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Preface to the Second Edition

In the fourteen years since the first edition appeared, ample experience with
teaching to graduate students made us realize that a proper understanding of
several of the core aspects of period domains needed a lot more explanation
than offered in the first edition of this book, especially with regards to the Lie
group aspects of period domains.
Consequently, we decided a thorough reworking of the book was called for.
In particular Section 4.3, and Chapters 12 and 13 needed revision. The latter
two chapters have been rearranged and now contain more, often completely
rewritten sections. At the same time relevant newer developments have been
inserted at appropriate places. Finally we added a new "Part Four" with additional, more recent topics. This also required an extra Appendix D about Lie
groups and algebraic groups.
Let us be more specific about the added material. There is a new Section 5.4
on counterexamples to infinitesimal Torelli. In Chapter 6 the abstract and powerful formalism of derived functors has been added so that for instance the
algebraic treatment of the Gauss–Manin connection could be given, as well as
a proper treatment of the Leray spectral sequence. In Chapter 13 we have devoted more detail on Higgs bundles and their logarithmic variant. This made it
possible to also include some geometric applications at the end of that chapter.
"Part Four" starts with a chapter explaining the by now standard group
theoretic formulation of the concept of a Hodge structure. This naturally leads
to Mumford–Tate groups and their associated domains. The chapter culminates
with a result giving a factorization of the period map which stresses the role
of the Mumford–Tate group of a given variation. In Chapter 16 Mumford–
Tate domains and their quotients by certain discrete groups, the Mumford–Tate
varieties, are considered from a more abstract, axiomatic point of view. In this
chapter the relation with the classical Shimura varieties is also explained. In the
ix

x
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next and final chapter we study various interesting subvarieties of Mumford–
Tate varieties, especially of low dimension.
One word about the prerequisites. Of course, they remain the same (see page
xi), but we should mention a couple of more recent books that may serve as a
guide to the reader. There are now many introductory books to algebraic geometry and this is not the place to mention all of these. However, Donaldson’s
book (2011) starts as we do, from Riemann surfaces, and focusses on Hodge
theory. So it serves as a particularly adequate introduction; moreover, its scope
is broad and leads to some fascinating recent mathematics. Secondly, in the
First Edition, we unfortunately failed to mention explicitly Chern’s wonderful
introduction to complex manifolds (see Chern, 1967), as well as Hartshorne
(1987) although both figured in the bibliography. These are not needed to understand the text, but serve to complement it, Chern’s book from the differential
geometric side; Hartshorne’s book from the algebraic side.
We acknowledge support from the University of Mainz, the French CNRS,
the Technical University of Eindhoven, as well as the Deutsche Forschungsgemeinschaft (SFB, Transregio 45). Finally we thank Ana Brecan, Ariyan
Javanpeykar, Daniel Huybrechts, Ben Moonen, Jan Nagel and Kang Zuo for
their remarks on a preliminary version of this second edition.

Preface to the First Edition

What to expect of this book?
Our aim is to give an up to date exposition of the theory of period maps
originally introduced by Griffiths. It is mainly intended as a text book for
graduate students. However, it should also be of interest to any mathematician
wishing to get introduced to those aspects of Hodge theory which are related
to Griffiths’ theory.

Prerequisites
We assume that the reader has encountered complex or complex algebraic
manifolds before. We have in mind familiarity with the concepts from the first
chapters of the book by Griffiths and Harris (1978) or from the first half of the
book by Forster (1981).
A second prerequisite is some familiarity with algebraic topology. For the
fundamental group the reader may consult Forster’s book (loc. cit.). Homology
and cohomology are at the base of Hodge theory and so the reader should know
either simplicial or singular homology and cohomology. A good source for the
latter is Greenberg (1967).
Next, some familiarity with basic concepts and ideas from differential geometry such as smooth manifolds, differential forms, connections and characteristic classes is required. Apart from the book by Griffiths and Harris (1978) the
reader is invited to consult the monograph by Guillemin and Pollack (1974).
To have an idea of what we actually use in the book, we refer to the appendices.
We occasionally refer to these in the main body of the book. We particularly
recommend the exercises which are meant to provide the techniques necessary
to calculate all sorts of invariants for concrete examples in the main text.
xi

xii
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Contents of the book
The concept of a period-integral goes back to the nineteenth century; it was
introduced by Legendre and Weierstraß for integrals of certain elliptic functions
over closed circuits in the dissected complex plane and of course is related to
periodic functions like the Weierstraß ℘-function. In modern terminology we
would say that these integrals describe exactly how the complex structure of an
elliptic curve varies. From this point of view the analogous question for higher
genus curves becomes apparent and leads to period matrices and Torelli’s
theorem for curves. We have treated this historical starting point in the first
chapter.
Since we introduce the major concepts of the book by means of examples, this
chapter can be viewed as a motivation for the rest of the book. Indeed, period
mappings and period domains appear in it, as well as several other important
notions and ideas such as monodromy of a family, algebraic cycles, the Hodge
decomposition and the Hodge conjecture. This chapter is rather long since we
also wanted to address several important aspects of the theory that we do not
treat in later chapters but nevertheless motivate parts in it. Below we say more
about this, but we pause here to point out that the nature of the first chapter
makes it possible to use it entirely for a first course on period maps.
For instance, we already introduce mixed Hodge theory in this chapter and
explain the geometry behind it, but of course only in the simplest situations.
We look at the cohomology of a singular curve on the one hand, and on the
other hand we consider the limit mixed Hodge structure on the cohomology for
a degenerating family of curves. This second example leads to the asymptotic
study and becomes technically complicated in higher dimensions and falls
beyond the modest scope of our book. Nevertheless it motivates certain results in
the rest of the book such as those concerning variations of Hodge structure over
the punctured disk (especially the monodromy theorem) which are considered
in detail in Chapter 13.
The beautiful topic of Picard–Fuchs equations, treated in relation to a family
of elliptic curves, does not come back in later chapters. We certainly could
have done this, for instance after our discussion of the periods for families
of hypersurfaces in projective space (Section 3.2). Lack of time and space
prevented us from doing this. We refer the interested reader to Bertin and
Peters (2002) where some calculations are carried out which are significant for
important examples occurring in mirror-symmetry and which can be understood
after reading the material in the first part.
The remainder of the first part of the book is devoted to fleshing out the ideas
presented in this first chapter. Cohomology being essentially the only available
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invariant, we explain in Chapter 2 how the Kähler assumption implies that one
can pass from the type decomposition on the level of complex forms to the
level of cohomology classes. This is the Hodge decomposition. We show how
to compute the Hodge decomposition in a host of basic examples. In the next
chapter we pave the way for the introduction of the period map by looking at
invariants related to cohomology that behave holomorphically (although this is
shown much later, in Chapter 6, when we have developed the necessary tools).
Griffiths’ intermediate Jacobians and the Hodge (p, p)-classes are central in
this chapter; we also calculate the Hodge decomposition of the cohomology
of projective hypersurfaces in purely algebraic terms. This will enable us on
various occasions to use these as examples to illustrate the theory. For instance,
infinitesimal Torelli is proved for them in Chapter 5, Noether–Lefschetz type
theorems in Chapter 7 and variational Torelli theorems in Chapter 8.
In Chapter 4 the central concepts of this book finally can be defined after
we have illustrated the role of the monodromy in the case of Lefschetz pencils.
Abstract variations of Hodge structure then are introduced. In a subsequent
chapter these are studied from an infinitesimal point of view.
In Part Two spectral sequences are treated and with these, previous loose ends
can be tied up. Another central tool, to be developed in Chapter 7 is the theory
of Koszul complexes. Through Donagi’s symmetrizer lemma and its variants
these turn out to be crucial for applications such as Noether–Lefschetz theorems
and variational Torelli, treated in Chapter 7 and Chapter 8, respectively.
Then in Chapter 9 we turn to another important ingredient in the study of
algebraic cycles, the normal functions. Their infinitesimal study leads to a proof
of a by now classical theorem due to Voisin and Green stating that the image
of the Abel-Jacobi map for “very general” odd-dimensional hypersurfaces of
projective space is as small as it can be, at least if the degree is large enough.
We finish this part with a sophisticated chapter on Nori’s theorem which
has profound consequences for algebraic cycles, vastly generalizing pioneering
results by Griffiths and Clemens.
In Part Three of the book we turn to purely differential geometric aspects of
period domains. Our main goal here is to explain in Chapter 13 those curvature
properties which are relevant for period maps. Previous to that chapter, in
Chapters 11 and 12 we present several more or less well known notions and
techniques from differential geometry, which go into the Lie theory needed for
period domains.
Among the various important applications of these basic curvature properties
we have chosen to prove in Chapter 13 the theorem of the fixed part, the rigidity
theorem and the monodromy theorem. We also show that the period map extends
as a proper map over the locus where the local monodromy is finite and give

xiv
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some important consequences. In the same chapter we introduce Higgs bundles
and briefly explain how these come up in Simpson’s work on nonabelian Hodge
theory.
In Chapter 14 we broaden our point of view in that we look more generally at
harmonic and pluriharmonic maps with target a locally symmetric space. Using
the results of this study, we can, for instance, show that compact quotients
of period domains of even weight are never homotopy equivalent to Kähler
manifolds.
To facilitate reading, we start every chapter with a brief outline of its content. To encourage the reader to digest the considerable amount of concepts
and techniques we have included many examples and problems. For the more
difficult problems we have given hints or references to the literature. Finally,
we end every chapter with some historical remarks.
It is our pleasure to thank various people and institutions for their help in the
writing of this book.
We are first of all greatly indebted to Phillip Griffiths who inspired us either
directly or indirectly over all the years we have been active as mathematicians;
through this book we hope to promote some of the exciting ideas and results
related to cycles initiated by him and pursued by others, like Herb Clemens,
Mark Green, Madhav Nori and Claire Voisin.
Special thanks go to Domingo Toledo for tremendous assistance with the
last part of the book and to Jan Nagel who let us present part of his work in
Chapter 10. Moreover, he and several others critically read firsts drafts of this
book: Daniel Huybrechts, James Lewis, Jacob Murre, Jens Piontkowski and
Eckart Viehweg; we extend our gratitude to all of them.
We furthermore acknowledge the support we have received (on various occasions) from the University of Grenoble, the University of Utah at Salt-Lake
City and the University of Essen.
Finally we want to thank our respective wives and companions Nicole, Siggi
and Annie for their patience and endurance over all the years that it took us to
prepare this book.

Part ONE
BASIC THEORY

1
Introductory Examples

The basic idea of Hodge theory is that the cohomology of an algebraic variety
has more structure than one sees when viewing the same object as a “bare”
topological space. This extra structure helps us understand the geometry of
the underlying variety, and it is also an interesting object of study in its own
right. Because of the technical complexity of the subject, in this chapter, we
look at some motivating examples which illuminate and guide our study of
the complete theory. We shall be able to understand, in terms of specific and
historically important examples, the notions of Hodge structure, period map,
and period domain. We begin with elliptic curves, which are the simplest
interesting Riemann surfaces.

1.1 Elliptic Curves
The simplest algebraic variety is the Riemann sphere, the complex projective
space P1 . The next simplest examples are the branched double covers of the
Riemann sphere, given in affine coordinates by the equation
y 2 = p(x),
where p(x) is a polynomial of degree d. If the roots of p are distinct, which
we assume they are for now, the double cover C is a one-dimensional complex
manifold, or a Riemann surface. As a differentiable manifold it is characterized
by its genus. To compute the genus, consider two cases. If d is even, all the
branch points are in the complex plane, and if d is odd, there is one branch
point at infinity. Thus the genus g of such a branched cover C is d/2 when d is
even and (d − 1)/2 when d is odd. These facts follow from Hurwitz’s formula,
which in turn follows from a computation of Euler characteristics (see Problem
1.1.2). Riemann surfaces of genus 0, 1, and 2 are illustrated in Fig. 1.1. Note
3
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that if d = 1 or d = 2, then C is topologically a sphere. It is not hard to prove
that it is also isomorphic to the Riemann sphere as a complex manifold.

…
g=0

g=1

g=2

Figure 1.1 Riemann surfaces.

Now consider the case d = 3, so that the genus of C is 1. By a suitable change
of variables, we may assume the three roots of p(x) to be 0, 1, and λ, where
λ , 0, 1:
y 2 = x(x − 1)(x − λ).

(1.1)

We shall denote the Riemann surface defined by (1.1) by Eλ , and we call
the resulting family the Legendre family. As topological spaces, and even as
differentiable manifolds, the various Eλ are all isomorphic, as long as λ , 0, 1,
a condition which we assume to be now in force. However, we shall prove the
following.
Theorem 1.1.1. Suppose that λ , 0, 1. Then there is an  > 0 such that for
all λ 0 within distance  from λ, the Riemann surfaces Eλ and Eλ0 are not
isomorphic as complex manifolds.
Our proof of this result, which guarantees an infinite supply of essentially
distinct elliptic curves, will lead us directly to the notions of period map and
period domain and to the main ideas of Hodge theory.
The first order of business is to recall some basic notions of Riemann surface
theory so as to have a detailed understanding of the topology of Eλ , which for
now we write simply as E. Consider the multiple-valued holomorphic function
p
y = x(x − 1)(x − λ).
On any simply connected open set which does not contain the branch points
x = 0, 1, λ, ∞, it has two single-valued determinations. Therefore, we cut the
Riemann sphere from 0 to 1 and from λ to infinity, as in Fig. 1.2. Then
analytic continuation of y in the complement of the cuts defines a single-valued
function. We call its graph a “sheet” of the Riemann surface. Note that analytic
continuation of y around δ returns y to its original determination, so δ lies in
a single sheet of E. We can view it as lying in the Riemann sphere itself. But
when we analytically continue along γ, we pass from one sheet to the other as

5
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we pass the branch cut. That path is therefore made of two pieces, one in one
sheet and one in the other sheet.

1

∞

γ

0
δ
λ

Figure 1.2 Cuts in the Riemann sphere.

δ

γ

Figure 1.3 Assembling a Riemann surface.
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γ
δ

Figure 1.4 Torus.

Thus the Riemann surface of y consists of two copies of the Riemann sphere
minus the cuts, which are then “cross-pasted": we glue one copy to the other
along the cuts but with opposite orientations. This assembly process is illustrated in Fig. 1.3. The two cuts are opened up into two ovals, the opened-up
Riemann sphere is stretched to look like the lower object in the middle, a second copy is set above it to represent the other sheet, and the two sheets are
cross-pasted to obtain the final object.
The result of our assembly is shown in Fig. 1.4. The oriented path δ indicated
in Fig. 1.4 can be thought of as lying in the Riemann sphere, as in Fig. 1.2,
where it encircles one branch cut and is given parametrically by
δ(θ) = 1/2 + (1/2 + k)eiθ
for some small k. The two cycles δ and γ are oriented oppositely to the x and y
axes in the complex plane, and so the intersection number of the two cycles is
δ · γ = 1.
We can read this information off either Fig. 1.3 or Fig. 1.2. Note that the two
cycles form a basis for the first homology of Eand that their intersection matrix
is the standard unimodular skew form,


0 1
J=
.
−1 0
With this explanation of the homology of our elliptic curve, we turn to the
cohomology. Recall that cohomology classes are given by linear functionals
on homology classes, and so they are given by integration against a differential
form. (This is de Rham’s theorem – see Theorem 2.1.1). In order for the line
integral to be independent of the path chosen to represent the homology class,
the form must be closed. For the elliptic curve E there is a naturally given
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differential one-form that plays a central role in the story we are recounting. It
is defined by
dx
dx
.
(1.2)
ω=
= p
y
x(x − 1)(x − λ)
As discussed in Problem 1.1.1, this form is holomorphic, that is, it can be
written locally as
ω = f (z) dz,
where z is a local coordinate and f (z) is a holomorphic function. In fact, away
from the branch points, x is a local coordinate, so this representation follows
from the fact that y(x) has single-valued holomorphic determinations. Because
f is holomorphic, ω is closed (see Problem 1.1.7). Thus it has a well-defined
cohomology class.
Now let δ∗ and γ ∗ denote the basis for H 1 (E; Z) which is dual to the given
basis of H1 (E; Z). The cohomology class of ω can be written in terms of this
basis as
∫
∫
∗
∗
ω.
ω+γ
[ω] = δ
δ

γ

In other words, the coordinates of [ω] with respect to this basis are given by
the indicated integrals. These are called the periods of ω. In the case at hand,
they are sometimes denoted A and B, so that
[ω] = Aδ∗ + Bγ ∗ .

(1.3)

The expression (A, B) is called the period vector of E.
From the periods of ω we are going to construct an invariant that can detect changes in the complex structure of E. In the best of all possible worlds
this invariant would have different values for elliptic curves that have different complex structures. The first step toward constructing it is to prove the
following.
Theorem 1.1.2. Let H 1,0 be the subspace of H 1 (E; C) spanned by ω, and let
H 0,1 be the complex conjugate of this subspace. Then
H 1 (E; C) = H 1,0 ⊕ H 0,1 .
The decomposition asserted by this theorem is the Hodge decomposition and
it is fundamental to all that follows. Now there is no difficulty in defining the
(1, 0) and (0, 1) subspaces of cohomology: indeed, we have alreaddy done this.
The difficulty is in showing that the defined subspaces span the cohomology,
and that (equivalently) their intersection is zero. In the case of elliptic curves,

8
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however, there is a quite elementary proof of this fact. Take the cup product of
(1.3) with its conjugate to obtain
[ω] ∪ [ω̄] = (AB̄ − B Ā) δ∗ ∪ γ ∗ .
√
Multiply the previous relation by i = −1 and use the fact that δ∗ ∪ γ ∗ is the
fundamental class of E to rewrite the preceding equation as
∫
i ω ∧ ω̄ = 2 Im(B Ā).
E

Now consider the integral above. Because the form ω is given locally by f dz,
the integrand is locally given by
¯ = 2| f | 2 dx ∧ dy,
i| f | 2 dz ∧ dz
where dx ∧ dy is the natural orientation defined by the holomorphic coordinate,
that is, by the complex structure. Thus the integrand is locally a positive function
times the volume element, and so the integral is positive. We conclude that
Im(B Ā) > 0.
We also conclude that neither A nor B can be 0 and, therefore, that the cohomology class of ω cannot be 0. Consequently the subspace H 1,0 (E) is nonzero.
Because neither A nor B can be 0 we can rescale ω and assume that A = 1.
For such “normalized” differentials, we conclude that the imaginary part of the
normalized B-period is positive:
Im B > 0.

(1.4)

Now suppose that H 1,0 and H 0,1 do not give a direct sum decomposition of
H 1 (E; C). Then H 1,0 = H 0,1 , and so [ω̄] = λ[ω] for some complex number λ.
Therefore
δ∗ + B̄γ ∗ = λ(δ∗ + Bγ ∗ ).
Comparing coefficients, we find that λ = 1 and then that B = B̄, in contradiction
with the fact that B has a positive imaginary part. This completes the proof of
the Hodge theorem for elliptic curves, Theorem 1.1.2.

An Invariant of Framed Elliptic Curves
Now suppose that f : Eµ −→ Eλ is an isomorphism of complex manifolds.
Let ωµ and ωλ be the given holomorphic forms. Then we claim that
f ∗ ωλ = cωµ

(1.5)

9
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for some nonzero complex number c. This equation is certainly true on the
level of cohomology classes, although we do not yet know that c is nonzero.
However, on the one hand,
∫
∫
∗
∗
2
f ωλ ∧ f ω̄λ = |c|
ωµ ∧ ω̄µ,
[Eµ ]

and on the other,
∫
[Eµ ]

[Eµ ]

f ωλ ∧ f ω̄λ =
∗

∗

∫

ωλ ∧ ω̄λ =
f∗ [Eµ ]

∫

ωλ ∧ ω̄λ .

[Eλ ]

The last equality uses the fact that an isomorphism of complex manifolds is a
degree-one map. Because iωλ ∧ ω̄λ is a positive multiple of the volume form,
the integral is positive and therefore
c , 0.

(1.6)

We can now give a preliminary version of the invariant alluded to above. It
is the ratio of periods B/A, which we write more formally as
∫
ω
γ
τ(E, δ, γ) = ∫ .
ω
δ
From Eq. (1.4) we know that τ has a positive imaginary part. From the justproved proportionality results (1.5) and (1.6), we conclude the following.
Theorem 1.1.3. If f : E −→ E0 is an isomorphism of complex manifolds, then
τ(E, δ, γ) = τ(E0, δ 0, γ 0), where δ 0 = f∗ δ and γ 0 = f∗ γ.
To interpret this result, let us define a framed elliptic curve (E, δ, γ) to
consist of an elliptic curve and an integral basis for the first homology such that
δ · γ = 1. Then we can say that “if framed elliptic curves are isomorphic, then
their τ-invariants are the same.”
Example 1.1.4. In the Legendre family, consider the fiber for λ = −1, the
elliptic curve E. From its equation,
y 2 = x 3 − x,
we see that the map (x, y) 7→ (−x, iy) is an automorphism of this curve of order
4. By Chowla and Selberg (1949), one can explicitly calculate its periods:
∫
∫
∫
Γ(1/4)2
,
ω = −i ω,
ω= √
δ
γ
γ
2π
so that τ = i. In other words, E = C/Z ⊕ Zi and we see that the lattice
defining E admits multiplication by i, an extra isomorphism of order 4. In

10
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∞
1

γ
0

δ
λ

Figure 1.5 Modified cuts in the Riemann sphere.

fact, the lattice is stable under multiplication by the Gaussian integers Z[i] =
{m + in | n, m ∈ Z}. We say that E admits complex multiplication by Z[i].

Holomorphicity of the Period Mapping
Consider once again the Legendre family (1.1) and choose a complex number
a , 0, 1 and an  > 0 which is smaller than both the distance from a to 0 and
the distance from a to 1. Then the Legendre family, restricted to λ in the disk
of radius  centered at a, is trivial as a family of differentiable manifolds. This
means that it is possible to choose two families of integral homology cycles δλ
and γλ on Eλ such that δλ · γλ = 1. We can “see” these cycles by modifying
Fig. 1.2 as indicated in Fig. 1.5. A close look at Fig. 1.5 shows that we can
move λ within a small disk ∆ without changing either δλ or γλ . Thus we can
view the integrals defining the periods A and B as having constant domains of
integration but variable integrands.
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Let us study these periods more closely, writing them as
∫
∫
dx
dx
,
B(λ)
=
.
A(λ) =
p
p
γ
δ
x(x − 1)(x − λ)
x(x − 1)(x − λ)
We have suppressed the subscript on the homology cycles in view of the remarks
made at the end of the previous paragraph. The first observation is the following.
Proposition 1.1.5. On any disk ∆ in the complement of the set {0, 1, ∞}, the
periods of the Legendre family are single-valued holomorphic functions of λ.
The proof is straightforward. Since the domain of integration is constant, we
can compute ∂ A/∂ λ̄ by differentiating under the integral sign. But the integrand
is a holomorphic expression in λ, and so that derivative is 0. We conclude that
the period function A(λ) is holomorphic, and the same argument applies to
B(λ).
Notice that the definitions of the period functions A and B on a disk ∆ depend
on the choice of a symplectic homology basis {δ, γ}. Each choice of basis gives
a different determination of the periods. However, if δ 0 and γ 0 give a different
basis, then
δ 0 = aδ + bγ,
γ 0 = cδ + dγ,
where the matrix


a
T=
c

b
d



has determinant 1. The periods with respect to the new basis are related to those
with respect to the old one as follows:
A0 = aA + bB,
B 0 = cA + dB.
Thus the new period vector (A0, B 0) is the product of the matrix T and the
old period vector (A, B). The τ-invariants are related by the corresponding
fractional linear transformation:
dτ + c
.
τ0 =
bτ + a
The ambiguity in the definition of the periods and of the τ-invariant is due to the
ambiguity in the choice of a homology basis. Now consider a simply connected
open set U of P1 − {0, 1, ∞} and a point λ0 and λ of U. The choice of homology
basis for Eλ0 determines a choice of homology basis for all other fibers Eλ .
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Thus the periods A(λ) and B(λ) as well as the ratio τ(λ) are single-valued
holomorphic functions on U. On the full domain P1 − {0, 1, ∞}, however, these
functions are multivalued.
We can now state a weak form of Theorem 1.1.1.
Theorem 1.1.6. The function τ is nonconstant.
If τ, defined on a simply connected open set U, is a nonconstant holomorphic
function then its derivative is not identically zero. Therefore its derivative has
at most isolated zeroes. For a randomly chosen point, different from one of
these zeroes, τ is a locally injective function.
There are at least two ways to prove that τ is nonconstant. One is to compute
the derivative directly and to show that it is nonzero. The other is to show that
τ tends to infinity as λ approaches infinity along a suitable ray in the complex
plane. We give both arguments, beginning with an analysis of τ along a ray.

Asymptotics of the Period Map
Let us show that τ is a nonconstant function of λ by showing that τ approaches
infinity along the ray λ > 2 of the real axis. Indeed, we will show that τ(λ) is
asymptotically proportional to log λ. To see this, assume λ  2, and observe
that
∫
∫
2π
dx
dx
∼
= √ .
√
p
λ
δ x −λ
δ
x(x − 1)(x − λ)
By deforming the path of integration, we find that
∫
∫ λ
dx
dx
= −2
.
p
p
γ
1
x(x − 1)(x − λ)
x(x − 1)(x − λ)
√
The difference between the last integrand and 1/[x( x − λ)] is 1/[2x 2 ] +
higher powers of 1/x, an expression with asymptotically negligible integral
− 14 · λ−1 + higher powers of λ−1 . The residual integral,
∫ λ
dx
−2
,
p
1 x (x − λ)
can be computed exactly:
√
∫ λ
dx
1−λ
4
2i
= √ arctan √
∼ √ log λ.
−2
√
λ
λ
λ
1 x x−λ
Thus one finds
τ(λ) ∼

i
log λ,
π

(1.7)
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as claimed. Note also that τ(λ) has a positive imaginary part, as asserted in
(1.4).

Derivative of the Period Map
We now prove the strong form of Theorem 1.1.1 by showing that τ 0(λ) , 0
for λ , 0, 1 for any determination of τ. To this end, we write the holomorphic
differential ωλ in terms of the dual cohomology basis {δ∗, γ ∗ }:
ωλ = A(λ)δ∗ + B(λ)γ ∗ .
The periods are coefficients that express ωλ in this basis, and the invariant τ(λ)
is an invariant of the line spanned by the vector ωλ . The expression
ωλ0 = A0(λ)δ∗ + B 0(λ)γ ∗
is the derivative of the cohomology class ωλ with respect to the “Gauss–Manin
connection". This is by definition the connection on the bundle
Ø
H 1 (Eλ )
λ∈P1 −{0,1,∞}

of cohomology vector spaces with respect to which the classes δ∗ , γ ∗ are
(locally) constant. Then
[ωλ ] ∪ [ωλ0 ] = (AB 0 − A0 B) δ∗ ∪ γ ∗ .
However, τ 0 = 0 if and only if AB 0 − A0 B = 0. Thus, to establish that τ 0(λ) , 0,
it suffices to establish that [ωλ ] ∪ [ωλ0 ] , 0.
Now the derivative of ωλ is represented by the meromorphic form
ωλ0 =

dx
1
.
p
2 x(x − 1)(x − λ)3

(1.8)

This form has a pole of multiplicity two at p = (λ, 0). To see this, note that
at the point p, the function y is a local coordinate. Therefore the relation
y 2 = x(x − 1)(x − λ) can be written as y 2 = u(y)λ(λ − 1)(x − λ), where u(y)
is a holomorphic function of y satisfying u(0) = 1. Solving for x, we obtain
x = λ + terms of order ≥ 2 in y. Then setting p(x) = x(x − 1)(x − λ), we have
ωλ =

2 dy
2 dy
dx
= 0
∼
,
y
p (x) λ(λ − 1)

where a ∼ b means that a and b agree up to lower-order terms in y. Using (1.8),
the previous expression, and the expansion of x in terms of y, we find
ωλ0 =

1 dx
dy
dy
∼
∼ 2 + a regular form.
2 y(x − λ) λ(λ − 1)(x − λ)
y

(1.9)
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To explain why such a form represents a cohomology class on E, not just on
E − {p}, we first note that its residue vanishes. Recall that the residue of φ is
defined as
∫
1
φ = res(φ)(p),
2πi C p
where Cp is a small positively counterclockwise-oriented circle on S centered at
p. Next, note that the residue map in fact is defined on the level of cohomology
classes (just apply Stokes’ theorem). In fact the resulting map “res” is the
coboundary map from the exact sequence of the pair (E, E − {p}),
res

0 −→ H 1 (E) −→ H 1 (E− {p}) −−→ H 2 (E, E− {p}),
provided we identify the third vector space with C using the isomorphism
H 2 (E, E− {p})  H 0 ({p})  C.
See Problem 1.1.10, where this sequence is discussed in more detail.
Observe that the sequence above is the simplest instance of the so-called
Gysin sequence for a smooth hypersurface (here just the point p) inside a
smooth variety (here the curve E). The Gysin sequence is at the heart of many
calculations and is treated in detail in Section 3.2.
From the Gysin sequence we see that ωλ0 represents a cohomology class on
E, not just on E− {p}. We now claim that
∫
4πi
.
[ωλ ] ∪ [ωλ0 ] =
λ(λ − 1)
E
By establishing this formula we will complete the proof that τ 0(λ) , 0 for
λ , 0, 1. To do this, first observe that the formula (1.9) implies that ωλ0 + d(1/y)
has no pole at p.
To globalize this computation, let U be a coordinate neighborhood of p on
which |y| < , and let ρ(z) be a smooth function of |z| alone which vanishes
for |z| > /2, which is identically one for |z| < /4, and which decreases
monotonically in |z| on the region /4 < |z| < /2. Then the form
ϑλ 0 = ωλ0 + d(ρ(y)/y)
lies in the same cohomology class on E− {p} as does ωλ0 . By construction,
it extends to a form on E and represents the cohomology class of ωλ0 there.
Because ωλ and ϑλ 0 are both holomorphic one-forms on the complement of U,
∫
∫
0
ωλ ∧ ϑλ =
ωλ ∧ d(ρ/y).
E

U
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Because ωλ ∧ d(ρ/y) = − d(ρωλ /y), Stokes’ theorem yields

∫
∫
∫ 
ρωλ
ρωλ
ωλ
=−
=−
.
d


y
y
|y |= 4
|y |= 4 y
U
A standard residue calculation of the line integral then yields
∫
ωλ
4πi
=
.
y
λ(λ
− 1)
|y |= /4
This completes the proof.

Picard–Fuchs Equation
In computing the derivative of the period map, we proved that the form ωλ and
its derivative ωλ0 define linearly independent cohomology classes. Therefore
the class of the second derivative must be expressible as a linear combination
of the first two classes. Easing notation by dropping the subscripts λ, we thus
find a relation
a(λ)ω 00 + b(λ)ω 0 + c(λ)ω = 0

(1.10)

in cohomology. The coefficients are meromorphic functions of λ, and on the
level of forms the assertion is that the left-hand side is exact on Eλ . Let ξ be a
one-cycle and set
∫
ω.
π(λ) =
ξ

Then (1.10) can be read as a differential equation for the period function
aπ 00 + bπ 0 + cπ = 0.
One can determine the coefficients in this expression. The result is a differential
equation with regular singular points at 0, 1, and ∞:
1
(1.11)
λ(λ − 1)π 00 + (2λ − 1)π 0 + π = 0.
4
Solutions are given by hypergeometric functions (see Clemens, 1980, section
2.11). To find the coefficients a, b, c above, we seek a rational function f on
Eλ such that d f is a linear combination of ω, ω 0, and ω 00 whose coefficients
are functions of λ. Now observe that
ω0
ω 00

=
=

1
3
1 −1/2
(x − 1)− 2 (x − λ)− 2 dx,
2x
1
1
5
3 −2
−2
− 2 dx.
4 x (x − 1) (x − λ)

Thus it is reasonable to consider the function
1

1

3

f = x 2 (x − 1) 2 (x − λ)− 2 .
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Indeed,
d f = (x − 1)ω 0 + xω 0 − 2x(x − 1)ω 00,
which is a relation between ω 0 and ω 00. This is progress, but the coefficients
are not functions of λ. Therefore consider the equivalent form
d f = [(x − λ) + (λ − 1)]ω 0 + [(x − λ) + λ]ω 0
−2[(x − λ) + λ][(x − λ) + (λ − 1)]ω 00
and use the relations
1
ω,
2
3
(x − λ)ω 00 = ω 0
2
(x − λ)ω 0 =

to obtain
1
1
− d f = ω + (2λ − 1)ω 0 + λ(λ − 1)ω 00 .
2
4
This completes the derivation.
One can find power series solutions of (1.11) which converge in a disk ∆0
around any λ0 , 0, 1. Analytic continuation of the resulting function produces a
multivalued solution defined on P1 − {0, 1, ∞}. Now let π1 and π2 be two linearly
independent solutions defined on ∆0 , and let γ be a loop in P1 − {0, 1, ∞} based
at λ0 . Let πi0 be the function on ∆0 obtained by analytic continuation of πi along
γ. Because the πi0 are also solutions of the differential equation (1.11), they can
be expressed as linear combinations of π1 and π2 :


 
π10
a
=
0
π2
c

b
d




π1
.
π2

The indicated matrix, which we shall write as ρ(γ), depends only on the homotopy class of α, and is called the monodromy matrix. We determine this matrix
in the next section using a geometric argument. For now we note that the map
that sends α to ρ(α) defines a homomorphism
ρ : π1 (P1 − {0, 1, ∞} , λ0 ) −→ GL(2, C).
It is called the monodromy representation and its image is called the monodromy
group.
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δ
ε1/2

Figure 1.6 Degeneration of an elliptic curve.

The Local Monodromy Representation
To better understand the monodromy representation, consider the family of
elliptic curves Es defined by
y 2 = (x 2 − s)(x − 1).
The fiber E0 , given by y 2 = x 2 (x − 1) has a node at p = (0, 0). As s approaches
0, the fiber undergoes the changes pictured in Fig. 1.6. A copy of the loop δ is
slowly contracted to a point, producing the double point at p. Note that in the
limit of s = 0, the cycle δ is homologous to 0.
Now restrict this family to the circle |s| =  and consider the vector field
∂/∂θ in the s-plane. It lifts to a vector field ξ on the manifold

M = (x, y, s) y 2 = (x 2 − s)(x − 1)
which fibers over the circle via (x, y, s) 7→ s. By letting the flow which is
tangent to ξ act for time φ, one defines a diffeomorphism gφ of the fiber at
θ = 0 onto the fiber at θ = φ. This is illustrated in Fig. 1.7. (We think of a fluid
flow transporting points of E0 to points of Eφ , with streamlines tangent to the
vector field.)
Now consider the diffeomorphism g2π . It carries the fiber at θ = 0 to itself
and therefore defines a map T on the homology of the fiber which depends only
on the homotopy class of g2π . This is the Picard–Lefschetz transformation of
the degeneration Eλ .
Through a careful study of the pictures in Fig. 1.8, we obtain the matrix
of T in the “standard” basis {δ, γ}. Because the matrix is not the identity, we
conclude that the diffeomorphism is not homotopic to the identity map.
The left panel in Fig. 1.8 represents the cycle δ and γ on the fiber Es for
s = r for some small r. The middle panel in Fig. 1.8 shows how the flow has
mapped these cycles to Es with s = reπi . The right panel shows the result for
s = re2πi .
It is clear from the pictures in Fig. 1.8 that T(δ) = δ. To determine T(γ) = γ 0,
we observe that γ 0 = aδ + bγ, and we compute intersection numbers as follows.
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ε0

εφ

φ

0

Figure 1.7 Diffeomorphism gφ : E0 −→ Eφ .

Using the sign convention as explained above in relation to Fig 1.4, we claim
that γ 0 · δ = −1, γ 0 · γ = +1. The former is clear from the right picture in
Fig. 1.8, while the latter follows by superimposing the left and right pictures in
Fig. 1.8. Thus b = 1 and a = 1, and so
T(γ) = γ + δ.
The matrix of T relative to the basis {δ, γ} is
T=



1
0


1
.
1

(1.12)
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δ

δ

−√s +√s

1

∞

1

∞

1

∞

γ

γ

Figure 1.8 Picard–Lefschetz transformation.

T2

T
δ
γ′

Figure 1.9 Dehn twist.

Equivalently, we have the Picard–Lefschetz formula
T(x) = x − (x · δ)δ

(1.13)

for an arbitrary homology cycle x.
The Picard–Lefschetz formula is valid in great generality: it holds for any
degeneration of Riemann surfaces acquiring a node where the local analytic
equation of the degeneration is y 2 = x 2 − s. For such a degeneration the cycle δ
is the one that is “pinched” to obtain the singular fiber, as in Fig. 1.6. This is the
so-called vanishing cycle: under the inclusion of Es into the total space of the
degeneration, δ is homologous to 0. In a neighborhood of the vanishing cycle
the Picard–Lefschetz diffeomorphism g2π acts as in Fig. 1.9: it is a so-called
Dehn twist.

The Global Monodromy Representation
The Picard–Lefschetz transformation determines the local monodromy representation ρ : π1 (∆∗, p) −→ GL(2, C) for a family of Riemann surfaces defined
on the punctured disk 0 < |s| < , where the fiber at s = 0 has a node. Let us
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a

b
0

1
∞

p

Figure 1.10 Parameter space for the Legendre family.

now determine the global monodromy transformation for the Legendre family
y 2 = x(x − 1)(x − λ). This is a representation
ρ : π1 (P1 − {0, 1, ∞} , p) −→ GL(2, C).
As a first step, consider the degeneration λ → 0. If λ moves clockwise around
the circle of radius r < 1 centered at 0, then the slit connecting the branch cuts
x = λ, and x = 0 turns through a full circle. Comparing with Fig. 1.8, where
the slit makes a half turn, we see that the monodromy transformation for λ → 0
is the square of the matrix T in (1.12).
Now fix a base point p and choose generators a and b for the fundamental
group of the parameter space as in Fig. 1.10.
Let A = ρ(a) and B = ρ(b) be the monodromy matrices relative to the basis
indicated in the left picture of Fig. 1.8. From the discussion in the previous
paragraph, we have


1 2
A=
.
0 1
We claim that
B=



1
−2


0
.
1

To see that this is so, consider the degeneration λ → 1 and recall, as shown in
Fig. 1.11, how the standard homology basis is defined relative to the standard
branch cuts.
The set of branch cuts in Fig. 1.11 is ill adapted to computing the monodromy
matrix of the degeneration λ → 1. Instead we consider the cuts in Fig. 1.12.
The first frame gives the standard homology basis relative to this set of cuts.
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λ

0

1

∞

δ
γ

Figure 1.11 Standard homology basis.

The second frame shows the result of rotating the branch slit connecting λ
and 1 through a half circle. The cycle δ 0 is obtained by dragging γ along with
this rotation via the Picard–Lefschetz diffeomorphism. Computing intersection
numbers, we find δ 0 = δ − γ. Thus the Picard–Lefschetz transformation is


1 0
S=
.
−1 1
Note that this matrix can also be computed using (1.13), taking note of the fact
that the vanishing cycle is γ. The monodromy transformation ρ(b) is therefore
given by S 2 , which is the indicated matrix B.

δ

δ′

γ

γ

Figure 1.12 Monodromy for λ → 1.

Now let Π = ρ(π1 ) denote the monodromy group. According to the preceding
discussion, it is the group generated by the matrices A and B:
Π = hA, Bi .
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The given matrices are congruent modulo 2 to the identity matrix, so every
matrix in Π has this property. Let
def

Γ(N) = {C ∈ SL(2, Z) | C ≡ id

mod N } .

It is a normal subgroup of finite index in SL(2, Z) and what we have seen is that
Π is a subgroup of Γ(2). We now assert the following result, which completely
describes the global monodromy representation.
Theorem 1.1.7. (a) π1 (P1 − {0, 1, ∞}) is a free group on two generators.
(b) The monodromy representation is injective.
(c) The image of the monodromy representation is Γ(2).
(d) Γ(2) has index six in Γ = SL(2, Z).
Proof The proof of (a) is standard, since P1 − {0, 1, ∞} is homotopy equivalent
to the space obtained by joining two circles together at a point. The proof of
(d) is an easy exercise. For the proof of (b), observe that monodromy matrices
ρ(γ) operate as linear fractional transformations on the part of the complex
plane with a positive imaginary part. A fundamental domain for this action is
given by the region indicated in Fig. 1.13. It is an ideal quadrilateral, with sides
formed by two semicircles with endpoints on the real axis and two vertical rays
with an endpoint on the real axis.
For our purposes it is better to look at this fundamental domain in the disk
model of hyperbolic space. It is then the central quadrilateral in Fig. 1.14. The
transformations A and B as well as their inverses act as reflections in the sides
of the quadrilateral, and repeated applications of these transformations tile the
disk by quadrilaterals congruent to the given one. Now take the center E of the
given quadrilateral and consider the set of points
V = {g(E) | g ∈ Γ} .
Join two points x and y by a geodesic if y = gx where g = A±1 or g = B±1
– that is, if g is a standard generator of Γ or its inverse. The union of all these
geodesics is the tree T, part of which is illustrated by the dotted lines in Fig.
1.13. Let Γ(T) be the group of automorphisms of T defined by elements of Γ.
Thus we have the composition
ρ

σ

π1 −→ Γ −−→ Γ(T).
Consider now an element γ of π1 . It is a word spelled with the letters a±1 , b±1 .
By considering the action of ρ(γ) on T – indeed, by considering the position
of ρ(γ)(E) – one finds that ρ(γ) , 1 if γ , 1. See Problem 1.1.13 for more
details.
For the proof of (c), the main idea is to compare the fundamental domain for
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1

2

2

4

4
2
3

4

1
1/2

4

3

1
1/2

1/2

1/2

Figure 1.13 Fundamental domain for Γ and Γ(2).

the action of Γ = SL(2, Z) with that of Γ(2). A fundamental domain of the latter
is made of six copies of the fundamental domain of the former, as indicated in
Fig. 1.13. See Clemens (1980) for more details.

Remark. In the preceding example the kernel of the monodromy representation was trivial and its image was of finite index. The latter is typical (Beauville,
1986b), but the former is not. Thus, while the kernel of the monodromy representation for cubic curves is finite (see Libgober and Dolgachev, 1981), it is
“large” for most families of hypersurfaces (see Carlson and Toledo, 1999). The
notion “large” can be made precise; in particular, large groups are infinite and
in fact contain a nonabelian free group.
Remark 1.1.8. Now that we have seen that Γ(2)\h is a parameter space for
(isomorphisms classes of) framed elliptic curves, it follows that the quotient Γ\h
parametrizes isomorphism classes of elliptic curves. Note that the first carries a
tautological family, the Legendre family, while the second cannot carry such a
family because of the isomorphisms you always have when a framing is absent.
See also the later sections on moduli, especially Example 8.4.1. The invariant
which establishes the isomorphism Γ\h ' C is the j-invariant which is related
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A−1

E

B−1

A

B

Figure 1.14 Fundamental domains for Γ(2) – disk model.

to the λ-parameter as follows (see Silverman, 1992, Ch. III, Prop. 1.7):
def

j = j(λ) = 28

(λ2 − λ + 1)3
.
λ2 (λ − 1)2

In other words, there is a commutative diagram
h
j


Γ(2)\h

6:1
j(λ)

#
/ Γ\h.

From Serre (1979, Ch. VII.3) we quote the beautiful q-expansion with integral
c(n):
∞
Õ
1
c(n)q n,
j(τ) = + 744 +
q
n=1

c(1) = 196.884,

q = exp(2πiτ),

c(2) = 21.493.760.
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Monodromy of the Picard–Fuchs Equation
Let us now return to the problem of understanding the monodromy of the
period functions πi (λ) which solve the Picard–Fuchs equation (1.11). Analytic
continuation of a solution
∫
π(λ) =

ξ

ω

along a loop α transforms the solution into
∫
0
π (λ) =
ω.
ρ(ξ)

Thus the monodromy representation for solutions of the Picard–Fuchs equation
is the same as the geometric monodromy representation. In particular, the representation must take values in the group of matrices with integer coefficients.
In the case of the Legendre family, it is precisely the group Γ(2) described in
Theorem 1.1.7.

Problems
1.1.1
1.1.2

1.1.3

1.1.4

1.1.5

1.1.6

Show that the differential (1.2) is holomorphic on E.
Show that the Euler characteristic of the Riemann sphere is two.
Compute the Euler characteristic of the Riemann sphere with d points
deleted. Let k be a divisor of d. Then there is a k-fold unbranched
cover of the Riemann sphere defined by the equation y k = p(x),
where p is a polynomial of degree d. Compute the Euler characteristic
of this unbranched cover. Then compute the Euler characteristic of the
corresponding k-fold branched cover, defined by the same equation.
Finally, compute the genus of that branched cover.
Show that the only singular fibers of the Legendre family y 2 = x(x −
1)(x − λ) are at λ = 0, 1. Consider next the family of elliptic curves
x 3 + y 3 + z3 + λx yz. What are its singular fibers?
Consider the family of elliptic curves Ea,b,c defined by y 2 = (x−a)(x−
b)(x − c). What is the locus in C3 = {(a, b, c)} of the singular fibers
(the discriminant locus)? More difficult: describe the monodromy representation.
Consider the family of elliptic curves EA,B,C defined by y 2 = x 3 +
Ax 2 + Bx + C. What is the locus in C3 = {(A, B, C)} of the singular
fibers? More difficult: describe the monodromy representation.
Consider the compact Riemann surface M with affine equation y 2 =
p(x) where p has degree two. Show that M is isomorphic as a complex
manifold (or as an algebraic curve) to the Riemann sphere.
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A holomorphic one-form on a Riemann surface is a differential oneform which is locally given by f (z) dz, where z is a local holomorphic
coordinate. Show that such a form is closed. Formulate and investigate the analogous assertion(s) for holomorphic forms on a complex
manifold of complex dimension 2.
√
u2 − 1), arccos u =
Prove the
p following identities: arccos u = i log(u+
√
2
2
arctan( (1 − u )/u), arctan u = arccos(1/ 1 + u ). Then show that
all the integrals and estimates leading up to (1.7) hold as asserted.

1.1.9

Consider the family of elliptic curves defined by y 2 = (x 2 − s)(x − 1).
Find the asymptotic form of the period map τ(s) as s approaches 0.
Comment on the relation between what you find and the asymptotic
form in (1.7).

1.1.10

Let S be a Riemann surface, and let A ⊂ S be a nonempty finite set.
Show that there is an exact sequence
res

0 −→ H 1 (S) −→ H 1 (S − A) −−→ H 0 (A) −→ H 0 (S) −→ 0.
Note that elements of H 0 (A) are linear functionals on the vector space
spanned by the points of A. They can be viewed as the pointwise
residue as defined previously, and they can be combined to form the
globally defined map “res”. Your argument should show that the above
sequence is defined on the level of integral cohomology.
1.1.11

Consider the degeneration of elliptic curves Et defined by y 2 = x 3 − t.
Find all values of t for which Et is singular. By drawing a series of
pictures of branch cuts, show that the monodromy transformation for
t = 0 has order six, and find the corresponding matrix.

1.1.12

Let { Et } be a family of elliptic curves with just two singular fibers,
one at t = 0, the other at t = ∞. Show that the complex structure of
Et does not vary.

1.1.13

Let F be the free group with two generators a and b. Assign a graph
T(F) to this group by letting the vertices be the elements of F, i.e.,
the words in a and b. We connect the vertices represented by w and
wa by an edge, and we likewise draw an edge between w and wa−1 ,
between w and wb, and between w and wb−1 . No other vertices are
connected. This defines also an action of F on T(F). Show that T(F)
is a tree (compare the graph with the tree of Fig. 1.14). Show that the
action of F on T(F) is free and faithful, i.e., if some word w ∈ F fixes
a vertex, then w = 1.
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Figure 1.15 Riemann surface of genus 3.

1.2 Riemann Surfaces of Higher Genus
Let us now consider the Hodge theory and period mapping for Riemann surfaces
of genus bigger than 1, as illustrated in Fig. 1.15. The cycles δi and γi form a
“standard basis” for the first homology. For such a basis the intersection matrix
has the form


0
1g
J=
,
−1g 0
where 1g is the g × g identity matrix. One can define a Riemann surface S of
this kind by the equation
y 2 = (x − t1 )(x − t2 ) · · · (x − tn ),

(1.14)

where n = 2g + 2. However, for g > 2, there are Riemann surfaces which are
not given by such equations (see Problem 1.2.1). Those which have an equation
(1.14) are called hyperelliptic Riemann surfaces.
So far we have used a topological definition of the genus – the number of
handles, which we can compute from the Euler characteristic. For another point
of view, consider the vector space Ω1 (S) of holomorphic one-forms. These,
which we have encountered already in the case of elliptic curves, are differentials
which can be written locally as f (z) dz where f (z) is a holomorphic function.
Riemann’s contribution to the Riemann–Roch theorem can be succinctly written
as
dim Ω1 (S) = g(S).

(1.15)

This formula implies, as in the case of an elliptic curve, that the complex
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1-cohomology of S decomposes as discussed in Theorem 1.1.2:
H 1 (S; C) = H 1,0 (S) ⊕ H 0,1 (S), H 1,0 (S)= Ω1 (S), H 0,1 (S) = H 1,0 (S),
where conjugation comes from the isomorphism
H 1 (S; C) = H 1 (S, R) ⊗R C.
Formally this means that H 1 carries a Hodge structure of weight 1, and the
above decomposition is the Hodge decomposition.
Coming back to the equality (1.15), we note that it is not at all obvious in
general. What is easy (see Problem 1.2.1 (d)) is the inclusion Ω1 (S) ⊕ Ω1 (S) ⊂
1 (S; C), whence comes an inequality. However, for hyperelliptic Riemann
HDR
surfaces the one-forms
ωi =

x i dx
,
y

i = 0, . . . , g − 1

(1.16)

are independent. Indeed, given any polynomial p(x) = v1 + v2 x + v3 x 2 + · · · +
vg x g−1 of degree ≤ (g − 1), the one-form p(x) dx/y is 0 if and only if p is the
zero polynomial. So, in view of the preceding, the forms (1.16) give a basis for
Ω1 (S). In this case the Hodge decomposition for H 1 therefore follows.
Let us now consider the period map for the Riemann surfaces S = St given
by Eq. (1.14), where t = (t1 , . . . , tn ). To this end we fix a standard basis, and
we denote the elements of the dual basis by δi , γ i . Thus δi (δ j ) = δij , where the
last symbol is Kronecker’s δ, equal to 0 if i , j and equal to 1 if i = j. This
basis, or “marking,” gives an isomorphism
m

H 1 (S; Z) −−→ Z2g
which extends to an isomorphism
m

H 1 (S; C) −−→ C2g .
Then the subspace
m(H 1,0 (S)) ⊂ C2g

(1.17)

defines a point in the Grassmannian of g-planes in 2g-space. It depends on both
S and the marking.
Let

U = (t1, . . . , tn ) ti , t j = Cn − ∆
be the parameter space for the nonsingular Riemann surfaces S. The so-called
discriminant hypersurface ∆ is the union of hyperplanes ti = t j . The set of
cohomology groups H 1 (Su ; Z) for u in U forms a local system of Z-modules
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e be the universal cover of U, and
of rank 2g which we denote by HU1 . Let U
consider the pullback of the local system, which we denote by H 1e . Because
U
e is simply connected, this system is trivial. Thus there is an isomorphism m
U
e Let
from it to the trivial local system Z2g × U.
m(ũ) : H 1 (Sũ ) −→ Z2g × {ũ} −→ Z2g
denote the isomorphism of the fibers over ũ, composed with the projection to
the first factor. Thus m(ũ) is an isomorphism of H 1 (Sũ, Z) with Z2g . Since HU1
is a local system, one has the relation
m(γ · ũ) = ρ(γ)m(ũ),
where ρ is the monodromy representation and γ · ũ is the action of π(U, u0 ) on
e by covering transformations. It follows that formula (1.17) defines a map
U
e :U
e −→ Grass(g, 2g)
P
which satisfies the equivariance condition
e · ũ) = ρ(γ)P(
e ũ).
P(γ

(1.18)

Our aim is to understand this map in the same way that we understood the
period map for elliptic curves. The first result is both important and easy to
prove.
Theorem 1.2.1. The period map is holomorphic.
e m) is the same as the row space of the g × 2g matrix
Proof Observe that P(S,
(A, B), where
∫
Ai j =
ωj
δi

and
Bi j =

∫
γi

ωj .

e will be holomorphic if the integrals Ai j and Bi j are holomorphic
Thus P
functions of t = (t1 , . . . , tn ). We leave the proof of this fact as an exercise. The
reader should adapt the argument used for elliptic curves to the hyperelliptic
case.

Let us now consider the values of the period map. We claim first, in analogy
with the proof of Theorem 1.1.2, that A, the first half of the period matrix, is
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nonsingular. To see that this is so, consider a vector v such that v A = 0. Let
ω = v1 ω1 + · · · + vg ωg , and observe that
∫
Õ∫
Õ
ω=
vi ωi =
vi Ai j = (v A) j .
δj

i

δj

i

Thus, v is a null vector of A if and only if all the integrals of ω over the δ j
vanish. Consequently the cohomology class of ω is a linear combination of the
γ j if v is a null vector,
Õ
[ω] =
wj γ j
j

for some coefficients w j . Then
[ω] =

Õ

w̄ j γ j .

j

However,
γ i ∪ γ j = 0 for all i and j,
and so [ω] ∪ [ω] = 0. As in the case of elliptic curves,
∫
([ω] ∪ [ω])[S] = i ω ∧ ω̄ ≥ 0.
S

Moreover, the integral is identically 0 if and only if ω is 0 as a one-form. In the
case of a hyperelliptic Riemann surface,
ω=

p(x) dx
,
y

where p(x) = v1 + v2 x + v3 x 2 + · · · + vg x g−1 . We have seen that such a
holomorphic differential is 0 if and only if p is the zero polynomial, that is, if
and only if v is the zero vector. Thus, if v A = 0, then v = 0, as required to prove
the claim.
Now let
Õ
ϑi =
Ai j ω j ,
j

where Ai j is the i j component of the inverse of the matrix A. With the basis
{ω̃i } in place of the basis {ωi }, the matrix of A-periods is the identity. The
nature of the matrix of B-periods is given by the following.
Theorem 1.2.2. If the matrix of A-periods is the identity, then the matrix of
B-periods is symmetric and has a positive definite imaginary part.
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Proof The positivity assertion of the theorem mirrors the corresponding result
(1.4) for elliptic curves; the symmetry statement is a new phenomenon. To prove
symmetry, note that the two-form ϑi ∧ ϑ j vanishes identically because it has
the local form f (z) dz ∧ g(z) dz for some holomorphic functions f and g.
Therefore,
∫
ϑi ∧ ϑ j = 0
S

for all i and j. Now write ϑi in terms of the standard cohomology basis:
Õ
[ϑi ] = δi +
Bik γ k .
k

Because of our integral formula above, the cup product [ϑi ] ∪ [ϑ j ] vanishes.
However,
!
!
Õ
Õ
k
`
[ϑi ] ∪ [ϑ j ] = δi +
Bik γ ∪ δ j +
B j` γ = (Bi j − B ji )[S].
`

k

It follows that B is symmetric. For the positivity assertion, consider the abelian
differential ϑ = v1 ϑ1 + · · · + vg ϑg . Then
∫
ϑ ∧ ϑ = ([ϑ] ∪ [ϑ])[S].
S

On the one hand, the integral on the left is positive for nonzero ϑ. On the other
hand, the expression on the right can be evaluated by evaluating the cup product
!
!
Õ
Õ
Õ
Õ
`
k
B̄ j` v̄ j γ .
i
vi δi +
vi Bik γ ∪
v̄ j δ j +
i

ik

j

j`

One obtains the identity
Õ
2
vi v̄ j Im(Bi j ) = 2v Im(B)Tv̄[S].
ij

Here v is a row vector and Tv denotes its transpose. Thus B has a positive
definite imaginary part, as claimed.

The Siegel upper half-space of genus g is given as follows.
def

hg = {Z a symmetric g × g matrix with Im Z > 0} .

(1.19)

The period map takes values in hg viewed as a subset of the Grassmann manifold
via the map
Z 7→ row space of (1g, Z),
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where 1g is the g × g identity matrix. The period map for the family (1.14) of
hyperelliptic Riemann surfaces takes the form
e :U
e −→ hg .
P
Since a monodromy diffeomorphism associated with the path γ preserves the
cup product form, the monodromy matrices ρ(γ) preserve the skew-symmetric
form J. Thus the monodromy representation takes values in the group
o
n
Sp(g, Z) = M ∈ GL(2g, Z) TM J M = J .
This is the integer symplectic group. One may also consider Sp(g, R), the
symplectic group with real coefficients. A matrix T in the symplectic group can
be decomposed into g × g blocks as


K L
T=
.
M N
Such matrices operate on g × 2g matrices (A, B) via multiplication on the right,
(A, B) 7→ (A, B)T,
and there is a corresponding action on the row spaces. One checks (Problem
1.2.3) that a symplectic matrix preserves the set of row spaces corresponding to
matrices (1, Z), where Z is symmetric with a positive definite imaginary part.
Thus the symplectic group also acts on hg , specifically, via
def

Z 7→ T hZi = (K + Z M)−1 (L + Z N).
This is a kind of generalized fractional linear transformation which in the case
of g = 1 reduces to the standard action of SL(2, R) on the upper half-plane. We
want to establish some basic facts about this action. To begin, it acts transitively.
This we can see by looking at the image of i1g under the map



1g X TW
0
T=
.
(1.20)
0 1g
0 W −1
We find T hi1g i = X + iTWW. Since every positive definite Hermitian matrix Y
can be written as Y = TWW, this shows that the action is indeed transitive.
Consider next the orbit map
π : Sp(g, R) → hg,
T 7→ T hi1g i.
We claim that this map is proper: any sequence Mn ∈ Sp(g) whose π-images
Xn + iYn converge in hg has a convergent subsequence. From this it quite easy
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(see Problem 1.2.4) to show that Sp(g, Z) acts properly discontinuously on hg ,
i.e., for any two compact sets K1, K2 ⊂ hg , there are at most finitely many
elements γ ∈ Sp(g, Z) such that K1 ∩ γK2 , . Then a standard general result
(see Cartan, 1957) asserts that the quotient of a complex manifold by a proper
action action of a group is an analytic space: a (possibly singular) space on
which the notion of holomorphic function is defined.
For the proof of the properness assertion, define Tn according to (1.20) so
that Tn = Mn Un with Un ∈ U(g) ∩ Sp(g), a compact group. Passing to a
subsequence, we may assume that the Un converge, and so it suffices to see that
{Tn } has a convergent subsequence. Since by assumption Xn + iYn converges
to

a point in hg , the Xn converge and so it suffices to see that TWn and TWn−1
have convergent subsequences. The first is clear since TWn Wn = Yn converges
and so {Wn } is a bounded set. Replacing {Wn } by a converging subsequence,
put W = limn→∞ Wn . Then TWW > 0 by assumption and so W is invertible; it
follows that W −1 = limn→∞ Wn−1 , which completes the proof of our assertion.
The functional equation (1.18) asserts that the period map is equivariant as
e to hg . Therefore, in the light of the previous two paragraphs, there
a map of U
is a quotient map
P : U −→ Sp(g, Z)\hg,

(1.21)

where, as noted, the right-hand side is an analytic space. It is definitely not
a complex manifold because of the presence of fixed points of the action of
Sp(g, Z) on hg : see Problem 1.2.4. Indeed, the quotient has codimension 2
singularities, as in the model example of the quotient of C2 the group of
transformations (x, y) 7→ (±x, ±y). See Problem 1.2.5. Nonetheless, the notion
of holomorphic function makes sense, and we have the following.
Theorem 1.2.3. The period map (1.21) is a holomorphic map of analytic
spaces.

Degenerations
Consider now the family of genus 2 Riemann surfaces St given by
y 2 = (x − a1 ) · · · (x − a5 )(x − t).
The normalized period matrix of the fibers St has the form


Z11 Z12
Z=
,
Z21 Z22
where all entries are multivalued holomorphic functions of t. Let us suppose
that a1 = 0, and let us examine the behavior of the period matrix for t near t = 0.
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If we use the standard bases illustrated in Fig. 1.16, then δ1 is the vanishing
cycle and the local monodromy transformation is given by
T(x) = x − 2(x · δ1 )δ1 .
The factor of 2 comes from the fact that as t travels around a small circle
centered at the origin, the branch slit connecting t to 0 makes a full turn: twice
a half-turn, so twice the contribution of the vanishing cycle to monodromy.
Following the same line of argument as used to establish (1.7), we find that
i
log t + h(t),
π
where h(t) is a holomorphic function, and where the remaining entries of the
period matrix are holomorphic functions of t. Thus the multivaluedness of Z
is of a very controlled sort.
Z11 (t) =

γ1

δ1

γ2

δ2

Figure 1.16 Degeneration.

Consider the linear transformation defined by N(x) = (x ·δ1 )δ1 . It is nilpotent
and satisfies T = 1 + 2N. The results of the previous paragraph may be restated
by saying that the matrix


i log t
Ẑ(t) = exp −
N Z(t)
(1.22)
π
is single-valued and holomorphic in the punctured disk 0 < |t| < , and in fact
is holomorphic in the disk |t| < . Thus the period matrix itself can be written
as


i log t
Z(t) = exp
N Ẑ(t),
π
where Ẑ(t) is holomorphic. This equation, which expresses the period matrix in
terms of an exponential involving log t, the logarithm of the Picard–Lefschetz
transformation, and a holomorphic matrix, is a very special case of the nilpotent
orbit theorem of Wilfried Schmid (1973). It is equivalent to the statement that
in general the Picard–Fuchs equation has regular singular points.
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Let us now inquire into the meaning of the entries of Ẑ(0). Note first that
if we replace the parameter t by ct, for some nonzero constant c, we replace
Ẑ11 (0) by Ẑ11 (0) + i log c/π. Thus the value of Z11 (0) has no significance. The
remaining entries, Zi j (0) for (i, j) , (1, 1), however, are well defined and equal
to Ẑi j (0). To interpret them, write the elements of the basis for the space of
abelian differentials as
dx
ω1 (t) = p
x(x − t)(x − a)(x − b)(x − c)(x − d)
and
ω2 (t) = p

x dx

.

x(x − t)(x − a)(x − b)(x − c)(x − d)

For t = 0 these expressions become
ω1 (0) =

dx
p

x (x − a)(x − b)(x − c)(x − d)

and
dx
.
ω2 (0) = p
(x − a)(x − b)(x − c)(x − d)
Note that they make sense as possibly meromorphic differentials on the elliptic
curve Ẽ defined by y 2 = (x − a)(x − b)(x − c)(x − d). The Riemann surface
Ẽ is the normalization of the algebraic curve E = S0 defined by y 2 = x 2 (x −
a)(x − b)(x − c)(x − d) (see Problem 1.2.6).
The differential ω1 (0) is a differential of the third kind: it has simple poles at
the two points corresponding to x = 0. Now consider the normalization of S0 ,
as illustrated in Fig. 1.17, and let ϑ be the normalized differential corresponding
to ω2 (0): it is ω2 (0) divided by the integral of ω2 (0) over δ2 . We observe the
following. First, the integral Z22 (0) is a normalized period of ω2 (0):
∫
Z22 (0) =
ϑ.
γ2

Second, the integral Z12 (0) = Z21 (0) is the normalized abelian integral for the
divisor p − q:
∫ q
Z12 (0) =
ϑ.
p

Each of these integrals, we emphasize, may be viewed as an integral on e
E.
Thus the limiting values of entries of the period map can be interpreted as
integrals on the normalization of the singular fiber of the degeneration, where
that normalization has been marked in such a way that we “remember” what the
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p

γ1

Figure 1.17 Normalization.

singular fiber was. Indeed, if we glue p and q in e
E, the result is biholomorphic
to S0 .
The integral Z12 (0) is just the Abel–Jacobi class associated with the divisor
p − q. This class determines the location of p and q on e
E up to translation,
and so determines S0 , given e
E. Note also that Z22 (0) is the normalized period
of e
E, and so it determines e
E. Therefore the limit period matrix determines the
singular fiber S0 .

Generalizing Hodge Theory
Our study of the period map for a degeneration of Riemann surfaces {St } leads
us to ask whether it makes sense to take a limit of the Hodge structure H 1 (St ),
and whether it is possible to define a (suitably generalized) Hodge structure for
the singular variety S0 . The answer to both questions is “yes.” We shall take up
the question of generalizing Hodge theory to singular varieties first, and then
consider limits of Hodge structures.
Let us begin with an easy observation. Since the cohomology of S0 (see
Fig.1.17) has rank 3, it cannot carry a Hodge structure of weight 1: these
have even dimension in view of the relation H 1,0 = H 0,1 . Nonetheless, the
cohomology of S0 carries considerable structure, both topological and complex
analytic. To understand the topology, consider the normalization map p : Se0 −→
S0 and its induced map on cohomology,
p∗

H 1 (S0 ) −−→ H 1 (Se0 ).
It is easy to see that p∗ is surjective, for example by showing that the corresponding map p∗ on homology is injective (simply look at Fig. 1.17). Thus
there is an exact sequence
p∗

0 −→ K −→ H 1 (S0 ) −−→ H 1 (Se0 ) −→ 0,
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for some kernel K. This kernel is the Z-module generated by γ 1 , which we
think of as the natural cocycle associated with the node. Note that the quotient
by K is isomorphic to H 1 (Se0 ), which carries a Hodge structure. However, there
is more information to be extracted from the analytic structure of S0 . The key
observation is the one already made above: both S0 and Se0 carry an abelian
differential, namely ω2 (0). Let F 1 be its span, viewed as a subspace of either
H 1 (S0 ) or H 1 (Se0 ). Thus we now have the following data, which constitute a
simple case of a mixed Hodge structure:
(a) a subspace F 1 ⊂ H 1 (S0 ; C) defined by the complex structure of the central
fiber,
(b) a subspace K ⊂ H 1 (S0 ; Z) defined by the topology of the normalization
map.
These filtrations have the following properties:
(c) the subspace which F 1 defines on H 1 (S0 )/K  H 1 (Se0 ) is the natural
subspace F 1 H 1 (Se0 ),
(d) F 1 ∩ K = 0.
Property (c) asserts that the data (W, F 1 ) define a Hodge structure of weight
1 on H 1 (S0 )/K  H 1 (Se0 ). It is the natural one with H 1,0 = F 1 , H 0,1 = F 1 .
Property (d) is (in general) the statement that if the pullback of a holomorphic
one-form is 0 as a cohomology class on S̃0 , then it is 0 as a cohomology class
on S0 . Indeed, suppose that ω is a one-form whose cohomology class on Se0
vanishes. Then
∫
iω ∧ ω̄ = 0,
S̃0

where ω is given locally as f (z) dz, where f (z) is holomorphic. Because the
integrand is the nonnegative expression i| f (z)| 2 dz ∧ d z̄, we conclude that
f (z) vanishes identically. It follows that ω, viewed as a form on S0 , vanishes.
However, it then vanishes as a cohomology class on S0 as well.

