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UJF M2R 2013/2014

Wednesday September 18, 2013

Algebraic Number Theory

Problem

Principality for ring of integers in quadratic extensions

In this problem, N denotes the set of nonnegative integers, Z the ring of
integers, and C the field of complex numbers. If p is a prime number, Fp denotes
the field Z/pZ. We denote by i an element of C such that i2 = −1.

Les S be a commutative ring. We denote by Mn(S) the S-algebra of square
n× n matrices and by GLn(S) the group of invertible elements in Mn(S). We
denote by tM the transpose of a matrix M . For any M in Mn(C), M∗ is the
adjoint matrix of M (that is the conjugate of tM).

We say that a real symmetric or complex hermitian matrix is positive definite
if the corresponding form is.

Part I

Ring of Integers

Let D > 1 be a squarefree positive integer (that is D is not divisible by the

square of a prime number). We put K = Q(i
√
D) ⊂ C.

1. Prove that (1, i
√
D) is a basis of the Q-vector space K. For x, y ∈ Q,

compute NK/Q(x+ yi
√
D) and TrK/Q(x+ yi

√
D).

2. Let x, y ∈ Q. Prove that if x+ yi
√
D ∈ OK, then 2x ∈ Z and x+ y ∈ Z.

3. When does 1+i
√
D

2
belong to OK ?

4. We put

ωD =







i
√
D if D ≡ 1 or 2 (mod 4),

1+i
√
D

2
otherwise.

Give a basis of the free Z-module OK.

5. Compute the discriminant dK.



Part II

Technical lemmata

Let p be an odd prime number.

1. (a) Let u, v, and w be nonzero elements in Fp. Prove that the equation

ux2 + vy2 = w

has a solution in Fp (you may consider the cardinal of the image of the map
y 7→ w − vy2).

(b) Let n > 1 be an integer such that 4n− 1 is not divisible by p. Prove
that there exist a, b ∈ Z and m > 1 such that

a2 + ab+ nb2 + 1 = mp

2. Assume that either p = 8k + 1 or p = 8k + 3 and let K be the splitting
field of X4 + 1 over Fp. Let b be a root of X4 + 1 in K. We put x = b− b−1

(a) Prove that x2 = −2 and xp = x. Does x come from Fp ?

(b) Prove that there exist integers a and m such that

2a2 + 1 = (2m− 1)p

and prove that the matrix






p a 0
a m 1
0 1 2







is a positive definite symmetric matrix with determinant 1. Find (a,m) for
p = 17.

Part III

Euclidean rings of integers

We use the notations D and ωD of part I.

1. Let p be a prime number which is not a factor of D. Prove that there exist
relative integers a, b and n such that the matrix

(

p a + bωD

a+ bωD m

)

is a definite positive hermitian matrix with determinant 1.

2. We consider the complex plane as a euclidean plane and put A = 0, B = 1
and C = ωD. Let T be the convex hull of the points A, B and C. Denotes by
R the radius of the circumcircle of the triangle T .

(a) Prove that for any M in T , one has

inf(MA,MB,MC) 6 R

2



(b) We put

k = sup
z∈C

(

inf
u∈OK

|z − u|2
)

.

Prove that

k = sup
M∈T

(inf(MA2,MB2,MC2)).

(c) Prove that

k =







D+1
4

if D ≡ 1 or 2 (mod 4),
(D+1)2

16D
otherwise.

(d) Let α, β ∈ OK. Assume that β 6= 0. Show that there exists γ ∈ OK

such that

|α− γβ|2 6 k|β|2

Prove that OK is an euclidean ring if D ∈ {1, 2, 3, 7, 11}.

Part IV

Hermitian matrices of the form B∗B

In this part K is either the field Q or of the form Q(i
√
D) with D ∈

{1, 2, 3, 7, 11}. The constant k is 1/4 if K = Q and is the constant defined
in question III.2.(c) otherwise.

Two hermitian matrices A and B in Mn(OK) are said to be congruent if there
exists U ∈ GL(OK) such that A = UBU∗. Equivalence classes for this relation
are called congruence classes.

1. Compare det(A) and det(B) for congruent hermitian matrices A and B.

2. (a) Let A be a hermitian positive definite matrix in Mn(OK). Prove that
there exist an integer m(A) > 0 and an element z of On

K with coprime coordi-
nates such that we have the equality

m(A) = inf
x∈On

K
{0}

xAx∗ = zAz∗.

(b) Compare m(A) and m(B) when A and B are congruent hermitian
positive definite matrices.

(c) Find m(A) for K = Q and A = ( 2 7
7 25 ).

3. In this question, we denote by A a hermitian positive definite matrix in
M2(OK) and by z an element in O2

K such that m(A) = zAz∗.

(a) Prove that there exists a matrix U ∈ GL2(OK), the first column
of which is tz. Prove that there exist a hermitian matrix B = (bi,j)16i,j62,
congruent to A and such that b1,1 = m(A).

3



(b) Prove that there exists s ∈ OK such that

|b1,1s+ b1,2| 6 k1/2b1,1.

Prove that there exists a hermitian matrix C =
(

a b
b c

)

which is congruent to A

and which satisfies the following two conditions

(i) a = m(A) = m(C) ;

(ii) k−1/2|b| 6 a 6 c.

(c) Let A ∈ M2(OK) be a hermitian positive definite matrix of determinant
d. Prove that

m(A) 6 (1− k)−1/2d1/2.

(d) Prove that the set of congruence classes of hermitian positive definite
matrices in M2(OK) with determinant d is finite.

(e) We assume that d = 1 and that K = Q or K = Q(i
√
D) for some

D ∈ {1, 3, 7}. Prove that m(A) = 1 and that there exists B ∈ GL2(OK) such
that A = B∗B.

(f) Prove the following statements :

(i) Any prime number is the sum of four squares ;

(ii) For any prime number p, there exists a, b, c, d ∈ Z such that

p = a2 + ab+ b2 + c2 + cd+ d2;

(iii) For any prime number p, there exists a, b, c, d ∈ Z such that

p = a2 + ab+ 2b2 + c2 + cd+ 2d2.

(g) Using Hamilton quaternion algebra, prove that any nonnegative integer
is the sum of four squares.

4. (a) Let f : Zn → Z be a surjective morphism of groups and let x ∈ Zn be
such that f(x) = 1. Prove that Zn is the direct sum of Ker(f) and Zx.

