4.6,

{0yU{n-p™|m=>0}. (5.4.15.2)

Hence, for different values of n, we have different values of the p—adic slope of
M, ym(m) (A pm(m) ). Theorem 2.4.8 implies then the equation 5.4.15.1. Suppose
now that eps (f, (1), 1) is over-convergent, then this irregularity is equal to 0.
Hence all anm(n)()\npm(n)) are trivial, and eps ()\npm(n)T*"pm(n), 1) is over-
convergent (i.e. lies in Ry ), for all n € J,. By theorem 3.4.6 this implies
)‘npm(”) =0, for all n € J,. O

The assertion (5) of theorem 5.2.4 follows then by the point (1) of the
following

Lemma 5.4.16. Let f(T) € W (T 1O0y[T1]). Then
1. There exists a pure Witt vector f,(T) such that

F(T) = f,(T) € (F—1)W(t kult™]) . (5.4.16.1)

In particular, by assertion (4) of theorem 5.2.4 , eps(f~ (1)~ f, (T),1)
is over-convergent, and

M(0, £7(T)) = M(0, f, (T)) , (5.4.16.2)

over Ry, ;
2. There exists a pure Witt vector h, (T) € W(T1Og_ [T~]) such that

[ms]f~(T) = [ms]h, (T) . (5.4.16.3)

In particular
eps(F(T),1) = eps(h; (T),1) . (5.4.16.4)

Proof : Let us write f~(T) = > o0 AT "¢ as (finite) sum of s—co-
monomials. Write

Aded =(0,...,0, )\d’oTin, R )\d’mTinpm) € va(d) (TﬁloH[Til]) ,
(5.4.16.5)
where, for all d > 0, we set d = np™, m = v,(d). Now set

F — _ _ m—+41
AT P = (0,0, N T, A T

then the reduction A;}:I)T*pd — AT lies in (F — 1)W(k((t))). Hence we

can replace AgT~% with )\I()};)T_pd. Replacing in this way )\nme_'”pm with
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Afll;))mT_”pmH, step by step, we obtain a pure Witt vector. In other words,
we can suppose that, for all n € J,,, there exists a unique m(n) > 0 such that

AT =m0, Now let us construct h, (T). First we arrange the sum

=) AT (5.4.16.6)

nelJp, m>0

Then we construct, for all n € J,, a natural number m(n) > 0, and a Witt
vector v, mm) € Wy(Op), satisfying
epr Ve T 1) = € (3 A T77 1) . (5.4.16.7)

m>0

Let m(n) = sup{m | Appm # 0}. By 5.3.0.2, we can suppose s > m(n). Let
Anpm = (Anpm.0, -y Anpmom), and let (dppm o, ..., Gppm m) be its phantom
vector. Then

—_npm(n)
o . r—"e
eps(z }\nme P ,1) = exp <7Tm(n)a0T L Woam(n)w >
(5.4.16.8)
where, for all j =0,...,m(n), we have
o ™ T i
aj = B it Prpiti i+ .+m.%m(n) Py (5.4.16.9)

Tm(n)—j Tm(n)—j Tm(n)—j

Let P(X) be the chosen Lubin-Tate series. Denote by P()(X) := P(X),
(X)) := P(P(-- ‘P(X)- -)), r—times. We set ho(X) := 1, and h,(X) :=
M(X)/X, for r = 1,...,m(n). The phantom vector of [hy(Tm)] €
W) (Opr) is as usual <h7«(ﬂ'm(n)), P (Tp(ny—1)s - - - » hr(m0)) and is then equal
to

T T

Trm n)—r ﬂ-m n)—r— mn .
(e Zmmmrel T 0y e O ifr >0, (5.4.16.10)
Tm(n) Tm(n)—1 T
while [ho(7p,(n))] = 1, and its phantom vector is (1,...,1). Hence we have

@5 = () (T (m)—) O+ o (m) -1 (Tin(n) ) Prap -1 (Ton ) ) D iy 5

where, for all £ =0,...,m(n), <¢2pk,07 . ’¢;pk,m(n)> is the phantom vector
of A := (Anpk 05+ - -5 Ak s 5 -5 %) € W) (O ), where the last m(n) —
k components are arbitrarily chosen. Observe that ¢;;pk,j = Qppk j, for all
J=0,...,k, while, if j > k we have A, (,)—(Tm(n)—j) = 0. This shows that

Vipm) = [N n) (T ) JAG A+ () =1 (i) [t -+ 0 (T () )N, ey -0
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5.4.2 Proof of (1) and (2)

The assertions (1) and (2) of theorem 5.2.2 will be a direct consequence
of the following theorem. The algorithm employed is due to Robba [Rob85,
10.10] (see also [CR94, 13.3]). We translate his techniques in terms of Witt
vectors. Recall that, by 2.4.11, every rank one solvable equation has a basis
in which the matrix is a polynomial in 77! with coefficients in Of.

Theorem 5.4.17. Let H/K be a finite extension. Let M be a solvable
rank one differential module over Ry, defined by an operator Op — g(T),
g(T)=>"_ 4cic_ia;T" € Og[T Y. Then there exists a Witt vector f~(T) €
W (T O [T7Y)), whose coefficients lies in a finite extension H'/H, such
that Or — g(T') = L(0, f~(T')). More explicitly we have (cf. 5.2.2.2)

s J o
SooaT == m Y (T O (f7(T)) . (54170
j=0 i=0

—d<i<—1

In particular

exp( Y aT'/i) =ep(f(T),1). (5.4.17.2)

—d<i<—1

Proof : We shall express exp(Y__ -, a;T"/i) as a product of elemen-
tary m—exponentials, with coefficients in H*€. Observe that solvability does
not changes by scalar extension of H. Let d = np™, (n,p) =1, and let by €
H¥# be such that bzm = a_gq/(nmp). By lemma 2.4.3, |a_4] < w < 1, hence
|bg] < 1. We consider the Witt vector Ay := (bg,0,...,0) € W, (Opae),
whose phantom vector is (bq, b, . . ., bflm>. By construction, we have

La(A) = 0r +n- (mob?] T+ b TP 4o o, bgT). (5.4.17.3)

Then M ® My(bg,0,...,0) is defined by an operator of the form dr —
> aii<ic1 @TY, 3 a; € HY8 (cf. 2.2.3). Moreover M @ Mq(bg,0, .. .,0)
is again solvable, then, by 2.4.3, we have again |a_4+1| < w. This show that
we can iterate this process. More precisely there exist A; = (b;,0,...,0) €
W, i)(Opgai), i = 1,...,d, such that the product

d
)= [] T =epO_NT 1), s3>0, (5.4.17.4)
i=1,...,d i=1

satisfy Oriog(e(T)) = Zfdgz'gq a;T*. Then f~(T) := Z1§igd AT (cf.
5.4.11.1).0
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Chapitre 6

APPLICATIONS

6.1 Description of the character group

Lemma 6.1.1. For all fields k of characteristic p, we the followings isomor-
phisms of additive groups (cf. 2.7.5) :

CW(tk[tY]) 2 BasoWy (k) 5 P(k) 2 CW (), (6.1.1.1)
where J, :={n €Z | (n,p) =1,n> 0}.

Proof : We have

—
S

CW(t k[t™) = lim W, (¢t k[t 71)) "2 lim @ WD (k) . (6.1.1.2)

Observe that Wg_d)(/{) = Wiiin(s,v,(d)) (5) (cf. remark 5.4.2), hence

CW(t_ch[t_l]) = @d>oli_r>nwmin(syvp(d))(/£) = EBd>0va(d)(H) . (6.1.1.3)

s

Now we write d = np™, n € J, ={n € Z| (n,p) = 1,n > 0} and m > 0,
then on the right hand side we have

®d>0va(d)(/€) = @nejp (@mva(npm)("?)) . (6.1.1.4)
The Frobenius morphism F sends Wg_d)(n) into W{7 d)(n), and, under the

isomorphism

W(_d)("q‘) = Wmin(s,vp(d)) (H) (6115)

S

(cf. remark 5.4.2), it becomes the morphism
FV : va(anL)(K) — va(npm-kl)(/{) (6116)

as illustrated in the picture
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P(’%) = DPned, (@mzova(npm)(’%)/(]?v - 1)<@m20va(npm)(’%)))
= (Dm0 W)/ (FV = 1)(@mzoWin (1))

One sees that @©,,>0 W, (k) /(FV—=1)($n,>0 W (k)) is isomorphic to EW(m) =
F FV

lim(Wop, (1) 5 Wi g1 (k) — ). O

6.2 Equations killed by an abelian extension

6.2.1 Extension of the field of constants

Corollary 6.2.1. The natural morphism
M — M @ K8 : Pic™®(Rg) — Pic®™ (R jais)

s a monomorphism. In other words, two R i —differential modules are iso-
morphic if and only if they are isomorphic over R yais after scalar extension.

Proof : We show that the kernel of Pic*® (R ) — Pic**/(R gai) is equal to
0. Let M be defined by the operator L = dp — g(T'), g(T) := >, a;T" € R,
and suppose that M @ K?8 is trivial over R jais. By 2.4.11, we can suppose
a; =0, for all i # —d, ..., 0. We know that

M ® K8 = M(ag, £ (T)) = M(ag, 0) @ M(0, £~ (T)) , (6.2.1.1)

for a convenable £ (T) € W (T 1O [T~']). Then M ® K8 is trivial only
if both M(ag,0) and M(0, £~ (7)) are trivial over K8, This implies that
agp € Z, and hence M(ay, 0) is trivial also over R

On the other hand, M(0, f~ (7)) is trivial if and only if e,s (f (7'), 1) lies
in Rya. By 5.4.17, the series eps (f(T),1) has its coefficients in K, and
M(0, £ (T)) € Pic*®/(Rx). Since the convergence does not change by scalar
extension of the field K, hence M(0, f~(T)) is trivial over Rg. O

Corollary 6.2.2. We have

Pi0501(RK) _ Picsol(RKoo)Gal(Koo/K) O
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6.2.2 Frobenius structure

Assume now that K has an absolute Frobenius o : K — K (cf.2.5.1),
and fix an absolute Frobenius ¢ : Ry — Rx. By theorem 5.2.4—(5), for any
Artin-Schreier character o, the module M(0, «) has a Frobenius structure
of order 1 over Ko, (with respect to one, and hence all absolute Frobenius,
cf.2.5.4). By lemma 6.2.1, this isomorphism descends on K.

Remark 6.2.3. Let L = Or + ZiGZ a;T%, be an operator over Ry with
Frobenius structure. The order h of the Frobenius structure depends only
on the exponent ag € Zy). Explicitly, if ap = a/b, a,b € Z, (b,p) = 1, and
if b=11[,¢" >0, ¢gi > 0, is a factorization of b in prime numbers, then, by
2.6.4, we have (cf. lemma 2.6.4)

h < H([qi]n —1). (6.2.3.1)

Definition 6.2.4. Let us denote by Pic™™ (R ) C Pic®®/(Rk..) the sub-
group of differential modules having a Frobenius structure of some order

h.
Corollary 6.2.5. Pic™"(Rg_ ) = Z,) /Z @ P (k). O

6.2.3 Artin-Schreier extensions

In order to apply the theorems 4.2.3, and 6.2.6, in this section K will be
discrete valued, and k will be perfect.

Proposition 6.2.6 ([Mat95, 3.4], [Tsu98a, 2.2.2]). Let F/k((t)) be a finite
separable extension, and let F' be the corresponding unramified extension of
SJ(T. We have the following statements.

1. There exist a finite unramified extension K /K, a new variable T and
an isometric isomorphism

T (FLLD S €L ) (6.2.6.1)
where |.|7 , is the Gauss norm with respect to T. In particular, for all
f(T) e EIT(’T, we have

f(D)lra = 1f(D)l7, - (6.2.6.2)

2. Let T and t be the reductions of T and T respectively. Let F = k((%)).
Let r be the ramification index of F/k((t)). Write

t=apt" + appat T4 (6.2.6.3)
with a; € k. Then T can be chosen such that
m(T) = a;T" +ar T+, ;€ 0z, (6.2.6.4)

where the a;’s are lifting in O of the a;’s.
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Proof : Let Q(T) := a,T" +ay41T" '+ - -. The proof consists in showing
that f(T) — r(f(T)):=F(Q(T)) : Efc 7 — EL — is étale (cf. [Mat95, 3.4]).0

Notation 6.2.7. We denote by

Rf(,f (6.2.7.1)
the corresponding Robba ring.
Remark 6.2.8. We have
(0.0 T)F(T)) = 050 (D)) - (7 0 O7) (F(T)) . (6.2.81)
h . us _ 7y — O2(Q(D) ;
where as usual 07 log(Q(T)) = Tom Then, after scalar extension, a ge-
neric differential operator dp — g(T") becomes
05 — 0710, (Q(T)) - 9(Q(T)) - (6.2.8.2)
Indeed the unique K, derivation of the étale extension Ry 7 extending
Or is Of log(Q(Tv))_1 - O7. The solutions of this operator are the same as
or — g(1).

Corollary 6.2.9. Let E = k((t)). Let F/E be the Artin-Schreier extension
defined by the kernel of a = 5(f(t)), with f(t) € W(E), for some s > 0.
Let Rk — Rf{j be the corresponding étale extension. Then the kernel of
the scalar extension map

Res : Pic™ (R, 1) — Pic™® (R 5) (6.2.9.1)

is the (finite and cyclic) sub-group of Pic™® (R, ), formed by (isomorphism
classes of ) modules of the type (cf.5.4.8)

Ker(Res) = { M(0, £ (T)®* ,k>0}. (6.2.9.2)

where f(T) € W(Ok[[T)|[T~Y]) is an arbitrary lifting of f(t). This kernel
has order [F : EJ.

Proof : By 6.2.1, we can suppose K = K8 We decompose f(t) =
F @)+ fo+ FT(t) (cf. 5.4.8). Since k = k, we have 6(Fy) = 0 (cf. 2.8.1.2).
On the other hand, by 5.4.10, we have always 5(F(t)) = 0. Hence we can
suppose f(t) = F(t) = (%(t), . ,f?(t)) Since the Artin-Schreier complex
is invariant by V (cf. 2.8.1.2), we can suppose E(t) # 0 (i.e. the degree [F : E]
is p**1). By corollary 5.3.2, the morphism 6.2.9.1 can be seen as a map

CW (t—1k[t~1]) R

Zp/Z@(F—l)CW(t—lk[t—l]) = Zp/2®

CW (F1k[F1))
(F — 1)CW(i—1k[i-1])
(6.2.9.3)
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where { is the reduction of 7. We start by studying the term Z, /Z. By 6.2.6.4,
T = Q(T), with Q(T) = ape1T?""" + -+, with a; € O._. The differential

operator Or — ag, ag € Zyp is sent in 9z — 0z, (Q(T)) - ap. Observe that

T,log
0710, QM) =P+ QuT) , QT eT -Ok[T)],  (6:2.9.4)

hence the new operator is 0z —p*th.gy— Ql(Tv) -ag. By 2.4.10, this operator
is isomorphic to 0z — p*Tlag. Then the morphism 6.2.9.3 sends Zy/Z into
itself by multiplication by p**! = [F : E], and is then bijective on Z,/Z.

On the co-vectors quotient, the morphism 6.2.9.3 is the usual functorial
map corresponding to the inclusion ¢~ 'k[t~!] — #~1k[t~!]. The module
M(0, £(T)) = M(0, £ (T)) lies then in the kernel. Indeed, by definition of
F/E, there exists v(t) € W,(t 'k[t!]) such that (cf. remark 2.8.3)

F(@(t)) —o(t) = £ (t), (6.2.9.5)

hence, by theorem 5.2.4, eps (f(T),1) lies in R 7. In other words, this ex-

ponential is over-convergent in the new variable T. Conversely, a module
M(0,g7(T)) lies in the kernel, if and only if the exponential eps(g~(7'),1)
belongs to R, 7. By theorem 5.2.4, this happens if and only if the equation

F(v) — v = g (1) has a solution v € W(k((%))). This happens if and only
if the kernel of 8(g—(t)) contains the kernel of a = 6(F(t)). Since the quo-
tient GE/Ker((S(F(t))) is cyclic, this implies that 8(g—(t)) = m - §(f(¢)),
for some m > 0. Hence M(0, g~ (7)) = M(0, £~ (7))*™. O

6.2.4 Kummer extensions

Corollary 6.2.10. Let F/E be an abelian totally ramified extension of degree
[F : E] = n, with (n,p) = 1. Let Rx,1 — Ry 5 be the corresponding étale
extension. Then the scalar extension morphism

Res : Pic™ (R, 1) — Pic™® (R 5) (6.2.10.1)

is the multiplication by n, and its kernel is then (12)/Z.

Proof : Indeed, in this case we can choose ¢ satisfying ¢ = Q(t) =t".0

6.3 A criterion of solvability

This sub-section is devoted to prove the corollary 6.3.15. The aim of this
result is to characterize the solvability of the differential equation op — g(T),
with g(T) = . a;T" giving an explicit condition on the coefficients “a;”.
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Roughly this theorem shows that every solvable differential equation over
Ex has, without change of basis, a solution of the form

T - E(f(T),1)- E(f7(T),1), (6.3.0.2)

where f~(T) € W(T'Ok[[T~']]) and £~ (T) € W(TOg[[T]]) is a certain
(infinite) Witt vector, satisfying some properties of convergence, in order
that the series E(f (7"),1) makes sense (cf. 6.3.1). Similarly to the pre-
cedent situation, this Witt vector will be a sum of monomials (dual notion of
s—co-monomial, cf. 6.3.4). If a Lubin-Tate group & p is chosen, then this clas-
sification is a generalization of theorem 5.2.2, because W(T 1Ok [[T1]])
contains CW (T~'Ok__[[T~1]]), via the choice of a generator w € T(&p)
(cf. diagram 6.3.7.1), and the exponential E(f (T),1) becomes eps(—, 1) if
applied to the image of a co-vector (cf. 6.3.6.5).

We preserve the notations of section 3.1. In the sequel we will work both
with TOk|[[T]] and T~1Ok[[T~]], almost all assertion has a dual meaning.

Lemma 6.3.1. Let
E(-Y): W(Ok][T]]) — 1+ YOg[[TY]] (6.3.1.1)

be the Artin Hasse exponential (cf. 3.2.1). Let vp be the T—adic valuation.
Let $(T) = (fo(T), fu(T),...) € W(TOK[T]]), and let 6;(T) be its j—th
phantom component. If

]LIEO UT(fj(T)) = 400, (6.3.1.2)
then

lim UT(¢j(T)) = +o00, (6.3.1.3)

j—o00

and then E(f(T),Y) converges T-adically at Y = 1. O
Definition 6.3.2. We denote by

WHTOK[[T]]) (6.3.2.1)
the ideal of W(Og]|[T]]) satisfying the condition of lemma 6.3.1.

Remark 6.3.3. For all f7(T) = (fo(T), f1(T),...) € WHTOk][[T]]), we have

Ol o0, )
p p

E(fH(T),1) == [[ E(f;i(T)) = exp(¢o(T) +
Jj=0
(6.3.3.1)
where d)j(T) is the j—th phantom component of £+ (7). The T—adic conver-
gence of this product is guaranteed by lemma 6.3.1.
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Definition 6.3.4 (Monomials). Let A = (Ao, A1,...) € W(Og), and let
d > 1 be a positive integer. We will call

AT = (NT%, MT% | \oT% | ) e WHTOK[[T]]) (6.3.4.1)

the monomial of degree d relative to the Witt vector A.! In analogy with
5.4.1, we call
W (Og) (6.3.4.2)

the sub-group of WH(TOk/[[T]]), formed by monomials of degree d.

Lemma 6.3.5. Let J, :={n € Z| (n,p) =1,n > 0}. We have an injection

[T Ww™(0k) c WHTOK([T])) (6.3.5.1)

nelp

given by (AgT")ney, — Zne;lp n1™.

Proof : If ¢n, = (¢n0,¢n1,...) is the phantom vector of A,, then
the phantom vector of A, T" is (gbn,oT",<bn,1T”p,¢n,2T”p2, -++). Hence all
terms have different degree and they not “blend” when we sum the phantom
components.[]

Remark 6.3.6. 1. Let f(T) € WHTOg|[[T]]) (resp. f(T) € WHT 'Ok [[T1]])),
let A, Ay € W(Og), d > 0. Then we have

E(V(f(T)),1) = E(f(T),1), (6.3.6.1)

E\TY = EWATY 1), (6.3.6.2)
[TEQTY) = EOQ AT%1). (6.3.6.3)
d>1 d>1

2. If ¢p, = (¢n,0, Pn,1,- -+ ) is the phantom vector of A_,,, then we have

np™

EO) AT 1) =exp(> Y o an o (6.3.6.4)

nelJy neJp, m>0

3.1 (1) = (fJ(T),ff(T), ...) € WHT 1Ok [[T~1]]) and if pr,,, (£ ~(T))
is the image of f~(T) in W, (T Ok [[T7]]), then (cf. 3.3.1.1)

E([mm] - £7(T),1) = epm (pryn( HEm . . (6.3.6.5)
3>0

The exponentials used in the precedent section are then a particular case of
E(—,1).

'Observe that if AT™? is a monomial in W(Ok[[T']]), its reduction in
W...(Ok[[T~]]) is NOT a co-monomial of degree —d, but it is a co-monomial of degree
—dp™.
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Remark 6.3.7. Recall that W,,,(T7 1O, [T7']) = [mn|W(T 10k, [T7Y) C
W(T 1Ok, [[T7']]) (see 3.1.8.3). We have the following commutative dia-
gram

E(f’l)

Wt (1O [T e WHT O, [IT1) 52214 T 0 [17)

y d
E(_vl)

Wi (T Ok, [T ) = WHT O, [[T71]))
(6.3.7.1)
Indeed, we see, looking at the phantom components, that
Tl (fo s Fons St 2) = [mm] (fo s+ s fin, 0,0, ), (6.3.7.2)

forall f~(T) = (fo s+, fims Jona1s ) € W(T_lOK[T_l]). Hence [m,]f~(T)
lies in WHT 1Ok [T71)), for all £~ (T) € W(T1Ox[T71)).

Remark 6.3.8. By definition one has
WD (Og) c WHTOK[T]) | (6.3.8.1)
for all d > 1. The group WH(TOg|[[T]]) is not generated by the family
{WD(0k)}axo (6.3.8.2)

of sub-groups. Indeed, for example, the m-th phantom component ¢,,(T) of
a Witt vector of the form Y° .o AgT? is always of the type ¢, (T) = h(TP"),
for some h(T') € Ok|[T]].

However, the basic fact is that, for all £7(T) € WYHTOx[[T]]) (resp.
F(T) € WHT'OK[[T7Y])), there exists an (infinite) family of monomials

{}‘nTn}ner € H W(n)(OK) (6.3.8.3)

nedy
(resp. {A-nT " }ney, € [lney, W) (Ok)) satisfying

E(fH(T),1) = E(Y_ AT"1) 5 E(f(T),1) = E(Y_ AT, 1).

nedy nelp

In other words, a general Witt vector is not an infinite sum of monomials,
but the Artin-Hasse exponential of this Witt vector is always equal to the
Artin-Hasse exponential of an infinite sum of monomials with support in J,,.

Lemma 6.3.9. The differential equation Or — g+ (T), g7 (T) € Ry, with

g (1) =) aT (6.3.9.1)
i>1
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is solvable if and only if there exists a family {An}nes,, An € W(Ok), with
phantom components ¢n, = (én0, On,1,--.) satisfying

Anpm = NPp.m forallneJ,, m>0. (6.3.9.2)

In other words we have

exp() aig) =E()_ M\I"1). (6.3.9.3)

i>1 nelJp

Proof : The formal series E(3_,c; AnT",1) € 14+ TOk|[T]] is a solution
of the equation

Li=0r—Y > n-¢pm-T". (6.3.9.4)

nelJp, m>0

Since this exponential converge in the unit disk, then Ray(L, p) = p, for all
p < 1 and L is solvable. Conversely if Oy — g™ (T) is solvable, then the Witt
vectors Ay, = (An,0, A1, - .) is defined by the relation A.1.8.1 (cf. 2.7.1). For
example for all n € J, we have

an 1 /a, a
Ao =" Ang = , (—p - (—”)p) . (6.3.9.5)

We must show that [\, | <1 for all n € J,, m > 0.
Step 1 : By the small radius lemma 2.3.3, we have |a;| < 1, for all i > 1.
Hence, for all n € J,,, we have |\, | < 1. Then the exponential

mn mTpm
E(> " (An0,0,0,.. )T 1) =exp( Y > A=)
nelp nelJp m>0 p

converge in the unit disk and is solution of the operator Q) := a7 —h(O)(T),

with
RO(T)y =" N " AT (6.3.9.6)

neJ, m>0

which is then solvable.
Step 2 : The tensor product operator

r — (g (1) — KO(T)) (6.3.9.7)

is again solvable and satisfy
g™ (T) = hNT) =p- gD (T7) (6.3.9.8)
for some ¢ (T) € TK|[T]]. In other words the “antecedent by ramification”

@y (cf. 2.5.4.1) of the equation dp — (g™ (T') —hO)(T)) is given by dp — g (T),
which is then solvable.
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Step 3 : We observe that

gO(T) = ; >3 (anpmﬂ - n(%”)p’"“) ™" (6.3.9.9)

neJ, m>0

and again by the small radius lemma we have

Janp — ()P <1, (6.3.9.10)
n

which implies |A,, 1| < 1. The process can be restarted indefinitely. [J
Remark 6.3.10. We shall now consider the general case of an equation dp —
g(T), with g(T) = >,z aiT" € R, and get a criteria of solvability.

Suppose that O — ¢g(T") is solvable. We know that dr — ¢~ (1), Or — ag
and Oy — gt (T) are all solvable (cf. 2.4.9).

We can then consider dr — ¢~ (T") as an operator on |1, 00| (instead of
|1 —,00]) and the lemma 6.3.9 gives us the existence of a family of Witt
vector {A_, }neg, satisfying

a—nppm = _n(b—n,m >

for all n € J,,, and all m > 0.

Conversely suppose that we are given two families {A_,, } e, and { A, }res,
with A, € W(Og). Since the phantom components of A, are bounded by
1, then |a;| is bounded by 1 and then g*(T') belong to Ry. But in general

the series
g (T):=> > —né nmT "
nedp m>0

do not belongs to R
We shall now find a necessary and sufficient condition on the family
{A_n}nes, in order that the series g~ (T") belongs to Rp.

Lemma 6.3.11. Let
cgw:]p\ril, neld,, p<l1 (6.3.11.1)

be fized. Let (Ao, A1,...) € W(Ok) and let ¢ = (pg, ¢1,...) be its phantom
vector. Then ‘ _
|6:/p'| < cp™ . for all i >0 (6.3.11.2)

if and only if _
Ni| < ep™ , foralli>0. (6.3.11.3)

Proof : Recall that ¢ < |p|ic for all i > 0. Suppose that |¢;/pi| < cp™'
for all ¢ > 0. Then |\o| = |¢o| < ¢p™. By induction suppose that

I\ <cep™ forall j=0,...i—1, (6.3.11.4)
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then .
7 i—1 .
|Ail = !E(@—Aﬁ —pN] — =P ) (6.3.11.5)

i—k

i—k ki, i—k i
FAD 1< plF(epm )P = [p|Fer P <

By induction |¢;| < |p|icp™" and |p
|p?|cp™", hence

IAi| < cp™ (6.3.11.6)
Conversely suppose that |A;| < ¢p™" for all i > 0. Then
6] = [N+ pAT e piN (6.3.11.7)
< sup((ep™)” pl(eo™)? L pli(ep™ ) (6.3.11.8)
< |plic™ . O (6.3.11.9)

Definition 6.3.12. Let ¢ < w and p < 1. We denote by

WL og(T7]) ¢ [T WwE(0x)

nelJy

" WHT Ok (7))

(6.3.12.1)
the sub-group formed by the sums 3, _»T7™ such that every vector
A = (Ano,An,...) € W(Ok) verlﬁes the condition of lemma 6.3.11.

