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I. Untwisted model : Simpson correspondence in characteristic p >0 and its generalizations
1. The result

S a Z/pZ-scheme, Fg its absolute Frobenius, X a smooth S-scheme, , X':= Xxgg, S, F: X - X’
the relative Frobenius.

S a flat Z/p2Z-scheme and a smooth lift over S of the previous data :

X—-

AN

Z|p?

Theorem (Berthelot, Ogus-Vologodsky) To such lift over Z/p?Z is canonically associ-
ated :

(i) an equivalence of categories
[F]: Ox - HIG" - Ox - MCI"
between the one of Ox-Higgs modules (#,0) (0: F - F ®¢,, Q%(’/S a Ox.-linear morphism such

that 660 = 0) with quasi-nilpotent Higgs field and the one of Ox-modules with quasi-nilpotent
integrable connection (&,V).

/

<

—y—

(ii) a quasi-isomorphism between the Higgs complex of (%,0) and the direct image by F of
the de Rham complex of (&,V)

(F 5 F 00, ks > F ®0,, V2~ ...] > F.DR(E,V)



2. Elements of Berthelot's proof

Px = Px)s - the algebra of crystalline (or level 0 in Berthelot's terminology) differentiel
operators (generated locally over Ox by the derivations 9) ;

Tx :=Txyg ! the tangent sheaf of X' ; S(Tx) its symmetric algebra which is also the center

Hx =2Z9,(0x) . the centralizer of Ox in Ix ;
Dx = lim Dx|X¢ ; S(Tx)=lim S(Tx)/(H¢nS(Tx)) the corresponding completions.

n>0 n>0

Theorem (Berthelot) To each lift (S,X,X',F) over Z/p2Z as before is canonically associ-

—

ated an isomorphism of S(T x/)-algebras :

Dx = Endgm—) (Ox @4, S(Tx1)).

J c Oxx,x the ideal of the diagonal, QZX,(O) the PD-enveloppe of ., .7 c L@X,(O) the PD-ideal
generated by .#. Sheaf of principal parts (of level 0) and order n :
—[n+1]

P 0) = Px )]

‘@)((O) = e%ﬂomﬁx(y?(’(o),ﬁ)() , Dx = ”_nj ‘@)(221

,n
neN



It exists a well-defined application (divided Frobenius)

1 C* &% 7 ~
IGHLLIPAE g 26 TORMIIE @ SUILES S0
- Px0)
coming from the study of (FxF)*: .7 > .7 :
Take z e Ox, o' :=1®x ¢ Ox, with liftings Z e Ox, o' € Og,, F*(z') =P + py.

Let £=107-20®1, =10z’ -z'®1, then

(FxF)*(€) = 1o -el+p(loy-yol)
p-1 . .
= §p+2( 1; )(5;p_z®1)§l+p(1®y—y®1)
i=1
= £’ mod psS

Now, going to 5 ()"

_ (if x 'ﬁ)*(é’/) =pl.&Pl 4 pCe @f(,(o)
with (e 7.

Divide by p!, factorize by Q!, . and finally extend to an isomorphism

/S

08 Oxxyx ®oy T(05) = Px (0)-



3. Generalization and Topos reinterpretation

Suppose now that X, X’ - S smooth morphisms of formal schemes over Z,.

Os-modules & endowed with a p™-integrable connection (m>0) :
V(fe)=fv(e)+pTeedf; feOg,ecé

form a category 05 - MCIC™)

Theorem (Shiho) Form=1, F* induces, for every neN, an equivalence of categories
[F]: Og -MCICDA" o g — MCI"

Dilatation ("¢~ &/p™") on principal parts allows to construct a Og-algebra @)(?—m) of differ-
ential operators (of level -m). Locally a basis over Os given by the (0<P-m);50's acting on

feOg by OL-m(f) = Npmill(f), e.g. | OT-1x — 2011 =p

on principal parts as before gives the result.

(“O<1>-1 = pd"). Former computation

Let W the ring of Witt vectors over a perfect field of characteristic p > O, S = Spf(W). It

exists two ringed topos (&, 0x), (&, Og) and

Theorem (Oyama (n=1), Xu) Shiho’s equivalence sits into a commutative diagram :
Crystals (0, — Mod) —— Crystals (Ogn—Mod)

|

|

1), ~
Og, —MCIHan _ Og -MCI"

[F]

C* induced by a morphism between sites (Cartier's transform).