(b) Let x = (x1, . . . , xn) ∈ Zn. Prove that the following statements are
equivalent :

(i) The vector x is the first vector of a basis of Zn ;

(ii) There exists (a1, . . . , an) ∈ Zn such that
∑n

i=1 aixi = 1 ;

(iii) There exists a surjective morphism of groups f : Zn → Z such that
f(x) = 1.

4



5. Let A ∈ Mn(Z) be a symmetric definite positive matrix. Prove that there
exists a matrix B = (bi,j)16i,j6n which is congruent to A and such that b1,1 =
m(A).

6. Let A = (ai,j)16i,j6n ∈ Mn(Z) be a symmetric definite positive matrix
such that m(A) = a1,1. Let x = (x1, . . . , xn) ∈ Zn and let U = (ui,j)16i,j6n be
defined by

ui,j =















ai,ja
−1
1,1 if i = 1 and j > 1,

1 if i = j,

0 otherwise.

Put z = (x2, . . . , xn) and y = t(U tx).

(a) Prove that there exists a symmetric definite positive matrix B ∈
Mn−1(Z) such that

xA t
x = a1,1y

2
1 + a−1

1,1zB
t
z,

A = tU

(

a1,1 0
0 a−1

1,1B

)

U.

Compute det(B).

(b) Prove that m(A) 6
(

4
3

)
n−1

2 (det(A))1/n (Choose x so that y1 6 1/2

and zB t
z = m(B)).

7. (a) We assume that n 6 5 and that A ∈ Mn(Z) is a symmetric definite
positive matrix with determinant 1. Prove that m(A) = 1 and that there exists
B ∈ Mn(Z) such that A = tBB.

(b) prove that any prime number of the form 8n+ 1 or 8n+ 3 is the sum
of three squares.

Part V

Principal rings of integers

Two matrices A and B in Mn(Z) are said to be similar if there exists Q ∈
GLn(Z) such that A = QBQ−1. The equivalence classes for this relation are
called similitude classes.

Let θ ∈ C be integral over Z. Let P be the minimal polynomial of θ over Q

and let n = deg(P ). We say that two ideals I and J of Z[θ] are equivalent if
there exist non-zero elements a and b in Z[θ] such that aI = bJ . Let A ∈ Mn(Z)
be such that P (A) = 0.

1. Prove that any non-zero ideal in Z[θ] is a free Z-module of rank n.

5



2. (a) Prove that there exists x = (x1, . . . , xn) ∈ Z[θ]n {0} such that
A t

x = θ t
x.

(b) Prove that Zx1 + . . .Zxn is an ideal in Z[θ] the equivalence class of
which does not depend on the choosen x. Let IA denotes this equivalence class.

(c) For any Q ∈ GLn(Z), prove that IA = IQAQ−1.

3. Let J = Zy1+ · · ·+Zyn be an ideal of Z[θ] and let y = (y1, . . . , yn). Prove
that there exists B ∈ Mn(Z) such that B t

y = θ t
y and P (B) = 0.

4. Prove that there exists a bijection between the similitude classes of ma-
trices A ∈ Mn(Z) such that P (A) = 0 and the equivalence classes of ideals in
Z[θ].

5. Prove that the following statements are equivalent :

(i) Z[θ] is a principal ring ;

(ii) There exists a unique similitude class of matrices A ∈ Mn(Z) such that
P (A) = 0.

Part VI

The case of quadratic extensions

We use the notations of part I.

1. We assume that D ≡ 1 or 2 (mod 4) let

A(α, β, γ) =

(

−α β
γ α

)

be a matrix in M2(Z) with characteristic polynomial X2 +D, Using α = 0 or
α = 1, prove that OK is principal if and only if D ∈ {1, 2}.

2. Assume that D ≡ 3 (mod 4) and put K = (D + 1)/4. Let A ∈ M2(Z) be
a matrix with characteristic polynomial P (X) = X2 −X +K.

(a) Let B =
(

−a −b
c a+1

)

be a matrix similar to A with |a| minimal. Compute

PAP−1 when P is of the form

( 1 n
0 1 ) ( 1 0

n 1 ) ( 0 1
1 0 ) or ( 1 0

0 −1 )

and prove that we may assume that

a > 0, c > 2a+ 1, b > 2a+ 1, and 3(a2 + a) + 1 6 K

6



(b) Let α, β, γ ∈ N satisfy

0 6 α < K − 1, 1 < β 6 γ, and βγ = K + α2 + α

Prove that for any (x, y) ∈ Z2 {0}, we have

βx2 + γy2 + (2α + 1)xy > y2.

Prove that the matrices

A =

(

0 −K
1 1

)

and A =

(

−α −γ
β α + 1

)

are not similar.

(c) We assume that OK is a principal ring. Prove that K = 1 or that
K + a2 + a is a prime number for any integer a such that 0 6 a < K − 1.

(d) Conversely assume that K = 1 or that K + a2 + a is a prime number
for any integer a such that 0 6 a < K − 1. Prove that OK is principal.

(e) Assume D 6 200. Prove that OK is principal if and only if D =
3, 7, 11, 19, 43, 67, 163.

(f)∗ Small project : write a computer program to find any other value of

D 6 106 for which OK is principal.

3. We assume that D ∈ { 19, 43, 67, 163 }. we assume that OK is an euclidean
ring for some euclidean function ϕ : OK {0} → N. Let a ∈ OK {0} be a
non-invertible element such that ϕ(a) is minimal.

(a) Prove that OK/aOK is isomorphic to F2 or F3.

(b) Prove that for D ∈ { 19, 43, 67, 163 }, OK is principal but not euclidean.

7
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Wednesday October 23, 2013

Algebraic Number Theory

Problem

Van der Waerden’s theorem

The aim of this problem is to prove that, among the polynomials of degree n
with integral coefficients in the interval [−N,N ], the proportion of those for
which the corresponding Galois group is the symmetric group Sn goes to 1 as
the bound N goes to infinity.

In this problem, we denote by K an algebraic closure of a field K. For any
separable polynomial P in K[X ], the set of roots of P in K is denoted by
EP and KP = K(EP ) ⊂ K. The Galois group associated to P is then the
Galois group GP of the Galois extension KP/K. For any set X, SX is the
group of permutations of X. Remember that the action of GP on EP induces an
embedding of GP into SEP

We also put N>0 = N {0}. If q 6= 1 is a power of
a prime number, we denote by Fq a field of cardinal q, so that if p is a prime
number Fp = Z/pZ.