Formal Considerations: Hodge Structures and Polarizations
To interpret (d) in its proper general context, and to set the stage for work with
higher-dimensional algebraic varieties, we must now make a series of formal
definitions. These begin with the notion of a Hodge structure of arbitrary weight,
modeled on the structure one finds on the cohomology of a projective algebraic
manifold. This notion generalizes the idea we have become familiar with for
Riemann surfaces.
Definition 1.2.4. (i) A real Hodge structure of weight k is a real vector space
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H on the complexification of which there is a decomposition
É
p,q
HC =
, H p,q = H q, p .
p+q=k H

The conjugation is relative to the real structure on HC = H ⊗ C. We call such
an object a Hodge structure if in addition there is given a lattice HZ ⊂ H,
i.e., a free abelian group such that HZ ⊗ R  H.
(ii) Suppose that a Hodge structure of any kind carries a bilinear form b satisfying the bilinear relations
(a) b(x, y) = 0 if x is in H p,q and y is in H r,s for (r, s) , (k − p, k − q);
(b) i p−q b(x, x̄) > 0 if x is a nonzero vector in H p,q .
Then we say that the Hodge structure is polarized. When an integral lattice is
part of the structure, one requires that b take integer values on it.
Remark 1.2.5. Note that p and q need not be positive and so, even if the
weight is positive, p or q can be negative. If for a Hodge structure the non-zero
Hodge numbers h p,q only occur when p, q ≥ 0, we speak of an effective Hodge
structure.
The Hodge decomposition on a compact Riemann surface, given by the
holomorphic and anti-holomorphic one-forms, defines a Hodge structure of
weight 1 which is polarized by the cup product form. As we see in Chapter
2, the k-th cohomology of a projective algebraic manifold carries a Hodge
structure of weight k, where H p,q is represented by closed k-forms whose
local expressions contain p dz’s and q d z̄’s. Suppose further that the projective
algebraic manifold in question, which we denote by X, is n-dimensional and
that Y is a smooth hyperplane section. Define the primitive cohomology to be
Primn (X) := Ker[H n (X) −→ H n (Y )].
As we shall see (Theorem 2.3.3), this is a polarized structure of weight n and
as a consequence (Corollary 2.3.5) also H n (X) carries a polarization.
Closely related to the Hodge decomposition is the Hodge filtration
É
a,b
Fp =
(1.23)
a ≥p H
which satisfies, for a weight-k structure, the relation
HC = F p ⊕ F k−p+1 .

(1.24)

Just as a Hodge decomposition defines a Hodge filtration, a filtration satisfying
(1.24) defines a decomposition
H p,q = F p ∩ F q
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which satisfies (1.23). Any filtration satisfying (1.24) is called a Hodge filtration.
In the case of Riemann surfaces, the Hodge filtration is [F 1 ⊂ F 0 ], where
F 1 = H 1,0 and F 0 = HC1 .
The introduction of the Hodge filtration is not simply a matter of book
keeping. As we see in Chapter 3, for a family of projective algebraic manifolds
{St }, the filtration varies holomorphically, while the decomposition does not.
We have verified this assertion for the special case of hyperelliptic Riemann
surfaces. It then follows that H 0,1 (St ), which is the complex conjugate of a
holomorphically varying space, does not vary holomorphically.
The following examples are also useful.
Examples 1.2.6 (Tate structures). (i) The trivial Hodge structure Z is defined
by the lattice Z ⊂ R and the Hodge decomposition C = C0,0 .
(ii) The k-th Tate twist Z(k) is the Hodge structure of weight −2k given by the
lattice (2πi)k Z on the real line ik R and by the decomposition C = C−k,−k .
Let us link these Tate structures to geometry. One can think of Z as the Hodge
structure on H 0 ({x}), the cohomology of a point. Likewise, one can think of
Z(−1) as the Hodge structure on H 1 (C∗ ), where C∗ = C − {0}. The motivation
is that the cohomology is spanned by dz/z which has integral 2πi on a loop
that makes one counterclockwise turn around the origin. Note that dz/z is a
holomorphic differential on C∗ and so (counting dz’s) has Hodge level 1, i.e.,
lies in F 1 . Thus Z(−1) has type (1, 1).
The set of Hodge structures forms the objects of a category where the
morphisms preserve the lattice and the decomposition, i.e., φ : A → B satisfies
φ(Ap,q ) ⊂ B p,q . One can extend the notion of morphism somewhat, allowing
maps of type (p, p), i.e., ones satisfying
φ(Ar,s ) ⊂ B p+r, p+s .
Hodge structures on cohomology behave functorially:
Lemma 1.2.7. Let f : X −→ Y be a holomorphic map of algebraic manifolds.
Then f ∗ : H k (Y ) −→ H k (X) is a morphism (of type (0, 0)).
It can be seen without much difficulty that the kernel, image, and cokernel
of a morphism carry natural Hodge structures. For instance, the fact that a
morphism φ preserves the real structure implies that the complex conjugate of
φ(Ap,q ) is exactly φ(Aq, p ), and so the Hodge decomposition of B induces a
true Hodge decomposition on the image φ(A). According to this discussion the
primitive cohomology, defined above, is a sub-Hodge structure. The fact that it
is polarized is more subtle. We come back to this in Chapter 2.
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In the category of Hodge structures one can form direct sums, tensor products,
and duals. Let us look at the details in the latter two cases. For the tensor
É
p,q of weight m and
product A ⊗ B of two Hodge structures A =
p+q=m A
É
r,s
B=
of weight n we set
r+s=n B
É
p,q
(A ⊗ B)i, j :=
⊗ Bi−p, j−q .
p,q A
Then i + j = (p + q) + (i − p + j − q) = m + n, as expected for a structure of
weight m + n. The complex conjugate of the right-hand side is the direct sum
of Aq, p ⊗ B j−q,i−p , which by definition is (A ⊗ B) j,i . Thus the reality constraint
is verified. Finally, every pure tensor a ⊗ b decomposes into Hodge types and
so its components belong to the various Hodge components of A ⊗ B.
If X and Y are smooth projective varieties, then H k (X ×Y ) is, by the Künneth
theorem, the direct sum of the tensor products H m (X) ⊗ H n (Y ) where m+n = k.
The Hodge structure on H k (X × Y ) imposed by the Künneth theorem agrees
with the natural Hodge structure. As an example, consider the Hodge structure
on H 2 (E × E), where E is an elliptic curve with abelian differential ω. Let
pi : E× E −→ Ebe projection onto the i-th factor. From the Künneth theorem,
one finds that H 2,0 (E× E) is one-dimensional and spanned by p∗1 ω ∪ p∗2 ω. See
Problem 1.2.9 for additional details.
É
p,q , we set
For the dual A∨ of A =
p+q=n A
(A∨ )−p,−q = { f : A → C | f | Ar,s = 0, (r, s) , (p, q)} .
This is a Hodge structure of weight −n (Problem 1.2.7). The standard example
of a Hodge structure of negative weight is the homology Hk (X; Z) modulo
torsion, which is dual to the cohomology H k (X; Z) modulo torsion. As for
functoriality we have the following.
Lemma 1.2.8. If f : X −→ Y is a morphism of projective varieties, the induced
map in cohomology f∗ : Hk (X) → Hk (Y ) is a morphism of Hodge structures.
However, taking Poincaré duals (see Appendix B), the induced Gysin map in
cohomology f : H k (X) −→ H k+2c (Y ), c = dim Y − dim X, is a morphism of
type (c, c).
The proof, which involves study of the Hodge type of a fundamental class,
is given in Problem 2.2.5 in Chapter 2.

Mixed Hodge Structures Again
We can now, as claimed above, interpret (d) on page 37 in its proper general
context and, in so doing, arrive at the proper general notion of mixed Hodge
structure. First, the Hodge filtration for H 1 (S0 ) is given by the space of abelian
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differentials F 1 and by F 0 = H 1 (S0 ). Thus the filtration has the form F 1 ⊂ F 0 ,
just as in the case of a smooth compact Riemann surface. On the quotient
H 1 (S0 )/K, the filtration induces a filtration isomorphic to that defined naturally
on H 1 (Se0 ). On the subspace K, the filtration is
F 1 ∩ K = 0, F 0 ∩ K = K.
From this we deduce that K carries a Hodge structure of weight 0, where
KC = K 0,0 .
Thus the data (K, F 1 ) define two Hodge structures, one of weight 0, the other
of weight 1.
With the preceding example as a guide, we can make a general definition.
Definition 1.2.9 (Deligne 1971b, p. 30). A mixed Hodge structure consists of
a triple (HZ, F •, W• ), where
(i) HZ is a Z-module of finite rank,
(ii) F • is a finite decreasing filtration on HC = HZ ⊗Z C, the Hodge filtration,
(iii) W• is a finite increasing filtration on HQ = HZ ⊗Z Q, the weight filtration,
satisfying in addition the requirement that the graded quotients for the weight
•
filtration, GrW
k H = Wk /Wk−1 , together with the filtration induced by F , form
a (pure) Hodge structure of weight k.
In our example, the Hodge filtration is already defined and the weight filtration is given by W1 = H 1 (S0, Q), W0 = K. By construction, F • defines a Hodge
structure of weight 1 on W1 /W0  H 1 (Se0 ) and a Hodge structure of weight 0
on W0 .
In general, one may assume that HZ is free (replacing, for instance, H ∗ (X; Z)
by its image in H ∗ (X, R)). For mixed Hodge structures, the notion of Hodge
number still makes sense: h p,q is the dimension of the (p, q) component of the
pure Hodge structure on the graded quotient GrW
p+q . In the case of a Riemann
surface of genus 2 that has acquired a node, h1,0 = h0,1 = 1 and h0,0 = 1. There
is an obvious notion of morphism of mixed Hodge structure. The kernel, image,
and cokernel of a morphism carry a natural mixed Hodge structure. One can
also form direct sums, tensor products, and duals, just as for Hodge structures.
The mixed Hodge structure on H 1 (S0 ) carries more information than is
present in the pure Hodge structures W0 and W1 /W0 . This can be seen from the
expression for the differential ω2 (0). As a cohomology class on S0 , it can be
written as
ω2 (0) = δ2 + Z21 (0)γ 1 + Z22 (0)γ 2,
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and as a cohomology class on Se0 it is written
ω2 (0) = δ2 + Z22 (0)γ 2 .
The coefficient Z21 (0) can be viewed as the obstruction to an isomorphism of
mixed Hodge structures
H 1 (S0 )  W ⊕ H 1 (Se0 ).
We have seen above that the period Z21 (0) represents the divisor class p − q
associated with the inverse image of the node under normalization. Because
the divisor class of p − q is never 0 for p , q, the mixed Hodge structure of the
Riemann surface y 2 = x 2 (x − a)(x − b)(x − c)(x − d) is never split. For a more
formal treatment of these ideas, see Carlson (1980).
We now turn to the problem of whether it is possible to define the limits of
Hodge structures. In some cases limits exist as Hodge structures. In general,
however, the limit is a mixed Hodge structure. To see what the fundamental
idea is, we turn again to degenerations of genus 2 curves and seek natural
definitions of weight and Hodge filtrations. For the Hodge filtration, recall that
as in (1.22), the period matrix of the degeneration can be written as a standard
matrix exponential that carries the singularity of the mapping at t = 0, times a
matrix that is holomorphic at t = 0. Thus,


i log t
N Ẑ(t),
Z(t) = exp
π
where N is the logarithm of the monodromy transformation. Consequently, the
period map is given asymptotically by the matrix-valued function


i log t
N Ẑ(0).
exp
π
This asymptotic expression consists of two parts. The first is a part that is the
same for all degenerations of the same topological type and is given by the
exponential factor. The other is the constant matrix Ẑ(0), which depends on the
particular degeneration. We use it to define a Hodge filtration where
F 1 = row space of Ẑ(0), F 0 = C4 .

The vector space C4 is viewed as having distinguished basis δ1, δ2, γ 1, γ 2 and
so is identified with H 1 (St ; C) for any t, with t small. Given this identification,
we define a weight filtration by



W0 = γ 1 , W1 = W0 + Q δ2, γ 2 , W2 = W1 + Q δ1 .
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In more intrinsic terms,
W0 = image of N, W1 = kernel of N.

Then one can check that (Q4, W•, F • ) is a mixed Hodge structure with weights
0, 1, and 2. Moreover,
W1  H 1 (S0 )
is a mixed Hodge structure. Thus, in this case, the limit mixed Hodge structure
determines the mixed Hodge structure of the central fiber.
What is the type of the Hodge structure W2 /W1 ? It is spanned modulo W1 by
δ1 , hence it is also spanned modulo W1 by
ω̂1 (0) = δ1 + Ẑ11 (0)γ 1 + Ẑ12 (0)γ 2,

(1.25)

that is, by the first row of the matrix Ẑ(0). Thus, W2 /W1 =
2 /W1 . The
complex conjugate of the class (1.25) also spans W2 modulo W1 , from which
we conclude that W2 /W1 = F̄ 1W2 /W1 . Thus, referring to the induced filtration
on the quotient, we have
F 1W

W2 /W1 = F 1 ∩ F̄ 1 .
Consequently, the quotient is a Hodge structure of type (1, 1).
We have now determined the types that occur in the limit mixed Hodge
structure: (0, 0), (1, 0), (0, 1), and (1, 1). We have also determined the meaning
of the mixed sub-Hodge structure W1 , which has types (0, 0), (1, 0), and (0, 1).
What is the meaning of the quotient mixed Hodge structure W2 /W0 , which
has types (1, 0), (0, 1), and (1, 1)? Part of the answer is clear: the sub-Hodge
structure W1 /W0 is isomorphic to H 1 (Se0 ). For a complete answer, observe that
ω̂1 (0) ≡ δ1 + Ẑ12 (0)γ 2 modulo W0 .
The coefficient Ẑ12 (0) is the obstruction to an isomorphism of mixed Hodge
structures
W2 /W0  H 1 (Se0 ) ⊕ W2 /W1 .
We can interpret the coefficient Ẑ12 (0) as follows. Let S 0 be the normalization
of S0 minus the two points p and q which correspond to the nodes, as illustrated
in Fig. 1.18.
e we have the following sequence deduced
Writing the normalization of S0 as S,
e S 0):
from the exact sequence of the pair (S,
e −→ H 1 (S 0) −→ Q −→ 0,
0 −→ H 1 (S)
where
e −→ H 1 (S)].
e
Q = kernel [H 1 (S 0, S)
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p

q

Figure 1.18 The punctured surface.

e and W2 = H 1 (S 0).
Define a weight filtration on H 1 (S 0) by setting W1 = H 1 (S)
To define the Hodge filtration, let ω1 be the unique differential of the third kind
on Se which has residue +1 at p and −1 at q and which has integral zero on δ2 .
Let ω2 be the unique abelian differential on Se normalized to have integral 1 on
δ2 . The last condition can be satisfied by adding a suitable multiple of ω2 to a
differential of the third kind with the prescribed residues. Define F 1 to be the
span of ω1 and ω2 , and define F 0 to be H 1 (S 0; C). The result is a mixed Hodge
structure such that
H 1 (S 0)  W2 /W0,
where the right-hand side refers to the limit mixed Hodge structure. The essential fact is that the periods of the differentials ω1 , ω2 are given by the rows of
the matrix Ẑ(0).
As a footnote to this example, we claim that there is an exact sequence of
mixed Hodge structures
N

0 −→ H 1 (S0 ) −→ H 1 (St ) −−→ H 1 (St ),

(1.26)

where H 1 (St ) carries the limit mixed Hodge structure and where N has type
(−1, −1). To see this, note that we have shown above that the kernel of N is
isomorphic to H 1 (S0 ). This proves most of our claim already. We leave the rest
as an exercise (Problem 1.2.11).
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In general, one has the Clemens–Schmid sequence (Clemens, 1977):
N

· · · −→ H k−2 (X, X ∗ ) −→ H k (X0 ) −→ H k (Xt ) −−→ H k (Xt ) −→ · · · .
It holds when X −→ ∆ is a degeneration with smooth total space and with
central fiber X0, a normal crossing variety with components of multiplicity 1.
As explained in Clemens (1977, section 2), a general result, which sometimes
is called “semistable reduction”, states that any degeneration can be put in this
form by modifying X along the central fiber and by replacing the parameter
t ∈ ∆ by t n for suitable n. The Clemens–Schmid sequence is an exact sequence
of mixed Hodge structures where the maps in the exact sequence above are
of type (1, 1), (0, 0), (0, 0), and (−1, −1), respectively. This sequence enforces
a tight relationship between the geometry of the singular fiber and the linear
algebraic properties of the monodromy transformation, T = exp(N).
The notion of mixed Hodge structure is due to Deligne (1971a). By Deligne
(1971b, 1974) the k-th cohomology of any projective variety has natural mixed
Hodge structure where H k = Wk and W−1 = 0. We say that H k has weights
0 through k. Thus, as in our example, the weights of the first cohomology of
an algebraic curve are 0 and 1. For the k-th cohomology of a smooth variety
minus an arbitrary subvariety, the weights run from k to 2k. We have seen this
range of weights in our examples. For a singular Riemann surface the weights
are 0 and 1, while for a smooth punctured Riemann surface the weights are 1
and 2. For an arbitrary quasi-projective variety, the range is from 0 to 2k. This
is the same range of weights that one sees for the limit mixed Hodge structure
on H k (St ), where {St } is a degeneration.
Deligne’s mixed Hodge structure is natural in the sense that if f : X −→ Y
is an algebraic map, then f ∗ F p ⊂ F p and f ∗W` ⊂ W` .

Problems
1.2.1

There are indeed nonhyperelliptic curves. One can see this by looking
at smooth plane quartic curves.
(a)

(b)

Assuming that a plane quartic curve C is also hyperelliptic, prove
that the hyperelliptic involution extends to a projective involution
I of the plane. Hint: you may use the fact that the canonical bundle
KC is induced by the hyperplane bundle (in Appendices A and C
we review some basic facts from algebraic geometry that enable
one to prove this).
Show that in suitable homogeneous coordinates (X, Y, Z) we have
I(X, Y, Z) = (−X, Y, Z). Deduce that there are four fixed points.
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(c)

(d)

1.2.2

1.2.3

1.2.4

1.2.5

Show that the genus of a smooth plane quartic curve is 3 (use
the fact that the degree of KC is always 2g(C) − 2) whereas there
should be eight branch-points for the quotient C → P1 by the
hyperelliptic involution.
Show that for any Riemann surface S we have a natural inclusion
Ω1 (S)⊕Ω1 (S) ⊂ H 1 (S; C). Hint: if a function f satisfies ∂ ∂¯ f = 0,
it is harmonic and obeys a maximum principle.

Let {St } be a family of Riemann surfaces with just two singular fibers,
one at t = 0, the other at t = ∞. Show that the period map for this
family is constant. Also, give an example of a family of Riemann
surfaces of genus g which has just two singular fibers.


K L
Prove that for any matrix Z ∈ hg and any symplectic matrix
M N
−1
the matrix (K + L Z) is invertible so that the expression for the
action of the symplectic group on hg makes sense. Hint: prove that the
symplectic action preserves the row space of the matrix (1g, Z).
(a) Show that the upper half-plane hg can be written as Sp(g)/U(g).
(b) Show that Sp(g, Z) acts properly discontinuous on hg .
(c) Show that the isotropy group of any fixed points of the action of
Sp(g, Z) on hg is a finite group.
(d) Let g = 2 and determine the isotropy group Γ of i1g .
Consider ∆2 = {(z, w) | |z| < 1, |w| < 1} and let Γ be the group of
transformations
(z, w) 7→ (±z, ±w).

1.2.6

1.2.7

Determine the ring of invariant functions and show that ∆2 /Γ has the
structure of a quadratic cone.
Show that the algebraic curve ỹ 2 = f (x) is the normalization of the
algebraic curve y 2 = x 2 f (x), where f (x) is a polynomial with distinct
roots different from 0.
Show that if the module A has a Hodge structure of weight n and
the module B has one of weight m, the module Hom(A, B) inherits a
Hodge structure of weight m − n by setting

Hom(A, B)i, j = f : A → B f (Ap,q ) ⊂ B p+i,q+j .
Show that this is in agreement with our definition for the Hodge
structure on the dual of A, thereby showing that this indeed defines a
Hodge structure of the asserted weight.
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Show that the natural pairing of A and A∨ defines a morphism
A ⊗ A∨ → Z

1.2.9

1.2.10
1.2.11

of Hodge structures, where, as before, Z is the trivial Hodge structure.
Work out the full Hodge structure on H 2 (E× E), where Eis an elliptic
curve with holomorphic differential ω. Let s : (x, y) = (y, x) be the
symmetry which exchanges factors. Show that the Hodge structure
splits into sub-Hodge structures corresponding to the eigenvalues of
s∗ , and describe these structures as explicitly as possible.
Explain the meaning of the symmetry of the period matrix Ẑ (1.22) as
a kind of duality between the mixed Hodge structures W1 and W2 /W0 .
Show that (1.26) is an exact sequence of mixed Hodge structures.

1.3 Double Planes
Let us now consider the topology and Hodge theory of algebraic surfaces. The
prototypical example of such an object is the surface S defined by
z 2 = f (x, y),
where f (x, y) is a polynomial of even degree d. We consider various ways
of looking at such surfaces, called double planes. In particular, we explicitly
describe a compactification of S analogous to the compactifications discussed
above for Riemann surfaces. This preliminary work done, we take up the study
of the topology and Hodge theory of these algebraic manifolds.
There are various ways to think of the surface S. First, it is a subset of C3 .
If the algebraic curve f (x, y) = 0 is smooth, then so is the algebraic surface
S. Consequently it is a two-dimensional complex manifold: using the implicit
function theorem, one can parametrize open sets on S by open sets in C2 ,
and the transition functions relating these parametrizations are holomorphic
functions. It follows that S is also a four-dimensional real manifold.
Another way of looking at S is as a branched cover of C2 . The map p that
sends (x, y, z) to (x, y) sends points of S to points of C2 . This map is surjective,
and for each (x, y) in C2 there are in general two points of S which correspond
to it under p. Only when (x, y) is in the branch curve
B = {(x, y) | f (x, y) = 0}
is there just one inverse image point. It is for this reason that we call S a double
plane.
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Compactification
We shall now construct an explicit compactification S̄ of S which is modeled on
the compactification of an affine hypersurface by the corresponding projective
hypersurface. To this end, suppose that f (x, y) has even degree d, and let
F(w, x, y) = w d f (x/w, y/w)
be the corresponding homogeneous equation. Its zero set B̄ ⊂ P2 is a compact
Riemann surface which compactifies the affine set B ⊂ C2 defined by f (x, y) =
0. The compactification S̄ to be constructed will be endowed with a 2-to-1
projection p : S̄ −→ P2 whose branch locus is B̄ and whose singularities
correspond to singularities of B̄. Thus, if the branch curve is smooth, then so is
the double plane.
To construct S̄, consider the affine algebraic set S 0 ⊂ C4 defined by
z2 = F(w, x, y).

(1.27)

0
The
in the same relation to S̄ as the affine algebraic set B 0 =
 set S stands
3
(x, y, z) ∈ C F(x, y, z) = 0 stands to the projective algebraic curve B̄: the
latter is the quotient of the former by an equivalence relation. In the case of B̄,
the points (w, x, y) , 0 and (λw, λx, λy) are equivalent for any nonzero scalar.
In the present case we impose the equivalence relation

(w, x, y, z) ∼ (λw, λx, λy, λ d/2 z).
It has the property that a vector equivalent to a solution of (1.27) is also a
solution of (1.27). Now consider the set of points in Sw0 ⊂ S 0 such that w , 0.
The corresponding set in S̄, which we denote by S̄w , is open. Moreover, each
element of S̄w has a unique representative in S 0 such that w = 1. Therefore, the
open set S̄w can be identified with the affine hypersurface
z2 = F(1, x, y) = f (x, y).
Consequently, S̄w can be identified with S.
The space S̄ is covered by the open sets S̄w , S̄x , S̄y , and S̄z . The sets S̄x and S̄y
can be treated just as S̄w was treated. If F(w, y, z) = 0 is smooth, then so are S̄w ,
S̄x , and S̄y . The last set, S̄z , requires a slightly different argument. If z , 0, then
we may impose the normalization z = 1. However, points of the form (w, x, y, 1)
are not unique in their equivalence class, because (w, x, y, 1) ∼ (λw, λx, λy, 1)
where λ d/2 = 1. Note, however, that the action by the d/2-th roots of unity has
no fixed points on the set Sz0 defined by the equation F(w, x, y) = 1. Thus, Sz0
is an unramified d/2-fold cover of S̄z . We can view the map Sz0 −→ S̄z as a
kind of generalized coordinate chart for the open set S̄z . For most purposes this
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chart is sufficient. For example, a function or a differential form on S̄z is said
to be holomorphic if its pullback to Sz0 is holomorphic.
Notice that S̄ is the disjoint union of S̄w , which we have already identified
with S, and the complement of this set, which is the algebraic curve C̄ defined
by z2 = F(0, x, y). Thus,
S̄ = S ∪ C̄,
where C̄ is a two-sheeted cover P1 branched at the 2d roots of F(0, x, y) = 0.
The curve C “at infinity” is thus a double branched cover of the line at infinity
used to compactify C2 . From this observation one can deduce that S̄ is compact.

Euler Characteristic
Let us now try to understand the topology of a double plane S̄ with branch
locus B̄. The first task is to compute the Euler characteristic. To this end, note
that the branch curve can be viewed either as a subset of S̄ or as a subset of P2 .
Viewed in the former way, we have a decomposition
S̄ = (S̄ − B̄) ∪ B̄
into two disjoint sets. Using the second point of view, we see that S̄ − B̄ is a
two-sheeted unramified cover of P2 − B. Thus,
e(S̄) = 2e(P2 − B̄) + e( B̄).
Since the Euler characteristic is additive over disjoint sets, this simplifies to
e(S̄) = 2e(P2 ) − e(B).
The Euler characteristic of a plane curve of degree d is
e(plane curve, d) = −d 2 + 3d.
Thus, bearing in mind that d must be even, we have
e(double plane, d) = d 2 − 3d + 6.
Examples 1.3.1. (i) Suppose that the branch locus is a conic (degree 2). A
typical affine equation is z2 = x 2 + y 2 , and so the surface is a smooth quadric,
isomorphic to P1 × P1 . According to the formula, the Euler characteristic is 4,
which agrees with e(P1 × P1 ) = e(P1 ) × e(P1 ) = 2 × 2 = 4.
(ii) Suppose that the branch locus is a quartic (degree 4). Then the Euler characteristic is 10, and the surface is a so-called Del Pezzo surface. It can be obtained
by blowing up seven points in P2 .
(iii) Suppose that the branch locus is sextic (degree 6). The Euler characteristic
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is 24, and the surface is a so-called K3 surface. By definition, a K3 surface
is a surface with b1 = 0 and trivial canonical bundle. That our example has
these invariants follows from calculations below: the Betti numbers are calculated in the next subsection, and the holomorphic forms on double planes are
investigated further below: see Eq. (1.30).

Betti Numbers
Let us now determine the Betti numbers of a double plane S. First, S is connected, and is, as a complex manifold, oriented. Thus H 0 (S, Z)  H 4 (S, Z)  Z.
By Zariski (1971, §8.1), for any smooth a smooth plane curve C of degree d
one has
π1 (P2 − C)  Z/d.
The fundamental group is generated by the oriented boundary of a small complex disk which meets the branch curve transversally. If B̄ is a smooth curve of
degree 2d, then π1 (P2 − B̄)  Z/2d and π1 (S̄ − B̄)  Z/d. The latter group is
also generated by the oriented boundary of a small complex disk which meets
the branch curve transversally. When B̄ is attached to S̄ − B̄ along its normal
bundle, the homotopy class of the oriented disk boundary is killed, and so
π1 (S̄) = {1} .
Thus H1 (S̄), which is the abelianization of the fundamental group, is 0. By
Poincaré duality, it follows that H 3 (S̄; Z) = 0. Thus the middle Betti number is
determined:
dim H 2 (S̄, Q) = e(S) − 2 = d 2 − 3d + 4.
Examples 1.3.2. (i) Suppose that the branch locus is a conic. Then the second
Betti number is 2. Thus the rank of the second homology is also 2. Can we find
a basis for the homology cycles? Since S̄  P1 ×P1 , one has cycles {a} ×P1 and
P1 × {b}. More directly, one has projective lines from each of the two rulings
of the quadric surface S̄. These lines intersect in a single point, say (a, b). The
self-intersection of a line is 0, since {a} ×P1 is homologous to the disjoint cycle
{a 0 } × P1 . Thus the intersection matrix of the given set of homology cycles is


0 1
.
1 0
It follows that the two rulings generate the homology.
(ii) Suppose that the branch locus is a quartic. Then the second Betti number is
8. An alternative model of S̄ is the projective plane blown up at seven points in
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general position. Let ` be a line which does not pass through the given points.
Let Ei be the exceptional locus corresponding to the i-th blown up point pi .
Concretely, Ei is the set of lines through pi . Thus it is a P1 . The intersection
matrix of the cycles (`, E1 , . . . , E7 ) is the diagonal matrix (1, −1 , . . . , −1),
where there are eight (−1)s. Thus the given cycles are a free basis for the Zmodule H1 (S̄; Z).
(iii) Suppose that the branch locus is a sextic. Then the second Betti number
is 22. The inverse image of a line in P2 is a cycle on S̄ and one sees that
it is nontrivial. Indeed, its self-intersection is 2. Can we find other cycles
which generate the second homology? It turns out that this case is completely
different from the others. In the previous cases the other homology cycles
were algebraic, that is, defined by polynomial equations. In the present case,
the inverse image of the line, up to multiplying by a rational number, is the
only algebraic homology cycle, provided that S̄ is “generic.” Generic varieties,
which should be opposed to “special” ones, have the property that they arise
from a random choice of coefficients with probability 1. To make this assertion
more precise (though not to prove it), observe that the space of polynomials in
three homogeneous variables (the space of the F(w, x, y) defining the branch
locus) is a vector space of dimension 28. Excluding the zero polynomial and
identifying F with λF, we see that the space of all possible branch loci is a
27-dimensional projective space. There is a countable union F of algebraic
hypersurfaces with the property: if B̄ < F then all algebraic cycles are rational
multiples of the obvious algebraic cycle. This fact is not easy to see and is
a consequence of Hodge theory. Further on in this section we give a partial
explanation of the assertion just made.

The Hodge Conjecture
In the previous paragraph we observed that for some double planes the middle
homology is spanned by algebraic cycles and that for some it is not. When
the branch locus has degree two or four, all of the cohomology is algebraic,
but when the branch locus has degree six or higher, there exist nonalgebraic
cycles. The explanation for this phenomenon is Hodge-theoretic. By de Rham’s
theorem, every cohomology class with complex coefficients can be represented
by a closed differential two-form. If (x1 , . . . , x4 ) are local coordinates, then
such a differential form can be written as
φ=

Õ
ij

ai j dxi ∧ dx j ,
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where
dφ =

Õ ∂ai j
dxk ∧ dxi ∧ dx j = 0.
∂ xk
ij

Given a two-cycle, one may form the integral
∫
φ.
c

If

c0

= c + ∂ A is a cycle homologous to c, then
∫
∫
φ=
φ.
c0

c

This is because of Stokes’ theorem:
∫
∫
φ=
dφ = 0.
∂A

A

Thus φ defines a linear functional not just on two-chains, but on two-dimensional
homology classes. Therefore it represents a cohomology class.
Because S̄ carries a complex structure, we can distinguish several types of
differential forms. Those of type (2, 0) are those which can be written locally
as f (z, w) dz ∧ dw, where z and w are local holomorphic coordinates. The
coefficients of a (2, 0)-form that is closed are holomorphic. This is because
∂f
∂f
dz ∧ dz ∧ dw +
dw ∧ dz ∧ dw
∂z
∂w
∂f
∂f
+
d z̄ ∧ dz ∧ dw +
dw̄ ∧ dz ∧ dw
∂ z̄
∂ w̄
∂f
∂f
=
d z̄ ∧ dz ∧ dw +
dw̄ ∧ dz ∧ dw.
∂ z̄
∂ w̄

d( f dz ∧ dw) =

Thus the Cauchy–Riemann equations hold for f if f dz ∧ dw is closed:
∂f
∂f
= 0 and
= 0.
∂ z̄
∂ w̄
Consequently, closed (2, 0)-forms on an algebraic surface are, like closed (1, 0)forms on a Riemann surface, holomorphic.
In addition to the conjugates of (2, 0)-forms, which have the local expression
g d z̄ ∧ dw̄, and which are said to “be of type (0, 2)," there are forms of mixed
type, or “type (1, 1).” These have the local form
φ = a dz ∧ dw̄ + b dw̄ ∧ dz.
We cannot say anything interesting in general about the coefficients of a closed
(1, 1)-form, except that they are C ∞ functions.
As with Riemann surfaces, the closed forms of type (p, q) define a subspace
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of cohomology which we write as H p,q (S). What is more difficult to establish,
but is nonetheless true, is that these subspaces give a direct sum decomposition:
H 2 (S; C) = H 2,0 (S) ⊕ H 1,1 (S) ⊕ H 0,2 (S).
This is the Hodge decomposition for two-cohomology. It holds for all algebraic
surfaces, but not for all complex surfaces, and it has the additional property
that complex conjugation reverses type:
H p,q = H q, p .
Let us reconsider the nature of algebraic cycles on an algebraic surface. Such
an object is formally a sum of algebraic curves
Z = n1 Z1 + · · · + nk Zk ,
where the ni are integers and the Zi are algebraic curves, that is, Riemann
surfaces with possibly a finite number of singularities. Given a closed twoform φ, one can form the integral
∫
∫
∫
φ = n1
φ + · · · + nk
φ.
Z

Z1

Zk

The component integrals have the form
∫

φ,

W

where W is an algebraic curve. Given a smooth point p of W, consider local
holomorphic coordinates (z, w) where w = 0 defines W. Then the integrand
φ = f (z, w) dz ∧ dw vanishes identically on W, and so we have
∫
φ=0
W

for any closed form of type (2, 0). We have established the following important
principle.
Theorem 1.3.3. Let φ represent a cohomology class of type (2, 0), and let Z
be an algebraic cycle. Then the equation
∫
φ=0
Z

is satisfied.
The preceding theorem gives a necessary condition for a homology class
to be algebraic, that is, to be represented as an algebraic cycle. That this is
also sufficient has been shown by Lefschetz and Hodge (see Hodge, 1959, pp.
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214–216). The modern proof due to Kodaira and Spencer (1953) applies more
generally to divisors, i.e., algebraic cycles of codimension 1 in any complex
projective manifold.
Theorem 1.3.4. Let S be an algebraic surface and let c ∈ H2 (S, Q) be a
nonzero rational homology class. Suppose that
∫
φ=0
c

for all φ ∈ H 2,0 (S). Then there is an integer m such that mc is represented by
an algebraic cycle.
One often states the preceding result in purely cohomological terms. A class
α ∈ H 2 (S, Q) has a decomposition
α = α2,0 + α1,1 + α0,2,
where α p,q ∈ H p,q . Suppose that it is of type (1, 1) in the sense that α = α1,1 .
Then Theorem 1.3.4 asserts that α is Poincaré dual to a rational multiple of an
algebraic cycle.
One can attempt to generalize the previous result to projective algebraic
manifolds of higher dimension. If Z ⊂ M is an algebraic subvariety of complex
dimension p, then one finds that
∫
φ=0
Z

if φ is a cohomology class of type (r, s) , (p, p). Thus an algebraic cycle
of dimension p – a homology class given by a rational linear combination
of subvarieties of dimension p – satisfies a certain set of equations given by
the vanishing of certain integrals. The Hodge conjecture asserts that this set of
equations is sufficient, up to rational multiples. The conjecture has been verified
for p = 1 and p = n − 1, where n is the dimension of M. The latter case, as we
saw above, is due to Kodaira and Spencer (1953), and the former follows by
Lefschetz duality, as we see in Section 3.4.

Holomorphic Two-Forms
We have seen that the presence of forms of type (2, 0) on an algebraic surface
controls the extent to which homology classes can be represented by algebraic
cycles. We have also asserted double planes with branch curves of degree six
or more carry such forms which are nonzero. To see why this is so, consider
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the expression
φ=

a(x, y) dx ∧ dy
,
p
f (x, y)

(1.28)

for a double plane z2 = f (x, y). This expression generalizes in a natural way the
expression used to define holomorphic one-forms on branched double covers
of the projective line. We will show that it defines a holomorphic two-form on
S̄ provided that
1
(1.29)
degree a ≤ degree f − 3.
2
Thus double planes with branch curves of degree six or more have nonzero
holomorphic two-forms.
There are two issues to confront in establishing the previous result. The first
is to show that φ is holomorphic at points of S. The argument here follows the
same reasoning as with the corresponding expression in the case of Riemann
surfaces. Because
a(x, y) dx ∧ dy
,
φ=
z
the given form is clearly holomorphic on the set z , 0. For the set z = 0,
differentiate the relation z2 = f (x, y) to obtain 2z dz = fx dx + fy dy. Multiply
by dy to find 2z dz ∧ dy = fx dx ∧ dy. Then write
φ=

2a(x, y) dz ∧ dy
,
fx

and note that there is a similar expression with fy in the denominator. Since
the equation f (x, y) = 0 is assumed to define a smooth algebraic curve, at least
one of the partial derivatives is nonzero at each of its points. Thus, at least one
of the possible expressions for φ is manifestly holomorphic, as required.
The second issue is to show that φ extends to a holomorphic differential on S̄
at the points “at infinity,” that is, at the points of S̄ − S. For this it is sufficient to
show that there is a compatible set of holomorphic forms defined on the open
sets S̄w , S̄x , S̄y , and S̄z . To this end, consider the form Φ deduced from
φ=

a(x, y) dx ∧ dy
z

by the substitutions x → x/w, y → y/w, z → z/w d/2 . The result is
Φ=

w d/2 −a−3 A(w, x, y)(w dx ∧ dy − x dw ∧ dy + y dw ∧ dx)
,
z

a form which is defined on C4 and which defines forms on S̄w , etc., upon the
substitutions w = 1, etc. These substitutions define a compatible set of forms

56

Introductory Examples

on the given open sets, and the form defined on S̄w is φ. The argument of
the previous paragraph shows that the forms on S̄x and S̄y are holomorphic if
F(w, x, y) = 0 is smooth. The open set S̄z remains to be considered. On this set
the resulting form is
d

w 2 −a−3 A(w, x, y)(w dx ∧ dy − x dw ∧ dy + y dw ∧ dx).
It is holomorphic if and only if a ≤ d/2 − 3, as claimed.
We have shown that the expressions (1.28) subject to condition (1.29) define
holomorphic two-forms on the given double plane. One can show that all
holomorphic two-forms are given by such expressions. Therefore, the Hodge
number h2,0 is the dimension of the space of polynomials of degree at most
d/2 − 3 in two variables. This is the same as the dimension of the space of
polynomials of degree exactly d/2 − 3 in three variables. Thus,
h2,0 = (d/2 − 1)(d/2 − 2)/2.
Recall that the degree of the branch curve is d.
From our computation of the middle Betti number and of h2,0 we find that
3 2 3
d − d + 2.
4
2
Thus, the Hodge numbers are determined. For a double plane with branch locus
of degree two the vector of Hodge numbers (h2,0, h1,1, h0,2 ) equals (0, 2, 0). For a
quartic branch locus, this vector is (0, 8, 0), and for the sextic case it is (1, 20, 1).
If the branch locus has affine equation f (x, y) = 0, where f has degree six,
then all holomorphic two-forms are proportional to
h1,1 =

φ=

dx ∧ dy
1

,

(1.30)

f (x, y) 2

quite like the case of elliptic curves. Since K3 surfaces play a recurring role
later on, let us set apart what we found:
S a K3 double plane =⇒ h2,0 (S) = h0,2 (S) = 1,

h1,1 (S) = 20.

(1.31)

Periods
To describe the Hodge decomposition of an algebraic surface in somewhat
more explicit terms, consider a basis c1 , . . . , cn for the second homology and
a basis α1 , . . . , α k for H 2,0 . The period matrix of the surface relative to these
bases is the matrix with entries
∫
Pij =
αi .
cj
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Let ci be the cohomology basis dual to the c j in the sense that
ci (c j ) = δi j
is 1 if i = j and is 0 otherwise. Then
αi = P1i c1 + P2i c2 + · · · Pni c n,
and so P determines H 2,0 as a subspace of H 2 (S; C). More precisely, the
row space of P is the same as the subspace of Cn corresponding to H 2,0 via
the identification H 2 (S; C) −→ Cn which sends a class α to the vector with
coordinates α(ci ). In this way we can associate with a surface S and a choice
of homology basis a k-dimensional subspace of Cn .
Consider now a family of algebraic surfaces St , for example, the pencil of
double planes with branch curve Bt given by F(w, x, y) + tG(w, x, y). As with
the family of Riemann surfaces considered above, it is possible to construct a
“topologically trivial” family of homology bases (ci (t)). Likewise, it is possible
to construct a family of bases for the space of holomorphic two-forms. In the
case of the family of double covers just considered, one can take
αi =

ai dx ∧ dy
,
p
ft

where ft = f (x, y) + tg(x, y) and ai (x, y) is a basis for the space of polynomials
of degree at most d/2 − 3, and where d is the degree of f . One can then show
that the map from the t-disk to the Grassmann variety of k-planes in n-space
is holomorphic. This result, whose proof can be constructed along the lines of
that presented for Riemann surfaces, gives a crude version of the period map
for algebraic surfaces. In the case of a double plane with a sextic branch curve,
the crude period matrix is a vector in C22 and its row space is the corresponding
line. Thus the period matrix takes values in P21 . We come back to this later.
A closer study of the period matrix reveals that it is not an arbitrary k × n
matrix. This is because the subspace H 2,0 that it represents is not an arbitrary
subspace of the vector space H 2 (S; C). To understand the kind of restrictions
naturally imposed, consider the symmetric bilinear form
∫
Q(α, β) =
α ∧ β.
S

If α and β are elements of

H 2,0 ,

then the integrand has the local form

f (z, w) dz ∧ dw ∧ g(z, w) dz ∧ dw.
This expression vanishes since dz ∧ dz = 0. Thus H 2,0 is an isotropic space
for the bilinear form given by the cup product: a space on which the cup product
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is identically 0. Note the analogy with the first bilinear relation for Riemann
surfaces.
To put the analogy just noted in more concrete form, let Q(x, y) denote
the

Í
cup product and write Q(ci, c j ) = Qi j and φi = j Pij c j , where ci is a

basis for H 2 (S; Z) and φ j is a basis for H 2,0 (S). Because H 2,0 is an isotropic
subspace for Q, one has Q(φi, φ j ) = 0, which translates as
Õ
j
i
Q mn Pm
Pn = 0,
where the summation is over repeated indices. Thus the period map takes
values in a subvariety X of the Grassmannian defined by quadratic equations.
In the case of a double plane with a sextic branch locus, the variety X is a
20-dimensional quadric in P21 . However, the integral
∫
φ
C

vanishes for the curve C defined by x = 0, or for any of the homologous
subvarieties defined by the vanishing of a linear function of the coordinates x, y.
Equivalently, the period vector (P0 , . . . , P21 ) satisfies a fixed linear relation,
which we can, by a suitable choice of homology basis, assume to be P21 = 0.
Therefore the period map takes values in a fixed 19-dimensional quadric lying
in a fixed 20-dimensional projective space.
Now consider the expression
∫
Q(α, ᾱ) =
α ∧ ᾱ,
where again α is a holomorphic two-form. The integrand is locally
| f (z, w)| 2 dz ∧ dw ∧ d z̄ ∧ dw̄ = −| f (z, w)| 2 dz ∧ d z̄ ∧ dw ∧ dw̄.
However, (i dz ∧d z̄)∧(i dw ∧dw̄) defines the natural orientation for the complex
manifold, and so the integrand is positive. Thus, we have
Q(α, ᾱ) > 0
for any nonzero element of H 2,0 . This relation, which says that H 2,0 is a positive
subspace for the Hermitian form Q(·, ¯·), is the analogue of the second bilinear
relation for Riemann surfaces.
Via the correspondence of H 2 (S; C) defined by a choice of basis, we can
transfer the bilinear and Hermitian forms discussed above to Cn . The set of all
isotropic, positive k-dimensional subspaces is the period domain for the given
Hodge structures. It is an open subset D (defined by the second relation) of a
closed submanifold X (defined by the first relation) of the Grassmannian:
D ⊂ X ⊂ Grassmannian.
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The assertion made above is that the map from the t-disk to D defined by the
period matrix is holomorphic.
We come now to the part of Hodge theory that is genuinely different in dimension two. This is the Griffiths infinitesimal period relation or transversality
relation (see Griffiths, 1968), which in the present context asserts that H 2,0 (St )
cannot vary arbitrarily as a subspace of H 2 (St ; C). For this statement to have
meaning, we must choose an identification of H 2 (St ; C) with the fixed subspace
H 2 (S0 ; C). This we do in a topologically natural way, as we did in the case of
Riemann surfaces. Fix a basis c1 (0) , . . . , c n (0) for H 2 (S0 ) and let
ci (t) = (φ∗t )−1 ci (0),
where φt : S0 −→ St is the trivializing diffeomorphism. The Griffiths relation
asserts that
d
H 2,0 (St ) ⊂ H 2 (S0 ) + H 1,1 (S0 ).
dt t=0
To explain the meaning of this assertion, we need a definition of the derivative
of a variable family of subspaces of a fixed vector space. The derivative of
H 2,0 (St ), identified as a subspace of Cn , is defined as follows. Choose a basis
α1 (t) , . . . , α k (t) for H 2,0 (St ) so identified. Then set
d
dt

H 2,0 (St ) := Span of αÛ 1 (0) , . . . , αÛ k (0) modulo H 2,0 (S0 ).
t=0

One checks that the definition makes sense and that, if it is identically 0, then
H 2,0 (St ) = H 2,0 (S0 ) for all t close to 0. We can also interpret this procedure
geometrically by viewing the variable subspaces H 2,0 (St ) inside H 2 (S0 ; C) as
giving a curve in the Grassmannian, and what we defined above simply is the
tangent space at the origin to this curve. See also Problem C.1.9 in Appendix C.
A priori, the derivative is simply a subspace of H 2 (S0 ; C) modulo H 2,0 (S0 ).
Griffiths’ relation asserts that it lies in the subspace H 2,0 + H 1,1 . This is a proper
subspace of the cohomology if and only if there are nonzero holomorphic twoforms. For double planes, the relation is nontrivial if the degree of the branch
locus is at least six.
At this stage we cannot give a complete proof of Griffiths’ relation. However,
we can explain the main idea. First, note that the relation makes a statement
about a filtration of the cohomology. This is the Hodge filtration, defined by
F 2 = H 2,0, F 1 = H 2,0 + H 1,1, F 0 = H 2,0 + H 1,1 + H 0,2 .
Note that it satisfies the property
F 0 ⊃ F 1 ⊃ F 2,
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i.e., is a decreasing filtration. The general form of the Griffiths relation is
FÛ p ⊂ F p−1 .
Thus, differentiation moves the filtration infinitesimally by at most one step, as
in the case of Frenet frames for space curves.
Now let us reconsider the cohomology of a variable family of double
planes. Fixing a polynomial a(x, y) but letting the branch locus vary in the
one-parameter family defined by ft = f (x, y) + tg(x, y), we construct a oneparameter family of holomorphic two-forms,
αt =

a dx ∧ dy
1

.

ft 2
The derivative of a family of cohomology classes is again a family of cohomology classes, and that derivative is given explicitly as
αÛ t = −

1 ga dx ∧ dy
.
3
2
ft 2

The second derivative is also a family of cohomology classes, given explicitly
as
1 g 2 a dx ∧ dy
··
.
αt =
5
3
ft 2
These computations suggest that there is another filtration of the cohomology,
given by order of the fractional pole. We know that F 2 is represented by classes
with denominator f 1/2 . The space of cohomology classes with denominator
f 3/2 includes the space of classes with denominator f 1/2 . Thus, it is natural
to ask whether this space corresponds to F 1 and, likewise, whether the space
with denominator f 5/2 corresponds to F 0 , that is, to the full cohomology.
In Section 3.2 we come back to a similar but simpler situation, the case of
a smooth hypersurface of projective space. We then see that the analogues
of these statements, with one technical adjustment (replace “cohomology” by
“primitive cohomology”) are all true: the pole and Hodge filtrations coincide for
smooth varieties. In this context the Griffiths relation, which is the foundation
for much of higher-dimensional Hodge theory, holds.
One application of the technique used to motivate the Griffiths relation is a
calculation of the derivative of the period map. Consider, for example, the case
of sextic branch curves. Then there is just one nonzero holomorphic two-form,
up to constant multiples, namely
αt =

dx ∧ dy
1

ft 2

.
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Its derivative is
αÛ t = −

1 g dx ∧ dy
.
3
2
ft 2

However, the expression on the right is to be taken modulo H 2,0 , that is, modulo
αt . Moreover, we consider these expressions not as differential forms, but as
cohomology classes. Thus the derivative is 0 if and only if it is cohomologous
to a form with denominator f 1/2 . In short, the actual derivative is 0 if we can
reduce the order of the denominator of the formal derivative.
How might the order of the pole be reduced? A natural way to proceed is to
add the exterior derivative of
a dx + b dy
1

,

f2
namely
−

1 (b fx − a fy ) dx ∧ dy
.
3
2
f2

Thus if g is in the ideal generated by the partial derivatives of f – the so-called
Jacobian ideal – then the order of the pole can be reduced. In Problem 1.3.4 we
give an application of this idea.

Problems
1.3.1
1.3.2

Show that the double plane z2 = f (x, y) is connected.
Consider the two-torus T = E1 × E2 , where Ei = C/(Z + τi Z), τi ∈ h,
i = 1, 2.
Let {δi, γi }, i = 1, 2 be a basis of H1 (Ei ). Using the Künneth
formula, write down a basis for H2 (T).
(b) The one-form dz defines a one-form ωE1 on E1 and ωE2 on E2 and
hence gives a basis for the cotangent bundle ΩT1 . There results a
basis {ω1, ω2 } for H 1,0 (T). Express the Hodge decomposition of
H 2 (T; C) in terms of these forms.
(c) Verify that the two cycles E1 × e2 and e1 × E2 have type (1, 1) and
give conditions on τ1 and τ2 guaranteeing there are more algebraic
cycles on T. Give an example where the maximum number, 4, is
attained.
(a)

1.3.3

Let S ⊂ P3 be a smooth algebraic surface. Let {x, y, z} be affine
coordinates and assume that f = 0 is an affine equation for S.
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Show that on the set where fz is nonzero, a rational two-form on
S without poles is given by
a(x, y, z) dx ∧ dy
,
fz (x, y, z)

deg a ≤ deg f − 3.

Use this to give an explicit basis for H 2,0 (S).
(b) Calculate the Euler characteristic of the Fermat surface Sd given
by x d + y d + z d + 1 = 0 by projecting it onto the (x, y)-plane.
Using the fact that Sd is simply connected, use this to calculate
the Betti numbers of Sd . Using the fact that all smooth degree d
surfaces are diffeomorphic (this will be proven in Section 4.1),
determine the Hodge numbers of S.
(c) Now let d = 3 and let C be a smooth cubic surface. Show that
b2 (C) = h1,1 (S) = 7 and hence S has no periods. However, C does
have moduli: it is a classical fact (see e.g. Griffiths and Harris,
1978, p. 489) that C is isomorphic to the projective plane blown
up in 6 general points and since 4 of them can be chosen fixed
by the transitive action of PGL(3), there remain 2 variable points,
i.e., 4 moduli.
1.3.4

Consider the family X06 + X16 + X26 + t X02 X12 X22 of sextic curves in P2
and let St be the corresponding family of double planes. Show that the
corresponding period map is nontrivial.

1.4 Mixed Hodge Theory Revisited
We have already seen that Hodge theory can be generalized to apply not only
to smooth projective varieties of any dimension, but also to singular varieties,
open varieties, and to degenerations (the notion of a limit mixed Hodge structure). Although the general theory is elaborate and technically complex, it is
possible to give a construction of Hodge theory for special singular varieties
that introduces many of the main ideas and applies to sufficiently many examples to be of interest. To describe this construction, let us first consider the case
of a singular projective variety X that is the union of two smooth projective
components X1 and X2 :
X = X1 ∪ X2 .
Let X12 = X1 ∩ X2 be the intersection of these components, and let us suppose
that this variety is also smooth. This situation is shown schematically in Fig.
1.19.
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X1

X12

X2

Figure 1.19 Smooth varieties intersecting.

One basic example is a double plane with affine equation z2 = f (x, y)2 . In
this case, that of a double branch curve, the variety X consists of two copies of
projective two-space glued along the Riemann surface X12 defined by the affine
equation f (x, y) = 0. Another fundamental example is given by the projective
hypersurface G1 (x)G2 (x) = 0. Its two components are the hypersurfaces Xi
defined by Gi (x) = 0, where x = (x0, . . . , xn ). They meet along the set X12
defined by the two equations G1 (x) = 0 and G2 (x) = 0.
The natural tool for analyzing the cohomology of X is the Mayer–Vietoris
sequence (see Appendix B):
· · · H m−1 (X1 ) ⊕ H m−1 (X2 ) → H m−1 (X12 ) → H m (X)
→ H m (X1 ) ⊕ H m (X2 ) → H m (X12 ) · · ·
From it we deduce the short exact sequence
0 −→ K −→ H m (X) −→ Q −→ 0,
where
K = cokernel [H m−1 (X1 ) ⊕ H m−1 (X2 ) −→ H m−1 (X12 )]

(1.32)

and
Q = kernel [H m (X1 ) ⊕ H m (X2 ) −→ H m (X12 )].

(1.33)
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The cohomology groups that occur in the definitions of K and Q carry Hodge
structures, because the varieties in question are smooth and compact. The
maps in (1.32) and (1.33) are morphisms of Hodge structure, because they
are differences of maps induced by holomorphic maps. Hence K and Q carry
Hodge structures. The weight filtration for the natural mixed Hodge structure
on X is defined by
Wm−1 = K,

Wm = H m (X),

so that
Wm /Wm−1  Q
is an isomorphism of Hodge structures. To define the Hodge filtration, one needs
a way of computing cohomology using differential forms. Then cohomology
classes in the p-th level of the Hodge filtration are represented by differential
forms which have at least p dz’s.
Although we do not work out the details here, the basic idea is simple: a
differential k-form on X is given by differential forms α1 on X1 and α2 on X2
that are compatible on X12 . By compatible we mean that i1∗ α1 = i2∗ α2 , where
i j : X12 −→ X j is the inclusion. If we denote by A• (X) the complex of such
forms, then it sits in a short exact sequence of complexes
0 −→ A• (X) −→ A• (X1 ) ⊕ A• (X2 ) −→ A• (X12 ) −→ 0.
The associated long exact sequence of cohomology is the Mayer–Vietoris sequence for de Rham cohomology. This is the technical tool used to show that
the given Hodge and weight filtrations define a mixed Hodge structure.
We give an example. Take the double plane X with affine equation z2 =
g(x, y)2 , where g(x, y) = 0 defines a smooth cubic curve C. The mixed Hodge
structure of H 2 (X) has weights 1 and 2, and the associated Hodge structures
are given as follows. Let A and B be two copies of P2 , so that X = A ∪ B with
A ∩ B = C. Since P2 is simply connected, Eq. (1.32) yields
K  H 1 (C).
Thus K is the Hodge structure of an elliptic curve. Using Eq. (1.33), we see
that
Q  Z(−1),
where a generator is given by a pair of compatible generators of H 2 (P2 ), one for
A and one for B. Thus the mixed Hodge structure of X sits in an exact sequence
0 −→ H 1 (C) −→ H 2 (X) −→ Z(−1) −→ 0,
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where Z(−1) is the trivial Hodge structure of rank 1 and type (1, 1). Unlike our
previous examples, this mixed Hodge structure is split:
H 2 (X)  H 1 (C) ⊕ Z(−1).
Note that H 2 (X), viewed as a mixed Hodge structure, contains all the information needed to build the double plane X. Indeed, H 2 (X) determines W1 H 2 (X),
which is the Hodge structure of an elliptic curve isomorphic to C. Because the
mixed Hodge structure is split, it contains no more information, which is as it
should be.
For an example where the mixed Hodge structure does not split, consider the
reducible quartic hypersurface X = A ∪ B ⊂ P3 , where A is a plane and B is
a cubic surface. We assume A and B meet transversally, that is, with distinct
tangent planes at each point of C. Thus C is a smooth cubic curve. The mixed
Hodge structure in this case is also an extension of pure Hodge structures. A
proof of this as a problem with hints is given below (Problem 1.4.1). However,
unlike the mixed Hodge structure of the first example, it is not split. Although a
full treatment of this phenomenon would take us too far afield, we can say what
the basic idea is; details are available in Carlson (1980). Consider two skew
lines L and L 0 which lie on the cubic surface. These lines meet C in points p
and p0. The divisor class of p − p0 is given by a line integral on C that expresses
part of the obstruction to splitting the mixed Hodge structure of X. A careful
analysis of these obstructions shows that there is just enough information to
build the quartic surface X from the mixed Hodge structure of H 2 (X).

Mapping Cones
Although very few singular varieties are of the form A ∪ B, the ideas behind
the Mayer–Vietoris sequence can be extended in a substantial yet simple way
so as to treat far more general cases. One generalization is to consider arbitrary
unions A1 ∪ · · · ∪ An which are in “normal crossing form.” These have local
analytic equations of the form z1 · · · zk = 0. Replacing the Mayer–Vietoris exact
sequence by the Mayer–Vietoris spectral sequence (see e.g. Bott and Tu, 1982),
one arrives at a general theory of varieties of this kind. Another generalization,
which we discuss now, uses the idea of the mapping cone associated with
a generalized cover. With this construction we can treat more complicated
singularities.
Let us begin by re-examining the Mayer–Vietoris sequence from a more
abstract point of view. To this end, consider a space X which can be written as
the union of two subspaces A and B. Thus X = A ∪ B, and Y = A ∩ B is the
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intersection. All of the relevant information is contained in the diagram
Y
p

A

q

~

B
j

~

i

X.

All the maps in the diagram are inclusions, and the data of these spaces and
maps, specifically the diagram
p

q

K(p, q) = [A ←−− Y −→ B],
are sufficient to define the Mayer–Vietoris sequence and so to compute the
cohomology of X. We call K(p, q) the mapping cone associated with the pair
(p, q).
Associated with the geometric mapping cone is a mapping cone of cochain
complexes. To describe it, suppose we are given a map of complexes
φ

L • −−→ M • .
Such a map defines a new complex K(φ), where
K p = L p+1 ⊕ M p
and where the differential δ : K p −→ K p+1 is given by
δ(`, m) = (−δ(`), −φ(`) + δ(m)).
The complex (K(φ), δ) is usually called the (algebraic) mapping cone of φ,
denoted Cone(φ). It fits in an exact sequence as we now explain. Clearly M •
is a subcomplex of K • . To ensure that the projection induces a morphism
of complexes K p −→ L p+1 , we introduce for any complex M the shifted
complex M[k] where M[k] p = M p+k and where the differential is given
by δ M[k] = (−1)m δ M . Thus H p (M[k]) = H p+k (M). Then L • [1] is indeed a
quotient complex of K • and so we obtain an exact sequence of complexes
0 −→ M • −→ K • −→ L • [1] −→ 0.
Let us apply this construction to the map
p ∗ −q ∗

C • (A) ⊕ C • (B) −−−−−→ C • (Y ),
where C • stands for the cochain complexes in the simplicial or singular setting
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(see Appendix B). The associated long exact sequence of cohomology for
Cone(i ∗ − j ∗ ) reads as follows:
δ

· · · −→ H p−1 (Y ) −→ H p−1 (K • ) −→ H p (A) ⊕ H p (B) −→ H p (Y ) −→ · · · .
This sequence looks like the Mayer–Vietoris sequence, with H p−1 (K • ) playing
the role of H p (X). Indeed, one can prove that this is so by comparing the above
sequence with the Mayer–Vietoris sequence and using the five lemma.
To summarize, a cover of X by two sets A and B defines both a geometric
mapping cone K(i, j) and a cohomological one, Cone(i ∗ − j ∗ ). The cohomology
of the latter computes the cohomology of X, and it sits inside a Mayer–Vietoris
sequence.
Observe now that the mapping cone and the associated long exact sequence
of cohomology are defined for any diagram
p

q

[A ←−− Y −→ B],
whether they arise from a cover of a space X or not. To make use of this level of
generality, we need to know how to interpret the cohomology of the mapping
cone Cone(p∗ − q∗ ). To this end we define the geometric realization of K(p, q)
to be the following topological space. Form the disjoint union of A, Y × [0, 1],
and B. Define an equivalence relation by identifying (y, 0) with p(y) and (y, 1)
with q(y). The quotient space, which we write as |K(p, q)|, is by definition
the geometric realization. The space for the mapping cone associated with the
union X = A ∪ B is displayed in Fig. 1.20.

B

I 3 [A ∩ B]

A

Figure 1.20 Mapping cone of a union.

From Fig. 1.21 we see that |K(p, q)| is homotopy equivalent to X. Thus it is
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true in this case (and true in general) that 1
H •−1 (Cone(p∗ − q∗ ))  H • (|K(p, q)|).
As our principal application, consider a singular variety X, and let Σ be its
singular locus. For purposes of illustration, consider an algebraic curve with
e −→ X be a resolution of singularities.
a node, as in Fig. 1.16. Let p : X
This is a smooth algebraic variety and a surjective map p whose restriction to
X − p−1 (Σ) is an isomorphism. For our example this is illustrated in Fig. 1.17. A
fundamental theorem of Hironaka (1964) states that a resolution of singularities
always exists for projective algebraic varieties. Let e
Σ = p−1 (Σ), and consider
e −→ X:
the following, which we refer to as the resolution diagram of p : X
e
Σ
p

e
X

q





Σ

j
i



X.



From a formal standpoint the resolution diagram is like the nerve of a cover
of a space X by two open sets A and B, as in the Mayer–Vietoris diagram
considered above. The mapping cone K(p, q), the associated Mayer–Vietoris
sequence, etc., are defined. But what does the cohomological mapping cone
compute? The geometric mapping cone is given by Fig. 1.21, which is homotopy
equivalent to the singular curve X. Thus K(p, q) computes the cohomology of
X.
Now consider the geometric realization for a general resolution diagram.
There is a map
 : |K(p, q)| −→ X
defined as follows. Σ are mapped by p and q, respectively. A point (x, t) in
e
Σ × [0, 1] is mapped to i ◦ p(x) = j ◦ q(x). It is apparent that if x ∈ X − Σ,
then  −1 (x) is a point. If x ∈ Σ, then  −1 (x) is the geometric realization of
[i −1 (x) ←
− i −1 (x) −→ x]. This is a cone over i −1 (x) and so is contractible. Thus
the map from the geometric realization to X is a map with contractible fibers
and therefore is a homotopy equivalence.
1

Note the shift by −1 on the left. To avoid this shift some authors prefer to use the complex
Cone( f )[−1] instead of Cone( f ).
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p

q

Figure 1.21 Geometric realization of the resolution of a double point.

From the preceding discussion, we see that the long exact sequence of cohomology associated with a resolution diagram reads as follows:
e ⊕ H k (Σ) −→ H k−1 (e
· · · −→ H k−1 ( X)
Σ) −→ H k (X)
e ⊕ H k (Σ) −→ H k (e
−→ H k ( X)
Σ) −→ · · · .
Now consider the special case in which both Σ and e
Σ are smooth. Then each
term in the above sequence, except for the cohomology of X, is the cohomology
of a smooth projective variety and therefore carries a Hodge structure. As for
X itself, note that its cohomology is computed from the mapping cone, the
terms of which are complexes for smooth varieties. Thus, we can just as well
formulate a de Rham theory, considering the mapping cone
e ⊕ A• (Σ) −→ A• (e
[A• ( X)
Σ)].
With cohomology defined via differential forms, one defines the Hodge filtration
in the usual way, as the part of cohomology represented by forms with at least
p dz’s. The weight filtration is defined as it was for the usual Mayer–Vietoris
sequence. The result is a mixed Hodge structure on H k (X) with weights k and
k −1. The long exact sequence for the resolution diagram of a singular algebraic
curve gives the natural mixed Hodge structure and agrees with that described
above. For more examples see Problems 1.4.1 and 1.4.2.
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Problems
1.4.1

Consider the algebraic surface X ⊂ P3 which is the union of a hyperplane A and a cubic surface B meeting transversally along a plane
cubic curve C. Show that H 2 (X) is an extension of Q by K, where
K  H 1 (C),
and that
Q  Z(−1)7 .

1.4.2

As a hint, Q is the space of pairs of degree-2 cohomology classes
(α, β) on A and B that are compatible on C and H 2 (A)  Z(−1), with
a generator of type (1, 1) given by the hyperplane class. For the cubic
surface B one must use some classical facts (see for example Griffiths
and Harris, 1978). First, on any smooth cubic surface there lie exactly
27 lines. These are projective lines, that is, Riemann spheres, defined
as the intersection of two hyperplanes in projective three-space. The
homology classes of these lines generate the second homology of the
cubic surface. Furthermore, the rank of the second homology is 7.
Consider an algebraic surface X with one isolated singularity at a
e be a resolution of singularities, and denote the inverse
point p. Let X
image of p in the resolution by E. The inverse image, the so-called
exceptional locus, is an algebraic curve. Let us assume that it is smooth.
Discuss the mixed Hodge structure on X as an extension of a weight
1 Hodge structure by one of weight 2. Show that we get an ordinary
Hodge structure if the singularity is an ordinary double point, but a
genuine mixed Hodge structure if the singularity is an ordinary m-fold
point with m > 2.

2
Cohomology of Compact Kähler Manifolds

The cohomology of a complex projective algebraic manifold has more structure
than that of an ordinary compact manifold. For example (as we shall see), the
first Betti number is even and the second Betti number is nonzero. There are
several things which must be understood before this finer structure can be seen.
First is the representation of cohomology classes by harmonic forms, that is, by
solutions of Laplace’s equation, ∆φ = 0. Second are the special properties of
the Laplacian on an algebraic manifold. In fact, what is important is the Kähler
condition, a kind of strong compatibility between the Riemannian and complex
structures. The rest of the chapter is devoted to an exposition of the basic facts
of harmonic theory on compact Kähler manifolds, up to and including the
Lefschetz decomposition.

2.1 Cohomology of Compact Differentiable Manifolds
Recall that at every point p ∈ M of a differentiable manifold M of dimension m,
the tangent space TM, p is a real vector space of dimension m. The union when
p moves over M can be seen as a manifold TM of dimension 2m equipped with
a natural, differentiable projection π : TM → M giving TM the structure of a
vector bundle, the tangent bundle. We discuss the notion of a vector bundle in
Appendix C. In our case, locally over a coordinate patch (U, {x1, . . . , xm }), the
tangent bundle receives a product-structure as follows. The vector fields ∂/∂ xi ,
i = 1, . . . , m on U give a basis for the tangent space at every point in U and so
the union of these becomes naturally identified with the product
TM |U =



∂
∂
+···+R
,
TM, p = U × R
∂ x1
∂ xm
p ∈U
Ø
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and π is just projection onto the first factor. If you pass from U to another
coordinate patch V, the Jacobian matrix provides the means to glue TM |U to
TM |V. This procedure defines a manifold structure on the resulting topological
space TM .
Ó ∨
∨
In a similar way, one defines the cotangent bundle TM
and the bundle k TM
of k-forms starting from the cotangent spaces, respectively their k-th exterior
powers. A smooth k-form is nothing but a global smooth section of the bundle
of k-forms. We set
def

Ak (M) = {space of smooth k-forms on M } .
Any smooth map f : N → M induces pullback maps f ∗ : Ak (M) → Ak (N).
The differentiable k-forms behave functorially with respect to differentiable
mappings between manifolds. In addition, the exterior differentiation on the
space Ak of (global) k-forms makes A• into a complex, the de Rham complex.
Its cohomology, the de Rham cohomology
def

•
HdR
(M) = {space of closed forms on M } /{space of exact forms on M }

is a differentiable invariant, functorially associated with differentiable manifolds. The wedge product of forms makes de Rham cohomology into a graded
commutative algebra and it is natural to ask whether there is a relation between
this invariant and the topological invariant given by the algebra of singular
cohomology. This is the content of de Rham’s theorem. To explain it, we make
use of the fact that singular cohomology in our situation can also be calculated
by means of differentiable simplices so that we can integrate without problems.
This is explained in Warner (1983, Chapter 5) which includes details of what
now follows. There is a natural map
k
k
ι : HdR
(M; k) → Hsing
(M; k),

k = R, C,

which is defined by letting a closed form act on a differentiable chain c by
integration:
∫
φ.
ι(φ)(c) =
c

That this is well defined on the level of cohomology classes is Stokes’ theorem,
∫
∫
ι(dψ)(c) = dψ =
ψ = 0,
c

∂c

and it turns out that the integration map is an isomorphism. For this result
compactness is not required (paracompactness suffices). A further feature is
the compatibility of the cup product of cochains and the wedge product of
differential forms, leading up to the final result as follows.
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Theorem 2.1.1 (de Rham’s Theorem). For a paracompact differentiable manifold M, integration gives an algebra isomorphism
∼

•
•
ι : HdR
(M; k) −→ Hsing
(M; k),

k = R, C.