II. Twisted Simpson correspondence

R : ring, g€ R*, R[t] endowed with o s.t. o(t) =qt, f: R[t] > A étale, , A endowed with an
automorphism o s.t. o(x)=qx for x:= f(t). For neN, (n),;=1+q+¢°+...+q" L.

1. Twisted differential operators of level -m, m >0

Example. If A= R[t], Da,:= fofl is R[t,04]nc/ < Oqt — qtdy =1 >.

D[V is the subalgebra of D4, generated by 9;" = (p),d,. One has | 95"t - qtd; """ = (p), |

Let y == (1 -q)z and A(£),, the free A-module with generators ¢y (or simply £[7]), n e N
endowed with the structure of unitary commutative A-algebra given by

min(m,n) 1) o ) ,
g[n]f[m] - Z (—1)2617 ( m ‘:fg 2 ) ( Tan ) yzé-[m+n—z]
=0 q q
(the (n) el = [TMG (€ + (4)4y) = € form a basis of A[£].)
Let I[n*lley be the freeA-submodule generated by the &kl with k> n,

0 n . ;
PA’q’n = PA(A/)I%aq,n = A(§>q7y/'[[ +1]q7y ! PA7q = Iin PA,q’n-
neN
One has a twisted Taylor application :
+00
k=0

allowing for M a left A-module to define Py, , ®', M with &lFl @ zs = 7 (2)¢lF @ s.



Finally,
Dqu’n = HomR(Pqu,n ®IA A,A) ; Dqu = U DA,q,n

n>0

with ring structure coming from the coproduct P4, —» P4 ,®, Pa, ; (M Y0 gl e ¢l

6["] ™

For m > 0, let A(w)ym) = Alw)pm, ; withe = wt™em™y (Morally @ w = (pfn) - winke = W) with
algebra structure
{n} {m} min(m,n) ; PTi(i-1) m+n _,1: m ; {m-}-n—i}
wt™ae ™= Y (-1)'q 2 m | Y'w ‘
1=0 q° qr

Along the same lines as for m = 0, one define a ring Df:q”) which is essentially the A-subalgebra
of D4 m generated by ;7 := (p™),05 (at least if A has no (p),-torsion).

Modules over DSZ” are the same as A-modules endowed with a twisted connection of level
-m, i.e. R-linear application Vv : M - M ® Q4 o (4,0 =1/I0(1)) s.t.

Ve(fs)=(@")gs® dqﬁmf + Gpm(f)vq(s)-



3. Divided Frobenius

Fr:R— R lifting of the absolute Frobenius of R/p s.t. Fr(q)=¢" ;
Fa:A— Alifting of the absolute Frobenius of A/p s.t. Fa(zx)=2P ;
Fag): & (E+m)P—aP

Let A':A@’R,FRR Y=y 1.

Theorem The relative Frobenius F : A'[¢] - A[€] (¢ - (€ +x)? —xP) canonically defines a
divided Frobenius morphism

[Flg: Al{w)q-1) = AE)q
explicitly given by :

pn . .
w{n} s Z bn,i(Q)CUpn_Zé[l]

. n i Po=Dm=i-1) [ my ) ) i),!
With a, () = S (~1)miu" " ( " )u( PJ )UEZ[U], D i(u) 1= g g ani(u) € Z[u].



4. Consequences : twisted local Simpson correspondence

Theorem The divided Frobenius morphism [F], induces an equivalence of categories be-

tween the category A’ - I\/ICIg_l)’q” of A’-modules of finite presentation endowed with a twisted
connection of level -1 topologically quasi-nilpotent and the one A - MCIfI‘n of A-modules of fi-
nite presentation endowed with a twisted connection (of level 0) topologically quasi-nilpotent.

For ¢ =1 (“undeformed case”), it's Shiho equivalence.

Pour g=(+ 1, (=1, one can show that, along the same lines as in characteristic p > 0, the
completion of Dy, is a matrix algebra. In particular:

Corollary One has an isomorphism
C,: H(¢-DR(A)) > Qi

for all i > 0.



V. Twisted Simpson correspondance and g-crystalline and prismatic sites

1. (p)g-Prisms, g-PD-pairs

6-ring : (R,6: R~ R) with R a Z,-algebra and §: R~ R s.t. :

5(0)=6(1)=0; d(xy)=ard(y) +yP8(z) +pd(x)d(y) ; Oz +y)=08(x)+d(y)+ Tl

Ensure that ¢(z) :=a? + pd(x) is a lifting of the absolute Frobenius of R/p.
d-pair (R,I) : a é-structure on R and I c R an ideal.