Part I

Irreductible polynomials on finite fields

Let p be a prime number and let q 6= 1 be some power of p. We denote
by an(q) the number of irreducible polynomials of degree n in Fq[T ] and by
bn(q) the number of irreducible polynomials of degree n in Fq[T ] with leading
coefficient 1.

1. Prove that qn =
∑

d|n d bd(q). (Hint : Consider Xqn −X over Fqn and then
find its decomposition in irreducible factors over Fq).

2. We define the Moebius map µ : N>0 → {−1, 0, 1} by the fact it is multi-

plicative :
∀a, b ∈ N>0, gcd(a, b) = 1 =⇒ µ(ab) = µ(a)µ(b)

and for any prime number ℓ and any k ∈ N,

µ(ℓk) =















1 if k = 0,

−1 if k = 1,

0 otherwise.

We also put ψ(n) =
∑

d|n µ(d) for any n ∈ N>0.

(a) Prove that ψ is also multiplicative.



(b) Compute ψ(ℓk) for ℓ prime and k ∈ N, and then ψ(n) for any n ∈ N>0.

(c) Let f, g be maps from N>0 to Z. Prove that if

∀n ∈ N>0, f(n) =
∑

d|n

g(d)

then

∀n ∈ N>0, g(n) =
∑

d|n

µ(d)f(n/d).

3. Prove that

bn(q) =
1

n

∑

d|n

µ(d)qn/d.

4. Prove that

an(q) >
qn(q − 2)

n
.

(Hint : Use the value of
∑

m<n q
m to find a lower bound for nbn(q)). Deduce

from the previous relation that an(q) > qn+1/(3n) when q > 2.

Part II

Reduction modulo p of Galois groups

Let p be a prime number. For any number field K, we denote by O
K,(p) the

integral closure of Z(p) in K.

1. Prove that the maximal ideal of Z(p) is generated by p.

2. We assume that K/Q is a Galois extension. Let p be a prime ideal of O
K

such that p|p. We put q = N(p) = ♯(O
K
/p). We define

Dp = { σ ∈ Gal(K/Q) | σ(p) = p }.

(a) Let σ ∈ Dp. Prove that the ring automorphism of O
K

defined by σ
defines an element σp in Gal((O

K
/p)/Fp). Prove that rp : σ 7→ σp is a morphism

of groups.

(b) Prove that rp is surjective. (Hint : consider the field L = KDp and
choose θ ∈ O∗

K
the image of which in O

K
/p is a generator of that Fp-extension,

then consider the roots in K of the minimal polynomial of θ over L).

(c) We assume that there exists P ∈ Z[T ] such that reduction P of P in
Fp[T ] is separable and such that K = QP . Prove that rp is also injective.

3. Let P ∈ Z[T ] be such that the reduction P of P in Fp[T ] is separable.
Choosing p, and using r−1

p , we get a morphism GP → GP .
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(a) Prove that we may choose a bijection from EP to EP so that the diagram

GP
//

��

GP

��

SE
P

// SEP

commutes.

(b) Let P = f1 . . . fr be the decomposition of P in irreducible factors.
Prove that the image of GP in SEP

contains the product σ1 . . . σr of cycles σi of
order deg(fi) with disjoint supports.

Part III

Dedekind’s criterion

1. We put P = X5 − X − 1. For a prime number p, we denote by P p the
reduction of P modulo p.

(a) Decompose P 2 in a product of irreducible polynomials.

(b) Prove that P 3 is irreducible.

(c) Describe the Galois groupe GP . Can P = 0 be solved using radicals ?

2. Let n > 2 be an integer. Let σ2, σn−1 and σn be cycles in Sn of order
respectively 2, n− 1 and n. Prove that {σ2, σn−1, σn} generates Sn.

3. Let n > 2 be an integer. Let P ∈ Z[X ] be a polynomial of degree n and p1,
p2, and p3 be distinct prime numbers which do not divide the leading coefficient
of P , Let P1 (resp. P2, P3) be the reductions of P modulo p1 (resp. p2, p3). We
assume that P1, P2 and P3 are separable, that P1 is the product of a polynomial
of degree 1 by an irreducible polynomial of degree n− 1, that P2 is the product
of polynomial of degree 2 by irreducible polynomials of odd degree and that P3

is irreducible.

(a) Prove that P is irreducible.

(b) Prove that GP is isomorphic to the permutation group Sn.

Part IV

Van der Waerden’s theorem

Let n > 2 be an integer. For any N ∈ N>0, we denote by Ln,N the set of
polynomials in Z[X ] of degree n with coefficients in the interval [−N,N ] and
by Nn,N the set of separable P ∈ Ln,N such that GP is isomorphic to Sn. We
want to prove that ♯Nn,N/♯Ln,N goes to 1 as N goes to infinity.

1. Compute ♯Ln,N .

3



2. Let m > 2 be an integer and let f ∈ Z/mZ[X ] be a polynomial of degree n.
Prove that the cardinal of the set of polynomials P in Ln,N the reduction modulo
m of which is f is bigger than

⌊

2N

m

⌋n+1

where
⌊

2N
m

⌋

is biggest integer less than 2N/m.

3. Let p be an odd prime number.

(a) Prove that the number of f ∈ Fp[X ] of degree n which may be written
as a product f1f2 of irreducible polynomials with deg(f1) = 1 is bigger than
pn+1/(3n).

(b) If n is odd, prove that the number of f ∈ Fp[X ] of degree n which
may be written as a product f1f2 of irreducible polynomials with deg(f1) = 2
is bigger than pn+1/(18n).

(c) If n is even, prove that the number of f ∈ Fp[X ] of degree n which
may be written as a product f1f2f3 of irreducible polynomials with deg(f1) = 2,
deg(f2) = 1 and f2 not proportional to f3 is bigger than pn+1/(18n) (Hint :
Handle the case n = 4 as a particular case).

4. Let p1, . . . , pr be odd prime numbers and M = p1 . . . pr. Let k ∈ R be such
that 0 < k < 1/(18n). Prove that are at least

(1− 3(1− k)r)Mn+1

polynomials f ∈ (Z/MZ)[X ] such that if P ∈ Z[X ] reduces to f modulo M
then P is irreducible and GP is isomorphic to Sn.

5. Prove Van der Waerden’s theorem.

4
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Wednesday December 11, 2013

Algebraic Number Theory

Problem

Topology of varieties over complete fields

In this problem, K denotes a complete field for a nontrivial absolute value | · |.
If | · | is non archimedean, then O denotes the ring

O = { x ∈ K | |x| 6 1 }

and m the ideal

m = { x ∈ K | |x| < 1 }.