Harmonic theory provides a distinguished representative for each cohomology class. To describe how, fix a Riemannian metric for the underlying manifold
M. This is by definition a smooth field g of inner products, one for each tangent
space. It therefore defines a rule for measuring the lengths of and the angles
between tangent vectors. As we have seen before, if x1 , . . . , xm is a system of
local coordinates on M, then the coordinate vector fields ∂/∂ xi give a basis for
the tangent space at each point of the given neighborhood. Thus we can define
a matrix-valued function with entries


∂
∂
.
gi j = g
,
∂ xi ∂ x j
The matrix (gi j ) is symmetric, positive definite, and gives a local formula for
g:
Õ
g=
gi j dxi dx j .
Riemannian metrics always exist. To see this, note that on Rm the usual dot
product gives one, written
Õ
g=
dxi dxi
in the present notation. A global metric can be obtained by patching together
local ones using a partition of unity and then using the fact that the set of positive
definite symmetric bilinear forms on a vector space is convex. Alternatively,
one may embed M in a suitable Euclidean space and use the induced metric:
the inner product of two vectors tangent to M at p is the dot product of their
images in Euclidean space.
Once a metric is defined on the tangent bundle, natural metrics are defined on
all associated bundles, e.g., the cotangent bundle and its exterior powers. One
way to define these is via orthonormal frames. Fix a local orthonormal frame
{Vi } for the tangent bundle, and let {φi } be the dual frame for the cotangent
bundle, defined by the relations
φi (Vj ) = δi j .
Define a metric on the cotangent bundle by declaring the φi ’s to be orthonormal,
i.e., by imposing the condition
g(φi, φ j ) = δi j .
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Next let φ I = φi1 ∧ · · · ∧ φik , where I = (i1 , . . . , ik ) is a strictly increasing
multiindex, and define a metric on the exterior powers of the cotangent bundle
by declaring these objects to be orthonormal, i.e., by imposing
g(φ I , φJ ) = δI J .
Now assume that M is not only Riemannian, but oriented, and that the
coordinates x1 , . . . , xm in the given order are compatible with the orientation.
Then the expression
q
det(gi j ) dx1 ∧ · · · ∧ dxm,
which is a priori defined only locally with reference to the given coordinate
system, in fact defines a global m-form. This is the volume form of the manifold,
which we write as dV. If moreover M is compact, then one may define an inner
product on the space Ak (M) of globally defined k-forms:
∫
(φ, ψ) =
g(φ, ψ) dV .
M

Given a positive inner product on Ak (M) one has a norm kφk 2 = (φ, φ). One
may seek to minimize the norm of elements in a cohomology class {φ + dψ},
where dφ = 0. Elements of minimal norm are unique if they exist. To show
existence one completes Ak (M) to a Hilbert space, the so-called space of L 2
k-forms. Then existence is trivial: the closure of is an affine subspace of a
Hilbert space and so has a unique point closest to the origin. Nontrivial is the
assertion that the minimum is a point of Ak (M), not merely of its closure in
L 2 . This is called “regularity” and is a foundational result in the theory of
elliptic differential equations, see Warner (1983, Chapter 7). To explain the
connection with differential equations, we first note that the exterior derivative
has an adjoint, namely a first-order partial differential operator
d∗ : Ak (M) → Ak−1 (M)
which is characterized by the identity
(dφ, ψ) = (φ, d∗ ψ).
To see this, first define the Hodge ∗-operator. This is an algebraic operator
defined pointwise on k covectors at a given point of the m-dimensional manifold
M by the formula
Ó ∨
Óm−k ∨
Ó ∨
∗ : k TM,
TM,x, α ∧ ∗β = (α, β)(dV)x, ∀α, β ∈ k TM,
x →
x.
A small calculation, which uses Stokes’ theorem and compactness, shows that
the operator (−1)mk+1 ∗ d∗ indeed gives an adjoint for d.
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Suppose now that φ is of minimal norm in its cohomology class, so that
kφk 2 ≤ kφ + t dψk 2

for all t. Expanding the right-hand side as kφk 2 + 2t(φ, dψ) + O(t 2 ), we see that
(φ, dψ) = 0, which implies that
(d∗ φ, ψ) = 0
for all ψ. Consequently,
d∗ φ = 0.
Thus, a minimal representative of a cohomology class is both closed and “coclosed.” Moreover, it is a solution of
∆φ = 0,
where
∆ = dd∗ + d∗ d
is the self-adjoint operator associated with exterior differentiation. This is the
Laplace equation for φ. As mentioned in the beginning of this chapter, the
solutions of the Laplace equation are the harmonic forms. Thus, minimal representatives are harmonic. It is an easy exercise to show that harmonic forms
are also minimal cohomology classes.
As noted above, a form which is both closed and co-closed is harmonic. The
converse also holds. Indeed, if φ is harmonic, then
(∆φ, φ) = 0.
However,
(∆φ, φ) = (dd∗ φ, φ) + (d∗ dφ, φ) = k d∗ φk 2 + k dφk 2,
which establishes the claim.
An immediate consequence of what has just been proved is that the spaces
of harmonic, exact, and co-exact forms are mutually orthogonal, where by coexact we mean an object of the form d∗ φ. One of the main results of harmonic
theory Warner (1983, Chapter 6) is that these spaces give an (orthogonal) direct
sum decomposition:
Theorem (The harmonic-Hodge decomposition theorem). Let M be a compact
oriented Riemannian manifold. There is an orthogonal direct sum decomposition
Ak (M) = Hk4 (M) ⊕ dAk−1 (M) ⊕ d∗ Ak+1 (M),

(2.1)
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where Hk4 (M) denotes the space of harmonic forms. The latter is a finite
dimensional vector space.
Consequently, one can define an operator G which is 0 on the harmonic
space and ∆−1 on its orthogonal complement. This is the so-called Green’s
operator. If H is orthogonal projection onto the harmonic space, then one has
the identities
∆G = 1 − H,
G∆ = 1 − H,
which assert that G is a pseudo-inverse for ∆. The Green’s operator commutes
with any self-adjoint operator commuting with the Laplacian. To show this,
suppose that we have such an operator T : Ap (M) → Aq (M). Let p1 , p2 be
p
q
the orthogonal projections onto H 4 (M)⊥ and H 4 (M)⊥ , respectively. Because
p
q
T commutes with the Laplacian, it sends H 4 (M) to H 4 (M), and because the
orthogonal complement of the harmonic forms is the image of the Laplacian,
T commutes with orthogonal projection onto these spaces, i.e., T ◦ p1 = p2 ◦T.
p
Moreover, denoting the restriction of the inverse of the Laplacian to H 4 (M)⊥
q
and H 4 (M)⊥ by r1 and r2 , respectively, we also have T ◦r1 = r2 ◦T. So we obtain
the desired commutation relation:
T ◦G = T ◦∆−1 ◦ p1 = T ◦r1 ◦ p1
= r2 ◦T ◦ p1 = r2 ◦ p2 ◦T = G◦T .
From this we find
∆G = dd∗ G + d∗ dG = dG d∗ + d∗ G d.
Combined with the pseudo-inverse property, this yields
φ = Hφ + d(G d∗ φ) + d∗ (Gdφ),

(2.2)

in accord with the Hodge decomposition (2.1). Thus, if φ is a closed form,
φ = Hφ + d(G d∗ φ) and φ is in the same cohomology class as Hφ. It is easy to
see that Hφ is the only harmonic form in its cohomology class (see Problems
2.2.1–2.2.4). So we have the following corollary.
Corollary 2.1.2. Each de Rham class on a compact oriented Riemannian
manifold contains a unique harmonic representative. In particular, the de Rham
cohomology is finite dimensional.

2.2 What Happens on Kähler Manifolds
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Problems
2.1.1

d

d

Let U −
→ V−
→ W be a complex of finite-dimensional Hermitian vector spaces and denote by d∗ the adjoint maps. Prove the Hodge decomposition in this case:
V = Ker(dd∗ + d∗ d) ⊕ dU ⊕ d∗ W .

2.1.2
2.1.3

Prove the uniqueness assertion in Corollary 2.1.2
Let L = d/dx be the differentiation operator for functions on the real
line, endowed with the inner product

( f , g) =

∫

∞

f (x)g(x) dx.
−∞

2.1.4

Of course, one must consider functions for which this integral makes
sense. Find the operator L ∗ such that (L f , g) = ( f , L ∗ g). Then find
def
∆ = L ∗ L.
Let M = S 1 with the standard Euclidean metric. Functions on S 1 are
identified with periodic functions f (θ) on the real line with period
θ = 2π. Compute the Laplacian on functions and on one-forms.

2.2 What Happens on Kähler Manifolds
Type Decomposition of Complex Forms
Recall that on a complex manifold M we have systems of local holomorphic
coordinates {z1 , . . . , zm }. The associated vector fields ∂/∂zi and ∂/∂ z̄i give
a local frame for the complexified tangent bundle and, at least in this local
coordinate system, define a decomposition
C
0
00
TM
= TM
⊕ TM
,

00
0
TM
= TM

C
0
of the complexified tangent bundle TM
= TM ⊗ C. In this decomposition TM
is the holomorphic tangent bundle. Its sections are the fields spanned by the
00 . Sec∂/∂zi . Its complex conjugate is the anti-holomorphic tangent bundle TM
00
tions of TM are spanned by the fields ∂/∂ z̄i . Because the functions which glue
overlapping holomorphic coordinate systems together are themselves holomorphic, one sees that the local decompositions just defined are consistent and
so define a global decomposition of the complexified tangent bundle. Smooth
0 and T 00 are called fields of type (1, 0) and (0, 1), respectively.
sections of TM
M
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The decomposition of the complexified tangent bundle induces a decomposition of the bundles of complex-valued k-forms. To describe it, define a basic
form of type (p, q) to be a form
dzI ∧ d z̄J = dzi1 ∧ · · · ∧ dzi p ∧ d z̄ j1 ∧ · · · ∧ d z̄ jq .
A form of type (p, q) is a linear combination of these, where the coefficients
are (say) C ∞ functions. Because the gluing functions are holomorphic, a form
which is of type (p, q) in one coordinate system is also of the same type (p, q)
in any other. Consequently, there is a direct sum decomposition
É
p,q
Ak (M; C) =
(M),
(2.3)
p+q=k A
where Ap,q (M) is the vector space of forms of type (p, q) on M and where
Ak (M; C) = Ak (M) ⊗ C are the complex-valued k-forms. Note that
Ap,q (M) = Aq, p (M).
We now ask whether this decomposition passes to cohomology. To make this
precise, we let
def

p+q

H p,q (M) = {classes representable by a closed (p, q)-form} ⊂ HdR (M)
so that obviously
H p,q (M) = H q, p (M).

(∗)

The decomposition we are after is
k
HdR
(M; C) =

Ê

H p,q (M)

and is called a Hodge decomposition for H k . These might or might not exist. It
is customary to employ the notation
h p,q (M) = dim H p,q (M)
for the dimension of these spaces. These are the Hodge numbers.
Examples 2.2.1. (i) Consider a compact complex torus M = Cn /Λ. A basis
for the cohomology is given by the translation-invariant forms, i.e., the forms
with constant coefficients relative to the basic (p, q)-forms. Consequently,
the cohomology carries a Hodge decomposition.
(ii) For the case of compact Riemann surfaces, see Chapter 1. We saw there that
we have
H 1 (M; C) = H 1,0 (M) ⊕ H 0,1 (M),
where
H 1,0 (M) = {classes of holomorphic one-forms} .

2.2 What Happens on Kähler Manifolds
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(iii) There are complex manifolds that admit no Hodge decomposition. Indeed,
(∗) and the Hodge decomposition imply that the odd Betti numbers are even,
e.g., B1 = h1,0 + h0,1 = 2h1,0 . According to Example A.6.(vii) the Hopf
manifold is homeomorphic to S 1 × S n−1 and so, by the Künneth formula,
its first Betti number is 1. Thus neither the Hopf manifold nor any complex
manifold homotopy equivalent to it supports a Hodge structure.

Kähler Manifolds
There is a large class of objects, the compact Kähler manifolds, for which a
Hodge decomposition exists. It contains the projective algebraic manifolds. For
the moment, we do not give a precise definition but rather point out an important
consequence: the Laplace operator, which is an operator of degree 0 on forms,
is in fact an operator of bidegree (0, 0), i.e., maps a (p, q)-form to a (p, q)-form.
Consequently, the (p, q) components of a harmonic form are harmonic. Thus,
we do have a decomposition
Hk4 (M) =

É

p,q
p+q=k H 4 (M)

k defined by sending
of the harmonic space. Moreover, the map Hk4 → HdR
p,q
a harmonic form to its de Rham class is an isomorphism and maps H 4 to
H p,q . It follows that the subspaces H p,q (which do not depend on the metric)
decompose the de Rham cohomology.
Let us now see what is involved in proving that the Laplacian has bidegree
(type) (0, 0). In general an operator has bidegree (p, q) if it maps each Ar,s to
Ar+p,s+q . Thus the exterior derivative admits a decomposition

d = ∂ + ∂¯
into an operator of bidegree (1, 0) and a conjugate operator of bidegree (0, 1).
These are defined as the unique derivations that annihilate the basic (p, q)-forms
and act on functions by
Õ ∂f
dzi,
∂zi
Õ ∂f
∂¯ f =
d z̄i .
∂ z̄i
∂f =

The adjoint operators ∂ ∗ and ∂¯∗ have bidegrees (−1, 0) and (0, −1), respectively.
Since ∆ = dd∗ + d∗ d, the Laplacian is in general a sum of operators of different
types.
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On a complex manifold there are two additional Laplace operators,
∆∂ = ∂∂ ∗ + ∂ ∗ ∂,
¯
∆ ¯ = ∂¯∂¯∗ + ∂¯∗ ∂,
∂

each of which have bidegree (0, 0). To see how these relate to the ordinary
Laplacian, we expand the definition:
∆ = dd∗ + d∗ d
¯ ∗ + ∂¯∗ ) + (∂ ∗ + ∂¯∗ )(∂ + ∂)
¯
= (∂ + ∂)(∂
¯ + (∂ ∂¯∗ + ∂¯∗ ∂) + (∂∂
¯ ∗ + ∂ ∗ ∂).
¯
= (∂∂ ∗ + ∂ ∗ ∂) + (∂¯∂¯∗ + ∂¯∗ ∂)
Thus,
∆ = ∆∂ + ∆∂¯ + cross terms.
The cross terms are the sum of one operator of bidegree (1, −1) and another of
bidegree (−1, 1), in general nonzero. However, the (as yet unexplained) Kähler
condition guarantees that the cross terms vanish and that
∆∂ = ∆∂¯ .
It follows that ∆ has bidegree (0, 0) and the equality of the two Laplacians
implies that the three Laplacians are proportional.
We come now to the definition of Kähler manifolds, for which we first
review some notions from linear algebra. Fix a real vector space V and let J be
a complex structure on V, i.e., a linear map J : V → V such that J 2 = −1. This
of course implies that V is even-dimensional.
Definition 2.2.2. A Hermitian metric on (V, J) is given by a bilinear form
h : V × V → C such that, writing h in real and imaginary parts as h = g + iω,
one has
(i) h satisfies h(J x, J y) = h(x, y) for all x, y ∈ V;
(ii) g is a euclidean metric and ω, the metric form, is a symplectic form, i.e., a
non-degenerate skew-symmetric real form;
(iii) ω(x, y) = g(x, J y) for all x, y ∈ V – or, equivalently g(x, y) = ω(J x, y).
Note that condition (iii) states that the metric form is uniquely determined
by the underlying real metric g and the complex structure. Conversely, suppose
that we have a symplectic vector space (V, ω) and a complex structure J such
that
(iv) ω(J x, J y) = ω(x, y) for all x, y ∈ V;
(v) ω(J x, x) > 0 if x , 0.

2.2 What Happens on Kähler Manifolds
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Then by condition (iii) in the above definition we get a metric g such that g + iω
is a Hermitian metric on (V, J).
The eigenvalues of J are ±i. Thus VC = V ⊗R C splits into a direct sum
VC = V + ⊕ V −,

V ± = {x ∈ VC | J(x) = ±ix} .

Lemma 2.2.3. Let there be given a Hermitian metric h = g + iω on (V, J).
Then V + and V − are isotropic with respect to gC , the C-linear extension of g,
as well as with respect to ωC , the C-linear extension of ω.
Proof

If x and y are in V + then
g(x, y) = g(J x, J y) = g(ix, iy) = −g(x, y).

So g|V + = 0. By condition (iii) in the definition we also have ωC (x, y) = 0.
The proof for V − is analogous.

We can reformulate this as follows. Consider any R-linear complex valued
form f on V. We define then
def

f ± (v) = f (v) ∓ i f (Jv).
Since f + (Jv) = iJ(v) the form f + is C-linear while f − = f + is C-anti-linear.
It follows that the dual of VC has a direct sum decomposition
VC∨ = HomR (V, C) = (V ∗ )1,0 ⊕ (V ∗ )0,1,
f = f + + f −,
def

where (V ∗ )1,0 = HomC (V, C) and (V ∗ )0,1 = (V ∗ )1,0 .
Now set
Ó p,q ∨ Ó p ∗ 1,0 Óq ∗ 0,1
VC =
(V ) ⊗
(V ) .
Then we have a direct sum decomposition
Ók ∨ É
Ó p,q ∨
VC =
VC
(2.4)
p+q=k
Ó p,q ∨
and we say that elements in
VC are of type (p, q). Now ω is real valued,
and since by Lemma 2.2.3 we have ωC (V +, V + ) = 0 and similarly for V − , the
decomposition (2.4) implies that the form ωC has type (1, 1). Conversely, if
ω is a real bilinear form of type (1, 1) one has ωC (J x, J y) = ωC (x, y) for all
x, y ∈ VC . So being of type (1, 1) is equivalent to condition (iv). In other words,
we have the following.
Corollary 2.2.4. Giving a Hermitian metric on (V, J) is equivalent to giving
a triple (V, J, ω) with J a complex structure, ω a real and positive symplectic
form such that ωC is of type (1, 1) with respect to J.
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Now consider a complex manifold M. The underlying almost complex structure
J : TM → TM
can be explicitly described as follows. If zk = xk + iyk relates holomorphic and
(distinguished) real coordinates, then we have




∂
1 ∂
∂
1 ∂
∂
∂
,
.
=
−i
=
+i
∂zk
2 ∂x
∂y
∂ z̄k
2 ∂x
∂y
The “usual” almost complex structure on the real tangent spaces is given by


∂
∂
J
=
,
∂ xk
∂ yk


∂
∂
=−
J
.
∂ yk
∂ xk
Hence J acts on T 0, the holomorphic tangent bundle, as multiplication by +i
and on T 00, the anti-holomorphic tangent bundle by multiplication by −i.
Suppose further that M carries a Riemannian metric g such that g(J x, J y) =
g(x, y). Such a manifold is called Hermitian, and carries, fiber by fiber, all the
linear algebra structure discussed in the previous paragraph. In particular we
can decompose the bundle of complex k-forms fiber by fiber into types,
É
Ók ∗
Ó p,q
TM =
p+q=k
M ,
which on the level of sections corresponds to the decomposition (2.3) of complex k-forms into types.
Also, we have a two-form ω, canonically associated with the metric, which
is real, positive, and of type (1, 1). We call it a Kähler form if it is closed.
Definition 2.2.5. A complex manifold M with Hermitian metric g is Kähler
if the (1, 1)-form associated with g is closed. The metric g is called a Kähler
metric and its associated form a Kähler form.
Remark 2.2.6. The condition that the Kähler form is closed is equivalent to
the existence of a local holomorphic coordinate system {z1, . . . , zm } so that
g(z1, . . . , zm ) = 1 + O(|z| 2 ),
i.e., all the linear terms in the Taylor expansion for g vanish. In other words,
the metric osculates the Euclidean one up to order 2 (see Wells, 1980, Section
5.4).

2.2 What Happens on Kähler Manifolds
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Two fundamental examples of Kähler manifolds are the complex Euclidean
and projective spaces, Cn and Pn . The metric on the first is the “dot" product
Õ
h=
dzi d z̄i,
whose associated (1, 1)-form is
ω=i

Õ

dzi ∧ d z̄i .

Remark. Because ω is translation-invariant it defines a Kähler structure on any
quotient torus Cn /Λ. As an aside, note that not all complex tori are algebraic.
See Problem 2.2.3(c).
For the Kähler structure on Pn it suffices to define the form ω, from which
the Riemannian and Hermitian metrics g and h can be recovered. To this end
we first define a real, closed, semipositive form on Cn+1 − {0}, namely,
Ω = i∂ ∂¯ log kzk 2, z = (z0, . . . , zn ).
It is real because in general the conjugate of i∂ ∂¯ ρ, where ρ is real-valued, is
¯ ρ = i∂ ∂¯ ρ,
−i∂∂
¯ = 0. It is closed because in general
where we have used ∂ ∂¯ + ∂∂
¯ ∂¯
d∂ ∂¯ = (∂ + ∂)∂
= ∂ 2 ∂¯ − ∂¯2 ∂
= 0.
It is semipositive because for any collection { fi } of holomorphic functions, in
the expression
Õ
Õ
i∂ ∂¯ log
| fi | 2 = i
hi j dzi ∧ d z̄ j
the matrix (hi j ) is Hermitian semipositive. This requires a small calculation. To
obtain the required form on Pn , we observe that on the open set Ui = {zi , 0},
kzk 2 = |zi | 2 (1 + kwk 2 ),
where w is the vector composed of the nonconstant ratios zk /zi . Moreover, on
Ui , we have
Ω = i∂ ∂¯ log(1 + kwk 2 ).
This is because
¯ log( f¯) = 0
∂ ∂¯ log | f | 2 = ∂ ∂¯ log( f ) − ∂∂

(∗)
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for any nowhere-zero holomorphic function f . Now view w as an affine coordinate vector on Ui , one of the basic open sets of Pn . In each of these, Ω,
according to what has just been stated, defines a real, closed (1, 1)-form, which
one checks is positive, not merely semipositive. One also checks that these
forms are consistent on overlaps and so define a global two-form ω with the
required properties. This is almost evident because the relation (∗) has the same
appearance in one coordinate system as it does in another. The metric just
constructed is called the Fubini–Study metric.
The de Rham class of ω can be scaled to give the canonical generator of
H 2 (Pn ) and so a multiple of the Fubini–Study metric gives an integral class.
See Problem 2.2.1 for the scaling factor.
Now consider a Kähler manifold M and a complex submanifold N. The
submanifold inherits a Riemannian metric from M and so has a natural Hermitian structure. Moreover, the canonical (1, 1)-form for M pulls back to give the
canonical (1, 1)-form on N. Therefore N is, in a natural way, a Kähler manifold.
From this we conclude that the Fubini–Study metric induces a Kähler metric
on projective algebraic manifolds.
As we have mentioned earlier, the Laplace–Beltrami operator of a Kähler
manifold is of type (0, 0). To see why, let L denote the operator defined by
multiplication against the Kähler form
L(α) = ω ∧ α,
and let
Λ = L∗
be its formal adjoint. These operators are of type (1, 1) and (−1, −1), respectively. If A, B are endomorphisms of the module of complex-valued differential
forms of pure degree a, b, respectively, we define the graded commutator
[A, B] = AB − (−1)ab BA.
With this convention, the fundamental Kähler identities Wells (1980, Corollary
5.4.10) can be expressed as
¯
∂ ∗ = i[Λ, ∂],
∗
∂¯ = −i[Λ, ∂].
If you introduce the real operator
def
¯
dc = − i(∂ − ∂)

with formal adjoint (dc )∗ , these can be rewritten as
[Λ, d] = −(dc )∗ .
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The adjoint relation is also useful and reads as follows:
[L, d∗ ] = dc .
∗

Theorem (Consequences of the Kähler identities). One has [∂, ∂ ] = 0 and
hence 4d = 24∂ ; in particular
(i) the Laplacian is real;
(ii) the Laplacian preserves types; and
(iii) the L-operator preserves harmonic forms.
Proof

∗

∗

The commutation relation ∂∂ + ∂ ∂ = 0 follows from
∗

∗

−i(∂∂ + ∂ ∂) = ∂[Λ, ∂] + [Λ, ∂]∂
= ∂Λ∂ − ∂Λ∂ = 0.
Then
∗

∗

4d = (∂ + ∂)(∂ ∗ + ∂ ) + (∂ ∗ + ∂ )(∂ + ∂)
= 4∂ + 4∂ .
Next observe that
i4∂

=−∂[Λ, ∂] − [Λ, ∂ ]∂
=∂Λ∂ + ∂∂Λ − Λ∂∂ + ∂Λ∂
=∂Λ∂ + ∂∂Λ − Λ∂∂ − ∂Λ∂
=∂[Λ, ∂] + [Λ, ∂]∂
=i4∂ .

It follows that 4d = 24∂ as claimed and hence (i) and (ii) follow. Finally, to
prove (iii) assume that α is harmonic so that dα = d∗ α = 0. Consequently,
dLα = d(ω ∧ α) = ω ∧ dα = 0, and if one assumes that α has pure type (this is
allowed because of (ii)), one also has d∗ Lα = −[L, d∗ ]α = − dc α
= 0.

The discussion in the previous section now immediately gives the following.
Theorem 2.2.7 (The Hodge decomposition theorem). Let M be a compact
Kähler manifold. Let H p,q (M) be the space of cohomology classes represented
by a closed form of type (p, q). There is a direct sum decomposition
É
m
p,q
HdR
(M; C) =
(M).
p+q=m H
This decomposition is induced by a decomposition on the level of harmonic
forms:
É
'
'
p,q
p,q
m
HdR
(M; C) ←− Hk4 (M; C) =
H 4 (M) −→ H p,q (M).
p+q=m H 4 (M),

86

Cohomology of Compact Kähler Manifolds

m (M) carries a real Hodge
Moreover, H p,q (M) = H q, p (M). In other words, HdR
structure of weight m.

Using the de Rham theorem 2.1.1, we conclude the following.
Corollary 2.2.8. For a compact Kähler manifold M, the singular cohomology
group H m (M) carries an integral weight m Hodge structure.
As to homology, we can see (Facts B.2.1) that the homology Hm (M; Q) is
dual to the cohomology H m (M; Q). Thus we have the following.
Corollary 2.2.9. The homology group Hm (M) carries a natural Hodge structure of weight −m.
As to functoriality, we already noted in Chapter 1 that for any holomorphic
map f : X −→ Y between smooth projective varieties, the map
f ∗ : H m (Y ) −→ H m (X)
is a morphism of Hodge structures, and both the kernel and image of f ∗ are
Hodge structures. This also holds of course when f is a holomorphic map
between Kähler manifolds. A similar assertion then holds for the maps induced
in homology and also for the Gysin maps. See Problem 2.2.5.

Problems
2.2.1

2.2.2

Determine the multiple of the Fubini–Study metric ω on Pn which
gives the (positive) generator of H 2 (Pn ) by calculating its integral
over a line.
Recall the notion of a connection in Riemannian geometry. If M is
a manifold, an affine connection is an operator ∇ : TM × TM → TM
which is R-bilinear and for fixed vector fields Y the covariant derivative
∇Y = ∇(∗, Y ) : TM → TM obeys the Leibniz rule ∇Y ( f X) = df (Y )X +
f ∇Y (X). One says that ∇ has no torsion if
∇X Y − ∇Y X = [X, Y ].
If (M, g) is a Riemannian manifold, there is a unique affine connection without torsion which preserves the metric in the sense that
g(∇ Z X, Y ) + g(X, ∇ Z Y ) = 0 for all triples of vector fields (X, Y, Z)
on M. This connection is the Levi–Civita connection. Prove that a
Hermitian manifold (M, g) is Kähler if and only if the Levi–Civita
connection commutes with the almost complex structure operator.

2.2 What Happens on Kähler Manifolds
2.2.3
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Let z1, . . . , zn be coordinates in Cn and consider a lattice Λ = Zλ1 ⊕
· · · ⊕ Zλ2n . Place the generators λk as column vectors in a n × 2n
matrix Ω. Suppose that a Hermitian metric on Cn is given by the
positive definite Hermitian matrix H. Suppose that the corresponding
translation-invariant two-form defines an integral cohomology class
on the torus Cn /Λ. Kodaira’s embedding theorem (see Griffiths and
Harris, 1978, p. 181) then ensures that the torus can be embedded in a
projective space. Conversely, integral (1, 1)-classes on a torus coming
from translation-invariant (1, 1)-classes on Cn must necessarily be
Í
given by hik dzi ∧ d z̄k with a constant Hermitian positive definite
matrix H = (hik ). This leads to a necessary and sufficient criterion for
Ω to be the period matrix of a projective torus, i.e., an abelian variety.
(a)

Suppose that the real coordinates with respect to the lattice are
Í
given by x1, . . . , x2g and suppose that γ = gi j dxi ∧ dx j , with
G = (gi j ) skew-symmetric, defines a real positive definite (1, 1)form. Express γ in terms of the coordinates z j using the inverse
 
Ω
of the 2n × 2n matrix
and show that we have
Ω̄
iΩ̄G−1TΩ > 0,
ΩG−1TΩ = 0.

(b)

These are the two Riemann conditions or Riemann bilinear relations.
Verify that the matrix
√
√ !
−2
−3
1 0
√
√
Ω=
0 1
−5
−7

does not satisfy the Riemann relations.
(c) Show that one can make a change of coordinates for Λ so that the
matrix G of (a) becomes


0
G=
−D


D
,
0

d1
©
D = 
«0
def

0
..

.

ª
® , (di ∈ Z).
®
dr ¬

Next, if the first g vectors of Λ are identified with the standard
basis for Cn , the period matrix thus normalized has as its first
n columns the unit vectors and its last n columns form a matrix
def
Z 0; set Z = Z 0 D, and with our new G, express the Riemann
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conditions as
T

Z = Z, Im(Z) > 0.

Conclude that algebraic tori depend on 12 n(n + 1) continuous
parameters and that there are thus plenty of nonalgebraic tori in
dimensions > 1.
2.2.4

If X and Y are smooth projective varieties, then H k (X × Y ; Q) is, by
the Künneth theorem (see Problem B.6 in Appendix B), the direct
sum of the tensor products H m (X; Q) ⊗ H n (Y ; Q), where m + n = k.
Show that the Hodge structure on H k (X × Y ) imposed by the Künneth
theorem agrees with the natural Hodge structure.

2.2.5

Show that a holomorphic map f : X → Y between Kähler manifolds
induces a morphism of Hodge structures f∗ : Hk (X) → Hk (Y ). Show
that this is also true for the Gysin map f∗ : H k (X)(−c) → H k+2c (Y ),
c = dim Y − dim X.

2.3 How Lefschetz Further Decomposes Cohomology
In addition to the Hodge decomposition, there are two other structures inherent
in the cohomology of a compact Kähler manifold. First is the integral lattice,
which is the image of H k (M; Z) in H k (M; R). Second is the notion of primitive
cohomology. To define it we must state the so-called "hard Lefschetz theorem".
Theorem (Hard Lefschetz theorem). Let m be the complex dimension of M
and define the Lefschetz operator L : H ∗ (M) → H ∗ (M) by L(x) = ω ∧ x. For
M a compact Kähler manifold the k-th iterate is an isomorphism:
∼

m−k
m+k
L k : HdR
(M) −→ HdR
(M).

Sketch of the proof One of the modern proofs as given for instance in Griffiths
and Harris (1978, pp. 118–122), uses representation theory on the level of
harmonic forms. Let us explain this proof, leaving computational details aside.
The three operators L, its formal adjoint Λ, and the shifted counting operator
H which equals m − k on H k form a basis of a Lie algebra isomorphic to sl 2
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Wk
•o

Wk−2
/◦o
•o
•o

Wk−4
/◦
/◦
/◦

···
···
···
···

W2
◦o
◦o
◦o
•o
•o

W0
/◦o
/◦o
/◦o
/◦o
/◦o
•

W−2
/◦
/◦
/◦
/◦
/◦

···
···
···
···

W−k+4
◦o
◦o
◦o

W−k+2
/◦o
/◦
/◦

W−k
/◦

Figure 2.1 Lefschetz decomposition when k is even.

with its standard basis. More precisely, L, Λ, H correspond to


def 0 0
Y =
,
1 0


1
def 0
X =
,
0 0


0
def 1
H =
.
0 −1
Representations for sl 2 are direct sums of irreducible ones. It is easy to show
that for such a V we have
V = Vm ⊕ Vm−2 ⊕ · · · ⊕ V−m+2 ⊕ V−m
with Vk a one-dimensional eigenspace for H for the eigenvalue k. We have
∼

Y k : Vk −→ V−k .
So we can visualize V as a string of eigenspaces for H going from m to −m
connected from left to right by the Y -operators and in the opposite direction by
the X-operators. It follows that an arbitrary representation W is the direct sum
of several “strings” of the above type of varying lengths. But still Y k establishes
an isomorphism between the H-eigenspaces W−k and Wk .
Applying this to the case where V is the space harmonic forms, we have that m
is indeed the complex dimension, W±k = H4m∓k , and Y k becomes L k , thereby
proving the hard Lefschetz theorem. Note that the numbering gets reversed:
instead of going from Wk to W−k , the k-th power of the Y -operator becomes
the operator L k which goes from H m−k to H m+k .
Continuing with the case of an arbitrary sl 2 -representation W, we now set
PW = Ker X so that
W = PW ⊕ Y PW ⊕ Y 2 PW ⊕ · · · .

(2.5)
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In Fig. 2.1 , the black dots give PW. We see that the above decomposition is
compatible with the decomposition in H-eigenspaces and that


Ker X ∩ Wk = Ker Y k+1 : Wk → W−k−2 .
The latter shows that the primitive weight-k part, PW ∩ Wk , is the kernel of
Y k+1 . Applying this to the space of harmonic k-forms, we arrive at the following
definition.
Definition 2.3.1. Let m = dim C M. For k ≤ m, the primitive (m − k)m−k (M; C), is the kernel of L k+1 acting on H m−k (M; C). Equivcohomology, Hprim
dR
alently, it is the kernel of the Λ-operator:

m−k
m−k
m+k+2
Hprim
(M; C) = Ker L k+1 : HdR
(M; C) → HdR
(M; C)

m−k
m−k−2
= Ker Λ : HdR
(M; C) → HdR
(M; C) .
k (M; C) = 0 for k > m.
By convention, Hprim

Note that formally one can define primitive cohomology with coefficients in
a ring R whenever the Kähler class ω lives in H 2 (M; R). We denote this by
k (M; R). One can for instance always take R = R.
Hprim
2
For example, for a Kähler surface, Hprim
is the space of classes x satisfying
[ω]∪x = 0. More geometrically, it is the space of classes dual to cycles that have
intersection number 0 with a hyperplane in general position. This follows from
the duality between the cup product of cohomology classes and the intersection
product of cycles (Poincaré’s original definition of cup product). Note also that
1
in general Hprim
= H 1 , because it is the kernel of L m : H 1 → H 2m+1 = 0.
The other part of the hard Lefschetz theorem, which is a direct consequence
of the decomposition (2.5), asserts that there is a direct sum decomposition.
Theorem 2.3.2 (Lefschetz decomposition). Let M be a compact Kähler manifold. Then there is a direct sum decomposition
k
k
k−2
k−4
HdR
(M; C) = Hprim
(M; C) ⊕ LHprim
(M; C) ⊕ L 2 Hprim
(M; C) · · · ,

the Lefschetz decomposition. If, moreover, M is projective algebraic and the
Kähler metric is induced by a suitable multiple of the Fubini–Study metric (see
Problem 2.2.1), this decomposition is also valid when R = Q.
To illustrate the theorem, consider, for example, the cohomology of an algebraic surface. For it we have
2
H 2 (M; Q) = Hprim
(M; Q) ⊕ Q[ω],

where the second factor is generated by the Kähler class.

2.3 How Lefschetz Further Decomposes Cohomology
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In Chapter 1 we saw that the cup product form for the middle cohomology has
special properties with respect to holomorphic forms. For Riemann surfaces
and double planes this gave rise to a special case of the Riemann–Hodge
bilinear relations. We restrict ourselves to primitive cohomology. Indeed, on
it we have a bilinear form b which satisfies the generalized Riemann–Hodge
bilinear relations.
Theorem 2.3.3. Let M be a Kähler manifold. Set
∫
1
def
φ ∧ ψ ∧ ω m−k ,
b(φ, ψ) = (−1) 2 k(k−1)

φ, ψ ∈ H k (M; C).

M
k (M; R) , i.e., 1
This form induces a polarization on primitive cohomology Hprim
k
b is (−1) -symmetric (symmetric for k even and skew-symmetric for k odd);
moreover, with p + q = r + s = k, it satisfies the following relations:

(1)

b(H p,q, H r,s ) = 0 if (r, s) , (q, p);

(2)

i p−q b(u, ū) > 0,

p,q

u ∈ Hprim, if u , 0.

In other words, introducing the Weil operator
C : H k (X; C) → H k (X; C)
C|H p,q = multiplication by i p−q ,

(2.6)

the form
def

hC (φ, ψ) = b(Cφ, ψ̄)
is positive definite Hermitian on primitive cohomology.
Remarks 2.3.4. (1) Note that b(C x, ȳ) = (−1)k b(c, C ȳ). Several people, e.g.
Griffiths (1968, p. 574), Weil (1958, p. 77–78), use Q = (−1)k b for the polarizing form and then the second bilinear relation becomes Q(x, C x̄) > 0 for x , 0.
(2) Since the Kähler form ω is a real closed form defining a class in H 2 (M; R),
the definition of b (with k = 2) then gives
∫
b(ω, ω) = −
ω n < 0, n = dim C M.
M

However, Cω = ω, ω = ω̄, and so b(ω, ω) = hC (ω, ω). Thus hC is not a definite
Hermitian form on the full cohomology H 2 (M; C).
Despite this, following Weil (1958, p. 77–78), one still can obtain a polarization on all of cohomology.
1

See Definition 1.2.4.
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Corollary 2.3.5.
1

(−1)r b(φ, ψ) = (−1)r+ 2 k(k−1)

∫

φ ∧ ψ ∧ ω m−k ,

M

k−2r
φ, ψ ∈ L r Hprim
(M)

H k (M; R).

defines a polarization on all of
If M is projective, the polarization
can be defined as a Q-valued form on H k (M; Q).
Observe that this checks with b(ω, ω) < 0 since here r = 1.
Sketch of the proof of Theorem 2.3.3 The first bilinear relation is elementary.
If (r, s) , (q, p), then the form φ ∧ ψ ∧ ω m−k either has too many dz’s or too
many d z̄’s and therefore vanishes identically. The second relation lies deeper.
We do not enter into the details of the proof. They can be found in Wells (1980,
p.207), for instance. Instead, we illustrate it in a typical case: we shall show that
the relation holds for the second cohomology of an algebraic surface. Consider
first a holomorphic two-form given locally by φ = f dz ∧ dw. Then
∫
hC (φ, φ) = ∫M φ ∧ φ̄
= M | f | 2 i dz ∧ d z̄ ∧ i dw ∧ d w̄ > 0.
The sign is the correct one.
Consider next a primitive (1, 1)-form φ, which by definition has the property
1,1
[ω] ∪ [φ] = 0. Since Hprim
is the complexification of a real vector space, we
may assume that φ is real. However, one can say more. If we take φ to be
harmonic then Lφ = ω ∧ φ is harmonic. Moreover, by making a linear change
of coordinates, we may also assume that
ω = i dz ∧ d z̄ + i dw ∧ d w̄
at the origin. Since any Hermitian bilinear form in C2 may be diagonalized
with respect to another by a unitary change of coordinates, we may assume that
φ = i(a dz ∧ d z̄ + b dw ∧ d w̄)
at the origin. But then
φ ∧ ω = (a + b) dV
at the origin, where dV is the standard volume form on C2 , i.e., i dz ∧ d z̄ ∧
i dw ∧ d w̄. Consequently,
φ = ia(dz ∧ d z̄ − dw ∧ d w̄),
from which we conclude that
φ ∧ φ̄ = −2|a| 2 dV < 0
at the origin. Since the assertion regarding the sign is invariant under a linear

2.3 How Lefschetz Further Decomposes Cohomology
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– even holomorphic – change of coordinates, the integrand is negative, which
yields the claimed result.


Bibliographical and Historical Remarks
Section 2.1 In Wells (1980), the Hodge decomposition theorem is fully proved.
For another proof see Griffiths and Harris (1978).
Sections 2.2–2.3 The classic reference is Wells (1980). See also Bertin and
Peters (2002); Weil (1958).

3
Holomorphic Invariants and Cohomology

We start this chapter by giving a step-by-step description of the de Rham groups
and the Hodge filtration in algebraic terms, culminating in the filtered Čech–de
Rham double complex. We postpone technical ingredients, like hypercohomology and spectral sequences, to Chapter 6.
By way of an example, the cohomology of hypersurfaces in projective space
is treated in Section 3.2. We then introduce algebraic cycles and we state
the Hodge conjecture for them. Related to cycles we also have the Abel–Jacobi
maps whose targets are the intermediate Jacobians associated with cohomology
of Kähler manifolds. This is treated in the final section, Section 3.6.

3.1 Is the Hodge Decomposition Holomorphic?
Holomorphic Forms
Consider a form of type (p, 0). Its exterior derivative decomposes as
¯
dφ = ∂φ + ∂φ,
where the two parts have types (p + 1, 0) and (p, 1). Thus, if φ is closed, then
¯ vanish separately. If in local coordinates
∂φ and ∂φ
Õ
φ=
φ I dzI ,
(∗)
I

¯ = 0 reads
then the condition ∂φ
Õ ∂φ I
k, I

∂ z̄k

d z̄k ∧ dzI = 0,

from which it follows that the coefficient functions are holomorphic. Consequently, a closed (p, 0)-form is a so-called holomorphic p-form, i.e., an expres94
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sion of the form (∗) with holomorphic coefficients. In general, the converse is
not true because a holomorphic p-form may not be closed. Consider, for example, the form z dw on C2 . On a compact Kähler manifold, however, the converse
¯ = 0. Since φ has
does hold. One argument goes as follows. By hypothesis ∂φ
∗
¯
type (p, 0), ∂ φ has type (p, −1) and therefore vanishes. Consequently our form
is a solution of the equation ∆∂¯ φ = 0. But all three Laplacians on a Kähler
manifold are proportional, so that ∆d φ = 0, hence dφ = 0.
As a corollary of what we have done, we conclude that exact holomorphic
forms are necessarily 0. To see this, consider a holomorphic p-form φ. Recall
that the space of d-harmonic forms is orthogonal to the space of exact forms (this
is the harmonic-Hodge decomposition theorem), so that φ = 0. We summarize
this as follows.
Proposition 3.1.1. Any holomorphic p-form on a compact Kähler manifold
is closed and it is 0 if and only if it is exact. Thus there is a natural injective
homomorphism
p

{holomorphic p-forms} → HdR
whose image is H p,0 .
The dimension of these spaces give invariants, generalizing the genus of a
projective curve. Two of these play an important role in higher dimensions.
Definition 3.1.2. Let M be a complex manifold of dimension m. Then
(i) the dimension of the space of holomorphic m-forms is called the geometric
genus of M and denoted by pg (M); and
(ii) the dimension of the space of holomorphic one-forms is called the irregularity q(M) of M.
Proposition 3.1.1 suggests that perhaps other components of the Hodge decomposition have a “holomorphic description.” This is indeed the case, and can
p,q
be argued as follows. Begin with the identification of HdR with the harmonic
p,q
space H 4 . Using the proportionality of Laplacians, substitute for the latter the
space of ∆∂¯ -harmonic (p, q) forms. By the analogue of the theorem relating
the de Rham cohomology to the harmonic forms, identify it with the space
¯
¯
of ∂-closed
forms modulo the space of ∂-exact
forms. This is the so-called
Dolbeault cohomology:

¯
∂-closed
(p, q) forms
p,q
.
H∂¯ = 
¯
∂-exact
(p, q) forms
We discuss below the sheaf theoretic proof of the de Rham theorem (see Section
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6.3), and this proof can be imitated to identify the Dolbeault cohomology group
with the group H q (Ω p ), where Ω p is the sheaf of holomorphic p-forms (see
Problem 6.2.1). Since the latter can be described in terms of Čech cohomology
(more is said about this below), it is a perfectly good holomorphic object.
Proposition 3.1.3. We have
H p,q






p,q

H4
p,q
H 4∂¯
p,q
H∂¯
H q (Ω p ).

Proof Most assertions have been shown already. We now show the third
isomorphism. We have already seen the Green’s operator for the operator 4
(see formula (2.2)). Now we let G stand for the Green’s operator for 4∂¯ . For a
¯
∂-closed
(p, q)-form α we then have
α = Hα + ∂¯∂¯∗ Gα.
This proves the desired isomorphism.



A more ambitious goal is to describe holomorphically all of the complexvalued cohomology. This too can be done using the notions of hypercohomology and double complex. All of the necessary foundational material can
be found in Bott and Tu (1982). We start with a short digression on Čech
cohomology.

Čech Cohomology
We first review the concept of a sheaf. A sheaf of abelian groups F on a
topological space M consists of the following data. For each open set U ⊂ M
we have an abelian group F(U) and these are related by means of “restriction
homomorphisms” F(V) → F(U), one for each inclusion U ,→ V between
open sets. When U ⊂ V ⊂ W are inclusions between three open sets, the
corresponding restriction homomorphisms should be compatible in the obvious
sense. Moreover, a gluing property should hold: if an open set U is covered by
open subsets Ui, i ∈ I, and “sections” si ∈ F(Ui ) are given that are compatible
under restrictions, there is a unique section s ∈ F(U) restricting the various
sections si . A sheaf can have extra structure and given a ring R or a field k, it
should be clear what is meant by a sheaf of rings, R-modules, or k-algebras.
Examples of sheaves include the constant sheaves G M , where G is any abelian
group. Other fundamental examples are the sheaves of germs of differentiable
functions on a differentiable manifold or the sheaf of germs of holomorphic
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functions on a complex manifold. These sheaves of rings are also called the
structural sheaves. For a complex manifold M this sheaf is denoted OM . We
use the same symbol as for the trivial bundle. Indeed, for a holomorphic vector
bundle E, we often use the notation O(E) to denote its sheaf of germs of
holomorphic sections. As a variant of the latter, we also have the sheaf of germs
of differentiable or holomorphic sections of a differentiable or holomorphic
vector bundle, respectively. Below, we also consider coherent sheaves. See
Section 7.2.
Fix some ring R. To define Čech cohomology with values in a sheaf F of
R-modules, we start with an open cover U of M. A collection (U0, . . . , Uq ) of
members of U with nonempty intersection is called a q-simplex σ = {0, . . . , q}
and its support |σ| is by definition U0 ∩ · · · ∩ Uq . The i-th face of σ is the
(q − 1)-simplex σ i = {0, . . . , i − 1, i + 1, . . . , q}. The restriction induced by the
inclusion of the corresponding supports is denoted
ρi : F(U0 ∩ · · · ∩ Uq ) → F(Ui ∩ · · · Ui−1 ∩ Ui+1 ∩ · · · ∩ Uq ).
A q-cochain is a function f which assigns to any q-simplex σ an element
f (σ) ∈ F(|σ|). This is the same as saying that f is an element of the free
product of the R-modules F(|σ|) where σ runs over the q-simplices of U. This
free product is again an R-module (with the obvious module-operations):
Ö
def
C q (U, F) =
F(|σ|).
σ a q-simplex of U

The coboundary homomorphism
δ : C q (U, F) → C q+1 (U, F)
is defined by
δ f (σ) =

q+1
Õ
(−1)i ρi f (σ i )
i=0

defining the Čech cochain complex C • (U, F). We set
def

H q (U, F) = H q (C • (U, F)),

def

Ȟ q (M, F) =

lim H q (U, F),
−−→
U
where the direct limit is taken over the set of coverings, partially ordered under
the refinement relation. As an example, sections of Fdefine zero-cocycles and
conversely:


Γ(F) =
α ∈ C 0 (U, F) δα = 0 = Z 0 (U, F)
.
(3.1)
= H 0 (U, F) = Ȟ 0 (M, F)
So for cohomology in degree 0 there is no need to pass to the limit. This is also
true for higher-degree cohomology provided one uses special covers.
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Theorem (Theorem of Leray, (Godement, 1964, p.209)). Let U = {Ui }i ∈I
be an open cover of M which is acyclic in the sense that for any nonempty
intersection U = Ui1 ∩ Ui2 · · · ∩ Uik of the cover we have
Ȟ p (U, F) = 0 for p ≥ 1.
Then the natural homomorphisms
Ȟ p (U, F) → Ȟ p (M, F)
are isomorphisms for all p ≥ 0.
In general, if U is such a cover, we call it a Leray cover for the sheaf F.
Example 3.1.4. (i) All covers are Leray with respect to any of the sheafs AkM
of k-forms on a compact differentiable manifold M. This follows, using
partitions of unity. See Problem 3.1.2.
(ii) A Leray cover for constant sheaves is gotten by taking a cover {Ui } by
geodesically convex sets, thus ensuring that all intersections
UI = Ui1 ∩ · · · ∩ Ui p
are convex and so contractible. For a discussion of the existence of such
covers see Helgason (1962, Chapter 1, Theorem 9.9).
(iii) For a complex manifold M, one can find a Leray cover that works simultaneously for all holomorphic vector bundles F, using open sets that are
biholomorphic to balls. Indeed, these and their intersections are so-called
Stein manifolds and for these, Cartan’s famous “Théorème B” (see e.g.
Grauert and Remmert, 1977) says that the cohomology groups Ȟ k (U, F)
vanish for k ≥ 1. In fact F can even be a coherent OM -module, but for the
moment this is not needed. Coherent sheaves are briefly treated in Section
7.2.
Čech cohomology is a concrete incarnation of an axiomatic cohomology
theory of sheaves F on topological spaces X. There is only one such theory
and so we usually write H q (X, F) for the q-th cohomology group of F. Čech
cohomology only obeys the axioms for the class of paracompact spaces and
continuous maps between them:
Proposition. For any paracompact topological space X and a sheaf F on it
we have
H q (X, F) = Ȟ q (X, F).
For a constant sheaf R on a paracompact (topological) manifold there are
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canonical identifications between sheaf cohomology with values in R and the
singular cohomology with values in R:
H q (X, RX ) = H q (X; R).
For proofs, see the Bibliographic Remarks at the end of this chapter.

Hypercohomology and the Čech–de Rham Complex
After this digression we continue with our holomorphic picture. We choose a
cover U by geodesically convex open sets. These are Stein and so, as we saw
above, such a cover is Leray not only with respect to constant sheaves and
differentiable forms, but also with respect to holomorphic forms. Consider now
the double complex K whose components are Čech cochains with values in the
sheaves of holomorphic p-forms. Write this as
K p,q = Cq (Ω p ),
and write the two differentials as
d : K p,q → K p+1,q,
δ : K p,q → K p,q+1,
where d is the exterior derivative of the complex Ω• and where δ is the Čech
coboundary.
Let sK denote the total complex associated with K,
Õ
sK m =
K p,q,
p+q=m

and let
D = d+(−1) p δ.
One checks that D2 = 0 so that sK is a complex relative to D. The hypercohomology group of the complex Ω• is by definition the cohomology of sK and
is written
def

Hm (Ω• ) = H m (sK).

(3.2)

• and that this map is
We claim that there is a natural map from H• (Ω• ) to HdR
an isomorphism. To construct the map, note that hypercohomology is a functor
from complexes of sheaves to graded groups. Thus, if A• denotes the complex
of C ∞ forms, the natural inclusion

Ω• → A•
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induces a map
H• (Ω• ) → H• (A• ).
Another functor from complexes of sheaves into graded groups is the cohomology of the associated complex of global sections, which we can write 1 as RΓ.
Because the global sections are a subspace of the 0-cochains (see (3.1)), we
have maps of complexes Γ(A• ) → s C• (A• ) and hence there is a natural map
RΓ(A• ) → H(A• ).
The left-hand side, however, is a de Rham cohomology, so that we have a
diagram
•
H• (Ω• ) −→ H• (A• ) ←− HdR
(M).

In Section 6.3, we use the technique of spectral sequences to show that both
maps are isomorphisms and so, admitting this for the moment, we found a
holomorphic description of the cohomology groups.
Theorem 3.1.5. The de Rham cohomology of a compact Kähler manifold is
canonically isomorphic to the hypercohomology of the holomorphic de Rham
complex. Assuming we are given a cover by geodesically convex sets, this is
the cohomology of a total complex associated with the double complex of Čech
cochains with values in the holomorphic p-forms, the so-called Čech–de Rham
complex.
Because the complex cohomology can be described holomorphically, one
might ask if the Hodge decomposition itself can be so described. This, it turns
out, is too much. However, one can go part way. To do so, instead of the Hodge
decomposition, look at the Hodge filtration which, we recall (see (1.23) in
Chapter 1), is defined on cohomology by
É
r,s
Fp =
(3.3)
r ≥p H .
Its graded quotients are isomorphic to the spaces of type (p, q), i.e.,
H p,q  F p /F p+1 .
Because
F p ∩ F q = H p,q,
H k = F p ⊕ F k−p+1,
the Hodge decomposition can be recovered from the filtration.
Let us first define the trivial filtration F p K • of any complex K • as the
1

See Section 6.4 where we consider the derived functor mechanism.

3.1 Is the Hodge Decomposition Holomorphic?

101

complex one gets by forgetting everything before K p (see Fig. 3.1). This is a
subcomplex of K • . Turning to the Čech–de Rham complex, we can likewise
introduce
É
•
r
F p C• (Ω• ) =
r ≥p C (Ω ).
As one sees from Figure 3.1, this is a sub-double complex.

sK 0

sK 1
d

K 0,0

yδ


−−→

K 0,1

yδ


−−→

K 0,2
..
.
..
.
F0

−−→

d

d

sK 1
d

K 1,0

yδ


−−→

K 1,1

yδ


−−→

K 1,2
..
.
..
.
F1

−−→

d

d

K 2,0

yδ


−−→

K 2,1

yδ


−−→

K 2,2
..
.
..
.
F2

−−→

Figure 3.1 Double complex and the trivial filtration.

The image of its hypercohomology in the hypercohomology of the full Čech–
de Rham complex defines a filtration. We shall see in Chapter 6, using the
spectral sequence of Remark 6.3.4 which is associated with the F-filtration on
our double complex, that it is the Hodge filtration (3.3). The crucial ingredient
in proving this turns out to be the isomorphism H p,q  H q (Ω p ), established
in Proposition 3.1.3. See Remark 6.3.4 for further discussion. With hindsight,
we know that the meaning of all this is that our spectral sequence degenerates
at the first stage, and it turns out that this property can be read off from the
double complex directly. Degeneration simply means here that the differential
of the associated double complex is strict with respect to the F-filtration (see
Problem 6.1.2 in Chapter 6).
Summarizing, we have the following proposition.
Proposition 3.1.6. On a compact Kähler manifold the Hodge filtration is the
filtration induced by the trivial filtration F • on the Čech–de Rham double
complex. The total derivative D is strictly compatible with this filtration:
F p ∩ Im(D) = DF p .
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Since this is an entirely holomorphic description of the filtration, one might
surmise that indeed it will vary holomorphically when we vary the complex
structure. This turns out to be the case and will be pursued in Chapter 6.

Problems
3.1.1

Let M be a compact manifold with an open cover Ui , i ∈ I and
associated partition of unity τi . Let f be a k Čech cocycle with values
p
in AM . Suppose that k ≥ 1 and define
 a (k − 1)-cochain g by giving
its value on the (k − 1) simplex σ = U j0 , . . . , U jk−1 as follows:
Õ

g(σ) =
τj f ( jσ), jσ = U j , U j0 , . . . , U jk−1 .
j ∈I

3.1.2

Verify that the coboundary of g is f , thereby proving that H k (U, Ap ) =
0 for k ≥ 1.
The first Chern class of a line bundle can be found as follows. Consider
the exponential sequence
j

e

0 → Z−
→ AM −
→ A∗M → 1,
where j is the inclusion of the constants in the sheaf of germs of
C ∞ -functions and e( f ) = e2πi f . Show that the coboundary map δ :
H 1 (M, A∗M ) → H 2 (M; Z) is an isomorphism identifying the group of
equivalence classes of C ∞ line bundles on M with the group H 2 (M; Z).
Show that δ(L) = c1 (L). The fact that δ is an isomorphism shows that
the first Chern class is a complete C ∞ -invariant for line bundles.

3.2 A Case Study: Hypersurfaces
Suppose we start out with a projective manifold P such as projective space,
whose cohomology is well known. We wish to compute the cohomology of a
smooth hypersurface X ⊂ P in terms of, say, its equation, and further global
data on P. One way to do this is to express the cohomology of the complement
as coming from a suitable complex of rational differential forms with poles
along X and then link the cohomology of the complement U = P−X to that of
• of holomorphic forms on U,
X. Of course, one can simply use the complex ΩU
but this complex is in general much too large. We want to replace it by smaller
complexes defined by forms that are globally defined on P. We have two such
complexes. The first is the complex
Ω•P (∗X)
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of meromorphic forms on P having at most poles along X (of any order). In
general the order of the pole gets bigger under derivation so that the sheaves
Ω p (k X) = sheaf of p-forms with poles of order at most k
do not yield subcomplexes. However, this is the case for the complex
Ω•P (log X)
of meromorphic forms on P with at most logarithmic poles along X. These
forms ϕ are defined locally: on an open set V where f = 0 is an equation for X
we demand that f ϕ and f dϕ extend to a holomorphic form on V.
Let us give a simple example: a smooth curve in the projective plane. Classically the holomorphic one-forms on such a curve are the residues of rational
two-forms on the projective plane having a simple pole along the curve. Suppose for instance that the smooth curve X inside the projective plane P is given
by a homogeneous equation F = 0. In general, “logarithmic poles” means more
than just poles of order at most 1 (see Problem 3.2.1). But for the highest degree
this is the case: Ω2P (log X) = Ω2P (X). This sheaf fits in the exact sequence
Res

0 → Ω2P → Ω2P (X) −−−→ Ω1X → 0,
where the residue “Res” is defined as follows. In any affine chart centered at a
point of X we choose coordinates ( f , g) such that f is a local equation for the
curve. For any local holomorphic two-form α having a pole of order at most 1
along X we then write
df ∧ β
.
α=
f
Then Res(α) is the restriction of β to X. This is independent of the local
equation because, if f = u f 0 with u a nowhere vanishing function, then d f / f =
d f 0/ f 0 + du/u = (d f 0 + f 0u−1 du)/ f 0, and so d f / f ∧ β = (d f 0 + f 0 γ) ∧ β/ f 0
for some holomorphic one-form γ, and both forms β and β + f 0 γ restrict to
the same form on the curve X. Globally, because H 0 (Ω2P ) = H 1 (Ω2P ) = 0, this
gives an isomorphism
 Res

H 0 Ω2P (X) −−−→ H 0 Ω1X
that can be made totally explicit. Indeed, if z0, z1, z2 are homogeneous coordinates, and if F has degree d, the isomorphism sends the rational form
A(z0 dz1 ∧ dz2 − z1 dz0 ∧ dz2 + z2 dz0 ∧ dz1 )
F
to its residue along X. Here A is any homogeneous polynomial of degree d − 3
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and so H 0 (Ω1X ) is isomorphic to the space of degree (d − 3)-polynomials in
z0, z1, z2 .
So we have recovered at least the holomorphic part of the de Rham cohomology. But this approach can be extended to rational forms on P having
higher-order poles along X and then yields a description of the cohomology
of X in terms of the cohomology of the complement of X in P. By means of
a residue operation generalizing the one we just saw, one gets the remaining
part of the de Rham cohomology. The goal of this section is to carry out this
program.
We start with the first step: the calculation of the cohomology of the complement
j : U = P − X ,→ P.
To this end we look at the exact cohomology sequence for the pair (P, U). We
replace the term H k (P, U) by H k−2 (X) using the Thom isomorphism theorem.
This requires some explanation. Let T be a tubular neighborhood of X in P. By
the excision property (formula (B.2) in Appendix B), the cohomology of the pair
(P, U) is the same as for the pair (T, T−X). By the tubular neighborhood theorem
Lang (1985, Chapter 4.5), T is diffeomorphic to a tubular neighborhood T(N)
of the zero-section inside the normal bundle N of X in P so that H k (T, T−X) =
H k (T(N), T(N)− {zero-section}), which in turn is isomorphic to H k−2 (X) by
Thom’s theorem (see Spanier, 1966, Section 5.7, Theorem 10).
We thus obtain a modified exact sequence, the Gysin sequence
r

i∗

j∗

· · · → H k−1 (U) −→ H k−2 (X) −−→ H k (P) −−→ H k (U) → · · · .
The map r is a sort of topological residue map; in rational cohomology it
turns out to be the transpose of the “tube over cycle map” τ : Hk−2 (X; Q) →
Hk−1 (U; Q), which by definition associates with the class of a cycle c in X the
class of the boundary in U of a suitably small tubular neighborhood of c. This
follows when one analyzes the definition of the Thom isomorphism. The map
i∗ is the Gysin map associated with i, i.e., the map Poincaré dual to the map
induced in homology by i (see also Problem B.1 in Appendix B).
Let us exploit this exact sequence in the case when P = Pn+1 and for the only
interesting rank, the one giving the middle cohomology H n (X). We easily see
that for odd dimension the map r is an isomorphism, while for even n the map
r is an injective homomorphism whose image is the primitive cohomology.
n
Since for n odd, Hprim
= H n , in both cases we obtain an isomorphism
∼

n
r : H n+1 (U) −→ Hprim
(X).

If we replace Pn+1 by an arbitrary manifold we need to assume that X is ample
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in P. Then U = P− X is affine and so by Theorem B.3.2 we have H n+2 (U) = 0
and thus
i∗

j∗

r

i∗

H n−1 (X) −−→ H n+1 (P) −−→ H n+1 (U) −→ H n (X) −−→ H n+2 (P) → 0.
The image of r equals the kernel of the map i∗ and it is called the variable
cohomology


n
Hvar
(X) = Ker i∗ : H n (X) → H n+2 (P)
as opposed to the “fixed” cohomology
n
Hfix
(X) = i ∗ H n (P)

which is coming from P. In the case of projective space, variable cohomology
coincides with primitive cohomology and indeed formula (3.2) remains valid
provided we replace primitive cohomology by variable cohomology and if
n+1 (P; Q) = 0 (this is automatic for projective
moreover we assume that Hprim
space).
Proposition 3.2.1. Let X be an ample smooth hypersurface of a projective
n+1 (P; Q) = 0.
manifold P of dimension n + 1 and let U = P−X. Suppose that Hprim
Then the transpose of the “tube over cycle map” induces an isomorphism
r

n
H n+1 (U)−−−−→Hvar
(X).


Proof

We split
n+1
H n+1 (P; Q) = Hprim
(P; Q) ⊕ L P H n−1 (P; Q),

where L P denotes the Lefschetz operator. The latter is multiplication with the
fundamental class of a hyperplane section which we may assume to be given
by the class of X. Then i∗ ◦i ∗ : H n−1 (P; Q) → H n+1 (P; Q) equals the Lefschetz
operator L P , and in particular the image of L P is contained in the image of
i∗ and hence is killed by j ∗ . So the kernel of the residue map contains at
most the image of primitive (n + 1)-cohomology of the manifold P which is
assumed to be 0. So r is injective and it remains to see that its image coincides
with the variable cohomology. But this follows from the definition of variable
cohomology if we use the Gysin sequence, since Im(r) = Ker(i∗ ).

The middle cohomology with rational coefficients actually can be shown to
split (Problem 3.2.3).
Lemma 3.2.2. The middle cohomology H n (X; Q) splits as follows:
n
n
H n (X; Q) = Hvar
(X, Q) ⊕ Hfix
(X; Q).
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This shows that H n+1 (U; Q), which under our assumptions is equal to the
variable cohomology, computes the interesting part of the middle cohomology
of X. To continue with the former, recall that its cohomology is the hypercoho• . However, on one hand it is the hypercohomology
mology of the complex ΩU
of the subcomplex Ω•P (∗X) of those meromorphic forms on P having at most
poles along X. On the other hand, one can as well use the the subcomplex of
those forms having at most a logarithmic pole along X, as follows.
• and the inclusion map
Theorem 3.2.3. The restriction map Ω•P (∗X) → ΩU
•
•
Ω P (log X) ,→ Ω P (∗X) induce isomorphisms
∼

∼

•
) = H p (U, C).
H p (Ω•P (log X)) −→ H p (Ω•P (∗X)) −→ H p (ΩU

The proof really becomes an exercise once we are familiar with the techniques
of spectral sequences. See Problem 6.3.4 in Chapter 6.
The logarithmic complex naturally enters in the residue sequence
Res

0 → Ω•P → Ω•P (log X) −−−→ Ω•−1
X → 0,
where the residue map is defined locally on an open set V ⊂ P on which X has
an equation f = 0 by a formula which is slightly more complicated than that
for curves. In fact, with local holomorphic coordinates (x0 = f , x1, . . . , xn ) we
write
df
Res(α) = η X , i f α =
∧ η + η 0,
f
where both η and η 0 only involve (dx1, . . . , dxn ). We leave it as an exercise (see
Problem 3.2.2) to show that this map is well defined.
The long exact sequence in hypercohomology has the same terms as the
Gysin sequence and morally should be the same. Indeed, this is almost the
case.
Theorem 3.2.4. We have a commutative diagram
r

H k+1 (U)

y


−→

H k+1 (U; C)

yo


−−−→

Res

Res

Hk+1 (Ω•P (log X)) −−−→

i∗

H k (X)
 1
y 2πi


−−→

H k (X; C)

yo


−→

Hk (Ω•X )

−→

δ

δ

H k+2 (P)

y

H k+2 (P; C)

yo

Hk+2 (Ω•P ).

Proof The maps in the diagram are self-explanatory. What has to be proved
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is the commutativity. The residue formula
∫
∫
1
α
Res(α) =
2πi τ(γ)
γ

for γ ∈ Hk (X) and α ∈ H k+1 (U) shows that the map Res indeed is the transpose
r of the “tube over cycle map” up to a factor of 2πi.
Showing that the connecting morphism in the long exact sequence is 2πi
times the Gysin map is left an an exercise (Problem 3.2.4).