In other words
A | < cp™". (6.3.12.2)

Remark 6.3.13. Observe that, by lemma 6.3.11, a Witt vector Zner AT

belongs to the subgroup Wi (T 1Ok[[T1]]) if and only if the argument of
the exponential

m

np
EOY AT D) =exp(d . > ¢nm e — ) (6.3.13.1)
nelp nelJp m>0
verifies
Tlp’ln a ‘Qs_n7m| 7npm
Z Z¢ nm———— o = sup =P <c<w. (6.3.13.2)
neJp, m>0 P neJp,m20 |p|
Definition 6.3.14. We denote by
WHT Ok ([T71)]) (6.3.14.1)
the subgroup of WHT~1Ox[[T~!]]) defined as the sum of the sub-group
U Wi,@ox(T) (6.3.14.2)
c<w,p<1
with the sub-group
(U] WHT T 0 7)) YWHTIOKTT) . (6:314.3)

>0
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Corollary 6.3.15 (Criterion of solvability). Let Or — g(T), g(T) € Rk
g(T) =) aT € Rk (6.3.15.1)
€7

be a solvable equation. Then ag € Z, and there exist two families {X_p}nes,
and {An}nes, such that for allm € J,, and all m > 0 we have

A—np™ ::_ﬂ%¢—nﬂn ; Anpm ::n¢nnn7

where (¢—n,0, O—n,1,--.) (1€sp. (én,0, Pn1,--.)) is the phantom vector of A_,
(resp. An). Moreover 3, c; A_nT™" belongs to WHTTOK[[T7]).
Conversely given a triplet

(D AT, ag s > AT, (6.3.15.2)
neJp nedp
with
o > AT e WITTOK[TTY), (6.3.15.3)
nelp
o ag € Ly, (6.3.15.4)
o > AT e W(TOk[T)), (6.3.15.5)
nelp
then
g(T)=> > ¢ wmT ™" +ao+ Y > nepmT™"  (6.3.15.6)
nel, m>0 nel, m>0

belongs to R, and the equation Op — g(T) is solvable.

Remark 6.3.16. This corollary asserts that Zner A_,T7™ is a sum of a
“small” vector i.e. verifying the relation 6.3.13.2 and a vector of “type Robba”
i.e. of the type [m;]f(T), £ (T) € W(T1Ogue[[T]), for some j > 0
and such that the product [m;]f~(T) lies in W(T 'Ok [[T7!]]) i.e. has its
coefficients in K. Actually the proof will show that f~(T") can be chosen
pure.

Proof of 6.3.15 : Let Op — g(T) be solvable. By 6.3.9, we know the exis-
tence of {A_p bney, and {An}ney, (cf. A.1.9). We must show that >, ; A_nT™"

lies in WH(T1Ox[[T71]]).
Let d > 0 be such that

| Z a;T"/i|, < w , for some p < 1 (6.3.16.1)
i<—d
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(cf. 2.4.1). Write

g (M) => aT'+ >  aT". (6.3.16.2)

1<—d —d<i<-1
By 2.4.1 we know that
exp( Y a;T'/i) € Ry , (6.3.16.3)
i<—d

hence the equation dr — >, __,a;T" is solvable (and actually trivial). In
particular

or— Y. aT (6.3.16.4)
—d<i<—1

is solvable and hence, again by A.1.9, there exists a family {\, },.c J,, such
that
_ng! _f apgym if —np™ < —d
T 0 if —d<—npm<-—1

where (¢_p 0, ¢—n,1,- - ) is the phantom vector of A_,,. Since, by construction
1Y alil, <w, (6.3.16.5)
i<—d

this implies

IS T ™, < w0, (6.3.16.6)

nel, m>0
hence 37, 5 AL, T7" lies in WL ,(T Ok [[T~1]) for some ¢ < w.

Now we consider X”,, := A, — X}, the family {X”, },cj, verifies then

ng! - 0 if —np™ < —d
—mmo A_ppm if —d < —np™ < -1

By 5.4.17, and by 5.4.16 there exists a pure Witt vector

FT) = (fo (D), [ (T)) € W(T ' Ogears[T 1)) (6.3.16.7)
such that
LO,f () =0r— > aT". (6.3.16.8)
—d<i<-—1

Hence [m,]f~(T) and }_,c; A T" have the “same” phantom vector be-

cause f(T) is pure. Then }_, NPT~ lies in the image of the morphism

W (T Ogae[T7Y) 5 (1] - W(T Opae[T7Y]) . O (6.3.16.9)
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Remark 6.3.17. Let
L:=0r—>Y al", (6.3.17.1)
1€EZ
be a given equation. Then L is solvable if and only if for all n € J,

Or — > apmT™" (6.3.17.2)
m>0
and
O = a pmT ™" (6.3.17.3)
m>0

are both solvable.

Corollary 6.3.18. If K is unramified over Q,, then every rank one solvable
differential module over Ry is isomorphic to a moderate module (cf. 2.6).
In other words,

Pic™®(Rk) = Z,/Z (6.3.18.1)

Proof : 'We must show that all w—exponential eys (f~ (77), 1) whose loga-
rithmic derivative has its coefficients on K is trivial. Actually we can suppose
that the co-monomial f~(7T') is pure (cf. 5.4.16). Write

Orjog(ep (F(T), 1)) = > aT", (6.3.18.2)
—d<i<-—-1
with a; € O, foralli = —d,..., —1. Write f~(T) = Y, A_mn T

A ppmm) = (A_ppmm) gy -5 A

)’m(n)) € Wm(n) (OKalg). Since f_(T) iS
pure, then (cf. 5.4.14)

7npm(n

A_ppi = _nﬂ'm(n)—jgﬁ_npm(”),j , (63183)
forall j =0,...,m(n), where <¢—npm(n>,0: ce ¢—npm(n>,m(n)> is the phantom
vector of A_, jmm). On the other hand the criterion of solvability 6.3.15 as-

serts the existence of a family {\', } e, with phantom vector {¢’, }ney, ,
with ¢, := (¢—n.0,P—n1,-..), such that

A—ppm = —n(b'_nm , forallnelJ,, and m>0. (6.3.18.4)

Observe that ¢, ,, € Og. Since K is unramified over @Q,, then we can
employ the lemma 2.7.2. Then ¢’ ,, = ¢’ | mod p"Of for all n € J,
m > 0, that is

A_ppi = A_ppi-1 mod POk forall j > 0. (6.3.18.5)

Since a_, e +1 = 0 we obtain, by 6.3.18.3, the estimation |7,y ;¢ _mo 4| <
|p[’tt, for all j = 0,...,m(n). Then we have a system of conditions

J J—1 . . _
‘)\Zinpm("),O +pAIinpm("),1 o +p])\—npm(")7j’ < ’p‘j+1‘ﬂm(n)fj’ ! )

which gives easily [A_, mw ;| < |pl|mm—j|7" < 1. Then by 3.4.6, and 6.2.1,
ed(A_pme, T71) lies in Ry, for all n € J,, and Lg(0, f~(T)) is trivial.]
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6.4 Explicit computation of the Irregularity in some
cases

Let v; be the t—adic valuation of k((¢)).

Lemma 6.4.1. Let H/K be an algebraic extension. Let f(T) € T~ Ok [T 1]
be a polynomial in T=1, and let f(t) € t7 k[t™1] be the reduction of f(T).

Let n := —uv(f(t)) > 0. If (n,p) = 1, then

Irr(M(O, 0,...,0, f(T),0,...,0 ))) —n-pt, (6.4.1.1)
/+1

where £ = £(0,...,0, f(T),0,...,0) (cf 2.7.3).

Proof : We have M(0, (0,...,0, f(T),0,...,0)) = M(0, (f(T),0,...,0)) .
(cf. 5.3.0.2). Moreover, the isomorphism class of this module depends only
on f(t), hence we can suppose that f(T) = a_, T " + -+ + a_1T~ !, with
la_p| = 1. We have

L(0, (f(T),0,...,0)) = Or+0r10g (f (1)) [ws f (T) + 751 f(T)P + -- -<+7Tof(§1)ps] :
6.4.1.2
We have 07105 (f(T)) = —n +TQ(T), with Q(T') € Ok[[T7]], then

g(T) = —mo-n - ap_ln N L (terms of degree > —np®) . (6.4.1.3)

Since (n,p) = 1, we can apply 2.4.3 and Irr(0r + g(T)) = Irrp(Or +9(T')) =
14
np*.]

Corollary 6.4.2. Let f(t) = (fy ..., f+) € Wt k[t™"]). Let

n; = —v (F) . (6.4.2.1)
If (nj,p) =1, orn; =0, forallj=0,...,s (cf. 6.1.1), then
Irr (M(O,F(t))) = 012?2{8 (n; p*). (6.4.2.2)

Proof : Let Mj be the differential module defined by (0, ..., 0, f; (1),0,...,0).
By 6.4.1, Irr(M;) = nj - p¥7. Since M(0, (7)) = ®@;M; (cf. 4.2.7.1), and
since njps_j are all different, then by 2.4.8 we conclude. [J

6.5 Tannakian group

In this section we study the category of solvable differential modules over
R which are extension of rank one sub objects. We remove the hypothesis
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“K is spherically complete”, present in the literature. Let H/K be an arbitrary
algebraic extension. We set

HE = U Ap(]1 — &, 00). (6.5.0.3)
Let S be a sub-group of Z, without Liouville numbers and containing Z.

Definition 6.5.1. Let C be an additive category. If there exists a function
rank on C, then we denote by Cg.1 (resp. Cext-1) the full sub-category of C
whose objects are finite direct sum (resp. finite successive extension) of rank
one objects.

Definition 6.5.2. An object is said simple if it has no non trivial sub-
objects. It is said indecomposable if it is not a direct sum of non trivial
objects.

Definition 6.5.3. Let MLS(HTH) be the category of (free) differential mo-

dules over H}I solvable at 1 (i.e. Ray(N,1) = 1, cf. 2.4). Recall that, by
definition, such a module comes, by scalar extension, from a module over
HTL, for some finite extension L/K (cf. 2.1.1.1). Let N € MLSeXt_l(HE) be
extension of rank one modules, say {N;}i=1 . . We will say that N is regular
at oo, write N € MLSZigt_l(HE), if, for all ¢, the module N; is defined, in

some basis, by an operator dp + g;(T), satisfying
g:i(T) = ai;TV,  witha;; =0, forall j>1. (6.5.3.1)

We will say that N belongs to MLSZ;S(%_I(HL, S),if N € MLSéigt_l(HL), and
if a0 € S, for all 4.

Lemma 6.5.4 (Schur’s Lemma). Let My, My be two rank one objects in
MLS(Rg) (resp. MLSZi%_l(HL)). Every non zero morphism o : My — Mo
18 an isomorphism.

Proof : Let ag; € Z, be the exponent of M;. In the theorem 5.4.17
we have seen that M; has a basis e; € M; in which the solution is of the
type T%i¢;(T"), where €,(T") € Ap(]1,00]) is a series with coefficients in H.
We have then o(e;) = h(T)ey, with h(T) = T%27%1¢(T)e1(T)! € Ry.
Then ags — ap1 € Z, and ea(T)er(T)~ € Ry. Since ¢ (T) is a product
of w—exponentials, hence both A(T') and its inverse lie in Ry. If My, My €
MLSES_gl (HL), then, by the proof of 2.4.1, the base change necessary to obtain
e; lies in (H;{)X.D
Remark 6.5.5. By 6.5.4, every rank one object of MLS(Ry) is simple in
Mod-R g [0r]. Then, by the Jordan-Holder theorem in Mod-R i[0r], the ca-
tegories MLSext1(Rp), and MLSex1(R g, S) are abelian, and, for all object
M, the set of rank one objects appearing in a decomposition series of M
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does not depend, up to the order, on the chosen decomposition. Moreo-
ver the sub-categories MLSq 1(Rp) and MLSq (R, S) are abelian and

semi-simple. The same facts are true for MLS'% | (K1), MLSI® | (H},) and
MLSE (H,, S).

Theorem 6.5.6. Let N € MLSyi1 (R, S) (resp. N € MLSI® | (H1,, 9)).
There exists a basis of N in which the matrix of the derivation is in the
Jordan canonical form. In other words, N is a direct sum of objects of the

form
M ® Uy, (6.5.6.1)

where M is a rank one object and U, is defined by the operator OF'.

Proof : Let My, My € MLScx-1(Rp). By the Robba’s index theorem
for rank one operators whose matrix is a rational fraction [Rob84|, we have
dim Hom(My, My) = dim Ext!(Mj, Ms). Observe that this fact does not
need the “spherically complete” hypothesis on the field K. The theorem re-
sults then by classical considerations (see for example [vdPS03]).0]

Theorem 6.5.7 (Canonical extension). The canonical restriction functor
Res : MLSC S | (’HL, S) — MLSext-1(Rm, S) is an equivalence.

Proof : By the main theorem 5.2.2, Res : 1\/11482(:(%_1(7‘[r ,S) — MLSext-1(Ru, S)
is essentially surjective. Indeed L(ag, f~ (7)) has its coefficients in HL. By
6.5.4, two rank one modules in MLS;‘;{%_I(HTH, S) are isomorphic if and only
if they are isomorphic over R, because the base change is given by an over-

convergent exponential in 1+ T~ *Oy[[T]]. Hence, by the Schur lemma
6.5.4, Res is also fully-faithful.[

Corollary 6.5.8. The Tannakian category MLSex-1(Ri, S) is neutral.

Proof : Let wg : MLSES%(HT ,S) — Vect™(H) be the fiber functor
sending a rank one object in its Taylor solution at 1 (cf. 2.3.0.1). A H—linear
fiber functor of MLSq 1(Rpg,S) is given by composing wg with a quasi-
inverse of Res.[J

Definition 6.5.9. An affine group scheme H (over H) is linear if there exists
a closed immersion H — GLg(V'), for some finite dimensional vector space

V.

Definition 6.5.10. Let wg : MLSg 1 (R, S) — Vect™(H) be a fiber func-
tor. We denote by
Gy = Aut®(wyg) (6.5.10.1)

the tannakian group of MLSg 1 (R, S).
Remark 6.5.11. By 6.5.6, the tannakian group of MLSex¢.1 (R, S) is

Gu x G,. (6.5.11.1)
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6.5.1 Study of Gy

For all (finite dimensional) representations py : Gg — GLg(V), we set
Guyv = pv(Gu). The group G v is then linear and affine. Moreover, G v/
is diagonalizable (i.e. closed subgroup of the group of diagonal matrices).
The group Gy is the inverse limit of its linear (compact) quotients Gy v,
and is endowed with the limit topology. Hence Gy is abelian, because every

V is a direct sum of rank one objects, and Gy is abelian.

Remark 6.5.12. Let I be a non empty directed set. The functor lii>ni61 is exact
if applied to exact sequences of compact algebraic groups (see for example
[Bou83b, ch.3,87,Cor.1]). For this reason, all exact sequences in the sequel

will be studied at level Gy .

Definition 6.5.13. We set X(Gp) := Homg" (G, G, © H), where the
word “cont” means that such a morphism Gy — G,,, ® H factors on a linear
quotient G v .

Let Pic¥(Rp..) be the sup-group of Pic®®(Rp, ) formed by modules
whose residue lies in S. By tannakian equivalence, we have an isomorphism
of groups

X(Gu.) = Pict Ry, ) = S/Z® P(ky_). (6.5.13.1)
This leads us to recover the group G itself (cf. [Spr98, 3.2.6]). Let us write
S/Z = S/Z(p) ) Z(p)/Z . (6.5.13.2)

Theorem 6.5.14. Gy, is the product of a torus Ty, (dual of S/Zy) with
a pro-finite group Ly, (dual of Zy,) /7 © P(kn,,)). This last is isomorphic
to the Galotis group I%];IOO = Gal(Ei;i/EHw)ab, where Eg_ = kg ((t)) (cf.
2.8.5)

R = Zu,. . (6.5.14.1)

Proof : The proof is standard. These two groups have the same cha-
racter groups. Namely, by tannakian equivalence and by corollary 5.3.2, the
character group of Ty is Z,)/Z © P(kn,,). By the Artin-Schreier theory,
and the Kummer theory, this last is also the character group of Zp_ . [

Remark 6.5.15. We will see in the next section that this isomorphism is
induced by the Fontaine-Katz functor M. Actually, this isomorphism exists
even without the hypothesis required in the definition of this functor.

6.6 DIFFERENTIAL EQUATIONS AND ¢—MODULES OVER

£l IN THE ABELIAN CASE

In this section the notations, and hypotheses, will follow [Tsu98a|. We
recall that
w=p (6.6.0.1)
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(cf. 4.0.5). We suppose k perfect (used in 6.2.6). Let A/Q, be a finite exten-
sion containing Q,(&s). Let I, with

qg:=p", (6.6.0.2)
be the residue field of A.

Hypothesis 6.6.1. We assume the existence of an absolute Frobenius
oo A— A (6.6.1.1)

(i.e. lifting of the p—th power map x — aP of F,), satisfying

oy = Ida (6.6.1.2)
and
oo(ms) = 75 . (6.6.1.3)
This is always possible if A/Q, is Galois.
We let
K = A ®W(]Fq) W(k‘) (6614)
and
o:=1Idy ® F". (6.6.1.5)

We denote again by g the morphism (o9 ® F) on K, then o = o(;. We fix a
continue absolute Frobenius ¢y on O}(, by setting

@0(2 a;T") := Z oo(ai)eo(T)" (6.6.1.6)

where ¢o(T') € (’)}L\, is a lifting of P € k((t)) (see definition 2.5.1). Then ¢
verifies @o(ms) = 75, and (,00(5'}\) C 5/T\_ We set

© =) - (6.6.1.7)

Both ¢ and ¢ extend uniquely to all unramified extensions of 8};, hence
they commute with the action of Gg := Gal(E*P/E).

Definition 6.6.2. Let Repin(GE) be the category of continue (finite dimen-
sional) representations a : Gg — GLA(V), such that a(Zg) is finite.

Definition 6.6.3. Let o : Gg — A be a character such that a(Zg) is finite.
Then we denote by V, € Repin(GE) the rank one representation of Gg given
by

v(e) :==a(y)-e, forallye Gg,
where e € V, is a basis. We denote by D(V,) (resp. Mf(V,)) the ¢ —
V—module over S;( (resp. differential module over Ry ) attached to V.
Namely

DI (V,) = (Vo @4 EL™)CE MT(VQ):DT(VQ)®£LRK. (6.6.3.1)
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We recall that MT(V,) is endowed with the unique derivation “commuting”
with ¢ (cf. [Fon90, 2.2.4]). This derivation is V = 1 ® dp. By 2.5.9, one has

M (V,) € MLS(Rg) . (6.6.3.2)
Definition 6.6.4. We will identify Z/p**'Z with p,s+1, by sending
1 & Z/p T2 5 ppen,
where & is the unique p*T!—th root of 1 verifying (cf. 2.9.9)
[(§s = 1) — ms| < |ms] - (6.6.4.1)

If « € Hom®™"(Gg,Z/p**t'7Z), we denote again by V, the representation
given by
v(e):= &2 e, forall y € Gg.

Remark 6.6.5. This definition is chosen “ad hoc” to be the inverse of the
action of Gg described in 4.1.9.2.

Remark 6.6.6. Let o : Gg — A be a continue character, then « factors on
the abelianized G%b. Let I}%b be the inertia of G%b, and sz be the abelianized

of Gal(k*P/k). Since k is perfect, then, by 6.2.6, the exact sequence 1 —
Iﬁb — G%b — sz — 1 is split, hence

G =12P o GoP | (6.6.6.1)
and a = o~ - o, where o~ :Igb — A* and «ag : sz — A*. Then
Vo =V, ®Vgq,.

We observe that
M'(Vy,) = Ri. (6.6.6.2)

is trivial because its solution is a constant. Indeed, the extension of (’)}{
defined by «g is (’);( ®p H, for some unramified extensions H/K. In the
sequel we will treat only characters o : Gg — A* with finite image, this will
be restrictive in terms of p—modules but not in terms of differential modules

(cf. 6.6.6). Indeed,
DI(V,) =DI(V, ) @D (Va,) ;  Mi(Vy)=M(V, ). (6.6.6.3)

Remark 6.6.7. Points (4) and (5) of the following theorem have been already
proved in [Mat95] in the case p # 2 and rank one, and in [Cre00|, [Mat02],
[Tsu98b| in the general case. Moreover it seems that the explicit form of the
differential operator (answer to the question (5) of the introduction) was
written in the proof of Lemma 5.2 of [Mat95], in the case p # 2.
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Theorem 6.6.8. Let f(t) € W(E) and let o = 5(f(t)) be the Artin-
Schreier character defined by f(t) (cf. (2.8.1.2)). Let (5;[()’ be the unramified

extension of 8}} corresponding, by henselianity, to the separable extension of
k((t)) defined by c. Then

1. a basis of DY(Vy) is given by
y:=e®0,(v,1), (6.6.8.1)
where e € V, is the basis of 6.6.4 and v € WS(SA}J(‘“) s a solution of

po(v) —v=f(T), (6.6.8.2)

where f(T) € W(Og[[T)[T7Y]) is an arbitrary lifting of f(t) ;

2. the Frobenius pg acts on V, moreover ¢o(y) = Ops (f(T),1)-y. Hence,
if Tr(F(T)) = F(T) + @o(F(T) + -+ + 5 (F(T)), we have

e(y) = Ops (Tr(£(T1)),1) - y; (6.6.8.3)

3. By 4.2.5, one has (EIT()’(WS) = E}S[Gps(l/*,l)] (cf. definition 5.4.8).

This extension can be identified with the extension
Elc 10ps (™, 1)] == EL [eps (£7(T), 1)] (6.6.8.4)

by sending Ops (v, 1) into eps (f(T),1). In particular, if s € K, one
has
y=e®ep(f (T),1). (6.6.8.5)

Moreover o(y) = bps (f(T),1) -y, and o(y) = bps (Tr(f (1)), 1) - ¥.
4. The isomorphism class of MT(VQ) depends only on o~ and

M (Vy) =5 M(0,07) ; (6.6.8.6)
5. the irreqularity of MT(VQ) s equal to the Swan conductor of V.

Proof : Let E = E((t)). For all v € Gg = Gal(E*P/E), we have (cf.
(4.1.11.2))

Y(e® Oy (r,1)) = (€2 . ) @ (6% - 0, (1,1)) = e ® Ops (v, 1), (6.6.8.7)

hence e®0,s(v,1) € DI(V,,). Moreover, ¢g(e @0, (1,1)) = e®o(0ps (v, 1))
and

20l (1. 1)) 2 0 (0(0), 1) = e (90(1) =1, 1) - O, 1) . (6.6.8.8)

The equality (%) is true because po(mws) = og(ms) = 7s, for all s > 0. The
derivation on MT(V,) arises from the derivation on EL™ (cf. (6.6.3.1)),
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hence the operator attached to the basis e ® 0,s(v,1) € M}((VQ) is (cf.
2.2.2) Op — Or10g(6ps (v, 1)). As explained in 6.6.6, the isomorphism class of
M'(V,) depends only on a~ = §(f(t)). Hence, we can suppose o = o™
and f(T) = £ (T) € Ws(T1Ok[T71]) (cf. 5.4.8). Let us write v~ instead

of v. By equation (5.1.0.1), we have

Ops (v, )P = e (F(T), 1), (6.6.8.9)
hence 07 1og(Ops (¥, 1)) = Orog(eps(f(T),1)). This establishes point (3)
and (4).

Both the Swan conductor and the irregularity are stable under extension
of the constant field K, hence we can suppose K = K&, We can suppose that
f(T) is pure (cf. 5.4.13), because both the Swan conductor and the irre-
gularity depend only on a~. Write f~(7T') = ZnEJP )\npm(n)T_"pm(n>. Since
the irregularities of the )\npm<n>T_"pm(n)’s are all different we can suppose
(1) = )\npm(n)T_"pm(n). Now write explicitly (cf. definition 5.4.1)

r+1

m(n)

Anpm(n)T_np = ()\TT_ina )\T+1T_np geeey )\mT_npm(TL))
— ()\TT_in’ 0 e 0) + ... + (0’ o 0’ )\mT_npm(n)) '

Since, by Reduction Theorem 3.4.6, the irregularities of the these vectors
are all different, and since both the irregularity and the Swan conductor
are invariant by V (cf. (6.4.1.1)), we can suppose f (1) = (A\T~",0,...,0),
with |A| = 1. Moreover, since K = K8, the residue field is perfect and,
replacing AT~" with )\l/ka_”/pk, we can suppose (n,p) = 1 (cf. 2.8.2.1).
The irregularity is then np® (cf. 6.4.1), and it is equal to the Swan conductor
(see for example [Bry83|). This Theorem is the analogue of 6.4.2 for Artin-
Schreier characters of Gg). O

Remark 6.6.9. Suppose that the character is totally ramified, and choose
F(T) in W(T7rOk[T™1)), then Oy (v, 1) = eps (£ (T), 1).

Remark 6.6.10. Let ap = 7+ € Z;, N Q. Suppose that p,, C k. Let
Bao : Gal(k((t)*P/k((t) — w,, C A (6.6.10.1)

be the Kummer character defined by t*. We have (4,(7v) = ~v(t%)/t%. As
before, a basis of D(Vpg, ) is given by e @ 7% € Vg, ® ERM™ because
v(€) := Bay(7)e. Then

ple ® T~9) = TOp(T~%) - (e ® T~™) , (6.6.10.2)

and M'(Vg,) = M(ag,0). We do not have necessary an action of g, because
oo does not fix the n—th root of 1.
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Troisiéme partie

Strong p—adic Confluence and
p—adic local monodromy of
g—Difference Equations
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Abstract

In this paper we study a particular kind of confluence of p—adic
q—difference equations to differential equations. Our main goal is to show
that, in the p—adic framework, the solutions of ¢—difference equations are

not only an approximation of the solutions of the differential equations, but
are actually equal to these solutions.

We develop a language which describes this situation and we deduce the
quasi-unipotence of g—difference equations, from the confluence and from
the quasi unipotence of p—adic differential equations with Frobenius
structure.
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Chapitre 1

INTRODUCTION

1.1 Heuristic
Let us consider a family of g—difference equations
{0g(Y)=A¢(T)-Y }gep , (1.1.0.1)

where D is a domain admitting 1 as limit point, and such that, for all ¢ € D,
the matrix A,(T) is an invertible n x n matrix, with coefficients in a ring of
functions B, endowed with an action of the operator

0g:B——B. (1.1.0.2)
J(T)—=f(qT)
Denote by . i
o, —
Ay =21 — 01 :=T— 1.1.0.
q q _ 1 Y 1 dT Y ( O 3)

the g—derivation and the derivation (lim,—1 Ay = 61). The family 1.1.0.1 is
equivalent to the family of equations

Ay — 1,
g—1 °~

AY)=Gy- Y, with Gy:= (1.1.0.4)

The phenomena of confluence and of deformation describe heuristically the
fact that in some cases, if ¢ — 1, the equation 1.1.0.4 “tends” (in a suitable
meaning) to a differential equation

(51(Y) = Gl Y y with G] = hH% Gq y (1105)
q—

and that the eventual solution matrix Y; of 1.1.0.4 “tends” to a solution Y;
of 1.1.0.5 :
lin%Y}J =Y. (1.1.0.6)
q—>

The object of this paper is to show that, in the p—adic framework, the
dream of the lazy mathematician is realized : it is possible to choose the
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family of equations 1.1.0.1 in such a way that the solution Y, is not only a
“discretization” of the solution Y7, but actually one has

Y, =Y, (1.1.0.7)

for |¢—1] sufficiently small. We show that the class of g—difference equations,
for which this principle holds, contains the family of equations, that we call
Taylor admissible, which, roughly speaking, are defined by the fact that they
admit a “g—Taylor solution” at every point (cf. 7.1.1). Observe that, under
the condition 1.1.0.7, the family 1.1.0.1 is uniquely determined by the matrix
Y1, by the relation A,(T) = o,(Y1)-Y; L.