Part I

Hensel’s lemma

1. Let f ∈ O[X ] be such that f ′ 6= 0 and let S be the set of roots of f ′. we
define g : K S → K by x 7→ x− f(x)/f ′(x). We define

D = { x ∈ O | |f(x)| < |f ′(x)|2 }

We fix α ∈ D .

(a) Prove that for any x ∈ O, we have X2|f(x+X)− f(x)−Xf ′(x) and
X|f ′(x+X)− f ′(x) in O[X ].

(b) Prove that for any x ∈ D , one has |f ′(g(x))| = |f ′(x)| and

|f(g(x))|

|f ′(g(x))2|
6

(

|f(x)|

|f ′(x)2|

)2

.

Prove the inclusion g(D) ⊂ D .

We define a sequence (αn)n∈N of elements of D by the conditions α0 = α and
αn+1 = g(αn) for n ∈ N.

(c) We put λ = |f(α)|/|f ′(α)2| < 1. Prove that |αn+1−αn| 6 λ2n and that
the sequence (αn)n∈N converges in O to a root β of f .

(d) Prove that |α− β| 6 |f(α)|/|f ′(α)|

(e) Let β ′ 6= β be another root of f . Prove that |β ′ − β| > |f ′(α)|.

2. Let p be a prime number and let f ∈ Z[X ]. let n ∈ N>0 and let α ∈ Z

be such that f(α) ≡ 0 (mod p2n+1) and f ′(α) is not divisible by pn+1. Prove



that there exists a unique root β of f in the p-adic ring Zp such that β ≡
α (mod pn+1).

Part II

Theorem of implicit functions

From now on we assume that K is locally compact. For any integer n ∈ N, the
vector space K

n is equipped with the product topology. Let f ∈ K[X1, . . . , Xn].
We define

V (f) = {x ∈ K
n | f(x) = 0 }.

We remind you that V (f) is said to be smooth at x ∈ V (f) if and only if it
satisfies the following condition

d
x
f =

n
∑

i=1

∂f

∂Xi

(x)dXi 6= 0.

From now on, we assume that V (f) is smooth at x = (x1, . . . , xn) ∈ V (f).

1. Prove that there exist i ∈ {1, . . . , n} and a neighbourhood W of x in K
n

such that ∂f

∂Xi

(y) 6= 0 for any y ∈ W .

We denote by π : V (f) → K
n−1 the projection mapping (y1, . . . , yn) onto

(y1, . . . , yi−1, yi+1, . . . , yn).

2. If K is archimedean, what does the theorem of implicit functions say about
π in a neighbourhood of x in V (f) ?

We now assume that K is non-archimedean. Let ̟ ∈ K be such that |̟| < 1.

3. Prove that there is integers a and b such that

g(X1, . . .Xn) = ̟af(x1 +X1, . . . xn +Xn)

satisfies

(i) g ∈ O[X1, . . . , Xn] ;

(ii) |g(y)| <
∣

∣

∣

∂g

∂Xi

(y)
∣

∣

∣

2

for all y ∈ (̟b)n.

(Look for a to satisfy (i) and then adjust b).

4. (a) Let V (g) = {y ∈ K
n | g(y) = 0 }. Prove that π restricted to V (g) ∩

(̟b)n is surjective.

(b) Prove that there is a compact neighbourhood K of 0 such that the
restriction of π to V (g) ∩K defines a homeomorphism.

(c) Prove that there is a neighbourhood K ′ of x such that π restricted to
V (f) ∩K ′ defines a homeomorphism.

2



UJF M2R 2013/2014

Épreuve du Mercredi 6 novembre 2013

Théorie algébrique des nombres
Durée : 3 heures

La clarté, la concision et la précision des réponses données
seront des facteurs importants d’appréciation des copies. On
justifiera chaque réponse donnée.

Problème 1

Extensions quadratiques réelles

Soit D ∈ N {0, 1} un entier sans facteur carré (autrement dit, D n’est pas

divisible par le carré d’un nombre premier). On pose K = Q(
√
D) ⊂ R.

Partie I

Anneau des entiers

1. (a) Démontrer que l’extension K/Q est galoisienne. Donner une base du
Q-espace vectoriel K et décrire le groupe de Galois Gal(K/Q).

(b) Déterminer TrK/Q(x+ y
√
D) et NK/Q(x+ y

√
D) pour x, y ∈ Q.

2. On pose

ωD =







1+
√
D

2
si D ≡ 1 modulo 4,√

D sinon.

Démontrer que l’anneau des entiers de K est donné par

OK = Z+ ZωD.

Partie II

Unités

1. Soit z ∈ OK. Prouver que z est inversible dans OK si et seulement si
NK/Q(z) ∈ {−1, 1}.

On définit
ϕ : O

∗
K −→ R

z 7−→ log |z|.

2. (a) Prouver que ϕ est un morphisme de groupes.

T.S.V.P



(b) Déterminer le noyau de ϕ.

(c) Démontrer que pour tout nombre réel B, l’ensemble

{ z ∈ O
∗
K | |ϕ(z)| 6 B }

est fini (on pourra écrire z = x + y
√
D avec x, y ∈ Z1

2
, écrire NK/Q(z) comme

un produit et chercher une majoration de |x|).
(d) Démontrer que le groupe Im(ϕ) est engendré par l’un de ses éléments.

Partie III

Équation de Pell

1. On note ⌊x⌋ la partie entière d’un nombre réel x et {x} = x− ⌊x⌋ ∈ [0, 1[
sa partie fractionnaire.

(a) Soient ξ ∈ R et N un entier strictement positif. Prouver qu’il existe des
entiers j et k tels que 0 6 j < k 6 N et |{kξ}− {jξ}| < 1/N (on pourra éven-
tuellement considérer l’application sur {0, . . . , N} définie par k 7→ ⌊N{kξ}⌋).

(b) En déduire que pour tout ξ ∈ R et tout entier strictement positif N ,
il existe des entiers p, q ∈ Z avec 0 < q 6 N tels que pgcd(p, q) = 1 et

∣

∣

∣

∣

∣

ξ − p

q

∣

∣

∣

∣

∣

<
1

Nq
.

2. Soit ξ ∈ R Q. Prouver qu’il existe une infinité de (p, q) ∈ Z× (Z {0})
tels que

pgcd(p, q) = 1 et

∣

∣

∣

∣

∣

p

q
− ξ

∣

∣

∣

∣

∣

<
1

q2
.