Let us now consider the preceding exact sequence of complexes degree by
degree. The map i ∗ preserves the Hodge decomposition, and hence the adjoint
i∗ as well as δ is a homomorphism of degree (1, 1), and the Hodge components
figure in the resulting exact sequence
 Res
p−1 
p
p
→ ··· .
· · · → H q Ω P → H q Ω P (log(X) −−−→ H q ΩX
For p+q = n the map Res, being the Hodge component of an isomorphism map,
must itself be an isomorphism. It follows that the isomorphisms in cohomology
respect the decomposition into Hodge components:
∼

H n+1 (U; C)
É

−→
p

∼

q
→
p+q=n+1 H (Ω P (log X)) −

É

n (X; C)
Hvar


q (Ω p−1 ) ∩ H n (X).
H
var
p+q=n+1
X

Therefore we can put a Hodge structure on H n+1 (U) of weight n+2 by declaring
p
the Hodge components of H n+1 (U) to be the subspaces H q (Ω P (log X)) figuring
on the left. Then the residue isomorphism becomes an isomorphism of Hodge
structures of type (−1, −1). In the next section we take a closer look at this.
For the moment we note that this description is not suitable for explicit
calculations; the following “order of the pole filtration” on the larger complex
Ω•P (∗X) of meromorphic forms with arbitrary poles along X turns out to be
more manageable. We shall use the (standard) notation ΩkP (`X) for the sheaf of
meromorphic k-forms on P having at most poles of order ≤ ` along X so that
in particular Ωn+1 (X) and Ωn+1 (log X) are the same. Then, the order of pole
filtration is defined by:
 
d
p
p
Fpole Ω•P (∗X) = 0 → 0 → · · · → 0 → Ω P (X) −→

d
d
p+1
→ Ω P (2X) −→ · · · −→ Ωn+1
(n
+
2
−
p)
→
0
.
P
This subcomplex should be viewed as starting in degree p. Its hypercohop
mology groups Hn+1 (Fpole (Ω•P (∗X))) ⊂ Hn+1 (Ω•P (∗X)) define a filtration on
H n+1 (U; C), the order of pole filtration. On the other hand, we have the trivial
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filtration both on the complex Ω•P (∗X) and on the logarithmic complex. By
definition this gives the Hodge filtration on H n+1 (U; C). It is functorial and so
is compatible with the residue map. If we knew that the pole filtration gives
the Hodge filtration on H n+1 (U; C), the residue isomorphism then could be
used to calculate the Hodge filtration on primitive cohomology by means of the
pole filtration. Unfortunately, the pole filtration and the Hodge filtration do not
automatically coincide. For this, one needs X to be sufficiently ample so that a
certain vanishing property holds. The precise statement is as follows.
Theorem 3.2.5. Let X be an ample smooth divisor in a projective manifold P
n+1 (P) = 0 and that H i (P, Ω j (k X)) = 0 for
of dimension n + 1. Suppose that Hprim
P
all i, k ≥ 1, j ≥ 0. The twisted residue map (which now is an isomorphism)
Res =

1
∼
n
r : H n+1 (U, C) −→ Hvar
(X)
2πi

lowers the degree of the Hodge filtration by one. The pole order filtration
on the left-hand side coincides with the Hodge filtration so that Res induces
isomorphisms from the graded pieces of the pole filtration on the left-hand side
to the graded pieces of the Hodge filtration on the right-hand side:

H0


H 0 Ωn+1
∼
p,n−p
P ((n − p + 1)X)

 −→ Hvar (X).
n+1
n
0
Ω P ((n − p)X) + dH Ω P ((n − p)X)

Consequently, the order of pole filtration induces a pure Hodge structure of
weight (n + 2) on H n+1 (U) and r is an isomorphism of type (−1, −1).
The proof of this theorem uses some further techniques from the theory of
spectral sequences. The proof is outlined in Problem 6.3.4 in Chapter 6.
Example 3.2.6. Taking P = Pn+1 and X a degree d hypersurface, Bott’s
vanishing theorem which we show below (Section 7.2) guarantees the required
vanishing. We have already noted that there is no primitive cohomology for
Pn+1 and that variable and primitive cohomology coincide for hypersurfaces.
Let us pursue this example a little further. We are going to give an explicit
description of the (n + 1)-forms and the n-forms. Let {z0, . . . , zn+1 } be a system
of homogeneous coordinates on Pn+1 . We let S k be the vector space of homogeneous polynomials of degree k in the variables z0, . . . , zn+1 , i.e., the degree
k part of the graded ring
S = C[z0, . . . , zn+1 ].
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The Euler vector field on Pn+1 is denoted
n+1
Õ
E=
zi ∂/∂zi,
i=0

and we introduce an (n + 1)-form ωn+1 on Cn+2 by
Õ
d
(−1)α zα · dz0 ∧ . . . dz
ωn+1 = iE (dz0 ∧ · · · ∧ dzn+1 ) =
α · · · ∧ dzn+1 .
α

Here iE denotes contraction with the Euler vector field. Finally, we let q :
Cn+2 − {0} → Pn+1 be the natural projection. We first state a general result,
the proof of which is relegated to Problem 3.2.6 at the end of this section.
Lemma 3.2.7. The k-form
ϕ̃ =

A
dzi ∧ · · · ∧ dzik
B 1

on Cn+2 − {0} with A and B homogeneous polynomials satisfies
ϕ̃ = q∗ (rational form ϕ on Pn+1 )
if and only if
(i) iE (ϕ̃) = 0, and
(ii) ϕ is homogeneous of degree 0, i.e., deg A + k − deg B = 0.
Proposition 3.2.8. (i) Rational (n + 1)-forms on Pn+1 can be written as total
A
degree-zero forms ωn+1 .
B
(ii) Any rational n-form on Pn+1 is of the form
1Õ
ci · · · ∧ dz
cj · · · ∧ dzn+1,
(−1)i+j Ai j dz0 ∧ . . . dz
ψ=
B i< j
where Ai j = zi A j − z j Ai for some polynomial Ai of degree deg (B) − n − 1.
Proof

Observe that we have an exact sequence
iE

iE

Γ(Cn+2, Ωk+1 ) ⊗ S q−1 −−→ Γ(Cn+2, Ωk ) ⊗ S q −−→ Γ(Cn+2, Ωk−1 ) ⊗ S q+1 .
It follows that iE (ωn+1 ) = 0. Using the previous description of the rational forms
on projective space, the description of the rational (n + 1)-forms follows. The
description of the rational n-forms follows in a similar fashion, using exactness
of the sequence for k = n.

Writing out dψ in the preceding expression for an n-form with B = F l we
find


Õ
1
1 Õ
l·
A j ∂F/∂z j − l
∂ A j /∂z j ωn+1
dψ =
F l+1
F
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and hence we arrive at the following conclusion.
Proposition 3.2.9. Any rational (n + 1)-form ϕ on Pn+1 having a pole of order
Aωn+1
and
l along a hypersurface F = 0 is a total degree-zero rational form
Fl
ϕ = dψ + a rational form having pole order ≤ l − 1 along F = 0
if and only if
A=

Õ

B j ∂F/∂z j ,

j

i.e., if and only if A belongs to the Jacobian ideal
jF = (∂F/∂z0, . . . , ∂F/∂zn+1 ).
Recall that S = C[z0, . . . , zn+1 ]. We then put
RF = C[z0, . . . , zn+1 ]/jF .
Theorem 3.2.5 in this case then reads as follows.
Theorem 3.2.10. Let X be a smooth hypersurface in Pn+1 of degree d given
by F = 0. Set t(p) = d(n − p + 1) − n − 2. The residue isomorphism


n
Res : H n+1 (Pn+1 − X) −−→ Hprim
(X)

maps the subspace of H n+1 (Pn+1 − X) represented by
ϕ=

A
F n+1−p

ωn+1,

deg A = t(p)

n (X) and Res(ϕ) ∈ F p+1 H n (X) if and only if A ∈ j . Hence we
to F p Hprim
F
prim
obtain an isomorphism
t(p) ∼

p,n−p

RF −→ Hprim (X).

Problems
3.2.1
3.2.2

3.2.3

Show that for a smooth curve C on a surface X the sheaves Ω1X (log C)
and Ω1 (C) are different.
Show that the residue as we have defined it (see (3.2)) is independent
of the choice of coordinates and of the choice of the local equation of
the hypersurface.
Give the proof of Lemma 3.2.2. As a hint, show first that the two summands are orthogonal by using the formula ha, i ∗ bi = hi∗ a, bi. Then
compare their dimensions using the Lefschetz hyperplane theorem for
the fixed part and the Gysin sequence for the variable part.
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3.2.4

Complete the proof of Theorem 3.2.4 as follows.
(a)
(b)

(c)

Show that the definition of the logarithmic complex and the
residue map also makes sense in the setting of smooth forms.
Use this to establish the isomorphism



α ∈ Γ P, Ak+1
dα ∈ Γ P, Ak+2
P (log X)
P
k
HdR (X; C) =
.


dΓ P, AkP (log X) + Γ P, Ak+1
P
Use Leray’s residue formula (see Leray, 1959):
∫
∫
1
dθ
Res(θ) =
2πi P
X
to show that for all closed (2n − k)-forms γ on P we have
∫
dα ∧ γ = hdα, γi = 2πihi∗ β, γi
P
∫
= 2πihβ, i ∗ γi = 2πi
β ∧ i ∗ γ.
X

(d)

Deduce that
[dα] = 2πi · i∗ [β]
and show that this implies that the connecting morphism in the
long exact sequence of the residue sequence is 2πi times the Gysin
map.

3.2.5

Let X be a hypersurface of degree d in Pn+1 . Consider the covering
U of Pn+1 given by the open sets U j which are the complement of the
hypersurface ∂F/∂z j = 0, ( j = 0, . . . , n + 1). Let K j be contraction
with the vector field ∂/∂z j and set K j0 ···j p = K j0 , . . ., K j p .
(a)

(b)

Show that for any polynomial A of degree d(p + 1) − n − 2 the
n−p
element λ p (A) is represented by the p-cocycle in C p (U, ΩX )
given by
AK j0 ··· j p ωn+1
α j0 ···j p =
.
∂F/∂z j0 · · · ∂F/∂z j p X
(see Carlson and Griffiths, 1980, Section 3b).
Show that for A of degree d(p + 1) − n − 2 and B of degree
d(n + 1 − p) − n − 2 the cup product of λ p (A) and λn−p (B) in
n,n
Hprim
(X)  H n+1 (ωn+1 ) is given by the n-cocycle
d

ABΩ P n+1
.
∂F/∂z0 · · · ∂F/∂z j

(see Carlson and Griffiths, 1980, Section 3c).
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Let R = S/jF . Use (ii) to define an isomorphism
∼

λρ : Rρ −→ H n,n (X)
such that the diagram
multiplication

Rt(p) × Rt(n−p)
−−−−−−−−−−→
 λ ×λ
y t (p) t (n−p)

n−p, p

Hprim

p,n−p

× Hprim

cup-product

−−−−−−−−−→

Rρ
λ
y ρ

H n,n

is commutative up to sign.
3.2.6

Prove Lemma 3.2.7. Hint: one possibility is to make direct computations in standard affine coordinates. Alternatively and more conceptually, one could use the Lie derivative in conjunction with Cartan’s
formula which we treat below (see Definition 4.5.2 and Proposition
4.5.3). Indeed, one should show that the Lie derivative of ϕ̃ in the
direction of the Euler vector field is equal to (deg ϕ̃)ϕ̃. By Cartan’s
formula it is also equal to iE dϕ̃ + d(iE ϕ̃) and so (i) and (ii) imply that
the Lie derivative of ϕ̃ in the direction of the Euler field is 0. Verify
that this is exactly the condition for a rational form on Cn+2 − {0} to
be the pullback of a form on projective space.

3.3 How Log-Poles Lead to Mixed Hodge Structures
In the situation given in Proposition 3.2.1, we were given a smooth hypersurface
X ⊂ P inside a projective manifold P which has no primitive cohomology in
degree n + 1. We denoted the complement P − X by U. The “tube over cycle
map” gives an isomorphism
n
r : H n+1 (U; Q) → Hvar
(X; Q)

in that case. We also saw that the order of pole filtration induces a pure weight
(n + 2) Hodge structure on the left-hand side. Since the right-hand side has a
pure Hodge structure of weight n, the map r shifts the weight by 2: we have
a morphism of Hodge structures of type (−1, −1). Behind this is the factor of
2πi which occurs in the residue map so that we have to make a Tate twist (see
Example 1.2.6) on the left for compatibility on integral level; then the map
r : H n+1 (U) ⊗ Z(1) → H n (X) is actually a morphism of Hodge structures.
In the general situation, where P has nonzero primitive cohomology, the
image of primitive cohomology of P inside H n+1 (U; Q) clearly carries a (pure)
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Hodge structure of weight n + 1, because the restriction map is not supposed to
shift the weight by naturality. So we have a situation in which we should have
two different weights on a fixed vector space. Indeed, we have a mixed Hodge
structure.
Example 3.3.1. In the introduction in the subsection starting on page 36 we saw
that a punctured Riemann surface gives an example of a mixed Hodge structure:
let C be a Riemann surface which is obtained by deleting m points x1, . . . , xm
in a compact Riemann surface Ĉ. Then we have the long exact sequence
0 → H 1 (Ĉ, Z) → H 1 (C, Z) → Zm → H 2 (Ĉ, Z) → H 2 (C, Z) = 0.
m Z → H 2 (Ĉ, Z))
From this, one can see that H 1 (C, Z) is an extension of Ker(⊕i−1
1
by H (Ĉ, Z). The weight filtration on this free Z-module H 1 (C, Z) is defined
by W1 H 1 (C, Z) = H 1 (Ĉ, Z), and W2 H 1 (C, Z) = H 1 (C, Z) is everything. The
Hodge filtration comes from the residue sequence
1
1
0 → ΩĈ
→ ΩĈ
(log{x1, . . . , xm }) → O{x1,...,xm } → 0,

i.e., we have F 0 H 1 (C, C) = H 1 (C, C) and


1
F 1 H 1 (C, C) = H 0 Ĉ, ΩĈ
(log{x1, . . . , xm } .
Finally, F 2 H 1 (C, C) = 0. Altogether we obtain an extension of (pure) Hodge
structures
É

m
2
0 → H 1 (Ĉ) → H 1 (C) → Ker
Z(−1)
→
H
(
Ĉ)
→ 0,
i=1
where Z(−1) is again the (−1)-st Tate twist.
In contrast to the case of pure Hodge structures, there is no canonical splitting
of HC into Hodge subgroups H p,q (see the previous example). However, it can
be easily shown that we have a decomposition of the form
É
p,q
HC =
p,q H
C
such that all elements in H p,q are in F p ∩ W p+q
and the summand H p,q is
q,
p
conjugate to H modulo summands of the form H r,s where r < p and s < q.
Moreover, as shown by Deligne (1971b), these splittings are unique provided
we refine the latter requirement about the conjugates. We do not really make
use of this fact, but it forms the essential ingredient in the proof that morphisms
of mixed Hodge structures are strict. Let us first give the definitions.

Definition 3.3.2. A morphism of mixed Hodge structures f : H → H 0 is a
morphism of Z-modules which is compatible with both filtrations. A morphism
f : H → H 0 is a morphism of mixed Hodge structures of type (−m, −m), if
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under f the Hodge and weight filtrations behave like f (F k ) ⊂ F k−m and
f (Wk ) ⊂ Wk−2m . In other words, if one looks at (2πi)−m f : H ⊗ Z(m) → H 0,
then this is a morphism of mixed Hodge structures in the usual sense.
As stated above, morphisms of mixed Hodge structures behave particularly
well with regard to the weight and Hodge filtration in that they strictly preserve
these. Here we recall that a morphism between filtered vector spaces f :
(V, F) → (V 0, F 0) is strict if not only f preserves the filtration, but also if
w ∈ Im( f ) ∩ (F 0) p then w = f (v) with v ∈ F p . We are not going to show this,
but the original source is Deligne (1971b).
The basic idea behind introducing mixed Hodge structures is to impose a
finer structure on the cohomology groups of noncompact or singular algebraic
varieties that are preserved under simple functorial operations such as pullback
under morphisms in cohomology or homology. Furthermore, they should be
generalizations of the familiar Hodge structures on smooth projective varieties.
Let us return to the situation of Section 3.2 and define carefully the Hodge and
weight filtration on H n+1 (U). This is done best on the level of the log-complexes
Ω•P (log X). We saw that we should use the order of the pole filtration. On the
log-complex this amounts to the trivial filtration:

p
p+1
F p Ω•P (log X) = 0 → · · · → 0 → Ω P (log X) → Ω P (log X) → · · · ,
which we have defined in Section 3.1, inducing in cohomology


F p H n+1 (U; C) = Im Hn+1 (P, F p Ω•P (log X)) → Hn+1 (P, Ω•P (log X)) .
To define the weight filtration, we proceed as follows again on the level of
complexes: define
Wm Ω•P (log

X) =

0
Ω•P

 Ω• (log X)
 P





for m < 0,
for m = 0,
for m ≥ 1.

This carries over to a filtration on cohomology via


Wm+n+1 H n+1 (U; C) = Im Hn+1 (P, Wm Ω•P (log X)) → Hn+1 (P, Ω•P (log X)) .
This filtration is defined over Q, since the restriction map H • (P) → H • (U)
is defined over Q so that the group Hn+1 (P, Ω•P ) carries a natural Q structure
compatible with our definition. Note that our convention is such that the weight
n+1 (U; Q) is exactly m + n + 1, as it should be. The
of an element in GrW
m+n+1 H
resulting sequence
· · · → H n+1 (P) → H n+1 (U) ⊗ Z(1) → H n (X) → · · ·
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then becomes a sequence of mixed Hodge structures.
In Chapter 10 we shall encounter a more general situation, namely one in
which X ⊂ P is a simple normal crossing divisor. This is by definition a
union of smooth hypersurfaces in P such that for each point of P there is
a local coordinate patch (U, z1, . . . , zn+1 ) such that X is locally given by the
equation z1 z2 . . . zk = 0 for some 0 ≤ k ≤ n + 1 (here n = dim (P)). So
locally, k smooth branches of X meet transversally. In this case, the sheaf
Ω1P (log X) is defined as the subsheaf of Ω1P (∗X) that is generated by Ω1P
and all forms dzi /zi for all local equations {zi = 0} of components of X.
p
The higher wedge powers Ω P (log X) are defined as the p-th exterior powers
1
of Ω P (log X). The cohomology of U with complex coefficients is defined to
be the hypercohomology group H∗ (P, Ω•P (log X)). There is again a natural
subcomplex F p Ω•P (log X) of Ω•P (log X) given by the trivial filtration, and it
induces the Hodge filtration on hypercohomology in the same way as before.
The weight filtration on H k (U, Q) is a bit more difficult to define and involves
some residue calculus. In this setting the weight filtration on the complex of
log-poles that keeps track of the number of dzi /zi possibly has more than
p
two nontrivial steps. Indeed, the subsheaves Wm Ω P (log X) of those differential
forms that are of the form
α∧

dzi(m)
dzi(1)
∧...∧
, m ≤ n + 1, α holomorphic,
zi(1)
zi(m)

give a filtration with at most as many steps as we have branches of X that
locally meet. This is a generalization of what we previously had, which becomes
apparent on writing the weight filtration as
p

Wm Ω P (log X) =


for m < 0,

 0 p−m

Ω P ∧ Ωm
(log
X)
for
0 ≤ m ≤ p,
P

 Ω p (log X),
for m ≥ p.
 P

This yields an increasing filtration W• on the whole complex Ω•P (log X) and
therefore on the cohomology by using the same shift as before,


Wm+k H k (U, C) = Im Hk (Wm Ω•P (log X)) → Hk (Ω•P (log X))
so that the elements have weights ≤ m + k.
With some more work, the weight filtration is seen to be already defined over
Q. First, there are multiple residue maps
p

p−m

res : GrW
m Ω P (log X)  i∗ Ω X(m),
which are all isomorphisms under our assumptions. Here i : X(m) ,→ X
denotes the inclusion of the disjoint union of the m-fold intersections Xi(1) ∩

116

Holomorphic Invariants and Cohomology

. . . ∩ Xi(m) of X. Then the weight pieces Wm on cohomology sit in successive
extensions of cohomology groups defined by the X(m) and are therefore defined
over Q.
A more general situation is that of a smooth, quasi-projective manifold
U by definition the complement of a Zariski closed subset inside an arbitrary
projective variety. One can replace this compactification by a smooth projective
manifold P with complement a simple normal crossing divisor X so that we
are in the situation above. The associated mixed Hodge structure on H k (U, C)
using this particular pair (P, X) does not depend on the choices (see Deligne,
1971b). Because the number of intersecting components of X is bounded by
dim (U), the description of the weight filtration as given above immediately
leads us to the following conclusion.
Lemma 3.3.3. The weights i of the mixed Hodge structure on the cohomology
group H k (U, C) of a smooth quasi-projective variety U are bounded in the
range k ≤ i ≤ k + dim (U).
We also can define a mixed Hodge structure on the cohomology of a pair
(X, A) with X and A smooth-projective or quasi-projective. We do not explain
this in detail here, but we present the necessary ingredients. First, we interpret
H • (X, A) as the cohomology of the mapping cone of the natural restriction homomorphism S • (X) → S • (A) between the complexes of singular cohomology.
This concept was introduced in Chapter 1. We recall its definition here.
Definition 3.3.4. Let h : A• → B• be a morphism of complexes of sheaves on
X. Then the mapping cone of h is defined as the complex of sheaves
Conen (h) = An+1 ⊕ B n,

dC = (− dA, − f + dB ).

With this definition, it is easy to check that dC really gives a differential with
2
dC
= 0 and that we have a short exact sequence of complexes
0 → B• → Cone• (h) → A• [1] → 0.
Because we have smooth algebraic manifolds, we can calculate their complex
cohomology also using the holomorphic de Rham complex. So we have the
de Rham isomorphisms H i (X; C) = Hi (X, Ω•X ) and H i (A; C) = Hi (X, i∗ Ω•X ),
where i : A ,→ X is the inclusion. The five lemma together with the long
exact sequences for singular cohomology, as well its de Rham version, show
that we indeed may compute H • (X, A; C) as the hypercohomology of the cone
complex of h : Ω•X → i∗ Ω•A. The trivial filtration on this cone complex does not
give the correct Hodge filtration, unless X and A are projective. In the general
case, one has to replace Ω•X and Ω•A by their logarithmic cousins, obtained by
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compactifying X and A suitably. The map h gets replaced by its logarithmic
version and the correct Hodge filtration is the trivial filtration on the cone of
this new map. The point here is that this latter cone still computes H • (X, A).

3.4 Algebraic Cycles and Their Cohomology Classes
Among the elementary consequences of the Kähler condition is a further topological restriction, namely, that all of the even Betti numbers in the obvious
range are nonzero. To see this, observe that in local holomorphic coordinates
ω n = const. · det(hr s ) i dz1 ∧ d z̄1 ∧ · · · ∧ i dzn ∧ d z̄n,
where the constant is positive and the wedge product is the positively oriented
volume form on Cn with its euclidean structure. Since (hr s ) is positive, so is
the determinant, and so
∫
ω n > 0.
M

We conclude that the cohomology class of ω n and, a fortiori, its lower exterior
powers are nonzero. This establishes what was claimed. Indeed, we have the
following proposition.
Proposition 3.4.1. For a compact Kähler manifold M we have
h p, p (M) > 0
for 0 ≤ p ≤ dim M.
In any case, this gives a more elementary proof that a manifold homotopy
equivalent to the Hopf manifold, which has B2 = 0, carries no Kähler structure
(see the examples in Section 2.2.1).
This reasoning shows also that the fundamental homology class of any ndimensional complex submanifold i : N ,→ M is of pure Hodge type. We recall
that this class i∗ [N] is defined in Appendix B for any oriented submanifold of
M. To begin with, we claim that it is nonzero. In fact, we know that the Kähler
class of M restricts to the Kähler class of N. From calculus we have
∫
∫
ωn =
i∗ ωn .
i∗ [N ]

N

However, the last integral is positive by the argument in the previous paragraph, so that i∗ [N] , 0, as required. Next, we adapt the argument to prove
the assertion about the Hodge type. To explain this, we use the dual Hodge
decomposition on the complexified homology, as defined at the end of Section
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2.2. Recall that a homology class c has type (r, s) if φ(c) = 0 whenever φ has
type (p, q) with (p + r, q + s) , (0, 0). We thus have a Hodge decomposition
É
H` (M; C) =
p+q=−` Hp,q (M),
and we have the following proposition.
Proposition 3.4.2. Let i : N ,→ M be a compact complex submanifold of a
compact Kähler manifold M. The fundamental homology class i∗ [N] is of type
(−n, −n), n = dim N.
Proof

Let φ be a closed (p, q)-form and consider the integral
∫
i ∗ φ.
N

Locally, the integral is a sum of integrals
∫
f dzI ∧ d z̄J ,
where the zi ’s are now holomorphic coordinates on N. If p > n then dzI = 0,
and if q > n then d z̄J = 0, from which the assertion follows.

Let us pause for a moment to show that the Poincaré duality isomorphism
respects the Hodge decomposition:
Proposition 3.4.3. Poincaré duality induces an isomorphism of Hodge structures
∼

H ` (M)(2m) −→ H2m−` (M).
Proof We have just shown that the fundamental class of M has pure type
(−m, −m). Poincaré duality is induced by the cap product
H2m (M) × H 2m−` (M) → H` (M),
which respects Hodge structures (it is dual to the cup product) and so the
Poincaré duality isomorphism maps classes of type (p, q) in (2m−`)-cohomology
to classes of type (p − m, q − m) in `-homology, in accord with the weight
p + q − 2m = −` of the Hodge structure on H` . The Tate twist corrects the shift
produced by cap product with the fundamental class.

Let us further generalize the notion of fundamental class in case N is a
subvariety of a complex manifold M, possibly with singularities. There still
exists a fundamental homology class [N] ∈ H2n (N). For instance, one can use
resolution of singularities σ : Ñ → N (see Hironaka, 1964) and push the
fundamental class of Ñ to N. To test whether the resulting class is nonzero in
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the homology of M it suffices to show that the integral of some global form
over an open dense subset of N is nonzero. Taking for this the regular locus
Nreg of N we find
∫
∫
∫
ωn =
i∗ ωn =
i ∗ ω n > 0.
i∗ [N ]

N

Nreg

In a similar vein, the preceding proposition can be shown for any irreducible
algebraic subvariety:
Addendum. Let M be a complex projective manifold and i : N ,→ M an
irreducible algebraic subvariety. The fundamental homology class i∗ [N] is of
type (−n, −n), n = dim N.
We can generalize this a bit more by introducing the following fundamental
concepts.
Definition 3.4.4. An n-cycle on an algebraic variety M is a finite formal linear
combination of irreducible algebraic subvarieties of dimension n with integral
coefficients. These form the group Zn (M) of algebraic n-cycles. The cycle class
map
cl : Zn (M) → H2n (M)
is obtained by extending linearly the map that with a subvariety i : N ,→ M
associates its class i∗ [N]. Its image is the group of n-dimensional algebraic
classes.
So we see that the algebraic cycle classes are of pure Hodge type (−n, −n).
We showed this for curves on surfaces in Section 1.3, where we discussed the
famous Hodge conjecture, one of the million-dollar millennium prize questions.
Conjecture (Hodge conjecture). All classes of type (−n, −n) in H2n (M; Q) are
algebraic.
Some remarks are in order. First of all, the stronger conjecture with integral
coefficients in general is false. Atiyah and Hirzebruch (1962) have given a
counterexample. Secondly, to this date the conjecture is known in general only
for n = 1 and n = m − 1. We treat this now in more detail.
As we observed in Chapter 1, the case of divisors is due to Lefschetz and
Hodge. This the content of the Lefschetz theorem on (1, 1)-classes. The proof
by Kodaira and Spencer can be found in Griffiths and Harris (1978, p.163). It is
based on the long exact sequence in cohomology for the so-called exponential
sequence on M
exp

∗
0 → 2πiZ → OM −−−→ OM
→ 0,
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∗ ) classifies isomorphism
where by definition exp( f ) = e f . The group H 1 (OM
classes of line bundles on M:
∗
) = Pic M.
H 1 (OM

The right-hand side also is the group of classes of divisors ((m −1)-dimensional
algebraic cycles) under linear equivalence. What is important is that linearly
equivalent divisors have the same fundamental class in H2m−2 (M). Applying
Poincaré duality, this yields the same classes in H 2 (M) as well. By abuse of
language we also call this element in H 2 (M) the “cycle class” of the linear
equivalence class of the divisor under consideration. A crucial computation
∗ ) → H 2 (M) can be identified with
reveals that the coboundary map H 1 (OM
this new cycle class map. The exact sequence associated with the preceding
exponential sequence then shows that the image of this map, the algebraic
(2m − 2)-classes, is the kernel of
π : H 2 (M) → H 2 (OM ).
p

By Dolbeault’s theorem (Proposition 3.1.3) H q (Ω M ) can be identified with
the classes of (p, q)-forms on M and so the kernel of π consists of integral
classes of type (2, 0) + (1, 1). Because an integral class in particular is real, the
(2, 0)-part must vanish and hence that class must be of pure type (1, 1). The
Hodge conjecture for integral algebraic (m − 1)-classes thus follows.
The Hodge conjecture for algebraic one-cycles then follows from this and the
∼
hard Lefschetz theorem (Theorem 2.3): because the isomorphism H 2 −→ H 2m−2
from this theorem preserves rational pure-type classes as well as the algebraic
cycles, the Hodge conjecture thus follows.
Motived by this, we give a special name to the integral (1, 1)-classes; they
form the Néron–Severi group

(3.4)
NS(M) = c ∈ H 2 (M) c ⊗ 1 ∈ H 1,1 (M) ⊂ H 2 (M) ⊗Z C ,
whose rank is called the Picard number.
We end this section by giving a few special cases where the Hodge conjecture
is true. For a more extensive discussion of the Hodge conjecture, see Lewis
(1991).
Examples 3.4.5. (i) The conjecture holds for projective spaces, because all cohomology groups have rank 1 and are generated by classes of linear subspaces.
Likewise, it is true for Grassmannians, since the cohomology is generated by
the so-called Schubert cycles (see Griffiths and Harris, 1978, p. 196),
(ii) Based on the previous examples we can construct more interesting ones.
These are based on the computation of the (co)homology of the blowup. See
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Example C.2.3. So let M ⊂ N be a compact submanifold of a compact complex
manifold N, say of codimension d, and let σ : Bl M N → N be the blowup
with center N. Then, putting k − = max {0, k − d + 1}, the even-dimensional
homology is given by
∼

H2k (Bl N M) −→ H2k (M) ⊕ H2k−2 (N) ⊕ · · · ⊕ H2k − (N).
In particular, if the Hodge conjecture is true for M and it is true for N, it is also
true for Bl N M. Particular cases include projective spaces blown up in points,
curves, and surfaces.
(iii) Continuing with the previous example, we can find an interesting particular
case, the so-called unirational fourfold M. By definition this means that there
exists a dominant rational map P4 9999K M. To show that the Hodge conjecture
is true, one first resolves the indeterminacies of the rational map by blowing up
M (see Hironaka, 1964),
N
g

P4



h

/ M,

where g is a succession of blowups in points, curves, and surfaces, and h is a
generically finite morphism of degree say d. The Hodge conjecture only needs
to be checked for codimension two-cycles. The previous example shows that
it is true for N. Next, one has to look at h : N −→ M. Let us consider a
topological 4-cycle x on M. Since h is generically finite, the inverse image of a
suitable cycle homologous to x gives a 4-cycle y on N. Suppose that the class
[x] ∈ H4 (M) has type (−2, −2). Then the same is true for the class [y] ∈ H4 (N),
which therefore is an algebraic class, say [y] = cl Z. On the level of cycles
h∗

the induced homomorphism Z2 (N) −−→ Z2 (M) is defined as follows. For an
irreducible cycle Z set h∗ Z = 0 if Z is mapped to a lower- dimensional cycle
and otherwise set h∗ Z = (deg h | Z) · h(Z). It is not too hard to show that this
is compatible with the cycle class maps. One therefore gets cl(h∗ Z) = d · [x]
and so the Q-Hodge conjecture holds.

Problem
3.4.1

The goal of this exercise is to give an explicit example of a surface
with Picard number 1. The Lefschetz–Noether theorem, which we
show below (Section 7.5), states that the generic surface of degree
≥ 4 has Picard number 1, but the point is to construct one explicitly!
Suppose a cyclic group G of order n is acting on a surface S ⊂ P3
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through projective transformations. We want to investigate the induced
action on the Néron–Severi group of S. We first recall that for every
divisor m of n there is one irreducible rational representation
Wm = Q[t]/(Φm (t))
of G, where Φm (t) is the m-th cyclotomic polynomial and the generator
of G acts as multiplication with t. For every n-th root of unity α there
is likewise one irreducible representation
Uα = C[t]/(t − α).
The crucial observation is that NS(S)⊗Q is a rational G-representation
and so is its orthogonal complement T(S)Q . The complexification of
the latter contains H 2,0 + H 0,2 , and so knowledge of the action on
two-forms at least shows what kind of irreducible G-representations
T(S)Q should contain. This in turn gives upper bounds for the Picard
number. Now consider the surface with homogeneous equation
z05 + z1 z24 + z2 z34 + z3 z14 = 0,
which admits an action of a group of order n = 65 as follows:
(z0, z1, z2, z3 ) 7→ (η13 z0, η−16 z1, η4 z2, η−1 z3 ), η = exp(2πi/65).
(a) Show that this gives an action.
(b) Using the explicit representation for H 2,0 by residues, show that
T(S)Q contains W65 + W5 , a space of dimension 52, while B2 (S) = 53.
Conclude that NS(S) has rank 1. For more examples of this kind see
Shioda (1981).

3.5 Tori Associated with Cohomology
With Hodge structures H of odd weight 2p − 1 one associates a natural compact
complex torus, its “Jacobian,”
JH = HC /(F p + HZ ).
The compactness follows from the observation that the map of vector spaces
H → HC induces an isomorphism H → HC /F p where both sides are viewed
as real vector spaces. This is a consequence of the fact that
HC = F p ⊕ F p .
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Consequently one has an induced isomorphism
'

H/HZ −→ JH.

(∗)

The prototype is the classical Jacobian which is JH 1 (S), S a Riemann surface.
More generally, by definition (2.6), the Weil operator C of a Hodge structure
H of weight 2p − 1 satisfies C 2 = − id and hence HC is the direct sum of the
±i-eigenspaces, say
HC = H + ⊕ H −, C|H ± = ±i,

H̄ + = H −,

(3.5)

that is, C defines a weight-one Hodge structure, say (H, C) and Weil’s Jacobian
is its Jacobian, J(H, C). This notion has been modified by Griffiths as follows.
Definition 3.5.1. Let X be a compact Kähler manifold. Griffiths’ intermediate
Jacobian J p (X) is the Jacobian for the cohomology group H 2p−1 (X) with its
usual Hodge structure.
Griffiths’ Jacobian varies holomorphically with its defining Hodge structure
(see Section 4.5), while Weil’s Jacobian in general does not.
Suppose now that the Hodge structure is polarized by the bilinear form b. It
defines a skew-form on the real vector space H, hence yielding a translationinvariant (and therefore closed) two-form ω on the quotient torus (recall (∗)).
Explicitly, we have
ω(u, v) = −ib(u, v̄).

(∗∗)

Its integral on the one-cycle defined by a lattice vector is an integer, so its
cohomology class is integral. Because T0 JH = HC /F p  F p , one can identify
the space F p with the space of translation-invariant holomorphic vector-fields.
Thus the first bilinear relation, b(F p, F p ) = 0, implies that the (0, 2)-component
of ω vanishes. Because it is real, the (2, 0)-component vanishes as well, and so
ω is of type (1, 1). The second bilinear relation and (∗∗) imply that ω has sign
−is−r+1 = (−1)r+p+1 on H r,s and thus we have (see (3.5))
ω > 0 on H − = H p−1, p ⊕ H p−3, p+2 ⊕ · · · ⊂ F p H,
ω < 0 on H + = H p−2, p+1 ⊕ H p−4, p+3 ⊕ · · · ⊂ F p H.
It follows that there is no natural polarization on JH unless p = 1 or if the
Hodge structure is very special. In the geometric situation it follows that J 1 (X)
is a polarized variety, it is the ordinary Jacobian. Moreover, J n (X) is a polarized
torus, the Albanese torus, which happens to be the dual of the Jacobian torus.
Note however that the Weil Jacobian does get a natural polarization and so it is
an abelian variety.
What is significant is that in these cases ω is the first Chern class of a positive
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line bundle. By the Kodaira embedding theorem, sections of some high power
of this bundle embed the underlying torus as a closed complex submanifold of
some projective space (see Griffiths and Harris, 1978, p. 181). Thus in these
special cases we get abelian varieties, meaning that they carry the additional
structure of an algebraic manifold. For example, the Jacobian of H 1 is always
an abelian variety, while Griffiths’ intermediate Jacobian of H 3 is an abelian
variety only in the special case H 3,0 (M) = 0.
Let us see how our definitions relate to the classical theory, where the Jacobian is defined as
Jac(M) = H 1,0 (M)∨ /H1 (M; Z)
for any compact Riemann surface M. The resulting torus is designed so as to
admit a natural map
u : M → Jac(M),
the Abel–Jacobi map. To define it, fix a base point p, then map an arbitrary
point q to the functional on abelian differentials (holomorphic one-forms) given
by the line integral, i.e., to the functional
∫ q
φ 7→
φ.
p

This functional is well defined up to addition of a functional defined
∫ q by integrating over a loop based at p, so that the class of the functional p in Jac(M)
is well defined. To relate Jac(M) to JH 1 (M), observe that the natural pairing
H 1 (M; Z) × H 1 (M; Z) → Z,
given by the cup product followed by integration over the fundamental class,
allows one to identify duals of subspaces of H 1 with quotients of H 1 . In the
case at hand H 1,0 is isotropic, and so its dual is naturally isomorphic with
H 1 (M; C)/H 1,0 (M). It follows that Jac(M) = JH 1 (M).
In the case of an elliptic curve, say

Eλ = y 2 = x(x − 1)(x − λ) + point at infinity, λ , 0, 1, ∞,
the Abel–Jacobi map yields an isomorphism
'

u : Eλ −→ JH 1 (Eλ ).
This was explained in Chapter 1.
Since the Hodge structure determines the Jacobian up to isomorphism, it
determines the original elliptic curve up to isomorphism. This observation is
the prototype for the next result.
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Theorem (Torelli’s theorem). A compact Riemann surface is determined up to
isomorphism by the polarized Hodge structure on its first cohomology.
This is not difficult to see in the case of genus 2. The image of the Abel–Jacobi
map is another Riemann surface M 0, possibly singular. In fact it is smooth and
isomorphic to M. On the other hand, the polarization ω determines a line bundle
L. Line bundles with fixed Chern class on a torus are parametrized by the torus
itself, so the torus acts on the set of such line bundles by translation. If the
representative line bundle is chosen with care, it has a nontrivial holomorphic
section. A classical fact is that the zero set of this section is M 0. Thus there is
a prescription for constructing a Riemann surface isomorphic to M from the
Jacobian, viewed with its structure of projective algebraic variety. This structure
is completely determined by H 1 viewed as a polarized Hodge structure. The
proof of the general result is more difficult (see for instance Griffiths and Harris,
1978, p. 35).

Problems
3.5.1

Show that for a cubic threefold X the intermediate Jacobian is polarized.

3.5.2

Let X be a complex projective manifold. Suppose that there exists a
rationally defined sub-Hodge structure H ⊂ H p−1, p (X) ⊕ H p, p−1 (X)
contained in H 2p−1 (X; C). So some sublattice HZ ⊂ H 2p−1 (X) generates H as a real vector space. Prove that the torus H/HZ is an abelian
variety.

3.5.3

Shioda has constructed examples of hypersurfaces of odd dimension
for which there are no nontrivial rationally defined Hodge structures as
in the previous exercise (see Shioda, 1985). This illustrates a theorem
of Noether–Lefschetz type proven by Griffiths (1968) stating that this
is true for any “generic” smooth hypersurface of projective space of
sufficiently high degree. We are presenting here the simplest example,
that of a sextic threefold X ⊂ P4 with equation
z0 z15 + z1 z25 + z2 z35 + z3 z45 + z4 z05 = 0.
The cyclic group of prime order 521 acts on it as follows. Choose a
primitive m-th root of unity σ, where m = 55 + 1 = 6 · 521 and define

4−i
g : (. . . , zi, . . . ) 7→ . . . , σ (−5) zi, . . . .
(a)

Show that X is smooth.
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(b)

Show that g acts on X and that it induces a projective action of
the cyclic group G of order 521.
(c) Show that B3 (X) = 520 and determine the Hodge numbers.
(d) Calculate the action of g on H 3,0 (X) and conclude that the representation of G on H 3 (X; Q) is the unique nontrivial irreducible
representation of G (it was called W521 in Problem 3.4.1).
(e) Conclude that there cannot be a nontrivial rational sub-Hodge
structure inside H 2,1 (X) ⊕ H 1,2 (X).

3.6 Abel–Jacobi Maps
Let us see how our definition of the intermediate Jacobian relates to geometry.
There is a dual view of the intermediate Jacobian. The cup product pairing
establishes a duality between H 2p−1 (M) and H 2m−2p+1 (M) with the property
that F k is annihilated by F m−k+1 (a form having at least k dz’s gives 0 when
wedged against one having at least m − k + 1 dz’s). So this duality induces
an isomorphism between H 2p−1 /F p and the dual of F m−p+1 . Moreover, if
you compose the duality with the Poincaré duality isomorphism you get an
embedding
α : H2m−2p+1 (M; Z)/torsion → H 2m−2p+1 (M)∨,
which is just integration. So we find
∨

J p (M)  F m−p+1 H 2m−2p+1 (M) /α H2m−2p+1 (M; Z) .
This description generalizes the description of Jac(M) as given in the previous
section. Using this, we can define the Abel–Jacobi map on algebraic cycles of
(complex) codimension p which are homologous to 0. If Z = ∂Γ is such a cycle,
integrating closed forms over Γ defines an element of F m−p+1 H 2m−2p+1 (M)∨ ,
and a different choice of Γ 0 with Z = ∂Γ 0 determines the same element in
the intermediate Jacobian J m (M) because Γ − Γ 0 gives a period integral. One
needs to verify furthermore that different closed forms representing
∫
∫ the same
class yield the same integral over Z. So we have to show Γ α = Γ α 0 if α and
α 0 are two closed forms in the same cohomology class. But in Chapter 6 we
¯
prove that the spectral sequence associated with the double complex (A•,•, ∂, ∂)
degenerates at E1 , which implies that d = ∂ + ∂¯ strictly respects the type
decomposition. This is similar to what we did above (see Proposition 3.1.6). It
0
implies that the form β∫ for which
∫ dβ = α − α may be assumed to have at least
m − p + 1 dz’s and so Γ dβ = Z β = 0.
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One may also use upper indices to grade cycles by codimension and then the
Abel–Jacobi map can be written as a linear map:
p

u

def

Zhom (M) = { codim p-cycles on M homologous to 0} −−−→ J p (M).
The left-hand side usually is an enormous group. For instance, for zero-cycles,
Í
Í
it is just the group of formal sums n P P, P ∈ M and n P = 0. To reduce the
size, one can impose equivalence relations. There is another reason to do this:
the process of intersecting a given cycle with other cycles is not always well
behaved. For instance, intersecting a codimension d variety with a codimension
e variety does not always produce a cycle with the expected codimension d + e.
A sufficient geometric condition for this to happen is that the cycles meet
transversally: each component of the cycle should meet each component of the
other cycle in smooth points, and at such intersection points the tangent spaces
intersect in a subspace of the expected codimension. Any good equivalence
relation should obey the “moving lemma" which says that, given a finite set of
subvarieties, any cycle can be replaced by an equivalent one which meets all of
the given varieties transversally. An obvious example of such an equivalence
relation is that of homological equivalence induced by the cycle class map
cl : Zp (M) → H2p (M).
The classical moving lemma (see Roberts, 1972) states that this property
also holds for rational equivalence and algebraic equivalence. These are defined as follows. We say that two cycles belong to the same algebraic family
parametrized by a variety S if they occur as fibers over s of a cycle Z on M × S
that is equidimensional over S and meets the fiber M × {s} transversally in the
cycle Zs . Belonging to the same algebraic family generates by definition algebraic equivalence. Restricting the base manifolds to rational curves we get the
definition of rational equivalence. For divisors this coincides with the notion
of linear equivalence.
The quotient of cycles modulo rationally equivalence by definition is the n-th
Chow group
def

Chn (M) = Zn (M)/{cycles rationally equivalent to 0} .
Using upper indices to grade by codimension, Chn (M) denotes the equivalence
classes of codimension n-cycles.
Next note that two cycles which are algebraically equivalent have the same
homology class: choose any path γ connecting s1 and s2 and let Zγ be the union
of the cycles (M × t) ∩ Z, for t ∈ γ. Then the boundary of Zγ is precisely
±(Z1 − Z2 ). It follows that the cycle class map passes to Chow groups:
cl : Chd (M) → H 2d (M).
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As an example, the kernel of the class map for divisors is the Picard torus. This
follows from the exponential sequence. The image is the group of algebraic
(m−1)-cycle classes, the Néron–Severi group NS(M) ⊂ H 2 (M) we encountered
previously (3.4). So we have an exact sequence
0 → Pic0 (M) → Ch1 (M) = Pic(M) → NS(M) → 0
describing what happens with divisors.
As a second example, let us look at zero-cycles. Because H 2m (M)  Z, a
zero-cycle has class 0 if and only if it has degree 0. Because a zero-cycle is
supported by a curve, and because on a curve cycles are algebraically equivalent
to 0 if and only they have degree 0, this is also true on M.
On the other end of the spectrum we have the Abel–Jacobi map which is
defined for cycles homologous to 0. We see below (Corollary 4.7.2) that the
Abel–Jacobi map varies holomorphically in families. Because a rational curve
cannot map nonconstantly to a torus, the Abel–Jacobi map factors over rational
equivalence as well. This motivates the introduction of
def

d
Chhom
(M) =

{codimension d cycles homologous to 0}
,
{cycles rationally equivalent to 0}

so that the Abel–Jacobi map now becomes
d
u : Chhom
(M) → J d (M).

The kernel of the Abel–Jacobi map can be nontrivial, contrary to what we know
for divisors. For example, for zero-cycles the right-hand side is the Albanese
torus, and Mumford (1969b) showed that even for surfaces the kernel can be
large. Indeed, if the surface admits a nontrivial holomorphic two-form, no curve
can be found on the surface that supports the kernel up to rational equivalence.
In other words, the kernel is larger than any of the Jacobians associated with
curves on the surface.
As seen above, zero-cycles are algebraically equivalent to 0 if and only if
their degree is 0, but this ceases to be true for higher-dimensional cycles. The
first examples of this phenomenon were given by Griffiths (1969). We treat
these in Chapter 10.

Problems
3.6.1

3.6.2

Verify that the moving lemma implies that the direct sum of the Chow
groups becomes a graded ring under the intersection product, the
Chow ring.
Prove that the Abel–Jacobi map is an isomorphism for divisors.

3.6 Abel–Jacobi Maps
3.6.3
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Consider the Fermat surfaces X0d + · · · + X3d = 0 in P3 . Determine the
lines on those for d = 3, 4 and find out when two lines have the same
homology class.

Bibliographical and Historical Remarks
In Section 3.1 we continued explaining some of the basic results of the subject.
For the techniques of sheaves, Čech cohomology, and double complexes, see
Griffiths and Harris (1978); Wells (1980).
The residue calculus leading to the explicit representation of the primitive
cohomology of smooth hypersurfaces as explained in Section 3.2 is due to
Griffiths (1969).
For the basic results in Section 3.3, see Deligne (1971b, 1974).
The results in Section 3.4 have been known for a long time. The foundational
theory of algebraic cycles is due to Chow, Lefschetz, Poincaré, Samuel, van
der Waerden, Weil, and others. One of the highlights of this early development
is the link with topology known as the Lefschetz Theorem on (1, 1)-classes. It
was preceded by the first proof that the Picard number is finite (see Atiyah and
Hodge, 1955); this proof uses residue calculus, somewhat similar in spirit to
what we did in Section 3.2. Sir William Hodge (1952) posed a bold generalization of this result, known as the Hodge conjecture, which remains one of the
famous unsolved conjectures. For developments on the Hodge conjecture see
Lewis (1991).
A new breakthrough in the theory of algebraic cycles came from P. Griffiths.
The generalization of the classical construction of the Jacobian for Riemann
surfaces (due to Abel and Jacobi) as explained in Section 3.5 is due to him
(see Griffiths, 1968). Using his version of the Abel–Jacobi maps, he was able
to show a spectacular nonclassical phenomenon: there exist cycles that are
homologically but not algebraically equivalent to zero (see Griffiths, 1969). We
return to this discovery in Chapter 10.
For generalizations of Weil’s intermediate Jacobian and applications to mathematical physics see Müller-Stach et. al. (2012a).

4
Cohomology of Manifolds Varying in a Family

In this chapter we study how the Hodge structure of Xt varies with a parameter
t. First one has to define precisely how the Xt glue together. This is captured in
the notion of a “smooth family." In Chapter 1 we studied by way of an example
the Legendre family and its associated period map which takes values in the
upper half-plane. To generalize this, we introduce Griffiths’ period domains,
which serve as targets for period maps in the general case. Period maps are
holomorphic and “horizontal", as we shall see, and this leads to the notion of
abstract variations of Hodge structures, the central theme of this book.

4.1 Smooth Families and Monodromy
A smooth family of compact complex manifolds consists of a proper surjective
holomorphic map between complex manifolds which is everywhere of maximal
rank. So, if f : X → S is a smooth family, all fibers Xt = π −1 (t) are smooth
compact complex manifolds. We say that f is a smooth projective family if,
moreover, X is a submanifold of a projective fiber bundle P such that f is the
restriction of the projection onto the second factor:
X



/P

j
f

S.



Example 4.1.1. (i) Consider the family of algebraic surfaces in P3 given by
the homogeneous equation
Z04 + Z14 + Z24 + Z34 + t Z0 Z1 Z2 Z3 = 0.
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For all but finitely many t ∈ C, to be determined as an exercise, the resulting
Xt are smooth and projective.
(ii) Take AΩ = Cg /Z2g Ω, where Ω is a matrix varying in C2g , i.e., we consider
the columns as giving a basis for a lattice in Cg .
We next need two basic results from differential topology. Let p : X −→ S
be a map of differentiable manifolds which is submersive, i.e., such that dp
is of maximal rank. Let ξ be a vector field on S that is nowhere zero. We
claim that there is a vector field ξ 0 on X such that dp(ξx0 ) = ξ p(x) for all x.
To see this, we show first that the assertion holds locally. Begin by choosing
a neighborhood of p(x) small enough so that ξ = ∂/∂s1 for some system of
coordinates s1 , . . . , sk . Next choose, using the implicit function theorem, a
neighborhood of x and coordinates x1 , . . . , xn such that xi = si ◦ p for i ≤ k.
Then ∂/∂ x1 is the required lift. For the global version, cover X by open sets
Uα which admit local lifts ξα0 , let {ρα } be a partition of unity subordinate to
this cover, and let ξ 0 be the sum of the ρα ξα0 .
The second result states that we can integrate any smooth vector field ξ 0 on
a manifold X. Intuitively, think of a particle, starting at time 0 following a path
which at every moment t is tangent to the vector field. This defines the smooth
flow φt : Ut → X of the vector field. Here Ut is the (open) subset of X of points
for which the flow extends to all times < t. This subset may be strictly smaller
than X. The semigroup property, φt ◦φt 0 = φt+t 0 , on the subset where it makes
sense, should also be intuitively clear. For a rigorous proof of these assertions
see Warner (1983, pp. 37–38).
An important special case of the preceding construction is the following.
We assume that p : X → S is evenly submersive. This means that each s ∈ S
admits an open neigborhood W such that p−1W is covered by open sets U ⊂ X
diffeomorphic to V × W, V open in Xs , and such that p|U coincides with the
projection onto the second factor.
Let γ : [0, T] −→ S be a curve whose velocity field ξ = γÛ has unit length.
Let ξ 0 be a lift of the velocity field to the part of X lying above the image of γ,
and let φt be the corresponding flow. This flow is defined for all points of Xγ(0)
and for all times t ∈ [0, T]. Moreover,
φt : Xγ(0) −→ Xγ(t)
is a diffeomorphism. All of this follows because φt is compatible with the flow
Û which after time t maps γ(0) to γ(t). More precisely, if
associated with γ,
x ∈ Xγ(t) and γ̃ : [t, t + ] → X is an integral curve of the vector field ξ 0 starting
in x at time t, its projection is an integral curve of ξ starting at p(x) and so,
by unicity of solutions to systems of ordinary differential equations with given
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initial data, must coincide with γ|[t, t + ] for small enough . By compactness
of [0, T] we can thus find an integral curve γ̃ : [0, T] → X projecting to γ, and
because we can do this for any point x ∈ Xγ(0) , the assertion follows. Note that
this argument is valid without assuming that Xγ(0) is compact.
If S = ∆k is now a polydisk centered at the origin 0, the preceding construction can be used to inductively trivialize the family differentiably. Indeed, for
k = 1 this follows from what was just said. At the same time, if p : X → ∆k
is trivial over the polydisk ∆k−1 given by the first k − 1 coordinates, the flow
associated with a lift of the last coordinate proves that X is diffeomorphic to a
product p−1 ∆k−1 × ∆. Thus we have the following.
Theorem 4.1.2 (Ehresmann’s theorem). An evenly submersive smooth, not
necessarily proper map is locally differentiably trivial over the base.
Continuing with the preceding discussion, note first that the lift of the velocity
vector field of our curve γ is not unique, and two different lifts give different
flows, but they are isotopic, inducing homotopic diffeomorphisms between X0
and Xγ(T ) . More generally, we may deform γ leaving the endpoints fixed. So, let
Γ : [0, T]×[0, 1] −→ S be a homotopy between γ(t) = Γ(t, 0) and γ 0(t) = Γ(t, 1)
such that Γ(0, s) and Γ(T, s) are constant. Then one can extend the lift ξ 0 to
a lift of ∂/∂t over the image of Γ. Fixing s, this gives a flow φts : X0 → XT
depending continuously on s that has the properties φ0t = φt and φ1t = φt0 .
So the diffeomorphisms φT and φT0 associated with γ and γ 0, respectively, are
homotopic.
It follows from these two remarks that the effect of φT on (co)homology does
not depend on the choice of the lifting vector field and depends only on the
homotopy class of γ. In particular, for a simply connected base S, this provides
an explicit trivialization of the bundle whose fiber at s ∈ S is the cohomology
group H w (Xs ). We say that this bundle is a local system of Z-modules.
For a projective family we can locally view the Xt , t ∈ [0, T] as embedded in
the same projective space. Fixing a hyperplane H, we can always assume that
the vector field ξ 0 lifting a given vector field ξ in the base space is tangent along
Xt ∩ H for all t ∈ [0, T]. This implies that the flow sends X0 ∩ H to Xt ∩ H for
t ∈ [0, T], and in particular, primitive cohomology is preserved under the flow
and thus primitive cohomology also yields locally constant systems.
If S is no longer simply connected, we have to look at the effect of the
fundamental group. So, look at a closed loop based at o ∈ S, so that T = 1 and
γ(0) = γ(1) = o. Recall that the product γ ∗ σ of two such loops γ and σ is
the loop based at o obtained by first following γ and then σ, both with double
speed. If φt is the flow associated with γ and ψt that associated with σ, by the
semigroup property of the flow associated with γ ∗ σ we find that this flow is

4.2 An Example: Lefschetz Fibrations and Their Topology

133

given by


φ2t ,
ψ2t−1 ◦φ1,

0 ≤ t ≤ 21 ,
1
2 ≤ t ≤ 1,

so that one obtains a representation of the fundamental group in cohomology,
as follows.
Definition 4.1.3. The monodromy representation in cohomology associates
with each element [γ] ∈ π1 (S, o) the unique automorphism in cohomology
induced by any of the diffeomorphisms φ1 : Xo → Xo induced by a lift to X of
the tangent vector field to any of the loops γ representing [γ]. 1 We write this as
ρ : π1 (S, o) −→ GL(H • (Xo )).
Note that this representation preserves the cup product because this is a
purely topological invariant. Also, in cohomology it preserves the hyperplane
class and hence the Lefschetz decomposition and polarization.
For instance, the monodromy representation on the first cohomology group
takes values in the group of integer matrices preserving a nondegenerate integral
skew-form, i.e., takes values in a lattice in G  Sp(n, R). For the second
cohomology of an algebraic surface, on the other hand, the receiving group is
a lattice in an indefinite orthogonal group G  SO(2p, q).

4.2 An Example: Lefschetz Fibrations and Their Topology
In Section 3.2 we considered a single ample hypersurface X of a fixed manifold
P. In this section, we think of P as being embedded in some projective space
and we consider the projective space of all hyperplane sections of P. Those
hyperplane sections that are smooth give an interesting projective family whose
monodromy group has been studied by Lefschetz.
Let P be a fixed (n+1)-dimensional projective manifold embedded in a given
projective space P N . We let (P N )∨ be the dual projective space, i.e., the space
of hyperplanes of P N . The dual variety P∨ of P consists of hyperplanes that
are tangent to P at some point and forms an irreducible subvariety of (P N )∨ .
The complement U = (P N )∨ − P∨ forms the base manifold of the tautological
family Xu, u ∈ U of the smooth hyperplane sections of P. Let us fix a base
point o ∈ U and let us set X = Xo . 2 Recall in Section 3.2 we have shown that
1
2

Here γ(0) = o so that Xo is the fiber of X → S over this point.
Keep in mind that this is different from the notation used in the previous section where X
stands for the total space of the family.
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there is an orthogonal splitting
n
n
H n (X; Q) = Hvar
(X) ⊕ Hfixed
(X),

with
n
Hvar
(X; Q) = Ker(in∗ : H n (X; Q) → H n+2 (P; Q)),
n
Hfixed
(X; Q) = Im(in∗ : H n (P; Q) → H n (X; Q)).

The theory of Lefschetz pencils describes the first summand in terms of the
monodromy of the tautological family. A Lefschetz pencil is a family of hyperplane sections parametrized by a projective line ` which meets the dual
variety P∨ transversally in a finite set of points u1, . . . , u M . The hyperplane
sections corresponding to u j have precisely one ordinary double point p j (see
Problem 4.2.1). The hyperplanes in P N corresponding to this pencil ` all have
a codimension-two subspace in P N in common, meeting P in the base locus
of the pencil. Let us denote by P̃ the blowup of P in this base locus. We get a
natural fibration
P̃ = {(m, t) ∈ P × ` | m ∈ Xt } −→ `,
the Lefschetz fibration associated with the Lefschetz pencil. Over U ∩ `, this
Lefschetz fibration is smooth, and if we choose our base point o in U ∩ `, the
monodromy associated with this family factors over the monodromy representation of the tautological family
π1 (U ∩ `, o)

/ AutH n (X, Q)
8

ρ0
k∗

&
π1 (U, o)

ρ

where k : U ∩ ` → U is the inclusion. By a theorem of van Kampen (1933), the
map k ∗ is surjective and so the monodromy group of our tautological family
is the same as the monodromy group for the smooth part of any Lefschetz
fibration. This monodromy group has been studied classically by Lefschetz
(1924); for a modern treatment see Lamotke (1981). We start out by taking a
special set of generators for the fundamental group π1 (U ∩ `, o). We take small
mutually nonintersecting circles σj of radius  winding once positively about
their center u j , and paths ` j from o to the point uj on the circle σj which is
closest to o. See Fig. 4.1. The circles are chosen to be small enough so that
|σj | ∪ |` j | meets |σk | ∪ |`k | for k , j only in the base point o. We then let λ j
be the class of the path obtained by first following ` j , then σj , and then going
back to o along ` j . Finally we let Tj = ρ0(λ j ) be their images in the monodromy
group. These elements are called the Picard–Lefschetz transformations.
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Now we return to what happens near the double point p j over the critical
value t j . In a suitable small coordinate neighborhood W of p j in M with
coordinates (z1 = x1 + iy1, . . . , zn+1 = xn+1 + iyn+1 ), the Lefschetz fibration
Ín+1 2
is given by (z1, . . . , zn+1 ) 7→ i=1
zi . So, if we write x® = (x1, . . . , xn+1 ),
y® = (y1, . . . , yn+1 ), the fiber over a real point  2 is given by the equations
( x®, y®) = 0,
k x®k − k y® k 2 =  2 .
2

So the set of points where y® = 0, the real points of this set, is a real n-sphere,
the vanishing cycle associated with p j . When  tends to 0, the vanishing cycle
indeed vanishes, i.e., shrinks to p j . Observe that a differentiable trivialization
along ` j gives a corresponding cycle in X. Its class is the vanishing cycle in
Hn (X), and any cocycle δ j whose class in H n (X) is Poincaré dual to the class
of this vanishing cycle is called the vanishing cocycle associated with p j .
σ1

σ2

u1

u2
σ3
u3
`3

`2

`1

o


uM

`M

σM

Figure 4.1 Special Generators.

We state without proof the following important result about these.
Theorem 4.2.1. The vanishing cocycle δ j has the following intersection behavior:

(δ j , δ j ) = 0
for n odd,
(δ j , δ j ) = (−1)n/2 2 for n even.
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X∨
ν
u k σk
uj
`j

`k

σj

o

Figure 4.2 Connecting u j and uk .

The associated transformation in cohomology is trivial except in degree n where
it is given by the Picard–Lefschetz formula:
1

Tj (v) = v + (−1) 2 (n+1)(n+2) (v, δ j )[δ j ],

v ∈ H n (X; Q).

For details of the proof we refer to Lamotke (1981).
By the definition from the beginning of this section, variable cohomology
classes are precisely those classes which are Poincaré dual to classes of cycles
in X bounding in P. The description of the vanishing cocycles shows that these
n (X). Lefschetz has shown that they span the variable part. As
give classes in Hvar
for the fixed part, recall that it is the orthogonal complement of the variable part,
and the Picard–Lefschetz formulas immediately show that the monodromy fixes
this part and that the converse is true. So this part is the π1 -trivial summand.
The variable part turns out to be an irreducible π1 -module. Let us give a proof
of this fact. The proof uses the path-connectedness of the dual variety P∨ .
Indeed, as shown in Fig. 4.2 we can connect u j and uk by a path in this dual
variety and hence we can connect the points uj and uk by a path ν in a small
tubular neighborhood of P∨ in U. So σj and ν ∗ σk ∗ ν −1 are homotopic, and
if w is the path obtained by following first `k , then ν −1 , and then ` −1
j , the loop
−1
λ j is homotopic to w ∗ λk ∗ w. It follows that Tj = ρ(w) · Tk · ρ(w)−1 . The
Picard–Lefschetz formula implies that
(v, δ j )ρ(w)δ j = (ρ(w)v, δk )δk .
Since the cup product pairing is nondegenerate for a nonzero vanishing class
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of a cocycle δ j , for some v we must have (v, δ j ) , 0 and so ρ(w)δ j = cδk . So
(v, δ j )ρ(w)δ j = (ρ(w)v, δk )δk
= c−2 (ρ(w)v, ρ(w)δ j )ρ(w)δ j
= c−2 (v, δ j )ρ(w)δ j ,
which implies that c = ±1 and the vanishing cocycles are mutually conjugate
up to sign.
Now the orthogonal complement of the space spanned by the vanishing
n (X) we can always find some
cycles is the π1 -trivial part. So, if 0 , v ∈ Hvar
n (X) is a nonzero
vanishing cocycle δ j with (v, δ j ) , 0. Hence, if W ⊂ Hvar
π1 -subspace, we infer from Tj v ∈ W, that δ j ∈ W, and hence all vanishing
n (X). Let us summarize these last results.
cocycles belong to W and so W = Hvar
Theorem 4.2.2. The variable part
n
Hvar
(X; Q) = Ker in∗ : H n (X; Q) → H n+2 (P; Q)



coincides with the subspace of H n (X; Q) spanned by the classes of the vanishing cocycles. These are mutually conjugate up to sign. The space they span is an
irreducible module for the monodromy of the tautological family. Its orthogonal
complement

n
Hfixed
(X; Q) = Im in∗ : H n (P; Q) → H n (X; Q)
coincides with the classes left invariant by the monodromy of the tautological
family.

Problem
4.2.1

Let X be a smooth subvariety of P N spanning P N . Let X ∨ be its dual
variety. Show that this is an irreducible proper subvariety of the dual
projective space. Show by a local calculation that if a line of this space
meets X ∨ transversally at a point, the corresponding hypersurface section has exactly one ordinary double point. Deduce the existence of
Lefschetz pencils.

4.3 Variations of Hodge Structures
Make Their First Appearance
We can now explain more precisely what we mean by “variation of Hodge
structure.” For each homotopy class of paths from the base point o to an ar-
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bitrary point t there is a diffeomorphism φt : Xo −→ Xt that identifies the
cohomology of an arbitrary fiber with that of the central one:
φ∗t : H w (Xt ) −→ H w (Xo ).
Now consider the Hodge decompositions on H w (Xo ; C) obtained by pulling
back the decompositions on H w (Xt ; C), i.e., the decompositions defined by
φ∗t H p,q (Xt ).
These give a family or “variation” of Hodge structures on a fixed vector space,
namely H w (Xo ; C); it is this object we now study.
We state the basic first result, the Hodge numbers are constant in families.
Proposition 4.3.1. The spaces H p,q (Xt ) (although varying with t) all have
the same dimension. So we have a locally constant C ∞ vector bundle, given
fiberwise by H p,q (Xt ; C).
Proof To see this, note first that these Hodge numbers for p + q = w sum
up to a constant number, the w-th Betti number of the fiber, which is constant
because the family is differentiably locally trivial as noted above. To show that
each of the numbers h p,q (Xt ) is constant, it is therefore sufficient to show that
they behave in an upper-semicontinuous fashion:
h p,q (Xt ) ≤ h p,q (Xo ), for |t − o| <  .
Recall (Theorem 2.2.7) that the Hodge component H p,q (X) can also be described as the space of harmonic (p, q)-forms, i.e. as the kernel of the Laplacian
operator acting on complex forms of type (p, q). So, we may apply the following general result about elliptic operators depending on parameters (see Wells,
1980, Chapter 4, Theorem 4.13).
Theorem. Let E and F be smooth complex vector bundles over a differentiable manifold and let Dt : C ∞ (E) → C ∞ (F) be an elliptic operator
depending smoothly on t. Then the dimension of the kernel depends uppersemicontinuously on t.
Some explanation is in order. A differential operator D between two vector
bundles E and F over a manifold M is by definition a global operator that in a
trivializing coordinate chart U ⊂ M is given by a differential operator DU in
the usual sense. Suppose that the highest-order part of DU is an expression of
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Í
the form |I |=k aI (x) ∂ k/∂ xI , where
1,1
©aI (x)
 .
aI (x) =  ..

r,1
«aI (x)

···
···

a1,s
I (x)ª
.. ®
. ®® ,
r,s
aI (x)¬

α,β

aI (x)) ∈ C ∞ (U), r = rank E, s = rank F.