This shows that, given the (admissible) differential equation 6; — G(T),
there exists a canonical family of g—difference equations attached to it, and
it is characterized by the fact that the Taylor solution of the differential equa-
tion is simultaneously solution of every equation of this family of ¢—difference
equations.

Example 1.1.1. We consider the rank one differential equation &y + 771,
where 7 is “the m of Dwork” (i.e. is a solution of 77~1 = —p). Its Taylor
solution at infinity is

y(T) := exp(rT ™). (1.1.1.1)

We consider this equation over the ring of analytic function B := Ag(I) on
an annulus C(I;), where I, is the interval |1 —¢, 1], with 0 < ¢ < 1. Then the
canonical family of g—difference equations attached to §; + 77! is given by

{04 —A¢,T) }gent(1,r) > (1.1.1.2)

where 7 =1 —¢, and
Alq,T) = exp(n(qg~t = 1)T7Y). (1.1.1.3)

Indeed the solution of o, — exp(mw(¢~! — 1)T1) is always exp(7T~1), and
exp(m(q~t = 1)T™Y) € Ak (1), for all ¢ € DT(1, 7).

1.1.1 Admissible c—modules

Let (K, |.|) be a spherically closed field of characteristic 0, with residual
field of characteristic p > 0. Let A be a bounded affinoid (cf. 2.1.2.1). Denote
by H(A) the ring of analytic elements on A (cf. 2.1.3.1). Let Q be the sub-
group of K formed by numbers ¢ € K such that o, acts on Hg(A). We
put on @ the topology induced by the ultrametric value of K. In the most
important examples Q is an open Lie subgroup of K.

Now fix a g in the Lie group Q. Suppose that gg is not a root of unity,
and consider a gg—difference equation :

0q0(Y) = Ag(T)Y, (1.1.1.4)



with A4 (T) € GL,(H(A)). Denote by Y (T, c) the Taylor solution of that
equation, at ¢ € A(K). We show that, under certain conditions of conver-
gence of the Taylor solution Y (T, ¢), there exist an open subgroup U C Q
containing qg, and a canonical family of equations

{oq(Y) = A(¢; T)Y }qeu (1.1.1.5)

characterized by the fact that Y (7, c) is solution of every equation of this
family (in particular A(qo,T) = Ag(T) = Y (qoT) - Y(T)™!). The strong
deformation consists actually in pass from an equation to another of this
canonical family.

Starting from this fact we introduce a category of “sheaves”, called ad-
missible o—modules, on the metric space Q. We denote this category by

o — Mod(B)%™. (1.1.1.6)

An admissible o —module on an open subset U C Q is a free H (A)—module,
together with an action of oy, for all ¢ € U, depending “analytically” on ¢, and
admitting a “solution” which is simultaneously solution of every g—difference
equation defined by M.

Admissible c—modules form actually a full sub-category of the category
of “sheaves” of modules over the sheaf of rings Og on Q, defined as

Oo(U) :=B[{oq, 0, }eev], UCQ. (1.1.1.7)

with the evident relations o4 o f(T') = o4(f(T")) 0 oy, for all ¢ € U. Observe
that to the inclusion U C V corresponds the inclusion Og(U) C Og(V),
hence the Og is a covariant functor on the category of open subsets of Q. If
one shall works with “real” sheaves one must consider the opposite category.

Admissible 0 —modules have a “mixed” nature, in the sense that :

e if ¢ is not a root of unity, then the stalk at a ¢ € Q of such an object

is a q—difference equation ;

e the stalk at 1 is a differential equation ;

e the stalk at a root of unity & € Q is a “B—module together with the

action of the finite order operator o¢ and the action of 61 := T%”.

It happens that every admissible c—module is a “constant” sheaf in the
sense that such a sheaf is completely given by its stalk at some ¢. This fact
implies that two stalks of the same c—module are canonically related. The
language is then particularly simple.

We are leaded then to define the strong deformation functor Def, , as
the functor which sends the stalk at ¢ into the stalk at ¢’ of the same sheaf.
Roughly speaking the strong deformation functor sends a g—equation into
the ¢'—equation having the same solutions.
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1.2 g—tangent operators

The “singularities” of these sheaves are the roots of 1. In the particular
case in which the root is equal to 1, then o; = Id is the identity, and the
formula A; := % has no meaning.

If ¢ = 1, the expected object is a differential equation : the operator A,
must be replaced by d;. We must look at a neighborhood of ¢ = 1 and not
only at the point ¢ = 1. In other words the derivative ¢ can be defined by

using A, as follows

—1d
01 :=lim A, = lim %4 .
q—1 qg—1 q— 1

(1.2.0.8)

The idea is now that the operator A, fails if ¢ is a p"—th root of 1,
and it must be replaced by another operator. The main idea borns from the
following picture :

Endg (B

Definition 1.2.1. For all ¢ € K, we define the g—tangent operator ¢, :
Hi (A) — Hy (A) as the derivative at ¢ of the map o : K — End§2™ (Hx (A)),
q + o4. More precisely

¢ —9q

0g :=¢q- lim

, 1.2.1.1
= ( )

where the limit is taken with respect to the simple convergence topology.

One find that
5(1 :O'q051 :5100'(] . (1212)

Then 0, verifies

6q(fg) = 64(f) - 04(g9) + 04(f) - 64(9) - (1.2.1.3)

If ¢ = {isaroot of 1, then the category of o¢—modules (i.e. {—differences
equations) is completely different from the case in which ¢ is not a root of
1. The main problem is that this category is not K —linear, since the ring of
endomorphisms of the unit object is not reduced to K. In other words, the
ring of constants of o, is not reduced to K. To solve this problem we will
consider a new definition of “constants” :
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Definition 1.2.2. An element b € B is called a (o, §;)—constant over U if

both B
{gz% - g (1.2.2.1)

are verified.

In the most important cases, the ring of (o4, ;) —constants of B is reduced
to K, even if ¢ is a root of 1.

These notions lead to define a new kind of mixed objects called admissible
(0,0)—modules on U. An admissible (¢,d)—module on U is an admissible
o—module, together with an action of d; (and hence of §; = o4 0 d1). The
Taylor solution of the o —module is then automatically also solution of the
differential equation defined by the operator d; (cf. 6.1.10).

Analytic (o, §)—modules coincide actually with analytic o —modules, since
the operator J, can be defined from o, by the formula 1.2.1.1. They are in-
troduced since they describe better the situation on the root of unity.

Then the “stalk” of a c—module at a root of unity ¢ = ¢ is a module on
Hx (A), together with the actions of the two operators o¢ and .

Example 1.2.3. We give now an example of confluence which is not of
strong type. Consider the family

{Uq - ;{((L T)}qED*(l,T) ) (1231)
where 7 <1 — ¢, and
A(q,T) :=exp((1 — q)xT 1Y) . (1.2.3.2)

We consider this family over the ring Ax(I.), as in the example 1.1.1.
The family 1.2.3.1 defines a so called analytic c—module on D~ (1,1),

which is not admissible in this case. Indeed the solution of o, — A(q, T') is
Ug(T) = exp(qnT 1), (1.2.3.3)

and is not “constant with ¢”. Observe that, for all¢ € D™ (1,7), the g—difference
equation o, — A(q,T') is isomorphic to the g—difference equation o, —A(q, T)
defined in the example 1.1.1. Indeed, the function

exp(qﬂT*I)

(T = exp((q — 1)7T™1) (1.2.3.4)

belongs to Ag (I:)*. But the two o —modules are not isomorphic since there
is no analytic function 6(7) in Ag (I.)* which verifies simultaneously

O(T) - 4,(T) = exp(nT™') (1.2.3.5)

for all ¢ € D(1, 7).
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The stalk at ¢ = 1 of this c—module is the differential equation §; —
G(1,T), where G(1,T) is defined by

G(1,T) := lim Ale.T) =1

lig = — = —rT7t. (1.2.3.6)

If ¢ goes to 1, then limg_; y,(T) = exp(rT~1).

Remark 1.2.4. We discuss in 8.4 the relation between our strong confluence
and the confluence defined in [ADV04].
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Chapitre 2

Notations

We set
Rs:={reR|r>0}. (2.0.4.1)

2.1 Rings of function

Let R > 0 be a real number. We define the ring of analytic functions on
the disk D™ (¢, R), c € K, as

A(e,R) :={)_an(T = )" | an € K, liminf |a,|"/" > R} . (2.1.0.2)

n>0

Its topology is given by the family of norms | > a;(T — c)i](cﬁp) := sup |a;|p?,
for all p < R. Let ) # I C R>( be some interval. We denote the annulus
relative to I by

Ck(I):={zeK||z|el}. (2.1.0.3)

Remark 2.1.1. By C(I), without the index K, we mean the annulus itself
and not its K —valued points.
The ring of analytic power series on C(I) is
Ar(I) == {Z a;T" | a; € K, lim |a;|p' =0, forall pe I}. (2.1.1.1)
i€l ke

We have |, a; T, := sup; |a;|p" < +oo, for all p € I. The ring Ax(I) is
complete with respect to the topology given by the family of norms {|.|,} 1.
Set

L:=]1-¢1[, 0<e<l1. (2.1.1.2)
The Robba ring is defined as
Ric = J Ax(I) (2.1.1.3)
e>0

and is endowed with the limit Frechet topology, and is complete.
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2.1.1 Affinoids
Definition 2.1.2. A K—affinoid is an analytic subset of P! defined by

A=P — | JD (e Ri) (2.1.2.1)
=1

for some ci,...,¢, € KU {00}, Ry,..., R, > 0. For all ultrametric valued
K —algebras (L, |.|), one has

A(L) :=PYL) — O Dy (ci, Ri) (2.1.2.2)
=1

where, if ¢ = oo, we set D} (00, R) :={z € L | |z| > R'}.
Remark 2.1.3. We denote by A the K—affinoid itself, and by A(L) its
L—rational points.

Let A be an affinoid. We denote by

Hi (A) (2.1.3.1)

the completion of the ring H'™'(A) of rational fractions f(7) in K(T), wi-
thout poles in A(K?#), with respect to the norm

If(T)][a=sup [f(z)]. (2.1.3.2)
TEA(K?lg)

If A=P — (D(0,p1) UD (00, p3 ")), then Hy(A) = Ag(I), where I =

[p1, p2].
Let € > 0 be a “small” real number. If A = P! — JI', D™ (¢;, R;), then

we set
n

Ac=P' — [ JD (c;, Ri—¢) . (2.1.3.3)
=1
We set then
Hic(A) = | Hr(A:) . (2.1.3.4)
e>0

The ring H}((A) is complete with respect to the limit topology. We set
My i=H(A1) ,  Hi=Hj(A), (2.1.3.5)

where Ay :={z | |z| = 1}.
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2.2 Norms and radii of convergence

2.2.1 Logarithmic properties

We recall that if » — N(r) : Rsg — R>¢ is a function, then the
log —function attached to NN is the function N : RU {—oo0} — R U {—o0},
defined by N(t) := log(N(exp(t))) :

R>0 R>0 (2.2.0.6)

eXPTZ Zilog

RU{—oo} ~">RU{—oc0}.

We will say that N has logarithmically a given property if N has that pro-
perty.

2.2.2 Norms

The absolute value on K, or, more generally, on every extension field
/K, will be extended to a norm on M, (£2), by setting ||(a; ;)| := max; ; |a; j|o-
Let f(T) =Y ;cpai(T — ¢)', a; € K, be a formal series. We set

| Flee,p) i= sup lailp" (2.2.0.7)

this number can be equal to +oo. If F(T') = (fnk(T))n k. is a matrix, we set
1Fl(c,0) = mhfj}cX\fh,k!(c,p) : (2.2.0.8)

Lemma 2.2.1 ([CR94, ch.Il]). Let F(T) € M,(K[[T — ¢]]). Suppose that

1]l (c,p) < 00, for all p < po. Then the function p— ||F[|(c,p) : [0, po[— R>o
1s log-convex, piecewise log-affine, and log-increasing. Moreover

IFE(T)epy = sup  [IF(@)]gas - (22.1.1)
|z—c|<p,xeKale

log([[ Fll(c,p)}

« log(0) log(p)

log(po)

e
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2.2.3 Radii

Let f(T) = > ispai(T — c), a; € K be a formal series. The radius of

convergence of f(T) at ¢ is

Raye( f(T) ) := liminf |a;| /% .

>0

If F(T) = (fnx(T))nk, is a matrix, then we set

Rayc(F<T)) = rﬁikn Rayc( fh,k(T) ) :
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Chapitre 3

Discrete or analytic c—modules
and (o, )—modules

Definition 3.0.2. Let B be one of the rings of 2.1. We denote by
Q(B) (3.0.2.1)

the set of ¢ € K such that o, : f(T') — f(¢T) is an automorphism of B, and
that |¢ — 1] < 1. We will write Q if no confusion is possible.

Remark 3.0.3. Clearly Q is a topological group and contains always a disk
D~ (1,7), for some 79 > 0. One has

Q(Ak (D) = Q(Rk) = Q(HY) ={a € K| |g| =1} . (3.0.3.1)

If Ais a bounded affinoid (i.e. contained in some disk D~(0,7), » > 0), and
if B=HI.(A), then

QMK (A) C{ge K [|g| =1} . (3.0.3.2)
Observe that if there exists a ¢ € Q(Hx (A)) such that |g| # 1, then A = P}

Definition 3.0.4. Let S C Q be a subset. We denote by
(S) (3.0.4.1)

the subgroup of Q generated by S. Let u(Q) be the set of all roots of 1
belonging to Q. Then we set

S° =5 — Q). (3.0.4.2)

Let U C Q be an open subset with respect to the “naive” p—adic topology
of @, induced by the absolute value of K. Let S C Q be an arbitrary sub-set.
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In this section we define the following categories

o —Mod(B)#¥s¢ = discrete 0 — modules over S,

o —Mod(B)j' = analytic 0 — modules over U ,
(0,0) — Mod(B)#¢ = discrete (o,d) — modules over S,
(0,0) —Mod(B)j* = analytic (o,d) — modules over U .

Remark 3.0.5. Recall that, by assumption, K is spherically closed, and that
every finite dimensional free B—module M has the product topology.

3.1 Discrete oc—modules

Definition 3.1.1 (definition of the category of discrete c—modules).
1. Objects : Let S C Q be an arbitrary subset. An object of o—Mod(B)‘éiSC
is a finite dimensional free B—module M, together with a group morphism

oM (S) —— Autym(M) (3.1.1.1)

q»—»o}]\/l
such that, for all ¢ € S, the operator U}]V[ is o, —semi-linear, that is

oy (fm) = o4(f) - oy (m) | (3.1.1.2)

for all f € B, and all m € M. Objects (M,o™) in o — Mod(B)&¢ will be
called discrete o—modules over S.

2. Morphisms : A morphism between (M, ™) and (N, o) is a B—linear
map « : M — N such that

aoa}l\/[:UqNoa, (3.1.1.3)

for all ¢ € S. We will denote the K —vector space of morphisms by
Hom% (M, N) . (3.1.1.4)

Notation 3.1.2. If S = {q} is reduced to a point, then the category of discrete
o—modules over {¢} is the usual category of g—difference modules. We will
use then a simplified notation :

o4 —Mod(B) = o —Mod(B){ . (3.1.2.1)

Remark 3.1.3. 1.— Conditions 3.1.1.2 and 3.1.1.3 for ¢ € S implies the same
conditions for all ¢ € (S5).

2.— If M # 0, then oM is automatically injective. Indeed, the equality
ag/l(fm) = Jy(fm), for all f € B and all m € M, implies aq(f)olqv[(m) =
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Uq/(f)cr}]\{[(m), and hence the contradiction oq(f) = o4(f), because B is
integral and M is free.
3.— The morphism o™ is determined by its restriction to the set S.
Reciprocally, if a map S — Aut2™(M) is given, then this map extends to
cont

a group morphism (S) — Autfe™ (M) if and only if the following conditions
are verified

M

; M. M_ _M_ M / .
i. 04 00y =0y,00,, forall ¢,¢' € S ;

it. If3dnmeZ, Iqi,q €S, such that ¢ = ¢4, then (U}l\/ll)n = (J}]\g)m :

iii. If1€ S, then o}t =1d.

3.1.1 Matrices of oM

Let e = {e1,...,e,} C M be a basis over B. In this basis G}JVI acts as
oy (froe i fu) = (1o fo) A0, T) | (3.1.3.1)
where the matrix A(q, T) := (a;;(q,T))i,; is defined by the relation oy (e;) =

Zj a; j(q,T) - ej. By definition, if ¢ = 1, we have A(1,T") = Id. One has

Alqd,T) = A(¢,qT) - A(q,T) . (3.1.3.2)

3.1.2 Internal Hom and ®

Let (M, o™), (N, o) be two discrete o —modules over S.

Definition 3.1.4 (0 — Hom). We define a structure of discrete o—module
on Homgp (M, N) by setting

O_(I;Iom(M,N)(a) =oNoao (o), (3.1.4.1)

for all ¢ € S, and all & € Homp (M, N).

Definition 3.1.5 (¢ — ®). We define on M ®p N a structure of discrete
o—module over S by setting

oy N ( Mm) @ oy (n), (3.1.5.1)

m®n):=o
for all g € S, and all m € M, n € N.

Remark 3.1.6. If S° # 0 (cf. 3.0.4.2), then the category o — Mod(B)&* is
K —linear. Moreover, since B is a Bezout ring (i.e. every finitely generated
ideal of B is principal), then the category is Tannakian.
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3.2 Discrete (0,§)—modules

Let S C Q(B) be an arbitrary subset.

Definition 3.2.1 (discrete (o, 0)—modules).
1. Objects : An object of

(0, 6)~Mod(B)dise (3.2.1.1)
is a o—module over S, together with a connection!
MM - M. (3.2.1.2)

Objects (M, o™, 6M) of (o, §)—Mod(B)%s¢ will be called discrete (o, §)—modules
over S.

2. Morphisms : A morphism between (M, o™, M) and (N,oN,d)) is a
morphism « : (M, ™M) — (N, o) of discrete o—modules satisfying also

aodM=Noa. (3.2.1.3)
We will denote the K —vector space of morphisms by
Hom " (M, N) . (3.2.1.4)

Remark 3.2.2. If S = {q} is reduced to a point, then, by analogy with 3.1.2.1
we will use the simplified notation :

(04:65) —Mod(B) := (0,6) — Mod(B){¥ . (3.2.2.1)

Remark 3.2.3. Suggested by the definition of 1.2.1.1, we introduce the ope-
rator
5 ==oylod) . (3.2.3.1)

Then one has
Sy (f - m) = ag(f) - 6, (m) + 04(f) - ' (m) , (32.3.2)

forall f € B,allm € M, and all ¢ € (S). Moreover, for all a € Hom(”’5)(M, N),
and all ¢ € (S), one has
aodt =6 oa. (3.2.3.3)

We heuristically imagine M as endowed with the map ¢ — 53]\/[ : (S) —
End§2"(M). This is the reason for the notation 3.2.1.1, and 3.2.2.1.

!By definition 6}" is a connection if and only if 62 (fm) = 61 (f) -m + f - 817 (m), for all
f € B, and all m € M. Recall that &; := T k.
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3.2.1 Matrices of 4}’
Let e = {e1,...,e,} C M be a basis over B. Let A(¢q,T) € GL,(B) be

the matrix of )" in the basis e (cf. 3.1.3.1). Then 6)! acts in the basis e as :

5(11\/1(f17 cee 7fn) = (5q(f1)7 ceey 6q(fn))A<q,T)+(0q(f1), B Uq(fn))G(Q7T) ’
(3.2.3.4)

where the matrix G(q, T) = (gi,j(¢. T))s is defined by 63" (e;) = > 9ii(q, T)-

ej. One has

3.2.2 Internal Hom and ®

Let (M, o™, M), (N, o, %) be two discrete (o, §)—modules over S.
Definition 3.2.4 ((0, §)—Hom). We define a structure of discrete (o, §)—module
on Homgp (M, N) by setting

6é{om(M,N) (Oé) = (6qN oo — O'll;lom(M’N) (a) fe) (5}1\/[> @) (0‘}1\/[>_1 . (3241)

This definition gives the following relation in which H := Hompg(M, N)
N _ _H M H M
b, (aom) = o, (a)od, (m)+ 6, (a) oo, (m), (3.2.4.2)

for all @« € Hom(M, N), and all m € M.

Definition 3.2.5 ((0,d) — ®). We define on M ®p N a structure of discrete
(0,0)—module over S by setting

M®N M N M N
5, N (m@mn) =6, (m)®o, (n)+o, (m)®d, (n), (3.2.5.1)
for all g € S, and all m € M, n € N.

Remark 3.2.6. The category (o, §) —Mod(B)$*¢ is K —linear and Tannakian.

3.3 Analytic c—modules

The definition of analytic c—modules is given only for the rings B :=

AK(I)a HK(A)7 Hk, H}{; Ri.

Let I C R>g be some interval and let A be an affinoid. Let B = Ag (1)
(resp. B="Hgk(A)), and let U C Q(B) be an open subset. Then the subgroup
(U) € Q(B) generated by U is open, i.e. (U) contains a disk D (1, 7), for
some 7 > 0.
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Definition 3.3.1. Let B := Ag(I) (resp. B = Hg(A)). Let (M,o™) be a
discrete o—module over U. Let

A(q,T) € GL,(B) (3.3.1.1)

be the matrix of ag/[ in a fixed basis. We will say that (M, cM) is an analytic
o—module if, for all ¢ € U, there exist a disk D™ (¢, 75) = {¢' € K | |¢/ —¢| <
T4}, with 7, > 0, and a matrix

Ag(Q,T) (3.3.1.2)
such that :
1. Ay(Q,T) is an analytic element in the domain
(Q,T) € D™ (q,74) xC(I) (3.3.1.3)
(resp. (@, T) € D™ (q,7g) x A); (3.3.1.4)

2. For all ¢ € D™ (q,r), one has
A g, T) = A(d,T) . (3.3.1.5)
This definition does not depend on the chosen basis e. We define
o — Mod(B)& (3.3.1.6)
as the full sub-category of U—Mod(B)?}SC, whose objects are analytic o —modules.

Remark 3.3.2. If (M, o™) and (N, oN) are two analytic oc—modules over U,
then (Hom(M, N), oHom®MN)) and (M @ N, oM®N) are analytic. This follows
from the explicit dependence of the matrix of oHomMN) and oMEN o terms
of the matrix of o™ and o¥.

3.3.1 Discrete and analytic c—modules over Ry and H}

Definition 3.3.3. Let S C O be a subset, and let U C O be an open subset.
We set

o —Mod(Rg)f = [Jo—Mod(Ax(]1 - 1) ; (3.3.3.1)
e>0

o —Mod(Ri)$* = |Jo—Mod(Ax(]1—¢1[))§* . (3.3.3.2)
e>0

We set also

o —Mod(Hj)# = |J o—Mod(Ax(]l —e,1+€)i, (3.3.3.3)
£,e'>0

o —Mod(Hi )& = | o—Mod(Ax(]l—e,1+[)§ . (3.3.3.4)
£,e!'>0

Remark 3.3.4. Since U is open, one has U° # (). If B = Ry, H}(, Ag (1),
Hi (A), then by the point 5 of remark 3.1.3, the category o — Mod(B){} is
always K —linear and Tannakian.
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3.4 Analytic (0,0)—modules

We maintain the previous notations. In this sub-section we define a fully
faithful functor (cf. 3.4.3)

o — Mod(B)# — (0,5) — Mod(B)isc | (3.4.0.1)

which is a “local” section of the functor which “forgets” the action of 4.

Definition 3.4.1. We will call
(0,0) — Mod(B)/ (3.4.1.1)
the essential image of this functor.

By definition, the functor which “forgets” the action of § is an equivalence

(0,8) — Mod(B)2» F2E0, & Mod(B)an . (3.4.1.2)

~

3.4.1 Construction of ¢

Let (M, o™) be an analytic o —module. We shall define a (o, §)—structure

on M. The map ¢ — o} : (U) — Autg (M) is derivable, in the sense that,

for all ¢ € (U), the limit

M M
g, — 0,
5" =g lim L —1 (3.4.1.3)
d—q q —q

exists in End$2™ (M), with respect to the simple convergence topology. Mo-
reover, for all ¢ € (U), the rule 3.2.3.2 holds, and 61(1\4 = ag/[ o oM.

End$2™ (M

Remark 3.4.2. A morphism between analytic (o, d)—modules is, by defini-
tion, a morphism of discrete (o, d)—modules.

Remark 3.4.3. Let ¢ : (M, ™) — (N, o) be a morphism of analytic o —modules,

that is @ o 0'(11\/[ = an o, for all ¢ € U. Passing to the limit in the definition
3.4.1.3, one has that ¢ commutes with 52/[, for all ¢ € U. Hence we obtain a
bijective map

Hom{; (M, N) w:—w Hom(7" (M, N) . (3.4.3.1)
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Remark 3.4.4. If e = {e;,...,e,} C M is a basis in which the matrix of 0,(11\/[
is A(g,T), then the matrix of 52/[ is (cf. 3.2.3.4, 3.3.1.2)

/
— T
G(¢,T) := ¢q-lim A(q,T)/ Alg, T)
q'—q a—q

= (data@1))
(3.4.4.1)

where 0g is the derivation Q%, and A4(Q,T) is the matrix 3.3.1.2.
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Chapitre 4

Solutions (formal definition)

4.1 Discrete o—algebras and (o, J)—algebras

Let again S C Q(B) be an arbitrary subset.
Definition 4.1.1 (Discrete o—algebra over S). A discrete o—algebra over
S is a B—algebra C satisfying :

1. Cis an integral domain,

2. there exists a group morphism ¢© : (S) — Autx(C) such that a[?
extends o, for all ¢ € (9),

3. The following sub-ring of C
S:={ceCloylc)=c, foral qge S}, (4.1.1.1)

called the ring of 04— constants, must be equal to K.

In particular, if C is a free finite dimensional B—module, then it is a discrete
o—module. We will write o, instead of aqc, if no confusion is possible.

Remark 4.1.2. Observe that no topology is required on C. The word discrete
is employed, here and later on, to emphasize that we do not ask “continuity”
with respect to q.

Remark 4.1.3. Suppose that S = {{}, with £ € u(Q). Since B = B¢ # K,
then B itself is not a discrete o—algebra over S. Hence there is no discrete
o—algebra over S. On the other hand, if S° # 0 (cf. 3.0.4.2), then BE = K,
and B is a discrete o—algebra over S.

Definition 4.1.4 (Discrete (o, d)—algebra over S). A discrete (o, §)—algebra
C over S is a B—algebra satisfying :
1. C verifies the properties 1. and 2. of the definition 4.1.1,

2. there exists a derivation (510, extending the derivation §; = T% on B,
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3. the following sub-ring of C is equal to K :
c0? .= {feC|feCZ, s(f)=0}. (4.1.4.1)

We will call ng’é) the sub-ring of (o, d)—constants of C on S. We will write
81 instead of 6%, if no confusion is possible.

Remark 4.1.5. The operator 6qc = og 0 6¥ satisfies analogous property of
3.2.3.2.

Moreover, since Bga,a) = K, then B is always a (o, 0)—algebra over S, for all
sub-set S C Q(B).

4.2 Discrete Solutions

Definition 4.2.1 (Discrete solutions on S). Let (M, ™) (resp.(M, oM, 6M))
be a discrete c—module (resp. (o, d)—module) over S, and let C be a discrete
o—algebra (resp. (o, 0)—algebra) over S. A discrete solution of M, with values
in C, is a B—linear morphism

a:M—C (4.2.1.1)
such that a o Ué\/[ = at? oa, for all ¢ € S (resp. a verifies simultaneously
aocs%/[ :5?00[, andaoo-lq\/[ :g'goa’ for all g € 9).

(0,9)

We denote by Homg(M, C) (resp. Homg ™"’ (M, C)) the K—vector space
of the solutions of M in C.