3. (a) En appliquant la question précédente à
√
D, prouver que si M =

1 + 2
√
D, l’ensemble

{ (x, y) ∈ Z2 | |x2 −Dy2| 6 M, pgcd(x, y) = 1 }
est infini.

(b) Prouver qu’il existe m, x0, y0 ∈ Z avec m 6= 0 tels que l’ensemble
des couples (x, y) ∈ Z2 vérifiant les conditions pgcd(x, y) = 1, x > 0, y > 0,
x2 −Dy2 = m, x ≡ x0 (m) et y ≡ y0 (m) soit infini.

(c) En déduire qu’il existe des entiers x1, y1, x2, y2 ∈ Z tels que pgcd(x1, y1) =
pgcd(x2, y2) = 1, x1 6= x2, x1 6= −x2, x1 ≡ x2 (m), y1 ≡ y2 (m) et

x2

1 −Dy21 = x2

2 −Dy22 = m.

(d) En considérant (x1 + y1
√
D)(x2 − y2

√
D), prouver qu’il existe z ∈ O

∗
K

tel que z ∈ Z+ Z
√
D et z 6∈ {−1, 1}.

2



4. (a) Démontrer que l’équation

x2 −Dy2 = 1

a une infinité de solutions dans Z2.

(b) Démontrer qu’il existe (x0, y0) ∈ Z2 avec x2
0 −Dy20 = 1 tel que, pour

toute solution (x, y) ∈ Z2 de l’équation x2 − Dy2 = 1, il existe ε ∈ {−1, 1} et
m ∈ Z tels que

x+ y
√
D = ε(x0 + y0

√
D)m.

Problème 2

Une extension cyclotomique

Soit p un nombre premier impair. On pose ζ = e
2πi
p et K = Q(ζ). On rappelle

que l’extension K/Q est galoisienne de degré p−1 et que (Z/pZ)∗ est isomorphe
au groupe de Galois Gal(K/Q). On note ̟ = ζ − 1.

1. Déterminer le polynôme minimal de ζ sur Q.

2. (a) Démontrer que Z[ζ ] ⊂ OK et que Z[ζ ]∗ ⊂ O
∗
K.

(b) Démontrer que (1, ζ, . . . , ζp−2) est une base du Z-module Z[ζ ].

(c) Démontrer que (1, ̟, . . . , ̟p−2) est une base du Z-module Z[ζ ] (on
pourra considérer la matrice de changement de base).

(d) Démontrer que Z[ζ ] est stable sous l’action de Gal(K/Q).

(e) Calculer TrK/Q(
∑p−2

i=0 aiζ
i) pour (a0, . . . , ap−2) ∈ Qp−1.

3. (a) Démontrer que µ
Q
̟(X) = µ

Q
ζ (X + 1).

(b) Calculer NK/Q(̟).

(c) Démontrer que, pour i ∈ {1, . . . , p − 1}, ̟ divise ζ i − 1 dans Z[ζ ] et

calculer NK/Q(
ζi−1

ζ−1
).

(d) En déduire que pour tout σ ∈ Gal(K/Q), σ(̟)/̟ ∈ Z[ζ ]∗.

(e) Démontrer qu’il existe u ∈ Z[ζ ]∗ tel que p = u̟p−1.

(f) Soit n ∈ Z. Démontrer que ̟ divise n dans OK si seulement si n est
un multiple de p (on pourra utiliser la norme).

(g) Démontrer que l’injection canonique Z → Z[ζ ] induit un isomorphisme
d’anneaux

Z/pZ −→ Z[ζ ]/̟Z[ζ ].

(On pourra utiliser la question 2.(c)). Que peut-on en déduire concernant l’idéal
(̟) de Z[ζ ] ?

4. Soit x ∈ OK et soit (a0, . . . , ap−2) ∈ Qp−1 tels que x =
∑p−2

i=0 aiζ
i.

3 T.S.V.P



(a) Calculer TrK/Q((1− ζ)x).

(b) Démontrer que pa0 ∈ Z.

(c) Démontrer que pai ∈ Z pour i ∈ {1, . . . , p− 2}.
(d) Démontrer qu’il existe (b0, . . . , bp−2) ∈ Zp−1 tel que

px =
p−2
∑

i=0

bi̟
p−2.

(e) Démontrer que p divise b0.

5. Démontrer que OK = Z[ζ ].

6. Quel est le degré de ramification de (̟) au-dessus de Z ?

4
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Exam, Wednesday, november 6 2013

Algebraic number theory

Duration : 3 hours

Any answer has to be justified. The concision, clarity and
precision of the proofs are taken into account during the
grading.

Problem 1

Real quadratic extensions

Let D ∈ N {0, 1} be a squarefree integer (that is D is not divisible by the

square of a prime number). Let K = Q(
√
D) ⊂ R.

Part I

Ring of integers

1. (a) Prove that the extension K/Q is Galois. Give a basis of the Q-vector
space K and describe explicitely the Galois group Gal(K/Q).

(b) Compute TrK/Q(x+ y
√
D) et NK/Q(x+ y

√
D) for x, y ∈ Q.

2. Let

ωD =







1+
√
D

2
if D ≡ 1 modulo 4,√

D otherwise.

Prove that the ring of integers of K is given by

OK = Z+ ZωD.

Part II

Units

1. Let z ∈ OK. Prove that z is invertible in OK if and only if NK/Q(z) ∈
{−1, 1}.

We define
ϕ : O

∗
K −→ R

z 7−→ log |z|.

2. (a) Prove that ϕ is a homomorphism of groups.



(b) What is the kernel of ϕ ?

(c) Prove that for any real number B, the set

{ z ∈ O
∗
K | |ϕ(z)| 6 B }

is finite (one may write z = x+ y
√
D with x, y ∈ Z1

2
, then write NK/Q(z) as a

product and find an upper bound for |x|).
(d) Prove that the group Im(ϕ) is generated by one of its elements.

Part III

Pell Equation

1. For any x ∈ R, let ⌊x⌋ ∈ Z be the biggest integer less or equal to x, and
{x} = x− ⌊x⌋ ∈ [0, 1[.

(a) Let ξ ∈ R and let N be a strictly positive integer. Prove that there
exist integers j and k such that 0 6 j < k 6 N and |{kξ} − {jξ}| < 1/N (one
may consider the map on {0, . . . , N} defined by k 7→ ⌊N{kξ}⌋).