Using auxiliary variables ξ j instead of the tangent vectors ∂/∂ x j , j = 1, . . . , m.
the symbol of DU = D|U is the r × s polynomial matrix


Õ
def ©
ª
α,β
im
.
σ(DU ) = σ(DU )α,β = 
aI (x)ξ I ® , where ξ I = ξ1i1 · · · ξm
« |I |=k
¬
If one interprets the ξ I , |I | = k, as local sections of the bundle Symk TM ,
the symbol transforms as a section of Symk TM ⊗ Hom(E, F) and so makes
sense globally. One says that a differential operator is elliptic if its symbol is
invertible. An example is the Laplacian acting on functions; then E = F is the
Í
2
trivial bundle and its symbol is multiplication by the polynomial m
j=1 ξ j .
In our situation, using the diffeomorphism φt , the Laplacian, acting on the
Ap,q (Xt ), the space of forms of type (p, q) on Xt , can be viewed as an operator
Dt : C ∞ (E) → C ∞ (E), where E is the bundle of (p, q)-forms on Xo . Indeed,
with k = p + q, the composition of the following complex bundle maps
(p, q)-forms
on Xt

,→ k-forms
on Xt

φt∗

−−→ k-forms
on Xo

 (p, q)-forms
on Xo,

is an isomorphism for small t.
The operator Dt depends smoothly on the parameter t and we can apply the
preceding result: the dimension of the kernel, h p,q (Xt ), thus depends uppersemicontinuously on the parameter.

Note that if the base manifold S is simply connected, then the construction
just given is single-valued. If not, then it is multi-valued but with the various
isomorphisms φ∗t related by the action of the monodromy representation.
Because we need polarized Hodge structures in order to have a nice quotient
under the monodromy group, we now repeat the preceding constructions with
primitive cohomology instead of full cohomology. As a consequence of Theorem 4.1.2, we have seen that the primitive cohomology groups are also locally
constant vector bundles, and the Hodge filtration induces on these a filtration
satisfying the two bilinear relations from Theorem 2.3.3, which we recall here:
(1) b(H p,q, H r,s ) = 0 if (r, s) , (q, p);
(2) hC > 0, (where C|H p,q = i p−q and hC (u, v) = b(Cu, v̄)).
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The first relation, in terms of the Hodge filtration F w ⊂ F w−1 ⊂ · · · ⊂ F 0 , is
equivalent to the condition
(F p )⊥ = F w−p+1,
where the orthogonal complement with respect to the bilinear form b is taken.
The second relation says that the real structure on the flag is such that the
Hermitian form hC in fact becomes a unitary metric on H w (Xt , C).

4.4 Period Domains Are Homogeneous
In Chapter 1 we saw that the variable Hodge filtration reflects itself in the period map. The target generalizing the upper half-plane will be a period domain
parametrizing the set of polarized Hodge structures of weight w on a fixed real
vector space H with fixed Hodge numbers. Such a Hodge structure is determined by specifying a flag F w ⊂ F w−1 · · · ⊂ F 0 of fixed type satisfying the
above two bilinear relations. 3
Let us first consider the first bilinear relation. It is a closed condition which
says that we need roughly half of this flag. The variety Ď parametrizing flags
of the above type satisfying the first bilinear relation can therefore be identified
with the flag manifold of flags F w ⊂ · · · ⊂ F v , v = [w + 1/2] of given type in
the complexified space HC = H ⊗ C. 4 For example, if w = 2, then (F 2 )⊥ = F 1 ,
so that F 2 = H 2,0 determines the Hodge structure, and Ď is the Grassmannian
of b-isotropic h2,0 -planes in HC .
In addition to being an algebraic manifold, Ď turns out to be homogeneous
for the action of a complex Lie group GC , namely, the group of linear automorphisms of HC which preserve the polarization b. We prove this below. But
first we explain what goes on in an example of weight 1 and h1,0 = 1. Then
GC = Sp(1, C)  SL(2, C). The subgroup B fixing a given filtration is the group
of upper triangular matrices. The manifold D = GC /B is the group theorist’s
definition of P1 . In any case, we see that Ď  GC /B is indeed a smooth compact
manifold. We can make this more explicit. For odd weight we have an even
dimensional vector space H, say of dimension 2g, and then


n
o
0g 1g
def
T
GC ' Sp(g, C) = g ∈ GL(2g, C) gJg g = J , Jg =
.
−1g 0g
3
4

Although we generally restrict ourselves to effective Hodge structures on H, i.e., those for
which HC = F 0 , more general Hodge structures come up later in Chapter 15 ff.
We refer to Examples A.6.(v) and (vii) for an introduction to Grassmannians and flag
manifolds.
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If the weight is even, in a suitable basis the complexified form b becomes 1n ,
n = dim H and the connected group preserving this form becomes
GC ' SO(n, C).
Proposition 4.4.1. The variety Ď classifying Hodge decompositions of weight
w with fixed Hodge numbers h p,q and which obeys the first
relation is
 bilinear

a flag manifold of type ( fw, . . . , fv ), fp = dim F p , v = w+1
.
It
can
also be
2
identified with the homogeneous manifold
Ď = GC /B,
where GC = Aut0 HC, b) and B is the subgroup fixing a reference flag F w ⊂
· · · ⊂ F ν with F ν a maximal b-isotropic subspace of HC .
Proof We first consider the case of weight 1 so that we have a totally isotropic
subspace
F 1 = (F 1 )⊥ ⊂ HC with dim F 1 = g. Start now with

 0 a basis
1
f1, . . . , fg for F . Since b is nondegenerate, we can find vectors f1 , . . . , fg0
with
b( fi, f j0) = δi j .
Í
We may replace f j0 by a suitable linear combination hi = fi0 + Bi j f j such

that f1, . . . , fg, h1, . . . , hg becomes a symplectic basis for HC . Since any two
symplectic bases are related by a complex symplectic isometry of HC this shows
that any two isotropic subspaces of HC of dimension g are related by such an
isometry.
This construction can be adapted to arbitrary odd weight w = 2m − 1, by
constructing a symplectic basis adapted to the Hodge filtration
F 2m−1 ⊂ · · · ⊂ F m = (F m )⊥ · · · ⊂ (F 2m−1 )⊥ ⊂ HC .
Next, consider the case of weight 2 so that we have a Hodge flag F 2 ⊂
(F 2 )⊥ = F 1 ⊂ HC = F 0 . First choose an arbitrary basis { f1, . . . , f` } for F 2
and complement it to a basis { f1, . . . , f`, h1, . . . , hh } for F 1 = (F 2 )⊥ such that
b(hi, h j ) = δi j . This is possible since b, being nondegenerate, induces a nondegenerate quadratic form on (F 2 )⊥ /F 2 . For the same reason we can construct vectors k10 , . . . , k`0 orthogonal to the vectors h j such that b(k i0, f j ) = δi j . We then can
Í
replace each k i0 by a suitable linear combination ki = ki0 + j Ci j f j in order that
the ki span an isotropic subspace. The basis { f1, . . . , f`, h1, . . . , hh, k 1, . . . , k` }
is called a b-adapted basis for the Hodge flag. The form b takes the shape
© 0`
0`×h

« 1`

0h×`
1h
0h×`

1` ª
0`×h ®® .
0` ¬
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Two b-adapted bases for two given Hodge flags are obviously related by an
isometry, say ϕ of (HC, b). By interchanging f1 and k1 or replacing h1 by
−h1 in the first basis (these operation preserves the Hodge flag) one can force
det(ϕ) = 1. Again, this construction can be modified for arbitrary even weight
2m by constructing a suitable basis adapted to the Hodge flag:
F 2m ⊂ · · · ⊂ F m+1 ⊂ (F m+1 )⊥ ⊂ · · · ⊂ (F 2m )⊥ ⊂ HC .



Next we consider the second bilinear relation. As a positivity condition it
defines an open subset D of Ď. This is the set of polarized structures we seek.
As an open subset of a complex manifold it has a natural complex structure.
We have more.
Proposition 4.4.2. The period domain D classifying the Hodge filtration F •
of fixed dimension f p = dim F p satisfying both bilinear relations is an open
subset of Ď, the compact manifold classifying Hodge filtrations satisfying only
the first relation, 5 and it is a homogeneous manifold
D  G/V,
where G = Aut(H, b) ∩ SL(H) and V = G ∩ B, the subgroup fixing a reference
flag satisfying both bilinear relations.
The proof makes use of a concept that will come back several times, that of
a Hodge frame.
Definition 4.4.3. Let (H, b, F • ) be a polarized weight w Hodge structure and
let hC be the associated Hermitian metric. A Hodge frame consists of an hC unitary basis for HC such that
• it is adapted to the Hodge filtration F w ⊂ F w−1 · · · ⊂ F 1 ⊂ F 0 = HC ; in
particular, it provides bases for all Hodge summands H p,q ;
• the conjugate of the resulting basis for H p,q forms part of the Hodge frame;
it is a basis for H q, p . If p = q = 21 w (so w is even) this means that the Hodge
frame restricted to H p, p is real.
Sketch of proof It suffices to show that Aut(H, b) acts transitively on Hodge
structures satisfying both bilinear relations.
We consider only the case of weight 1 and 2 and, apart from a few side
remarks, we leave the proof for arbitrary weight to the reader. The proof essentially consists of showing the existence of a Hodge frame. First consider
5

The manifold Ď is called the compact dual of D.
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weight 1. We use the Hermitian metric (x, y) 7→ ib(x, ȳ) to choose a unitary
basis f1, . . . , fg for F 1 . This means
ib( fα, f¯β ) = δαβ, α, β = 1, . . . , g.

Since HC = F 1 ⊕ F̄ 1 the set f1, . . . , fg, f¯1, . . . , f¯g is a basis for HC . This
provides us in this case with a Hodge frame. We are going to use this frame as
follows.
We have b( fα, fβ ) = 0, since F 1 is b-isotropic and hence, since b is real,
we also have b( f¯α, f¯β ) = 0. It follows that a suitable complex linear combination
of these gives a real symplectic basis for (H, b). oTake for instance
n
1
√ ( f1 + f¯1 ), . . . , √1 ( fg + f¯g ), √i ( f1 − f¯1 ), . . . , √i ( fg − f¯g ) . It follows that
2

2

2

2

the linear map which sends a unitary basis for F 1 to a unitary basis for another totally b-isotropic subspace of HC satisfying the two bilinear relations
is indeed a real symplectic transformation of H. This proof adapts without
problem to the case of arbitrary odd weight.
Next, consider the case of weight 2: one has a polarized Hodge flag F 2 ⊂
(F 2 )⊥ ⊂ HC . As in the weight 1 case, choose a basis { f1, . . . , fk } for F which is
hC -unitary. This time hC (u, v) = −b(u, v̄) and the same complex linear combination of the unitary basis f1, . . . , fk , f¯1, . . . , f¯k as the one used in the weight
1 case gives a real basis for the real subspace F 2 ⊕ F̄ 2 ⊂ H for which the form
b becomes − id2k . The second bilinear relation tells us that form b restricted to
its orthogonal complement is an inner product. Choose any b-orthonormal real
basis for it, say {g1, . . . , g` }. The resulting frame thus is adapted to the Hodge
flag and the polarizing form b takes the form diag(− id2k , id` ). For any other polarized Hodge flag do the same. So, by construction there is a g ∈ G sending the
first frame to the new frame, i.e., G acts transitively on polarized Hodge flags.
In general, for weight w = 2m this method provides a real basis for H p,q ⊕
H q, p (p , q) such that b has signature (−1) p−m while on H m,m it is positive
definite. So this also shows that now G acts transitively on polarized Hodge
frames for any even weight.

We now investigate the structure of G in more detail. First the case of odd
weight. Then b is anti-symmetric and so G is a symplectic group isomorphic
to Sp(n, R) with n = dim R H. The subgroup V then is a product of unitary
groups. We see this as follows. A Hodge frame for a reference Hodge structure
in this case can be constructed from a unitary basis for each of the H p,q with
p < q. Any g ∈ V acts on such a basis unitarily and since it is real it does the
Î
same on the conjugate bases for the H q, p . This shows that V ' p<q U(h p,q ).
Next, look at even weight w = 2m. Then G = SO(r, s) for suitable r and s, to
be determined in what follows. The form b has sign (−1) p−m on the real space
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W p underlying H p,q + H q, p . So, adjusting the signs by (−1)m , we get positive
signs for even p and negative signs for odd p. Now the component H m,m of
the Hodge decomposition of the reference Hodge structure is real and therefore
g ∈ V preserves this component orthogonally. Thus in addition to the factors that
are unitary groups U(h p,q ) for each p < w/2 we have an extra orthogonal group
for the “middle” component if present. Note that
 for any
 integer k the unitary
A −B
group U(k) embeds in SO(2k) via A + iB 7→
so that the extra comB A
ponent from V thus also must have determinant 1. Recall from Appendix D that
the groups Sp(h; R), SO(n) and U(n) are connected and hence the corresponding domains are so. However, G = SO(s, t) has two connected components
whenever s, t > 0 and these components are preserved by the action of V so
that D = G/V also has two components. We summarize our results as follows.
Proposition 4.4.4. Let D = G/V be a period domain for weight w Hodge structures with Hodge numbers h p,q , p = 0, . . . , w. The group G is an algebraic real
matrix group which is simple as a real Lie group.
(i) For odd weight w = 2m + 1, the form b is anti-symmetric and we have
G ' Sp(n, R), dim H = 2n,
Ö
V =
U(h p,q ).
p ≤m

In this case D is connected and non-compact.
(ii) In the even-weight case w = 2m, the form b is symmetric and then
Õ
Õ
G ' SO(s, t), s =
h p,q, t =
h p,q,
p even

Ö

V =

U(h

p,q

) × SO(h

p odd
m,m

).

p<m

In this case, if s, t > 0, the domain D consists of two isomorphic connected
components and if s = 0 or t = 0, the domain D is connected and compact.
Examples 4.4.5. (i) For weight 1 structures with Hodge decomposition
H = H 1,0 ⊕ H 0,1
the period domain is
D = Sp(g, R)/U(g),
where g = dim H 1,0 . This is one of the classical Hermitian symmetric domains (see Helgason, 1962, Chapter 10, Section 5.3), namely Siegel’s upper
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half-space which we already encountered in Chapter 1 (see (1.19)):
hg = {Z a g × g matrix | Z symmetric with a positive imaginary part} .
(See Problem 4.4.3). In the next section we explain this using period matrices.
(ii) For weight 2 structures with Hodge decomposition
H 2 = H 2,0 ⊕ H 1,1 ⊕ H 0,2
we have
D = SO(2a, b)/U(a) × SO(b),
where
a = dim H 2,0 and b = dim H 1,1 .
In this case, however, a connected component SO0 (2a, b)/U(a) × SO(b) of
D is not usually a Hermitian symmetric domain.
To explain why, we recall that symmetric spaces are of the form G/K where
G is a semisimple Lie group and K is a maximal compact subgroup. The
maximal compact subgroup of SO0 (2a, b) is SO(2a)×SO(b) = U(a)×SO(b).
Except in the case a = 1, this does not give a symmetric space (see Helgason, 1962, Chapter 10, Section 5.3). For a = 1 we have another classical
Hermitian domain (see Problem 4.4.3). In Problem 4.4.3 we show that the
period domain in this case consists of two isomorphic components, each
isomorphic to the Hermitian symmetric domain IV20 .
The same domain comes up in geometry as the period domain of K3
surfaces. Recall that a K3 surface by definition has trivial canonical bundle
and trivial first Betti number. In order to apply our considerations, we use
a non-trivial fact: K3 surfaces are all Kähler as shown by Siu (1980). We
have seen (see Eq. (1.31)) that the Hodge vector of a K3 surface is (1, 20, 1).
This was established only for the example of a sextic double plane but follows from a little surface geometry, as we now explain. The Riemann–Roch
theorem in the guise of Noether’s formula (see e.g. Barth et al., 1993, Chap.
1
(K 2 + e) and so, since K is trivial and
I.5) tells us that h2,0 − h1,0 + 1 = 12
h1,0 = 0, h2,0 = 1, the Euler number e = 24 which forces b2 = 22 and hence
the Hodge numbers.
The usual polarization on the total cohomology comes in two parts: the
one coming from the intersection form on the primitive cohomology and
a second part which is minus the intersection form on the line spanned
by the class of a Kähler form. It is customary not to use this polarization,
but the intersection form. The domain classifying such Hodge structures is
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then also called a period domain. The advantage of this approach is that the
intersection form is integral on integral cohomology and, since it is purely
topological, it is preserved by monodromy.
The "classical" period domains we have introduced so far would have
been gotten by fixing the Kähler class and considering the primitive cohomology; this is usually only done in the projective situation when one can
take as a Kähler class the cohomology class of an ample divisor, which is
integral. The signature of the intersection form on primitive cohomology
being (2, 19), this gives a domain of type IV19 . If we consider projective K3
surfaces with a fixed ample class, the monodromy then fixes this class and
acts discretely on the latter domain.
Coming back to the full cohomology, we have a = 1 and b = 20 in this
case and the signature of the intersection form in this case is (3, 19). So we
get a domain of type IV20 instead.
S is a K3 surface =⇒ conn. comp. of its period domain ' IV20 .
The preceding examples give Hermitian symmetric spaces. This is not always
the case but we do have a fibration to the “associated symmetric space,” namely
ω : G/V −→ G/K
with fiber K/V. The fibers are complex submanifolds but the projection is not
holomorphic, even when G/K is a Hermitian symmetric domain (see Problem
4.4.2). Whether or not G/K is Hermitian symmetric depends on the parity of
the weight. We see below in the examples that G/K always has a complex
structure if the weight is odd and, apart from one exceptional case, never has a
complex structure if the weight is even.
Example 4.4.6. (i) For even-weight Hodge structures, say of weight w = 2m,
Î
we have seen that D = SO(s, t)/ p<m U(h p,q ) × SO(h m,m ) with s the sum
of the Hodge numbers h p,q with p even and t the sum of the remaining ones.
The maximal compact subgroup of G is (O(s) × O(t)) ∩ SO(s +t) and G/K is
the set of real s-planes in H on which b is positive. For s = 1 this is a Hermitian symmetric space and then ω is the map identifying the two isomorphic
connected components (see Problem 4.4.3), but otherwise this is never true
(see Helgason, 1962, Chapter 10, Section 5.3). The fibration ω sends the
Hodge flag to the real subspace of H for which the complexification is the
direct sum of the Hodge components H p,q with p even.
(ii) For odd-weight Hodge structures, say of weight w = 2m + 1, we have
Î
D = Sp(n, R)/ p ≤m U(h p,q ), 2n = dim H. Here K = U(n) and G/K is the
Grassmannian of complex n-planes W in HC , isotropic with respect to b and
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for which ib(w, w̄) > 0, w ∈ W − {0}. This is a complex manifold and it is
indeed one of the Hermitian symmetric domains (see Problem 4.4.3). The
fibration ω sends the Hodge flag to the direct sum of the Hodge components
H p,q with p even.
We come back to this fibration in Section 12.5 where we relate it to the
splitting of the tangent bundle.

Problems
4.4.1
4.4.2

4.4.3

Fill in the details of the proofs of Propositions 4.4.1 and 4.4.2.
Show that ω : G/V → G/K in general is not holomorphic and describe its fibers both group-theoretically and geometrically in terms of
flag manifolds. Compare your answer with Griffiths (1983, Proposition
8.16.).
(a) Show that the group SO(s, t) has two connected components but
def
that D(s, t) = SO(s, t)/S(O(s) × O(t)) is connected and in fact
isomorphic to SO0 (s, t)/SO(s) × SO(t).
 
X
(b) Equip the set M2,t (R) of 2 by t matrices X = 1 with a comX2
  

X
−X2
plex structure given by J 1 =
(this complex structure
X2
X1
is the one obtained from identifying the space Ct of row vectors
of length t with the real space M(2, t) in the obvious way). Show
that SO0 (2, t) acts transitively on
n
o
def
(IV)t = X ∈ M2,t (R) X TX − 12 < 0 ,
(4.1)
(meaning that the left-hand side is negative definite). By identifying the isotropy group at the origin, show that this set can be
identified with D(2, t). As such it inherits a complex structure
from the complex structure defined above. This is by definition a
domain of type IV.
(c) Consider the period domain of even-weight Hodge structures
where all Hodge numbers h p,q for p even are 0 except either
the middle one which must be equal to 2: hw/2,w/2 = 2, or two
excentric symmetric ones both equal to 1: h p,q = hq, p = 1,
p , w/2. Show that this period domain is the subset of projective
space Pn−1 , n = dim H of lines X = [(X1, . . . , Xn )] in HC satisfying the two bilinear relations X TX̄ = 0 and X TX̄ > 0 and that ω is
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(d)

the identity. Compare the above description with the description
given in (b).
Show that Sp(n, R)/U(n) is hn by showing that Sp(n, R) acts transitively on hn and that the isotropy group at i1n is U(n).

4.5 Period Maps
Once the period domains are defined, the construction made previously in
Chapter 1 generalizes. Fix a marking
'

w
(Xo )/torsion −→ Zn
m : Hprim

for the primitive cohomology of a reference fiber at o ∈ S and choose a path
reaching from o to a general point t and pick a diffeomorphism φt : Xo → Xt
determined by the path. Then
def

w
Ft• = mC ◦φ∗t F • Hprim
(Xt ; C)

defines a Hodge filtration on Cn . In the case of a simply connected, e.g., local,
base manifold it is single-valued but in general it is multi-valued. The multivaluedness, however, is controlled by the monodromy representation. Thus, we
obtain a single-valued map
P : S −→ Γ\D,
where Γ is the image of the monodromy representation.
Let us discuss the structure of the quotient Γ\D. First, this quotient is a Hausdorff topological space. This is because Γ is discrete in G, and V is compact,
so the action on D is properly discontinuous, meaning that if K1 and K2 are
two compact subsets of D, then at most finitely many Γ-translates of K1 will
meet K2 . Indeed, the inverse image K̃i ⊂ G, i = 1, 2 of the set Ki under the
projection G → G/V = D is compact, as well as the product L = K̃2 · K̃1−1 . But
if γK1 ∩ K2 , , we have γ ∈ L and thus γ belongs to a discrete compact and
hence finite set.
From this it follows that locally Γ\D is either a complex manifold or, at a
point x fixed by Γ, a quotient of a ball by a finite group. The group acts on the
ring of germs of functions at x. The subring of invariant functions is finitely
generated (this is a classical result; see for instance Eisenbud (1994, pp. 29–31))
by functions f1, . . . , f N with finitely many relations among them, thus defining
what is called an analytic subspace of some open neighborhood of the origin
in C N . We say that Γ\D is a complex space. Complex spaces will be treated in
more detail in Section 5.2.
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As with the period map for curves of genus g (see Chapter 1), we can describe
the period map explicitly in terms of matrices, as follows.
Proposition 4.5.1. Consider the Hodge structure on the
 integral primitive cow
homology Hprim
(X) of a projective manifold X and let γ j be a rational basis.
Let w = 2m or w = 2m + 1 and let {ωi } be a basis for F m adapted to the filtration F w ⊂ F w−1 · · · ⊂ F m in the sense that subsets of it give bases for each
of the subspaces F p , p = w, . . . , m. Then the Hodge structure is determined by
the row space of the matrix of periods
∫
Zi j =
ωi .
γj

We now aim to show that in general the period map is holomorphic. Note that
this makes sense, since both S and Γ\D are complex analytic spaces. To begin
the proof, we note first that the question is a local one, so we may assume that
the domain of the period map is a contractible open set and thus that there is no
monodromy so that the target of the period map is just D. The complex structure
on D is given via its description as an open subset of an algebraic submanifold
of a product of Grassmannians. In accord with the discussion above, the “coordinates” in each of these Grassmannians are given as the row space of a matrix
M p of integrals as given in Proposition 4.5.1, where now the ωi give a basis of
F p . The tangent space at F p of the corresponding Grassmannian is canonically
w
isomorphic to Hom(F p, H/F p ), where H = Hprim
(X) (see Problem C.1.9). To
prove that a map γ : D → Gr( f p, H) is holomorphic at o ∈ D, γ(o) = F p , we
must show that the antiholomorphic tangent vector ∂/∂z
¯ γ(z) |o vanishes. So, if
∂
τ(z)
|o ⊂ F p . In our case
τ(z) is the row space of F p (z), we must show that ∂z
¯
we must therefore show that
∂Mp
row space of
⊂ row space of M p .
∂ z̄
Equivalently, we must show that for ω ∈ F p we have
∂ω
∈ F p,
∂ z̄
where the differentiation is that of a cohomology class.
To explain this last notion, consider the homology classes γi (t) = φt∗ γi obtained by pushing a fixed basis from the homology of the central fiber to nearby
fibers via the flow considered above. We regard these classes as well as the
classes γ i (t), forming the dual basis {γ i (t)}, as constant. A (smooth) family of
cohomology classes ωt ∈ H w (Xt ) is given by
Õ
ωt =
Ai (t)γ i (t),
i
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where
Ai (t) =

∫
γi (t)

ωt

are smooth functions. Thus derivatives of ωt are defined by derivatives of the
periods Ai (t).
To compute these, suppose first we are given a family Xt where t is a real
parameter. Such families arise, for example, by pulling back an algebraic family
to the interval (−, ) via a curve η. Derivatives with respect to t are therefore
of the form
∫
∫
∫
d
d ∗
d
ωt =
φ∗t ωt =
φ t ωt .
dt (φt )∗γ
dt γ
γ dt
The last equality makes sense because φ∗t ωt is a curve in the space of w-forms
on Xo and therefore has a velocity vector. Formally, we first consider the family
ωt as a smooth w-form on the total space and then we take the so-called Lie
derivative, defined as follows.
Definition 4.5.2. The Lie derivative of a w-form ω on the total space X in the
direction of the tangent vector field ξ of a curve η : (−, ) → S is defined by
def

Lξ 0 ω = lim

t→0

φ∗t (ω|Xt ) − ω|X0
,
t

where φt is the flow defined by a lift ξ 0 of ξ.
In our case ω restricts to a closed form on the fibers. Explicitly, if
f :X→S
is our family, the bundle of relative one-forms by definition is the bundle
TX∨ / f ∗TS∨,

Ó
and its w-th exterior power w TX∨ / f ∗TS∨ is the bundle of relative w-forms.
Its sections are the relative w-forms. By construction these always can be
lifted (nonuniquely) to forms on the total space. Choosing local coordinates
(t, x = (x2, . . . , xn )) on X such that f (t, x) = t, such a relative w-form ωt can
be locally written as
Õ
ωt =
aI (t, x) dxI
|I |=w

with lifting to a global w-form on X which locally is of the form
ω = ωt + β ∧ dt.
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If you introduce the derivation along the x-direction,
dω = dx ω

(mod dt),

the condition that the relative form ωt restricts to closed forms on the fibers just
means dx ω = 0. From the definition of the Lie derivative it follows that Lξ 0
commutes with this operator and so Lξ 0 acts on closed relative forms. Similarly, it acts on exact relative forms. So we get an induced action on relative
cohomology classes of fibers.
We need to see that this last action does not depend on the choice of the lifting
ξ 0 of ξ. This can be done by means of the homotopy formula which relates the
Lie derivative to the contraction iξ 0 with the vector field ξ 0. This contraction
is the unique derivation linear with respect to the C ∞ functions such that on
one-forms we have
iξ 0 φ = φ(ξ 0).
Thus
iξ 0 : Aw (X) −→ Aw−1 (X),
where for a product of one-forms,
Õ
iξ 0 (φ1 ∧ · · · ∧ φw ) =
(−1)i−1 (iξ 0 φi ) φ1 ∧ · · · ∧ φbi ∧ · · · ∧ φw .
i

The formula we are after is the following.
Lemma 4.5.3 (Cartan’s formula). We have Lξ 0 ω = d(iξ 0 ω) + iξ 0 dω.
This homotopy formula, which we prove below, implies our claim: for any
vector field η tangent along the fibers, iη dt ω + dt iη ω = 0 and so Lη ω = dx iη ω,
an exact form along the fibers. So the action of Lξ 0 on relative cohomology
classes does not depend on the lift ξ 0 of ξ and we get the following.
Corollary–Definition 4.5.4. Lie differentiation preserves forms which restrict
to closed, respectively exact forms along the fibers. The induced action on relative cohomology classes does not depend on the choice of the lift of ξ. This is
the definition of the Gauss–Manin connection:
def

∇ξ [ω|Xo ] = [Lξ 0 ω].
Remarks 4.5.5. 1. The Gauss–Manin connection is a connection on the bundle
w
E whose fiber at t is the vector space Hprim
(Xt ). Note that a section in this bundle
is a family ωt of w-forms, and the Gauss–Manin connection evaluates to 0 on
such a family precisely if φ∗t ωt is constant. These are the flat sections. So if we
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trivialize our bundle E by means of the flow, constant sections are exactly the
flat sections and the Gauss–Manin connection can also be defined by these (the
extension to arbitrary sections of E being uniquely given by the Leibniz rule).
2. The Picard–Fuchs equation (1.11) for the Legendre family from Chapter 1 is
in fact equivalent to the Gauss–Manin connection for this family. See Problem
4.5.1.
Proof of Lemma 4.5.3 We establish the formula for vector fields that are 0
nowhere even though it holds in general. In this case, which is general enough
for our purposes, one may apply the implicit function theorem to choose local
coordinates x1 , . . . , xn so that ξ = ∂/∂ x1 . Thus φt is a translation by t units
along the x1 -axis. Now any differential form is a sum of terms that can be
written as f dx1 ∧ dxJ or f dxJ , where dxJ = dx j1 ∧ · · · ∧ dx jw is free of dx1 ,
i.e., satisfies jk , 1 for all k. It suffices to establish the formula for each kind
of term separately. For the first kind we have
∂f
dx1 ∧ dxJ ,
∂ x1
Õ ∂f
dxk ∧ dxJ ,
d(iξ f dx1 ∧ dxJ ) = d( f dxJ ) =
∂ xk
k<J
Õ ∂f
iξ d( f dx1 ∧ dxJ ) = −
dxk ∧ dxJ .
∂ xk
Lξ ( f dx1 ∧ dxJ ) =

k<J∪{1}

For the second kind we have
∂f
Lξ ( f ∧ dxJ ) =
dx1 ∧ dxJ ,
∂ x1
d(iξ f ∧ dxJ ) = 0,
Õ ∂f
∂f
iξ d( f dxJ ) = iξ
dxk ∧ dxJ =
dx1 ∧ dxJ .
∂
x
∂
x1
k
k<J
In both cases these computations establish the required formula.



We use the foregoing to compute the derivative
∫
∫
∫
∂
∂
∂ ∗
ω=
φ∗z ω =
φz ω,
∂ z̄ (φz )∗γ
∂ z̄ γ
∂
γ z̄
where z is now a complex parameter. This requires some explanation. Recall
that in the complex plane we have


∂
1 ∂
∂
=
−i
,
∂z 2 ∂ x
∂y


∂
1 ∂
∂
=
+i
,
∂ z̄ 2 ∂ x
∂y
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where z = x +iy is the usual complex coordinate. Thus ∂/∂z and ∂/∂ z̄ are complex linear combinations of real tangent vector fields. The Gauss–Manin connection is defined via differentiation with respect to flows and so makes sense for
real vector fields. However, we can extend it to complex-valued fields by the rule
∇U+iV ω = ∇U ω + i∇V ω.
Now consider a path γ : [0, 1 + ] −→ S from o to z which passes horizontally
through z at time t = 1 with unit speed, so that its velocity vector at that instant
is ∂/∂ x. Then we have
∫
∫
∂
ω = LU φ∗z ω,
∂ x (φz )∗γ
γ
where U is a lifting of ∂/∂ x. Similarly, we find that
∫
∫
∂
ω = LV φ∗z ω
∂ y (φz )∗γ
γ
for a lifting V of ∂/∂ y. Thus
∂
∂ z̄

∫
(φ z )∗γ

ω=

∫
γ

LZ̄ φ∗z ω,

where Z̄ is a lifting of ∂/∂ z̄ to a vector field of type (0, 1). This kind of lifting
is possible because one can choose compatible holomorphic coordinates on
the base and total space, with real analytic coordinates associated in the usual
way with the complex analytic ones. Finally comes the key observation. The
operator d applied to a form does not decrease the number of dz’s or d z̄’s. The
operator i( Z̄), on the other hand, decreases the number of d z̄’s by one although
it leaves the number of dz’s unchanged. Consequently, if ω has at least p dz’s to
begin with, its Lie derivative with respect to Z̄ also has that many dz’s. Because
a class in F p is represented by a closed form that is a linear combination of
forms having at least p dz’s, the Lie derivative LZ̄ thus preserves F p . The
relation we obtain, written more telegraphically as
∂F p
⊂ F p,
∂ z̄
is precisely the assertion to be proved.
Theorem 4.5.6. The period map is holomorphic.
We note the following obvious, but very useful, consequence.
Corollary 4.5.7. Intermediate Jacobians vary holomorphically in families.
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This is clear, since the intermediate Jacobian of the fiber Xt is the dual of
F m−p+1 H 2m−2p+1 (Xt ) divided out by a (locally constant) lattice, an isomorphic
image of H2m−2p+1 (Xt , Z) modulo torsion.
The argument to prove the theorem in fact shows more, namely, that
∂F p
⊂ F p−1 .
∂z
The point is that contraction with a lift Z of ∂/∂z to a field of type (1, 0) can
decrease the number of dz’s, but only by one unit. In terms of the Gauss–Manin
connection we thus have the following.
Corollary 4.5.8 (Griffiths’ transversality condition). The Gauss–Manin connection evaluated in directions ξ of type (1, 0) (for instance along holomorphic
vector fields) decreases the Hodge degree by at most one:
∇ξ F p ⊂ F p−1 .
As we saw in Chapter 1, this is the Griffiths infinitesimal period relation, or
third bilinear relation; we noted in Chapter 1 that it was not observed classically
because it is vacuous for variations of weight 1 structures, e.g., for the period
map of a family of curves. Its importance will become clear in the course of
the book. We find, for example, that even though general period domains are
not bounded domains, they behave in many ways as if they were for holomorphic maps satisfying Griffiths’ condition. For example, there is a version of the
Schwarz lemma for such maps.
Remark 4.5.9. Maps satisfying Griffiths’ condition are sometimes called horizontal. Horizontal maps are indeed nonvertical with respect to the fibration
G/V −→ G/K discussed above. For us horizontality has a more general
meaning as we see later (Section 12.5) and we shall then see that Griffiths’
transversality implies horizontality in that sense.

Problem
4.5.1

This problem serves to show the equivalence of the geometric Gauss–
Manin connection and the classical Picard–Fuchs equation.
(a)

Recall the Picard–Fuchs equation for the Legendre family, Eλ :
1
λ(λ − 1)π 00 + (2λ − 1)π 0 + π = 0.
4
The pair (π, π 0) gives a basis for H 1 (Eλ ). Use the Picard–Fuchs
equation to calculate the Gauss–Manin connection in the λdirection.
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(b)

Show that conversely the action of the Gauss–Manin-connection
in the λ-direction gives a second order ordinary differential equation for π and that this must be the Picard–Fuchs equation.
(c) Generalize this to arbitrary families.

4.6 Abstract Variations of Hodge Structure
Period mappings, which abound in nature, motivate the definition of a variation
of Hodge structure. Such an object consists of a number of parts, beginning
with a base space S on which a local system of real or complex vector spaces
is given. This means that the associated bundle E in the sense of Appendix C.4
has locally constant transition functions. Equivalently, this bundle comes from a
representation ρ : π(S, o) → GL(Eo ) of the fundamental group. To be explicit,
let S̃ be a universal cover of S. Then the local system on S associated with ρ is
the set of equivalence classes

[s̃, e] (s̃, e) ∈ S̃ × Eo, (s̃, e) ∼ (s̃ · g, ρg−1 (e))
with g ∈ π(S, o) acting as a covering transformation on S̃. Its associated vector
bundle E has a canonical flat connection, say ∇: locally E is trivialized by a
constant frame and in this frame ∇ = d. This is well defined on overlaps, since
the transition functions are locally constant.
Any local system of complex vector spaces gives rise to a natural holomorphic vector bundle EC , because its defining transition functions are locally
constant and therefore a fortiori holomorphic.
The next ingredient in the definition of a variation of Hodge structure is
a system of holomorphic subbundles F p which, fiber-by-fiber, defines a real
Hodge structure of fixed weight w. To say this differently, we first digress on
the complexified flat connection
∇ : EC → AS1 (EC ),
where AS1 (EC ) denotes the bundle of complex-valued one-forms with values in
EC . This bundle then can be split into its (1, 0) and (0, 1)-components giving a
type decomposition for the connection as well:
∇ = ∇ 0 + ∇ 00 .
The holomorphicity condition is equivalent to the condition that ∇ζ¯ s is a section of F p for any section s of F p , where ζ¯ is a vector field of type (0, 1). This
can be abbreviated as
∇ 00 : F p −→ F p ⊗ AS0,1 .
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In addition, we require that Griffiths’ transversality condition holds, i.e., that
∇ 0 : F p −→ F p−1 ⊗ AS1,0 .

(∗)

Thus, if s is a section of F p and ζ is a vector field of type (1, 0), then ∇ζ s is a
section of F p−1 .
We now summarize what we have so far.
Definition 4.6.1. A (real) variation of Hodge structure consists of a triple
(E, ∇, F p ), where E is a locally constant real vector bundle on a complex
base manifold S, ∇ is the canonical flat connection on E, and F p is a filtration
def
of the holomorphic bundle EC = E ⊗ C by holomorphic subbundles which
fiber-by-fiber give Hodge structures and which satisfy Griffiths’ transversality
condition (i.e., (∗) above).
By Remark 4.5.5, in the geometric situation the canonical flat connection
is exactly the Gauss–Manin connection. Observe also that in the geometric
setting there is more structure: the bundle E actually came from cohomology
with real coefficients and so (at least the full cohomology bundle) has an integral
structure. This leads to the concept of a variation of Hodge structure with an
integral structure: such data is given by a locally constant system EZ of (free) Zmodules. Replacing Z by Q in the foregoing we arrive at a rational structure EQ .
One may in addition require that the variation of Hodge structure be polarized.
Definition 4.6.2. A polarization of the variation of Hodge structure E consists
of an underlying rational structure EQ and a nondegenerate bilinear form
b : EQ × EQ −→ QS,
where QS is the trivial Q-valued local system on S. This form must in addition
have the following properties:
(i) b induces a polarization fiber-by-fiber, i.e., satisfies the first and second
bilinear relations;
(ii) the generalization of the rule for differentiating the dot product of vectorvalued functions holds, i.e.,
db(s, s 0) = b(∇s, s 0) + b(s, ∇s 0) (i.e., b is flat).
Now any polarized variation of Hodge structure defines a monodromy representation. For this notion we refer to Theorem C.4.3:
ρ : π1 (S, o) → GQ = Aut(EQ,o, b),
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where o ∈ S is a base point. Its image
Γ = ρ(π1 (S, o)) ⊂ GQ,
the monodromy group, has to be factored out in order to have a well-defined map
P : S → Γ\D.
Such a map is locally liftable and holomorphic in the sense that for every point
s ∈ S the map P restricted to a small polydisk U about s lifts to a holomorphic map P̃ : U → D, i.e., P|U is just P̃ followed by the natural quotient
map D → Γ\D. Any such lift obeys Griffiths’ infinitesimal period relation.
Conversely, holomorphic maps S → Γ\D that are locally liftable and whose
local lifts satisfy Griffiths’ transversality condition define a variation of Hodge
structure with monodromy contained in Γ. This is just a way of rephrasing the
definition of a variation of Hodge structure. We summarize.
Lemma–Definition 4.6.3. Let S be a complex manifold, D = G/V a period
domain classifying Hodge structures of given weight and Hodge numbers, and
Γ ⊂ G a subgroup; then giving a variation of Hodge structure with monodromy
contained in Γ is equivalent to giving a locally liftable and holomorphic map
S → Γ\D
whose local lifts satisfy Griffiths’ transversality condition. Such maps will be
called period maps.
Note that Γ need not be discrete and so Γ\D is not necessarily an analytic
space. However, if we have an integral polarized variation of Hodge structure
(such as the ones coming from algebraic families), then Γ is a discrete subgroup
of G, Γ\D is an analytic space, and the period map itself is an analytic map
between analytic spaces.
Contrary to what happens for curves, in general the fiber of the period map
may consist of more than one point. Later on we discuss this more fully when we
discuss the Torelli problems in Section 5.7 and Chapter 8. Furthermore, Griffiths’ transversality condition implies that the period map rarely is surjective.

4.7 The Abel–Jacobi Map Revisited
We refer to §3.5 for the definition of the Abel–Jacobi map. In this section we
want to study the behavior of the Abel–Jacobi map when the cycle varies in a
family. We need the concept of a relative cycle. This is a cycle
Z ⊂S×M
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which intersects each fiber ({s} × M) in a cycle Zs of the correct codimension
p = dim S + dim M − dim Z in M. We then say that the relative cycle defines
a family of codimension p cycles on M parametrized by S. If all members
Zs of this family are homologous to 0, there is an induced Abel–Jacobi map
p
u Z : S → J p (M). It is holomorphic.
Lemma 4.7.1. Let Z be a family of codimension p-cycles homologous to 0 on
M.
(i) The Abel–Jacobi map
p

u Z : S → J p (M)
is holomorphic.
(ii) If we identify the tangent space at any point of the intermediate Jacobian
with 6 HC /F p  F p H 2p−1 (M) (an isomorphism of complex vector spaces)
we have at any point o ∈ S an inclusion
p

(u Z )∗TS,o ⊂ H p−1, p (M) ⊂ F p H 2p−1 (M).
Proof Suppose Zs = ∂Γs . We consider a small neighborhood U in S of the
point s in which a vector field ξ is given. We lift it in the obvious way to a vector
field ξ˜ on U × M. Let p1 , p2 be the projections onto U and M, respectively,
and let φ be a closed (2m − 2p + 1)-form on the m-dimensional manifold M.
The Lie derivative Lξ̃ = iξ̃ ◦ d+ d◦iξ̃ in the direction of ξ˜ is obviously 0 when
calculated for p∗2 φ. So, if dξ denotes derivation in the direction of ξ, we have
∫
∫
∫
0=
Lξ̃ p∗2 φ = dξ
φ+
iξ φ,
Γs

Zs

Γs

where the last equality follows from Stokes’ theorem. Now suppose that φ is of
type (m − p + 1, m − p) + (m − p + 2, m − p − 1) + · · · and ξ has type (0, 1).
Then the form iξ φ has no components
of type (m − p, m − p) and hence the last
∫
integral vanishes and so dξ Γ φ = 0 for all closed forms φ. This implies that
s
p
the map u Z is holomorphic.
Similarly, if ξ is of type (1, 0), we have
∫
[φ] ∈ F m−p+2 H 2m−2p+1 (M) =⇒
iξ φ = 0.
Zs

To see that this implies the second assertion, write f for the functional of
integration over Γs and note that for any closed form φ on M we have
∫
hdξ f , φi = dξ h f , φi = −
iξ φ.
Zs
6

Recall that HC =

H 2p−1 (M; C).
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It follows that dξ f vanishes on F m−p+2 H 2m−2p+1 (M) and so the differential
of u Z maps the holomorphic tangent map to the annihilator of this space in
F p H 2p−1 (M), i.e., H p−1, p (M).

Corollary 4.7.2. The Abel–Jacobi map is zero on cycles rationally equivalent
to zero and hence factors over the Chow groups.
Proof

Any holomorphic map P1 → J p (X) must be constant.



Problem
4.7.1

The subtorus Ja (M) ⊂ J(M) is by definition the largest complex
subtorus whose complex tangent space at 0 is contained in H p−1, p .
Show that TJCa (M),0 is the complexification of the largest rationally
defined sub-Hodge structure of H 2p−1 (M) contained in H p−1, p ⊕
H p, p−1 . Deduce that Ja (M) is a principally polarized variety.
(b) Show that the image of the Abel–Jacobi map is always contained
in Ja (M).
(c) Deduce that for Shioda’s examples from Problem 3.5.3 the image
of the Abel–Jacobi map is trivial.
(a)

Bibliographical and Historical Remarks
Theorem 4.1.2, which states the local triviality of families in the differentiable
setting, is sometimes attributed to Ehresmann (1947).
Section 4.2 is from the classic book by Lefschetz (1924); for a modern
approach that stays as topological as possible, see Lamotke (1981).
Sections 4.3–4.7 explain parts of Griffiths’ original work (see Griffiths (1968,
1970)).

5
Period Maps Looked at Infinitesimally

We start out with a compact complex manifold. The set of complex structures
that are close to the given complex structure is completely described by Kuranishi’s theorem, which we state after introducing a few auxiliary concepts. Next,
we look more closely at the derivative of the period map and come back to the
previously studied example of hypersurfaces. The derivative of the period map
comes with multilinear algebra invariants, formalized in the notion of infinitesimal variation of Hodge structure introduced in Section 5.5; we give a few examples to show how this structure can be used to reconstruct geometric objects.
The last sections are devoted to the infinitesimal Torelli problem; in Section 5.7
we investigate some interesting counterexamples due to Kynev and Todorov.

5.1 Deformations of Compact Complex Manifolds
In Chapter 4 we considered smooth families of compact complex manifolds. In
this chapter we fix a compact complex manifold Xo and view it as isomorphic
to a special fiber over a point o in a smooth base manifold S of such a family
f : X → S which then is said to be a deformation of Xo . Two deformations
f : X → S and g : Y → T are considered to be isomorphic if there exists a
fiber-preserving biholomorphic map between X and Y that induces the identity
on Xo (remember that the identification of the fiber over the base point is part
of the data). The biholomorphic map induced on the base spaces is not required
to be the identity when S = T.
We see below that it is natural to allow more general base spaces than complex
manifolds, but for the moment let us suppose that both S and X are manifolds.
We saw in Chapter 4 that any fiber Xt of such a deformation is differentiably
isomorphic to Xo . We proved this by choosing a smooth path γ from o to t and
lifting the velocity vector field over f −1 γ ⊂ X. This we did in two steps; the
160
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first is local and can also be used to lift holomorphic vector fields on the base
to holomorphic vector fields on an open set in X. The second step involved a
partition of unity and cannot be used in the holomorphic setting. And indeed,
we may have nontrivial changes in the complex structure when we go from Xo
to Xt . The idea is that by shrinking S if necessary, we can cover X by open
coordinate neighborhoods U j , j ∈ I over which we can lift a given germ of a
local holomorphic vector field v near o, say to ṽ j . Then the differences ṽi − ṽ j in
the intersections Ui ∩ U j define a Čech cocycle with values in the sheaf ΘXo of
germs of holomorphic vector fields on the fiber Xo . This defines the Kodaira–
Spencer class θ(v) ∈ H 1 (Xo, ΘXo ). One can verify (see Problems 5.1.1 and
5.1.2) that this class does not depend on the actual liftings. It is clear that θ(v)
depends linearly on the tangent direction v so that we have obtained a linear map
ρ : TS,o → H 1 (Xo, ΘXo ),

(Kodaira–Spencer map)

which measures the infinitesimal changes of the complex structure near o in
the various tangent directions.
The next question is whether this indeed reflects actual changes in the complex structure so that a vanishing Kodaira–Spencer map means that we have
locally a trivial family, i.e., a family isomorphic to the product family Xo × S.
This is in general not true, due to jumping phenomena for the dimensions of the
vector spaces H 1 (Xt , ΘXt ) when t varies. But if these dimensions are locally
constant near o, then ρ adequately detects deviations of the product structure
near o. For further discussion as well as details related to this entire section,
see Kodaira et al. (1958).
Returning to deformations, one can ask if there is a maximal one from which
all others can be derived in some standard way. The relevant notions here are
those of an induced deformation and of completeness. To start with the former,
let φ : (T, o) → (S, o) be a holomorphic map preserving base points. Then the
fiber product over S of our deformation f : X → S and φ : T → S yields a new
deformation of Xo , the pullback family or family induced by φ. As to the second
notion, a deformation of Xo is called complete if any other deformation of Xo can
be induced from it. If the inducing map is unique, we call the deformation universal. If only its derivative at the base point is unique it is called versal. Versal
families are unique up to isomorphism, at least locally around the base point.
There is a very useful criterion for completeness whose proof can be found
in Kodaira and Spencer (1962):
Theorem. A smooth family of compact complex manifolds with a surjective Kodaira–Spencer map is complete at the base point. In particular, if the
Kodaira–Spencer map is a bijection, the family is versal.
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Finally, a natural question is whether versal or universal deformations always exist. The answer turns out to be no if we are restricted to families whose
base is a manifold. But there is one special case that can be treated within the
framework of manifolds. This is another result due to Kodaira, Nirenberg, and
Spencer (see Kodaira et al., 1958).
Theorem 5.1.1. Suppose that H 2 (X, ΘX ) = 0. Then a versal deformation for
X exists whose Kodaira–Spencer map is an isomorphism.
It is not too hard to show that if, moreover, H 0 (X, ΘX ) = 0, this versal family
is universal for X.
Example 5.1.2. If C is a curve of genus g > 1 the preceding theorem implies that the base of the versal deformation is smooth and has dimension
dim H 1 (C, ΘC ) = dim H 0 (C, ΩC⊗2 ) = 3g − 3 and that it is universal.
Example 5.1.3. Let X be a smooth hypersurface in Pn+1 of degree d. We show
below that except for the case of quartic surfaces in P3 , a versal family with
smooth base can be obtained from the family of all smooth hypersurfaces of
degree d in Pn+1 if it is restricted to a slice SF transversal to the PGL-orbit of
the base point F in the parameter space. One can show that H 0 (X, ΘX ) = 0 if
n ≥ 2, d ≥ 3 (Problem 5.1.5). So in these cases the versal family is universal.

Problems
5.1.1

The goal of this exercise is to find a different expression for θ i j (v),
the Kodaira–Spencer class. Assume that S is a ball in Cs with coordinates t = (t1, . . . , ts ) centered at 0, the special point. Assume further
that X is covered by coordinate charts U j with coordinates (z j , t),
z j = (z 1j , . . . , z nj ). In overlaps U j ∩ Uk we have
α
z αj = f jk
(zk , t), α = 1, . . . , n.
α (z , t) for t = 0 describe how the restrictions of
So the functions f jk
k
the charts to t = 0 glue together to the special fiber and for any small
but fixed t they give a nearby fiber. We fix a vector field

v=

n
Õ
β=1

vβ

∂
.
∂tβ

The infinitesimal change of these gluing data in this direction is mea-
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sured by
∂ fiαj (z j , t)
∂v

def

=

n
Õ
β=1

vβ

∂ fiαj (z j , t)
∂tβ

.
t=0

Show that in fact
n ∂ f α (z , t)
Õ
∂
ij j
θ i j (v, t) =
α = ṽi − ṽ j .
∂v
∂z
i
α=1

5.1.2

5.1.3

This shows that the definition of the Kodaira–Spencer class does not
depend on the actual liftings, provided we fix the coordinates.
Verify that the definition of the Kodaira–Spencer class does not depend on the choice of coordinates by showing that another choice of
coordinates yields another cocycle which differs from the first one by
a coboundary.
Let D be a smooth hypersurface of M and consider infinitesimal deformations of D within M.
Show that these are classified by H 0 (νD/M ), where νD/M is the
normal bundle of D in M.
(b) Let D ⊂ S× M be a hypersurface such that projection onto the first
factor gives a deformation D → S of a hypersurface Do , o ∈ S.
In analogy with the Kodaira–Spencer map, use (a) to define a
characteristic map σ : TS,o → H 0 (νD/M ).
(c) Let δ : H 0 (νD/M ) → H 1 (ΘD ) be the coboundary map in cohomology of the exact sequence of vector bundles
(a)

0 → ΘD → Θ M |D → νD/M → 0.
Show that the map δ◦σ is the Kodaira–Spencer map of the deformation D → S.
5.1.4

Show that for any deformation f : X → S there is an exact sequence
of vector bundles
0 → Θ f → ΘX → f ∗ ΘS → 0,
where the first bundle – defined by this sequence – has the property
that its restriction to a fiber Xs is the tangent bundle ΘXs of that fiber.
Restrict this sequence to the fiber over the base point and consider the
coboundary map TS,o = (Θ f )o → H 1 (Xo, ΘXo ). Show that this is the
Kodaira–Spencer map.
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Show that H 0 (X, ΘX ) = 0 for any smooth hypersurface in Pn+1 of
degree d > n + 2. (Apply Serre duality and the Nakano vanishing
theorem (consult Griffiths and Harris, 1978). In fact this is also true
whenever n ≥ 2, d ≥ 3 (see e.g. Kodaira et al., 1958, Lemma 14.2).
It follows that the group of automorphisms of X is finite in this range.

5.2 Enter: the Thick Point
As we have said before, the problem of existence of versal deformations cannot
be resolved without more general parameter spaces. Indeed, one needs complex
spaces. Let us recall their definition. As with manifolds, one starts with suitable local models, the analytic subspaces of some open subset U ⊂ Cn . Such
an analytic subspace is defined by specifying finitely many analytic functions
f1, . . . , fn in U. These define first of all a set, namely the locus V ⊂ U where
these functions vanish. Second, they define a subsheaf I of the sheaf OU of the
holomorphic on U by taking in each point the ideal generated by their germs at
that point. Thus, V is the support of this sheaf and the analytic functions on V
are then the sections of the quotient sheaf OU /I. In fact, the data of I alone
suffices, since it determines the set V, but the converse is not true!
Having described our local models, one may glue these to a complex space
X. An economical way of doing this is by giving X as a ringed space upon specifying a subsheaf of the sheaf of complex-valued functions on X. This subsheaf
should form a sheaf of C-algebras and in every local model as above, it should
be isomorphic to OU /I. Summarizing, a complex space is a Hausdorff ringed
space locally isomorphic (as a ringed space) to an analytic subset (V, OV ) of an
open subset in Cn , i.e., OV = OU /J for some subsheaf of ideals I ⊂ OU with
support V .
Example 5.2.1. For every n ∈ N we have the n-th order thick point On given by
the subset of C defined by the ideal (z n ) in the ring of one-variable convergent
power series. The point O2 plays a natural role in deformation theory as we see
below.
To generalize the notion of deformation to the case where the basis is any
complex space, we recall that a holomorphic map f : X → Y is defined to
be a submersion if X is locally diffeomorphic to a product of an open set in
Cn and an open subset in the base such that via this isomorphism f is just a
projection onto the second factor. Note that, as a consequence, all fibers of f are
manifolds. In the case in which X and Y are both manifolds, f is a submersion
precisely when it is a submersion in the usual sense, i.e., the derivative of f is
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everywhere surjective so that we find back the notion of a smooth family. This
motivates the extended definition that follows.
Definition 5.2.2. (i) A family of manifolds over S or with base S is a submersive surjective holomorphic map X → S between complex spaces with
connected fibers. We say that we have a family of compact manifolds if f
happens to be proper. A family is called a deformation of a given manifold
Xo if o ∈ S and the fiber over o is isomorphic with the manifold Xo with
which we started. (This isomorphism is part of the data of a deformation.)
If Xo is compact, the family is required to be proper.
(ii) If f : X → S is a family of manifolds over S and φ : T → S is a holomorphic map, the induced family is the fiber product of f and φ considered as
a family over T.
As before, we can now introduce induced deformations and complete, versal and universal families. The Kodaira–Spencer map now gets a particularly
elegant description using deformations over the thick point O2 . Indeed, the
set of isomorphism classes of deformations over O2 can be identified with the
cohomology group H 1 (Xo, ΘXo ) (see Problem 5.2.1). Because every tangent
vector ζ to the base point o of a given deformation f : X → S can be seen as
a morphism of the thick point O2 to (S, o), we can consider the induced deformation over the thick point, and this yields an element κ( f )(ζ) in H 1 (Xo, ΘXo ),
the Kodaira–Spencer class of the deformation. Taken together, as before, they
define the Kodaira–Spencer map
ρ = κ( f ) : TS,o → H 1 (Xo, ΘXo ).
One can verify that this map coincides with our earlier definition if S is a
manifold (see Problems 5.2.1 and 5.1.3). Now we can formulate the desired
existence theorem due to Kuranishi. See also Douady (1984/85).
Theorem 5.2.3 (Kuranishi’s theorem (Kuranishi, 1965)). For any compact
complex manifold X there exists a versal deformation with a bijective Kodaira–
Spencer map. If H 0 (X, ΘX ) = 0, such a deformation can be chosen to be universal. The base S of the deformation is the fiber over the origin of a holomorphic
map between neighborhoods of the origin in H 1 (X, ΘX ) and H 2 (X, ΘX ) with a
0 derivative at the origin. In particular S is smooth precisely when this map is 0.
Note that the existence theorem of the previous section is the special case
when H 2 (X, ΘX ) = 0, in which case the deformation space S is smooth.
The versal deformation of X whose existence is claimed in the preceding theorem is appropriately called the Kuranishi family or the Kuranishi deformation
of X, and the parameter space is called its Kuranishi space. In fact, only the
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germ of the Kuranishi family around the marked fiber is well defined. The same
holds for the Kuranishi space: only its germ at the marked point is well defined.
There are instances in which the Kuranishi space is smooth even when
H 2 (X, ΘX ) does not vanish, as in the following example.
Example 5.2.4. Suppose that dim X = 3 and that KX is trivial. Such manifolds are called Calabi–Yau manifolds. By Serre duality, the obstruction space
H 2 (X, ΘX ) is dual to H 1 (Ω1X ) which is certainly not 0 when X is Kähler. But
by Tian (1986) the Kuranishi space is smooth in this case.
One can go further and look at deformations of complex spaces themselves.
In the case of compact spaces, Grauert (1974) and and Palamodov (1976) developed such a theory. For isolated singularities of a not necessarily compact
space, such deformations were examined by Donin (1978), Grauert (1972), and
Pourcin (1974). Later Bingener (1987) gave a nice uniform treatment.

Problems
5.2.1

A deformation X2 → O2 of X can be described as follows. Choose an
open cover U = {U j } of X by polydisks and let the transition functions
in U j ∩ Uk be given by
α
z αj = f jk
(zk ), α = 1, . . . , n.

Then the transition functions for X2 in U j ∩ Uk are of the form
α
z αj = f jk
(zk ) + tg αjk (zk ).

(∗)

j be the vector field ∂/∂t on U j × O2 . Show that
Let (∂/∂t)
j − (∂/∂t)
k = Íα g α (zk )∂/∂z α is a one-cocycle on U with
(a) (∂/∂t)
j
jk
values in ΘX ;
(b) every cocycle as in (a) defines a deformation of X using transition
functions as in (∗);
(c) cohomologous cocycles define isomorphic deformations;
(d) H 1 (ΘX ) classifies isomorphism classes of deformations of X over
the thick point;
(e) if X → S is a one-parameter deformation of Xo with ∂/∂t a
tangent at the base point, the Kodaira–Spencer class for ∂/∂t
coincides with the previously defined Kodaira–Spencer class.
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Assume that H 0 (X, ΘX ) = 0. Show that any isomorphism of a universal deformation of X inducing the identity on the base and the fiber
over the base point is the identity. Deduce that the group of holomorphic automorphisms of X acts faithfully as a group of isomorphisms
of a universal deformation of X.

5.3 The Derivative of the Period Map
In this section we interpret the derivative of the period map of a geometric
variation as a linear algebra construction involving the Kodaira–Spencer map
of the underlying deformation.
We start, however, with an abstract variation of Hodge structures over a
suitably small pointed manifold (S, o) with period map
P : S → D,
where D is a period domain for, say, polarized weight-w Hodge structures on
a free Z-module HZ of finite rank endowed with a (−1)w -symmetric bilinear
form b. We let
É
p,q
p+q=w HF
be the Hodge decomposition corresponding to the base point o ∈ S. We claim
that this induces a decomposition on the Lie algebra g of endomorphisms of
H = HZ ⊗ R:
def

g = End(H, b).
The proof uses the following way to rephrase the skew-symmetry of b:
g = Ker(s : End(H) → End(H)),

s(ξ) = ξ + Tξ.

(5.1)

Here the transpose is defined by the usual equation
b(ξu, v) = b(u, Tξv) for all u, v ∈ H,
which determines the transpose completely since b is nondegenerate. We can
now state and prove the above claim in a more precise fashion.
Lemma 5.3.1. (i) The choice of a reference Hodge structure in D defines a
real weight 0 Hodge structure on End(H).
(ii) The homomorphism s from (5.1) is a morphism of Hodge structures and
hence g inherits the Hodge structure on End(H); in particular, its (p, −p)component is given by

g p,−p = ξ ∈ gC ξ(H r,s ) ⊂ H r+p,s−p for all (r, s) .
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Proof (i) The space End(H) gets a weight 0 Hodge structure as a consequence
of the “functorial package” (see the discussion in the first chapter just after the
definition of a Hodge structure (Definition 1.2.4)).
(ii) Suppose that ξ has weight (−r, r) and u ∈ H p+r,q−r . Then ξu ∈ H p,q and
by the first bilinear relation b(ξu, v) = 0 unless v ∈ H q, p . On the other hand we
have that b(u, Tξv) = 0 unless Tξv ∈ H q−r, p+r . It follows that Tξ has also weight
(−r, r). So ξ 7→ Tξ is a morphism of Hodge structures. Then s is a morphism
of Hodge structures and hence g carries a real Hodge structure.

The subspace g−1,1 corresponds to the tangent directions for which Griffiths’
transversality holds, i.e., we have
−1,1
dPo : TS,o −→ TD,F
= g−1,1 .

Before we describe this derivative, let us recall that we have seen that on S
the Hodge filtration bundles Fp are holomorphic subbundles of the bundle H
but that the subbundles Hp,q are in general only C ∞ subbundles. The bundles
themselves still have a holomorphic structure via the isomorphism
p

Hp,q ' Gr F H.
Indeed, the right-hand side as a quotient of the holomorphic bundle Fp by the
holomorphic subbundle Fp+1 has a natural holomorphic structure. The lefthand side with this holomorphic structure, is called the Hodge (p, q)-bundle.
The total Hodge bundle by definition is then
Ê
Ê
def
p
HHdg = Gr F H =
Gr F H '
Hp,q .
p

p+q=w

This bundle, with its holomorphic structure is the underlying bundle of a socalled Higgs bundle, to be studied in greater detail later: see Sections 13.1–13.5.
The restriction of dP(o) on the Hodge bundle components can be described as
follows.
Lemma 5.3.2. The Gauss–Manin connection of the local system underlying
the variation of Hodge structure induces OS -linear maps on the Hodge bundles:
p

p−1

σ p : Gr F H → Gr F H ⊗ Ω1S .
Put F = P(o). For each tangent vector t of S at o the induced linear map
between the fibers at o of the total Hodge bundle HHdg is an endomorphism of
type (−1, 1) and we have
Ê
dPo (t) =
σ p (t) ∈ End−1,1 HHdg .
p
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Proof By Griffiths’ transversality (Cor. 4.5.8), the canonical flat connection ∇
maps any local holomorphic section s of Fp near o to a section of Fp−1 ⊗ Ω1S .
Let f be the germ at o of a holomorphic function. The Leibniz rule shows that
p
∇( f s) = f ∇(s) modulo Fp and so ∇ becomes OS -linear as a map from Gr F H
p−1
to Gr F H⊗ Ω1S . So we get a holomorphic bundle map which visibly is of type
(−1, 1). Since the derivative of the period map is given by ∇ acting on Gr F H
the final assertion follows.

Let us interpret this in case we have a variation that comes from the primitive
rank w cohomology of a projective family over a base manifold (S, o). We let
the fiber over the base point be X. Recall that any tangent vector t at the base
point determines a Kodaira–Spencer class κ(t) ∈ H 1 (X, ΘX ). Contraction with
p
p−1
κ(t) defines a linear map ΩX → ΩX and hence a linear map
q
p
q+1
p−1 
δ p : Hprim ΩX → Hprim ΩX .
q

p

We can identify Hprim (X, ΩX ) and the fiber at o of Fp /Fp+1 .
Lemma 5.3.3. Consider the variation of Hodge structure over a contractible
manifold (S, o) associated with the primitive cohomology of the fibers of a
smooth projective family over S. Let X be the fiber over o. The derivative at o of
the period map in the direction t is the cup product with the Kodaira–Spencer
class κ(t) ∈ H 1 (X, ΘX ), i.e.,
p

δ p (t) = σF (t),
where F corresponds to the fiber at o of F• .
Proof The Kodaira–Spencer class κ(t) can be computed in a Čech covering {U j } of X by first taking lifts t˜j of v and then taking the class of the
one-cocycle given by t˜j − t˜k on U j ∩ Uk (see Problem 5.2.1). Now the map
p,q
p−1,q+1
σ p (t) : HF → HF
induced by the Gauss–Manin connection can be
computed (see Problem 5.3.1) and wefind that on the level of cocycles we get
the cup product with the one-cocycle t˜j − t˜k .

Combining the two lemmas we find the following.
Theorem 5.3.4. Let X be the fiber over o of a projective family over a contractible base manifold S. The cup product with the Kodaira–Spencer class
κ(v) defines linear maps
q
p
q+1
p−1 
δ p (t) = λ p (κ(t)) : Hprim X, ΩX → Hprim X, ΩX , p + q = w.
w
These are the nonzero components of the endomorphism δ(t) of Hprim
(X, C)
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corresponding to the derivative of the period map P : S → D in the direction
of v at o. So there is a commutative diagram
TS,o

/ H 1 (ΘX )

κ
λ
δ

&
w
w
End−1,1 Hprim
(X, C),

in which λ comes from the cup product.

Problem
5.3.1

Complete the proof of Lemma 5.3.3 by showing that the map σ p (t) :
p,q
p−1,q+1
HF → HF
is the cup product with κ(t). Hint: do a Čech
computation using an acyclic cover {U j } of X.

5.4 An Example: Deformations of Hypersurfaces
In Section 3.2, we saw that the middle cohomology of a hypersurface splits into
a fixed part and a variable part. We now consider the hypersurface X = Xo ⊂ P
as a fiber of the family of all smooth hypersurfaces parametrized by, for example, S. The fixed cohomology for the varying fibers forms a constant subsystem
inside the local system consisting of the middle cohomology of the fibers.
These classes therefore are killed by the Gauss–Manin connection. Look now
at the germ of the family around o ∈ S and consider the associated infinitesimal
variation of Hodge structures
δ : T = TS,o −→ End H n (X).
We consider the subspace of H n (X) consisting of classes that are infinitesimally fixed in the directions corresponding to T:
def

HTn (X) = {α ∈ H n (X) | δ(t)α = 0, ∀t ∈ T } .
Clearly this subspace contains the fixed classes. In Chapter 7, we give sufficient
conditions so that the converse holds (see Theorem 7.5.1). These conditions
can be shown to hold for surfaces of degree d ≥ 4 in projective three-space,
and the theorem then implies that for “generic” (in a sense to be specified) such
surfaces the only Hodge classes, i.e., the rational classes of type (1, 1), are those
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coming from the hyperplane sections. In other words, the only divisors on a
generic surface of degree d ≥ 4 are the hyperplane sections and their multiples.
To start with, we need to specify the family of hypersurfaces. This we do by
fixing a very ample line bundle L on P, and we put
S = {(s) ∈ |L| | the corresponding divisor Xs ⊂ P is smooth} .
The incidence variety IS = {(s, y) ∈ S × P | y ∈ Xs } is the total space of the
tautological family p : IS → S, where p is the projection onto the first factor.
We recall that the tangent space of the projective space |L| = PH 0 (P, L) at a
point ∗ = (so ) ∈ |L| can be identified with
T = TS,∗ = H 0 (P, L)/C · (so ).
Below we assume that H 1 (P, OP ) = 0 so that the exact sequence
so

0 → OP −−→ L → L | X → 0
identifies the right-hand side with
H 0 (L|X) = H 0 (νX/P ).
To compute the action on cohomology, we use the fact that it is given by the
cup product with the Kodaira–Spencer class, inducing maps H p,n−p (X) →
H p−1,n−p+1 (X). On the other hand, viewing H 0 (P, L) as the space of rational functions on P having a pole of order ≤ 1 along X, the cup product with
0
n+1
t ∈ T = H 0 (P, L)/C · (so ) defines maps H 0 (Ωn+1
P (k X)) → H (Ω P ((k +1)X)).
Suppose now that L is sufficiently ample so that the following vanishing
result holds:

j
H i P, Ω P (L ⊗k ) = 0, ∀i, k ≥ 1, j ≥ 0.
(∗)
In this case the two actions match. To express this, we recall that the residue
isomorphisms
H 0 (Ωn+1
P ((n − p + 1)X))
H 0 (Ωn+1
P ((n

− p)X)) +

dH 0 (ΩnP ((n

Res

− p)X))

p,n−p

−−−−∼−−→ Hvar

(X)

induce surjective maps

p,q
r p : H 0 P, Ωn+1
P (q + 1)(X) → Hvar (X),

p + q = n.

