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Setup

g(x) =Y, ux" € Zpq ... xE
supp(g) = {u € Z" : gy # 0}
A CR" Newton polytope of g = convex hull of supp(g)

cx = coefficient of x? (constant term) in g(x)X, k =0,1,2, ...

Example.

2/15



Dwork’s congruences

C, = constant

v(t) = icktk € Z[t],

term of g(x)¥ / S
m_l -~

Ym(t) = Z ckth truncations T
k=0 =

Theorem (Mellit-V, 2013). Assume that 0 € A is the only
internal integral point in the Newton polytope of g(x). Then for
any prime p and any integer s > 1

W) _ )

V(EP) — Ype-r(tP)

2
s=1: 7(t) =(t)y(t?) mod p = 7p(t)7p(tP)p(t7) ... mod p
Vk = ko + kip+ kop® + ...+ kmp™, 0< ki <p—1

Ck = CkyCy - - - Ck,, mod p (Lucas congruence)

3/15



Towards a cohomological proof: initial observations

[e.e]
t) = Z cth € Z[t], cx = constant term of g(x)*
— 1 d dxp
- 27TI)"§ §1 tg(x )217):

X =T"\{1—-tg(x) =0} algebraic variety

1 dxi dxn

T=tg(x) x """ xn differential n-form on X

w =

de Rham cohomology
Hr(X) := { closed differential n-forms w : dw = 0}
/ {exact differential n-forms: w = dn}

$...¢:Hg(X)— C period map
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Cohomology of hypersurfaces
f(x) € R[xif, ..., xF1, R char 0 domain, e.g. R =7Z or R = Z[t]

X¢ = {f(x) =0} C T" toric hypersurface

A C R"” Newton polytope of f(x)

Qn_{( b da le,heR[xftl,...,x,jfl}

& )™ 31 x| supp(h) € mA

()™ xq X; Xn

< hi(x) d dxj  dxa
Qrti= {Z(m; —1)! (x) dq O supp(hi) C m;A}
i=1
R — modules
Q7/dQpt =2 Hie(T"\ X¢) ( Griffiths—Batyrev)
~ RY d=nl-vol(A)+n
under some conditions (f is A-regular),

and possibly after a localization of R
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1
Example: f(x) =1—t(x1 +x + —)
X1X2

vol(A) =

Nlw

, d=21-342=5 p/

Remark. We can cut out smaller modules

pC A

QF(u) ==

(m— 1) h(x) dx  dx, | m>1,he R, ... x!
m — ! —_— ...
fF(x)™ x1 Xn |supp(h) C mu

call 4w € A open if A\ u is a union of faces
b // Y y

: /5 A\
7 ’/,«'
! y

e.g. in this example: Q2(A°)/dQ} = R?
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A tool: formal expansion

f(x)=>_ fux", fix a vertex b € A

formal expansion of rational functions at b: A
h(x) h(x) |
FG)m (14 ()™ A oD
h(x)x~mP —m
R e g
b s>0 keC(A—b)

Example: f(x) =x1 +x + ——

X1X2

1 1 =
k
= = X1 E (—1) (xEx2 + x1%3)
1 2 2
X1 +X2+R R(1+X1X2+X1X2)
2
= X1Xp — xl3x2 — X] xg +.
1 1 =
= LY (0 + )
1 ><1 X2 X2 x1x2
xitx+ oo e+ 3+ F ) — 2
_ 1 _xx _ 1
T X X22 x1x23
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Cartier operator on differential forms
fix p prime

h(x) dx Webs Webs n
Cp:f(x)m?:Zaux THZQPUXT ng

Def. A Frobenius lift o : R — R is a ring endomorphism such
that o(r) — rP € pR for all r € R.
Examples:

» R =7 with o = id

> R = Z[t] with o(r(t)) = r(tP)

Lemma. For fizs;z,, =Y ayx", the series > ap,x" can be
approximated p-adically by rational functions with powers of f7(x)
in the denominator:

Zapux ) mod p°, s=1,2,...

O'

Elms, hs(x) with supp(hs) € msA
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Properties of the Cartier operator

dx dx
Cp: Z aux'— — Z apux"'—
X X

> C,(Q7) c Q7,, p-adic completion of Q7,

» moreover, the map Cp, : ﬁ? — ﬁ}’a is independent of the
choice of vertex b € A at which the formal expansion is done

» Cp, maps exact forms into exact forms
Cp ox,-a%i = px,-a%i oCp= Cp(dﬁ}'*l) C dﬁ?;l

> when R = Z,, trace of Cj counts points on T" \ X over Fps
fors>1

> Cp: ﬁ}’(,u) — (AZ,’,’(, (1) when p is open
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Key theorem
Wz = pNZ" integral points in

//‘ \ ; \\
/' °

N N

Hasse-Witt matrix 8, = Bp(1) € R™", h = #uz
(Bpluey, = coefficient of x?*~ in f(x)P~t

Theorem (Beukers-V, 2019). Assume R is p-adically complete,
i C A'is open and the Hasse-Witt matrix 8,(u) is invertible.
Then R

Q7 (1) /{formally exact forms}

is a free R-module of rank h where
x4 ﬂ
f(x) x’

Wy = ucuz

is a basis.
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An application: Dwork's congruences

Let g(x) € Z[xI!, ..., xF"] be such that 0 € Z"
is the only internal integral point of its Newton polytope A. )
v(t) = > poo cktk,  ck = const. term of g(x)* y. N

Take f(x) =1 —tg(x), p = A°.
Then pz = {0}, the 1 x 1 Hasse-Witt matrix is

Bo(t) = const. term of (1 — tg(x))P~* = i(fl)k <pk 1> itk

Take R := Z[t, Bp(t)7]". Take o(t) = tP.
By our theorem, there exists an element A € R such that

1 1
Com——— dx =A 1 & + formally exact form

P1—tg(x) x 1—trg(x) x
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The residue map
1 .
W @ w =: Resp(w)

is R-linear, vanishes on exact (and formally exact) forms and is
Cp-invariant. We have

b dx 1 dx + formally exact form
P1—tg(x) x 1—t"g() !
1 m dx
Reso(? X Z t ResO ?) = ’Y(t)
m>0

- dx

F\’eso(1 Z tP" Resp(g Y) = ~(tP)
m>0
A v(t) cR
Y(tP)

Recall: R = Z[t, Bp(t)fl]’\, Bp(t) = Zi;é(—l)k(”f) ckt”.
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Dwork’s congruences 7

W) _ e

Y(tP) — Ype-r(tP)

S

13/15



A tool: period maps modulo m
For any h(x) € R[xI!, ..., xF!] and m > 1 the maps

Pm,h : w > Resg (h(x)"w)

satisfy
> pm.n(dn) = Resp(h(x)™dn) = Resp(d(h(x)™n)) =0 mod m
> Pmh = Pm/p, ho © Cp mod pordp(m)

In our application: f(x) =1 — tg(x), and we consider

- L dx) L dx
Ym = Pm,1 1— tg(x) X Pm,tg(x) 1— tg(x) X

m—1 m—1
1—¢m m
= Resp <1tg(x dx) t Reso dx) = cith.
—tg(x) x — X =
~ A= ml(t) mod porde(m)
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7(t) Ym(t)
Y(tP) — Ymyp(tP)

ordp(m)

mod p

Thank you!
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