4.2.1 Matrices of solutions

Let M be a discrete (o,d)—module over S (resp. let M be a discrete
o—module over S, with S° # ). Let C be a discrete (o, d)—algebra over S
(resp. let C be a discrete o—algebra over 5).

Let e = {e1,...,e,} be a basis of M, and let A(q,T") (resp. G(q,T")) be
the matrix of o}! (resp. 6}') in this basis (cf. 3.2.3.4). We identify a morphism
a : M — C with the vector (y;); € C™, given by y; := a(e;). In this way
discrete solutions become solutions in the usual vector form. Indeed

oq(y1) Y1
: = A(q,T)-(}), forall g€ S,
oq(yn) Yn

0q(y1) Y1
(resp. : = G(q,T)-(f), foralquS.)

dq(yn) Yn

By a fundamental matriz of solutions of M (in the basis e) we mean a matrix
Y € GL,(C) satisfying simultaneously

0,Y)=A(¢q,T)-Y, forallge§, (4.2.1.2)
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(resp. satisfying simultaneously

{aq(Y) = A(q, 7)Y, forallges§,

oY) = GLT) Y. ). (4.2.1.3)

Following this identification, the sub-ring of o —constants of B (resp. (o, §) —constants
of B) (cf 4.1.1.1 (resp. 4.1.4.1)) can be identified with the solutions of the

unit object I = B, in the discrete o—algebra C := B (resp. (o, )—algebra
C:=B).

4.2.2 Dimension of the space of solutions

Remark 4.2.2. Let F := Frac(C) be the fraction field of C, then both ¢, and
91 extend to F' (cf. [vdPS03, Ex.1.5]).

Lemma 4.2.3. Let M be a (0,0)—module (resp. o—module) over S, and let
C be a discrete (o,6)—algebra (resp. c—algebra) over S. One has

dimgHom " (M, C) < rkg(M) . (4.2.3.1)
(resp. if S°# O (cf. 3.0.4.2), then
dimgHom%(M, C) <rkg(M) . ) (4.2.3.2)
Proof : The equation 4.2.3.1 is evident, since
dimgHom " (M, C) < dim g Hom® (M, C) < rkp(M) . (4.2.3.3)
On the other hand, if ¢ € S°, then Hom?¢(M, C) < rkg(M). Hence

dimgHom " (M, C) < dimgHom (M, C) < rkg(M) . [0 (4.2.3.4)
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Chapitre 5

Discrete Strong Confluence

5.1 Constant c—modules and (o, ))—modules

Let B be one of the rings defined in 2.1 and let S C Q(B) be a subset.

Definition 5.1.1 (Constant c—modules(resp. (o,0)—modules)). Let M be
a discrete c—module over S (resp. (o,d)—module). We will say that M is

constant on S if there exists a discrete o—algebra C over S (resp. a discrete
(0,d)—algebra) (cf. 4.1.1) such that

dimgHomg (M,C) = rkgM (5.1.1.1)
(resp. dimKHomgU’é)(M,C) = rkgM). (5.1.1.2)

We will say that M is trivialized by C. The full sub-category of o —Mod(B)$isc
(resp. (0, 8) — Mod(B)%5¢), whose objects are constant on S, and trivialized
by C, will be denoted by

o — Mod(B, C)gmst (5.1.1.3)
(resp.  (o,0) — Mod(B, C)g™st ). (5.1.1.4)

Remark 5.1.2. In other words, if n = rkgM, then the c—module M (resp.
(0,0)—module M) is constant on S if there exists a matrix Y € GL,(C)
such that Y is simultaneously solution, for all ¢ € S, of the equations 4.2.1.2
(resp. both the equations 4.2.1.3). Roughly speaking M is constant on S if
it admits a basis of g—solutions which “do not depend on ¢ € S”.

Lemma 5.1.3. Let M, N be two constant discrete o—modules over S (resp.
(0,0)—modules over S). If M,N are constant, then M ® N and Hom(M, N)
are constant.

Proof : The fundamental matrix solution of M ® N (resp. Hom(M, N)) is
obtained by taking products of entries of the two matrices of solutions of M
and N respectively. Hence “it does not depend on ¢ € 5”. UJ
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Remark 5.1.4. Since B itself is constant, hence the dual of a constant module
is constant.

Lemma 5.1.5. Let 8" C S be a non empty subset. Let C be a discrete
(0,0)—algebra over S. Then the restriction functor, sending (M, o™, M) into

(M,U‘l\(/é/>,6%/[) :
Res : (0,8) — Mod(B, C)¥™' — (0, 8) — Mod(B) 3 (5.1.5.1)

1s fully faithful. In particular the restriction
Res% : (0,0) — Mod(B, C)@™" — (a,) — Mod(B, C)g&m* (5.1.5.2)

is fully faithful. The same facts are true for discrete o—modules under the

additional hypothesis : (S")° # 0.

Proof : The proof is formally the same in both cases, here we show the
case of (o,d)—modules. We must show that the morphism

Hom{” (M, N) — Hom{* (M, N)
is an isomorphism, for all M, N in (o, ) — Mod(B, C)§"st.
The K —vector space Homgf’é) (M, N) can be identified with the K —vector

space of the solutions of M ® NV with values in B :

Hom " (M,N) = Hom"?M&NY B); (5.1.5.3)
Hom S (M,N) = Hom$” (M e NY,B).

Observe that M@NY is the dual of the “internal hom” Hom (M, N). By lemma
5.1.3, M® NV is constant. The restriction of M® NV to S’ is again constant

on §’, and trivialized by C. This implies that
Hom{™) (M & NV, C) = Hom 7" (M @ NV, C) . (5.1.5.4)

This shows that a morphism with values in C commutes with all o, and 9,
for all ¢ € S, if and only if it commutes with all o, and §,, for all ¢ € S’
Hence

Hom"” (M @ NV, B) = Hom 9 (M@ NY,B) . O (5.1.5.5)
Remark 5.1.6. By the previous lemma one sees that if £ € SN u(Q), then
Res (3, : (0,6) — Mod(B, C)&™" — (0¢, d¢) — Mod(B) (5.1.6.1)
is again fully faithful, while (if S° # )) the restriction
Res 3y : 0 — Mod(B, C)§"" — o¢ — Mod(B) (5.1.6.2)
is not fully faithful, since o —Mod(B, C)%™" is K —linear, while o¢ —Mod(B)

is not K —linear.
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5.2 Strong deformation and strong confluence

As usual S C Q(B) is a subset.

Definition 5.2.1 (Strongly confluent o,—modules (resp. (o4, §;) —modules)).
Let g € S. Let C be a discrete o—algebra over S (resp. (o, ) —algebra over S).
A g—difference module M (resp. a (o4, ;) —module) is said strongly confluent
on S if it belongs to the essential image of the restriction functor

Res{i} : o —Mod(B,C)¥™" — o, —Mod(B),
(resp. Res{i} : (0,8) — Mod(B,C)¥™" —  (04,6,) — Mod(B) ).

The full sub-category of o,—Mod(B) (resp. (g4, 04) —Mod(B)), whose objects
are strongly confluent over S, will be denoted by

o4 —Mod(B,C)g (5.2.1.1)
(resp.  (0q,94) — Mod(B,C)s ). (5.2.1.2)
Lemma 5.1.5 and definition 5.2.1 give easily the following

Corollary 5.2.2. Let S C Q(B) be a subset. Let C be a fized discrete
(0,0)—algebra over S. The restriction functor 5.2.1.1

Res
(0,6) — Mod(B, C)¥™* —, (¢,,4,) — Mod(B, C)g (5.2.2.1)
is an equivalence. The analogous fact is true for discrete c—modules over S,
under the additional hypothesis : ¢ € S°.
Proof : The proof is the same of 5.1.5. [

Definition 5.2.3. 1.- Let S C Q(B) be a subset and let ¢, ¢ € (S). We will
call the strong deformation functor, denoted by

Def 4 : (04,84) — Mod(B,C)s —— (04,0,) — Mod(B,C)s, (5.2.3.1)
the equivalence obtained by composition with the restriction functor 5.2.2.1 :
Def, o = Res{‘z,} o (Res{*g})_l . (5.2.3.2)

2.— We will call the strong confluence functor, the equivalence

Conf, := Def, : (04,0,) — Mod(B, C)s — (01,d1) — Mod(B, C)g .

(5.2.3.3)
3.— Suppose that ¢ € S° and ¢ € S, then we will call again the strong
deformation functor, denoted by

Defy o : 0y — Mod(B,C)s —— oy — Mod(B,C)5s , (5.2.3.4)
the functor obtained by composition with the restriction functor 5.2.2.1 :

Def, o := Res{*?],} o (Res{‘z})_l. If ¢’ € S°, then Def, , is an equivalence.
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5.3 Analytic (0,0)—modules and strong confluence

In this section we shall describe the situation on the roots of 1. Let
U C Q(B) be an open subset. Let C be a fized discrete (o, d)—algebra over
U.

Remark 5.3.1. The condition U° # () is automatically verified since U is
open.

Definition 5.3.2. We denote by
(,8) — Mod(B, C)g}eom* (5.3.2.1)
the full subcategory of (o, ) — Mod(B, C)§?* whose objects are analytic.
Lemma 5.3.3. If U’ C U, then the restriction functor
Resy, : (0,8) — Mod (B, C)3/*™" —— (0, 8) — Mod(B, C)?ﬁ’conSt (5.3.3.1)
18 again fully faithful.

Proof : Same proof as 5.1.5.
Remark 5.3.4. By 5.1.5, for all (non empty) subsets S C U, the restriction

ResY : (0,8) — Mod(B, €)Xt (¢, 5) — Mod(B, )™  (5.3.4.1)

is fully faithful. On the other hand, under the assumption S° # (), the res-
triction

ResY : 0 — Mod(B, )" —— & — Mod (B, C)&™" (5.3.4.2)
is fully faithful.

Definition 5.3.5 (Strongly confluent objects). Let S = {¢q}. We denote by

oy — Mod(B, C){! (5.3.5.1)

(resp. (0g4,04) — Mod(B,C)' ) (5.3.5.2)

the full sub-category of o, — Mod(B) (resp. (oq4,6,) — Mod(B)) whose ob-
jects belong to the essential image of o — Mod(B, C)}}"**™" (resp. (0,d) —

Mod(B, C)7/"°™").
Remark 5.3.6. One has then a family of equivalences, for all ¢,¢ € U :

£

De
(0q,04) — Mod(B, C)if' —=5 (04,04) — Mod(B, C){7* . (5.3.6.1)

The same fact is true for analytic c—modules only under the condition ¢, ¢’ ¢

p(Q).
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Remark 5.3.7. a.— Let ¢ € U. The advantage of the use of analytic objects
is that we can work in a neighborhood of ¢, and not really on the point q.
The situation is described in the following diagram (compare with 7.2.3) :

UU o — MOd(B, C)a[,]n,const 34.12 UU (0.7 5) _ MOd(B, C)aUn,const

Uy ReS{Z}l © ?J/UU Res ()
Uy 0 = Mod(B,C)y <o Uy (00,0,) — Mod(B, Ol

z‘al ® \Li(o',é)

74 — Mod(B) (04, 6,) — Mod(B)

Forget ¢4

(5.3.7.1)
where U runs in the set of open neighborhoods of ¢, and where i, and
i(0,5) are the trivial inclusions of full sub-categories. The category we shall
mainly study is the sub-category of o, — Mod(B), formed by equations
which are Taylor admissible (cf. 7.1.1). Roughly speaking, these are equa-
tions admitting a Taylor solution at every point ¢ € K (cf. section 6). Our
main theorem (cf. 7.2.1) says that this category is contained in the essential
image of (J,ey 0g — Mod(B, C)u (resp. U ep(0g,9¢) — Mod(B, C)yy), where
C:= UR>|q—1|\c\ Ag (¢, R), for some point ¢ on which the equation is defined.
In other words, every (o4, d,)—module (resp. o,—module if ¢ is not a root of
unity) is the stalk at ¢ of an analytic o —module on a small neighborhood of q.

Hence, all formal trivialities given until now will assume a serious mea-
ning.

b.— We know that, if ¢ ¢ U N p(Q), then the functor U ¢ Res{g} is
an equivalence in the case of o—modules. On the other hand, in the case
of (o,d)—modules, the functor J qeu Res {Z} is always an equivalence, for all
values of ¢ € Q. Hence, if ¢ ¢ p(Q), then the functor “Forget 6,” is an
equivalence too. In this situation all rows of the diagram in the top are
equivalences : the data of the g—tangent operator d, is not essential in this
description.

On the other hand, if ¢ = & € U N pu(Q), then quU Res{g} is again an
equivalence for (o, d)—modules, but not for c—modules. It happens that the
category o¢ — Mod(B) has “too many morphisms”, and then some object in
(0¢,0¢) — Mod(B) “vanishes” in o¢ — Mod(B) (i.e. becomes isomorphic to a
direct sum of the unit object).

c¢.— The first impression we have is that all the information must be
contained in the functor “Forget d,”. But, actually, we will show for example
(cf. 8.1.7) that, if £ is a p"—th root of 1, and if B = Rg, or B = H , then
every o¢—difference equation over Ry (or Hk) with Frobenius structure is
“vanishing” (i.e. is isomorphic to a direct sum of the unit object). In par-
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ticular, every o¢—difference equation coming, by deformation Def; ¢, from
a differential equation with Frobenius structure over Rx (or ’H}{), is “vani-
shing” at £&. Then the category of equations which “vanish” at £ is very large,
hence the data of d¢ is necessary in this case, to preserve the information.
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Chapitre 6

Taylor solutions

In this chapter B = Hg(A), for some affinoid A, and S = {q} €
Q(Hg(A)) is reduced to a point.

In this chapter we shall find convergent solutions of a ¢—difference equa-
tion. For this reason we will assume also that

g€ D (L,1) N Q(Hk(A)), (6.0.7.1)

in order that the disk of convergence of Y is always g—invariant.

6.1 Existence of a Taylor solution

In this section we will discuss the existence of a Taylor solution at point ¢
of a given o,—module or (o4, d;)—module. In order to treat at the same time
ordinary points and generic points (see def. 6.2.1), we will fix an arbitrary
complete valued extension (€, |.|)/(K,|.|), and fix a point ¢ € A(£2). Let

D™ (¢, pea) CA (6.1.0.2)

be the biggest disk centered at ¢ and contained in A. Suppose that this disk
is g—invariant (i.e. ¢ verifies |¢ — 1| < pc,a/|c|). Let us fix a g—difference
equation

0(Y) = A@T)-Y, A@gT)eGL(HK(A), (6.10.3)
or, in the case of (04, §;) —modules, let us fix a system of equations

o,(Y) = A(¢,T)-Y, Ag,T)€ GLy(Hk(A)),
(6.1.0.4)
oY) = G(T) Y, G(T)e My(Hk(A)).

We shall find solutions Y (T"), convergent in a neighborhood of ¢, of the
equation 6.1.0.3 (resp. of the system 6.1.0.4).

There is two kinds of obstructions to the existence of such a Taylor so-
lution :
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1. The first obstruction arises from the system 6.1.0.3, since, for a fixed
R > 0, there exist g—difference equations without (non trivial) solu-
tions in Agq(c, R).

2. The second obstruction is a condition of compatibility between o, and
dq. An example of this kind of obstruction is given at 6.1.1 below.

Example 6.1.1. Suppose that ¢ € D7(1,1) is not a root of unity. Let

A = DT(0,1), (6.1.1.1)
A(q,T) = exp((¢—1T) € Hr(A)™, (6.1.1.2)
G(¢,T) == 0. (6.1.1.3)

Let ¢ = 0. Then every solution y(7') € K[[T]] of the operator o, — A(q,T)
is of the form y(T") = A - exp(T"), with A € K. If now we ask, moreover, that
dq(y) = 0, then y = 0. Hence, the (04, d4)—module defined by A(gq,T") and
G(g,T) has no (non trivial) solutions in K[[T7].

We will discuss these obstructions in the next section. The first obstruc-
tion is the “real” obstruction to the existence of a solution, while the second
one will not play a role in the sequel since it will be automatically verified
by analytic objects (cf. 6.1.2).

6.1.1 The first obstruction
Hypothesis 6.1.2. In the subsection 6.1.1 we suppose that

q¢ pQ). (6.1.2.1)

Recall that we assumed that ¢ € D7(1,1) N Q (cf. 6.0.7.1). The first
obstruction has been described in [DV04, Cor.3.3 and appendix A|. Consider
the sequence

(T — c)g2 (T — )y

1, (T—c¢, S/ v (6.1.2.2)
where
(T —C)gn = (T—c)(T—qe)(T—q%)-- (T —q" te), (6.1.2.3)
v @-D(@ 1) -1 (¢" - 1)
[n], = END . (6.1.2.4)

If | — 1| < R/|c|, then this family is a topological basis of Aq(c, R) (|[DV04,
14.1]). Moreover, if we set

1 og—1

—ip, = Ja T
Y= TR T o)

(6.1.2.5)
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then the basis 6.1.2.2 is adapted to that g—derivation : for all n > 1 one has

T —C)ym T —¢)gmn—
d, <( <)o > _ T =%gn1 (6.1.2.6)
[n]; [n — 1],
More generally, one introduces the g—difference algebras (cf. [DV04])
AT —dly = D an(T—)gm : an €Q}, (6.1.2.7)

n>0

UT —clqr = {D_an(T —)gn : an € Q, liminfla,|~/" > R}, (6.1.2.8)
n>0

whose multiplicative laws are defined explicitly in [DV04, 1.3]. If R > |q —
1{|¢c|, then one has the identification

Ao(e, R) —— Q{T — ¢}y (6.1.2.9)

which sends f(7') into its g—Taylor expansion »_ -, dy(f)(c) (T—an  The

[l

basis 6.1.2.2 allows us to define the analogous of the formal Taylor expansion :
Definition 6.1.3. We set
Y = S H, )T ¢y (K 6.1.3.1
aen)(@y) = > Ha(y) B € My(K[z—ylly) , (6.1.3.1)
n>0 q

where H,(T') € Mp(Agk(I)) is the matrix of the operator dy (i.e. dy(Y) =
H,(T) Y, recall that by assumption A(q,T) € GL,(Hk(A)) ).

We will omit the index A(q,T') appearing in 6.1.3.1, if no confusion is
possible.

Remark 6.1.4. One has the inductive relation :

Hy(T) w , (6.1.4.1)
Hoi(T) = 0g(Ha(T)) - Hi(T) 4+ dy(Ha(T)) . (6.1.4.2)

Remark 6.1.5. Note that, if ¢ is a m—th root of 1, then [n]; = 0, for all
n > m. This is the reason for the hypothesis ¢ ¢ p(Q) given in 6.1.2.

Lemma 6.1.6. Let

of o flxy) e flexyy),  oq o fxy) e flzqy) ,
1 (6.1.6.1)
T . og— Yy og—1
dq T (tz(il)m ) dg = (qqfl)y
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Then :

Y(z,z) = Id, (6.1.6.2)
BY(@y = -olY(@y) M),  (6163)

ol Y(z,y) = Y(r,y) A(y)~t, (6.1.6.4)
Y(z,y)-Y(y,2) = Y(x,2), (6.1.6.5)
Y(z,y)' = Y(y,zx), (6.1.6.6)

dg Y(v,y) = Hi(z) Y(z,y). (6.1.6.7)

o Y(v,y) = A(z) - Y(z,y). (6.1.6.8)

Proof : 6.1.6.2 is evident and 6.1.6.3 is easy to compute explicitly. The
relation 6.1.6.4 is equivalent to 6.1.6.3. Moreover, 6.1.6.3 implies that

dy (Y(z,y)-Y(y,2))=0. (6.1.6.9)

Since ¢ is not a root of unity, hence Y (z,y) - Y (y, 2) is not dependent on y.
Then Y(z,y)-Y(y,2) =Y (x,2)-Y(z,2) =Y (x, z), and hence 6.1.6.5 holds.
If x = z in the relation 6.1.6.5, then one gets 6.1.6.6. Then the relation
6.1.6.7 follows from 6.1.6.6 and 6.1.6.3.0J

Lemma 6.1.7 (|[DV04, Cor. 3.3]). Let ¢ € Q. Suppose that |qg — 1||c| < pe.a
(cf. 6.1.0.2). We consider the oq—algebra
C:i= |J AaleR). (6.1.7.1)
R>|q—1]|c|

The system 6.1.0.3 has a matriz solution in G L, (C) if and only if the number

[Hn()lloy~1/m
(5] )

verifies Re > |q — 1||c|. In this case, the solution of 6.1.0.8 is Ya(1)(T) ),
and it lies in

R. = lim inf< (6.1.7.2)

GL,(Aq(c, Re)) (6.1.7.3)
where R := min( R, , Pe,A ).
Proof : J

Remark 6.1.8. Suppose that ¢ ¢ u(Q), and that there exists a solution
matrix Y (7', ¢) of 6.1.0.3 in the algebra C (cf. 6.1.7.1). Then the set of all
solutions in GL,(Aq(c, R)) is given by

Y(T,¢) - GL,(Q) . (6.1.8.1)

Suppose for a moment that ¢ € p(Q). If a solution Y.(T') € GL,(Aq(c, R.))
exists, then the set of all solutions in the disk Aq(c, R.) is given by (cf.
41.1.1)

Yo(T) - GLn(Aq(c, Re)7) . (6.1.8.2)
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For this reason, the radius of convergence of the solution Y.(7') can be dif-
ferent from the radius of Y.(T') - H(T), if H(T) € GLy(Aq(c, R)7) (cf.
example 6.2.7). For this reason, the radius of convergence of the system
6.1.0.3 will be not defined for ¢ € u(Q).

6.1.2 The second obstruction

Remark 6.1.9. In this subsection and in the sequel the number ¢ can be equal
to a root of unity.

The second obstruction, illustrated in the example 6.1.1, will not appear
in the sequel of the paper, since we will work only with analytic c—modules
and (o, 0)—modules. Indeed the compatibility relation we need between alqw
and 5}]\/[ will be automatically verified for (og4,d;)—modules in (o4,d,) —
Mod(Hk (A))Z;, for some open subset U. More precisely, one has the fol-

lowing lemma :

Lemma 6.1.10. Let U C Q(Hk(A)) N D™(1,1) be an open subset. Let
R < pca be a real number such that

R>|q—1||c|, forall qeU. (6.1.10.1)
Let M be an analytic (o,0)—module on U, representing the family of equations
{ogY)=A(q,T)Y }gev (6.1.10.2)

with A(q,T) € GL,(Hk(A)), for all g € U. Let Y.(T') € GL,(Aq(c, R)) be
a simultaneously solution of every equation of this family. Then Y.(T) is also
solution of the equation

5(Y) =G(q,T)- Y, (6.1.10.3)

where G(q,T) = qd%(A(q,T)) (cf. 3.4.4.1), and hence Y (T) is solution of
the differential equation defined in section 8.4.1 :

n(Y(T)) =G, T)-YA(T) (6.1.10.4)
where G(1,T) = G(q,q *T) - A(q,q *T)"t € M,,(Hk (A)) (cf. 3.2.8.5).

Proof : In terms of modules, the columns of the matrix Y.(7") correspond
to Hx (A)—linear maps o : M — Agq(c, R), verifying o,0 a0 = a o O'g/[, for all
q € U (cf. 4.2.1). We must show that such an o commutes also with 6,. This
follows immediately by the continuity of a. Indeed, the inclusion Hx (A) —
Aq(c, R) is continuous, and hence every Hy (A)—linear map Hi(A)" —

Aq(c, R) is continuous. O

Remark 6.1.11. Observe that Lemma 6.1.10 is not a formal consequence of
the previous theory. Indeed, by definition 4.1.4, the general (o, d)—algebra
C used in 4.1.4 has the discrete topology, hence the morphism o : M — C
defining the solution is not continuous in general.
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We recall the definition of the classical Taylor solution of a differential
equation

Definition 6.1.12. Let 01 — G(1,T), be a differential equation. Let G|, (T)
be the matrix of (d/dxz)™. We set

Yoan (@,y) =Y Gy ) . (6.1.12.1)

n>0

One has (cf. for instance [CMO02, p.137]) :

Yo(z,z) = 1d, (6.1.12.2)

d/dy (Yo(z,y) = —Ya(z,y) Guy) . (6.1.12.3)
Ya(z,y) - Ya(y,z) = Yao(z,z), (6.1.12.4)
Yo(z,y)™b = Ya(y,x), (6.1.12.5)

d/dr (Yo(z,y)) = Gp(o) Yo(r,y) . (6.1.12.6)

6.1.3 Taylor development of Y.(T)

We give now the first rough estimate of the radius of convergence of (7).
This is the analogous of the same classical rough estimate for differential and
g—difference equations (cf. [DV04, 4.3], [Chr83, 4.1.2]).

We recall that we have fixed a real number p. 4, such that D™ (c, pc a) is
the biggest disk contained in A, centered at ¢. We supposed moreover that
this disk is g—invariant (i.e. ¢ verifies |¢ — 1| < pc,a/|c|). We recall also that
R, is the formal radius of convergence of Y.(T) at ¢ (cf. 6.1.7.2).

Proposition 6.1.13. Let M be the (04, 04)—module defined by the system
6.1.0.4. Suppose that M admits, in some basis, a solution Y.(T) € M,(Aq(c, R)),
with R > |q — 1||¢|. Then

Yo(T) € GL,(Aq(c, R.)) (6.1.13.1)
with Re = min(R., pea). Moreover, for all p satisfying
lg = 1lle] < p < pe,a,

1
one has (where w = |p|r=T1)

w-p

R, > . (6.1.13.2)
1G(a, 1)l e,
max( | A(¢ D))+ ma(rfelysy )
In particular, if p <|c|, then
w-p
R, > . (6.1.13.3)
max( [[A(q,T)llc,p) » 171G (@ T)ll(cp) )
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Proof : By assumption one has R, := Ray.(Y.(T)) > |q¢ — 1||¢|. Let
us show that Y,(T) lies in Aq(c, R.). By assumption, Y.(T) is solution of
both equations 6.1.0.4. This implies that Y,(T") verifies also the differential
equation

n(Ye(T)) =G, T) Ye(T) (6.1.13.4)

where G(1,T) = G(q,¢ 'T)-A(q, ¢ 'T)~". Then w(T) := det(Y,(T)) verifies
01(w(T)) = Tr(G(1,T))w(T). Since G(1,T) € Mp(Hi(A)) C My(Aale, Re)),
hence w(T') is invertible in Aq(c, R.).

It remains to show the estimate 6.1.13.2. To do this we need the operator
Oq — Oq 1

=5, (6.1.13.5)

D,i=0,0—=Ilim ——— =
! AT ¢—qT(¢ —q) 4T

Remark 6.1.14. For all ¢ € Q(A)ND™(1,1), for all f(T) € Hx(A), and all
lg — 1||c| < p < pe,a, one has

Dy(f-9) = o04(f) Dglg) +Dg(f)-04(g), (6.1.14.1)
(d/dT ooy) = q-(040d/dT), (6.1.14.2)
DI = ¢""V/2.60 0 (d/dT)", (6.1.14.3)
n n!
DTl < AT (61140
Hence, for all ¢ € K, one has
| (z—lln)' . qn(n—l)/Q . (an _ C)i—n if n<i,
DT — ¢)’ = (6.1.14.5)
0 if n>q.
This shows that if R > |¢ — 1]|¢|, and if
_ - (T-o

is a formal series, then a, = Dy (f)(¢/q"), and the usual Taylor formula can
be written as

F(T) = ng(f)(C/qn) ) (n!g?ﬁqn(i)_nl)/z . (6.1.14.7)

The matrix Y.(T) verifies
BYVAT)) = Aple,T)-Yu(T), (6.1.14.8)
DIYAT)) = Foyla,T)-Yu(T), (6.1.14.9)
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where Fig) = Ajg) = Id, Apy = A(q, T), Fyy) := qiTG(q, T), and

A[n] = (73;_1(14[1]) . -O'q(A[Q]) . A[l] , (6.1.14.10)
F[n—&—l} = O‘q(F[n}) . F[l] + Dq(F[n]) . A[l] . (6.1.14.11)
Hence one has
(T —o)"
= Fylc/q") (al) - g2 (6.1.14.12)
>0

which is an hybrid between the usual Taylor formula and the Taylor formula
for g—difference equations. The proposition 6.1.13 follows then from 6.1.14.12
and from the inequality

s < max (Wil 14l (6.1.14.13)
1 1G(q,T)l(c,p) >”

= —; - max —’, A(q, D) |l(e . (6.1.14.14

pn <max(1, |C|/,0) H ( )H( ,0) ( )

Indeed Fj;) = 1 G( T), and [T () = (T — ¢) + ¢|(c,p) = max(p, |c[), hence
1 ETll(e,0) = m 1G(q,T)ll(c,py (cf. 6.1.14.11). I

6.2 Generic radius of convergence and solvability

In this chapter we will introduce the notion of generic points and of gene-
ric radius of convergence. We will not use the language of Berkovich analytic
spaces (cf. [Ber90|) since, in the case of affinoid spaces, a Berkovich point
is always a semi-norm .|, attached to a generic point t., (see below),
for some p >0, and some ¢ € A(L), where L/K is some spherically closed
extension (cf. [Ber90, 1.4.4]). The reader who knows the language of Berko-
vich will not have difficulties to translate the contents of this paper in the
language of Berkovich.