(b) Prove that for any ξ ∈ R and any strictly positive integer N , there
exist integers p, q ∈ Z with 0 < q 6 N such that pgcd(p, q) = 1 and

∣

∣

∣

∣

∣

ξ − p

q

∣

∣

∣

∣

∣

<
1

Nq
.

2. Let ξ ∈ R Q. Prove that there exist infinitely many (p, q) ∈ Z×(Z {0})
such that

pgcd(p, q) = 1 et

∣

∣

∣

∣

∣

p

q
− ξ

∣

∣

∣

∣

∣

<
1

q2
.

3. (a) Apply to
√
D, prove that if M = 1 + 2

√
D, the set

{ (x, y) ∈ Z2 | |x2 −Dy2| 6 M, pgcd(x, y) = 1 }
is infinite.

(b) Prove that there exist m, x0, y0 ∈ Z with m 6= 0 such that the set of
(x, y) ∈ Z2 which satisfy the conditions pgcd(x, y) = 1, x > 0, y > 0, x2−Dy2 =
m, x ≡ x0 (m) et y ≡ y0 (m) is infinite.

(c) Prove that there exist integers x1, y1, x2, y2 ∈ Z such that pgcd(x1, y1) =
pgcd(x2, y2) = 1, x1 6= x2, x1 6= −x2, x1 ≡ x2 (m), y1 ≡ y2 (m) and

x2

1 −Dy21 = x2

2 −Dy22 = m.

(d) Consider the product (x1 + y1
√
D)(x2 − y2

√
D), and prove that there

exists z ∈ O
∗
K such that z ∈ Z+ Z

√
D and z 6∈ {−1, 1}.
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4. (a) Prove that the equation

x2 −Dy2 = 1

has infinitely many solutions in Z2.

(b) Prove that there exists (x0, y0) ∈ Z2 with x2
0 − Dy20 = 1 so that, for

any solution (x, y) ∈ Z2 of the equation x2 −Dy2 = 1, there exist ε ∈ {−1, 1}
and m ∈ Z such that

x+ y
√
D = ε(x0 + y0

√
D)m.

Problem 2

A cyclotomic extension

Let p be an odd prime number. We put ζ = e
2πi
p and K = Q(ζ). We re-

mind you that K/Q is a Galois extension of degree p− 1 and that (Z/pZ)∗ is
isomorphic to the Galois group Gal(K/Q). Let ̟ = ζ − 1.

1. Find the minimal polynomial of ζ over Q.

2. (a) Prove that Z[ζ ] ⊂ OK and that Z[ζ ]∗ ⊂ O
∗
K.

(b) Prove that (1, ζ, . . . , ζp−2) is a basis of the Z-module Z[ζ ].

(c) Prove that (1, ̟, . . . , ̟p−2) is a basis of the Z-module Z[ζ ] (you may
consider the matrix for the change of bases).

(d) Prove that Z[ζ ] is stable under the action of Gal(K/Q).

(e) Compute TrK/Q(
∑p−2

i=0 aiζ
i) for (a0, . . . , ap−2) ∈ Qp−1.

3. (a) Prove that µQ
̟(X) = µ

Q
ζ (X + 1).

(b) Compute NK/Q(̟).

(c) Prove that, for i ∈ {1, . . . , p−1}, ̟ divides ζ i−1 in Z[ζ ] and compute

NK/Q(
ζi−1

ζ−1
).

(d) Prove that for any σ ∈ Gal(K/Q), σ(̟)/̟ ∈ Z[ζ ]∗.

(e) Prove that there exists u ∈ Z[ζ ]∗ such that p = u̟p−1.

(f) Let n ∈ Z. Prove that ̟ divides n in OK if and only if n is a multiple
of p (you may use the norm map).

(g) Prove that the canonical injective morphism Z → Z[ζ ] induces an
isomorphism of rings

Z/pZ −→ Z[ζ ]/̟Z[ζ ].

(You may use question 2.(c)). What can we deduce from that about the ideal
(̟) of Z[ζ ] ?
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4. Let x ∈ OK and let (a0, . . . , ap−2) ∈ Qp−1 be such that x =
∑p−2

i=0 aiζ
i.

(a) Compute TrK/Q((1− ζ)x).

(b) Prove that pa0 ∈ Z.

(c) Prove that pai ∈ Z for i ∈ {1, . . . , p− 2}.
(d) Prove that there exists (b0, . . . , bp−2) ∈ Zp−1 such that

px =
p−2
∑

i=0

bi̟
p−2.

(e) Prove that p divides b0.

5. Prove that OK = Z[ζ ].

6. What is the ramification index of (̟) over Z ?
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UJF M2R 2013/2014

Answers to the exam of Wednesday, november 6 2013

Algebraic number theory

Problem 1

Part I

1. (a) As Char(Q) = 0, the extension K/Q is separable and, since it is a
splitting field for X2 −D, it is normal and therefore Galois.

Since D > 1 is squarefree, it is not a square in Z. As Z is integrally closed, D
is not a square in Q. Therefore the family (1,

√
D) is free and, since [K : Q] = 2,

is a basis of K over Q.
The Galois group Gal(K/Q) has cardinal 2. Let σ be its nontrivial element.

We have σ(
√
D) ∈ {

√
D,−

√
D} and σ(

√
D) 6=

√
D, since σ 6= IdK. Therefore

σ(x+ y
√
D) = x− y

√
D for x, y ∈ Q.

(b) We have

TrK/Q(x+ y
√
D) = x+ y

√
D + σ(x+ y

√
D) = 2x,

and
NK/Q(x+ y

√
D) = (x+ y

√
D)(x− y

√
D) = x2 − y2D

for x, y ∈ Q.

2. Since
√
D is integral over Z, we have the inclusion Z+ Z

√
D ⊂ OK.

Let z = x + y
√
D ∈ OK with x, y ∈ Q. Then 2x ∈ Z. Write y = p/q with

gcd(p, q) = 1 and q > 0.
Assume that x = k + 1/2 with k ∈ Z. Using x2 − Dy2 ∈ Z, we get that

1/4−Dy2 ∈ Z and 4q2|q2−4Dp2. This implies that 4|q2 and q2|4Dp2. Therefore
2|q|2 and q = 2.

If x ∈ Z, then, from q2|Dp2, it follows that q = 1 and y ∈ Z.