Proposition 5.4.1. Assume that the vanishing condition (*) holds. Let
T = H 0 (P, OP (X))/C · (so ),
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the tangent space at X = {so = 0} to the base of the tautological family. There
is a commutative diagram
T ⊗ H 0 (P, Ωn+1
P ((n − p + 1)X))
 κ ⊗r
y p

p,n−p

H 1 (X, ΘX ) ⊗ Hvar

(X)

cup

−−−→
cup

−−−→

H 0 (P, Ωn+1
P ((n − p + 2)X))
 r p−1
y

p−1,n−p+1

Hvar

(X).

Proof We deform X in the direction of g ∈ H 0 (P, OP (X)). So we consider the
first-order deformation X ⊂ P × O2 which in local affine charts Ui covering P
is given by fi + tgi = 0, t 2 = 0. Let α0 ∈ H 0 (Ωn+1
P ((n − p + 1)(X)) be given in Ui
n−p+1
by ωi / fi
, ωi a holomorphic (n+1)-form on Ui . Then there is a global form
n−p+1 and
αt ∈ H 0 (Ωn+1
P ((n − p + 1)Xt )) which in Ui is given by ωi /( fi + tgi )
n−p+2
hence d/dt ωi /( fi + tgi )n−p+1 t=0 = (−1)· (n − p + 1) · gi · ωi / fi
modulo
lower-order poles. Tracing through the numerical factors in the definition of
the maps rd we find from this expression ∇∂/∂g (r p (α0 )) = r p−1 (g · α0 ), proving
commutativity of the diagram.

Example 5.4.2 (Hypersurfaces in projective spaces). Let P = Pn+1 , and fix a
system of homogeneous coordinates on Pn+1 . Let X be the hypersurface given
by a homogeneous polynomial F of degree d. Now S = Un,d , the parameter
space for the tautological family of degree d hypersurfaces in Pn+1 . Finally,
we let jF be the Jacobian ideal of F (ideal generated by the partial derivatives
of F). It follows that T = S d /C · F, where S d is the vector space of degree-d
homogeneous polynomials on Pn+1 . Indeed, the tangent space to P(S d ) at X is
the set of equivalence classes of curves F + tG where G and G 0 give the same
tangent if and only if G and G 0 differ by a multiple of F:
∼

T = T(Ud, n,[X]) −→ S d /C · F.
The tangents at X to the GL(n + 2)-orbit through X correspond to jF /C · F. To
see this, consider the one-parameter group gt of linear transformations sending
e j to e j +tei and fixing all other ek . Since d/dt( gt ◦F) t=0 = z j ∂F/∂zi , it follows
that the tangent vectors to GL(n + 2)F at F span jFd .
To identify the action of T on middle cohomology, we need the Kodaira–
Spencer map for our family. Recall (see Problem 5.1.3) that one has a characteristic map T(U,[X]) → H 0 (νX/P ). In our case, this map is the identity. In Problem
5.1.3 we showed that the coboundary δ from the exact sequence defining the
normal bundle νX/P composed with the characteristic map is the Kodaira–
Spencer map for the tautological family over U. So the Kodaira–Spencer map
is the coboundary map
κ

T = H 0 (νX/P ) −→ H 1 (X, ΘX ).
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Because H 1 (OPn+1 ) = 0, we have an identification T = H 0 (X, νX/Pn+1 ), and
the Kodaira–Spencer map is the map κ : S d → H 1 (ΘX ) which associates
with G ∈ S d the infinitesimal deformation of X with equation F + tG = 0,
t 2 = 0. The image T of this map consists of those infinitesimal deformations
that preserve the polarization.
Suppose next that X is not a quartic surface in P3 . Then the exact sequence
defining the normal bundle
0 → ΘX → ΘPn+1 |X → νX/Pn+1 → 0
induces a surjective coboundary map δ : H 0 (νX/Pn+1 ) → H 1 (ΘX ). To see this,
we first note that the vector space H 1 (ΘPn+1 ) is Serre dual to H n (Ω1Pn+1 (−n − 2))
which vanishes by Bott’s vanishing theorem, which we discuss below (see Theorem 7.2.3). Likewise H 2 (ΘPn+1 (−d)) = 0 unless n = 2, d = 4. Using the exact
sequence
0 → ΘPn+1 (−d) → ΘPn+1 → ΘPn+1 |X → 0,
it follows that H 1 (ΘPn+1 |X) = 0, and using the defining sequence for the normal bundle as given above, we conclude that the coboundary map δ is onto as
required. Consequently, we can describe the Kodaira–Spencer map in this case
by means of the exact sequence
κ

0 → jFd → S d −→ H 1 (ΘX ) → 0.

(5.2)

It follows that the Kodaira–Spencer map restricted to the slice VF ⊂ P(S d )
through the base point F transversal to the GL(n + 2)-orbit (see also Example
5.1.3) is an isomorphism. By Kodaira’s completeness theorem (see Section 5.1)
we have a versal family. Since H 0 (ΘX ) = 0, this family is even universal (see
Example 5.1.3).
Proposition 5.4.1 can now be applied to projective space P = Pn+1 using the
results from Section 3.2. We find the following.
Lemma 5.4.3. Let t(p) = d(n − p + 1) − n − 2 and let
t(p) ∼

p,n−p

λ p : RF −→ Hprim (X)
be the residue map followed by multiplication with (n − p)!(−1)n−p . The following diagram commutes:
t(p)

multiplication

RFd ⊗ RF
−−−−−−−−−−→
 λ ⊗λ
y d t (p)

p,n−p

T ⊗ Hprim (X)

cup product

−−−−−−−−−→

t(p−1)

RF
λ
y t (p−1)

p−1,n−p+1

Hprim

(X).
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5.5 Infinitesimal Variations of Hodge Structure
In this section we axiomatize the notion of the derivative of the period map in
the abstract setting, obtaining what is called an infinitesimal variation of Hodge
structure. We do this by taking as ingredients of this structure two consequences
of transversality. One we have already seen; it is the horizontality of the period
map. The second consequence is a certain commutativity property.
Lemma 5.5.1. dP(T) is an abelian subspace of g.
Proof Let v and v 0 be two complex vector fields in a neighborhood of s in S
and let ∇ be the flat connection given by the variation of Hodge structures. The
tangent vector dp(v(s)) can be viewed as the endomorphism of (HC, b) corresponding to the endomorphism ∇v(s) of the fiber at s of the complex local system
underlying the variation of Hodge structure. The curvature tensor for ∇ at s evaluated on the vectors v(s), v 0(s) is [∇v, ∇v0 ](s) − ∇[v,v0 ] (s). But ∇ is a flat connection and so (see Appendix C, Problem C.3.1) we get [∇v, ∇v0 ](s) = ∇[v,v0 ] (s). So,
if dP(v) = w, dP(v 0) = w 0, we have [w(F), w 0(F)] = dP([v, v 0](F)) ∈ g−1,1 .
On the other hand, the bracket on g has the property that [g−1,1, g−1,1 ] ⊂ g−2,2 ,
as follows directly from the definition. It follows that [w(F), w 0(F)] = 0, i.e.,
the image of T is an abelian subspace of g.

Thus we arrive at the following definition.
Definition 5.5.2. An infinitesimal variation of Hodge structure (IVHS) consists
of:
(i) a polarized weight-w Hodge structure H on a free Z-module of finite rank
HZ endowed with a (−1)w -symmetric bilinear form b;
(ii) a complex vector space T;
(iii) a complex linear map δ : T −→ End(HZ ⊗Z C, b) = g such that
(a) δ(T) ⊂ g−1,1 , where we give g the natural Hodge structure induced by H
(see Proposition 5.3.1),
(b) δ(T) is an abelian subspace of g, i.e., for all t, t 0 ∈ T, the endomorphisms
δ(t)◦δ(t 0) and δ(t 0)◦δ(t) of HC are equal and define a map δ2 : S 2T →
End−2,2 (HC ).
If we have a real polarized Hodge structure on a finite-dimensional real vector
space H the above definition still makes sense and we speak of an infinitesimal
variation of real Hodge structures.
We show now how standard multilinear algebra operations can be applied to

5.5 Infinitesimal Variations of Hodge Structure

175

an infinitesimal variation of Hodge structure that eventually give back geometric
data. To be specific, in an obvious way we get linear maps
δr : Sr T → End−r,r (HC )
for all r. Observe that the image of δr does not consist of b-skew endomorphisms, but rather of maps that are (−1)r -symmetric under b. Now b induces
a perfect pairing between the Hodge components H a,w−a and H w−a,a . So, if
these components are at the extreme ends of the Hodge decomposition, and
say a ≥ w − a then with r = 2a − w, we have δr : Sr T → End−r,r (HC ) =
Hom(H a,w−a, H w−a,a ) = H w−a,a ⊗ H w−a,a .
Lemma 5.5.3. The image of δr (r = 2a − w) actually is contained in the
subspace of the symmetric homomorphisms, i.e., we have
δr : Sr T −→ Homsym (H a,w−a, H w−a,a ) = S 2 H w−a,a .
Proof We have to show that for an r-tuple of vectors (t1, . . . , tr ) ∈ Sr T,
the linear map A = δr (t1, . . . , tr ) ∈ Hom((H w−a,a )∨, H w−a,a ) has the property that l(A(m)) = m(A(l)) for all l, m ∈ H w−a,a . However, we have l(A(m)) =
b(l, A(m)) = (−1)w b(A(m), l) just by (−1)w -symmetry of b. Because r = 2a −w
we have (−1)w = (−1)r and so the fact that A is (−1)r -symmetric implies that
(−1)w b(A(m), l) = b(m, A(l)) = m(A(l)).

Let us now apply this construction in a geometric situation. Suppose now
that r = w = n and that the infinitesimal variation comes from the variation
of Hodge structure on the primitive n-cohomology of a projective family of
n-dimensional manifolds over a contractible base manifold S. As before, we fix
s ∈ S, let X be the fiber of the family over s, and we set T = TS,s . We have seen
that the derivative of the period map fits into a commutative diagram
T

/ H 1 (ΘX )

κ
λ
δ

w
&
n (X, C),
End−1,1 Hprim

where the components λ come from the cup products
j 
j−1  
H 1 (ΘX ) → Hom H n−j ΩX , H n−j+1 ΩX .
Because the natural maps
H 1 (ΘX ) ⊗ · · · ⊗ H 1 (ΘX ) → H n (ΘX ⊗ · · · ⊗ ΘX ) → H n (Λn ΘX )
|
{z
}
|
{z
}
n

n
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are both antisymmetric, iterating the Kodaira–Spencer map, we get a linear map

κ n : S nT → H n (Λn ΘX ) = H n KX−1 ,
which fits into a commutative diagram
S nT

/ H n (K −1 )
X

κn
λn
δn

%
x
S 2 H n (X, OX ).

To interpret this geometrically, we dualize this diagram and find
S 2 H 0 (KX )
(λ n )∨

y

H 0 (KX⊗2 )

(κ n )∨

(δ n )∨

$
/ S nT ∨ .

Let us call (κ n )∨ the n-th iterate of the dual Kodaira–Spencer map and (δ n )∨
the n-th iterate of the codifferential. The geometric interpretation we have in
mind is as follows.
Lemma 5.5.4. Let X be an n-dimensional projective manifold for which the
rational map defined by the canonical system
ϕ |K X | : X −→ PH 0 (KX )∨
is an embedding. Suppose that the quadrics cut out a complete linear system on
the image of X and that this image is the intersection of all quadrics that pass
through the image. Assume moreover that X is the fiber of a projective family
for which the n-th iterate of the dual Kodaira–Spencer map is injective. Then
X can be reconstructed from the IVHS of the given projective family.
Proof Since the linear system of quadrics is complete, the map
(λ n )∨ : S 2 H 0 (KX ) → H 0 (KX⊗2 )
is surjective. The kernel is formed by the quadrics through the canonical image
of X. Since the n-th iterate of the dual Kodaira–Spencer map is injective, this
kernel is the same as the kernel for the n-th iterate of the codifferential, as we
can see from the previous commutative diagram. So the IVHS gives the system
of quadrics through the canonical image of X, whose intersection is X.

Example 5.5.5. Let X be a curve which is nonhyperelliptic, is not trigonal,
and is not a plane quintic. Then a result of Enriques–Petri (see Saint-Donat,
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1975) tells us that the canonical image of X is cut out by quadrics. The system of quadrics cuts out a complete linear system on the canonical curve by
Noether’s theorem, c.f., loc. cit. Because n = 1 the condition on the dual of the
Kodaira–Spencer mapping just says that the Kodaira–Spencer mapping should
be surjective, so any complete deformation of X yields an IVHS from which
one can recover the curve.

Problem
5.5.1

The map of Lemma 5.5.3 induces a map
φ : T → Homsym (H a,w−a, H w−a,a )
by φ(t) = δr (t, . . . , t). Let Σa,k be the locus in P(T) where φ has
rank ≤ k. Consider the variation of Hodge structure given by the
Kuranishi deformation of a curve C of genus g ≥ 5. Show that Σ0,1 is
the bicanonical image of C in T = PH 1 (ΘC ) = PH 0 (KC⊗2 )∨ (see also
Griffiths and Harris, 1983).

5.6 Application:
A Criterion for the Period Map to be an Immersion
Let us formulate the infinitesimal Torelli problem as follows.
Problem (Infinitesimal Torelli problem). Let X be the fiber over 0 of a projective deformation over a contractible base manifold S with the property that the
Kodaira–Spencer map is injective. Decide whether the period map P : S → D
for the primitive cohomology group in degree w is an immersion at 0.
If the parameter space of the Kuranishi family (see Section 5.2) for X is
smooth, as is the case for all examples, we have to consider this question for
the Kuranishi family only.
w
Because P(s), s ∈ S, reflects the Hodge decomposition of Hprim
(Xs, C)
and because the Kodaira–Spencer map, which measures infinitesimal changes
in the complex structure, is injective, we can loosely state this problem as
follows: determine whether the infinitesimal change of complex structure at o is
faithfully reflected in the infinitesimal change of the Hodge decomposition at o.
Because κ( f ) : TS,o → H 1 (X, ΘX ) is injective, we can identify TS,o with a
subspace of H 1 (X, ΘX ). Theorem 5.3.4 then yields the following criterion.
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Theorem 5.6.1. Let X be a smooth projective manifold whose Kuranishi space
is smooth and of dimension dim H 1 (X, ΘX ). The period map for the Kuranishi
family associated with primitive cohomology in degree w is injective precisely
when the cup product map
κ( f )
É
p
p−1  
q
q+1
TS,o −−−−→ H 1 (ΘX ) −−−→
ΩX
p+q=w Hom H Ω X , H
is injective.
Examples 5.6.2. (i) Consider a family of curves. The dual of the cup product
map is the product map
H 0 (Ω1 ) ⊗ H 0 (Ω1 ) → H 0 ((Ω1 ) ⊗2 ),
and this map is surjective unless g > 2 and the curve is hyperelliptic. It follows
that the infinitesimal Torelli theorem holds for curves of genus 2 and for nonhyperelliptic curves of higher genus.
(ii) Let X be an n-dimensional variety with a trivial canonical bundle. Then
contraction of local holomorphic vector fields with local holomorphic n-forms
∼
gives an isomorphism ΘX −→ Ωn−1
X . It follows that the cup product mapping
H 0 (ΩnX ) ⊗ H 1 (ΘX ) → H 1 (Ωn−1
X ) is an isomorphism and so is the induced
mapping H 1 (ΘX ) → Hom(H 0 (ΩnX ), H 1 (Ωn−1
X )). It follows that the position of
n (X) gives local moduli for X. Examples include abelian
H n,0 (X) inside Hprim
varieties, Calabi–Yau manifolds such as K3 surfaces, and hypersurfaces of
degree n + 2 in Pn+1 . See Example 5.2.4.
Other examples are given in later chapters when we have developed more
techniques.

5.7 Counterexamples to Infinitesimal Torelli
Trivial Counterexamples
The simplest counterexamples are provided by surfaces having nontrivial moduli but without holomorphic one- and two-forms. We have seen such an example
in Chapter 1, Exercise 1.3.3(c): the cubic surface in projective 3-space has 4
moduli but no periods. Later we shall nevertheless find a Hodge theoretic period
domain. See Section 17.3.
A nonrational example of this kind was given by Enriques (1914) and still
bears his name. As we shall show, several nonrational surfaces can be constructed as quotients of complete intersection surfaces in some projective space
by a cyclic group of projective transformations which preserves the intersection.
Among these we shall find Enriques’ surfaces.
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Let us first say a few words about properties of a quotient of a complex
manifold X by a cyclic group G generated by a holomorphic automorphism
g : X → X of prime order p. For simplicity, assume that the fixed locus is a
(possibly empty) smooth divisor R ⊂ X. Then Y = X/G has the structure of a
complex manifold with a holomorphic projection π : X → Y . This can be seen
by choosing local holomorphic coordinates {s, t1, . . . , tk } centered at a point of
R such that g is given by
(s, t1, . . . , tk ) 7→ (ρ p s, t1, . . . , tk ),

ρ p = exp(2πi/p).

Then R is given by s = 0 and (s p, t1, . . . , tk ) can be taken as local coordinates
on Y and hence π : X → Y is locally given by
π : (s, t1, . . . , tk ) → (s p, t1, . . . , tk ).
To investigate the relation between the tangent sheaves TX and TY , we best
use direct images. Although these will be treated more extensively later in
Section 6.4, in our setting, the direct image π∗ F of a sheaf on X is easy to
describe since π is a finite morphism. If y ∈ Y is not a branch point, say
π −1 y = x1, . . . , x p the stalk of π∗ Fat y is the direct sum of the stalks of Fat
the xk . If y is a branch point and π −1 y = x, we have (π∗ F)x ' Fy . Moreover,
if for instance F = OX , TX or ΩkX , then G acts on each stalk of π∗ F. Also, in
this case the direct image has a natural structure of an OY -module.
With this in mind, the above calculation is seen to imply that there is a short
exact sequence of OY -modules
π∗

0 → (π∗TX )G −−→ TY → OD (D) → 0,

D = π∗ R,

(5.3)

where the first map is induced by the tangent map. To see this, since g∗ (∂/∂s) =
ρ p · ∂/∂s, the G-invariant holomorphic vector fields are generated by s∂/∂s,
∂/∂t1 , . . . , ∂/∂tk . On the other hand, setting t0 = s p , one of the local coordinates on Y , one has π∗ (s∂/∂s) = pt0 ∂/∂t0 , hence π∗ is injective with cokernel
isomorphic to OD (D). Indeed, t0 is a coordinate transversal to D and t0 ∂/∂t0 is
a local section of ID · OY (TY ) and so the cokernel of π∗ is a locally free sheaf
∂
a local generator. This is a local section of OD (D).
on D with
∂ y0 D
The same local calculation can also be used to investigate the relation between
the canonical bundles of X and Y . Since
π ∗ (t0 ∧ dt1 ∧ · · · ∧ dtk ) = ps p−1 ds ∧ dt1 ∧ · · · ∧ dtk

(5.4)

π ∗ KY = KX ⊗ R p−1 .

(5.5)

we deduce

180

Period Maps Looked at Infinitesimally

Let us apply this to the following examples of surfaces. Recall that
pg (X) = h d,0 (X) = h0,d (X) = dim H 0 (KX ),
q(X) = h (X) = h (X) = dim H
1,0

0,1

0

d = dim X,

(Ω1X ).

Examples
5.7.1. 1. Godeaux surfaces Consider the Fermat quintic surface

F5 = x05 + x15 + x25 + x35 = 0 in P3 . The group Z/5Z generated by the prog

jective transformation (x0, x1, x2, x3 ) −→ (x0, ρ5 x1, ρ25 x2, ρ35 x3 ) acts on P3 with
fixed locus the four coordinate points (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0) and
(0, 0, 0, 1). Since these do not lie on the Fermat, the action restricts to a free action
on F5 . Put S = F5 /(Z/5Z). It is a surface with KS ample: by (5.5) the canonical
bundle equals π ∗ KS = KF5 , which, by Examples C.1.6 in Appendix C, is just
the hyperplane bundle. It follows that S is not a rational surface. We claim:
pg (S) = q(S) = 0.
By Lefschetz’ hyperplane theorem B.3.3 we have 2q(F5 ) = b1 (F5 ) = 0 and so
q(S) = 0. To calculate pg (S), we recall that the two-forms on F5 are residues
of rational three-forms on P3 with poles along F5 ; the latter are of the form
ω3
, L linear homogeneous.
L 5
5
x0 + x1 + x25 + x35
The two-forms on S come from (Z/5Z)-invariant differential forms. Since ω3
is the ρ5 -character space, we seek for linear forms in the ρ45 -character space,
but there are none, whence the claim.
Next, consider moduli. Instead of the Fermat quintic, we may take any ginvariant quintic. A local deformation of the above Godeaux surface can be
obtained by adding another monomial from the g-invariant collection, e.g.
x03 x2 x3 . This corresponds to a direction in the tautological family of quintic
surfaces on P3 which has a nonzero Kodaira–Spencer class, since it does not
belong to the Jacobian ideal of the Fermat quintic. Here we use the description
(5.2) of the Kodaira–Spencer map for hypersurfaces in projective space.
This shows that the Godeaux surface has nontrivial moduli, but trivial period
map.
2. Enriques surfaces We now start with a complete intersection X of three
quadrics in P5 . Repeatedly applying the canonical bundle formula (C.1) we
see that KX = OX and since b1 (X) = 0, again by repeated application of the
Lefschetz hyperplane theorem, the surface X is a K3 surface. Consider now the
involution on P5 given by
ι : (x0, x1, x2, x3, x4, x5 ) 7→ (x0, x1, x2, −x3, −x4, −x5 ).
The fixed locus of ι consists of two planes: the plane x0 = x1 = x2 = 0 and the
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plane x3 = x4 = x5 = 0. The quadrics invariant under ι are given by equations
of the form
Q(x0, . . . , x6 ) = Q 0(x0, x1, x2 ) + Q 00(x3, x4, x5 ) = 0.
For generic choices of three such quadrics Q, the resulting intersection X is
smooth and does not contain the fixed locus of ι. The surface Y = X/hιi is
therefore smooth.
Claim. The surfaces Y are Enriques surfaces, by definition surfaces with invariants
pg (Y ) = q(Y ) = 0
that have a K3 surface as their universal cover.
Let us prove the assertion about the invariants. As before b1 (X) = 0 implies that 2q(Y ) = b1 (Y ) = 0. To show that pg (Y ) = 0 it suffices to show that
a nonzero two-form on X must be anti-invariant under ι. Any holomorphic
two-form on X is a repeated residue of a rational five-form on P5 , this time
with poles along 3 quadrics whose intersection is X. But such a form is always
anti-invariant under ι.
The above construction can be seen to depend on 10 moduli; indeed Enriques
surfaces have 10 moduli (see e.g. Barth et al., 1993, VIII.20) and so this yields
indeed a surface with moduli but no period map. Nevertheless, as is shown
there, it possible to study moduli through the period map of its universal cover,
a K3 surface.

The Kynev Examples
Kynev surfaces are examples with pg = 1, q = 0 and hence have a nontrivial
period domain: these are the domains we called IVb with b = h1,1 = b2 − 2.
See Eq. (4.1) in Problem 4.4.3.
Let us now proceed to the construction of these surfaces. Recall that ρ3 =
exp(2πi/3); consider the projective transformation
g : (x0, x1, x2, x3 ) 7→ (x0, ρ3 x1, ρ23 x2, −x3 )
and let G = hgi ' Z2 × Z3 . The G-invariant polynomials are generated by
x0, x1 x2, x13, x23, x32 ; we are especially interested in a subfamily of G-invariant
sextics
def

T = C-span of {H1, H2, H3, H4 } ,
H1 = x04 x32,

H2 = x04 x1 x2,

H3 = x02 x34,

H4 = x1 x2 x34,

182

Period Maps Looked at Infinitesimally

and certain deformations of the Fermat sextic:
def

Xt1,...,t4 = {Ft = x06 + x16 + x26 + x36 +

4
Õ

t j H j = 0}.

j=1

The quotient surfaces
Yt = Xt /G
belong to a class of surfaces introduced by Kynev (1977) as counterexamples
to infinitesimal Torelli. They are indeed called Kynev surfaces. Let us first
determine their invariants. It suffices to do this for X0 .
Claim. (i) The surface X = X0 has the following invariants: h2,0 (X) =
10, h1,0 (X) = 0, KX2 = 24, e(X) = 108.
(ii) The transformation g has no fixed points, g 2 has 6 fixed points:
p± = (1, 0, 0, ±ρ12 ),
q± = (1, 0, 0, ±ρ312 ),
r± = (1, 0, 0, ±ρ512 ),
and these are pairwise permuted by the involution g 3 .
(iii) The fixed locus of the involution g 3 is the smooth curve {x3 = 0} on which
G acts freely by a group of order 3.
(iv) The surface Y = X/G has precisely 3 singular points coming from
p±, q±, r± ; these points are of type 1 A2 . Let Ỹ be the minimal desingularization
of Y .
(v) The surface Ỹ has invariants h2,0 (Ỹ ) = 1, h1,0 (Ỹ ) = 0, KỸ2 = 1, e(Ỹ ) = 23.
Proof As before, by Lefschetz’ hyperplane theorem b2 (X) = 2q(X) = 0 and
the adjunction formula gives KX = 2H, where H is the hyperplane bundle. So
KX2 = 4 deg X = 24 and h2,0 (X) is the number of independent quadrics in P3 ,
which is 10. The Noether formula
h2,0 − h1,0 + 1 =

1 2
(K + e)
12

gives e(X) = 108.
The assertions about the fixed points can be easily verified and so the calculation of the Euler characteristic of Ỹ is a consequence; indeed, the curve
C = {x3 = 0} is a sextic plane curve with e(C) = −18 and its image C̄ in Ỹ has
1

This means that the minimal resolution of the singularity forms two smooth rational curves
intersecting transversally in a point.
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−18
3
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= −6 so that
1
(e(X) − e(C) − 6) + e(C̄) + 3e(A2 )
6
1
= (108 − (−18) − 6) + (−6) + 3 · 3 = 23.
6

e(Ỹ ) =

To determine the spaces of holomorphic one- and two-forms of Ỹ just note
that these come from the g-invariant forms on X which we know: there are no
holomorphic one-forms and the holomorphic two-forms on Y are residues of
G-invariant rational forms
Q
ω3, deg Q = 2.
Ft
Since g ∗ Ft = Ft , g ∗ ω3 = −ω3 the only G-invariant form ω comes from
Q = x0 x3 . Since g 3 is an involution fixing the curve {x3 = 0} on the quotient,
the form ω no longer has a zero along this curve: see the formula (5.4). Here,
p = 2 and π ∗ (dt0 ∧ dt1 ) = s · ds ∧ dt1 which has a simple zero along the

ramification divisor (x3 = 0) but none on Yt .
Let us now show, using Theorem 5.6.1 that this family indeed gives a counterexample.
Claim. (i) There is a one-dimensional subfamily of Ỹt of effective deformations;
(ii) the period map for this family is trivial.
Proof (i) We first calculate the Kodaira–Spencer map of X at H = 0 in
the direction H j employing the tools from Section 3.2. This direction is represented by the monomial H j which does not belong to jF . So by (5.2) the
deformation in this direction is not trivial. Let us next show that there are also
directions for which the Kodaira–Spencer map for Ỹ remains nonzero at t = 0.
Let R = {x3 = 0} be the ramification locus of the involution g 3 . The transformation g 2 has only isolated fixed points and these don’t interfere with what
follows. Now we use the exact sequence (5.3) from which we get
δ

0 → H 0 (OD (D)) −→ H 1 (X, TX )G → H 1 (TỸ ).
The vector space on the left is generated by the linear forms x0 , x1, and x2 . So
dim H 0 (OD (D) = 3 and hence the four-dimensional subspace T ⊂ H 1 (X, TX )G
has an image in H 1 (TỸ ) of dimension ≥ 1, i.e., we get an induced deformation
of Ỹ depending on 1 parameter.
(ii) Next, we show that the derivative of the period map in this direction is
zero. Recall that ω ∈ H 2,0 (X) is the G-invariant holomorphic two-form on X,
unique up to a multiplicative constant. Now invoke the commutative diagram
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from Lemma 5.4.3. The Jacobi ideal jF is generated by (x05, . . . , x35 ) and hence
x0 x3 · T ∈ jF so that T ∪ ω = 0. But then the derivative of the period map for
Ỹ in the directions given by T is identically zero.

Remarks. 1. The description above is Kynev’s original description of the surfaces (see Kynev, 1977) . As one easily checks, there are 13 linearly G-invariant
sextics that are not projectively equivalent and these give a ten-dimensional family of Kynev surfaces. The subfamily invariant under ι has dimension 4; they
are also invariant under the involution that interchanges x1 and x2 . The quotient
of these Kynev surfaces by the group H generated by the 2 involutions is P2 and
in this way we get a description as a bi-double cover of P2 with covering group
H. Todorov (1980) has shown that the general such bi-double cover Y has 12
moduli. One of the involutions, say ι, in the covering group of Y → P2 gives
a K3 surface Z which depends on 10 moduli. The branch curve of ι depends
on 2 moduli and the corresponding double covers Y all have the same periods.
The full moduli space of surfaces with these invariants is of dimension 18 (see
Catanese, 1979, 1980; Todorov, 1981).
2. Todorov (1981) gave further counterexamples to Torelli. These are surfaces
of general type having invariants pg = 1, q = 0 but with 2 ≤ K 2 ≤ 8 (see
also Morrison, 1988). All of them are constructed as double covers of nodal
K3 surfaces branched in some curve and several of the nodes. As in the Kynev
case, the double covers have varying moduli when the branch curve moves but
the period vector of the resulting surfaces remains unchanged. This shows that
the period map has positive dimensional fibers.

Relation with Grothendieck’s Period Conjecture
There is more geometry to the Kynev surfaces. They admit an extra involution
ι induced by x0 7→ −x0 and the quotient by it, or rather its minimal resolution
of singularities, is a K3 surface. To see this, first note that the involution ι extends to Ỹ and fixes the unique canonical curve C, the image of {x0 = 0} ⊂ Y .
Each A2 -configuration on Ỹ is preserved by ι; the two rational curves of such
a configuration are separately preserved but not pointwise fixed and hence the
intersection point must be fixed and on each component there is one more fixed
point. So in total there are 9 isolated fixed points and the surface Ỹ /hιi hence
has 9 singularities of type A1 . Its minimal desingularization Z̃ (which is also
the minimal desingularization of Z) is indeed a K3 surface. This is so, because
the form ω is invariant under g as well as ι and the involutions g 3 and ι make
that ω no longer has zeroes on the image of the curves {x0 = 0} and {x2 = 0}
and so the canonical bundle has become trivial. This can also be done for the
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members of the one-dimensional family Ỹt of Kynev surfaces with trivial period map which we constructed above. Since the induced period map for the
K3 surface is also trivial, the resulting deformation of K3 surfaces is trivial.
Summarizing, we have a nontrivial family Ỹt of Kynev surfaces and a trivial
family Z̃t of K3 surfaces which are linked as follows:
BlFix(ι)Ỹt = Yt∗

Ỹt

'
Yt∗ /ι = Z̃t .
z

(5.6)

We have first blown up the 9 fixed points of ι, extended the involution to the
resulting surface Yt∗ and then formed the quotient.
Let us now look at the period matrix for the families Ỹt and Z̃t . Since in
both cases there is essentially one holomorphic two-form, the period matrix is
actually a period vector of length b = b2 which gives a well defined point in
the corresponding projective space, indeed in the subset given by the Riemann
bilinear relations. We have seen that e(Ỹ ) = 23 and hence b2 (Ỹ ) = 21. Consequently, the period domain for H 2 (Ỹ ) is of type IV19 . For surfaces, periods
of holomorphic two-forms over algebraic cycles vanish, only periods over the
transcendental cycles matter. This implies that the period vector belongs to
subvarieties of these domains cut out by certain linear sections.
In our case we consider only the algebraic cycles coming from blowing up
the 9 isolated fixed points of ι acting on Ỹt . These span a lattice E ⊂ H 2 (Yt∗ ; Z)
with orthogonal complement isomorphic to H 2 (Ỹt ; Z). Their images in Z̃t span
the lattice E ⊂ H 2 ( Z̃t ; Z). Hence a natural identification E = E which leads to
the commutative diagram
?_

E⊥ o


H 2 (Ỹt ; Z)



/ H 2 (Y ∗ ; Z) o
t

⊥

E
_


? _ H 2 ( Z̃t ; Z)

of abelian groups. Next, recall that the classes of algebraic cycles on a surface
S generate the Néron–Severi lattice inside H 2 (S; Z) (see (3.4)) and the transcendental lattice is its orthogonal complement. For a surface with h2,0 (S) = 1
this lattice has a Hodge structure with h2,0 = 1. More generally, the orthogonal
complement of any negative definite lattice such as E has such Hodge structure
and we can look at the period vector in such an orthogonal complement. Note
⊥
that E is a lattice of rank 22 − 9 = 13. The surfaces Ỹt for varying t have the
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same period vector which belongs to the subdomain D(E ) ⊂ D(E⊥ ) of type
IV11 , where it is the period vector for the isomorphic K3 surfaces Z̃t .
The preceding phenomenon is related to the so called period conjecture of
Grothendieck. This conjecture in a crude and imprecise form states that varieties
with the same periods should be related by correspondences. Indeed, for the
Kynev examples, (5.6) gives a correspondence of Ỹt for varying t with the mutually isomorphic K3 surfaces Z̃t and so the Ỹt for varying t are related by correspondences. See Huber and Müller-Stach (2017, Ch. 12) for background on this.

Bibliographical and Historical Remarks
In Sections 5.1 and 5.2 we collected what we need from the general theory of
deformations of complex spaces. Further historical comments can be found in
these sections. In Section 5.3–5.6, the infinitesimal study of the period map is
initiated following Griffiths (1968) and Carlson et al. (1983).
The property that the image of the period map lands in an abelian subspace
has been employed to estimate ranks of period maps; see Carlson et al. (1989);
Carlson and Toledo (1989a), and references therein. See also Section 14.3.

Part TWO
ALGEBRAIC METHODS

6
Spectral Sequences

Spectral sequences form an efficient algebraic tool for keeping track of the
effect in cohomology of extra structures on the complexes used to calculate it.
More specifically, this tool is extremely useful when dealing with a filtration
on the level of complexes such as the trivial filtration on the Čech–de Rham
complexes introduced in Section 3.1. One of our results will be of crucial
importance in Chapter 10. It describes how to associate a spectral sequence
with an exact sequence of vector bundles. We apply it here to prove an abstract
de Rham theorem, thereby giving the promised sheaf-theoretic proof of the
classical de Rham theorem. We also return to the Hodge filtration which we
treat from a more abstract point of view. In the last but final section we present
another way to define abstract sheaf cohomology, namely using the language
of derived functors. As an application we give the algebraic interpretation of
the Gauss–Manin connection as proposed by Katz and Oda.

6.1 Fundamental Notions
A spectral sequence consists of a sequence (Er , dr ), r = 0, 1, . . . of bigraded
É
p,q
groups Er =
with homomorphisms
p,q ∈Z Er
p,q

dr : Er

p+r,q−r+1

→ Er

such that
(i) dr ◦dr = 0 and
p,q
p,q
p−r,q+r−1
(ii) Er+1 = Ker dr /Im dr
.
Observe that dr increases the total degree n = p + q by one so that for
fixed r we have a complex (Ern, dr ), and Er+1 computes the cohomology of this
complex.
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A spectral sequence arises when one has a filtered complex (K •, d) of groups,
say with a decreasing filtration F • . Setting

p,q
Zr = a ∈ F p K p+q da ∈ F p+r K p+q+1 ,
p,q

one defines the terms Er

by
p,q

Zr

p,q def

Er

=

p−r+1,q+r−2

dZr−1

p+1,q−1

+ Zr−1

.

The differential d then induces dr . Successive quotients of the filtration F
frequently occur in this setting, so we introduce the p-th graded part
p

GrF (K n ) = F p K n /F p+1 K n .
The first term in the spectral sequence is
p,q

E0

p

= GrF (K p+q )

and so
p,q

E1


p
= H p+q GrF (K • ) .

If dr = 0 for r ≥ k we say that the spectral sequence degenerates at Ek = E∞ .
p,q
If on each K n the filtration F • has finite length, for fixed (p, q), the groups Er
remain the same from a certain index on. An easy calculation then identifies
the limit as
p,q

p

E∞ = GrF∞ H p+q (K • ),
where, with i : F p (K • ) ,→ K • the inclusion, we have


H n (i)
p
F∞ (H n (K •, d)) = Im H n (F p (K • )) −−−−−→ H n (K • ) .
Such filtrations are called biregular filtrations. One says that the spectral sequence abuts to H • (K •, d). This is commonly denoted
p,q

Er

=⇒ H p+q (K •, d).

The next easily verified result is used to compare spectral sequences for related
filtered complexes.
Lemma 6.1.1. If f : K • → L • is a filtered homomorphism between complexes,
there is an induced homomorphism E( fr ) between the spectral sequences. If
E( fr ) is an isomorphism for r = r0 , it is an isomorphism for r ≥ r0 as well.
In particular, if the filtrations are biregular, the spectral sequences abut to
isomorphic groups.
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Often, the use of diagrams is very helpful; one exhibits for some j the
nonzero E j -terms in a (p, q)-lattice and all derivatives to and from these to see
the process of abutment. A typical example is the existence of the so-called
edge-homomorphisms. To explain these, suppose that we have a finite first
p,q
quadrant spectral sequence in the sense that the only nonzero terms E1 occur
when 0 ≤ p ≤ N and 0 ≤ q ≤ M. The reader is encouraged to visualize
the diagram and see how the derivativesn behave. At the left
o edge there are
0,q
0,q
1,q
0,q
no incoming arrows and so E2 = Ker d1 : E1 → E1
⊂ E0 , and the
0,q

0,q

situation is similar for the higher groups Ek . So, because in this case E∞ is
a graded quotient of all of H q (K • ), we get our first edge-homomorphism:
0,q

0,q

eq : H q (K • )  E∞ ⊂ E1

= H q (Gr0 K • ).

(6.1)

Similarly, looking at the right-hand edge (N, 0), we obtain a surjection E1N,0 
E∞N,0 , and because the latter is the smallest graded quotient, it is in fact a
subspace of H N (K • ). This yields the second edge-homomorphism:
f N : H N (F N K • ) = E1N,0  E∞N,0 ⊂ H N (K • ).
Below we give another example of this (see Fig. 6.1).
Spectral sequences are used here mostly in the context of double complexes.
As we saw in Section 3.1, a double complex (living in the first quadrant) consists
É
p,q and differentials d : K p,q → K p+1,q
of a bigraded group K •,• =
p,q ∈Z K
and δ : K p,q → K p,q+1, satisfying d2 = δ2 = 0, dδ = δ d. The associated total
É
p,q with differential D = d+(−1) p δ. It has two
complex is sK n =
p+q=n K
obvious filtrations,
É
0 p
r,s
F =
r ≥p K ,
00

Fq =

É

s ≥q K

r,s

,

and these then induce filtrations 0 F and 00 F on the associated total complex.
p,q
p,q
The associated spectral sequences are denoted by 0 Er and 00 Er . Because
H p+q (K p,•, D) = H q (K p,•, δ), and a similar relation holds for H p+q (K •,q, D),
we find:
0

p,q

E1
0

= H q (K p,•, δ),

p,q

E2

= H p (H q (K •,•, δ), d),

p,q

= H p (K •,q, d),

p,q

= H p (H q (K •,•, d), δ).

00

E1

00

E2
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Problems
6.1.1

Prove that the spectral sequence for a biregularly filtered complex
(K •, d, F • ) yields an exact sequence
d2

0 → E21,0 → H 1 (K • ) → E20,1 −−→ E22,0 → H 2 (K • ).
6.1.2

Show that the spectral sequence degenerates at E1 if and only if the
derivative is strictly compatible with the filtration, i.e., F p ∩ Im d =
d(F p ).

6.2 Hypercohomology Revisited
Recall from Section 3.1 that we defined hypercohomology of the holomorphic
de Rham complex Ω•M on a compact complex manifold M as the cohomology
of the total complex associated with the Čech–de Rham complex.
Suppose that we now start out with an arbitrary complex of sheaves on a
topological space X,
d

d

d

→ · · · ),
→ K2 −
(K•, d) = (K0 −→ K1 −
and suppose that we are given a Leray cover U = {Ui }i ∈I of X. Recall that
this means that we can compute Čech cohomology directly from the cover. We
can now form the double complex consisting of Čech cochains C• (U, K• ) with
differential d coming from the complex of sheaves and Čech differential δ. In
this case the cohomology of the associated total complex by definition is the
hypercohomology group of the complex of sheaves we started with. Without
assuming the cover is Leray, we have to modify the definition slightly.
Definition 6.2.1. The hypercohomology group of the complex of sheaves K•
is the direct limit of the total complexes associated with C• (U, K• ):
def

H p (K•, d) =

lim H p (s C• (U, K• )).
−−→
U
To compute this hypercohomology, one uses the two spectral sequences of
the double complex C• (U, K• ) that have E1 -terms,
0

p,q

E1

= lim H q ( C• (Kp ), δ) = H q (X, Kp )
−−→
U

and
00

respectively.

p,q

E1

= lim H p ( Cq (U, K• ), d),
−−→
U

6.2 Hypercohomology Revisited

193

In the first spectral sequence the derivative comes from d and in the second
sequence it comes from δ. Hence, the E2 -terms are given by
p,q

= H p (H q (X, K• ), d)

p,q

= H p (X, H q (K•, d)),

0

E2

00

E2

and

respectively, where the right-hand side is the Čech cohomology of the cohomology sheaf associated with the complex K• .
For reasons that become apparent below, we introduce the term de Rham
cohomology groups for
p

def 0

HdR (X, K• ) =

p,0

E2

= H p (H 0 (X, K• ), d).

Any global section of Kp is a 0-Čech cocycle, and thus if it is d-closed, it is a
cocycle in the total complex s C• (U, K• ) and so one gets an associated element
in the hypercohomology, whereby defining the linear map
p

hdR : HdR (K• ) −−−→ H p (X, K• ).
Remark 6.2.2. If the complex of sheaves is a trivial complex with Kq = 0
for q , s, the n-th hypercohomology of this complex simply coincides with
H n−s (X, Ks ).
Remark 6.2.3. A map j : A• → B• between complexes induces maps between
the hypercohomology groups of the complexes. If j induces an isomorphism
on the level of cohomology sheaves (in which case we say that j is a quasiisomorphism), it induces an isomorphism in hypercohomology, because the
second spectral sequences are isomorphic (use Lemma 6.1.1).
A special case of the preceding situation arises when the complex of sheaves
(K•, d) we started with in fact is an exact sequence, so that the cohomology
sheaves vanish. So the E2 -terms of the second spectral sequence are all 0 and
so a fortiori it abuts to 0. This then also holds for the first spectral sequence
0 E p,q = H q (X, Kp ). If these vanish in a certain range, we can compute the
1
higher degree terms of the spectral sequence at the borders of this range, which
thus must be zero also, yielding specific information. For instance, by inspecting Fig. 6.1, we obtain the following lemma which will be of use later (see the
proof of Theorem 7.4.1).
Lemma 6.2.4. Suppose that K• is an exact complex in degrees ≥ 0. Assume
that H i (X, Kp ) = 0 for all p > 0 and i = 1, . . . , q − 1. Then the derivative dq+1
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d1

0 E 0, q
1

0 E 1, q
1

d2
0

0

0

0

0

0

0

0

0

0

0

0

dq+1

0

∗∗∗

0

0

∗∗∗

∗∗∗

∗∗∗

0 E q+1,0
1

Figure 6.1 Spectral sequence of an exact complex.

induces an isomorphism


H q (d)
Ker H q (X, K0 ) −−−−−→ H q (X, K1 ) ,


q+1

−−→ HdR (K•, d) =


Ker d : H 0 (X, Kq+1 ) → H 0 (X, Kq+2 )

.
Im d : H 0 (X, Kq ) → H 0 (X, Kq+1 )

We next formulate an abstract version of de Rham’s theorem with the de
Rham complex A• replaced by any complex.
Theorem (Abstract theorem of de Rham). Let X be a topological space and
let K• be an exact complex of sheaves on X. We have a canonical identification

def
H p (X, F) = H p (X, K• ), where F = Ker d : K0 → K1 .
If, in addition, for all q and all p > 0 we have H p (X, Kq ) = 0, then we also
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have an isomorphism
∼

def

p

H p (X, K• ) −→ HdR (X, K• ) = H p (Γ(X, K• ), d).
Proof The higher cohomology sheaves are all 0 and so the second spectral
sequence degenerates at E2 and we have
00

p,0

E2



= H p (X, F) −−→ H p (X, K• ).
p,q

For the second assertion, since 0 E2 = H p (H q (X, K• ), d) = 0 for q > 0 and
0 E p,0 = H p (X, F), the first spectral sequence degenerates at E and this yields
2
2
the stated identification.

Now, if X = M is a differentiable manifold and K• = A•M is the de Rham
n (M)  Hn (A• )
complex, the last assertion is precisely the isomorphism HdR
which is one half of the proof of Theorem 3.1.5. Combined with the first
assertion, we get the de Rham isomorphism
n
HdR
(M)  H n (M; R).

If we take the holomorphic de Rham complex, this does not work, because in
q
general H p (M, Ω M ) does not vanish for p > 0. There is one special case worth
mentioning, where hypercohomology can be replaced by de Rham cohomology.
Example 6.2.5. Recall (Example 3.1.4), that a Stein variety is defined as the
of zero set of finitely many holomorphic functions defined in an open subset of
Cn . We further recall (as mentioned there without proof) that the higher cohomology groups for a vector bundle over a Stein variety vanish. In particular, if
X is a Stein manifold, H n (X; C) can thus be computed as the cohomology of
the complex of global sections for the holomorphic de Rham complex.
In general, because of the holomorphic Poincaré lemma, we only get
Hn (M, Ω•M )  H n (M; C).
This suffices, however, to complete the proof of Theorem 3.1.5.
One can also obtain directly an identification of the left-hand side with the
de Rham group as follows. Consider the injection Ω•M ,→ A•M ⊗ C of the
holomorphic de Rham complex into the usual de Rham complex. On the level
of cohomology sheaves this induces an isomorphism: for the sections one gets
the constants, and the higher cohomology sheaves vanish (by the holomorphic
and the usual Poincaré lemmas, respectively). Since quasi-isomorphisms induce isomorphisms between the corresponding hypercohomology groups this
indeed establishes the existence of a natural isomorphism
n
Hn (M, Ω•M )  HdR
(M; C).
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Problem
6.2.1

If M is a complex manifold, consider the Dolbeault complex
∂
∂
¯ = (Ap,0 −→
(Ap,•, ∂)
Ap,1 −→ · · · ).
¯

¯

Show that it is quasi-isomorphic to the complex Ω p placed in degree
p. Establish the Dolbeault isomorphism
q
p,q
¯
H q (M, Ω p )  H∂¯ (X) = HdR (Ap,•, ∂).

6.3 The Hodge Filtration Revisited
For additional applications we need spectral sequences in hypercohomology
associated with a filtered complex of sheaves on a topological space. This is
completely analogous to what we did for filtered complexes of groups.
We start with a filtered complex of sheaves on a topological space X, say
(K•, d) with decreasing filtration F • . This means that F p K• is a subcomplex
of K• . A morphism between complexes of sheaves f : (K•, d) → (L•, d0)
is a filtered quasi-isomorphism if f preserves the filtration and Gr( f ) is a
quasi-isomorphism.
Examples 6.3.1. (i) The canonical filtration
Fpcan (K• ) = (K0 → · · · → Kp−1 → Ker d → 0 → 0 · · · ).
This is an increasing filtration and its graded complex GrFp is filtered quasiisomorphic to the complex having zeroes everywhere except in degree p, where
the p-th cohomology sheaf H p (K• ) is located.
(ii) The trivial filtration
p

Ftriv (K• ) = (0 → 0 → · · · → 0 → Kp → Kp+1 → · · · ),
i.e., everything in degree less than p is replaced by 0. This is a decreasing
filtration.
Suppose next that we have a filtered complex L• that has the property that
p
the sheaves GrF L• have no higher cohomology groups and is filtered quasiisomorphic to K• . Then by the abstract de Rham theorem, its de Rham groups
compute the hypercohomology of L• . The filtration F induces a filtration on
these de Rham groups and hence on the hypercohomology groups. The specp,q
p+q
p
tral sequence for this filtration has as its E1 -term HdR (X, GrF L• ). Since
p
GrF L• has no higher cohomology, applying the abstract de Rham theorem
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once more shows that this E1 -term is equal to the hypercohomology group
p
H p+q (X, GrF K• ). Combining everything, we find the spectral sequence

p,q
p
E1 = H p+q X, GrF K• =⇒ H p+q (X, K• ).
We do this now for two complexes on a Kähler manifold M, namely K• = Ω•M
and L• = A•M ⊗ C. The canonical embedding
j

→ A•M ⊗ C
Ω•M −

(6.2)

is, as we have seen, a quasi-isomorphism. The decomposition into types of the
sheaf complex A• ⊗ C gives the filtered complex
É
r,•−r
F p (A• ⊗ C) =
.
r ≥p AM
This indeed induces the Hodge filtration on de Rham cohomology in the following way. The inclusion of F p in the full complex induces a homomorphism
on the level of hypercohomology,
k
Hk (F p (A• ⊗ C)) → Hk (A• ⊗ C) = HdR
(M; C),

and its images are the classes representable by forms of type (p, k − p) +
(p + 1, k − p − 1) + · · · + (k, 0). This is exactly the p-th level of the Hodge
filtration, because we have
É
É
r,s
r,k−r
H k (M, C) =
F p H k (M, C) =
(M).
p+q=k H (M),
r ≥p H
The homomorphism j (see (6.2) above) becomes a filtered homomorphism
provided we put the trivial filtration on the de Rham complex. Then Gr p ( j)
gives the Dolbeault complex
p

p,0 ∂

p,1 ∂

0 → Ω M → AM −→ → AM −→ · · · .
By Dolbeault’s lemma, this is exact, and so j induces a quasi-isomorphism on
the level of graded complexes. So the E1 -term of the first spectral sequence,
which computes the hypercohomology of the graded complex, is just the de
p,q
p
Rham cohomology of the preceding complex, i.e., 0 E1 = H q (M, Ω M ). The
first spectral sequence of hypercohomology (viewed as coming from the trivial
filtration) therefore reads
p+q
p 
0 p,q
E1 = H q M, Ω M =⇒ H p+q (Ω•M ) = HdR (M; C).
This is the Hodge to de Rham spectral sequence. Consider now the filtration
on the abutment.
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k (M; C) is given by
Definition 6.3.2. The trivial filtration on HdR



 αp
p
p
k
Ftriv HdR
(M; C) = Im Hk Ftriv Ω•M −−−→ Hk (Ω•M ) ,

(6.3)

where the map αp is induced by the inclusion map.
Of course, in view of the fact that the map (6.2) is a filtered quasi-isomorphism,
this filtration is the filtration induced by the F-filtration (6.3), i.e., the Hodge
filtration. Let us show that the spectral sequence in fact degenerates. To summarize, we have the following.
Proposition 6.3.3. Let M be a compact Kähler manifold. The trivial filtration
coincides with the Hodge filtration and the Hodge to de Rham spectral sequence
degenerates at E1 .
Proof By Proposition 3.1.3 we have a canonical isomorphism H r,s (M) 
H s (M, ΩrM ), and so
Õ
Õ
p,q
dim 0 E1 =
dim H p,q = dim H k (M; C),
p+q=k

p+q=k

=

Õ

p,q

dim E∞ ,

p+q=k

which implies that the spectral sequence degenerates at E1 (since Er+1 is a
subquotient of Er ).

Remark 6.3.4. The Čech–de Rham complex with its trivial filtration (see Theorem 3.1.5 and the discussion following it) also gives rise to a spectral sequence
p,q

E1

p+q

= H q (M, Ω p ) =⇒ HdR (M; C).

The trivial filtration on the abutment is the same as the trivial filtration (6.3) and
hence, by the preceding proposition, is equal to the Hodge filtration. The same
proof now shows that the spectral sequence above degenerates, as we claimed
in a previous chapter (Proposition 3.1.6).

Problems
6.3.1

Show that the canonical filtration gives the spectral sequence
p,q

E1

= H 2p+q (X, H −p (K•, d)) =⇒ H p+q (X, K• ),

which is nothing but the second spectral sequence in hypercohomol2p+q,−p
p,q
.
ogy up to renumbering Er → Er+1
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6.3.2

Show that the trivial filtration leads to
p,q

E1

= H q (X, Kp ) =⇒ H p+q (X, K• ),

which from E2 on is just the first spectral sequence in hypercohomology.
p,q

6.3.3

Suppose we have a spectral sequence with E1 = 0 unless p ≤ 0, q ≥
0 (a so-called fourth quadrant spectral sequence). Fix some natural
p,q
number i. Suppose that E1 = 0 unless q ≤ i or q = n and suppose
0,i
that E∞ = 0. Prove that dn induces an isomorphism E20,i  E2−n,i−n−1 .

6.3.4

Let X ⊂ P be a smooth hypersurface.
(a)

Show that the inclusion κ : (Ω•P (log X), Ftriv ) ,→ (Ω•P (∗X), Fpole )
is a filtered quasi-isomorphism. One should prove this by a calculation in suitable local coordinates. Use Lemma 6.2.4 to deduce
that κ induces an isomorphism on the level of hypercohomology
j
if H i (P, Ω P (k X)) = 0 for all i, k ≥ 1, j ≥ 0.

(b)

Show that κ is a quasi-isomorphism and hence induces an isomorphism in cohomology.

(c)

• induces isomorShow that the restriction ρ : Ω•P (∗X) → ΩU
phisms in cohomology. Hint: look at the proof of Theorem 3.2.4.
It uses this isomorphism, but if we only know that the diagram
commutes (this is proven there without assuming that ρ induces
isomorphisms), the five-lemma can be used instead to show the
isomorphism.

6.4 Derived Functors
There is a way to define the hypercohomology groups of any complex of
sheaves F• on M without passing to Čech-cohomology. This is motivated by the
definition (3.2) of the hypercohomology for the holomorphic de Rham complex.
The constant sheaf C M on a complex manifold M is the kernel of the derivation
Ω0M → Ω1M and so prolongs to give the holomorphic de Rham complex:

d
0 → C M → Ω0M −
→ Ω2M → · · · .
This complex has no higher cohomology sheaves; this is equivalent to the holomorphic Poincaré lemma; by definition, it is an acyclic resolution of C M . Next,
p
by the Dolbeault lemma, each of the sheaves Ω M admit an acyclic resolution
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p,•

AM and then one forms the double complex
∂

A0,0 (M) −→

y∂

∂

A1,0 (M) −→

y∂

..
.

∂

A0,1 (M)

y∂


−→ · · ·

A1,1 (M)

y∂

..
.

−→ · · ·

∂

with the global (p, q)-forms Ap,q (M) as constituents.
Recall that for a double complex K, the associated single complex has been
denoted sK. See page 99. Then, from what we have seen there, the following
canonical identifications can be made:
H p (M; C) = H p (M, Ω•M ) = H p (s A•,• (M).
We could use the second equality as a definition for hypercohomology of the
complex of sheaves Ω•M . This suggest how to do this for any complex of sheaves
provided we have a way to associate a canonical acyclic resolution with any
sheaf F on M. Godement (1964, II.4.3) has found such a resolution whose
construction is quite simple; we refer to Problem 6.4.1. In what follows we
shall denote this resolution simply by
C • (F) : the Godement resolution.
Fix a ring R. To define the hypercohomology groups for a complex of sheaves
F• of R-modules on a topological space M, form for each p its Godement resolution C • (Fp ). These, for varying p, by functoriality fit naturally in a double
complex K•,• = C • (F• ). Then put
def

Hq (M, F• ) = H q (sΓ(M, K•,• )).
This definition is indeed equivalent to our previous definition and has the merit
that it is clearly completely canonical and functorial. The special case where
F• is one sheaf placed in degree 0 then provides an alternative definition for
sheaf cohomology:
H q (M, F) = H q (Γ(M, C • F)).
The above construction is a special case of the formation of a derived functor,
namely the one for the functor "taking sections over M". This can be phrased
differently. Define the total derived section functor by
def

RΓ(M, F• ) = sΓ(M, C • (F• )).
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It associates with a complex of sheaves of R-modules on M a complex of
vector spaces in a canonical way. The cohomology of this complex then is its
hypercohomology:
Hq (M, F• ) = H q RΓ(M, F• ).
Let us apply this to the theory of spectral sequences. So, starting with a complex
(F•, δ) of sheaves on M, let (C • Fp, d) be the Godement resolution complex.
The double complex of sections can be denoted by
(Γ(M, C • F• ), d, δ) .
For the first spectral sequence we use the differential δ first, which yields the
term C p (M, H q (F• )); here the cohomology is a sheaf on M. Hence, fixing
q and calculating d-cohomology we get the usual cohomology groups of this
sheaf and the first spectral sequence reads
0

p,q

E2

= H p (M, H q (F• )) =⇒ H p+q (M, F• ).

(6.4)

We can use a similar procedure to define for instance the derived direct image
functor associated with a continuous map f : M → N. If F is a sheaf of
R-modules on M, recall that the direct image f∗ Fis defined as follows. For any
open subset U ⊂ N, consider Γ( f −1U, F). This defines a presheaf on N and
the associated sheaf is the direct image sheaf f∗ F. The resulting functor f∗ is
left exact. Now set:
def

R f∗ (F• ) =

f∗ s[C • F• ],

def

Rq f∗ (F• ) = H q ( f∗ s[C • F• ]) .
The first line defines the total direct image functor which associates in a canonical way with a complex of sheaves of R-modules on M a complex of sheaves
of R-modules on N; the second line defines the q-th direct image of F• as a
sheaf of R-modules on N. From this it follows also that Rq f∗ F• is the sheaf
associated with the presheaf
U 7→ Hq ( f −1U, F• ).

(6.5)

Similarly, as for the global section functor, the direct image functor can be
applied to a single sheaf instead of a complex of sheaves and this yields the
usual higher direct images (see Eq. (6.5)):
Rq f∗ F = H q ( f∗ C • F) .
Next, consider the spectral sequence (6.4) for the complex of sheaves G• =
f∗ C • (F) on M. Then by the above, H q (G• ) = Rq f∗ F. On the other hand,

202

Spectral Sequences

Hn (N, G• ) = H n (Γ(N, f∗ C • (F)) = H n (Γ(M, C • (F))) = H n (M, F) so (6.4)
becomes:
p,q

E2

= H p (N, Rq f∗ F) =⇒ H p+q (M, F),

(6.6)

which is the Leray spectral sequence. As to functoriality, we have
qis

∼

R( f ◦g)∗ F• −−→ R f∗ (Rg∗ F• ).

Problems
6.4.1

Let F be a sheaf of abelian groups on a topological space M. A
“discontinuous section” over an open subset U of M consists of a
collection of germs {ax ∈ Fx | x ∈ U}. The set of all such sections
is denoted C 0 F(U). Varying U, we obtain a presheaf C 0 F which
is in fact a sheaf. By definition it comes equipped with an injective
homomorphism F ,→ C 0 F. One inductively defines
Z0 F =
def
p
Z F =
def
p
C F =

F,
C p−1 F/Zp−1 F,

C 0 C p−1 F/Zp−1 F .

(a)

Show that the sheaves C p Fare flabby or flasque, i.e., any section
over an open set extends to the entire space X.

(b)

Show that there are natural maps d : C p F → Zp+1 F ,→ C p+1 F
which fit into a complex C • (F) resolving F, the Godement resolution.

(c)

Show functoriality by showing that any morphism of sheaves
f : F → Ginduces a morphism of complexes C • ( f ) between the
respective Godement resolutions.

(d)

Prove that H p (M, F) = H p (Γ(M, C • F)).

6.4.2

Show, given a continuous map f : M → N, that there are natural
identifications H p (M, F• ) = H p (N, R f∗ F• ).

6.4.3

Show, again using the Godement resolution, that for any short exact
f

g

sequence 0 → F−→ G−→ H → 0 of sheaves on M of R-modules,
there is a long exact sequence of sheaves of R-modules on N:
R q f∗

R q g∗

δ

· · · → Rq f∗ F−−−−→ Rq f∗ G−−−−−→ Rq f∗ H −→ Rq+1 f∗ F → · · · .
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6.5 Algebraic Interpretation of the Gauss–Manin Connection
We want to give an alternative treatment of the Gauss–Manin connection in
the situation where f : X → S is a smooth projective family. Recall (Remark
4.5.5) that we have characterized this connection as the unique flat connection
of the local system E of cohomology groups H w (Xt ; C).
The first step is to write E as a direct image sheaf, i.e., E = Rw f∗ CX . This
is justified by the fact that
(Rw f∗ CX )t = lim H w ( f −1U; C) = H w (Xt ; C),
U

where we take the limit over smaller and smaller open neighborhoods U of
t; the rightmost equality holds, since for a small enough contractible such
neighborhood this cohomology group is just H w (Xt ; C).
Consider next the complex of sheaves of relative complex differential forms
A•X/S,C . If we restrict this complex to Xt we just get the de Rham complex and
hence its hypercohomology gives H ∗ (Xt ; C). Consider the direct image functor
Rw f∗ A•X/S,C , a sheaf on S whose stalk at t is the k-th de Rham cohomology of
Xt , i.e., E = Rw f∗ A•X/S,C . Instead, we can work with holomorphic forms: just
replace A•X/S by Ω•X/S . Concluding, we have
Rw f∗ CX = Rw f∗ Ω•X/S .
As a second step, we want to recover the variation of Hodge structure algebraically. Note that the trivial filtration Ftriv on the complex Ω•X/S induces in a
canonical way a filtration on the direct image:


def
p
Fp = F p Rw Ω•X/S = Im Rw f∗ Ftriv Ω•X/S → Rw f∗ Ω•X/S .
(6.7)
We claim that this gives the Hodge filtration bundles defining the usual variation of Hodge structure on E. To see this, we just look at the fiber at s and note
by Proposition 6.3.3 that this indeed gives the Hodge filtration on H w (Xs ; C).
Now we can give the description of the Gauss–Manin connection due to Katz
and Oda (1968). The exact sequence
0 → f ∗ Ω1S → Ω1X → Ω1X/S → 0

(6.8)

defines the relative holomorphic cotangent bundle. Assume now for simplicity 1 that the base S is a curve. Then this sequence fits in an exact sequence of
complexes
0 → f ∗ Ω1S ⊗ Ω•X [−1] → Ω•X → Ω•X/S → 0.
Next, apply the direct image functor. As we have seen (Problem 6.4.3), given a
1

See also Problem 6.5.2.
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short exact sequence of sheaves of R-modules, this gives a long exact sequence
for the derived functors in which the connecting homomorphism
Rw f∗ Ω•X/S → Rw f∗ ( f ∗ Ω1S ⊗ Ω•X ) = Ω1S ⊗ Rw f∗ Ω•X
induces
∇ : E → E ⊗ Ω1S,
where the last identification, E = Rw f∗ CX = Rw f∗ Ω•X , uses the fact that Ω•X is
a resolution of CX . It can be shown that this is indeed the same as the Gauss–
Manin connection. First, one shows that the connection is flat and second, one
shows that the flat sections are exactly the locally constant cohomology classes.
For details we refer to Bertin and Peters (2002, §2.C). It follows quite directly
from this and (6.7) that Griffiths’ transversality holds, i.e.
∇ : Fp → Fp−1 ⊗ Ω1S .

(6.9)

As a consequence of this approach we also have a nice geometric description of
the specific Hodge bundle Fw when w is the fiber dimension. Note that the fiber
of this bundle at s ∈ S is the Hodge component H w,0 (Xs ) = H 0 (Xs, Ωw
Xs ). It is
the
relative
canonical
bundle
and
denote
its
associated
customary to call Ωw
X/S
locally free sheaf, the relative canonical sheaf, as
∗ −1
ωX/S = Ωw
X/S = OX (KX ⊗ f KS ),

w = dim Xs,

(6.10)

where we leave the verification of the last equality to the reader (Problem 6.5.1).
Then the Hodge bundle Fw can be given as
Fw = f∗ ωX/S .
Later we also need the logarithmic version. So, let Σ ⊂ S be a normal crossing
divisor and set D = f −1 Σ. We assume that D is a reduced normal crossing
divisor. We say that f : (X, D) → (S, Σ) is a normal crossing degeneration.
First we define the relative log-one forms by means of the exact sequence
f ∗ Ω1S (log Σ) → Ω1X (log D) → Ω1X/S (log D) → 0
Ó
p
and then put ΩX/S (log D) = p Ω1X/S (log D). The differential of this complex
comes from the complex Ω1X (log D). We leave it as an exercise (see Problem 6.5.4) to show that Ω1X/S (log D) is locally free of rank equal to the fiber
p
dimension and that (ΩX/S (log D), d) is a complex. Next, we consider
E = Rw f∗ Ω•X/S (log D).
This comes with a logarithmic connection
∇ : E → E ⊗ Ω1S (log Σ)

6.5 Algebraic Interpretation of the Gauss–Manin Connection
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as before. The Hodge filtration on the restriction of E ⊗ OS to S − Σ is induced
by the trivial filtration on Ω•X/S (log D) and it then follows from the above
description of the Gauss–Manin connection that the connection behaves with
respect to the filtering bundles: just as in the case of a smooth family (see (6.9)):
∇ : Fp → Fp−1 ⊗ Ω1S (log Σ).

(6.11)

This is the logarithmic version of Griffiths’ transversality.
The above description for the bundle Fw , where w = dim Xs , has a logarithmic version as well:
def

ωX/S = Ωw
X/D (log D).

Fw = f∗ (ωX/S ),

(6.12)

Problems
6.5.1
6.5.2

Prove the second equality in equation (6.10).
Let 0 → G → H → F → 0 be a short exact sequence of complex
vector bundles on a complex manifold X. Then ∧k H has a natural
filtration, the Koszul filtration, given by
F p (∧k H) = Im(∧ p H ⊗ ∧k−p G → ∧k H).
Apply this to the sequence (6.8), make
0 → Gr1F → F 1 /F 2 → Gr0F → 0

6.5.3

explicit, and write the connecting homomorphism in the resulting
sequence for hypercohomology. Compare this with the case where
dim S = 1.
Recalling that E = Rw f∗ CX = Rw f∗ Ω•X/S , and that F• is the filtration
induced by the trivial filtration on Ω•X/S , show that
p

p

Gr F E = Rw−p f∗ ΩX/S .
p

6.5.4

p

Indication: the fiber of ΩX/S at s ∈ S equals ΩXs ; from this find the
p
fiber of Rw−p f∗ ΩX/S at s ∈ S and deduce the result.
Let f : (X, D) → (S, Σ) be a normal crossing degeneration. Show that
local coordinates (x1, . . . , xn ) on X centered at a point of D can be
found so that
Ö
f (x1, . . . , xn ) = (y1, . . . , ym ), y j =
xi ,
i ∈π(j)

where the π(k) are distinct subsets of {1, . . . , n}.
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Bibliographical and Historical Remarks
Spectral sequences originate from algebraic topology and were introduced by
Koszul and Serre in the 1950s. The book by Godement (1964) provides further
details.
The treatment of Hodge theory through degeneration of spectral sequences
is relatively new. It opened the way for an algebraic treatment of the Hodge
decomposition (see Deligne and Illusie, 1987).
The use of derived functors was absent in a previous edition of the book.
We use it here because it gives an efficient way to treat the the Leray spectral
sequence as well as the Gauss–Manin connection in an algebraic manner. The
latter has been suggested by Katz and Oda (1968).