We recall that pe 4 is the biggest real number such that D¥ (¢, p.4) C A.
Let now (£2,].])/(K,|.]) be a complete extension of valued field such that
|2] = R>, and such that kq/k is not algebraic.

Proposition 6.2.1. For all c € A(K) and all 0 < p < pe a, there ezists a
point t., € A(S) such that |t., — c|o = p, and that

Dq(te,, p)NEKY8 =0, (6.2.1.1)

Proof : [CR94, 9.1.2]. O
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Remark 6.2.2. For all f(T) € Hx(A), one has

[f(tep)la = (D)) = sup [f()]. (6.2.2.1)

lz—c|<p
zeKale

hence, even if the point ¢., is not uniquely determined by the property
(6.2.1.1), the norm | - |, (i.e. the Berkovch point | - |.,) do not depends on
the choice of t. .

Remark 6.2.3. One has

lte,plo = sup(|cl, p) - (6.2.3.1)

6.2.1 Generic radius of convergence

Definition 6.2.4 (Generic radius of convergence). Let ¢ € Q(A)ND~(1,1)
(resp. ¢ € Q(A)ND™(1,1), ¢ ¢ pu(Q)). Let M be the (o4, §;) —module (resp.
os—module) defined by the system 6.1.0.4 (resp. 6.1.0.3). Suppose that p
and ¢, satisfy the condition |[¢ — 1| - |c]| < p < p¢a. Assume that M has a
Taylor solution at t. ,, and let

}/tc,p(T) € GLn(-AQ(tc,pa th’p)) (6241)

be a convergent solution at t. ,. We will call (¢, p)—generic radius of conver-
gence of M the real number

Rayc.(M, p) :=min ( Ry, , , pea) (6.2.4.2)
where Ry, , is the radius of convergence of Y3, (T').

Remark 6.2.5. The number Ray.(M, p) is invariant under change of basis
in M, while the number R, , depends on the chosen basis. Observe that
Ray.(M, p) depends on the affinoid A, but not on the particular choice of
the generic point ¢., (cf. remark 6.2.2).

Remark 6.2.6. The previous definition of generic radius of convergence is
given for all ¢ € QN D7 (1,1) in the case of (g4, ;) —modules, and only for
g ¢ p(Q)ND~(1,1) in the case of og—modules. Indeed, if ¢ = £ € pu(Q),
the problem is that the ring of constants is too big and the set of solutions
at t., is too big as shown by the following example.

Example 6.2.7. Let £ be a p—th root of unity, with £ # 1, and let ¢ = &. If
Y., (T) € GLn(Aq(tcp, R)) is a matrix solution of a o¢—module, then the
set of all solutions, in this disk, is given by

Y., GLu(Aq(te,p, R)7) .

It may exist a solution }Zc’ , with a radius of convergence different than
Y:. ,(T). Hence the radius of convergence depends on the chosen solution
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matrix. For example the solutions of the unit object at t € {2 are the functions

y € Aq(t, R) such that y((T) = y(T'). One finds the function exp(T? —tP) €
1 1

Aq(t,|p|P=1), and exp(a (TP — tP)) € Aq(t, |p|>~T/|a|), which have different

radius of convergence.

Remark 6.2.8.
A~ Let ¢ ¢ u(Q) and M be a o,—module. Then Ry, , is equal to

(HH[n](tc,p)Hn ~i/m
|

R, = liminf
- o,

n

(6.2.8.1)

defined in 6.1.7.2.

B.— Let now ¢ € Q@ and M be a (04, d;)—module. Then Ry, , is the radius
of convergence of the solution Y;, (T) of the differential equation 6.1.0.4 at
the generic point :

Gn tc 71/71
Gy ( ,p)HQ> , (62.82)

Ry, , = lin%inf ( ]

where Gm (T) = G(l,T)/T, and G[n—I—I] = %(G[n]) + G[n]G[l} If ¢ §§ M(Q)
these two definitions coincide since, by assumption, Y;, , is simultaneously
solution of both equations of 6.1.0.4.

Lemma 6.2.9 (Transfer principle). In the notation of definition 6.2.4 we
have
Ray.(M, p) = min( pc 4 , |$ir;|f< Ray,(Yz(T)) ), (6.2.9.1)
zeKa_lgp
where :
~ If M is a og—module, with q ¢ p(Q), then Yo(T) := Yaqm) (T, ) is
the Taylor solution 6.1.53.1, of M at x ;
~ If M is a (04,04)—module, and q € Q is arbitrary, then Y,(T) :=
Yo (T, x) is the usual Taylor solution at x of the differential equation
6.1.13.4 associated to M (which, by assumption, is equal to Y 54 7)(T, ),

if g ¢ m(Q)).

Proof : The lemma follows from 6.2.2.1, and the definitions 6.1.3.1, and
6.1.13.4. O

Corollary 6.2.10. We preserve the notations of 6.2.4. The module M has
a Taylor solution at t.,, if and only if it has a Taylor solution at every
r € K8 satisfying |z — c| < p.

Proof : It is an immediate consequence of the transfer principle. [
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6.2.2 Solvability
In this section, as above, ¢ € QND™(1, 1) is arbitrary if M is a (o4, 64) —module,
while, if M is a o,—module, then ¢ € QN D™ (1, 1), and moreover ¢ ¢ p(Q).

Remark 6.2.11. Let B := Ag(I), with I :=]rq,73[. Let M be a o;—module
(resp. a (o4, 04)—module) on Ak (I). Suppose that ¢ € K, |c| = p € I. Fix
an affinoid A C C(I) containing ¢ and containing the disk D~ (¢, p). Then

pe,a=p=]lc|, (6.2.11.1)

moreover the norm
l.lep s Ax(I) — R> (6.2.11.2)

does not depend on the chosen ¢ nor on A, since t., = t . Hence the radius
Ray.(M, p) does not depend on ¢ and on A. For this reason we will set

ty = te,, (6.2.11.3)
Ray(M, p) = Ray.(M,p) . (6.2.11.4)

Definition 6.2.12 (solvability at p). Let M be a (04, ;) —module on Ag (I).
We will say that M is solvable at p € I if M has a Taylor solution at ¢,, and
if

Ray(M,p) =p. (6.2.12.1)

The full subcategory of o, — Mod(Ak (1)) (resp. (o4,9q) — Mod(Agk(I)))
whose objects are solvable will be denoted by

0 — Mod(Ag (I))*1) | ¢ ¢ u(Q) (6.2.12.2)
(resp. (04,04) — Mod(Ag (1)) ge QND (1,1) )(6.2.12.3)

Remark 6.2.13. Let M be a o,—module (resp. a (o4, 6,) —module) over R.
By definition M comes, by scalar extension, from a module Mg, defined
on an annulus C(]1 — e1,1]). If &2 > 0 and M., is another module on the
annulus C(]1 — e, 1[) satisfying Mz, ® 4, (1-c,,1) Rk — M, then there exists
a £3 < min(ey,e2) such that

M, ® Ax(J1 —e3,1]) — M., ® Ax(J1 —e3,1]) . (6.2.13.1)

Hence the limit lim,_; Ray(M,, p) is independent from the chosen module
M,.

Definition 6.2.14. Let B = Rx or B = ’H}{. For all |¢ — 1] <7 <1, we
define the categories

oy — Mod(B)I" | ¢ ¢ u(Q) (6.2.14.1)
(04,04) —Mod(B)I'N | g€ QnD(1,1) (6.2.14.2)
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as the full sub categories respectively of

0g —Mod(B), q ¢ p(Q)
(04:35) = Mod(B) , q€ QnD(1,1),

whose objects verify

Ray(Mv tl)

lim Ray(M,t,)
p—1~

Objects in

g = Mod(B)!, ¢ ¢ u(Q)
(Uq75q) - MOd(B)[l] IS Q N D7(17 1)

will be called solvable.

6.2.3 Generic radius for discrete or analytic objects

r, if M is a module over Hk

r, if M is a module over Ry .

(6.2.14.3)
(6.2.14.4)

(6.2.14.5)
(6.2.14.6)

(6.2.14.7)
(6.2.14.8)

Definition 6.2.15. For all subset S C D~ (1,1), for all 0 < 7 < 1, we set

S;:=5SND"(1,7).

(6.2.15.1)

Definition 6.2.16. Let again B=Rg or B = H , and for all € > 0 let

J1—¢, 17, if B=TRg
I =
[1—e,1+¢[, if B=wHl

Let 0 <r <1andlet SC D (1,r). We denote by
o —Mod(B) | with S° # 0
(resp. (0,0) — Mod(B)g] ;)
the full subcategories respectively of

o — Mod(B)g, with S° 0
(resp. (0,0) — Mod(B)s, )

whose objects M have the following properties :

(6.2.16.1)

(6.2.16.2)
(6.2.16.3)

(6.2.16.4)
(6.2.16.5)

1. For all 7 such that 0 < 7 < r, there exists &, > 0 such that the

restriction

Reng (M)

comes, by scalar extension, from an object

M., € o —Mod(Ak(I:,))g
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such that, for all p € I._, and for all ¢,¢" € S; one has (cf. 6.1.3.1)
Yaqr)(Tstp) = Yar)(T,tp) - (6.2.16.8)
(resp. for all p € I._, and all ¢ € S;, one has (cf. 6.1.12.1)
YG(I,T)(T7 tp) = YA(q,T)(Ta t,) . (6.2.16.9)
2. The restriction of M to a ¢ € S (and hence all ¢ € S) belongs to

o, — Mod(B)l" .
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Chapitre 7

Main theorem

7.1 Taylor admissible modules

In the sequel A will be a bounded affinoid, hence
QMK (A) C{ge K [|g| =1} . (7.1.0.1)

Definition 7.1.1 (Taylor admissible o,—modules). Let A C P% be a boun-
ded affinoid. Let ¢ € (Q — pu(Q)) N D~ (1,1), and let

o,—A(q,T), A(q,T) € GL,(Hk(A)) (7.1.1.1)

be a g—difference equation defining a o,—module M. We will say that M is
Taylor admissible on the affinoid A if, in this (and hence all) basis of M, the
matrix Yy, 7)(z,y) (defined at 6.1.3.1) converges, and defines an analytic
function in a neighborhood Ug of the diagonal A :

ACUrRCAXA, (7.1.1.2)
where Ug is a domain of the form

Ur ={(z,y) | |z —y|< R}, R>0. (7.1.1.3)

y

DIAGONAL

Ur

A

The full subcategory of o, — Mod(H g (A)) whose objects are Taylor ad-
missible will be denoted by

0q — Mod(Hf (A))*™ . (7.1.1.4)
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Definition 7.1.2 (Taylor admissible (o4, §;) —modules). Let ¢ € Q and let

0o~ A(@.T) , A(q,T) € GL,(Hx(A))
(7.1.2.1)
5~ G(a,T) . G(a.T) € My(Hx(A))

be a system defining a (o4, 6;) —module M on A. We will say that M is Taylor
admissible on A if, in this (and hence all) basis of M, the matrix Yg(z,y)
defined at 6.1.12.1 is also solution of the equation o, — A(q,T"). The full
subcategory of (04, 64) — Mod(H g (A)), whose objects are Taylor admissible,
will be denoted by

(04,04) — Mod(H g (A))2d™ (7.1.2.2)

Remark 7.1.3. 1.— Observe that, by assumption, the matrix Yg( 1) (z,9)
coincides with Y4 1) (7, ).

2.~ Let A=P!' —J,D (ci,i). Let r4 := min;(r;). Then, by the Mittag-
Leffler decomposition one has || f'|[4 < 7'/ f|la. Hence one obtain the es-
timation [|G, (1,7)[la < max(r ", |Gjlla)”™, where Gy, is the matrix of
(d/dT)™. This implies that the series Yg(x,y) (solution of §, — G(q,T))
converges automatically in the neighborhood Ug, where

1
_ lp|~
max(rg, [|Gpylla)
Definition 7.1.4 (Taylor admissible discrete modules on S). Let S C Q be

a subset (resp. S satisfy S° # ). Let M be a discrete (o,d)—module (resp.
o—module) represented by the family of equations

og— A, T) , A(q,T) € GLo(Hg(A),¥qe S,

(7.1.3.1)

(7.1.4.1)
0n—-GLT) , G(,T) € M,(Hk(A))
(resp.
{og—A(q,T)}ges , Alq,T) € GLy(Hk(A)),VqgeS ). (7.1.4.2)
We will say that (M, o™, M) is Taylor admissible on A if, in this (and hence
all) basis of M, the matrix Y1 7y(7,y) defined at 6.1.12.1 is simultaneously
solution of every equation of 7.1.4.1.
(resp. (M, ™) is Taylor admissible on A if, in this (and hence all) basis of
M, the matrix Y, 7)(T,y), with ¢ € S°, defined at 6.1.3.1, is convergent in
a neighborhood of the diagonal of the type Ur, R > 0, and is simultaneously
solution of every equation of 7.1.4.2.).
The full subcategory of (o, §)—Mod(H g (A)) %5 (resp. o—Mod (Hc (A))Es),
whose objects are Taylor admissible, will be denoted by
(0,6) — Mod(H (A))3dm (7.1.4.3)
(resp. o — Mod(H (A))xm ) (7.1.4.4)
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7.2 Main theorem

Theorem 7.2.1 (Main Theorem first form). Let A C Pk be a bounded
affinoid. Then, if ¢ € QN D™ (1,1), and q ¢ u(Q), the restriction functor

(cf. def. 7.1.4)
adm UUResg

| J o — Mod(Hg (A))f™ ——% 04 — Mod(Hc (A))*™ (7.2.1.1)
U
is an equivalence, where U runs in the set of all open neighborhood of q. On
the other hand, for all g € QN D™ (1,1), the restriction functor

U
?]dm Uy Resg

[ J(e,6) = Mod(H (A)) (04,8,) — Mod(H (A)*4™ (7.2.1.2)

U

1s an equivalence, where U runs in the set of all open neighborhood of q.

Proof : Let (M,o)") be a og—module. Fix a basis of M and a basis of
discrete g—solutions a« : M — C, a o 02/1 = ch o a. We must show that
there exist a disk U := D~ (g, 7), 7 > 0, and structure on M of analytically
constant o—module over U, which extends to U the structure of Taylor
admissible o,—module of M. This will result from theorem 7.2.2. This will
show the essential surjectivity of the functor, while, if ¢ ¢ p(Q), the full

faithfulness was proved at 5.1.5. [J

Theorem 7.2.2 (Main Theorem second form). Let A be a bounded affinoid
and let ¢ € Q(Hg(A)). Let

Y(q-T) = AfT)-Y(T), Ay(T) € GLn(H(A)) (7.2.2.1)

be a Taylor admissible g— difference equation (cf. 7.1.1) defining a o,—module
M. Then there exist a T > 0, and a matriz A(Q,T) uniquely determined by
the following properties :

1. A(Q,T) is analytic and invertible in the domain D~ (q,7) x A C A2,

2. Alq,T) = Aq(T) ,

8. Forallq' € Dy, (q,7), and allc € A(K™8) the matriz Ya(z,y) verifies
simultaneously

Yalqd -T,c) = A(¢,T) - Ya(T,c) . (7.2.2.2)
The matriz A(Q,T) is independent from the chosen ¢ € A(K®®), and from
the chosen solution Ya(x,y).

Proof : Let ¢ € A(K). Since Y (z,y) is invertible in its domain of conver-
gence, then the matrix A(Q,T) must be equal to

AQ,T) = Ya(Q-T,y) - Ya(T,y)™", (7.2.2.3)
= Ya(Q T,y) Ya(y,T), (7.2.2.4)
= Ya(Q-T,T), (7.2.2.5)
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Hence A(Q,T') converges at least in the domain of convergence of Y, (QT,T)
and is invertible in that domain, since Y4 (z,y) is invertible. We shall show
that A(Q,T) defines an analytic o —module on an open sub-group of Q(H g (A4))
containing ¢. Since, by assumption, there exists R > 0 such that Y (z,y)
converges for |z —y| < R, V z,y € A, then Y4(QT,T) converges for |Q —
1]|T| < R. Since A is a bounded affinoid, then the matrix A(Q,T) converges
at least in the domain

D (1, R/max(A)) x A, (7.2.2.6)

where max(A) := max,c4(q) 7|, and  is the field of 6.2.1. On the other
hand, one has
AQ.T)=A(Qq™".qT) - Aq, T) . (7.2.2.7)

Now A(q,T) = Ay(T') converges on the affinoid A by assumption. On the
other hand, A(Qq~',¢T) converges in a domain of the type D~ (¢, 7) x A
if and only if A(Qq !, T) converges on the same domain, since o, lis an
automorphism of Hx (A). We find, as above, that A(Qq !, T) converges in
the domain (Q,7) € D™ (g, R|q|/ max(A)) x A. This shows that A(Q,T)
converges in D7 (g, R|q|/ max(A)) x A too.

The independence from c is evident (cf. 7.2.2.5), and since ¢ ¢ pu(Q),
then all other solutions of M in this basis are of the form Y4 (T, c) - H, with
H € GL,(K). Hence A(Q,T) remains the same if Y4 (7', ¢) is replaced by
Ya(T,c) H. O

Corollary 7.2.3. One has the following diagram

an,adm 3.4.1.2 an,adm
Uger & — Mod(Hc (A)™ 2222 1 (0,8) — Mod (M (A))™
Uger Res{g}l © ZJ{quv Res ()
04 — Mod(Hyc (A))m (04+54) — Mod (M (A))m
(7.2.3.1)

Forget dq4

in which :
1. The right hand vertical functor quU Res{lcjl} s an equivalence for every
value of g € QND~(1,1);
2. Ifge QND~(1,1), but ¢ ¢ u(Q), then the also the left hand functor

quU Res{g} is an equivalence, and hence every functor appearing in
this diagram is an equivalence.

Proof : [

Remark 7.2.4. We can extend this result for all kind of ring of functions
appearing in this paper. If ¢ € p(Q), then we will see that the entire category
oq— Mod(H}{)(‘z’) formed by modules on H}( having a Frobenius structure is
trivial (i.e. every object in that category is direct sum of the trivial object,
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cf. 8.1.7). In that case the notion of o,—module is not interesting. For this
reason it is convenable to use the notion of (o4, §;) —module.

Remark 7.2.5. It is possible to generalize the main theorem to other kind
of operators different from o,. In other words it is possible to “deform” the
differential equation into an equation of the type o — A(T"), where ¢ in an
automorphism different from o4, but sufficiently close to the identity. In a
work in progress we will study the action of a p—adic Lie group on differential
equations.

7.3 Extension to the case [¢| =1, but [¢ — 1] =1

In this section we shall show how to obtain the confluence in the case in
which ¢ € Q, with |¢| =1, but |¢ — 1| = 1.

For this we will assume that the reduction § € k of ¢ in the residue field
k, has finite order ng.

7o=1, |¢™—1/<1. (7.3.0.1)
The formal Taylor solution Y (x,y) of a given g—difference equation
oY) = A(q, T)Y (7.3.0.2)
is also a solution of the iterate equation
oo (Y) =A™, T)Y (7.3.0.3)

under certain natural conditions on the radius of convergence of Y (z,y), the
Taylor g—series Y (z,y) is the Taylor g—development in K[z — y||, of an
analytic function over a poly-disk (cf. [DV04, Appendix A)

D:=|J¢D (y,p) . (7.3.0.4)
i>0

Let Y(z,y) be the analytic function on D whose Taylor g—development is
equal to Y (z,y). In particular the function Y(z,y) converges in a neighbo-
rhood of the diagonal. Since ¢ € D7 (1, 1), hence the main theorem applies
to V(z,y). In other words the restriction of Y(z,y) to a single disc D~ (¢'y, p)
is solution of a differential equation.

All details are well exposed in [DV04, Appendix Al.

Remark 7.3.1. The precedent easy consideration shows how to obtain a diffe-
rential equation from the g—difference equation in the case in which |¢| = 1,
but |¢ — 1| = 1. This gets the confluence.

The converse of this fact (i.e. the deformation of a differential equation
into a g—difference equation with |¢| = 1 and |¢— 1| = 1) is actually difficult
to prove, and is perhaps false.

In a work in progress with L. Di Vizio, we will study this and other
related problems.
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7.4 Main theorem for other rings

Remark 7.4.1. We observe that if I is open, and if M is a (o4, d4) —module
over Ag(I), then the required condition Yg(z,y) converges in a neighbo-
rhood of the diagonal, is not automatically verified since the norm sup ¢, |G|,
can be equal to the infinity, and the relation 7.1.3.1 is no longer true.

We give in detail the extension of this theorem to the cases B = R
and B = H}{. The definition of admissible modules needs an adaptation. We
preserve notations of section 6.2.3. We recall that for all 7 > 0 one set

S;=SND(1,7). (7.4.1.1)
Moreover, for all € > 0, one set
1-¢1] if B=Rg
L= . (7.4.1.2)
[1—e1+¢e if B=Hl
Definition 7.4.2 (Admissibility over R and ’HTK) Let B := Rk or B :=
'H}(. Let S C QND~(1,1), (resp. S° # 0). Let M € (0,8) —Mod(B)%s¢ (resp.

M € o — Mod(B)¢¢). Then M is admissible if for all 7 < 1, there exists a
er > 0, such that the restriction

Resg (M.,) (7.4.2.1)

is Taylor admissible over C(I;, ).

Remark 7.4.3. In other words, for all 7 < 1, there exists € > 0 such that
Y (z,y) is a simultaneous solution of every operator 0’31\/[ and of 6M (resp.
every operator ay!) for all ¢ € Sy (resp. for all g € S2).

Remark 7.4.4. Recall that the notion of generic radius has no meaning for
os—modules when ¢ is a root of unity (cf. ex. 6.2.7).

Proposition 7.4.5. Letr > 0, and let S C D™ (1,7) be a subset. Let B = R
or B= 'HE(. Suppose that M belongs to one of the categories

o —Mod(B) | with 5° # 0 (7.4.5.1)
(0,8) — Mod(B)!7] | (7.4.5.2)

then M is the restriction to S of an analytically constant module over all the
disk D™ (1,r). Moreover, the restriction functors

o2 (17
o~ ModB) (" o Mod(B), (S° #0)(7.4.53)
/] Resg 7 ]
(0,0) — Mod(B)DT,(LT) % (0,6) — Mod(B)g’ , (7.4.5.4)

are equivalences. In particular solvable modules extend to all the disk D™ (1,1).
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Proof : We prove only the case B = R, since the case B = H}( is
completely analogous. By 5.1.5, it is enough to prove the essential surjectivity
of Resg_(l’r). Let M be a solvable object over Ry . Since, by assumption, M
is constant on S, one can assume S = {q}. Let Y (z,y) := Ya(z,y) (resp.
Y(z,y) == Ya(z,y)) be the matrix solution of (M, O‘évl) (resp. (M, oM, 5M))
in a fixed basis. By the main theorem 7.2.1, there exists an open subset
U C D™ (1,1), containing ¢, such that M is analytic over U. We will show
that U contains D~ (1, 7). Indeed, for all ¢ € D™ (1, r) there exists an interval
I., =1 —¢4,1], €4 > 0, such that the matrix A(Q,T) := Y (QT,T) converges
in the domain

D*(1,]qg —1]) x Cx(Iz,) - (7.4.5.5)

This results from the fact that lim, ;- Ray(M, p) = r. Indeed, since [¢—1| <
r, there exists ¢, > 0 such that Ray(M,p) > |¢ — 1| - p, for all p € I, as
showed in the following picture, in which one finds the graphic of the function

log(p) — log(Ray(M, p)/p) (7.4.5.6)

4log(Ray(M, p)/p)

log(eq) log(f)

log ()

| log(lg — 1)

This means that if |y| € I, then Y (z,y) converges for all (z,y) satis-
fying |z —y| < Ray(M, p). Since |gz — x| < Ray(M,p), for all (¢,z) €
D*(1,]|¢ — 1]) x Ck(I.,), hence the proposition is proved. [J

Corollary 7.4.6. For all q,q € D (1,1) (resp. q,¢' ¢ p(D~(1,1))), and all
r satisfying
max(|g —1[,|¢' = 1) <r <1, (7.4.6.1)

one has a well defined functor of deformation

!

Defq’q

(04,04) — Mod(R )" (04,64) — Mod(Ri)[" (7.4.6.2)

Defq q

(resp. o4 — Mod(Rp )l —2%— oy — Mod(Rp)I" (7.4.6.3)
which is an equivalence. Moreover, if ¢ ¢ pu(Q), then the functor

“Forget 64"
_—

(04,8,) — Mod(R )" o4 — Mod(R )" (7.4.6.4)

s an equivalence.
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7.5 Examples
Example 7.5.1. 1.— We consider the rank one solvable differential equation
61 —moT ™, (7.5.1.1)

where 1) = §y — 1 € K, with & = 1, and & # 1. Then the solution of that
equation is given by
y = exp(meT ') . (7.5.1.2)

One finds that A(q, T) = exp(mo(q¢~' — 1)T~1), which converges actually in
the interval ]e, 1], with e = |[¢71 — 1] < 1.

2.— Let U,, be the differential module defined by the differential equation

010--0
001--0
5 — S (7.5.1.3)
000 -1
000--0

Let ¢, :=log(T)"/n!, for all n > 0. Then the solution of U,, is given by

141 - b3 b2 b1
01 4 - U3 lmo
Yy, =001 A s | (7.5.1.4)
0 o 0 1 4
0 0o 0 1

)n—k

One has o4(4,,) = 04(log(T))" /n! = (log(q) + log(T))"/n! = >, %
f. This shows that the matrix of ag m g

lo, 2 o 3 lo; m—1
| lote) St e
2 m—2
0 1 log(q) sl ... 1"5&’12)1
log(q)™ 3
o(vy,)=1% Y L logle) - TaSr |y, . (75.15)
0 0 0 1 log(q)
0 0 0 1

7.6 Application to the classification of solvable Rank
one ¢—difference equations

In this section we apply to rank one g—difference equations over Ry,
the results on the classification of rank one differential equations over R,
obtained in the first part of this thesis.

We fix a Lubin-Tate group & p isomorphic to G,, over Q,. We recall that
&p is defined by an uniformizer w of Z,, and by a series P(X) € XZ,[[X]]

156



satisfying P(X) = w- X (mod X?Z,[[X]]) and P(X) = X? (mod pZ,[[X]]).
Such a formal series is called a Lubin-Tate series.

We fix now a sequence 7 := (7, )m>0, Tm € leg’ such that P(mp) = 0,
o # 0 and P(mpm41) = T, for all m > 0. The element (m,,)m>0 is a ge-
nerator of the Tate module of &p which is a free rank one Z,—module.
For example one can chose 8p = Gy, hence P(X) = (X + 1)? — 1, and
Tm = &m — 1, where &, is a compatible sequence of p™+!—th root of 1, i.e.
& =1and & = & 1.