Assume moreover from now that R is a Z[q],,-1)-algebra (always endowed with the (p,q-1)-
topology for a fixed ge R s.t. §(q) =0).

(bounded) (p),-prism over (R, (p),) : 6-pair of the form (B, (p),) with B a complete R-algebra
without (p),-torsion (4 some “technical” conditions)

Example : (Zy[[q-1]],(p)q)-

g-PD-pair : (B,b) with B a complete §-R-algebra without (p),-torsion s.t. ¢(f)—(p)qd(f) € (p)4b

(+ some *“technical” conditions) and also s.t. (B,(p),) is a (bounded) prism over (R,(p),) :
(B - B:= B/b will be called a ¢-PD-thickening).

Example : (Z[[q-1]],(¢-1)).




2. gq-crystalline site

Fix (R,t) - (A,a) a morphism of ¢-PD-pairs, 2 =Spf(A) ( A= A/a).

q- CRIS(Z'/R) : _morphism (R,t) - (B,b) to a ¢-PD-pair (bounded and complete) and mor-
phism Z - Spf(B) of R-formal schemes ;

O, cxiscrim (R0 > (B,6), 2 ~Spf(B)]~ B ;

-
ﬁq_CFﬁg@f/R)-module = family of B-modules Eg with compatible family of linear applications

g-crystal . compatible family made of bijective arrows.

Theorem If A is endowed with a topological coordinate x s.t. 5(3:) =0, it exists a functor
E - E4 from the category of q-crystals of finite presentation on A/R to the one of quasi-
nilpotents D 4 ,-modules topologically of finite type.

Proposition For A as in the theorem, (A(€),,, M) identifies with the q-PD-enveloppe of

the 6-pair (A[£], (£)) with* §(§) = X1, p1 %( Zi? ):I;P—igi (i.e. is the universal q-PD-pair solution
of the problem of unique extension to a q-PD-pair of a morphism (A[£],(§)) = (B, ((p)g)) with

(B,((p)q)) a q-PD-pair s.t. B has no (p),-torsion)).

*Remember that F,pe): €~ (£ +x)P —aP.



3. Prismatic site

R as before and s.t. (R,(p),) is a bounded prism (R, (p),), £ a p-adic R/(p),-formal scheme

(p), - PRIS(Z'/R) : opposite category to the one of (p),-prisms B on R endowed with a
morphism Spf(B/(p),)) ~ R/(p)qe) ;

Ow),-pris(2/m) * LB =~ BI(P)g = Al((p)o)] » B

Theorem If A is endowed with a topological coordinate x s.t. §(z) =0 and A:= A/(p),, it
exists a functor E —» E4 from the category of prismatic crystals of finite presentation on A/R

to the one of quasi-nilpotents D(A_é)—modu/es topologically of finite type.

Proposition For A as in the theorem, (A(%)qp’y,((p)q))) identifies with the prismatic en-

veloppe of the §-pair (A[¢],(€)) (i.e. is the universal (p),-prism solution of the problem of

unigue extension to a (p),-prism of a morphism (A[£],(§)) = (B, ((p)q)) to a (p)q-prism (B, ((p)q))
(B without (p),-torsion)).



4. Prismatic Cartier transform

(R,t) > (A,a) morphism of g-PD-pairs ; ¢:t— ((p)y) induces ¢: Rft > R/(p), ; A'= ABpyR
X =Spf(Afa) ; 2= X &g 5R/(p)g=5SPF(A'[(p)sA")

Cy:q-CRIS(Z'/R) - (p)g - PRIS(Z'/R)
induced by :

(B,b) ~ (B,(p))
(Spf(B/b) > Z) = (Spf(B/(p)g) > 27)
of the composite Spf(B/(p),) - Spf(B/b) > Z7)

Theorem If A is endowed with a topological coordinate x s.t. §(x)=0, A:=Afa, A" := A’'/(p),,
twisted Simpson correspondence sits into the commutative diagram

Crystals (O(p)q—PEfST%'/R) - Mod) = Crystals (O

: ¢-CRIS(Z/R) ~

| |

A’ - MmcIy D = A-MCI"

Mod)

Remarks. (i) Adding flat topologies on the sites should (in preparation) turn the four maps
into equivalences.

(ii) Recent related works : A. Chatzistamatiou, M. Morrow-T. Tsuji.