7
Koszul Complexes and Some Applications

The concept of regularity forms a bridge between geometric properties of linear
systems and the vanishing of cohomology groups of related sheaves. Koszul
complexes intervene in the calculation of regularity. These are treated in the
first two sections of this chapter, and regularity is treated in the third section.
One of the first applications is a cheap proof of Bott’s vanishing theorem.
In projective geometry, quotients of a polynomial ring by an ideal generated
by homogeneous polynomials play a dominant role. Clearly, these quotients are
graded. An important special case arises when we take the ideal of the partial derivatives of a homogeneous polynomial defining a smooth hypersurface
in projective space. Because this quotient is related to the middle cohomology group of the corresponding smooth hypersurface it merits an algebraic
study. One of the central results concerning such finite dimensional quotients
is Macaulay’s theorem which is used here repeatedly.
We then develop a few more sophisticated tools related to the multiplicative structure of the quotient rings. One of these is Donagi’s symmetrizer
lemma, which plays an important role in the variational approach to Torelli
properties of hypersurfaces in projective space (see Chapter 8). Second, we
have a Koszul-type short exact sequence (Theorem 7.3.5) which is applied to
Noether–Lefschetz-type problems (Section 7.5).

7.1 The Basic Koszul Complexes
We first explain a basic multilinear algebra construction. Start with a complex
vector space
V = Ce0 ⊕ Ce2 ⊕ · · · ⊕ Cer
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of dimension r and the polynomial ring
S = C[X0, . . . , Xr ]
in r + 1 variables. We consider S with its natural grading, i.e., the X j all have
degree 1 and S q denotes the subspace of homogeneous polynomials in degree
q. If we write S(−k) this means that the homogeneous polynomials of degree
m have been placed in degree m − k. This is useful if we want to preserve
gradings. For instance, we shift S appropriately to define a degree-preserving
contraction operator
ik Ó
Ók
V ⊗ S(a)
−−→ k−1 V ⊗ S(a + 1),
(7.1)
Í
ei1 ∧ · · · ∧ eik ⊗ P 7−→ kj=1 (−1) j−1 ei1 ∧ · · · ∧ ec
i j · · · ∧ eik ⊗ Xi j P.
These fit in an exact complex, as follows.
Proposition 7.1.1. The Koszul complex
ir −1
ir
Ó
Ór−1
def
V ⊗ S(−r + 1) −−−→ · · ·
K • (X0, . . . , Xn ) = 0 → r V ⊗ S(−r) −−→

· · · → V ⊗ S(−1) → S
is exact and degree-preserving; in particular the short sequences
Ó p+1

i p+1

V ⊗ S q−1 −−−−→

Óp

ip

V ⊗ S q −−→

Ó p−1

V ⊗ S q+1

are exact for p ≥ 1.
Ó
Ó
Proof Consider the map D p : p V ⊗ S → p+1 ⊗S defined by D p (ei1 ∧
Ír
· · · ∧ ei p ⊗ P) = k=0 ek ∧ ei1 · · · ∧ ei p ⊗ ∂P/∂ Xk . This gives a homotopy
operator for the Koszul complex in the sense that
i p+1 ◦ D p + D p−1 ◦i p = p + q

on S q .

This implies in particular that the complex is exact.



Of course we can use similar contraction maps when instead of S we have a
graded S-module M. This time we do get a complex, but it need no longer be
exact. It is called the Koszul complex for M,
ir −1
ir Ó
Ó
0 → r V ⊗ M(−r) −−→ r−1 V ⊗ M(−r + 1) −−−→
· · · → V ⊗ M(−1) → M → 0,
and its cohomology groups are the Koszul cohomology groups:
q−p

def

Kp,q (M, V) =

Ker i p

q−p−1

Im i p+1

:

Óp

:

Ó p+1

V ⊗ M q−p →

Ó p−1

V ⊗ M q−p−1


V ⊗ M q−p+1
.
Ó
→ p V ⊗ M q−p

7.1 The Basic Koszul Complexes
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The Koszul complex of Proposition 7.1.1 is a minimal free resolution of the
S-module C. The definition of the latter is as follows.
Definition 7.1.2. A minimal free resolution of an S-module M is a graded
exact sequence
Ap

A1

· · · → F p −−−→ · · · → F 1 −−→ F 0 → M → 0,
É
n(p,q) and where the homomorphism A is given by a
where F p =
p
q S(−q)
matrix whose nonzero entries are homogeneous polynomials of positive degree.
Minimal free resolutions exist. A proof can be found in Matsumura (1989,
Section 19). Although such resolutions are not unique, we have the following
theorem.
Theorem 7.1.3. The dimension of Kp,q (M, V) equals the number n(p, q) of
copies of S(−q) at place p of a minimal free resolution of M.
Proof The second Koszul sequence is obtained by tensoring a minimal free
É
q
resolution of C = S/S + , S + =
q>0 S with the S-module M. By definition, its
cohomology groups coincide with the torsion modules (TorSp (C, M))q . Now Tor
is symmetric in its arguments (see Problem 7.1.2 below). So we could as well
start with a free resolution of M, tensor it with C, and then take cohomology
groups. Because all nonzero entries of the matrices Ap have positive degree,
in the tensored complex all maps (except for the last one) are 0; this proves the
theorem.

The numbers n(p, q) found from a minimal free resolution determine an
important invariant of our S-module.
Definition 7.1.4. The regularity of an S-module M is the number
def

m(M) = max {q − p | n(p, q) , 0} .
To get a feeling for this, consider first the case of a 0-regular module. Because
F p can only consist of a number of copies of S(−p) and because the entries
of the matrices Ap are homogeneous polynomials of positive degree, only linear polynomials occur. Similarly, for an m-regular module, only homogeneous
polynomials up to degrees m + 1 can occur.
For future reference we want to record the following consequence of this
definition.
Lemma 7.1.5. If M or N is free, the regularity of M ⊗ N is equal to the sum
of the regularities of M and N.
The proof is left as an exercise (Problem 7.1.3 below).
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Problems
7.1.1

Koszul sequences exist in a slightly more general framework. Let S
be any commutative ring and M a finitely generated S-module. Given
any ordered sequence of elements x0, . . . , xr in S, taking for V a free
S-module with generators e0, . . . , er , one can now write a Koszul
sequence as before:
ir Ó
Ó
def
K • (x0, . . . , xr , M) = [0 → n V ⊗ M −−→ n−1 V ⊗ M →
· · · → M → 0].

7.1.2

7.1.3

In general this will not be exact. For special choices of the x j , however, the sequence turns out to be almost exact. These are the socalled M-regular sequences: for all j = 0, . . . , r, the element x j
is not a zero-divisor in M/(x1 M + · · · + x j−1 M). For instance, if
M = S = C[Z0, . . . , Zr ], the coordinates Z0, . . . , Zr form a regular
sequence. Show inductively that H i (K • (x0, . . . , xr , M)) = 0 for i < n
and also that H n (K • (x0, . . . , xr , M)) = M/(x0 M + · · · + xr M).
Show that Tor(N, M) = Tor(M, N) by considering the spectral sequence for the double complex Fp ⊗ G q , where F• and G• are minimal
free resolutions for N and M, respectively.
Prove Lemma 7.1.5.

7.2 Koszul Complexes of Sheaves on Projective Space
As before, we let S = C[X0, . . . , Xr ] be the ring of polynomials in r + 1 variables and we let P = Pr be a projective space with homogeneous coordinates
X0, . . . , Xr . Any graded S-module M determines a sheaf on projective space
(in the Zariski topology) which we denote by S(M) and which is defined as
follows. Over a Zariski-open U, we let
o
nm
m ∈ M, P ∈ S, P(x) , 0, ∀x ∈ U, deg m = deg P .
S(M)(U) =
P
Taking M = S yields the structure sheaf, and M = S(k) yields the locally free
sheaf OP (k). Concerning these, we have Serre’s fundamental result, as follows.
Theorem. The cohomology groups H i (Pr , O(k)) vanish in the range i =
1, . . . , r − 1. Also H 0 (Pr , O(k)) = 0 for k < 0 and H n (Pr , O(k)) = 0 for
k > −r − 1. Moreover, there is a natural isomorphism S k  H 0 (Pr , O(k))
inducing a degree-preserving isomorphism
É∞
0 r
S(k) 
d=0 H (P , O(d + k)).
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Direct sums of copies of OP are called free OP -modules. In general, S(M) is
always a sheaf of OP -modules, in short an OP -module. If M is of finite rank,
the resulting OP -module is a coherent sheaf. Let us recall the definition.
Definition 7.2.1. A sheaf of OP -modules F is coherent if it is locally (in the
Zariski topology) a cokernel of a morphism between free OP -modules.
The resulting functor Sis an exact functor, i.e., it transforms exact sequences
of S-modules into exact sequences of OP -modules. As an application we have
the exact Koszul sheaf sequence (recall that V = Ce0 ⊕ · · · ⊕ Cer ):
Lemma 7.2.2. (i) The Koszul sheaf sequence
K• (Pr ) = 0 →

Ór+1

ir +1

V ⊗ OPr (−r − 1) −−−→ · · ·
· · · → V ⊗ OPr (−1) → OPr → 0



(7.2)

is exact. The maps ik are defined as before (formula (7.1)).
p
(ii) The kernel of the map i p is naturally isomorphic to ΩPr .
For (ii), see Problem 7.2.1 below. It provides the familiar description of the
(co-)tangent bundle of projective space by means of the Euler sequence.
An important corollary of these last remarks is Bott’s vanishing theorem (see
Bott, 1957).
Theorem 7.2.3 (Bott’s vanishing theorem). The cohomology groups
p
H q (Pr , ΩPr (k)) vanish unless
(i) p = q and k = 0,
(ii) q = 0 and k > p, or
(iii) q = r and k < −r + p.
Proof As we have seen, the sheaves of holomorphic p-forms on Pr are described in Lemma 7.2.2 as the kernel of a partial Koszul sequence. Tensor
this with O(k). Because H i (O(k)) = 0 unless i = 0 and k ≥ 0, or i = r and
k ≤ −r − 1, the conditions of Lemma 6.2.4 are fulfilled and it follows that
p
H q (ΩPr (k)) is equal to
q Ó
HdR ( p−• V ⊗ OPr (−p + k + •)) .
This cohomology group is equal to the cohomology group of the short exact seÓ
Ó
Ó
quence p−q+1 V ⊗S −p+k+q−1 → p−q V ⊗S −p+k+q → p−q−1 V ⊗S −p+k+q+1
and this group is 0 either for trivial reasons or because of Proposition 7.1.1
unless p = q and k = 0.
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Now, conversely, given a coherent OP -module F on P, one may form the
associated graded S-module
def É
0
Mt (F) =
d ≥t H (P, F(d)),
and one can show that for t large enough this is a finitely generated S-module
whose associated sheaf is the sheaf with which we started. For instance, Serre’s
theorem, quoted above, implies that M0 (O(k)) = S(k) with associated sheaf
O(k). Minimal free resolutions of M0 (F) sheafify to what we call a minimal
free resolution of the sheaf F:
0 → Fs → · · · → F1 → F0 → F → 0,
n(p,q) and where the maps are given by matrices whose
where Fp =
q O(−q)
nonzero entries are homogeneous polynomials of positive degree. The numbers
n(p, q) are the dimensions of the Koszul cohomology groups Kp,q−p (F, OPr (1))
where

É

def

Kp,q (F, OPr (1)) = the cohomology of
Ó p+1
Ó
Ó
V ⊗ H 0 (F(q − 1)) → p V ⊗ H 0 (F(q)) → p−1 V ⊗ H 0 (F(q + 1)).

Problems
7.2.1

def

Ó
We let W = V ∨ and we identify p V with the trivial vector bunp
dle ΩW of p-forms on W. Let z0, . . . , zr be coordinates in W, i.e., a
Í
basis for V. We let E = ri=0 zi ∂/∂zi be the Euler vector field and
p
p−1
iE : ΩW ⊗ S q V → ΩW ⊗ S q+1V be the contraction with the Euler
vector field. Show that there is an exact sequence
iE

iE

r+1
r
0 → ΩW
⊗ S •V(−r − 1) −−→ ΩW
⊗ S •V(−r) −−→
1
· · · → ΩW
⊗ S •V(−1) → OW ⊗ S •V → 0.

7.2.2

(a)

Let L be a holomorphic line bundle over a complex manifold
M and let s1, . . . , sn be n independent sections of L spanning a
subspace V of H 0 (M, L) that have as a common zero locus an
analytic subvariety Z of M of codimension k. Such a subvariety
is locally defined as the zero locus of a regular sequence of germs
of holomorphic functions. See, for instance, Matsumura (1989,
Theorem 17.4). Define a Koszul complex (starting in degree −n)
Ó
Ó
0 → n (V ⊗ L∨ ) → n−1 (V ⊗ L∨ ) → · · · →V ⊗ L∨ → OM → 0
in the obvious way. Show that it is exact in degrees < −(n − k).

7.3 Castelnuovo’s Regularity Theorem

(b)
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If n = k the entire sequence is exact provided we replace OM by
OM → OZ . Hint: use Problem 7.1.1.
Let E be a holomorphic vector bundle of rank n over a complex
manifold M and let s be a holomorphic section of E with zero
locus an analytic subspace Z of M of codimension k. Define a
Koszul complex (starting in degree −n)
Ó
Ó
0 → n E∨ → n−1 E∨ · · · → E∨ → OM → 0,
where each map is obtained by contraction with s. Show that it is
exact in degrees < −(n − k). If n = k and, moreover, s meets the
zero section of Etransversally (so that Z is a reduced set of points)
the entire sequence is exact provided we replace OM by OM → OZ .

7.3 Castelnuovo’s Regularity Theorem
In the first section we introduced the concept of regularity of a graded S-module
M. It can be calculated by means of Koszul cohomology. This leads to a first
concept of regularity for coherent sheaves on P = Pr . In the applications we
compute regularity from Koszul sequences related to the geometry of the situation. We then apply a central theorem which asserts that the regularity is the
minimal number m for which the groups H i (Pr , F(m − i)) all vanish for i > 0.
It is this vanishing result which turns out to be extremely useful. This result
presupposes the existence of a minimal number m with the said properties. That
this is true is the assertion of Castelnuovo’s regularity theorem.
Let us now introduce the two basic concepts making use of the previously
introduced concept of regularity for S-modules (Definition 7.1.4):
Definition 7.3.1. (i) The regularity of Fis the regularity of the S-module
É 0 r
q H (P , F(q)).
(ii) F is m- regular if H i (Pr , F(m − i)) = 0 for all i > 0.
For use in subsequent sections we need an immediate consequence of this
definition and Lemma 7.1.5.
Lemma 7.3.2. If F and G are coherent sheaves on Pr and one of them is
locally free, the regularity of F ⊗ G is the sum of the regularities of F and G.
We next investigate the relationship between these two notions. According
to the outline above, we first state and prove the following.
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Theorem 7.3.3 (Castelnuovo’s regularity theorem). If Fis m-regular, it is also
(m + i)-regular.

Ek−k, k+i−1

0

0

∗

0

0
dk

0

0

Ek0, i

0

0

∗

0

0

Ek0,0

Figure 7.1 Spectral sequence Ekp, q .

Proof Fix some integer i > 0. Consider the exact sequence obtained from the
Koszul sequence, Eq. (7.2), upon tensoring it by F(m+1−i). It can be viewed as
a complex which has nonzero terms only in degrees −r − 1, −r, . . . , 0. In degree
0 we have F(m + 1 − i). We want to apply Lemma 6.2.4 and so we consider the
E1 -term of the spectral sequence associated with the Koszul sequence:
p,q

E1

p,q

=

Ó−p

V ⊗ H q (Pr , FPr (m + 1 − i + p)).

By construction E1 = 0 unless q ≥ 0, p ≤ 0. This gives a so-called fourth
quadrant spectral sequence. We must prove that E10,i = H i (Pr , F(m + 1 −i)) = 0
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E1i−r, r

∗∗

0

0

0

∗

0

∗

0

0

E11, i

0

0

0

∗

0

∗

∗ ∗ ∗∗

E11,1

0

dr −i+1

Figure 7.2 Spectral sequence E1p, q .

for i > 0. Since F is m-regular it follows that
Ó
E1−k,k+i−1 = k V ⊗ H k+i−1 (F(m − (k + i − 1))) = 0.
Hence dk : Ek−k,k+i−1 → Ek0,i is the zero-map for k ≥ 1. The maps going out
0,i
of Ek0,i are trivially 0 and so E10,i = E∞
= 0. The last equality follows since by
Lemma 6.2.4 the spectral sequence converges to 0; see Fig. 7.1.

From this theorem it follows that a minimal m exists, for which Fis m-regular.
Theorem 7.3.4. The regularity of F is equal to min{m | Fis m-regular}.
Proof We consider a minimal free resolution F• of Fas a complex with terms
in degrees ≤ 1, where F is placed in degree 1 and Fp in degree −p. Tensor
this minimal free resolution by OPr (m − i) and consider the spectral sequence
of the resulting exact sequence (Lemma 6.2.4):
p,q
E1


H q (Pr , F−p (m − i))




= H q (Pr , F(m − i))


0


for p ≤ 0,
for p = 1,
otherwise.
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Because H k (Pr , O(l)) = 0 for 0 < k < r, the only nonzero differential coming
into E11,i, i > 0 is dr−i+1 (see Fig. 7.2) and so H i (Pr , F(m − i)) is isomorphic
to the cohomology at the middle term of the complex,
H r (Pr , Fr−i+1 (m − i)) → H r (Pr , Fr−i (m − i)) → H r (Pr , Fr−i−1 (m − i)).
The groups H r (Pr , O(l)) vanish for l > −r − 1 and so the middle term itself
É Én(r−i,q) r r
only contains terms of the form
H (P , O(−q + m − i)) with
q
q > m−i+r. This a fortiori holds for m = µ, the regularity of F: µ = max{q−p |
n(p, q) , 0}. It follows that H i (Pr , F(µ − i)) = 0 and the sheaf F is µ-regular.
Next, we need to show that the Fis not (µ − 1)-regular. Introduce the number
π = max{p | n(p, µ + p) , 0} (observe that by definition of µ such a π exists).
It suffices to show that H r−π (F(µ + π − r − 1)) , 0. So we must show that the
preceding complex for r −i = π has nonvanishing cohomology. Observe that the
three terms of this complex all involve direct sums of groups H r (O(µ+π−q−r −
1)) for certain q. These groups vanish automatically for µ+π−q > 0 and we have
to consider only those q for which q ≥ µ+π. By the definition of µ, the numbers
n(π+1, q) within this range are 0. The term on the right involves n(π−1, q) copies
of H r (O(µ+π−q−r−1)) and so vanishes. In the middle, the only surviving terms
in the range q ≥ µ + π are those with q = µ + π, and on the left we have the two
possibilities q = µ+π and q = µ+π+1. The definition of π forces n(π+1, µ+π+
1) to be 0 and only the term with q = µ + π survives. So the sequence reduces to
n(π+1,µ+π)
Ê

H r (O(−r − 1)) →

n(π,µ+π)
Ê

H r (O(−r − 1)) → 0.

The map on the left is induced by multiplication by a degree zero polynomial and so by minimality it must be 0. Consequently, the cohomology of the
complex has dimension n(π, µ + π) , 0.

We can now prove the main technical result.
Theorem 7.3.5. Let W ⊂ H 0 (Pr , OP r (d)) be a base point free linear subspace
of codimension c. The cohomology at the middle term of the complex
Ó p+1

W ⊗ H 0 (Pr , O(k − d)) →

W ⊗ H 0 (Pr , O(k))
Ó p−1
→
W ⊗ H 0 (Pr , O(k + d))
Óp

vanishes if
k ≥ d + p + c.

7.3 Castelnuovo’s Regularity Theorem
Proof
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Consider the graded ring
S •W =

É∞

k=0 S

k

W.

Because W ⊂ H 0 (Pr , O(d)), the vector space
def É
0 n
r
N =
q H (P , OP (k + qd))
can be considered as a graded S •W-module. Its Koszul sequence, after twisting
it suitably, reads
··· →

Ó p+1

j p+1 Ó
W ⊗ O(k − d) −−−−→ p W ⊗ O(k)
jp Ó
−−→ p−1 W ⊗ O(k + d) → · · · ,

and its p-th de Rham group (a Koszul group of the module N) is exactly the
group we want to investigate. We study it by means of the spectral sequence of
the exact complex, considered in Lemma 6.2.4. The exact complex we have in
mind is obtained from the above complex by replacing it on the left by the kernel
of the map j p+1 . Introduce the vector bundle E by means of the exact sequence
0 → E → W ⊗ OPr → OPr (d) → 0,
where the surjectivity on the right just means that W has no base points. Then
the desired exact complex starts with the vector bundle
Ó
Ker j p+1 = p+1 E(k − d),
and from the spectral sequence for this exact complex (Lemma 6.2.4) we derive
that the desired cohomology group is isomorphic to
 Ó

H 1 Pr , p+1 E(k − d) .
Let us first deal with the case of W = H 0 (Pr , O(d)). The defining sequence for
E immediately gives that
H i (E(1 − i)) = 0 for all i > 0
and thus E is 1-regular. Using Lemma 7.3.2 it follows that E⊗(p+1) and hence
Ó
the subbundle p+1 E is (p + 1)-regular. We conclude that
Ó

p+1
H1
E(k − d) = 0 provided k − d ≥ p,
which proves the theorem for c = 0.
To prove the theorem for arbitrary c we consider a complete flag of subspaces
W = Wc ⊂ Wc−1 ⊂ · · · ⊂ W1 ⊂ W0 = H 0 (O(d)).
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The subspace Wi defines vector bundles for Ei like W for E = Ec .
Ó
We just proved that p E0 is p-regular for any p ≥ 1. We want to show
Óp
inductively that
Ei is (p + i)-regular for all p, i ≥ 0. This suffices for the
proof in the general case: for i = c and q = 1 we get
Ó

p+1
H1
E(p + c) = 0 for all p > 0
and so
 Ó

H 1 Pr , p+1 E(k − d) = 0 for k − d ≥ p + c and for all p > 0.
Let us now prove the desired regularity. For the induction step, we observe that
by definition there are exact sequences of vector bundles on Pr :
0 → Ei → Ei−1 → O → 0
leading to
0→

Ó p+1

Ei →

Ó p+1

Ei−1 →

Óp

Ei → 0.

Now, tensor this by O(p + i − q) for any q > 0 and consider the long exact
sequence in cohomology:
Ó

Ó
p+1
· · · → Hq
Ei−1 (p + i − q) →H q ( p Ei (p + i − q))
Ó

p+1
→ H q+1
Ei (p + i − q) → · · · .
Using ascending induction on i, the term on the left vanishes, the case i = 1
reducing to the p-regularity for E0 . Next, descending induction on p gives that
the term on the right vanishes, the case p > rank Ei being automatic. So we
Ó
find that the middle term vanishes for all i, i.e., p Ei is (p + i)-regular.

Corollary 7.3.6. Let S = C[z0, . . . , zr ] and consider W as a subspace of S d .
(i) The multiplication map
W ⊗ S k −→ S d+k
is surjective provided k ≥ c.
(ii) Consider the complex
Ó2
W ⊗ S k−d −→ W ⊗ S k −→ S d+k ,
where the first map is defined by sending F1 ∧ F2 ⊗ G to F1 ⊗ F2 G − F2 ⊗ F1 G
and the second map is multiplication. This complex is exact provided k > d + c.

7.4 Macaulay’s Theorem and Donagi’s Symmetrizer Lemma
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Problems
7.3.1
7.3.2

Show that the structure sheaf of Pr has regularity 0. Determine the
regularity of the line bundles O(k) on Pr .
Calculate the regularity of Ω p (k) on Pr .

7.4 Macaulay’s Theorem and Donagi’s Symmetrizer Lemma
In geometric applications finite dimensional quotients of the polynomial ring
S = C[z0, . . . , zr ] often occur. For instance, if F is a homogeneous polynomial,
its Jacobian ideal jF is the ideal generated by the partial derivatives, and if F
defines a smooth hypersurface the quotient S/jF is finite dimensional. Below,
we see its geometric meaning as the middle cohomology of the corresponding
hypersurface. This explains the interest of this sort of ring.
If R is any finite-dimensional quotient of S, the subspace of highest degree is
called the socle of R. These turn out to be one-dimensional for a special type of
quotient – Gorenstein rings – which one obtains by taking the quotient of S by
an ideal generated by a regular sequence {F0, . . . , Fr } of r + 1 polynomials. We
recall that this means that for i = 1, . . . , r the polynomial Fi is not a zero-divisor
in the quotient S/(F0, . . . , Fi−1 ). The standard example is the sequence of the
partial derivatives of a smooth hypersurface.
Macaulay’s theorem describes multiplication as a self-dual operation, a common feature of all Gorenstein rings. We give a geometric proof of this theorem
using a technique similar to the one employed in the proof of Bott’s vanishing
theorem.
Theorem 7.4.1 (Macaulay’s theorem). Let
S = C[z0, . . . , zr ]
and suppose there is given an ordered (r + 1)-tuple of homogeneous polynomials Fj ∈ S of degree d j , j = 0, . . . , r that form an S-regular sequence. Let i be
the ideal in S they generate and put
def

R = S/i.
def

Finally, set ρ =

Ír

i=0

d j − (r + 1).

(i) The grading on S given by degree induces a grading on R and Rk = 0 for
k ≥ ρ + 1, whereas dim C Rρ = 1.
(ii) Multiplication in S induces a perfect pairing
Rk ⊗ Rρ−k −→ Rρ  C.
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def

Proof Introduce the rank (r + 1)-bundle E = O(d0 ) ⊕ · · · ⊕ O(dr ) and the
section s of Edefined by the (r +1)-tuple (F0, . . . , Fr ). Because this (r +1)-tuple
is a regular sequence, it follows that the section s vanishes nowhere, i.e., has
codimension r + 1 in Pr . The Koszul sequence we get by repeated contraction
with s then gives an exact complex which we let start in degree 0 (compare
Problem 7.2.2 where it would start in degree −r − 1):


Ó
Ó
def
K • = 0 → r+1 E∨ → r E∨ → · · · → E∨ → O → 0 .
Because H j (Pr , O(l)) = 0 for 1 ≤ j ≤ r − 1, one can apply Lemma 6.2.4 to the
complex K • ⊗ O(k). So for each k ∈ Z ≥0 we have an isomorphism:


αk É
r
Ker H r (O(−r − 1 + k − ρ)) −−→
H
(O(−r
−
1
+
k
+
d
−
ρ))
j
j


βk
É

0
0
−−→ Coker
H
(O(k
−
d
))
−
−
→
H
(O(k))
.
j
j
Both maps αk and βk are induced by multiplication with (F0, . . . , Fr ). If we
apply Serre duality to the kernel of αk we see that αk is the transpose of βρ−k
and we obtain an isomorphism between the dual of the cokernel of the map
É

jS

ρ−k−d j

(F0,...,Fr )

−−−−−−−−→ S ρ−k

and the cokernel of the map
É

jS

k−d j

(F0,...,Fr )

−−−−−−−−→ S k .

The first cokernel is Rρ−k and the second cokernel is Rk . First, this (or the previous isomorphism) proves part (i) and it also shows that Rk and Rρ−k are naturally
dual to each other. What is not clear, however, is that this duality is given by multiplication of polynomials. But below we show (see Lemma 7.4.2) that the multiplication map R1 × Rk → Rk+1 induces an injective map Rk → Hom(Rk , Rk+1 )
whenever k < ρ, from which (ii) then follows.

Lemma 7.4.2. If k < ρ, G ∈ S k and Gz j ∈ i, j = 0, . . . , r, then G ∈ i.
Proof We use induction on the number r of variables, the result being obvious
for r = 0. Suppose r > 0. After a linear change of variables (z0, F1, . . . , Fr ) will
Í
also be a regular sequence. Write Gz j = k H jk Fk with H jk of degree k +1−d j .
Then 0 = G(z0 z j − z j z0 ) ≡ (z0 H j0 − z j H00 )F0 mod (F1, . . . , Fr ). As F0 is not
a zero-divisor modulo (F1, . . . , Fr ), we conclude z0 H j0 − z j H00 ∈ (F1, . . . , Fr )
and so z j H00 ∈ (z0, F1, . . . , Fr ). Working modulo z0 , identifying S/(z0 ) with
Í
C[z1, . . . , zr ], and observing that deg H00 = k +1−d0 < rj=1 d j −r, we can apply induction and conclude that H00 ∈ (z0, F1, . . . , Fr ). Write now H00 = H0 z0 +

7.4 Macaulay’s Theorem and Donagi’s Symmetrizer Lemma
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polynomial in z1, . . . zr . Because Gz0 ≡ H00 F0 mod (F1, . . . , Fr ) it follows that
z0 (G − H0 F0 ) belongs to the ideal (F1, . . . , Fr ). Again, because z0, F1, . . . , Fr is
a regular sequence, we get G − H0 F0 ∈ (F1, . . . , Fr ), so G ∈ i.

Corollary 7.4.3. Multiplication in S induces symmetric bilinear maps
Ri × R j → Ri+j
which are nondegenerate in each factor as long as i, j ≥ 0 and i + j ≤ ρ.
We shall employ Macaulay’s theorem on various occasions. The first application is the proof of Donagi’s symmetrizer lemma (see Donagi, 1983).
Theorem 7.4.4 (Donagi’s symmetrizer lemma). Let
Sym(R a, Rb ) = {h ∈ Hom(R a, Rb ) |
h(P1 )P2 = h(P2 )P1 in R a+b for all P1, P2 ∈ S a }
def Ír
and set ρ =
i=0 d j − (r + 1).
The natural map

Rb−a −→ Sym(R a, Rb )
is an isomorphism provided a > 0 , ρ > a + b, and ρ ≥ b + max j d j .
Proof

The result can be rephrased by saying that the Koszul complex
Ó
0 → Rb−a → (S a )∨ ⊗ R a → 2 (S a )∨ ⊗ R a+b

is exact. By Macaulay’s theorem 7.4.1, this complex is dual to the Koszul
complex
Ó2 a
S ⊗ Rρ−a−b → S a ⊗ Rρ−b → Rρ−b+a → 0.
The surjectivity at the right is a consequence of the surjectivity of multiplication of polynomials (here we use that ρ − b > a > 0). Exactness at the
middle term follows from the following auxiliary result with d = a, W = S a ,
and k = ρ − b.

Proposition 7.4.5. Suppose there is given an ordered (r + 1)-tuple of homogeneous polynomials Fj ∈ S = C[z0, . . . , zr ] of degree d j , j = 0, . . . , r which
forms an S-regular sequence. Let i be the ideal in S they generate and as before,
let R = S/i. Let W ⊂ H 0 (OPr (d)) = S d be a linear system of codimension c.
Consider the complex
Ó2
W ⊗ Rk−d → W ⊗ Rk → R d+k .
If W is base-point free this complex is exact for those k for which k > d + c
and k ≥ c + max d j .
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Proof Consider the commutative diagram
Ó2
W ⊗ S k−d → W ⊗ S k →
↓
↓
Ó2
W ⊗ Rk−d → W ⊗ Rk →

S d+k
↓
R d+k

→ 0.

Corollary 7.3.6 implies that the upper sequence is exact and the multiplication map W ⊗ S c → S c+d is surjective. Since i k = S c i k−c (by assumption i has generators in degree ≤ k − c), this last fact implies that the map
W ⊗ i k = W ⊗ S c i k−c → i d+k is surjective. A simple diagram chase then proves
exactness at the middle of the upper sequence.


Problem
7.4.1

Give an elementary proof of Donagi’s symmetrizer lemma (Corollary
7.4.4) by giving an alternative proof of the first half of Proposition
7.4.5 in the case W = S k as follows (see Donagi and Green, 1984).
We have to show exactness of
β
Ó2 d
α
S ⊗ Rk−d −−→ S d ⊗ Rk −→ R d+k ,
with α(F1 ∧ F2 ⊗ G) = F1 ⊗ F2 G − F2 ⊗ F1 G, and β is the multiplication
map. Elements of Im α are spanned by
z I ⊗ z I +L − z I ⊗ z I+L, |I | = |I 0 | = a, |L| = b − a.
0

0

Use this to show that, first,
0

0

z I ⊗ z J ≡ z I ⊗ z J mod Im α
if I + J = I 0 + J 0 and J 0 + I ≥ 0, and second, that
0

0

z I ⊗ z K−I ≡ z I ⊗ z K−I mod Im α
if there exists a J with |J | = b, J ≤ K, and J − I 0 ≥ 0, J − I ≥ 0. Use
the hypothesis b > a to show that
0

0

z I ⊗ z K−I ≡ z I ⊗ z K−I mod Im α
if I and I 0 differ by a permutation of two elements – and more generally
whenever K ≥ I and K ≥ I 0. Using standard multi-index notation, let
Õ
cI J z I ⊗ z J ∈ Ker β, cI J ∈ C.
|I |=a, |J |=b
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Then one has
Õ

cI J = 0 for all K with |K | = a + b.

I+J=K

Use this together with the previous equation to show that
Õ
cI J z I ⊗ z J with I + J = K fixed
|I |=a, |J |=b

belongs to Im α.

7.5 Applications: The Noether–Lefschetz Theorems
Recall the description of the infinitesimal variation of Hodge structure for hypersurfaces as given in Section 5.4. The setting is as follows. We fix a projective
manifold P of dimension n + 1 and a very ample line bundle L on it which
satisfies the vanishing condition

j
H i P, Ω P (L ⊗k ) = 0, ∀i, j ≥ 1, k ≥ 0.
(∗)
The sections of L defining smooth hypersurfaces give a tautological family over
PH 0 (P, L) whose tangent space at X = {s = 0} can be identified with
T = H 0 (P, O(X))/C · (s).
Now Proposition 5.4.1 implies that the product map
p,n−p

T ⊗ Hvar

p−1,n−p+1

(X) → Hvar

(X)

is surjective provided the multiplication map


0
n+1
H 0 (OP (X)) ⊗ H 0 Ωn+1
P ((n − p + 1)X) → H Ω P ((n − p + 2)X)

(∗∗) p

is surjective as well. This fact will play a crucial role in the proof of the infinitesimal Noether theorem, as we now show. But we first recall that a cohomology
class α is called infinitesimally fixed in our situation, if the Kodaira–Spencer
image of α vanishes. Equivalently, this means that α ∪ t = 0 for all t ∈ T.
Theorem 7.5.1 (Infinitesimal Noether–Lefschetz theorem). Assume that L is
a very ample line bundle on a smooth (n + 1)-dimensional projective manifold
P. Suppose that L satisfies the vanishing conditions (∗) as well as the condition
that the products (∗∗) p are surjective for p = 1, . . . , n. Then infinitesimally
n (X; Q). Here T is
fixed classes are fixed. In other words, HTn (X; Q) = Hfixed
the tangent space to the tautological family defined by sections of the line
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bundle L at the point corresponding to X, and HTn (X) is the subspace of classes
annihilated by the action of the Gauss–Manin connection in the directions of T.
p,n−p

n (X)
Proof We shall show that for any p the intersection of HT
(X) and Hvar
p,n−p
consists of {0}. Assume that α ∈ Hvar (X) is infinitesimally fixed. As explained just before the assertion of the proposition, the assumption that the
product maps are surjective implies that any variable class β of type (n − p, p)
is a linear combination of elements of the form t ∪ γ with t ∈ T and γ a
variable class of type (n − p + 1, p − 1). With h−, −i the intersection form on
H n (X) we have hα, βi = hα, t ∪ γi = −ht ∪ α, γi = 0 since α is infinitesimally
n−p, p
fixed. Hence we conclude that α is orthogonal to Hvar (X). By Lemma 3.2.2,
variable and fixed cohomology are orthogonal with respect to one another and
so α is orthogonal to all of H n−p, p (X). However, because α was supposed to
be of type (p, n − p), this implies that α = 0.


Corollary 7.5.2. Let n = 2m. As before, assume that L is sufficiently ample
so that the conditions of the previous theorem hold. For s outside of a countable union of proper subvarieties of S, the parameter space of the tautological
family, we have for the corresponding hypersurface X = Xs :
H m,m (X; Q) = Im{H m,m (P; Q) → H 2m (X; Q)}.
Proof We work on the universal cover S̃ of S. On it the local system formed
by the n-dimensional primitive cohomology groups of the corresponding hypersurfaces is constant and forevery constant cohomology class α we can look
at the analytic variety S̃α = s ∈ S̃ α ∈ H m,m (Xs ) (see Problem 7.5.2). If
S̃α = S̃ the class α is constant and hence infinitesimally fixed. The theorem
implies that α is the restriction of a class in P. If this is true for all classes we
are done. Otherwise, we leave out the proper subvarieties which are the images
in S of the varieties S̃α for which S̃α , S̃.

Example 7.5.3. Take P = P3 . The required vanishing in cohomology is a
special case of Bott’s vanishing theorem (7.2.3) and the demand on surjectivity
of the product mapping
H 0 (O(d)) ⊗ H 0 (O(p + 1)d − 4) → H 0 (O(p + 2)d − 4)
for p = 0, 1 follows as soon as d ≥ 4. Recall that the Lefschetz’s theorem on
(1, 1)-classes says that a class in H 2 (X) is of type (1, 1) precisely when it is the
first Chern class of a divisor (see Griffiths and Harris, 1978). Such classes form
the Picard group
Pic(X) = H 1 (OX∗ )  H 1,1 (X) ∩ H 2 (X),
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because Pic0 (X) = 0 and H 2 (X) has no torsion. The smooth degree-d surfaces
form a Zariski-open subset Ud of the projective space of all such surfaces. We
obtain the classical Noether–Lefschetz theorem, as follows.
Theorem 7.5.4 (Noether–Lefschetz theorem). Assume that d ≥ 4. There exists
a locus NLd , which is a countable union of proper closed subvarieties of Ud ,
such that the Picard group of any surface X in the complement of this set is
generated by OX (1), i.e., each curve on X is a complete intersection of X with
another surface.
The set
NLd = {X ∈ Ud | X smooth and Pic(X) not generated by OX (1)}
is called the Noether–Lefschetz locus.

The Bundle of Principal Parts
and the Second Noether–Lefschetz Theorem
Before we can state the second main theorem we have to explain a useful but
not widely known tool from deformation theory.
Definition 7.5.5. Let ∆ ⊂ X × X be the diagonal with ideal sheaf I∆ . Let p1
and p2 be the projections of X × X onto the first and second factor. Let L be
any line bundle on X.
(i) The bundle of principal parts of L is the bundle


def
P1 (L) = (p1 )∗ p∗2 L ⊗ OX×X /I∆2 .
(ii) Dually we have the bundle
def

Σ L = Hom(P1 (L), L) = P1 (L)∨ ⊗ L.
The exact sequence
0 → I∆ /I∆2 → OX×X /I∆2 → O∆ → 0
yields an exact sequence of OX -modules
0 → Ω1X ⊗ L → P1 (L) → L → 0.

(7.3)

From this one can see that P1 (L) is locally free. In fact, we first write P1 (L)
differentiably as a direct sum
P1 (L) = L ⊕ Ω1X ⊗ L.
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Then the OX -module structure is given by
f (s, η) = ( f s, f β + df ⊗ s).
Now choose a coordinate cover {Ui } , i ∈ I of X which is also a trivializing
cover for L. Let φi : L|Ui → OUi be the corresponding trivialization. This also
gives a trivialization φi : Ω1X ⊗ L|Ui → Ω1X |Ui . Using this, we define a map
j 1 : OX (L) → P1 (L),
which over Ui is given by s 7→ (s, φ−1
i (dφi s)). In other words, we send s to its
1-jet. What remains to be verified is that j 1 is OX -linear. This we leave to the
reader. We note that this does not give a holomorphic splitting of the sequence,
because the splitting we started out with is only a smooth splitting. In fact, the
extension class of the sequence (7.3) is known to be 2πi times the first Chern
class of L. See Problem 7.5.1 below.
The bundle Σ L fits into the exact sequence
0 → OX → Σ L → ΘX → 0.

(7.4)

This gives rise to
· · · → H 1 (OX ) → H 1 (Σ L ) → H 1 (ΘX ) → · · · .
This relates to infinitesimal deformations of smooth pairs (X, D) where D is
a divisor on X with normal bundle L. As explained for instance in Horikawa
(1976, Appendix) these deformations are in one-to-one correspondence with
H1 (ΘX → i∗ νD/X ) = H 1 (ΘX (− log D)),
where i : D ,→ X is the embedding. The relevant diagram is now

0

→

0

→

OX
||
OX

ΘX (− log D) = ΘX (− log D)
↓
↓
→
ΣL
→
ΘX
→ 0
↓
↓
→
OX (D)
→
L
→ 0.

The cohomology diagram then shows the following. Interpreting H 0 (L) as the
deformations coming from the sections of L, leaving X fixed, and also assuming H 1 (L) = 0, the space H 1 (Σ L ) is the quotient of the full deformation space
by this subspace.
We now have made enough preparations to state and prove the second main
result of this section.
Theorem 7.5.6 (Explicit Noether–Lefschetz theorem). For d ≥ 3, every component of the Noether–Lefschetz locus NLd has codimension ≥ d − 3.
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Proof A portion of the long exact sequence associated with (7.4) reads as
follows:
α

β

H 1 (Σ L ) −−→ H 1 (TX ) −→ H 2 (OX ).
By the preceding description of the extension class the coboundary map β
is multiplication with c1 (L). Now specialize to X a surface in three-space of
degree d. To identify the first space we form
gd = {(X, L) | X ∈ NLd, L ∈ Pic(X)}.
NL
gd as a subset of the local system over Ud whose stalk over
Here we consider NL
[X] is H 2 (X). The group G = SL(3, C) acts with at most finite stabilizers, and
gd .
H 1 (Σ L ) is the Zariski tangent space at ([X], L) of the quotient by G of NL
The middle space is of course equal to the Zariski tangent space at [X] to the
moduli space, and α is the map induced by projection (forgetful map)
gd /G → NLd /G,
p2 : NL
([X], L) 7→ [X].
Let
def

gd /G containing ([X], L).
Z[X], L = the irreducible component of NL
Then
T = Ker β = Im α = Zariski tangent space at [X] to p2 (Z[X], L ).
Assume now that [X] belongs to the Noether–Lefschetz locus and choose L ∈
Pic(X) primitive. Now T ⊗ c1 (L) maps to 0 in H 2 (X, OX ). Dually, T ⊗ H 0 (Ω2X )
1,1
maps to the annihilator of c1 (L) in Hprim
(X). In particular, this map is not
1,1
surjective. We have identified the cup product H 1 (TX ) ⊗ H 2,0 (X) → Hprim
(X)
d
d−4
2d−4
as the multiplication map R ⊗ R
→ R
(see Lemma 5.4.3). Let T̃ be
the preimage of T in S d . Then the multiplication map

T̃ ⊗ S d−4 → S 2d−4
is not surjective. Because X is nonsingular, the degree-d piece of the Jacobian
ideal jF is base-point free (X = {F = 0}) and so is T̃. If d − 4 ≥ codimT̃
this map would have to be surjective by Corollary 7.3.6 (i). This contradiction
proves the theorem.
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Problems
7.5.1

7.5.2
7.5.3

 1
dlog φi j
Using that c1 (L) is the class given by the 1-cocycle 2πi
(here the φi j are the transition functions for L) prove that the extension class of the sequence (7.3) is equal to 2πic1 (L) (see Atiyah, 1957,
Proposition 12).
Show that the subset S̃α of points in S̃ where a rational class α ∈
H 2m (X) is of type (m, m) is indeed an analytic subvariety of S̃.
Show that the bundle of principal parts for OPn (1) is the direct sum of
(n + 1) copies of this bundle. Hint: compare the exact sequence (7.4)
with the Euler sequence.

Bibliographical and Historical Remarks
We first go through the sections.
Section 7.1: Koszul complexes in connection with Torelli problems were
used for the first time in Lieberman et al. (1977). Later Green made abundant
use of these in his study of the Torelli problems (see Green, 1984a,b).
A basic reference for Section 7.2 is the fundamental article by Serre (1955).
Sections 7.3, 7.4: Mumford (1970) introduced the concept of Castelnuovoregularity. See also Mumford (1963, Lecture 14) where other proofs of the
results in Section 7.3 can be found. The notion of regularity still plays an important role today. Macaulay’s theorem is stated in Macaulay (1916). Griffiths
(1969) used it for the first time in algebraic geometry to compute the cohomology of hypersurfaces in projective space. Since then it has turned out to be one
of the basic tools from commutative algebra used to understand the geometry
of period maps, especially for hypersurfaces.
Section 7.5: The infinitesimal Noether–Lefschetz theorem was proved in
Carlson et al. (1983). A modern proof of the classical Noether–Lefschetz theorem can be found in Hartshorne (1975). The proof given here of the explicit
version is due to Green (1988). The discussion of principal parts is based on
Atiyah (1957).
We finish mentioning some relevant developments in the 1990s:
• In Ciliberto et al. (1988) it is shown that the Noether–Lefschetz locus NLd
contains infinitely many components for d ≥ 4 and that the union of these
components is Zariski-dense in Ud . For a simpler proof see Kim (1991).

7.5 Applications: The Noether–Lefschetz Theorems

229

• Concerning special components, Green (1989a) and Voisin (1988a) have
shown that for d ≥ 5, a component V of NLd has codimension d − 3 if and
only if V is the base locus of the family of surfaces of degree d containing
a line. Under the same degree restrictions, each component V of NLd not of
codimension d − 3 has codimension ≥ 2d − 7, and equality holds precisely
for the base of a family of degree-d hypersurfaces containing a conic (see
Voisin, 1989b, 1990).
• Harris conjectured that there are at most finitely many special components for
fixed d, but Voisin (1991) found counterexamples in degrees d = 4s, s large.
• For three-dimensional hypersurfaces in P4 one can pose similar problems for
the one-cycles. It is not true, however, that a curve on a generic hypersurface
of large enough degree is cut out by a surface as conjectured in Griffiths
and Harris (1985). Voisin (1989a) found counterexamples for large-degree
curves. For very small degrees there is an affirmative result by Wu (1990a).
The Noether–Lefschetz problem for threefolds with an ample line bundle on
it has been treated in Joshi (1995).
• Generalizations to even-dimensional hypersurfaces in Pn were found by
Voisin and Green (see Green, 1988).
• One can also pose the Noether–Lefschetz problem for dependency loci of
sections in vector bundles and of vector bundle homomorphisms. This problem has been studied in Ein (1985) and Spandaw (1994, 2002).
• For other publications concerning the Noether–Lefschetz problem see Amerik
(1998); Ciliberto and Lopez (1991); Cox (1990); Debarre and Laszlo (1990);
Lopez (1991); Spandaw (1992, 1996); Szabo (1996); and Xu (1994).
• The locus where a rational cohomology class of degree 2p stays of type ( p,
p) not only is complex analytic, but even algebraic. This theorem, proven in
Cattani et al. (1995) is strong evidence for the Hodge conjecture.
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The classical Torelli theorem states that a compact Riemann surface of genus
g, g ≥ 1, up to isomorphism is determined by its Jacobian (as a polarized
abelian variety), or, equivalently, by its polarized Hodge structure on the first
cohomology. We discussed this in Section 3.5.
For higher-dimensional varieties this leads to the global Torelli problem for
a given class of compact Kähler manifolds of dimension n: suppose that for two
manifolds X and X 0 from this set you have an isomorphism ϕ : H n (X, Z) →
H n (X 0, Z) between the integral cohomology groups that preserves the cup product pairing and respects the Hodge decomposition. Is it true that X and X 0 are
isomorphic? Is it even true that ϕ is induced by an isomorphism of manifolds
(strong Torelli problem)?
An easier problem is the infinitesimal Torelli problem for a given manifold
where we ask whether the period map for the Kuranishi family for the given
manifold is locally an immersion. It turns out that this problem can be reduced
to a cohomological question. The latter can be settled in several important
cases, either directly or by means of Koszul complexes. This we do in the first
Section. In Section 8.3 we prove Donagi’s theorem that the Hodge structure
of a degree-d hypersurface in projective (n + 1)-space generically determines
the equation of the hypersurface for most pairs (n, d). This is the prototype of
a generic Torelli theorem.
In Section 8.4 we discuss a reformulation of this theorem in the framework
of moduli spaces.

8.1 Infinitesimal Torelli Theorems
Recall the criterion for infinitesimal Torelli stated in Section 5.6: infinitesimal Torelli holds for the Kuranishi family for X with respect to primitive
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w-cohomology whenever the composite map
Ê
cup product
p
p−1  
TS,0 → H 1 (ΘX ) −−−−−−−−−→
Hom H q ΩX , H q+1 ΩX
p+q=w

is injective, where S is the Kuranishi space.
We start by discussing the case of hypersurfaces in projective space.
Example 8.1.1. Let X be a smooth degree-d hypersurface in Pn+1 . We computed the derivative of the period map in Lemma 5.4.3. We see that infinitesimal
Torelli holds if the product
t(p)

RFd × RF

t(p−1)

→ RF

is nondegenerate in the first factor for some p between 1 and n. Macaulay’s theorem (or rather its Corollary 7.4.3) tells us that this product map is nondegenerate
in each factor as long as 0 ≤ t(p − 1) ≤ ρ = (n + 2)(d − 2). Working this out we
find that the only exceptions are quadric and cubic curves and cubic surfaces.
We now describe a more sophisticated approach to the infinitesimal Torelli
problem which has given the most far-reaching results to date. Start with a
general set-up. Let X be a compact complex manifold, L a line bundle on X,
V a subspace of H 0 (X, L) of dimension k, and F any locally free sheaf on X.
We want to see how Koszul complexes can be used to measure the failure of
the injectivity of the cup product mapping
H q (X, F) → Hom(V, H q (X, L ⊗ F)).
This is clearly related to the cohomological formulation of the infinitesimal
Torelli problem.
We start by forming the Koszul complex


ik Ó
Ó
i
K • = 0 → k (V ⊗ L ∨ ) −−→ k−1 (V ⊗ L ∨ ) → · · · → V ⊗ L ∨ −
→ OX → 0 ,
Í
where i(v ⊗ f ) = f (v) and i p (α1 ∧ · · · ∧ αp ) = j (−1) j−1i(α j )α1 ∧ · · · ∧ αbj ∧
Ó
· · · ∧ αp . This Koszul complex can be written as K • = L • ⊗ k (V ∨ ⊗ L), with


d0
Ók ∨
•
∨
L = 0 → OX −−→ V ⊗ L → · · · →
(V ⊗ L) → 0 .
We need a description of d0 . The complexes K • and L • are dual to each other
via the natural pairing
Ë Ók−i ∨
Ói
V ⊗ L∨
V ⊗ L −→ O.
In particular, the derivative d0 in L • , like the last derivative in K • , comes
from the evaluation map H 0 (X, L) ⊗ OX → L. We now tensor L • with any
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locally free sheaf F and consider the complex H q (X, L • ⊗ F). Its cohomology group in degree 0 is nothing but the kernel of the cup product map
H q (X, F) → Hom(V, H q (X, L ⊗ F)), as follows from the description of the
0,q
derivative d0 . This cohomology group is also the term 0 E2 of the first spectral
sequence for the hypercohomology of the complex L • ⊗ F, as introduced in
Section 6.2. We first show how a consideration of the second spectral sequence
leads to vanishing of the hypercohomology.
Lemma 8.1.2. If no component of the base locus of V ⊂ H 0 (X, L) has codimension ≤ `, the hypercohomology groups Hq (L • ⊗ F) vanish for q < ` and
F any locally free sheaf on X.
Proof The base locus having codimension ≤ `, the Koszul complex K • is
exact up to degree ` (see Problem 7.2.2). Hence, the complex L • ⊗ F is also
exact up to this degree. The second spectral sequence
00

p,q

E2

= H q (X, H p (L • F)) =⇒ H p+q (X, L • ⊗ F)

then shows that the hypercohomology vanishes for p + q < `.



Now we look at the first spectral sequence, which is more relevant for our
problem, as we indicated above.
0

p,q

E2

= H p (H q (X, L • ⊗ F), d) =⇒ H p+q (X, L • ⊗ F).

We have an exact sequence (Problem 7.1.1 in Chapter 7)
0 → E21,0 → H1 → E20,1 → E22,0 → H2,
which translates into
hdR

1
0 → HdR
(L • ⊗ F) −−−→ H1 (L • ⊗ F) → Ker[H 1 (F) → Hom(V, H 1 (F ⊗ L))]
hdR

2
→ HdR
(L • ⊗ F) −−−→ H2 (L • ⊗ F).

From Lemma 8.1.2 we conclude the following.
Proposition 8.1.3. If the base locus of V ⊂ H 0 (X, L) does not contain a divisor,
there is an injection


2
(L • ⊗ F).
Ker H 1 (F) → Hom(V, H 1 (F ⊗ L)) ,→ HdR
This is an isomorphism if the base locus of V has no components of codimension
≥ 2.
We derive the following corollary.
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Corollary 8.1.4. Suppose that the base locus of V ⊂ H 0 (X, L) does not contain
a divisor. Then, the cup product map
H 1 (F) → Hom(V, H 1 (F ⊗ L))
is injective whenever the second de Rham group of the complex L • ⊗ Fvanishes.
We apply this to the situation where the canonical bundle is of the form ΩnX =
` > 0 and we arrive at the following result from Lieberman et al. (1977).

L ⊗` ,

Theorem 8.1.5. Let X be a compact complex manifold with KX = L ` , ` > 0.
Assume that no component of the base locus of H 0 (X, L) has codimension 1.
Then the cup product map


H 1 (ΘX ) → Hom H 0 X, ΩnX , H 1 Ωn−1
X
2 (L • ⊗ (Θ ⊗ L i )) vanish for
is injective whenever the de Rham groups HdR
X
i = 0, . . . , ` − 1.
2 (L • ⊗ (Θ ⊗ L i )) = 0, i = 0, . . . , ` − 1. Assume that
Proof Suppose that HdR
X
there exists a nonzero α ∈ H 1 (ΘX ) such that σ · α = 0 in H 1 (Ωn−1
X ) for all
σ ∈ H 0 (X, L ` ). Pick now j minimal (1 ≤ j ≤ `) such that multiplication
with H 1 (L j ) kills α in H 1 (ΘX ⊗ L j ) and fix τ ∈ H 0 (X, L j−1 ) with α · τ , 0.
Such an element τ defines a nonzero element in Ker H 1 (ΘX ⊗ L j−1 ) →

2 (L • ⊗ (Θ ⊗ L j−1 )) , 0, contradicting
Hom(H 0 (L), H 1 (ΘX ⊗ L j )) and so HdR
X
our assumption.


Corollary 8.1.6. Let X be a compact projective manifold of dimension n with
KX = L `, ` > 0 and such that no component of the base locus of H 0 (KX ) is
a divisor. If H 0 (Ωn−1
X ⊗ L) = 0, the infinitesimal Torelli theorem holds with
respect to the n-forms.
Proof We have H 0 (ΘX ⊗ L `+1 ) = H 0 (Ωn−1
X ⊗ L) = 0. Fix a nonzero section of L. It defines an injection ΘX ⊗ L j → ΘX ⊗ L `+1 for j < `; hence
H 0 (ΘX ⊗ L `+1 ) = 0 implies the vanishing of all the groups H 0 (ΘX ⊗ L j ) = 0
2 (L • ⊗ [Θ ⊗ L i ]) = 0 for i < `.
with j < ` + 1; hence HdR

X
As a first application, we look at complete intersections in projective space.
Theorem 8.1.7. Let X be a smooth complete intersection of dimension n in
Pn+r . Assume that k = 1 or k < 0. If p + q ≤ n − 1 and (q, p) , (0, 0), we
p
have H q (ΩX (k)) = 0. Consequently, by Corollary 8.1.6, when, moreover, KX
is ample, infinitesimal Torelli holds.
Proof Induction on r. For r = 0 this follows from Bott’s vanishing theorem 7.2.3. Assume that the assertion is true for X and we wish to show it for
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Y := X ∩H, where H is a hypersurface of degree d ≥ 2 meeting X transversally.
From the exact sequence defining the conormal bundle OY (−d) of Y in X,
0 → OY (−d) → Ω1X Y → ΩY1 → 0,
we derive the exact sequences
q−1

q

q

0 → ΩX (−d + k) → ΩX (k) Y → ΩY (k) → 0
p

p−i

and we see that H q (ΩY (k)) = 0 provided H q+i (ΩX (k − di)|Y ) = 0 for i = 0, 1.
The exact sequences
p−i

p−i

p−i

0 → ΩX (k − d(i + 1)) → ΩX (k − di) → ΩX (k − di) Y → 0
show that for any integer i with i = 0, . . . , p this group vanishes if


p−i
p−i
H q+i ΩX (k − di) = 0 = H q+i+1 ΩX (k − d(i + 1)) .

(∗)

One immediately checks that we are in the correct range of indices in order to
apply the induction hypothesis and we conclude that (∗) holds.

When KX is no longer ample, infinitesimal Torelli is almost always true: by
Flenner (1986, Theorem 2.1) infinitesimal Torelli holds for complete intersections X of dimension n and degree d in Pn+r except in the following cases
where it fails:
(i) r = 1, d = 3, n = 2 (cubic surfaces);
(ii) X an even-dimensional complete intersection of two quadrics.
Similar techniques can be applied to complete intersections in weighted projective space P(e0, . . . , en+r ) (the quotient of Cn+r+1 −0 by the action of C∗
given by t · (x0, . . . , xn+r ) = (t e0 x0, . . . , t en+r xn+r )). Here, as we have seen in
Section 5.7, infinitesimal Torelli is false in general. On the positive side we
have the following.
Theorem 8.1.8. Let Y = P(1, 1, d2, . . . , dn+r ) and let z0, . . . , zn+r be homogeneous coordinates. Let X be an n-dimensional smooth complete intersection in
Y (n ≥ 2) with ample canonical bundle and assume that z0 = z1 = 0 defines a
codimension 2 subvariety of X. Then infinitesimal Torelli holds for X.
Proof This follows from Corollary 8.1.6. We take L = OX (1) and observe
that the linear system |L| contains the pencil λz0 + µz1 , which by assumption
has no fixed locus of codimension 1 on X. The required vanishing theorem
can be shown as in the previous example. See Usui (1976) for details (see also
Problem 8.1.2).
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The first statement covers the case of m-fold coverings of Pn with ample
canonical bundle. One takes e0 = · · · = en = 1, en+1 = d and X a hypersurface
of degree (dm, . . . , dm, m) and chooses the homogeneous coordinates carefully.

Problems
8.1.1

8.1.2

Give an elementary proof that H p (L • ) = 0 if the base locus of V has
no component of codimension ≤ p + 1 in case p = 0, p = 1. (This is
all we need for the application in Theorem 8.1.5.)
Let Y = P(1, 1, d2, . . . , dn+r ) and let X be an n-dimensional smooth
complete intersection in Y (n ≥ 2). Show that H 0 (Ωn−1
X (1)) = 0.

8.2 Global Torelli Problems
Let S be a manifold over which we have a real variation of Hodge structure
with monodromy group Γ and period map
P : S → Γ/D.
Let us recall the original version of the Torelli problem.
Problem (The global Torelli problem). Is it true that within a given class of
varieties the periods classify its members (up to isomorphism)?
This should be stated more precisely since the periods depend on the choice
of a basis for the cohomology and Hodge filtration. What we mean here is
that up to these choices the period matrix uniquely determines the variety up
to isomorphism. In other words, given an isomorphism of polarized Hodge
structures H w (X) ' H w (Y ), is is true that X and Y are isomorphic?
The classical Torelli theorem (see Torelli, 1913) states that this is indeed the
case for smooth projective curves. One can rephrase this theorem by saying
that for such a curve C, the isomorphism class of the polarized Hodge structure
on H 1 (C) determines C up to isomorphism, or, equivalently, that the jacobian
J(C) together with its polarization determines C, again up to isomorphism. Let
us next discuss some other important examples.
Examples 8.2.1. (i) First of all, note that giving a weight 1 Hodge structure on
a real vector space H is the same as giving its Weil operator, which in this case
is an almost complex structure. Conversely, such an almost complex structure
J defines a decomposition of H ⊗ C in two complex conjugate eigenspaces
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and hence a weight 1 Hodge structure. If H = HZ ⊗ R and one has an integral
polarized weight 1 Hodge structure on H, the torus H/HZ with the complex
structure given by the Hodge structure is an abelian variety: the polarization of
the Hodge structure is a polarization for the complex torus. The Torelli problem
then becomes trivial: polarized abelian varieties up to isomorphism correspond
exactly to isomorphism classes of polarized weight 1 Hodge structures.
(ii) Let us consider K3 surfaces. Abelian varieties of dimension 2 are related
to K3 surfaces and indeed for these the Torelli problems are related. Recall
that a K3 surface is a simply connected Kähler surface S with KS trivial. In
Section 1.3 we considered the example of a double plane branched in a smooth
sextic curve. There are many more examples, like the smooth quartic surfaces
in P3 or complete intersections of three quadrics in P5 . For this discussion,
another class of K3 surfaces is more relevant; the so-called Kummer surfaces.
These are defined to be the minimal resolutions of quotients of two-dimensional
complex tori T by the natural involution ι sending x to −x. Such quotients acquire precisely 16 ordinary double points in the two-torsion points of T. Since
T need not be algebraic, neither does T/hιi or its minimal resolution Km(T). So
there are indeed non-algebraic K3 surfaces. Coming back to algebraic Kummer
surfaces, how can these be linked to the Torelli theorem for the corresponding
abelian variety when the former, as any K3 surface, have no H 1 at all? Here
one should keep in mind that for complex tori T the total cohomology is generated by H 1 (T; Z) and for Kummer surfaces H 2 (T; Z) is naturally embedded
in H 2 (Km(T); Z). Indeed, this idea forms a principal step towards proving a
Torelli theorem for K3 surfaces which we now formulate. For a proof as well
as for further details and historical background of what we are about to discuss,
we refer to Barth et al. (1993, Ch. VIII).
Theorem. Let S and S 0 be two K3 surfaces. Suppose that there exists a Hodge
isometry, i.e., an isomorphism H 2 (S 0; Z) → H 2 (S; Z) of Hodge structures
preserving the cup product pairing. Then S and S 0 are isomorphic.
Here we recall that all K3 surfaces are Kähler so that the cohomology does
have a Hodge structure. Also note that a Hodge isometry is not the same as a
morphism of polarized Hodge structures: for the latter we have to fix a Kähler
class and split off the primitive cohomology, but then we lose the Z-structure
in general. Compare Example 4.4.5(ii).
The above theorem can be used to describe various moduli spaces for K3
surfaces. Since this plays some role in other parts of the book, let us briefly
take this up. First remark that for any K3 surface S Serre duality and the fact
that KS is trivial imply that h j (ΘS ) = h2−j (Ω1S ). In particular, H 2 (S, ΘS ) = 0
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which, as we have seen (Theorem 5.1.1), implies that the Kuranishi space of S
is smooth of the expected dimension h1 (ΘS ) = h1 (Ω1S ) = 20. So one expects
a moduli space M of dimension 20. As we have seen, the period domain D
for K3 surfaces is the domain IV20 , of the same dimension. Since local Torelli
holds, the moduli space M locally around a point [S] maps isomorphically to a
neighborhood of P(S) in D, where P is the period map for the Kuranishi family
for S. To make this precise we first need to establish the isomorphism class of the
lattice H 2 (S; Z) equipped with the intersection pairing qS . Here surface theory
comes to our aid: qS is isometric to the unique even lattice 1 of signature (3, 19).
Let us call it the K3-lattice Λ. A marking for S is the choice of an isometry
∼
H 2 (S; Z) −→ Λ. Via this marking the lattice Λ receives a Hodge structure and so

D = [x] ∈ P(Λ ⊗ C) x 2 = 0, x 2 > 0
parametrizes marked K3 surfaces. The orthogonal group of Λ permutes the
markings. It does not act discretely on D. This changes for algebraic K3 surfaces. You find them back inside D as follows: fix a primitive vector 2 ` ∈ Λ
with ` 2 = 2d > 0. Then surfaces for which ` corresponds to an ample class
(under the marking) have periods on the hyperplane orthogonal to `, say
D` = D ∩ ` ⊥ ⊂ P(Λ ⊗ C).
The group Γ` of isometries of Λ fixing ` this time does operate properly discontinuously on D and the quotient space
M` = Γ` \D`
turns out to be the quasi-projective 19-dimensional moduli spaces M` for algebraic K3 surfaces with a polarization of class `. Roughly speaking, the period
map is an isomorphism for these. Of course, some care should be exercised; the
precise statement is a bit more involved. We refer to Barth et al. (1993, Chapter
VIII, § 22) for details.
(ii) A hyperkähler manifold is a simply connected Kähler manifold with a
unique holomorphic two-form which is everywhere nondegenerate. Here we
recall that a two-form σ on a complex manifold X is nondegenerate in a point
p ∈ X if the bilinear skew form that σ defines on Tp X is nondegenerate. This
forces dim X to be even, say dim X = 2n. Also, the n-fold wedge product of
σ then gives a nowhere zero section of the canonical bundle: KX is trivial.
If n = 2 one finds back the definition of a K3 surface. The uniqueness of σ
implies that h2,0 (X) = h0,2 (X) = 1 and so the period domain resembles the one
1
2

A lattice with quadratic form q is even if q(x, x) ∈ 2Z for all x in the lattice.
This means that ` is not a nontrivial multiple of an element from the lattice Λ.
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for K3 surfaces. The polarization which we usually employ is only defined on
primitive cohomology: using a Kähler form ω it is defined by
∫
2
b(u, v) =
u ∧ v ∧ ω2n−2, u, v ∈ Hprim
(X).
X

This form of course can be extended to all of H 2 (X) by declaring the class
2 (X). However, it is not clear that we obtain a form
of ω orthogonal to Hprim
which is rational on rational cohomology. To remedy this, one replaces b by
the Beauville–Bogomolov form qX ; it is integral on all of H 2 (X; Z) and has
signature (3, b2 (X) − 3). It is defined as 3 (see Beauville, 1983).
1
qX (u, v) = q0 (u, v) + (q1 (u, v) + q1 (v, u)),
2
∫
n
q0 (u, v) =
σ n−1 ∧ σ̄ n−1 ∧ u ∧ v,
2 X
∫
∫
q1 (u, v) = (1 − n) ·
σ n−1 ∧ σ̄ n ∧ u ·
σ n ∧ σ̄ n−1 ∧ v.
X

X

Hence, we obtain a lattice
Λ(X) = (H 2 (X, Z), qX ).
Contrary to K3 surfaces, the lattices Λ(X) need not be isometric to a fixed one
when X varies over the class of hyperkähler manifolds. Still, one can fix an
isometry class of an integral lattice, say Λ of signature (3, b − 3) with which
we associate a period domain
DΛ = {x ∈ P(ΛC ) | q(x) = 0, q(x, x̄) > 0} ,
'

a connected manifold of dimension b−2. A marking is an isometry Λ(X) −→ Λ
and one lets MΛ be the moduli space of Λ-marked hyperkähler manifolds. In
general it may have many components. Fix one and continue to denote it MΛ .
Clearly, there is a holomorphic period map
pΛ : MΛ → DΛ .
This map is a local biholomorphic map (Beauville, 1983) but there is also a
global statement.
Theorem (Huybrechts, 1999; Verbitsky, 2013). The period map pΛ is a generically injective and surjective holomorphic map.
Remark. It is known that pΛ is in general not injective although it is in the
bimeromorphic sense.
3

In Beauville (1983) it is explained that this form restricts on primitive cohomology to a
multiple of b.
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Apart from these examples the global Torelli problem is wide open and so
one might ask for a less stringent demand. This leads to the following version
of the problem.
Problem (The generic Torelli problem). Is it true that the generic fiber 4 of the
period map for a given projective family consists of points corresponding to
isomorphic varieties?
If U is a connected and simply connected neighborhood of s ∈ S we can locally lift P to a period map P̃ : U → D. The associated infinitesimal variation
of Hodge structure at a point s ∈ S is nothing but the derivative of the period
map at s. Now we can formulate our third global problem.
Problem (The variational Torelli problem). Can one reconstruct the generic
fiber in a projective family up to isomorphism from its infinitesimal variation
of Hodge structure?
Clearly, if variational Torelli holds, generic Torelli holds.
Example 8.2.2. Consider a projective family of curves of genus ≥ 5 which
is everywhere locally complete (i.e., the Kodaira–Spencer map is surjective).
We saw in Chapter 5 that we can reconstruct the curve from its infinitesimal
variation, at least if C is not hyperelliptic, trigonal, or a plane quintic. This
is generically the case in any complete family if the genus is ≥ 5. So generic
Torelli holds in this case.
We want to reformulate the variational Torelli problem in a more geometric
and suggestive fashion by introducing the prolongation of the period map. If
the rank of the lifted period map is constant and equal to r and G(r, T D) is the
Grassmannian bundle over D of dimension r subspaces of the tangent bundle
g : U → G(r, T D) by letting PP(s)
g be the
of D we define the prolongation PP
subspace dP(TS,s ) of TD,P(s) . If the period map only has generically rank r, we
can use these local liftings to construct the prolongation over the dense set of S
where the period map has rank r. Then we divide out by the natural left-action
of the monodromy group on G(r, T D) to obtain a meromorphic prolongation
of the period map:
PP : S9999K Γ\G(r, T D).
Suppose now that the infinitesimal (real) variation of Hodge structure is entirely determined by giving the image of the tangent map. This is the case, for
instance, if the infinitesimal Torelli theorem is true. Then the variational Torelli
problem can be reformulated as follows.
4

By “generic" we always mean outside a proper analytic subset.
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Problem (The variational Torelli problem (bis)). Is it true that the generic fiber
of the prolongation map of the period map for a given projective family consists
of points corresponding to isomorphic varieties?
It is clear that this form of variational Torelli implies generic Torelli (“principle of prolongation").
In applications to projective families which lead to moduli spaces we need
a more sophisticated version of the principle of prolongation, which we now
formulate.
Theorem 8.2.3 (Principle of prolongation). Let X and Y be complex manifolds,
not necessarily connected, and let f : X → Y be an analytic map of constant
rank r. Let G(r, TY ) be the bundle of Grassmannians of r-dimensional subspaces of the tangent bundle TY and let F : X → G(r, Y ) be the prolongation
of f , i.e., F(x) = ( f (x), df (TX,x )). There is a thin subset T of X consisting
of fibers of f (i.e., T = f −1 f (T) is contained in a countable union of proper
analytic subsets of X) such that outside of T the fibers of f and F coincide.
Proof Introduce the subvarieties
∆ f = {(x, x 0) ∈ X × X | f (x) = f (x 0)} ,
∆F = {(x, x 0) ∈ X × X | F(x) = F(x 0)}
of X × X and let p1, p2 be the two projections of X × X to X. We then set
E := ∆ f − ∆F ,

T = p1 (E).