One has the following facts :

1. Every rank one solvable differential module over Rg has a basis in
which the associated operator is

L(ao, £~(T)) 1= b1 — (a0 = > mo s 3 ST (TP Or1og (7 (1)) )
j=0 i=0

(7.6.0.6)
where, ag € Zy, and f~(T) := (f; (T),..., f; (T)) is a Witt vector in
W (T 10k, [T7Y), with K, := K ().

2. In that basis in the matrix of the derivation lies in Ok [T~1].

3. Note that, even though m; does not belong to K, the Witt vector
F(T) € W (T 'Ok [T7Y]) is such that the resulting polynomial
> im0 Ms—i 2o i (T)P" " Or10g(f; (T)) appearing in 7.6.0.6 has co-
efficients in K.

4. The Taylor solution at oo of the differential module in this basis is
given by the so called w-exponential attached to f~(7') :

6} (1)

T - ey (F7(T),1) := T - exp(_ mar
j=0

), (7.6.0.7)

where (¢, (T),...,¢05(T)) € (Tfl(’)fl( [T-1)% is the phantom vector of
J7(T), namely one has ¢, (T') = I P (TP

5. The correspondence f~ (1') — eps(f~(T'),1) is a group morphism

eps(—,1)
_

W (T 0k [T7Y) 1+ 7,1 Ok, [[T7Y] . (7.6.0.8)

6. Reciprocally, L(ag, f~ (7)) is solvable for all such f7 (7). Indeed using
the Artin-Hasse exponential, one shows that, for all Witt vector f~(T) €
W (T~ Ok, [T7Y]), the exponential e, (f~(T),1) is a bounded po-
wer series in 1+ 7,7 'Ok [[T71]] and is then convergent in the disk
{|T| > 1}. This implies, by transfer, that L(ag, f~(7")) is solvable.

7. The operator L(ag, f~(T)) has a Frobenius structure if and only if
ap € Z(p) =7Z,NQ.
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8. Let Koo := K ({7 }m>0) and let ko be its residue field. The operators
L(ag, f~(T)) and L(bo, f5 (T')) define isomorphic differential modules
if and only if the following two conditions are verified
e ag— by €7,

e The Witt vector fi(T") — f, (T') is such that the Artin-Schreier
equation

F(g=(T)) —g~(T) = f1(T) — f5(T) (7.6.0.9)

has a solution g=(7") in W(ks((t))), where t is the reduction of
T, and F is the Frobenius of W (ks (1)) (sending (go,. .., gs) into
(gé)? M 7g§)).
9. In particular the most important fact concerning m—exponentials is
that the series e,s (f(77),1) is over-convergent (i.e. belongs to R ) if
and only if the Artin-Schreier equation

Fg (1)) —g (1) = £ (1) (7.6.0.10)

has a solution g=(7") in Ws(kao((2)))-

Remark 7.6.1. All these facts are true also for g—difference equations, for
all g € D~(1,1), since, by the main theorem 7.2.1 “solutions of g—difference
equations” coincide with “solutions of differential equations”. The fact that
solutions of differential equations are solution also of g—difference equations
can be seen directly in the rank one case. Indeed, by the point 9, for all
F(T) € Wy(T 'Ok, [T~1]), the exponential

Alq,T) = eps (f(¢T) = F7(T),1) (7.6.1.1)

is over-convergent and belongs to Ry, since f~(¢7) and f~(T) have the
same reduction in W (koo ((2)))-

The example 7.5.1 (point 1) is the particular case in which f~(7") is the
Witt vector of length 0 equal to

fF(M=7" ¢ T'OT7Y = WoT O[T .
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Chapitre 8

(Quasi unipotence and p—adic
local monodromy theorem

In this chapter, we will suppose always that ¢ € D~ (1,1). We suppose
moreover that K is discretely valued and that its residue field k is perfect,
in order to have the p—adic local monodromy theorem (cf. [And02], [Ked04],
[Meb02]).

We will deduce the quasi-unipotence of g—difference equations (and more
generally of analytically constant c—modules and (o, d)—modules) over the
Robba ring, from the confluence and from the quasi-unipotence of differential
equations.

Definition 8.0.2. We set
k= {Z a;T" | a; € K, lim |a;| = 0,sup |a;| < +o0} . (8.0.2.1)
; i——00 i
1EZ
The field £ is complete with respect to the topology given by the Gauss

norm | > a;T%|; = sup |a;|. Moreover, it is a field, since K has discrete va-
luation. We denote the so called bounded Robba ring by

El =&k NRK . (8.0.2.2)
The field E;r( has two topologies arising from Ry and Ex respectively.

While Ry and £k are complete rings, the field EIT( is dense in both Rx
and &g, with respect to their respective topologies. One has

Hl c & c Rk. (8.0.2.3)

8.1 Frobenius Structure

Let ¢ : K — K be an absolute Frobenius (i.e. a lifting of the p—th power
map of k). Since R is not a local ring, and does not have a residual ring,
we need a particular definition :
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Definition 8.1.1. An absolute Frobenius on Ry (resp. H}(, 5};) is a conti-
nuous ring morphism, again denoted by ¢ : Rx — Rk, extending ¢ on K

and such that ' |
p(D_ail) =) wla)e(T) (8.1.1.1)

where o(T) = .., b1 € Ri (resp. o(T) € H}, o(T) € 5;() verifies
|b;| < 1, for all i # p, and |b, — 1] < 1.

Definition 8.1.2. We denote by ¢ the particular absolute Frobenius on Ry
given by the choice

o(T) = 17, (8.1.2.1)
¢(f(T)) = foT?). (8.1.2.2)

where f¥(T') is the series obtained from f(7') by applying ¢ : K — K on
the coeflicients.

Let B be one of the rings H}(, 5;(, or Rg. For all g € D™(1,1), one has
B*(z)> BLB
qui © Oq ; p~51i ® \Lzﬁ
BT BTB

Definition 8.1.3 (Frobenius functor). Let S C D™ (1,r), r > 0. Let

(8.1.2.3)

W<~—W

¢ o=min( VP e p| 7t (8.1.3.1)
The Frobenius functor (cf. def. 6.2.16)
¢*: (0,6) — Mod(B)l) —— (0,8) —Mod(B)! | (8.1.3.2)
(resp. ¢*: o— Mod(B)g] - o— Mod(B)gq ) (8.1.3.3)
is defined as follows :
¢* (M, oM, 6M) = (¢* (M), 0¥ M) 507Dy (8.1.3.4)

where
1. ¢*(M) := M ®g 4 B is the scalar extension of M via ¢,
2. the morphism ¢® ™) is given by :

o®" (M)

qr— o% ®o, @ S —— Aut™(¢*(M)) , (8.1.3.5)
3. the derivation is given by
57 ™M = (p. M) @ 1dp + Idy ® 67 (8.1.3.6)
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4. a morphism o : M — N is sent into a ® 1 : ¢* (M) — ¢*(N).

Remark 8.1.4. 1. Let M € (0,8)~Mod(H}) il Let Yi(T) = 3,0, Yi(T 1),
Y; € M, (K), be its Taylor solution at 1. Then the Taylor solution of ¢*(M)
is

YP(TP) = > (V) (TP — 1) (8.1.4.1)
i>0
2.~ Fix abasise = {e1,...,e,} of M. Let 0,—A(q,T) (resp. 61 —G(1,T))

be the operator associated to 0'}1\/[ (resp. 6)1) in this basis. Then the operators

associated to ¢*(M) in the basis e ® 1 are
og— A%, TP), 61 —p-G°(1,T7P), (8.1.4.2)
where, according with 3.1.3.2, one has A(¢?, T') = A(q,q?~'T)--- A(q,qT)A(q, T).
3.~ If M has a Frobenius structure, then r = v’ and hence M is solvable.

Definition 8.1.5 (Frobenius structure). Let B be one of the rings H}(, S}L(,
or Rg. Let S CD7(1,1) be a subset. Let M be a discrete c—module (resp.
(0,9)—module) over S. We will say that M has a Frobenius structure of order
h > 1, if there exists an isomorphism

()P (M) =M, (8.1.5.1)
where (¢*)(") := ¢* o --- 0 ¢*, h—times. We denote by
o — Mod(B) (8.1.5.2)
(resp. (0,0) — Mod(B)gb) ) (8.1.5.3)
the full subcategory of U—MOd(B)E] (resp. (o, 9) —Mod(B)g]) whose objects

have a Frobenius structure of some order.

Remark 8.1.6. Suppose that M € (o,9) — Mod('H}()[;] has a Frobenius struc-
ture of order h > 1. In terms of solution matrix, this means that there exists
a matrix H(T) € GLn(HE() such that

Yo' (17" 1) = H(T) - Y(T,1) (8.1.6.1)
where Y] (T') is the Taylor solution of M at 1.
Proposition 8.1.7. Let S = {¢}, with €P" = 1. Then every o¢—module over

H}( with a Frobenius structure is trivial (i.e. isomorphic to a direct sum of
the unit object).

Proof : Let M € ¢ — Mod(HL)@). Let Y(T,1) € GLn(H},) be its
Taylor solution at 1, in the basis e of M. Then, by remark 8.1.6, there
exists H(T) such that ye" (Tph, 1) = H(T) - Y(T,1). Hence, one has also
YO (TP 1) = H,(T) - Y (T, 1), for some H,(T) € GL,(H},). Since

o (YO (1P = YO (TP (8.1.7.1)
then in the basis H,,(T) - e the matrix of o¢ is trivial : A({,T) =1d. O
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8.2 Special coverings of H}(, canonical extension.

Since K has a discrete valuation, S}L( is an henselian local field (not
complete) with residue field equal to k((¢)) (with respect to the norm |.|1).

On the other hand the residue ring of H}( (with respect to the Gauss norm
|.]1) is k[t,t!]. One has

Hi, & Os}( (8.2.0.2)

e

k[t,t=1] < k(2).

Definition 8.2.1. We denote by O[T, T~!]! the weak completion of Ox [T, T,
in the sense of Monsky and Washnitzer (cf. [MWG68]).

One has
Hi = O[T, TV 00, K . (8.2.1.1)

8.2.1 Special coverings of G,,, .

Let us look at the residual situation. The morphism
7 := Spec(k(t)) — G = Spec(k[t,t™"]) (8.2.1.2)

gives rise, by pull-back, to a map

{ Finite Etale } Pull-back { Finite Etales } (8.2.1.3)

coverings of 7] coverings of G, 1.

It is known (cf. [Kat86, 2.4.9]) that this map is surjective, and moreover
that there exists a full sub-category of the right hand category, called special
coverings of Gy, ., which is equivalent, via pull-back, to the category on the
left hand side. Special covers are defined by the property that they are tamely
ramified at oo, and that their geometric Galois group have a unique p—Sylow
subgroup (cf. [Kat86, 1.3.1]).

On the other hand, if 7 € Og is an uniformizer element, then both
((95;{, (7)) and (O [T, T~'], (7)) are Henselian couples in the sense of [Ray70,

Ch.II] (cf. [Mat02, 5.1]). Hence the precedent situation lifts in characteristic
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0:

{ Special } ~®&) { Finite unramified }—@RK{ Special }

extensions of H}{ ~ extensions of SIT( ~ ext. of R
QK TZ © lT—@K
. . —®0 _+ .. £
{ Special extensions } ¢l | Finite onramified
—1 ~ :
of O[T, T~ extensions of Oy
®kl2 0 zl@)k
Special Pull-back | Finite étale
. > . ~
coverings of G, ~ coverings of 7

(8.2.1.4)
where, by special extension of O[T, T (resp. H , Ri) we means a
finite étale Galois extension of O[T, T~ (resp. H}(, Ry) coming, by
henselianity, from a special cover of G, .

Remark 8.2.2. 1.— One can show that every unramified extension (5;()’ of
5}{ (resp. special extension R of R) is non canonically isomorphic to et
(resp. Rk), for some finite Galois unramified extension K’/K. This situation
is analogue to the classical one, in which every extension of C((T")) is of the
form C((T™/™)), for some integers m,n > 0, and hence it is isomorphic to
C(2), with T = f(Z), f(Z) := Z™™.

In the case of special extensions of E;Q or Ry, the relation between the
new variable and the old one is highly non trivial, and essentially unknown.
If k'/k is the residue field of K’ and if t = f(z) € k'((2)) is the relation
between t and z in characteristic p, then the relation between T and Z in

characteristic 0 is given by 7' = f(Z) € O, where f(Z) is an arbitrary
K

Laurent series, obtained from f(z) by lifting coefficient by coefficient.

2. Let us write &, := &, and &}, , = (EL). Let ¢ € D~(1,1),
the automorphism o, of H}{T extends uniquely to a continuous K’—linear
automorphism of rings oy, E}L(, 7 — 5}(, 4 Indeed let P(Z) = 0, P(X) €
O+ [X], be the minimal polynomial of Z. Let P?¢(X) be the polynomial

K,T
obtained from P by applying o, to the coefficients. Then, by henselianity,
there is bijection between roots of P(X) and of P?¢(X). Hence oy, is the
unique continuous K'—linear automorphism given by oy(Z) := Z', where Z’
is the unique root of P?¢ whose reduction in k((2)) is equal to z.

The real problem of the theory is that the extended automorphism does
not send Z into qZ.

3.— The same considerations shows that ¢ extends uniquely to an auto-

morphism of every special extension of H}{ and Ry, and commutes with the
action of Gal(k((t))*?/k((t))).
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8.3 Quasi unipotence of c—modules and (¢, §)—modules
with Frobenius structure

Definition 8.3.1. We denote by H}( (resp. &l , 7%;) the union of all special

extensions of H}{ (resp. unramified extension of &l ; special extensions of
Ri)

Definition 8.3.2. Let S € D™ (1,1) be a subset (resp. S € D7 (1,1), with
S° £ 0). A discrete (0,d)—module on S (resp. discrete c—module on S) is
called quasi-unipotent if it is trivialized by the discrete (o, d)—algebra

Hillog(T)]  (resp. €fllog(T)], Rillog(T)] ) .  (83.2.)

8.3.1 p-—adic local monodromy and some corollaries

Theorem 8.3.3 (p—adic local monodromy theorem). IfM € §; —Mod(R )@,
then there exists a finite extension K'/ K such that M® g K’ is quasi unipotent

(i.e. trivialized by H}(, llog(T)]). In other words, objects in §; — Mod(R )
become quasi-unipotent after an eventual extension of the field of constants.

Proof : See [And02],[Ked04],[Meb02]. O

Theorem 8.3.4. If a differential equation M € 6; — Mod(Rg) is quasi-
unipotent, then it has a Frobenius structure. Moreover, the scalar extension
functor

51 — Mod (M) —2EE 5 — Mod (R )@ (8.3.4.1)
1s essentially surjective.
Proof : [Mat02, 7.10], [Mat02, 7.15]. O

Theorem 8.3.5. There exists a full sub-category of 61 — Mod('Hk)(‘i’) which
1s equivalent to 61 — Mod(RK)(¢) via the scalar extension functor 8.5.4.1.

Moreover, objects in that category are trivialized by H}( [log(T")].
Proof : [Mat02, 7.15]. O

Definition 8.3.6 (Canonical extension). Objects in the category above will
be called special objects. We will denote by

51 — Mod(R )@ —222, 6, — Mod(H},)@) (8.3.6.1)
the section of the functor 8.3.4.1, whose image is the category of special

objects (cf. 8.3.5). We will call it the canonical extension functor.
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Corollary 8.3.7. Let M € §; — Mod(Rg)(?), then there exists a finite ex-
tension K'/K such that M@ K' decomposes in a direct sum of submodules
of the form

N®Up, (8.3.7.1)

where N is a module trivialized by a special extension Ry, and U, is the
m—dimensional object defined by the operator (cf. ex. 7.5.1)
0 0
L0
01 — . (8.3.7.2)
000 - 1
000 -~ 0
Proof : [And02, 7.1.6]0

Remark 8.3.8. The log(T) appearing in 8.3.2.1, is present uniquely to trivia-
lize the module Up,, m > 2 (cf. ex. 7.5.1).

Lemma 8.3.9. Let N € §; — Mod(H}()(‘z’) be a (special) object trivialized by

H}(. Let Y = (W) € GLn('I/:{/T) be a fundamental matriz of solution of N.
Let (1) (resp. R') be the smallest special extension of 5’}; (resp. Ri ), such
that N ® 5;( is trivialized by (ET) (N @ Ry is trivialized by R'). Then one
has

A R' = Ril{¥ij}tijl - (8.3.9.1)

In other words, the smallest special extension of E;r( (resp. Ry ) trivializing
M is generated by the solutions of M.

Proof : Since M is trivialized by €T, then EL{Tis}is) € (ETY. Hence
5;(/ [y; ;] is an unramified extension, and is then a special extension. This
shows that S;f([{gi,j}i,j] = (&1). The case over Ry follows from the case
over 5[2. O

Corollary 8.3.10. Let us preserve the hypothesis of lemma 8.3.9. There
exists a unique K—linear ring automorphism o, of EL [i,;], which induces
the identity on the residual field.

Proof : By 8.3.9, E}}[{gj”}”] is a special extension (i.e. Henselian).
Hence, by 8.2.2 point 2., then the extension of o, to 8}}[{@]}”] extension
is unique.l]

8.3.2 Quasi unipotence of c—modules and (¢, d)—modules

In this section we shall prove the quasi-unipotence of every object in
oy — Mod(Rg)(@).
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Corollary 8.3.11. Let S € D~ (1,1) (resp. S° # 0). The scalar extension
functor

(0,6) — Mod(H ) 3@ Z2RE, (5 5) - Mod(Rk)T?)  (8.3.11.1)
(resp. o— Mod(H})dSiSC’w) —ORk, o — Mod(RK)giSC’(d’) )(8.3.11.2)
1s essentially surjective.

By 7.4.5, it is sufficient to prove that the functor

(0,8) — Mod(H} )@ - ZERK, (5 5) — Mod(Rg )™ (8.3.11.3)

D—(1,1) D-(1,1)
(resp. o— Mod(H}r()aDn_’((?l) —8Rk, o— Mod(RK)aDnL(((i?l) )(8.3.11.4)

is essentially surjective. By 8.3.4 there exists a basis of M in which the matrix
G(1,T) of §}! lies in Mn('H}{) Moreover, Can(M, 6)) is Taylor admissible,
since all solvable differential equations are Taylor admissible. By 7.4.5, for all
g € D7(1,1), the matrix A(Q,T) := Yo (QT,T) defines an analytic function
in a domain of the form

D (1,]g —1|) x Cx(J1 — ¢, 1 +&4[) (8.3.11.5)

with e, > 0. Hence, in this basis, the matrix A(q,T") belongs to GLn(H}(),
forall g e D7(1,1). O

Lemma 8.3.12. Let M € 6; — Mod(H}()(‘ﬁ). Let K'/K be a finite exten-
sion such that M @ K' is quasi unipotent. Let (EY)" be the smallest spe-
cial extension of 5;[{, such that M @ K’ is trivialized by (E7)[log(T)]. Let

Y € GLn(S}L(, [log(T)]) be a fundamental matriz solution of M. Then there
exists a K" /K such that the matrix

A(q,T) =0, (V) - Y1 (8.3.12.1)
belongs to 5;(,,, for all g € Dy, (1,1).

Proof : We can suppose that K = K’. By 8.3.7, we can suppose that M
is equal to N, or that M is equal to U,,, where N and U, are defined by the
theorem 8.3.7. Indeed, if the lemma is verified by every such N and every
such U,,, then the lemma holds for M which is sum of tensor products of
such modules. The case “M = U,,,” is trivial, since both the matrices of 5?’"
and of g™ are constant (cf. 7.5.1). Let now M = N. In this case

Y € GL,((ENY) . (8.3.12.2)
Then, for all v € Gal((ET)’/é'}L{), one has

VY)=Y-H,, H,eGL,(K). (8.3.12.3)
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Since o, commutes with every such v € Gal((ET)’/S}L() (cf. 8.2.2), then one
find

Y(A@T) = F(og(Y) Y7 (8.3.12.4)
= og(Y) Hy (Y -H) ' =A(q,T). (83.12.5)

Hence A(q,T) belongs to S}L(, forall |g—1] < 1.0
Corollary 8.3.13 (p—adic local monodromy theorem (generalized form)).

Let S € D™(1,1), be a subset (resp. S° # 0). Then every object in (o,0) —

Mod(RK)gb) (resp. U—Mod(RK)(S¢)) becomes quasi unipotent after an even-
tual finite extension K' of K.

Proof : By 7.4.5, one has (o, 5)—Mod(RK)(S¢) = (o, 5)—M0d(RK)aDn_’(g)1),

(resp. o — Mod(’RK)g?) =0— Mod(RK)aDn_’(g)l)). On the other hand, (o, d) —

Mod(RK)aDn,’((qi?l) = J—MOd(RK)aDHL(g?l) (cf. 3.4.1.2). Hence, we can suppose
that M is an analytic (o, d)—module on the disk D7 (1, 1), with a Frobenius
structure. We can suppose that K/ = K, i.e. M is quasi unipotent and is
trivialized by the extension R'[log(T")], where R'/Rx comes from a totally
ramified extension of k((t)).

Let us consider a basis of M in which the matrices of 6} and 0}1\/[ have

coefficients in H}{ (cf. 8.3.11).

Now we start from the analytic (o, d)—module (M, 6}, o™M) on D~(1,1).
We forget o™, and consider only the differential equation (M, §}). Then,
by 8.3.12, there exists a second structure of discrete c—module on M on

D~ (1,1), arising from the fact that M is trivialized by ’HE( [log(T)]. Let us
call (M, 6M, ™M) this second structure. We shall show that

oM =M, (8.3.13.1)
We consider the Taylor solution of M at the point 1 :
Y(T,1) = (i)i; € GLn(Ar(1,1)) . (8.3.13.2)
On the other hand, in the same basis, we consider the solution Y of M in
e -
Y = (iy)ig € GLn(Hc[log(T)]) - (8:3.13.3)

We shall verify that, for all ¢ € D7(1,1), the matrix A(q,T) € GLn(HJ}()
defined by the main theorem 7.2.2

Alq,T) =Y (¢T,1)-Y(T,1)~*, (8.3.13.4)
is actually equal to the matrix A(q,T) € GLn(S};)
A(q,T) = 0,(Y)- Y71, (8.3.13.5)
defined by the lemma 8.3.12. To do this we need the following lemma :
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Lemma 8.3.14. Let (M, 6M) € §; — Mod(Rg)(?). Then, after an eventual
finite extension K'/K, the decomposition given at 8.3.7 extends to a de-
composition of the analytic (o, 8)—module (M, M, ™M) on D~(1,1), attached
to M wia the proposition 7.4.5, and also to a decomposition of the discrete
(0,0)—module (M, M, M) on D=(1,1), attached to M wvia the proposition
8.3.12.

Proof : By 7.4.5, 8.3.12 and 5.1.5, the forget functors

an,cons Res| b
(U, 6) - MOd(RKalg)Dl(17l;7(¢) %) 61 - MOd(RKalg)(d))
d s Mod(R C disc,const,(¢) Res?i(l’l) 5 Mod(R ()
an (U, )— (0] ( Kalg, )Df(l,l) f’ 1 — (0] ( Kalg)
are equivalences, where Rya: = Ri @k K8 and C := @:g[log(T)].

Indeed every object on these categories comes by scalar extension from a
module over R, for some finite extension K'/K. OJ

Continuation of proof of 8.3.13 : By 8.3.14, it is sufficient to discuss the
case M = U,,, and M = N (cf. 8.3.7). The case M = U, is trivial (cf. 7.5.1) :
one has that A(q,T) = ﬁ(q, T) has constant coefficients.

Let us suppose that M = N is trivialized by 7/51; We recall that N is
defined over H}(, and hence Y & GLn(H;() C GLn(S}L(), and Y (T,1) €
GL,(Ak(1,1)). In other words we are working with Can(N) (cf. 8.3.6).

We consider then the discrete (o, §)—algebras 5}{[{%3}11] and 5}; {Yij}tijl-
By assumption, one has an isomorphism commuting with 5{\/[

gk[{yi,j}i,j] % 5}(-[{@,]'}1'7]'] . (8.3.14.1)

Yij——Yi,j

We must show that this morphism commutes also with o,. This follows
immediately from the fact that there is a unique K —linear automorphism
04 On Sk[{gi,j}i,j], inducing the identity on k((t)) (cf. 8.3.10). O

8.4 The confluence of André-Di Vizio

In [ADV04] authors consider o,—modules over Ry with a Frobenius
structure (i.e. o, — Mod(Rx)(®). Moreover they restrict themselves to a

1
fixed ¢ € D7(1,1) such that |¢ — 1| < |p|P=T, hence have no trouble with
roots of unity. Their aim is to find a “theory of slopes” (filtration de type
Hasse-Arf) for this kind of g—difference equations in order to apply the
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main theorem of [And02] and deduce an equivalence :*
Repr. of the inertia
0q — Mod(R jatx)® —— { of Gal(k(t)*P/k(t) » . (8.4.0.2)
- with finite image

The proof of this fact needs a remarkable effort and is the central result of
the paper. On the other hand by the p—adic local monodromy theorem for
differential equations, one has another equivalence

Repr. of the inertia
of Gal(k((#)*P/k((t)

with finite image

Local monodromy 5
5 -

Mod(R gats)'® . (8.4.0.3)

They call “confluence” the composite functor

“confluence”
skt

o4 — Mod(R jarg)? 81 — Mod (R jeaig) '@ . (8.4.0.4)

~

In a second time they try to describe explicitly this equivalence. For this
they introduce the notion of “confluent weak Frobenius structure” using the
fact that the sequence ¢”" goes to 1 (JADV04, 12.3]) :

Remark 8.4.1. We recall that an antecedent of a og,—module M over R is
a o,—module M_; together with an isomorphism

®:(¢")M_y —— M. (8.4.1.1)
for some s > 1.

1
Definition 8.4.2 ([ADVO04, 12.11]). Let |¢ — 1| < |p|>~T and let s > 1 be a
natural number. A confluent weak Frobenius structure on a o4—module M &
g — Mod(Rk) is a sequence of “antecedents” {M_g,, = (M,Ugg;im)}mzo,
such that My = (M, (7}1\/[), and satisfying

oM_Sm -1
qum,

M_ o
1. The operators quyim = converge to a derivation AM= on

M.

2. If My := (M, AMe) is that differential module, then the sequence of
isomorphisms

T

D _gm : (7)) (M_gm) —— M_g(m—1) , (8.4.2.1)
converge to a Frobenius isomorphism

Poo 1 0*(Moo) — My . (8.4.2.2)

'Recall that R jcais := Rx ® K& (cf. proof of 8.3.14).
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Actually, if M has a Frobenius structure, then the notion of “Confluent
weak Frobenius structure” is nothing else that the strong confluence :

1
Lemma 8.4.3. Let |¢ — 1| < |p|7. If M € 0, — Mod(Rg)(®, then M has
a “Confluent weak Frobenius structure” and moreover

M_gp = Def, oo (M), Mo = Defy 1 (M) . (8.4.3.1)

Proof : Suppose that M has a Frobenius structure of order s > 1. Hence
for all s > 1 there exists an isomorphisms ¢ : M —— (¢7)*(M). Let~1\~/[ be the
analytic c—module defined by M (cf. 7.4.5). We identify M with M_g,,, for
all m > 0, in order that

1. One has Agﬁ;ﬁm — AM

qp
2. One has ¢_g,, = d_1 .

By this identification it is evident that M_g,, is the restriction to

sm

(Mg, (0)15m)P") = Def,, e (M, o)1) . (8.4.3.2)
1\/1$m -1
Then evidently one has lim,;, qumi_l = 6M (cf. 6.1.10). O

Remark 8.4.4. If one start from a o,—module with Frobenius structure, and if

the matrix of olqv[’s’" is known, then, by the relation 8.4.3.2, one can compute
the differential equation Conf,(M) € & — Mod(Rx)(®.