Therefore z ∈ Z+Z
√
D or z− 1+

√
D

2
∈ Z+Z

√
D. This proves that the group

OK/(Z+ Z
√
D) has order either 1 or 2, and that the later case occurs only if

1+
√
D

2
∈ OK, which is equivalent to NK/Q(1 +

√
D) = (1 − D)/4 ∈ Z, that is

4|D − 1. In all cases, we get OK = Z+ ZωD.



Part II

1. If z, z′ ∈ OK satisfy zz′ = 1, then NK/Q(z)NK/Q(z
′) = 1, NK/Q(z) is

invertible in Z and therefore NK/Q(z) ∈ {−1, 1}. Conversely, if NK/Q(z)
2 = 1,

then z × (zσ(z)2) = 1 and z is invertible in OK.

2. (a) The formulae

ϕ(zz′) = log(|zz′|) = log(|z|) + log(|z′|) = ϕ(z) + ϕ(z′)

for z, z′ ∈ O∗
K prove that ϕ is a morphism of groups.

(b) We have K ⊂ R. Let z ∈ O∗
K. We have ϕ(z) = 0 if and only if |z| = 1,

that is z ∈ {−1, 1}. So Ker(ϕ) = {−1, 1}

(c) Let z = x + y
√
D ∈ O∗

K with x, y ∈ Q. By question I.2, x, y ∈ Z1
2
.

Since z ∈ O∗
K, (x+ y

√
D)(x− y

√
D) = 1. Thus

|x− y
√
D| = 1

|x+ y
√
D|

La condition |ϕ(z)| 6 B, which is equivalent to

(1) exp(−B) 6 |z| 6 exp(B)

implies

exp(−B) 6 |x−
√
D| 6 exp(B)

and therefore |x| 6 exp(B). There is only a finite number of possible values for
x and using (1) for y. The set

{ z ∈ O
∗
K | |ϕ(z)| 6 B }

is finite.

(d) The result is true if Im(ϕ) = {0}. Otherwise let α ∈ Im(ϕ) {0}. Since
Im(ϕ) is a subgroup of R, |α| belongs to Im(ϕ) and by the previous question
the intersection Im(ϕ) ∩ ]0, |α|] is finite and not empty. Thus Im(ϕ) ∩R>0 has
a smallest element α0. Let β ∈ Im(ϕ), we may write

β =

⌊

β

α0

⌋

+

{

β

α0

}

α0.

We get
{

β
α0

}

α0 ∈ [0, α0[ ∩ Im(ϕ). This element is equal to 0 so β ∈ Zα0. (One

could also directly use the fact that a discrete subgroup of R is generated by
one of its elements).
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Part III

1. (a) The map k 7→ ⌊N{kξ}⌋ takes its values in {0, . . . , N − 1}. Since
Card{0, . . .N} > Card{0, . . . , N−1}, this map is not injective, and there exists
0 6 j < k 6 N and m ∈ {0, . . . , N − 1} such that

m 6 N{jξ} < m+ 1 and m 6 N{kξ} < m+ 1

Therefore −1 < N({jξ} − {kξ}) < 1 and |{jξ} − {kξ}| < 1/N .

(b) With the notations of (a), we put m = ⌊jξ⌋ and n = ⌊kξ⌋ then

|jξ −m− kξ + n| < 1/N

and, since j < k
∣

∣

∣

∣

∣

ξ − n−m

k − j

∣

∣

∣

∣

∣

<
1

N(k − j)
.

We put p = (n−m)/ gcd(m−n, k− j) and q = (k− j)/ gcd(m−n, k− j) 6 N .
we have gcd(p, q) = 1 and |ξ − p

q
| < 1

Nq
.

2. Let us assume that there is a finite number of such (p, q). By ques-
tion 1.(b), there exist such a pair, so we can choose p, q ∈ Z, q > 0, gcd(p, q) = 1
and |ξ − p/q| minimal. Since ξ 6∈ Q, this difference is not zero. Let N >
1/|ξ − p/q|. By 1.(b), we can find p′, q′ with q′ > 0, gcd(p′, q′) = 1 and
∣

∣

∣ξ − p′

q′

∣

∣

∣ < 1
Nq′

. But 1
Nq′

6
1
q′2

and 1
Nq′

<
∣

∣

∣ξ − p
q

∣

∣

∣ and we get a contradiction.

3. (a) If
∣

∣

∣

p
q
−
√
D
∣

∣

∣ 6
1
q2

, then |p− q
√
D| 6 1

q
, which implies

|p2 − q2D| 6
∣

∣

∣

∣

∣

p

q
+
√
D

∣

∣

∣

∣

∣

6

∣

∣

∣

∣

∣

p

q

∣

∣

∣

∣

∣

+
√
D 6 2

√
D +

∣

∣

∣

∣

∣

p

q
−

√
D

∣

∣

∣

∣

∣

6 2
√
D + 1.

the result then follows from question 2.

(b) The only solution in Z2 of the equation x2 − y2D = 0 is (0, 0), and

{ (x, y) ∈ Z2| |x2 −Dy2| 6 M, gcd(x, y) = 1 }

=
⌊M⌋
⋃

m=−⌊M⌋
{ (x, y) ∈ Z2| x2 −Dy2 = m, gcd(x, y) = 1 }.

So there exists m 6= 0 such that { (x, y) ∈ Z2| |x2 −Dy2| = m, gcd(x, y) = 1 }
is infinite. Taking into account the cases where x = 0 or y = 0, the cardinal of
this set is less or equal to

4Card({ (x, y) ∈ Z2
>0| x2 −Dy2 = m, gcd(x, y) = 1 }) + 2.

Therefore the cardinal of this last set is infinite as well. But we may describe
it as

⋃

(a,b)∈(Z/mZ)2

{ (x, y) ∈ Z2
>0 | x2−Dy2 = m, gcd(x, y) = 1, x ≡ a (m) and y ≡ b (m) }

and one of these sets has to be infinite.
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(c) Since an infinite set has two distinct elements, we may choose dis-
tinct elements (x1, y1) and (x2, y2) in the set of question (b). They satisfy the
requested conditions.

(d) Write

(x1 + y1
√
D)(x2 − y2

√
D) = (x1x2 − y1y2D) + (x2y1 − x1y2)

√
D

in Z+Z
√
D. But x1x2 − y1y2D ≡ x2

1 − y21D ≡ 0 (m) and x2y1 − x1y2 ≡ 0 (m).