Remark 8.4.5. A.— The lemma 8.4.3 gives a straightforward and explicit
construction of the functor D™ (%) o Vo(f ) of [ADVO04].

B.— By our result it is evident that the “slopes” of a o,—module are the
“slopes” of the attached differential module, by strong confluence.

C.— The quasi-unipotence of g—difference equations is a straightforward
consequence of the “strong confluence” and of the p—adic local monodromy
theorem for differential equations.

170



Annexe A

Rank one differential equations
over the Amice ring

A.1 Criterion of solvability for differential equa-
tions over &g

In this section we obtain a criterion of solvability for differential equations
over k. After a technical part (cf. A.1.3), this is actually an immediate
consequence of the Lemma A.1.8.

As a corollary we obtain that every differential equation over £k has a
basis in which the associated operator has coefficients in O [[T~!]]. Hence
it will converge in an affinoid and we can apply the theory of confluence
developed in the previous sections.

Definition A.1.1. We set )
w:=|p|P-T . (A.1.1.1)

Lemma A.1.2 (Small radius). Let Oy — g(T), g(T) € Ex. Then Ray(Or —
9(T),1) <w if and only if |g(T)|1 > 1. In this case we have

Ray(dr — g(T),1) =w - [g(T)[;" .

A.1.1 Technical lemma

For all functions g(T') = 3",z aiT" we set as usual g~ (T) == >, a;T",
gt (T) := D1 a;T". In this subsection we shall prove the proposition A.1.3
below. The “Step 4”7 of this proposition has been proved by G.Christol.

Proposition A.1.3. Let Or—g(T), g(T) € €k, be a solvable equation. Then
or — g~ (T), Or — ap, and Oy — g (T) are all solvable.

Proof : —Step 1 : The equation dr — g~ (T) (resp. Oy — g™ (T)) has a
convergent solution at oo (resp. at 0), hence Ray(0r — g~ (1), p) = p, for
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large values of p (resp. Ray(dr — g (T'),p) = p, for p close to 0). On the
other hand, there is a R > 0 such that Ray(dr — ag, p) = R" - p, for all p.
Let

R~ := Ray(Or-g (T),1), (A.1.3.1)
RY := Ray(or —g"(T),1), (A.1.3.2)
R® = Ray(dr — ao,1) . (A.1.3.3)

—Step 2 : We shall show that RT = R~ and R > R~ = R*, as in the
picture in which R := R~ = R™. For all operators L, we let 7 := log(p) and

R(L,r) := log(Ray(L, p)/p)-

R(or +9(T),00_ 4 R(r)

0<p \ r = log(p)

R(or — g*(T),r)\/R /@<R(8T RSP
/AR

R(0r — ag,7) = log(Ro)/\J \Zlog(R)
Ismall radius| ®log(w)

Recall that Ray(M ®N, p) > min(Ray(M, p), Ray(N, p)), and equality holds
if Ray(M,p) # Ray(N,p). For p > 1 close to 1, the slope of Ray(dr —
g~ (1), p) is strictly positive. Hence Ray(0r — g~ (T'), p) # Ray(Or —ao, p) =
RY with the exception of a isolated p, then Ray(dr — (ap + g~ (T)),p) =
min(Ray(dr — g~ (T), p), R®), for all p > 1 close to 1. By continuity, this
equality holds for p = 1, that is Ray(dr — (ap + ¢~ (T)),1) = min(R~, R°).
Since dr — g(T') is the tensor product of Oy — gt (T') and dr — (ag + g (T)),
and since Ray(0r — g(T"),1) = 1, hence

R* := Ray(dp — g™ (T),1) = Ray(0r — (a0 + g~ (T)),1) = min(R™, R") .

On the other hand, one has R > R~ and the previous equality implies
Rt = R~. Indeed if R~ > RO, then Rt = R. Hence, for all p < 1, one has
Ray(dr—g*+(T), p) # Ray(r—ao, p), and then Ray(dr—(ao+g* (T)), p) =
Ray(dr—ag, p) = R°, for all p < 1. By continuity Ray(dr—(ag+g+(T)),1) =
RY < R~. Hence Ray(dr — ¢(T),1) = min(R°, R~) = R° < 1, which is in
contradiction with the solvability.

—Step 3 : We have R > w. Indeed if R~ < w or RT < w, then, by A.1.2,
lg=(T)|1 > 1 or |[g7(T)|1 > 1, hence |g(T)|; > 1 which is in contradiction
with the small radius lemma, since the equation 0y — g(7') is solvable (cf.
A12).

—Step 4 : We shall show that R > w. We need two lemmas :
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Lemma A.1.4 (|Chr83, 4.8.5]). Let Or — g(T), g(T') € &k, |g(T)]|1 <1 be
some equations. Then Ray(Or — g(T),1) > w if and only if |g;g(T)| < 1, for
some s > 1.

Proof : |[Chr83, 4.8.5]. See B.3.9 for the g-analogue of this lemma. [J

Lemma A.1.5. If Ray(dr — g(T),1) > w, where g(T) = Y. a;T", then
la;| < 1, for alli < —1.

Proof : The matrix of d/dT is gpy := g(T)/T'. By definition one has

Ray(0r — g(T),1) = Ray(d/dT — gy(T),1) = min(1, lim inf(|gy (T)1 /1)) ™)

= min(l,w- limsinf(]g[s](T)\l)*é) ’

where g, (7T') is associated to the derivation (4)%. Since Ray(0r—g(T),1) >
w, hence limg . |91 (7)1 = 0. In particular |giy(T)|1 < 1, for some s > 1.
Moreover, by the small radius lemma, we have |g(T)|; < 1 (cf. A.1.2). Let
—d be the smallest index such that |a_4] = 1. The reduction of g;;)(T") =
g(T)/T in k(1) is of the form gy)(T) = a_qt~ " 4 - If —=d < —1,
then an induction on the equation g,y = d%(g[s]) + g[s9)1) shows that
9(T) = @ 4-4=Ds ... £ 0. This is in contradiction with the fact that
|91 (T)|1 < 1, for some s > 1.0J

Let us show now that R > w. Since Rt = R~ = R, it is sufficient
to show that R~ > w. By A.1.5, we have |a;| < 1, for all @ < —1. Since
lim; . |a;| = 0, hence we have |[¢7(7)|; < 1. Then Lemma A.1.4 implies
R™ > w.

—Step 5 : Since R > w, then we can take the antecedent by Frobenius
of Op — g~ (T), Oy — g™ (T), O — ag. More precisely, there exists fT(T) =
>0 b T € A([0,1)%, f(T) = >i<0 b; T' € A([1,00])*, and there are
functions ¢~ (T) = 37, agl)’_Ti, gIH(T) =5 al(l)’JrTi, bp € K such
that N -

pbp = ag+mn, forsomené€Z;
W= (rrye = (1) 4 22U (M)
pg (TP = g7 (T) + =GR
Wt (ppye — gt or(f(T)
pt ) = gt @)+

We see immediately that bf # 0 and by # 0, and that vp(9r(f1)/fT) > 1
and vp—1(Or(f7)/f~) > 1, where vy is the T—adic valuation, and vp-1 is
the T—!—adic valuation. Since g~ (7) and g*(T') have no constant term, this
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implies that a(l) T =0 and a(()l)’_ = 0. Observe now that both f~ and f+
belong to £, hence dr — (¢! (T) + by + ¢+ (T)) is an antecedent of
Frobenius of dp — g(T'), and is then solvable.

— Step 6 : Steps 1, 2, 3, 4 are still true for the antecedent. In particular,
if we set

R™(1) := Ray(dr — g (T),1), (A.1.5.1)
RT(1) := Ray(dr — ¢ »+(T), ), (A.1.5.2)
R°(1) := Ray(dr — by, 1), (A.1.5.3)

then we must have R~ (1) = RT(1) > w. Let R(1) := R~ (1) = R*(1), then
R(1) = R'Y? by the property of the antecedent. This implies R > w'/?.
Moreover, one has again R(1) > w, then we can again take the antecedent.
This process can be iterated indefinitely. This shows that R > wl/ P" for all
h >0, that is R=1. [J

Corollary A.1.6. Let O — g(T), 9(T) = > ;cpal" € Ex be a solvable
equation, then ag € Zy, and dp — g™ (T') is trivial. O

Proof : By the transfer theorem, the Taylor solution at 0 of O — g™ (T)
is convergent in the open unit disk. This solution is invertible with inverse
the solution of the dual differential module, hence it is bounded and belongs
to gK. O

A.1.2 Criterion of solvability
Definition A.1.7. We set J, :={n€Z]| (n,p) =1,n > 1}.

Lemma A.1.8. The differential equation 0r —g*(T), " (T) = ;5 a;T" €
A([0,1]) is solvable if and only if there exists a family {An}ney,, An €
W(Ok), with phantom components ¢n = (¢n0, Pn1,-..) satisfying

Appm = NP m foralln e Jy,, m>0. (A.1.8.1)

In other words, we have exp(}_;>; a; 7;2) = E(X ey, AT, 1), where

E(OY AT 1) =exp( Y > dnnT™" /™) (A.1.8.2)

nelJy neJp, m>0

Proof : The formal series E(},c; AnT™,1) € 14+ TOk|[T]] is solution
of the equation L := Or — Zner > m>0 ngnmT™" . Since this exponential
converges in the unit disk, then Ray(L,p) = p, for all p < 1, and L is
solvable. Conversely, if 7 — g™ (T) is solvable, then the Witt vectors A, =
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(An,05 An1, . - ) are defined by the relation A.1.8.1. For example, for all n € J,
we have

a 1
>\n,0 == ) )\n 1= - (

n p
We must show that |\, ,,| <1, for all n € J,, m > 0.

—Step 1 : By the small radius lemma A.1.2, we have |a;| < 1, foralli > 1.
Hence, by A.1.8.3, for all n € J,,, we have |\, 9| < 1. Then the exponential

BOY (0,0, 7 1) = espl 30 3000

nelp neJ, m>0

(B (A.1.8.3)

converges in the unit disk and is solution of the operator Q(©) := 9y —h(©) (1),
where h(0)(T) = EHGJP > m>0 )\g:;T”pm. By transfer, Q) is then solvable.

—Step 2 : The tensor product operator dr — (g7 (T') — h(O(T)) is again
solvable and satisfies g (T) — hO(T) = p - g (TP), for some gM(T) €
TKI[T]]. In other words, the “antecedent by ramification” ¢, of the equation
or — (¢H(T) — hO(T)) is given by dp — g™ (T'), which is then solvable.

—Step 3 : We observe that ¢! (T) = ;1) > _ned, 2om>0(Anpm+1 —n(%")pm+1 YT
and again by the small radius lemma, we have |an,— n(%)P| < 1, which im-
plies [A;,1] < 1. The process can be iterated indefinitely. O
Remark A.1.9. We shall now consider the general case of an equation dp —
g(T), with g(T') = >z a;T" € Ex, and get a criterion of solvability. Suppose
that dp — g(T) is solvable. We know that dp — ¢~ (T), Or — ap and Op —
g (T) are all solvable (cf. A.1.3). We can then consider dr — g~ (T) as an
operator on |1,00] (instead of [1,00]), and the precedent lemma A.1.8 give
us the existence of a family of Witt vector {A_, }nes, € W(Of), satisfying
A_ppm = —NP_pm, for all n € Jp,, and all m > 0. Conversely, suppose
given two families {A_, }ney, and {A,}nes,, with A, € W(Ok). Since the
phantom components of A,, are bounded by 1, then |a;| is bounded by 1, and
then g*(T') belongs to Ex-.

But now we need conditions on the family {A_,}nej, in order that the
series g~ (T') = X ey Dm0 —n¢_pnmT ™" belongs to Ex.

Proposition A.1.10. Let {\_}ney,, Aon € W(Ok), be a family of Witt
vectors. Let (p—n0, d—n1,-..) be the phantom vector of A_y, := (A_p0, Acp 15 - - ).

The series
g (1) => Y —n pmT ™",

nel, m>0
belongs to Ex if and only if
Anm| <1 , forallneld,, forallm>0;
limpey, nsoo Aenym =0, forallm >0,

(A.1.10.1)
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as in the picture

Lemma A.1.11. Let A = (Mg, A\1,...) € W(Og) be a Witt vector, and let
(¢o, P1,...) € (9?]( be its phantom vector. Then ¢; — 0 in O if and only if
|\j| <1, for all j > 0.

Proof : The set of Witt vectors whose phantom components go to
0 is clearly an ideal I C W(OK) containing W (px). Reciprocally, sup-
pose ¢; — 0, since ¢; = )\gj +p)\21)]71 + -+ + p/)j, hence [Ag| < 1. Then
A = (0,A1,A2,...) = A — (Ao, 0,...) lies again in the ideal I, and hence
di( ALY = pAP " 4 p2A2 7 £ 4 piX; — 0. This shows that || < 1, and,
inductively, that |A\;| < 1, for all j > 0. O

Proof of A.1.10 : Assume that g~ (T) = >_,c5 > >0 —n¢_p T
lies in k. This happens if and only if lim,pm o0 ¢—pm = 0, and implies
limy, 00 @—nm = 0 for all n € J,. By A.1.11, we have |[A_, | < 1, for all
n € Jp and all m > 0. An easy induction shows that lim,cj, n—co Anym = 0,
for all m > 0.

Reciprocally, assume that {A_;, },c;, satisfies the condition A.1.10.1. We
must show that lim,pm oo ¢—p m = 0. For all € > 0, we choose k& > 0 such
that [p**1| < e. By assumption, for all 0 < m < k, there exists N,, such
that |A_,, | < e, for all n > N,,. Let N := max(No,..., Ng). Then

m k m—k k-1 m—k—1
(b—n,m = )\Iin70 +---Fp )\Zimk +p + Azin’k+1 + -+ pmA—n,m .
<e,if n>N <e

Hence [¢_pm| < €, if n > N. On the other hand, by assumption, there is
d < 1 such that |A_,,,,| <d <1, forallm=0,...,k,n=0,...,N. Hence
there exists M such that |)\§7270], e |)\Ijz7_kk\ < ¢, for all m > M. Then
|p—nm| < e, foralln > N, m > M. Hence limypm o0 ¢—p . = 0.0

Definition A.1.12. We denote by Conv(€) the set of families {A_p}nes,
with A, = (A0, A n1,...) € W(Og), satisfying the condition A.1.10.1.

Corollary A.1.13 (Criterion of solvability). The equation dp—g(T), g(T) =
Y ien a;T" € Ek, is solvable if and only if ag € Ly, and there exist two
families {A_, }ney, and {A_p}nes, with A_p, Xy € W(Ok), for all n € Jp,
such that {X_p}nes, € Conv(Er), and moreover

ppn = NPpm 5 Geppm = —NP_p - (A.1.13.1)
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In other words, its formal solution T exp(3_;< aﬂ; Jexp(d oo aiTTi) can
be represented by the symbol

_n m P

- exp Z Z ¢ n,m mp - exXp Z Z ¢nm pm s (A1132)

neJp, m>0 neJp, m>0

where (¢—n,0, O—n,1,--.) (1€sp. (én,0, Pn,1,--.)) is the phantom vector of A_,
(resp. A ), and hence

=3 > g T fag+ DD ngnmT . (A113.3)

neJp, m>0 neJ, m>0

Corollary A.1.14 (canonical extension). Let Or-Mod(Ak ([1,00]))%L , be
the category of rank one differential modules over A ([1,00]), solvable at all
p > 1, with a regqular singularity at oo (i.e. the matriz of Op converge at oo
and hence belongs to Ak ([1,00])). The scalar extension functor

dr-Mod(Ag ([1,00]))551 — dr-Mod(Ex)30—
18 an equivalence.

Proof : The corollary A.1.13 shows that there is bijection between objects.
Indeed, all differential equations Oy —g(T") over g(T) = g (T)+ao+g*(T) €
Ex is isomorphic over £k to the equation Oy — (¢~ (T') + ap). On the other
hand, let M, N € dr — Mod(Ag([1,00]))%%_,, and let Or — gar, Or — gn be
the operators corresponding to a chosen basis of M and N. An element of
Hom(M, N) = MV®N is then a solution of the operator dr—(gn—gas). This
solution will be of the form y(T') = T exp(}_,.c5, D n>0 G T [p™),
for some ¢. Since we are supposing that this solution belongs to Ag([1, o0]),
then ap € Z and this exponential lies in Ag ([1, oo]). Since the same argument
works for Homg, (M @ Ex, N ® £k ), and since Ax([1,00]) C €k, then the
map Homy, (M, N) — Homp, (M ® Ex, N ® Ek) is bijective. O

Remark A.1.15. We are not able to obtain a complete description of the
isomorphism class of a given differential equation over £x. Namely, over R,
we know that a solution of a differential equation lies in Ry if and only if
the corresponding Witt vector satisfies the Artin-Schreier condition 7.6.0.10.
But we do not have the analogous result over k. In other words, we do not
have a necessary and sufficient condition on the Witt vector ) 3, AT

in order that E(}_,c; A—nT",1) belongs to &k
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Annexe B

Rank one g—difference
equations over the Amice ring

We shall establish the g—analogue of the results of section A.1. In order
to do that, we will need some numerical lemmas (cf. section B.1) and a
generalization of the result of E.Motzkin (cf. [Mot77], and section B.2 below).

We will prove that, if ¢ € D™ (1, |p| = ), then solvable rank one g—difference
equations are strongly confluent. Nevertheless, almost all results are true for
g € D7(1,1). The principal obstructions are the existence of the “antecedent
by Frobenius” (used in “Step 5” of B.3.6), which is proved in [DV04] only for
lg—1| < |p|p%1, and the “Step 0” of theorem B.3.13 (see B.3.14). The author
hopes that these difficulties will be overcoming in future.

For these reasons the hypothesis ¢ € D7(1,1) will be introduced sys-

tematically starting from B.3.10 on. Until B.3.10 we will suppose that ¢ €
D (1,1).

B.1 Numerical Lemmas

Definition B.1.1. We set )
w = [p|r-T. (B.1.1.1)

Lemma B.1.2. Let us fix a j > 0. Let WP < p < WP if > 1, and
let p<w, if j =0. Then p* /|p?| > sup(p”/|r| : 7> 1,7 # p’) . Moreover,
we have
-~ . . -
s Y N
| =t 1P I I
Proof : If v # pF, for all k > 0, then |r| = |p|*, with v := v,(r), hence
p"/lrl < " /Ip|?. The condition p?*"/|pF~1| < p”"/|p¥| is equivalent to
P —
p < %, with py := pP" ', and is verified if and only if p; > ||, that is

1 G2

> ... . (B.1.2.1)
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p > |m_1|. On the other hand, the inequality pP" ' /|p"1| > pF"/|pF| is
equivalent to p < |mg|.0]

Lemma B.1.3. Let n > 1 be a natural number. Let | := [log,(n)], where [z]

is the greatest integer smaller than or equal to the real number x. If ¢ < |p|'*!,

then

c" ck

Proof : If k = n, the relation is trivial ; suppose k& > n. The equation
1
B.1.3.1 is equivalent to ¢ < ]%|m Since |n!| = |m|* ", where S, is the

L. . k! 1+M
sum of the digits of the base p expansion of n, then | |5 = |mg| " &= . If

n = no+mip+nap?+- - +nypt, with 0 < n; < p—1, then S, = ng+ni1+- - -+ny,
hence 1 < S, < (p—1)(l + 1). This shows that

Su=Sk ., p=D(+1) -1

1
+ k—n — k—n

<1l4+(p-1)(I+1)—-1=(p-1)1+1).
(B.1.3.2)
1
Hence | &= > |mo|P=DU+D = |p|+1 for all k > n. O

Definition B.1.4. Let ¢ € D (1,1). For all a in any extension of K we
define

«
“=(g-1)+1)*=>" <k> (g—1)k. (B.1.4.1)
k>0
Clearly, if || > 1, then [(})] = %, hence ¢® converges exactly for

lg—1| < |mo|/|a|]. While if o < 1, then ¢ converges at least for |[¢—1] < |mg,
in particular if & € Zj, then ¢® converges at least for [¢—1| < 1. For a detailed
discussion on the radius of convergence of ¢® see [DGS94, Ch.IV,Prop.7.3|.

Lemma B.1.5. For all a in some extension of K, we have

lim =a. (B.1.5.1)

Proof : Write ¢* =1 = ((¢ = 1)+ 1)* =1 = > (3)(q - k. We
see that [({)| is bounded by s*/|k!|, where s := sup(«,1). Hence qqa_—_ll =
a+ s () (g — 1)*=1. We shall show that if |¢ — 1] is sufficiently small,
then [($)(¢ — 1)F Y < [(5)(g — 1)|. Indeed, if n > 1 and k > n, then
\(Z‘) (¢ — 1)k_1| < \(z)(q — 1)1 if and only if

1

1 ! F—n
=1 < 10/ = () (B152

By lemma B.1.3 we know that, if [ := [log,(n)], then (%)ﬁ > |p|"*!, for
all & > n. On the other hand, it is clear that |[(a —n)--- (o — k + 1)| <
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sF="_ hence the right hand side of B.1.5.2 is bigger than |p|'*!/s. Now if
lg — 1| < |p|"*!/s, then [($)(g — D' < [($)(¢ — 1)|, for all k > 2, and

Lemma B.1.6. For all j > 1 let /P ™" < |g— 1] <w'/?, or, if j = 0, let
lg—1| <w. Letd:= ap™ € Zp, (a,p) =1, € Zy,. Let i := min(m, j). Then

1 . i
lg? — 1| = |d| - la— 17 _ ™ lg — 1P (B.1.6.1)
|p|*
Proof : Since (a, p) = 1, hence ‘(i‘)} = 1. Then
(o]
lg* =1 =((¢ - +1)* -1 = \Z (¢—1DF|=1l¢—1, (B.16.2)

because g — 1| = [($)(¢ — 1)| > [($)(¢ — 1)¥|, for all k& > 2. Moreover,
one has |¢°7" — 1] = |((¢* = 1) + )P — 1] = | X0, (%) (¢ — 1)"|. Since

\(p;n)] = % for k < p™, hence apply B.1.2 to p = |[¢ — 1| = |¢* — 1], then

|(pZ)( ) |—\p \k\D
Lemma B.1.7. Let ¢ € D™ (1,1). Denote the q—factorial by

[n]! . H?:l(qi — 1)
N CER Y

Then the sequence |[n ] |1/ has a limit w, < 1. Moreover, let 1 be the smallest
integer such that |¢" — 1| < w, then

- w if k=1,
YT (LS w)e i k2.
Proof : [DV04, 3.5]. O
Lemma B.1.8. Let ¢ € D7(1,1). For all f(T) € Ax(I), all p € I and all
k
k> 1, we have ]%(f)]p < p~*|f|,- The same result is true for f € Ex and
p=1. ’
Proof : [DV04, 2.1].00

B.2 The Motzkin decomposition

In [Mot77] a decomposition theorem for analytic element over an affinoid
(i.e. a set of type IP}{ — Uj=1,...n D (a4, 73)) is proved. In [Chr81] G.Christol
generalizes this decomposition for matrices with coefficients in analytic func-
tions. We need to generalize this theorem for series in i (cf. B.2.3).
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Lemma B.2.1. Let a (T) = 1+ a 1T ' +a T2+ --- be an invertible
function in 1+ T~ Ak ([r,00]). Then |oy| <%, for all i < —1.

Proof : By replacing T with ~, T, with |y,.| = r, we can suppose r = 1.
Let X =T  andlet P(X):=a (X ') =1+a 1 X +a 2X?+---. Since
P(X) has no roots in the unit disks and since P(0) = 1, then |P(X)|, = 1,
for all p < 1. If |a—;| = 1 for some i > 1, then the reduced series P(X)
is a polynomial in k[X]. Then there exists a root & of P(X) in k2. This
shows that there is ¢ in K®*#& with |¢| = 1 and such that |P(¢)| < 1. If
¢ is a zero of P(X), then P(X) is not invertible, this is in contradiction
with the hypothesis. Hence ¢ is not a zero of P(X). Let us write P(X) =
Y0 bi(X — €)% Since |P(¢)] < 1, then |bg| < 1. Since |P(X)|; = 1, then
lim,_1 sup;~g |b;|p* = 1. This implies that the polygon of valuation of | P(X)|
has a change of slope. Hence P(X) has a zero in the closed unit ball |T'| < 1.
This is the desired contradiction.[]

Lemma B.2.2. Let ry < ry and p € [r1,72]. Let a=(T) = 1 + a 1T~ +
a T2+ . € Ag([r1,00))%, and a*(T) = 1+ ayT + aT? + --- €
Ag ([0,72]) . Then

la=(T)-a™(T) - 1], < 1. (B.2.2.1)

Proof : Write a™(T)a™(T) = Y., cp cnT™. If we let ag = 1, then, for all
n >0, ¢, =Y pegWntkO—f, and c_p, = Y oo @_p_pag. By B.2.1, one has
la_glp™" < 1, for all k > 1, and limy_.o |a_x|p~* = 0. On the other hand,
lag|p® < 1 for all k > 0, since a®(7T) is invertible. Hence, if n > 1, then
len|p™ < 1, and |e_p|p™™ < 1, for all p €]ry, r2[. Moreover, |co — 1| < 1, since
co=14+ao1a 1 +aza_o+---. 0O

Theorem B.2.3. Let K be discrete valuated. Let a(T) € Ex. Then there
ezist \ € K, N € Z, a= (T) = 1+h™(T) invertible in 1+ T~ Ak ([1, o0]), with
h=(T) =Y c Tt and a™(T) = 1+ h*(T) invertible in 1+ T Ak ([0, 1]),
with h™(T) =Y ;51 i T, such that

a(T)=\-TN -a=(T) - a™ (7).
Moreover, such a decomposition is unique.

Proof : The theorem is evident for rational fractions. Notice that the
theorem can not be deduced immediately “by density” because rational frac-
tions are not dense in Ex with respect to the Gauss norm |.|;. Actually,
rational fractions are dense on EIT( with respect to the limit Frechet topology
induced by the Robba ring R, and subsequently 5}; is dense in £k with
respect to the Gauss norm.

Lemma B.2.4. Suppose that K has a discrete valuation. Let I = [rq,ro]
be a closed interval. If a(T') € Ak (I) has no poles nor zeros on I, then
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there exist a A € K, a N € Z, a function a= (T) = 1 4+ h™(T') invertible in
1+ T Ak ([r1,00]), with h=(T) = D<ot a; T, and a function a*(T) =
L+h*(T) invertible in 1+ T Ak ([0,72]), with h*(T) = Y, o T", such that

a(T) =A-TV -a™(T)-a™(T). (B.2.4.1)
Moreover, such a decomposition is unique.

Proof : The assertion is evident on rational fractions. By B.2.2, if a(T") =
> biT?, then N = min(i | |b;| = |a(T)]1), and A = by. Since K has a
discrete valuation, then N < oo. We can suppose A = 1 and N = 0. We
shall now prove this theorem by “density”. If a,(T) € Ag(I) is a sequence
of rational fractions convergent to a(T'), then for n sufficiently large a,(T")
has no poles nor zeros on I, hence a,(7) admits such a decomposition :
an(T) = M\TNva, (T)a) (T). Moreover, N, = 0 and lim, \, = 1. Since
1+ T Ak ([r1,00]) and 1 + T Ak ([0,79]) are closed sets in Ag(I), it is
sufficient to show that the maps a — h~ and a — h™ are both continuous
on the set of rational fractions without zeros nor poles on I. Let a(7T) =
NoTNea=a™t, b(T) = Ny TN b~ b+ be rational fractions without zeros nor poles
on I. Suppose that |la — b||; < € < ||la||;. Again we can suppose N, = N, =
0, \a = 1, [Ny — 1| < &. Write then @ = a~a™ and b = M\b bT. Since
a®t,a”,b% b are all invertible, then |la™||; = |la”||; = ||bT]| = [|b7 || = 1.
We have the equality

T \pb bt a” bt
R I T v

— _ a a
la = bl = lla”a™ — Xb~b" |7 = ||
Now write a= = 1+ hy, a™ = 1+h}, b= =1+h,, b = 1+ h. Let
1+h™ :=a /b~ = (1+hy)/(14h, ) and 1+hT = b* JaT = (14+h))/(1+h]),
then
||a — bH] = Hl —XN+h — )\bh+‘|[ .

Since h™ = Y, BiT" and ht = dis1 BT, then for all p € I one has
[(L=A) +h™ = Xpht|, = sup(|1 — Nof, [ 7], [T ],), then [[(1 —Xp) + 7™ —
Moh |l = sup(|1 = X, [|R7 |1, [|RT]|7)- In other words, we have

1+ hy
1+ he

- + + hy — hdt +_p+
la—bll=sup(|1=e|, [~ [I, [IT ) = 7] =]] —1H:HWH:H% —ha |l -

In the same way we have ||k, —h; |1 < ||a—0b[/;. This shows the continuity. OJ

Proof of B.2.3 : Since K is discrete valued, then 5}; is a field, that
is all f(T) € Ex have no zeros nor poles in a small open interval J :=
|1 — ,1[. We express the open interval J as union of increasing sequence
of closed sub-intervals I, C I,,;+1 C J. For all n we have a decomposition
a(T) = M\TNma;, (T)at (T). By unicity, for all n, we must have \,11 = A,
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Np+1 = Ny, a1 (T) = a,, (T), a; 1(T) = af (T). This shows the theorem
for 5;[(. With the same proof of B.2.4, the two maps a(T") — h™(T") and

a(T) — h*(T) are continuous on 8;( with respect to the Gauss norm |[.|;.
The theorem results then by density. [

B.3 Criterion of solvability for ¢-difference equa-
tions over &g

Hypothesis B.3.1. From now on the valuation on K will be discrete valuation,
in order to have theorem B.2.3.

We denote by

d
og: f(T) = f(¢T),  Or:=T-r, (B.3.1.1)
_ O¢—1 _og—1
dy = T Ay = . (B.3.1.2)

B.3.1 Preliminary lemmas

Lemma B.3.2 (¢-Small Radius, g—analogue of A.1.2). Let ¢ € D~ (1,1) and
let I be any interval. Let oy — a(q,T), a(q,T) € Ak (I) be some equation.
Let R, := Ray(oq — a(q,T), p) be the radius of convergence of the equation
at p e I. Then
Wy p wg p-lg—1
R, > 1 = z B.3.2.1
*Z maxllg(q D) mas(la(e. )~ 1, g—1) 0P

Moreover R, < wq - p if and only if |a(q,T) — 1|, > |q — 1|, and in this case

we - p-lg—1|
I
P a(q, T) -1,

The same assertions hold for solvable g-difference equations over Ex, with
p=1.

(B.3.2.2)

Proof : Let gjy(q,T) € Ak (I) be the 1 x 1 matrix of (dg)®. By definition

. o _1
Ray(dy — gpy(a,T),1) = min(p, liminf(lg(q, T)l1/[[slg) ")
= min(p, wy- limsinf(|g[s](q,T)]1)*%) .(B.3.2.3)
One has inductively |gq[, < max(|gjyl,, p~1)%, this shows B.3.2.1. Moreover,

if |gpyl, > p7t, then |ggl, = max(|gpyl,, p)* and B.3.2.2 holds. Recipro-
cally, if R, < wq - p, then, by B.3.2.1, one has |a(¢q,T) — 1| > |¢ — 1|. O
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Lemma B.3.3. Letq € D™ (1,1). Let 04—a(q,T) be a solvable equation such
that a(q,T) € Rk or a(q,T) € Ek. Let a(q,T) = \TNa (¢, T)at(q,T) be
the Motzkin decomposition of a(q,T) (cf. B.2.3), then N = 0 and |[\;—1] < 1.

Proof : The solvability implies |a(q,T) — 1|1 < |¢ — 1| < 1 (cf. B.3.2),
hence |a(q,T)|1 = 1. More precisely, in the notations of B.2.2, one has
Mg D nez T — 1|1 < |¢ — 1] < 1. We know that sup, o |cs| < 1 and
lco — 1] < 1 (cf. B.2.2). If N # 0, then [AjcoTV]1 < 1 and [Aje—y — 1| < 1.
The first one implies |A;| < 1, which contrasts the second one. Hence N = 0.
Then |A\gco — 1| < 1 implies [N\, — 1] < 1.0

Lemma B.3.4. Let ¢ € D™(1,1). There exists Ry > 0 such that Ray(o, —
)\Q7p) = Ry - p; fO’I” all pE [0,00]

Proof : By [DV04, 1.2.4], one has

. —j(—1) ;
[ > i o(=1) (?)q,lq R VAR
lg—1]-p '

1
|90 (D) |} =

Since the numerator does not depend on p, the lemma is proved. [J

B.3.2 The settings

As for differential equations, we shall find a description of the formal
solution of a given solvable ¢—difference equation

0q(Yq) = a(¢;T) - yq , (B.3.4.1)

with a(gq,T') € Ex. We will show that solutions of g—difference equations are
actually solutions of differential equation (cf. A.1.13.2). By B.3.3, we know
that

a(q,T) =N, a (¢,T)a* (¢, T) , (B.3.4.2)
with a™(¢,T) :== 1+ Z:io o;T?, and a* (¢, T) := 1+ > 1% a;T". Now write

formally

a (q,T) := exp( Z a;T?) at(q,T) := exp(z a;T") . (B.3.4.3)
i<—1 i>1

Then the formal solution of B.3.4.1 is

Yq(T) == exp( Z qia_i T") - ¢ 'eXp(Z qia_i T") . (B.3.4.4)

, 1 : 1
1<—1 i>1

We are interested to study this exponential in the case in which the equation
B.3.4.1 is solvable. The main result is the Criterion of solvability B.3.19.
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B.3.3 Technical lemma

In this section ¢ € D7(1,1) is fixed. We will omit the index ¢ in the
series.

Proposition B.3.5 (g-analogue of A.1.3). Let ¢ € D™ (1,1). Let o4 — a(T),
a(T) =Xa= (T)a™(T) € Rk, be a solvable equation. Then og—a™ (T'), 04— A,
oq —at(T) are all solvable.

Proof : With analogous notations of A.1.3, we find the following picture :

R(oq —a(T),0)_ 4 R(r)
- 0 r = log(p)

/@<R(gq —a=(T),r)

®log(wgy)

R(oq —a™(T),7)

/AR

/‘\J

Ismall radius|

R(oq — A7) = log(Ro)

Since there exists a common interval I :=|1 — ¢, 1] in which all operators
exist, and since the slope of Ray(c,—a, p) (resp. Ray(c,—a™, p)) is strictly
positive (resp. negative) in I, hence there are at most 3 points in which these
graphics cross. Hence

Ray(aq —-a, p) = min( Ray(aq —a, p) ) Ray(aq - a’+7 p) ’ Ray(aq — A p) ) )

(B.3.5.1)
for all p € I. Since, by assumption, lim,_,;- Ray(c,—a, p) = 1, then equation
B.3.5.1 implies the proposition. [

Proposition B.3.6 (g-analogue of A.1.3). Let |¢ — 1| < w. Let o4 — a(T),
a(T) =Xa= (T)a™(T) € Ek, be a solvable equation. Then oq—a™ (T), 04— A,
oq—a’(T) are all solvable.

Proof : Steps 1 and 2 of this proof coincide with the same steps of the
proof of A.1.3. However, we will expose it without proofs for fixing notation.
The first part of this proposition does not use the hypothesis |¢ — 1| < w, so
we will assume this hypothesis starting from B.3.10.

— Step 1 : By [DV04, 3.6, the equation o4 — a™ (T) (resp. o4 — a™(T))
has a convergent solution at co (resp. at 0), hence Ray(oqy —a™ (T),p) = p,
for large values of p (resp. Ray(c, —a™(T), p) = p for p close to 0). Let R°
be as in B.3.4,

R~ = Ray(o;—a (T),1), (B.3.6.1)
RY = Ray(o,—a"(T),1). (B.3.6.2)

— Step 2 : We have Rt = R~ and R® > R~ = R" (as in the following
picture in which R := R~ = R").

We set r := log(p), and R(r) := log(Ray(oq — a(T), p)/p).
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R(og — a(T), 0) + R(r)

0—p N\ r = log(p)
R(oq —a+(T)aW\ /@<R(0q —a (T),7)
—5
R(oq — Ag,7) = log(Rg) \Zlog(R)
Ismall radius] "log(wq)

— Step 3 : We have R > wy.

Indeed, if R~ = R" < wy, then, by B.3.2, |a=(T) — 1|1 > |¢ — 1| and
la™(T)—1|; > |g—1|. We shall now show that this implies that |a(T) —1[; >
|g — 1|, which is in contradiction with the small radius lemma, since the
equation o, —a(T') is solvable (cf. B.3.2). This will results from the following
lemma :

Lemma B.3.7. Let (R,|.|) be an ultrametric valued ring. Let h~,h™ € U
be two elements satisfying |h~| < 1 and |h~ + h*| = sup(|h~|,|h™|). Then

|h™ +h* +h™h*| = sup(|h~[, [nT]).

Proof : If [h*| > |h™|, then |h~ +ht +h~hT| = |hH|. If |RT| < |h7| < 1,
then |h~h*| < |h~| = max(|h~|,|ht]) = |h~ + ht|. O

Proof of Step 3 : Write a™ (T) = 1+h, (T) and A\g-a™(T) = 1+ (A= 1)+
Ag - hf (T). Namely, in the notations of B.2.3, we have hy (T') = >, oy T"
and hf (T) = 3255, a;T*. We apply Lemma B.3.7 to the field U := Ex, h™ :=
hy (T) and h := (A — 1)+ Agh (T). Indeed, |h~ +h*[1 = sup(|h~[1,[hT]1)
and moreover, by B.3.8 below, we have |h~|; < 1. Lemma B.3.7 then implies

a(T) =11 =|(1+h ") A+hT) =1y =|h~ +hT+h bt P27 sup(|h |1, [T ]).

(B.3.7.1)
Now, if R~ < wy, then |a™(T") — 1| > |¢— 1|, that is |A~(T)| > |¢ — 1|. Hence
|a(T) — 1|1 > |¢ — 1|, which implies that the radius of o4 — a(7") is small (cf.
Lemma B.3.2). Since, by assumption, Ray(cq — a(T"),1) = 1, this is absurd
and then R > w,.

— Step 4 : We shall show that R > wy.

Lemma B.3.8 (g-analogue of A.1.5). Let oq—a(T'), a(T') € k. Let a(T) :
A (T)a™(T) be the Motzkin decomposition of a(T). If Ray(oqy—a(T),1)
wq, then a™(T) = 1+ hy (T), where hy (T) = 3", oT" satisfies |hy |1
g — 1. -

A Vol
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Proof : Consider the operator dy — gy (T), with g (T) = (&W’ and
write
a (T)—1  _ _ Na™(T)—1  _ o Aat(T) -1
gn)(T) = q-nr T (T)q(q_il)T =9y(T) +a (T)q(q_in ,
(B.3.8.1)

with 9[1]( ) = % Since Ray(dy — gnj(T),1) > wg, hence, by B.3.2.3
and B.1.7, one has lims_. [g(T)|1 = 0. In particular |giy(T)[1 < 1, for
some s > 1. Moreover, by the Small Radius Lemma B.3.2, we have |g(1)(T)1 <
1. These facts implies the lemma in the following way. Suppose that |a~ (T') —
1|1 > |g—1]. By the same process of step 3, we see that Ray(c,—a™ (T),1) >
wg, then, by B.3.2, \g[_l](T)h <1, and hence |a™ (T) — 1|; = |¢ — 1|. Let —d
be the smallest index such that |a_4| = |¢ — 1|. The reduction of gj;;(T)
in k((t)) is of the form g;(T) = @t~*' + ..., where @ is the reduction of
a_gq/(g—1). This results form the equation B.3.8.1. Indeed, by B.2.1, the re-
duction a™(T') is 1 and the reduction of % lies in ¢t~ LK[[t]]. If —d < —1,
then a simple induction on the equation g, 1) = dy(g(s)) + 04(9[s])gp] shows
that gy (T) = ast(—4=Ds 4 ... this is in contradiction with the fact that
|91 (T)|1 < 1, for some s > 1.0J

Lemma B.3.9 (g-analogue of A.1.4). Let ¢ € D™(1,1). Let A, — g(T),
g(T) € &k, be some equation. Suppose that |g(T)|1 < 1. Then Ray(A, —
9(T),1) > wqy if and only if |g;s(T)| < 1, for some s > 1.

Proof : The condition [g(T)[1 < 1 implies that the sequence |gj,|1 is
decreasing. Indeed, |grl1 = [T 'g(T)ly < 1 and inductively [gp, 411 =
|dq(9pa)+0q(gpm))anylt < sup(lgp |1, 19p1911) = 1911 sup(L, [gpl1) = |9l

Let Ray(dy — g(T'),1) > w,. Since limnéoo][s]!qﬂ/s = wy, hence, by
B.3.2.3, |9;5(T)|1 goes to 0. Assume now that |gj,|1 < 1, for some n > 1.
Since the sequence is decreasing, then |g[ph} |1 < 1, for some h > 1. By [DV04,
1.2.2], one has

h

" h
m h B mnh p r r r
di O (y) = d (T () =D <r> dy(9mpr) - 74 (9pph ) (4) -
r=0 q

Then gitmsiph) = o () Ao (Gnp)) - 5 (g )a(T)a(aT) - alg™™'T).
One has |a(¢'T)|; = ]a( )i = 1, for all j > 0, and \dk( Hir < |[k ] [|f]1

(cf. B.1. 8) Moreover (%, ) | = |lp"]qlp" — g [p" =7+ 1g|/Ilr ]q\, where
[n]q := L=+ Since |[p"],| < [[plg], hence
|9[(m+1)ph]‘1 < sup(|[plgl; 9ppn111) -+ |gpmpry 1 - (B.3.9.1)

Let s := sup(|[plql,gpril1) < 1. Then, by B.3.9.1, one has |gp,,n 1 < s™,
for all m > 1. For all integer n > p" we let m(n) := [n/p"] > 1, where [a]
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is the greatest integer smaller than or equal to a. Then m(n)p" < n and
‘g[nﬂl < ’g[m(n)ph]’1 < s So

1

g[n] n Sm(n)/n - Sl/ph N —00 sl/ph (B 29 2)
[lg |y~ I[lgltm = st ]y /m Wy
Indeed # — % < [n/fh] < #. By B.3.2.3, one has Ray(A, — gpj, 1) >

h
wg/sVP" > w,. O

Proof of Step 4 : Let us show now that (Rt = B~ =)R > w,. It is

sufficient to show that R~ > w,. Recall that R™ is the radius of the operator
dg — 9[_1] (1), g[_l] (T) := %. Since Ray(oq — a(T),1) =1 > wy, then, by
B.3.8, one has |[a™(T') — 1|1 < |¢ — 1], that is ’9[_1] (T)|1 < 1. Hence, by B.3.9,

we have R~ > w,. [

1
Hypothesis B.3.10. From now on we will suppose that ¢ € D (1, |p|r-1),
hence w; = w.

The reason of the precedent hypothesis is that it is necessary to have
the theorem [DV04| which state the existence of the antecedent of Frobenius
only for |[¢ — 1] < w.

— Step 5 : Since |q — 1| < 1, and since R > w, then, by [DV0}], we can
take the antecedent by Frobenius of g —a™(T), 04 — a™(T) and oq — Aq.

More precisely, there exist a finite extension KM /K an f(T) = 2 i>0 biT €
A ([0,1)%, f7(T) = Yo b; T" € Ak ([1,00])%, and there are func-
tions o (T) = 22i<0 az(l)y_Ti € Exy, alH(T) = 20 O‘z(l)’JrTi € &k,
and AV € KO such that

()‘c(zl))p = Ag;
s D= (TPY - oD (g TPY . oD (-1 = (7). LT
f(T)
+ -T)
Wt (27 . gt (g TPV - .. gD (r=1PYe — gty
a a q a q a ,
(%) (q-T7) ( ) (T) FHT)
where, for all functions a(T) := Y a;T" € Ex, we let a(T)7 = o(a;)T".
We see immediately that b # 0, by # 0, and that fT(¢T)/fT(T)) =
L4+ wuT +uT?+ -+, and f~(¢T)/f(T) =1 +u T +u T 2+
Since a™(T) =1+ a_ 1T +---, and a™(T) =1+ ayT + - - -, this implies
that oz(()l)’+ =1 and oz(()l)’_ = 1. Hence

a"(T) = /\él) caM (T - oD (T)



lies in & ; moreover this decomposition is the unique one of Theorem B.2.3.
Observe now that both f~ and f* belong to £, hence o4 — aM(T) is an
antecedent of Frobenius of o, — a(T") over £k, and it is then solvable.

— Step 6 : Steps 1, 2, 3, 4 are still true for the antecedent. In particular

if
R~ (1) := Ray(dp — ¢ (1),1), (B.3.10.1)
RT(1) := Ray(dp —gMH(T),1), (B.3.10.2)
R°(1) := Ray(dr — by, 1) . (B.3.10.3)

we must have R=(1) = RY(1) > w. Let R(1) := R~ (1) = R (1), then
R(1) = RY?, by the property of the antecedent. This implies R > w'/?.
Since again R(1) > w, then we can take again the antecedent. This process
can be iterated indefinitely. This shows that R > wl/ph, for all A > 0, that
is R = 1. This proves B.3.6. [J

Corollary B.3.11 (g-analogue of A.1.6). Let ¢ € D™(1,1). Let o4 —a(T) be
a solvable differential equation. Let a(T) = X-a™ (T)-a*(T) be the Motzkin
decomposition of a(T). Then X\ = ¢, for some ag € K. Moreover, this
operator is isomorphic to oy — X -a”(T).

Proof : See the proof of A.1.6. [J

Remark B.3.12. Observe that the unique obstruction to generalize B.3.6 and
B.3.11 to all ¢ € D™ (1,1) is represented by the so called Weak Frobenius
structure for g—difference modules over a disk with ¢ € D™ (1, 1), which is
still missing in the literature. We hope that in the future this fundamental
result will be proved.

B.3.4 Criterion of Solvability

Lemma B.3.13 (q-analogue of A.1.8). Let ¢ € D™ (1,w). Suppose that

a(T) = a™(T) is the Motzkin decomposition of a(T). Write a™(T) = exp(> ;5 a;T") €
A([0,1))* (cf. the settings of B.3.2). Then the q—difference equation g —

at(T) is solvable if and only if there exists a family {Xn}ney,, where X, €
W(Ok) has phantom components ¢p, = (¢n0, On,1,--.) satisfying

(g™ 1)

— “Pnm forallneJ,, m>0, (B.3.13.1)
p

anpm =

for all n € Jp,, and all m > 0. In other words, the formal solution of this

equation is Y(T) = E(},c5 AnT", 1) 1= exp(}_,c5, D om>0 gbn’mTp%) (cf.
B.3.4.4).

Proof : This proof is an adaptation of the proof of A.1.8 in the ¢-difference
framework. The formal series E(3_,c; AnT™,1) belongs to 1+ T -p[[T]] C
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€k, and is solution of the equation L := o, — eXp(ZneJP Ym0 Pnm (@™ —
1)T™"™). Since this exponential converges in the unit disk, then Ray(L, p) =
p, for all p < 1, hence, by continuity of the radius, Ray(L,1) = 1 and L
is solvable. Conversely, suppose that o, — a™(T) is solvable, then the Witt
vectors Ay, = (Ap,0, An1, .. .) is defined by the relation B.3.13.1. For example,
for all n € J, we have

Ao = (q%l) S A= ; <(§1;,a_”p1) - ((qn“f 1)),,) . (B3.132)

We must show that [\, | <1, for all n € J,, m > 0.

— Step 0 : We have |A\po| = |¢no| <1 for alln € J,.

This results by the small radius lemma B.3.2 as follows : denote by
P (T) = Zner Ym0 Pnm(q " _1)TP™ /p™ the argument of the exponen-
tial ™ (T'). By the small radius B.3.2, one has |a™ (T')— 1|1 = |exp(¢;)—1]1 <
|g —1|. Since |¢— 1| < w, then |exp(gb(‘;) —1|; < w, hence gb(‘; = log(exp(gb;r))
and [¢7 1 = [exp(¢7) — 1)1 < |g — 1|. This implies |dpm(¢"" —1)/p™| <
lg — 1|, for all n € J, and all m > 0. In particular, for m = 0 we have
[Ano| = [Pnol <1, for all n € J,.

— Step 1 : This implies that the exponential

E(Z()‘n,ﬁao,o,...)T” = exp Z Z )\ an

nelp neJp, m>0

converges in the unit disk and is solution of the operator QO .= aq —a© (1),

with aO(T) = exP(Xned, 2om>0 )\‘fltr(;(q”pm - 1)Tpp ). By transfer, Q) is
then solvable.

— Step 2 : The tensor product operator o, — a*(T)/a®)(T) is again
solvable. We have explicitly

+

a - URCA
a(O) _eXpZZ¢"m_ n0) (@ 1) ) -

m
neJp, m>0 p

This operator corresponds to the family of Witt vectors { A, — (A, 0,0,0,...) =
(0, An,1, An2, - - ) fney, - Observe that the coefficient corresponding to m = 0
is equal to 0, for all n € J,,. This leads us to compute easily the “antecedent
by ramification” of o, — at(T)/a®) (T), namely this antecedent is given by
oy — aM(T), with

a® —epoZ<z>nm IR e

D _ m

m—1
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In other words, we have

aM(TPy - aM (qT?) - aM (PTP) - - aV (PP =

— Step 3 : The antecedent is again solvable, hence, as in Step 0, we find
|pn1 — An ol < lg” — 1] = |p|, which implies [\, 1| < 1. The process can be
iterated indefinitely. [

Remark B.3.14. It seems that for |¢ — 1| > w there exist solvable rank one
g—difference equations that are not strongly confluent, i.e. such that their
solution y(7T) is an exponential of the type E(}_,c; AnT™,1), which lies in
Ok|[[T]] but such that A, € W(K) — W(Ok), for some n € J,. The author
does not know examples of such Witt vectors.

Remark B.3.15 (g-analogue of A.1.9). We shall now consider the general case
of an equation o, —a(T), with a(T) = X-a™ (T)a™ (T') € €k, and get a criteria
of solvability. We proceed as in A.1.9. Suppose given two families {X_p },eJ,
and {Ap}nes,, with X, € W(Ok). By B.3.17, ™ (T) belongs always to Ek-.
On the other hand, we will see (cf. B.3.18) that the series a™(T") belongs to
Ex if and only if the family {A_, }nej, belongs to Conv(Ex).

Notation B.3.16. Let o4 — a(q,T), a(q,T) € Ek be a solvable differential
equation. Let a(q,T) := ¢ -a (¢,T) - a*(q,T), ao € Zyp, be the Motzkin
decomposition of a(g,T'). In the notations of Lemma B.3.13 we can write

a” (¢, T) =exp(¢y (T)) , a*(q,T)=exp(¢;(T)), (B.3.16.1)

m

¢ (T) = ZZcbfn,m(q—"P’”_annp . (B.3.16.2)

neJp, m>0 P

. N

ST = DD bumlg?" — 1) (B.3.16.3)
neld, m>0 p

In other words, the solution of o, —a(g,7T") can be represented by the symbol

m

y(T) = Tao . exp( Z Z ¢—n,m1—;§?) : exp( Z Z an,mﬂ) )

pm
nelJp, m>0 nelJp, m>0
(B.3.16.4)
as well as for differential equations.

Lemma B.3.17. Let |¢ — 1| < w. Let {An}ney, be a family of Witt vectors
such that A, € W(Ok). Then at(T) belongs to Ek.

Proof : We use the notations of part one of this thesis. Let P(X) = (X +
1)P — 1Abe the Lubin-Tate series corresponding to the formal multiplicative
group Gy,,. The phantom vector of [¢" — 1]p € W(O) is then (¢" —1,¢"" —
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1, q”p2 —1,---), for all n € Z (cf. part one of the thesis). Then, for all n € J,,
the phantom vector of [¢" — 1]p - Ay, is

(@ = Dno s (@ = Dnts (@ =Dz -..) .

Hence we can express a*(q,T) as a product of Artin-Hasse exponentials

at(¢,T) =[] E(l¢" —1p- A, T).

nedp

Since [¢" — 1]p - Ay, € W(Ok), hence, for all n € J,, the Artin-Hasse expo-
nential E([¢" —1]p- A, , T) belongs to 1+ TOg|[T]], which is contained in
Ex. O

Lemma B.3.18 (g-analogue of A.1.10). Let |¢ — 1| < w. Let {A_n}neg, €
W (Og) be a family of Witt vectors. Then the following assertions are equi-
valent :

(1) The series a™ (T) = exp(¢, (1)) belongs to Ex ;

(2) ¢4 (T') belongs to Ek ;

(3) {A—n}tnes, € Conv(E).

Proof : The equivalence (2) < (3) is known (cf. A.1.10). Since, by as-
sumption, we have A_,, € W(Ok), then |¢_p n| < 1, and hence

(™" = Dby ™| =g =1 dnml <lg—1] <w. (B3ISD)

Then [¢, (T)|1 < |¢ — 1| < w. Assume that ¢, (7) € k. Since the ex-
ponential series converges in the disk Dy (0,w) == {f € &k | |f < w},
then exp(¢, (T')) € Ex. Conversely, assume that exp(¢, (1)) € Ex. Since,
for all p > 1, |¢,(T)|, < ¢ — 1], then ¢ (T) € D;K([pm])(O,w) ={f €
Ak (]p,<]) | [f], < w}, and hence exp(¢, (1)) converge in A ([p, oc]), for
all p > 1. Moreover, |exp(¢, (T)) — 1], = |¢; (T)l, < lg — 1| < w, for all
p > 1. By continuity, we have |exp(¢, (1)1 = |¢; (T)1 < g — 1] < w.
Now the logarithm converges in the disk Dg, (1,17) :={f € Ex | |f1 < 1},
hence ¢, (T) = logexp(¢, (T)). Then ¢, (T) belongs to Ex .01

Corollary B.3.19 (Criterion of solvability for ¢-difference equations). The
equation o4 — a(q,T), with a(q, T) = \JT™a" (g, T)a™(g,T), with

o (T)i=exp( Y aT) , a™(T):=exp(d_aiT’),
i<—1 i>1
is solvable if and only if the following conditions are verified
1. X=q%, with ag € Zy ;
2. N=0;
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3. There exist two families {A_p}ney, and {An}tnes,, with X_n, Ay €
W (Ok), for all n € Jp,, such that

(" —1)
pm .

m

(¢"" —1)

1

(bn,m )
(B.3.19.1)

a—ppm = ¢—n,m ,  Oppm =

foralln € J, and allm > 0;
4 {X—ntneg, € Conv(E) (cf. A.1.12).

In other words, the formal solution of this equation can be represented by the
symbol B.3.16.4 in which the family {X_p}nes, belongs to Conv(Ek), and
a(T) = exp(¢, (T)) - ¢* - exp(¢; (1)), where ¢ (T), ¢ (T) are defined in
B.3.16.2 and B.3.16.3.

Corollary B.3.20 (canonical extension for g—difference). Let oq—Mod(Ak ([1,00]))%L ,
be the category of rank one oq—modules over A ([1,00]), solvable at all p >

1. The scalar extension functor o4-Mod (A ([1,00]))%%, — o,-Mod(Ex)%L

s an equivalence.

Proof : The proof is formally equal to A.1.14. [J

B.4 Strong confluence

The computation we have obtained shows that the solutions of differential
equations and of g—difference equation over £x coincides.

Moreover by the canonical extension theorem for differential and g—difference
equations one knows that, if |§—1| < w, then every rank one object comes by
scalar extension from an object over the affinoid A := P'—D~(0,1) = {|z| >
1}. In particular, for all » > 1, every object comes by scalar extension from
an object over the bounded affinoid {|z| € [1,7]}. Hence the main theorem
7.2.1 applies and we have the strong confluence over Ex.
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