Therefore (x1 + y1
√
D)(x2 − y2

√
D) = mz for some z ∈ Z + Z

√
D. We have

m2NK/Q(z) = NK/Q(mz) = NK/Q(x1 + y1
√
D)NK/Q(x2 − y2

√
D) = m2. This

NK/Q(z) = 1 and z is invertible in O∗
K. Since gcd(x1, y1) = gcd(x2, y2) = 1,

x1y2 − x2y1 = 0 would imply x1|x2|x1 which is not possible since x1 6= x2 and
x1 6= −x2. Therefore z 6∈ {−1, 1}.

4. (a) Let N be the restriction of NK/Q to K∗. There is a bijection from

the set of solutions to Ker(N) ∩ (Z + Z
√
D). Since σ(Z + Z

√
D) ⊂ Z+ Z

√
D

and the inverse of an element z ∈ Ker(N) is σ(z), Ker(N) ∩ (Z + Z
√
D) is a

subgroup of O∗
K. By 3.(d), we may choose z ∈ (Z+

√
DZ)∩O∗

K with ϕ(z) 6= 0.

For any n ∈ N>0, z
2n ∈ Ker(N) ∩ (Z + Z

√
D) and ϕ(z2n) = 2nϕ(z). So the

map n 7→ ϕ(z2n) is injective and the equation has infinitely many solutions.

(b) As in question II.2.(d), ϕ(Ker(N)∩ (Z+Z
√
D)) is generated by one

of its elements, let say ϕ(x0 + y0
√
D) with x0, y0 ∈ Z and x2

0 − Dy20 = 1. The
pair (x0, y0) satisfy the wanted condition, by the description of Ker(ϕ).

Problem 2

1. The polynomial Φp =
∑p−1

i=0 X
i = Xp−1

X−1
is of degree p− 1 and vanishes at ζ .

Since we are supposed to know that Q[ζ ]/Q has degree p−1, Φp is the minimal
polynomial of ζ . (In fact, this should go the other way around : Φp is the p-th
cyclotomic polynomial, it is irreducible, therefore Φp is the minimal polynomial
of ζ and [K : Q] = p− 1.)

2. (a) Since ζ ∈ OK, Z[ζ ] ⊂ OK.

(b) By the euclidean division of polynomials, 1, X, . . . , X
p−2

is a basis of
Z[X ]/(Xp − 1) which is isomorphic to Z[ζ ] therefore, 1, ζ, . . . , ζp−2 is a basis of
Z[ζ ].

(c) We have

̟k =
k
∑

i=0

(

k

i

)

(−ζ)i

Thus the matrix of the coordinates of (1, . . . , ̟p−2) has integral coefficients and
is triangular with 1 or −1 on the diagonal. Therefore it is invertible in Mn(Z)
and (1, ̟, . . . , ̟p−2) is a basis of Z[ζ ].
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(d) For any σ ∈ Gal(K/Q), σ(ζ) ∈ {1, . . . , ζp−1}. Therefore σ(Z[ζ ]) ⊂ Z[ζ ].

(e) We have the relation

TrK/Q





p−2
∑

i=0

aiζ
i



 =
p−2
∑

i=0

ai TrK/Q(ζ
i).

But TrK/Q(1) = [K : Q] = p− 1 and if 1 6 i 6 p− 1,

TrK/Q(ζ
i) =

∑

σ∈Gal(K/Q)

(σ(ζ i)) =
p−1
∑

j=1

ζj = −1.

So

TrK/Q





p−2
∑

i=0

aiζ
i



 = (p− 1)a0 −
p−2
∑

i=1

ai.

3. (a) Since the morphism of Q-algebra from Q[X ] to Q[X ] which maps X to
X + 1 is an isomorphism, Φp(X + 1) is irreducible. It vanishes at ̟, therefore

µ
Q
̟(X) = Φp(X + 1).

(b) Since deg(Φp(X+1)) = p−1, Φp(X+1) is the characteristic polynomial
of ̟. Since p− 1 is even, its constant term, namely p is the norm NK/Q(̟).

(c) We have

ζ i − 1

ζ − 1
=

i−1
∑

j=0

ζj ∈ Z[ζ ],

and

NK/Q

(

ζ i − 1

ζ − 1

)

=

∏

σ∈Gal(K/Q) σ(ζ
i − 1)

∏

σ∈Gal(K/Q) σ(ζ − 1)
=

∏p−1
k=1(ζ

k − 1)
∏p−1

k=1(ζ
k − 1)

= 1.

(d) As in problem 1, we show that z ∈ OK belongs to O∗
K if and only if

|NK/Q(x)| = 1. Since σ(̟) = ζ i−1 for some i ∈ {1, . . . , p−1, the result follows
from (c).

(e) Using (d), there exists u ∈ O∗
K such that

p = NK/Q(̟) =
∏

σ∈Gal(K/Q)

σ(̟) = u̟p−1.

(f) By (e), if p|n then ̟|n in OK. Conversely, If ̟|n in OK, then NK/Q(̟)|NK/Q(n),

that is p|np−1 and therefore p|n.

(g) We have just proven that the kernel of the unique morphism of rings
Z → Z[ζ ]/̟Z[ζ ] is pZ. So we get an injection ϕ from Z/pZ to Z → Z[ζ ]/̟Z[ζ ].
By the question 2.(c), the map Z → Z[ζ ]/̟Z[ζ ] is surjective. Therefore ϕ is
an isomorphism and the ideal ̟Z[ζ ] is maximal.
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4. (a) Using 2.(e),

TrK/Q((1−ζ)x) = TrK/Q





p−2
∑

i=0

ai(ζ
i − ζ i+1)



 = (p−1)a0+a0+
p−2
∑

i=1

(ai−ai) = pa0.

(b) From (1− ζ)x ∈ OK we get pa0 = TrK/Q((1− ζ)x) ∈ Z.

(c) We apply the last question to x1 = ζp−1(x − a0) to get pa1 ∈ Z. An
induction using xi+1 = ζp−1(xi − ai) then proves that pai ∈ Z for all i ∈
{1, . . . , p− 2}.

(d) It follows from last question that px ∈ Z[ζ ]. Then we apply 2.(c).

(e) By (d), ̟|b0 and by 3.(f), p|b0.

5. From 4.(d) and (e), we get that ̟2|̟b1 and therefore p|b1. Similarly, we
get p|b2,. . .,p|bp−2. Therefore x ∈ Z[̟] = Z[ζ ].

6. We have seen that pOK = (̟)p−1 thus the ramification index of (̟) in K/Q
is p− 1.
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