We claim that E has codimension > r in X × X and, since f has rank r, any
component of T is a proper subvariety of X. This would prove the proposition.
To prove the claim, let (x, x 0) ∈ E and y = f (x) = f (x 0). We can choose small
complex neighborhoods U of x and U 0 of x 0 such that
f : U → V ⊂ Y,

f : U0 → V 0 ⊂ Y

are submersions onto r-dimensional submanifolds V, V 0 of Y in a neighborhood
of y. Because dfx , dfx0, it follows that dim y (V ∩V 0) < r. Because g = f ◦ p1 |∆ f
has fibers of codimension 2r in X × X and because g(E ∩ U × U 0) ⊂ V ∩ V 0,
it follows that E has codimension > r in X × X at (x, x 0). This settles the claim
and completes the proof of the proposition.


8.3 Generic Torelli for Hypersurfaces
Using the same notation as before, we let Ud,n be the base space of the universal
family of smooth hypersurfaces of degree d in Pn+1 = P(V ∨ ), where V has a
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basis {e0, . . . , en+1 } and the dual basis {z0, . . . , zn+1 } for V ∨ gives homogeneous
coordinates on Pn+1 . Set
S := C[z0, . . . , zn+1 ].
Any smooth hypersurface X of degree d in Pn+1 can be given by a polynomial
F ∈ S d with the property that the generators ∂F/∂z0, . . . , ∂F/∂zn+1 of the
Jacobian ideal jF form a regular sequence. Let
RF := S/jF .
Let us translate Macaulay’s theorem (Theorem 7.4.1) in the present situation.
The number ρ in this case equals (d − 2)(n + 2). We find the following.
Lemma 8.3.1. The multiplication map
RFa × RFb → RFa+b
is nondegenerate if a + b ≤ (d − 2)(n + 2).
Let us first explain how we can apply Donagi’s symmetrizer method to data
coming from the infinitesimal variation of Hodge structure. We have computed
n−p, p
n−p−1, p+1
the cup product map T × Hprim → Hprim
, where T is the subspace of
1
H (ΘX ) corresponding to the infinitesimal deformations of X that stay inside the
projective space (Proposition 5.4.1). From Lemma 8.3.1 it follows that the infinitesimal variation of Hodge structure at F gives us vector spaces W i plus iso∼
morphisms µi : RFi −→ W i for i = d, t(p) = d(n−1+p)−n−2, t(p+1) = t(p)+d
and a bilinear map Bt(p),d : W d × W t(p) → W d+t(p) , which make the following
diagram commutative:
t(p)

multiplication

−−−−−−−−−−→
RFd × RF
 µd ×µt (p)
y

W d × W t(p)

Bt (p), d

−−−−−−→

t(p)+d

RF

 µt (p)+d
y

W t(p)+d .

The symmetrizer construction now comes into play. It starts from a bilinear
map B : U × V → W between vector spaces. Introduce
Sym(U, V) = {P ∈ Hom(U, V) | B(u, P(u 0)) = B(u 0, P(u))
for all u, u 0 ∈ U}
and the natural bilinear map
B− : Sym(U, V) × U → V
given by B− (P, u) = P(u). We refer to (Sym(U, V), B− ) as the symmetrizer of B.
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Using this construction, let us define a sequence of bilinear maps
Bai ,bi : W ai × W bi → W ai +bi
inductively, starting with a1 = t(p), b1 = d. The pairs (ai, bi ) follow the Euclidean algorithm, beginning with the pair (a1, b1 ). For each i ≥ 1 we define (W ai+1 , Bai+1,bi+1 ) as the symmetrizer of Bai ,bi . The sequence stops when
ai = bi = e, where
e = gcd(d, n + 2) = gcd(t(p), n + 2).
We can compare this construction with the multiplication maps between the
corresponding graded pieces of the ring RF . To do so, we observe that Donagi’s
symmetrizer lemma (Lemma 7.4.4) can be rephrased in this special case in the
language of symmetrizers, as follows.
Lemma 8.3.2. Consider the multiplication map RFa × RFb . The natural map
RFb−a → Sym(RFa , RFb ) is an isomorphism provided a > 0, (d − 2)(n + 2) >
max(a + b, b + d).
Corollary 8.3.3. Assume that t(p) < d and (d − 2)(n − 1) ≥ 3. Moreover, if
d = 3 we should have n ≥ 5. There are commutative diagrams
multiplication

RFai × RFbi −−−−−−−−−−→
 µa ×µb
y i i

W ai × W bi

Bai , bi

−−−−−−→

RFai +bi
 µa +b
y i i

W ai +bi ,

where the vertical arrows are isomorphisms.
Proof By induction, the maps µbi and µai +bi are defined, W ai is a subset of
Hom(W bi , W ai +bi ), and Bai ,bi is just evaluation, so that µai is uniquely defined
ai
bi
by µai (P)u = µai +bi (P · µ−1
bi (u)) for any P ∈ RF and u ∈ W . Observe that
the numerical condition on t(p), n, and d implies that (d − 2)(n + 2) > 2d, and
because W ai is the symmetrizer of W ai × W ai +bi → W 2ai +bi , commutativity
of the diagram implies that µai is an isomorphism. At the last stage we have
to verify that the two vector spaces W e occurring are actually the same. This
follows by repeating the construction once more and observing that RF0 and W 0
are one-dimensional and so can be identified by choosing a generator.

Now we are ready to state and prove our main theorem.
Theorem (Torelli Theorem for projective hypersurfaces). A smooth hypersurface X of degree d in Pn+1 can be reconstructed up to projective equivalence
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from the image of the derivative of the period map at X, except possibly in the
following two cases:
d is a divisor of 2(n + 2);
d = 3, n = 2 (cubic surfaces).
Proof Step 1: reduction to (d − 2)(n − 1) ≥ 3. Observe that hyperplanes and
quadrics have no moduli, so we can assume that d ≥ 3; for plane cubic curves
the result is trivial, whereas it is false (and excluded) for cubic surfaces, and
known for threefolds (Clemens and Griffiths, 1972). For plane curves of degree
4 or more the result follows from the Torelli theorem plus the uniqueness of
a nonsingular gd2 (see Accola, 1979). Finally the case of quartic surfaces is a
special case of the global Torelli theorem for K3 surfaces (see Barth et al.,
1993, Chapter VIII).
For the remainder of the proof we take p maximal so that H p,n−p , 0, and
then t := t(p) is as small as possible:
n + 2 = (n − p + 1)d + t, 0 ≤ t ≤ d − 1.
It follows that we can apply Corollary 8.3.3. Recall that e = gcd(d, n + 2) and so
e < d − 1 because d is not a divisor of n + 2 and d > 2. So Re = S e and we have
an isomorphism µe : S e → W e which we would like to be able to reconstruct.
Step 2: reconstruction of µe if 2e < d − 1. In this case R2e = S 2e and we can
go back to the diagram of Corollary 8.3.3 with ai = bi = e. Formally, we have
the following lemma.
Lemma. Let V be a vector space and let
B : S 2 (S t V ∨ ) → S 2t V ∨
be the multiplication map. Let s : P(V) → P(S t V) be the Veronese embedding.
The ideal of the image of s is generated by quadrics, i.e., by Ker B.
Proof Ker B is the system of quadrics through the Veronese image. We need
to show that any point in the intersection of these quadrics also belongs to the
Veronese image. If z0, . . . , zn is a basis for V ∨ , the monomials zI , |I | = t give a
basis for S t V ∨ and Ker B is spanned by zI zJ − zK z L, |I | + |J | = |K | + |L| = 2t.
Let p be any point in the intersection of these quadrics; then there is a unique
point q ∈ P(V) with zi (q) = (z0...0i (p)), i = 0, . . . , n.

Corollary. Up to an automorphism of S 1 , the isomorphism µe : S e → W e can
be recovered from the infinitesimal variation of Hodge structure.
Proof

The map Be,e determines the Veronese Y in P(W e )∨ and so, if we make
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a choice for the identification PV ∨ = Y , we again find µe as the inverse of the
restriction map
∼

∼

W e = H 0 (P((W e )∨ ), O(1)) −→ H 0 (Y, O(1)) −→ H 0 (P(V ∨ ), O(e)) = S e .



Step 3: reconstruction of µe if 2e ≥ d − 1. Observe that the numerical restrictions imply that now either e = 1 or d = 2e. In the first case, we can fix µe
arbitrarily and we are done. So we assume that e > 2 and d = 2e. We now first
use the existence of the commutative diagram of Corollary 8.3.3 in the case of
ai = e, bi = 2e together with the previous diagram. These give a diagram
Ó2 e
RF ⊗ RFe → RFe ⊗ RF2e → RF3e
 2
↓ µe ⊗ µ2e
↓ µ3e
y ∧ µe ⊗µe

Ó2 e
W ⊗ W e → W e ⊗ W 2e → W 3e .
Observe that we can apply Corollary 7.3.6 with k = 2e, d = e, c = 1. It follows
that we can identify those hyperplanes µe (V) of W e which correspond to subsystems V of |OPn+1 (e)| which have a (unique) base point. The points in P(W e )∨
corresponding to these hyperplanes form the Veronese and as before we can
recover the isomorphism µe .
Step 4: reconstruction of the Jacobian ideal.
Using µe we want to go back to the diagrams of Corollary 8.3.3 and this
time we reverse the direction of the induction so that it goes up in order to
reconstruct the maps µai . So we apply decreasing induction on i to get the
commutative diagrams
multiplication

S ai × S bi −−−−−−−−−−→
 µa ×µb
y i i

W ai × W bi

Bai , bi

−−−−−−→

S ai +bi
 µa +b
y i i

W ai +bi ,

where each µai +bi is induced from µai , µbi and is surjective. Indeed, the existence of the maps µ and the natural quotient maps S ai → RFai guarantees that
µai +bi is well defined.
Going all the way to i = 1 we construct the map µd , whose kernel is precisely
the Jacobian ideal in degree d. We then find the Jacobian ideal in degree d − 1
by Macaulay’s theorem.
Step 5: Completion of the proof: reconstruction of F from the Jacobian ideal.
We prove the following.
Claim. Let F, G ∈ S d, d ≥ 2 and assume that their partial derivatives span the
same subspace of S d−1 . Then F and G are related by a linear transformation
of the coordinates.
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Let us prove this claim. We may assume that the rank of the subspace
spanned by the partial derivatives of F is maximal, equal to n + 1. For, if
Í
j α j ∂F/∂z j = 0 is any relation, F is constant along lines parallel to the
vector (α0, . . . , αn+1 ) and we can make a linear change of variables to change
these relations into ∂F/∂z j = 0, j = k + 1, . . . , n + 1, so that F (and hence G)
depends only on the first k + 2 variables, and span a subspace of rank k + 2.
The assumption on the rank now implies that for some invertible n + 2 by
n + 2 matrix B we have
∂G/∂z0
∂F/∂z0
©
©
ª
ª
.
..

® = B
®
..
.


®
®
∂G/∂z
∂F/∂z
,
n+1 ¬
n+1 ¬
«
«
which we abbreviate as ∇G = B◦∇F.
Whenever B1 (t) := (1 − t(1 − B)) is invertible, we put B(t) = d −1 (1 −
B) · B1 (t)−1 and let TB(t) be its transpose. Choose
∫ a path γ(t) from 0 to t
along which B1 (t) is invertible and set C(t) = exp γ(t) TB(τ)dτ. Finally, define
Φ(z, t) = (1 − t)F(z) + tG(z). We claim
Φ(C(t)z, t) = F(z) for all t.

(8.1)

If we can show this, it will follow that F(z) = G(C(1)z), i.e., F and G are
related by a linear transformation and we are done.
It suffices to show that ∂/∂t{Φ(C(t)z, t)} = 0, because C(0) = 1 and
Φ(z, 0) = F(z). Setting x = C(t)z we calculate
∂/∂t{Φ(x, t)} = −F(x) + G(x)
Õ
+ [(1 − t)∂F/∂z j (x) + t∂G/∂z j (x)]◦(C 0(t)z) j .
j

Euler’s equation gives F(x) = d −1Tx ◦1◦∇F(x) and G(x) = d −1Tx ◦ B◦∇F(x).
Because C 0(t)z = TB(t)◦C(t)z = TB(t)x, we find
∂/∂t{Φ(x, t)} = Tx[−d −1 (1 − B) + B(t) · (1 − t(1 − B))]◦∇F(x).
This vanishes by the definition of B(t). This proves (8.1) and hence the
Claim.


8.4 Moduli
We have seen that any deformation of a given compact complex manifold can be
pulled back from the Kuranishi family which is the best substitute one has for a
universal family. Even if this family is everywhere universal (such as for curves
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or for hypersurfaces) its base does not parametrize the isomorphism classes of
the fibers. This is because of the presence of nontrivial automorphisms which
act nontrivially on the Kuranishi family. Let us illustrate this with an example.
Example 8.4.1 (Elliptic curves). Here we continue the discussion started in
Chapter 1, Remark 1.1.8. The group Z2 acts on the product of the upper halfplane h and the plane C as follows:
(n, m)◦(τ, z) = (τ, z + n + mτ).
The quotient U is a complex manifold and the projection onto h realizes it as a
family of elliptic curves. The group SL(2, Z) acts on the upper half-plane h in
the usual manner:


aτ + b
a b
.
(τ) =
c d
cτ + d
We identify each fiber over τ with R2 by taking the ordered basis {τ, 1}. In this
way, any γ ∈ SL(2, R) defines a linear isomorphism from the fiber over τ to
the fiber over γ(τ). It is obvious that this defines an action of SL(2, Z) on h × C
which descends to U. Since two elliptic curves Uτ and Uτ0 are isomorphic if
and only τ = γ(τ 0) for some γ ∈ SL(2, Z), the quotient variety SL(2, Z)\h (the
j-line) represents the isomorphism classes of elliptic curves. However, elliptic
curves all have the nontrivial automorphism x 7→ −x, and so SL(2, Z)\U is not
a family of elliptic curves and we have no universal family.
In the preceding example, the j-line P1 parametrizes in a natural fashion the
isomorphism classes of elliptic curves, and for any family of elliptic curves
over a base B, the map which sends s ∈ S to the j-invariant of the fiber over s
is a holomorphic map j : B → P1 . This can be formalized as follows. Suppose
one has a given set M of complex manifolds together with an equivalence relation ∼, e.g., curves of genus g, with isomorphism between them, hypersurfaces
of given degree in a fixed projective space under projective equivalence, the
set of complex structures on a given differentiable manifold with equivalence
complex-analytic isomorphism, etc.
The corresponding moduli problem is to find a complex space M whose
points correspond uniquely to the equivalence classes of objects in M. Moreover, if one has a family F of objects in M over a complex space S, the map
φ(F) : S → M sending a point s ∈ S to the point in M corresponding to the
equivalence class of the fiber Fs of F over s should be analytic. Ideally, M
should have a universal family of objects in M over it and in this case we call
M a fine moduli space. Usually this is too much to ask for, as we saw in the
previous example and one has to be content with a weaker notion, that of a
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coarse moduli space. To define the latter formally, we first have to recall what
a natural transformation T : F1 → F2 is between functors F1, F2 : C → D
relating the same categories in a contravariant way: it is a collection of morphisms T(S) : F1 (S) → F2 (S), one for each object S in C, such that for every
morphism f : S → S 0 we have T(S 0)◦F1 ( f ) = F2 ( f )◦T(S).
Next, we must assume that we can extend the notion of the given equivalence
relation to families of varieties in M in such a way that equivalent families
induce equivalent families when we pull them back. So we can now consider
the set F(S) of equivalence classes of families over S with objects on M. These
define a functor
F : {analytic spaces} → {sets} .
The set of morphisms from S to an analytic space M will be denoted by
H M (S). These define a second functor H M between the same categories. The
maps φ(F) : S → M we introduced above define a natural transformation
Φ : F → HM .
If this is a bijection, we say that the functor F is represented by M and in this
case we have a fine moduli space. The family over M corresponding to the
identity morphism of M can be seen to have the obvious universality property
we required for a fine moduli space. The definition of a coarse moduli space
runs as follows.
Definition 8.4.2. A coarse moduli space for (M, ∼) consists of an analytic
space M whose points correspond bijectively to (M/∼) such that
(i) for any family F of manifolds in M parametrized by an analytic space S the
map φ(F) : S → M sending a point s ∈ S to the point in M corresponding
to the equivalence class of the fiber Fs of F over s is a morphism of analytic
spaces, and
(ii) for any analytic space N and any natural transformation Ψ : F → H N the
map on points µ : M → N induced by Ψ(point) is a morphism.
The usual definition is stated entirely in categorical terms. For completeness
we give it here.
Definition 8.4.3 (Alternative definition). A coarse moduli space for (M, ∼)
consists of an analytic space M together with a natural transformation Φ : F →
H M such that
(i) Φ(point) : F(point) = (M/∼) → H M (point) = M is bijective, and
(ii) for any analytic space N and any natural transformation Ψ : F → H N there
exists a natural transformation χ : H M → H N such that Ψ = χ◦Φ.
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To see the equivalence, note that Φ(S)(F) is the morphism which on points
coincides with the map we denoted by φ(F). Moreover, µ defines the required
natural transformation upon setting χ(S)(φ) = µ◦φ. Conversely, one finds again
µ since µ = χ(M)(id M ). The advantage of this definition is that it can be easily
modified to work within the categories of projective varieties, schemes, etc.
There is a framework in which moduli spaces can be seen to exist, namely
when we consider equivalence classes defined by the action of an affine algebraic group G, e.g., G = GL(n, C), G = SL(n, C) on a variety H, over which we
have a family in which every manifold in M appears and which is locally complete at every point. The construction of a coarse moduli space for the original
moduli problem then can be reduced to the problem of whether a good quotient
for the G-action on H exists, as we shall see now. Let us introduce the following.
Definition 8.4.4. A categorical quotient of H by G is a pair (M, φ) consisting
of a variety M and a morphism φ : H → M which is constant on G-orbits and
which has the obvious universal property with respect to morphisms ψ : H → N
constant on G-orbits: there should exist a unique morphism χ : M → N such
that χ◦φ = ψ. If in addition fibers of φ consist of exactly one orbit we call
(M, φ) an orbit space.
Clearly, a categorical quotient is determined up to isomorphism. The connection between quotients and coarse moduli spaces can be stated as follows.
Definition 8.4.5 (Construction principle). Suppose there is a family U → H
of manifolds in M in which every manifold of M appears and which is locally
complete at each point of H. Assume that the equivalence relation is induced
by the action of the group G, i.e., h ∼ h 0 if and only if h and h 0 are in the same
G-orbit. An orbit space for the group action on H then gives a coarse moduli
space for (M, ∼).
Proof This is rather straightforward; we outline the argument as given in Newstead (1978, pp. 40–41). We observe that there is a one-to-one correspondence
between morphisms φ : H → M which are constant on G-orbits and natural
transformations Φ : F → H M .
Given Φ, for each family f over H we set φ = Φ(H)( f ). It is constant on
orbits by our assumptions.
Conversely, if we are given φ and a family f 0 : U 0 → H 0, local completeness
of U → H implies that one can cover H 0 by open sets over which g is induced
by a morphism to H. These morphisms can differ by the action of G on overlaps,
but after composing with φ they glue to a morphism Φ(H 0)( f 0). This defines
the natural transformation Φ.
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It is easy to check that the two correspondences φ → Φ and Φ → φ are
inverse bijections.
Next, because our quotient is an orbit space, condition (i) in the alternative
definition 8.4.3 is satisfied. Finally, a categorical quotient also satisfies the
second property.

It is, however, hard to see directly whether categorical quotients exist, except in some special cases, which we discuss now. For simplicity, we let
G = SL(n, C) act linearly on a complex affine space Cn in such a way that
it maps a given affine subvariety H into itself. The coordinate ring R(H) of
H is acted upon by G. By a theorem of Hilbert, the invariant ring is finitely
generated (for a modern proof see Dieudonné and Carrell, 1971) and hence is
the coordinate ring of some affine variety M. The quotient map φ : H → M is
a surjective G-equivariant morphism which has the property that for any open
U in M the pullback via φ induces an isomorphism
∼

φ∗ : O(U) −→ O(φ−1U)G
from the regular functions on U to the G-invariant functions on φ−1 (U). Moreover, φ sends closed G-invariant Zariski-closed sets to Zariski-closed sets; if
these are disjoint, their images remain disjoint.
For proofs consult Newstead (1978, Chapter 3.3). In fact, the proof holds
for reductive groups, a class of groups we need later in Chapter 15 and whose
definition is recalled in Appendix D.
Any pair (M, φ) satisfying the preceding properties is called a good quotient
and if it is an orbit space (see Definition 8.4.4) it is called a geometric quotient
or a GIT-quotient, after the monograph by Mumford (1965). The important fact
concerning these is the following.
Lemma 8.4.6 (Newstead 1978, Chapter 1.3). A good quotient (M, φ) is a
categorical quotient of H by G. Moreover,
(i) the φ-images of two points coincide if and only if the Zariski closures of
their G-orbits intersect,
(ii) if the action of G is closed, then (M, φ) is a geometric quotient, and
(iii) if H 0 := {h ∈ H | Gh is Zariski-closed and dim Gh is maximal}, then
M 0 = φ(H 0) is open in M, and M 0 together with the restriction of φ to H 0 is
a geometric quotient for H 0.
So for linear actions of SL(n, C) on affine varieties, geometric quotients exist.
We want to see whether this is also true for projective varieties. For simplicity,
let us look at a linear action of G = SL(n + 1, C) on a complex vector space V
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of dimension n + 1. Let z0, . . . , zn be a basis for V ∨ and consider
R(G) := C[z0, . . . , zn ]G,
the ring of invariant polynomials. Again, it is finitely generated, say by the homogeneous polynomials P0, . . . , Pm of degrees d0, . . . , dm , respectively. Consider the map z := (z0, . . . , zn ) 7→ (P0 (z), . . . , Pm (z)) sending a point in V to a
point in Cm+1 . To make it well defined on P(V) we have to replace the target
by weighted projective space P(d0, . . . , dm ), i.e., the quotient of Cm+1 − {0} by
the action of C∗ given by t(y0, . . . , ym ) = (t d0 y0, . . . , t dm ym ). Still, a problem
remains; the polynomials P0, . . . , Pm could be 0 in all points of V. An easy
example of this situation is given by the standard action of SL(n, C) on Cn ,
where the only invariant polynomials are constants. In view of this, let us give
the following definition.
Definition 8.4.7. A point z ∈ P(V) is called
(i) semistable if there is a nonconstant invariant homogeneous polynomial
which does not vanish at z, and
(ii) stable if it is semistable and if in addition Gz is Zariski-closed and has
dimension equal to dim G.
So, if we set
Pss (V) := {z ∈ P(V) | z semistable} ,
the map
π : P(V)9999K P(d0, . . . , dm )
given by z := (z0, . . . , zn ) 7→ (P0 (z), . . . , Pm (z)) is a rational map, defined on
Pss (V) with image a certain closed subvariety M of P(d0, . . . , dm ). It is not
difficult to show the following Lemma (see e.g. Newstead, 1978, Ch. 3.4).
Lemma 8.4.8. The morphism π : Pss (V) → M is a good quotient of Pss (V).
The image of the stable points Ps (V) in P(V) under π forms a Zariski-open
subset Ms of M which is a geometric quotient for Ps (V).
This applies, for instance, to families of hypersurfaces, as in the following
example.
Example 8.4.9. Let V be a complex vector space of dimension n + 2. Hypersurfaces in P(V ∨ ) of degree d correspond in a one-to-one fashion to points of
P(S d V). The singular hypersurfaces F correspond to a SL(V)-invariant hypersurface given by the vanishing of the discriminant of F, a polynomial in the
coefficients of F. It follows that the complement Ud,n is an SL(V)-invariant
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affine subvariety of P(S d V), which decomposes into closed orbits. Moreover,
if n ≥ 1 and d ≥ 3 the stabilizer of a point is finite. Indeed, the automorphism
group of the corresponding hypersurface is finite, as we saw in Problem 5.1.5.
It follows that smooth hypersurfaces are always stable points for the action
of SL(V) and a geometric quotient exists. Over P(S d V) we have the obvious
universal family of hypersurfaces {(z, F) ∈ P(V ∨ ) × Ud,n | F(z) = 0}, so this
geometric quotient Ud,n /SL(V) is a coarse moduli space for hypersurfaces of
degree d under projective equivalence. Because there are hypersurfaces with
nontrivial groups of automorphisms, this cannot be a fine moduli space.
We end this section with a reformulation of the generic Torelli problem in
the language of moduli spaces. We are going to rephrase the Torelli problem for
the situation in which we have a coarse moduli space M for a set M of smooth
projective varieties with an equivalence relation ∼. Assume now:
(i) M is the set of fibers of an everywhere locally complete projective family
f : U → H over a connected manifold H with a relative ample line bundle.
(ii) An affine group G acts fiberwise on the family f , and the given relative ample bundle is (up to isomorphism) preserved by the G-action. Furthermore,
the equivalence relation is induced by the action of the group G, i.e., h ∼ h 0
if and only if h and h 0 are in the same G-orbit.
(iii) A categorical quotient H/G exists.
From our previous discussion it follows that M = H/G is a coarse moduli
space for (M, ∼). Because it is a categorical quotient, the period map for the
family f : U → H descends to a holomorphic map PM : M → Γ\D. By
abuse of notation we shall call this map a period map as well. So we arrive at
the following.
Problem (Reformulation of the (generic) Torelli problem). In the preceding
setup, is it true that the period map PM : M → Γ\D is (generically) injective
(i.e., outside a proper analytic subset of M)?
We can now state the main result of this section.
Theorem 8.4.10. If variational Torelli (bis) holds for a family f : U → H as
above, then generic Torelli holds for any discrete subgroup Γ 0 ⊂ GR containing
the monodromy group Γ, i.e., the map
0
PM
: M → Γ 0\D

induced by PM is generically injective.
Proof

First, we can shrink H so that the resulting orbit space M = H/G is
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smooth, the quotient map q : H → M has everywhere maximal rank, and,
finally, the lifted period map τ̃ : H̃ → D from the universal cover H̃ of U to D
has constant rank r. So the map
t : H̃ × Γ 0 → D
defined by t(h, γ) = γ(τ̃h), h ∈ H̃ has a prolongation
T : H̃ × Γ 0 → G(r, T D).
The assumption that variational Torelli holds for U → H just says that the
fibers of T are contained in V × Γ 0, where V is the lift of any G-orbit in H to
the universal cover of H.
Because q has maximal rank, there are local sections to q over a contractible
0
open set, and because the period map P is locally liftable, it follows that PM
0
is locally liftable as well and leads to a holomorphic map P̃ : M̃ → D, where
M̃ is the universal cover of M. Because the fibers of q consist of isomorphic
polarized varieties, we have
dτ̃(TH̃,h ) = dP̃(TM̃,m ),
where h ∈ H̃ and m is any point in M̃ above the image of h under the composition
of the natural projection H̃ → H and q. It follows that P̃0 also has constant rank
and that the infinitesimal variation of Hodge structure at h is determined by m.
Now consider the map
t 0 : M̃ × Γ 0 → D
defined by t 0(m, γ) = γ(P̃0(m)) with prolongation
T 0 : M̃ × Γ 0 → G(r, T D).
It follows that the fibers of T 0 are contained in (fiber of M̃ → M) × Γ 0. By the
principle of prolongation this is true for t 0 as well, at least outside a thin set,
0 : M → Γ 0 \D is injective outside a thin set. We need to see
i.e., the map PM
that this set is actually analytic. A proof of this result must be postponed to
the last part of the book after we have discussed more differential geometry. In
fact, by Corollary 13.7.6 it follows that the period map P0 can be extended to
a proper map over a partial compactification of M.

Example 8.4.11. Let us take for our family the family of all smooth hypersurfaces of degree d in projective space Pn+1 . It follows that the generic Torelli
theorem for this family follows from the already proven variational version.
Remark. In Cox et al. (1987) the reader can find a stronger version of the main
theorem of this section. No assumption about the existence of a coarse moduli
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space for the family U → H is needed. Considering the equivalence relation
R given by identifying polarized isomorphic varieties and using results due to
Grothendieck it is shown that R is constructible. Then the existence of a good
quotient follows as in the case of a group action. We have chosen to work in
the setup of groups because it is more elementary and it is all we need for the
applications.
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elementary proof by Donagi and Green (1984). For elliptic surfaces see also
Cox and Donagi (1986).
With much more elaborate methods, Voisin (1999a) treated a missing case
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9
Normal Functions and Their Applications

In this chapter we introduce infinitesimal methods in order to study algebraic
cycles and explain several results of Griffiths (see Griffiths, 1968, 1969, 1970;
Green, 1989b; Voisin, 1988b). The study started in Section 3.4 is continued in
Section 9.1 of this chapter, where we introduce the concept of a normal function
and its infinitesimal invariants. In Section 9.2 we investigate the Griffiths group
of hypersurface sections. We finish this chapter with a proof of the theorem of
Green (1989b) and Voisin (1988b) on the image of the Abel–Jacobi mapping
for hypersurfaces.

9.1 Normal Functions and Infinitesimal Invariants
This section introduces normal functions for families of algebraic cycles and
Griffiths’ idea of differentiating them. In Section 3.4 we saw that all algebraic
subvarieties and therefore all algebraic cycles have cohomology classes, i.e.,
there are natural morphisms cl p : Ch p (X) → H 2p (X, Z) for every p ≥ 0. If
Ch p (X)hom denotes the kernel of cl p , the group of homologically trivial cycles,
then we have already defined the Abel–Jacobi map in Section 3.6,
u p : Ch p (X)hom → J p (X),
where
J p (X) =

H 2p−1 (X, C)
F p + H 2p−1 (X, Z)

is the complex torus associated with the Hodge structure H 2p−1 (X) in Section
3.6. We recall the definition of u p : if Z ∈ Z p (X)hom , write Z = ∂Γ for some
piecewise differentiable (2n − 2p + 1)-chain Γ on X. Integration over Γ defines
255
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2n−2p+1

a linear functional on AX

via
ω 7→

∫

ω.

Γ

We have shown that

F n−p+1 H 2n−2p+1 (X, C)∗
− ∈
H2n−2p+1 (X, Z)∗
Γ

∫

is well defined. By Poincaré duality the latter group equals J p (X) for any
compact Kähler manifold X.
Now, if f : X → S is a smooth projective family, where S is any complex
manifold, then we can construct a bundle of complex tori over S by taking
the p-th intermediate Jacobian in each fiber and gluing them together. More
p
precisely, we define the torus bundle JX/S over S by the condition that its sheaf
of holomorphic sections is given by
R2p−1 f∗ C ⊗ OS
.
F p R2p−1 f∗ C ⊗ OS + R2p−1 f∗ Z
p

Note that JX/S is more than a torus bundle. Its total space is indeed a complex
manifold, smooth and proper over S with a holomorphic projection map. It is
called the family of intermediate Jacobians associated with f : X → S.
Definition 9.1.1. Let f : X → S be a smooth projective family and W ∈ Z p (X)
an algebraic cycle which has the property that its intersection with all fibers
Xt for t ∈ S is again of codimension p and homologous to 0. Then the section t 7→ ν(t) = u p (W ∩ Xt ) is called the normal function associated with the
analytic family of cycles Wt .
Normal functions associated with families of algebraic cycles are clearly
continuous sections, but we will see now that they are in fact holomorphic
maps. Furthermore, they satisfy an additional differential equation, called horizontality.
p

Definition 9.1.2. A holomorphic section ν : S → JX/S is called an abstract
normal function if every lifting ν̃ ∈ Γ(U, R2p−1 f∗ C ⊗ OS ) over any open subset
U ⊂ S is horizontal, i.e., satisfies the differential equation
1
∇ν̃ ∈ ΩU
⊗ F p−1 R2p−1 f∗ C ⊗ OS .

Note that this means that ∇ν̃ satisfies a system of first-order differential equations. Usually this property is stated by saying that ∇ν̃ vanishes in the quotient
1 ⊗ R2p−1 f C ⊗ O /F p−1 or, equivalently, that ν vanishes under
vector bundle ΩU
∗
S
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Figure 9.1 Deformation of a cycle.

the natural map
p

∇ : JX/S → Ω1S ⊗ R2p−1 f∗ C ⊗ OS /F p−1,
which is well defined because ∇(F p ) ⊂ F p−1 ⊗ Ω1S .
Theorem 9.1.3. Under the above assumptions, every normal function associated with a family of algebraic cycles is an abstract normal function, i.e., it is
holomorphic and satisfies the horizontality condition.
Proof We have already proven such a statement in Lemma 4.7.1 for trivial
families. This theorem was first proved by Ph. Griffiths. We give two proofs
here: first a classical proof (essentially the one of Griffiths) and then, in Section
10.1, another one using Deligne cohomology and the Leray spectral sequence.
One advantage of the second proof is that it leads to higher-dimensional generalizations (see the historical remarks at the end of this chapter).
The assertions are local and depend on one chosen tangent vector in S, so
we may assume that S is the one-dimensional unit disk throughout the proof.
The map f : X → S is diffeomorphic to the product X0 × S: Consider a lift ξ˜
∂
of a tangent vector ξ = ∂t
of S in the origin; as shown in Section 4.1, this can
be used to trivialize the family differentiably. We also recall the notion of the
Lie derivative from Definition 4.5.2.
Write Zt for the restriction of a cycle Z ∈ Z p (X) to a cycle Zt of codimension p on X to Xt and we assume that the intersection is defined for all t ∈ S.
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By assumption, Zt = ∂ Wt for some chains Wt depending continuously on t
(see Fig. 9.1). Let α0 be a differentiable (2n − 2p + 1)-form on X such that its
Lie derivative Lξ̃ α0 vanishes. Such a form arises here by taking a closed form
on X0 , pulling it back to X0 × S, and applying the diffeomorphism to X. In this
way of extending, we identify forms on X0 with certain forms on X. If γ is the
standard radial path from 0 to t in the unit disk S, then we define
Ø
W(t) =
Ws .
s ∈γ

The boundary of W(t) is given by
∂ W(t) = Wt − W0 + Z(t),
where Z(t) = ∪s ∈γ Zs . Using Stokes’ theorem, we obtain the relation
∫
∫
∫
∫
∫
∫
α0 =
α0 −
α0 +
dα0 =
α0 −
α0 .
Wt

W0

W(t)

Z(t)

W0

Z(t)

Let α be a holomorphic section of the Hodge bundle F n−p+1 R2n−2p+1 f∗ C ⊗ OS
which coincides with α0 when restricted to the fiber X0 . The Taylor series of α
can be written as
α = α0 + tα1 + · · · .
Therefore,
∂
∂t

∫

∂
α (0) =
∂t
Wt


∫



α0 (0) +
Wt

∫

α1
W0

and
∂
∂ t¯

∫


∫

∂
α (0) =
α0 (0).
∂ t¯ Wt
Wt

Now, as in the proof of Lemma 4.7.1, for any β with vanishing Lie derivative
Lξ̃ β, we have that
∫

∫
∂
β (0) = −
iξ β
∂t Wt
Z0
as well as
∂
∂ t¯

∫
Wt


∫
β (0) = −
iξ̄ β.
Z0

In particular, since Z0 is an algebraic subvariety, both integrals vanish if iξ β or
iξ̄ β has no components of type (n − p, n − p). In particular, if β = α0 ∈ F n−p+1 ,
this implies that
∫

∫

∫
∂
∂
α (0) =
α0 (0) = −
iξ̄ α0 = 0,
∂ t¯ Wt
∂ t¯ Wt
Z0
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∫
i.e., ν is holomorphic. The computation of ∂/∂t ( W α)(0) shows in a similar
t
way that ν is horizontal.

Now we turn to the so-called infinitesimal invariants of normal functions,
first invented by Griffiths (1983) and later extended by Green (1989b) and
Voisin (1988b).
In order to define those, let us assume that we have a smooth, proper morphism f : X → S, where S is Stein, for example a ball or a polydisk. We denote
by H the flat vector bundle
def

H = R2p−1 f∗ C ⊗ OS,
and by Fi ⊆ H the i-th Hodge subbundle.
Recall the definition of ∇ from Section 4.6. Flatness of ∇ means just that
∇◦∇ = 0 which leads to the following definition.
Definition 9.1.4. The complex
∇

∇

∇

•
KX/S
(p) : Fp −→Fp−1 ⊗ Ω1S −→Fp−2 ⊗ Ω2S −→ · · ·

of sheaves on S is called the p-th Koszul complex associated with f : X → S.
The letter K stands for Koszul and we see below why the Koszul complexes
p
are going to appear. Now let ν : S → JX/S be an arbitrary abstract normal
function for the family f : X → S.
Lemma 9.1.5. If ν̃ ∈ Γ(U, H|U ) is any local lifting of ν over U ⊂ S, then ∇ν̃ ∈
1 ⊗ Fp−1 /Im(∇(Fp )) is well defined independently of the lifting, and provides
ΩU
• (p))) of the first cohomology sheaf of K• (p).
a section δ(ν) ∈ H 0 (U, H1 (KX/S
X/S
Proof

Two liftings ν1 and ν2 differ by
ν1 − ν2 = ν f + νZ,

where ν f is a section of Fp and νZ is a section of R2p−1 f∗ Z. However, νZ is
locally constant, hence ∇(νZ ) = 0 and ∇(ν f ) ∈ Im(∇(Fp )), i.e., ∇(ν1 ) = ∇(ν2 )
1 ⊗ Fp−1 /Im(∇(Fp )).
in ΩU

What we have just done is to make explicit the coboundary map in the long
exact sequence for hypercohomology associated with the short exact sequence
of complexes
•
•
0 → KX/S
(p) → H ⊗ Ω•S → QX/S
(p) → 0

in the case where S is a Stein manifold (e.g., a polydisk) so that all liftings exist.
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• (p) is the complex of sheaves defined as
Here QX/S
a
QX/S
(p) = ΩSa ⊗ H/Fp−a .

Therefore, if we have a class ν together with an intermediate lifting over S
(forgetting only the integral part)

0
ν̂ ∈ H 0 S, QX/S
(p) ,
• (p))) is the image of ν̂ under the coboundary
then δ(ν) ∈ H 0 (S, H1 (KX/S
map. By definition of the coboundary map, this is ∇(ν̃) for a further lifting ν̃ ∈ Γ(S, H|S ) of ν̂, and hence of ν. We can refine δ(ν) into a series of infinitesimal invariants as follows. Observe first that the complexes
• (p) = Fp−• ⊗ Ω• have a natural filtration by subcomplexes
KX/S
S
def

•
F k KX/S
(p) = Fp+k−• ⊗ Ω•S,

k ≥ 0.

Recall from Section 6.1 that a filtration on a complex defines a spectral se• (p) by the subcomplexes Ω• ⊗ Fp+k−•
quence. In this case, the filtration of KX/S
S
defines the spectral sequence
•
•
(p)) =⇒ Ha+b (KX/S
(p)).
E1a,b (p) = Ha+b (GrFa KX/S
• (p)) we are particularly interested in the
Since δ(ν) is a section of H1 (KX/S
a,1−a
resulting filtration on this sheaf. It has successive quotients given by E∞
(p),
a = 0, . . . , p. For each s ∈ S the images of the values at s of δ(ν) in the stalks
0,1
at s of the first quotient sheaf F 0 /F 1 = E∞
(p) define a section, and hence a
well-defined invariant
0,1
•
δ1 (ν) ∈ H 0 (S, H1 (Gr0F KX/S
(p))) = H 0 (S, E∞
(p)),
0,1
called the first infinitesimal invariant of Griffiths. Because E∞
(p) ⊂ E10,1 (p),
we may view δ1 (ν) as a section of either one.
The second, third, and higher invariants are defined as follows. Suppose that
δ1 (ν) = 0. This means that δ(ν) ∈ F 1 and one consider its image in F 1 /F 2
yielding the second invariant
1,0
δ2 (ν) ∈ H 0 (S, E∞
(p)),

and inductively, if δ1 (ν), . . . , δk (ν) vanish, then there is a well-defined (k + 1)-st
infinitesimal invariant
k,1−k
δk+1 (ν) ∈ H 0 (S, E∞
(p)).

The following definition was first proposed by Griffiths for k = 0 (see Griffiths,
1983) and later extended by Green for all k (see Green, 1989b).
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k,1−k
Definition 9.1.6. The invariants δk+1 (ν) ∈ H 0 (S, E∞
(p)) are called the
(higher) infinitesimal invariants of the normal function ν.

The following property motivates the definition of infinitesimal invariants.
p

Proposition 9.1.7. A locally constant normal function ν : S → JX/S has
locally liftings ν̃ to flat sections of R2p−1 f∗ C. Equivalently, its infinitesimal
invariant δ(ν) vanishes, or, what is the same, all infinitesimal invariants δi (ν)
vanish for i ≥ 1.
Proof If ν is locally constant, then clearly δ(ν) = 0, because for local liftings
δ(ν) = ∇ν̃ = 0. Conversely, if δ(ν) = 0, one may write ν̃ = ∇(ν f ) locally
over U for some ν f ∈ H 0 (U, Fp ). Changing the lifting ν̃ over U by ν f creates
a flat lifting. The second equivalence is obvious: by definition of the spectral
sequence above, δ(ν) = 0 if and only if δi (ν) = 0 for all i ≥ 1.

Example 9.1.8. We have discussed the Hodge structures of weight 1 underlying
abelian varieties in Section 4.3 in the examples. Normal functions and infinitesimal invariants for families of abelian varieties are very instructive models for
us: let f : X → S be a universal family of abelian varieties equipped with some
level structure, i.e., S is a finite cover of Ag . Let V be the vector space H 1,0 (A)
for some reference point 0 ∈ S corresponding to A. It is a representation of
the Lie algebra sl g (C) in a natural way. Because f is universal, we can use the
matrix description of Siegel’s upper half-plane to see that Ω1S,0 = Sym2 (V).
Also, all Hodge groups H a,b (A), using V and its dual V ∨ , are given as
Ó
Ó
H a,b (A) = a V ⊗ b V ∨ .
All vector spaces occurring in the fibers of the Koszul complexes at the point 0
are therefore representations of the Lie algebra sl g (C). It is also true (see Problems 9.1.1–9.1.2 below) that the map induced by the Gauss–Manin connection
is a morphism of representations. As a consequence, the cohomology of the
Koszul complexes can be computed as a sum of irreducible representations of
sl g (C). In Problem 9.1.2 the reader is invited to do this for g ≤ 3. For higher dimensions this computation is related to Lie algebra cohomology and explained
in detail in the work of Fakhruddin (1996).

Problems
9.1.1

Prove that the Koszul complexes for universal families of abelian varieties with any level structure are complexes of representations for the
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Lie algebra sl(g; C). Hint: use the example above and prove that cup
product maps are maps of representations.
• (2)) at any point A ∈ A is isomorphic
Show that the stalk of H1 (KX/S
3
to Sym4 (V) where V = H 1,0 (A) as above (what happens for g ≤ 2?).
Hint: decompose everything into irreducible representations.

9.2 The Griffiths Group of Hypersurface Sections
The quotient of cycles of codimension p which are homologically equivalent
to 0 modulo those algebraically equivalent to 0 (see Section 3.6 for definitions)
is called the Griffiths group:
p

def

Gr (X) =
p

Chhom (X)
p

Chalg (X)

.

(9.1)

Griffiths first proved in 1969 that there exist threefolds for which this group
(for p = 2) is nontrivial. In particular, homological and algebraic equivalence
become different for cycles of codimension at least 2. This phenomenon can
still be detected by using Abel–Jacobi invariants. For higher codimensions we
see below as a corollary of Nori’s theorem that the Abel–Jacobi invariants are
in general not detecting the cycles faithfully. Here we present an infinitesimal method that works for sufficiently ample hypersurface sections of a fourdimensional smooth projective variety Y . In Theorem 9.3.1 we show that the
Abel–Jacobi map is torsion for threefolds of degree ≥ 6 in P4 . However, for
quintic threefolds the statement is false.
Theorem 9.2.1 (Griffiths, 1969). Let Y be a smooth quintic fourfold containing two-planes P1 and P2 such that the cohomology class of the difference
2,2
[P1 ] − [P2 ] ∈ Hprim
(Y, Q) is a nonzero primitive (2, 2)-form. Then the intersection of P1 − P2 with a very general hyperplane section X is homologically
equivalent to 0, but no multiple of it is algebraically equivalent to 0.
Proof We give a sketch of a slight modification of the original proof of Griffiths. We encourage the reader to work out the details (see Problem 9.3.1 below).
To start, choose a Lefschetz pencil (Xt )t ∈` of hyperplane sections of Y over a
line `. The total space Ỹ is a blowup of Y along the base locus of the pencil.
We denote the structure map by f¯ : Ỹ → `. Denote by U ⊂ ` the set of points
def
where the sections Xt are smooth and let YU = f −1 (U) be the inverse image
of U under f¯. Then f : YU → U becomes the restriction of f¯ to YU . Fix a base
point o ∈ U. The cycles (P1 − P2 ) ∩ Xt induce a normal function ν. The image
of ν under the map
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H 0 U, JY2U /U → H 1 (U, R3 f∗ Z)
induced by the sequence defining intermediate Jacobians
0 → R3 f∗ Z → R3 f∗ C ⊗ OU /F 2 → JY2U /U → 0
is given by a cohomology class in H 1 (U, R3 f∗ Z) which in the remainder of the
proof will be identified with [P1 ] − [P2 ]. We identify H 1 (U, R3 f∗ Q) with the
subspace
L 1 H 4 (YU , Q) = Ker(H 4 (YU , Q) → H 4 (Xo, Q))
via the Leray spectral sequence. It is easy to check that the class of [P1 ] − [P2 ] ∈
2,2
Hprim
(Y, Q) restricts to a nonzero primitive cohomology class in L 1 H 4 (YU , Q)
because the kernel
Ker(H 4 (Ỹ, Q) → H 4 (YU , Q))
consists of cohomology classes with support in the singular fibers Ỹ −YU , which
map to 0 in primitive cohomology (they are multiples of ω = c1 (L)). Furthermore, this class in L 1 H 4 (YU , Q) can be identified with the class in H 1 (U, R3 f∗ Q)
obtained above after tensoring with Q: this can be checked by choosing a covering of U by simply connected sets Ui and choosing topological cochains ζi such
that ∂ζi = P1 − P2 over Ui . The Poincaré dual classes ζ i define a Čech cocycle
ζ i j ∈ H 1 (U, R3 f∗ Q) that is equal to both classes. Therefore, we conclude that
the normal function cannot be lifted to a flat section of R3 f∗ C ⊗ OU /F 2 and
therefore also not to a section of R3 f∗ C ⊗ OU over U. This proves that the
Abel–Jacobi map is already nontorsion for a general t ∈ U. It remains to be
shown that the cycles (P1 − P2 ) ∩ Xt are not in general algebraically equivalent
to 0. However, H 3 (Xt ) has no fixed part, because H 3 (Y ) = 0, and the action of
the monodromy group π1 (U, o) on H 3 (Xo, Q) is irreducible. If now all cycles
(P1 − P2 ) ∩ Xt were algebraically equivalent to 0, then their Abel–Jacobi classes
would be contained in the subspace H 2,1 (Xo ) ⊕ H 1,2 (Xo ), which contradicts the
irreducibility of the monodromy action and the fact that H 3,0 (Xo ) = C, as the
canonical bundle of Xo is trivial.

In this chapter we also prove the following very similar theorem. Notice that
for the proof of this theorem one could also use the same topological methods
as in the previous proof, but we want to present our new infinitesimal methods
which also apply to many other cases.
Theorem 9.2.2. Let Y be a smooth, projective fourfold with H 1,2 (Y ) = 0 and L
a sufficiently ample line bundle on Y . Assume that Y carries a nonzero primitive
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(2, 2)-form which arises from an algebraic cycle Z. Then the intersection of Z
with a very general hypersurface section X in L is homologically equivalent to
0, but no multiple of it is algebraically equivalent to 0. In other words, Z ∩ X
defines a nontorsion element in the Griffiths group of X.
The literature contains several variations of Theorem 9.2.2 (Griffiths, 1969;
Müller-Stach, 1992; Nori, 1993; Voisin, 1988b; Wu, 1990b). An explanation of
the notion of sufficient ampleness, which is used frequently, is necessary here.
In general, given an ample line bundle L, we mean by such a statement that
the conclusion holds whenever L is replaced by a sufficient power L m of itself.
There is also the notion of very general: a point in a moduli space S is called
very general with respect to some property if the assertion of this property
holds for all moduli points in S outside a countable union of proper analytic
subsets. This is supposed to be a variant of the notion of general, for which one
takes out a finite union of proper analytic subsets.
But before we begin the proof, we need another simpler definition of the first
infinitesimal invariant δ1 (ν). Let Y be a four-dimensional projective manifold
and L an ample line bundle whose general section is smooth. Let X be a smooth
hypersurface section of Y in the linear system defined by L. Recall that δ1 (ν)
is a section of a vector bundle over some parametrizing set of hypersurface
sections and that the value at the point o (corresponding to X) belongs to the
middle cohomology of
σ

σ

H 1 (X, Ω2X ) −−→ H 2 (X, Ω1X ) ⊗ Ω1S,o −−→ H 3 (X, OX ) ⊗ Ω2S,o,

(9.2)

where σ is induced by the Gauss–Manin connection. The alternative description
of this group starts as follows. There is an exact sequence
0 → Ω1X ⊗ L −1 → ΩY2 |X → Ω2X → 0
obtained by taking the second exterior power in the conormal bundle sequence.
It induces a long exact sequence




· · · → H 1 X, Ω2X → H 2 X, Ω1X ⊗L −1 → H 2 X, ΩY2 |X → H 2 X, Ω2X → · · · .
The natural map H 2 (Y, ΩY2 ) → H 2 (X, ΩY2 |X ) sends primitive classes to 0 in
H 2 (X, Ω2X ), thereby inducing a natural map
2,2
α : Hprim
(Y ) →

H 2 (X, Ω1X ⊗ L −1 )
Im(H 1 (X, Ω2X ))

.

We have in addition a canonical map


T
m : H 2 X, Ω1X ⊗ L −1 → H 2 X, Ω1X ⊗ H 0 (X, L|X )∨
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induced by the multiplication map


m : H 2 X, Ω1X ⊗ L −1 ⊗ H 0 (X, L|X ) → H 2 X, Ω1X .
We obtain therefore, by composition, a map
2,2
β : Hprim
(Y ) →

H 2 (X, Ω1X ) ⊗ H 0 (X, L|X )∨
Im(H 1 (X, Ω2X ))

.

Now we look at the associated family f : X → S of smooth hypersurface
sections defined by L. Here, by definition, S is an open subset of PH 0 (Y, L)
which we can identify with an open subset of H 0 (X, L|X ). This implies that the
tangent space to S at any point is isomorphic to H 0 (X, L|X ). Let us write T for
it. We can now make the connection with the previous definition of δ1 (ν) by
going back to (9.2). Indeed, one has σ = Tm◦δ; in other words, the diagram
H 1 (X, Ω2X )

δ

σ

/ H 2 (X, Ω1 ⊗ L −1 )
X
Tm

'

H 2 (X, Ω1X ) ⊗ T ∗

is commutative. We leave this verification to the reader. It then follows that the
target of β contains the cohomology group of the sequence (9.2) which is the
value at o of the first infinitesimal invariant δ1 (ν). Indeed, the following result,
which we state without proof, links the map β to the first infinitesimal invariant.
Lemma 9.2.3 (Voisin, 1988b). If Z is an algebraic cycle on Y that has a primitive cohomology class of type (2, 2), then the first infinitesimal invariant δ1 (ν)
associated with the normal function ν of the family of cycles Z ∩ Xs is equal to
β(cl2 (Z)).
We draw a first consequence.
Corollary. In the situation above, if H 1,2 (Y ) = 0 and L is sufficiently ample,
then the associated infinitesimal invariant δ1 (ν), and therefore δ(ν), is nonzero.
Proof In view of Lemma 9.2.3, we only need to prove that β is injective. The
map H 2 (Y, ΩY2 ) → H 2 (X, ΩY2 |X ) is injective because H 2 (Y, ΩY2 ⊗ L −1 ) = 0 for
L sufficiently ample. Furthermore, the map


H 2 X, Ω1X ⊗ L −1 → H 2 X, Ω1X ⊗ H 0 (X, L|X )∨
is injective because, as we shall presently show, its Serre dual, the multiplication
map


H 1 X, Ω2X ⊗ H 0 (X, L|X ) → H 1 X, Ω2X ⊗ L ,
(9.3)
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is surjective if L is sufficiently ample. It follows that β is injective.
So it remains to prove our claim that the map (9.3) is surjective under the
condition that H 1,2 (Y ) = 0 and L is sufficiently ample. To show this, first remark
that since X is a threefold, one has Ω2X  TX ⊗ KX . Consequently,

H 1 X, Ω2X ⊗ L = H 1 (X, TX ⊗ KX ⊗ L).
Now look at the exact sequences
0 → TX → TY |X → OX (L) → 0
and
0 → TY ⊗ L −1 → TY → TY |X → 0.
Twisting the first one with KX ⊗ L = KY |X ⊗ L 2 yields
0 → TX ⊗ KX ⊗ L → TY |X ⊗ KX ⊗ L → KX ⊗ L 2 → 0,
so that we obtain as part of the long exact sequence,
· · · → H 0 (X, KX ⊗ L 2 ) → H 1 (X, TX ⊗ KX ⊗ L) → H 1 (X, TY ⊗ KX ⊗ L) → · · · .
The second sequence twisted with KY |X ⊗ L 2 shows that the last term vanishes
for L sufficiently ample, because for the same reason H 1 (Y, TY ⊗ KY ⊗ L 2 ) and
H 2 (Y, TY ⊗ KY ⊗ L) also both vanish. It follows that H 1 (X, Ω2X ⊗ L) is a quotient
of H 0 (Y, KY ⊗ L 3 ). In a similar way, one shows that H 1 (X, Ω2X ) is a quotient of
H 0 (Y, KY ⊗ L 2 ) under the assumption that H 1,2 (Y ) = 0. Hence it remains to be
proven that the multiplication map
H 0 (Y, KY ⊗ L 2 ) ⊗ H 0 (Y, L) → H 0 (Y, KY ⊗ L 3 )
is surjective for L sufficiently ample. Consider the product Y × Y with the two
def
projections p1, p2 . The line bundle L = p∗1 (KY ⊗ L 2 ) ⊗ p∗2 (L) is sufficiently
ample on Y × Y , because L is sufficiently ample. If ∆ ⊂ Y × Y denotes the
diagonal, then we have the exact sequence
0 → I∆ → OY×Y → OY → 0
because ∆ is isomorphic to Y . The multiplication map above coincides with the
restriction map H 0 (Y × Y, L) → H 0 (∆, L∆ ). Therefore, it is enough to show
that H 1 (Y × Y, I∆ ⊗ L) = 0, which follows from the fact that L is sufficiently
ample.

Now we are in a position give the proof of Theorem 9.2.2.

9.3 The Theorem of Green and Voisin
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Proof of Theorem 9.2.2 Let ν be the normal function associated with the
family of intersections Z ∩ X. We have already shown that δ(ν) is nonzero (see
the previous corollary). This implies that Z ∩ X has a nontrivial image in the
intermediate Jacobian of X for very general X in |L|. It remains to be shown that
Z ∩X is not algebraically equivalent to 0 for very general X. By Lemma 4.7.1(2),
it is enough to prove that J 2 (X) has no subtorus with tangent space contained
3,0
in H 2,1 (X) ⊕ H 1,2 (X) for very general X. Note that Hvar
(X) , 0 because, as L is
0
sufficiently ample, the dimension of H (X, KX ) tends to infinity for sufficiently
ample L by the adjunction formula, whereas the dimension of the fixed part
of the cohomology stays bounded. Therefore, H 2,1 (X) ⊕ H 1,2 (X) is a proper
3 (X), and it remains to be shown that H 3 (X) has no subspaces
subspace of Hvar
var
that are invariant under the monodromy action. This can be done as in the proof
of Theorem 9.2.1 in this chapter with a slight modification. By the irreducibility
of the monodromy action (see Theorem 4.2.2), there are no (1, 2)-classes that
remain type (1, 2) in our deformation, because by the assumption H 1,2 (Y ) = 0,
all classes we consider are variable cohomology classes. This implies that there
is no such nontrivial subtorus on a very general member of our deformation. 
The literature contains slightly more general statements, such as the following
theorem (see Müller-Stach, 1992).
2,2
Theorem 9.2.4. Let Y be a smooth fourfold. Then Hprim
(Y, Q) is a subquo2
tient of the Griffiths group Gr (X) ⊗ Q for any very general sufficiently ample
hypersurface section X of Y .

The reader is also encouraged to read the work of Wu (1990b).

Problem
9.2.1

Show that the Fermat quintic fourfold always contains a pair of planes
that satisfy the conditions of Theorem 9.2.1.

9.3 The Theorem of Green and Voisin
In this section we prove a theorem of Green and Voisin (see Green, 1989b)
stating that the image of the Abel–Jacobi map for codimension m-cycles on a
very general smooth hypersurface of degree d ≥ 2 + 4/(m − 1) in P2m
is torsion
C
for m ≥ 2. This theorem has been a strong motivation for many subsequent
results. In the proof we make use of our earlier Koszul theoretic computations.
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If f : X → S is the universal family of smooth hypersurface sections of degree
• (m) is exact in
d in P2m , then one can prove that the complex of sheaves KX/S
degrees 0 and 1 for all d ≥ 2 + 4/(m − 1). Using this fact, one can prove the
following theorem of Green and Voisin.
Theorem 9.3.1. If X ⊂ P2m , m ≥ 2 is a very general smooth hypersurface
section of degree d ≥ 2 + 4/(m − 1), then the image of the Abel–Jacobi map of
X is contained in the torsion points of the intermediate Jacobian J m (X) of X.
Remark 9.3.2. As explained in Section 9.2, by very general we mean that
there exists a countable union (as opposed to general by which we mean a
finite union) of proper analytic subsets of the linear system of hypersurfaces of
degree d such that the statement holds for all X in the complement.
Proof Let f : X → S be the universal family of smooth hypersurface sections
of degree d in P2m . If one has a cycle that exists on a very general fiber of f then,
by the definition of very general, it exists as a cycle in Chm (X) after replacing
S by a finite unramified covering T → S. The reason is that over S there exists
a family of relative Chow varieties parametrizing the effective cycles on Xs .
Over the complement of a countable union of proper subvarieties of S, these
form an algebraic fiber bundle by the countability of the number of components
of Chow varieties (see Harris, 1992). Therefore, any point in this family can
be extended to a multisection of the family of relative Chow varieties over this
complement. This defines T, if we observe that any cycle may be written as the
difference of effective ones.
• (m) and in particular their homology do not
The Koszul complexes KX/S
change under finite unramified base changes as above, so that we may assume
that S is in fact the universal family of smooth hypersurface sections of degree
d in P2m for the following argument. By Proposition 9.1.7, it is clear that the
vanishing of the cohomology of every complex
m+k,m−1−k
m+k−1,m−k
m+k−2,m−k+1
Hprim
(Xt ) → Ω1S,t ⊗ Hprim
(Xt ) → Ω2S,t ⊗ Hprim
(Xt )

at the middle position (for all k ≥ 0) implies that every infinitesimal invariant
arising from any cycle of codimension m is 0. By duality this is equivalent to
the statement that the complexes
Ó2

m−k−1,m+k
m−k+1,m+k−2
m−k,m+k−1
(Xt )
TS,t ⊗ Hprim
(Xt ) → TS,t ⊗ Hprim
(Xt ) → Hprim

are exact in the middle. Using the theory of Jacobian rings (see Macaulay’s
t(p)
p,2m−1−p
lemma 7.4.1), and the isomorphisms RF = Hpr
(Xt ) with t(p) =
d(2m − p) − 2m − 1 of Lemma 5.4.3), this comes down to proving the ex-
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actness of the complexes of vector spaces
Ó2
W ⊗ R d(m+k−1)−2m−1 → W ⊗ R d(m+k)−2m−1 → R d(m+k+1)−2m−1
in the middle, where W = PH 0 (P2m, OP2m (d)). This, in turn, we have already
shown in Proposition 7.4.5 as long as d(m + k) − 2m − 1 > d for all k ≥ 0,
i.e., d ≥ 2 + 4/(m − 1). Therefore, under the condition d ≥ 2 + 4/(m − 1),
every normal function that arises can be lifted locally to a constant section of
the Hodge bundle R2m−1 f∗ C ⊗ OS . Such local liftings are even unique up to
sections of R2m−1 f∗ Z, because locally there are no flat sections in Fm by the
injectivity of the sequences
m+k,m−1−k
m+k−1,m−k
Hprim
(Xt ) → Ω1S,t ⊗ Hprim
(Xt )

for all k ≥ 0 (using Proposition 7.4.5 again).
To finish the proof of the theorem, we observe that the primitive cohomology
of hypersurfaces has strong additional properties connected with the Picard–
Lefschetz formalism. We have the following claim.
Claim: If the normal function ν has local constant liftings, which are unique
up to sections of R2m−1 f∗ Z, then ν is torsion as a holomorphic section of the
bundle of intermediate Jacobians.
Let ν̃ be a locally constant lifting of ν in a neighborhood of 0 ∈ S. Take any
loop γ with base point 0. By parallel transport along γ we obtain a new lifting
ν̂ of ν locally around 0 with the property that
ρ(γ)(ν̃(0)) − ν̃(0) = ν̂(0) − ν̃(0) ∈ H 2m−1 (X0, Z).
Here ρ : π(S, 0) → H 2m−1 (X0, C) is the monodromy representation associated
with the local system R2m−1 f∗ C.
Thus it remains to be proven that if a class a ∈ H 2m−1 (X0, C) has the property
that ρ(γ)(a) − a ∈ H 2m−1 (X0, Z) for all γ ∈ π1 (S, 0), then some integer multiple
of a is in H 2m−1 (X0, Z).
We prove this using the Picard–Lefschetz formalism, which we have outlined
in Section 4.2. In order to do this, one chooses a Lefschetz pencil of hyperplane
sections through X0 , parametrized by a line ` in the projective space of all
degree-d hypersurfaces in P2m . Over some nonempty U = ` ∩ U the fibers are
smooth and we have vanishing cocycles δ j associated with each point t j ∈ `−U.
Recall that these are all conjugate under the monodromy group of the universal
family of smooth degree d hypersurfaces and that these thus span an irreducible
submodule of H 2m−1 (X0 ; Q). On the other hand, they also span the so-called
variable cohomology group, which is the whole group because we are in odd
degree.
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Then, according to the Picard–Lefschetz formula, the image of γi under the
monodromy representation ρ satisfies
ρ(γi )(a) − a = ±(a, δi )δi .
As the δi generate
a ∈ H 2m−1 (X0 ; Q).

H 2m−1 (X0 ; Q),

by Poincaré duality over Q, we obtain


Problems
9.3.1

9.3.2
9.3.3

p

Show that the direct image of Ω Z of a cyclic Galois covering f : Z →
P3 of degree m branched along a smooth divisor B of degree m · d in
P3 is given by
Ém−1 p
p
p
−i
f∗ Ω Z = ΩP3 ⊕
i=1 ΩP3 (log B) ⊗ L ,
where L = O(d). Prove a similar formula for f∗ Θ Z . Hint: study the
Ém−1 −i
eigenspace decomposition analogous to f∗ OZ =
i=0 L under the
cyclic group by using the group action on the pushdown of the sheaves
of differential forms. You should also consult Müller-Stach (1994).
Use the previous exercise to compute H p,3−p (Z)prim and H 1 (Z, Θ Z )
in terms of logarithmic forms on P3 .
• (2) for
Show that, for m ≥ 2 and d ≥ 5, the Koszul complexes KZ/S
3
the universal family of cyclic coverings of P are exact in degrees 0
and 1. Conclude and state a result analogous to the theorem of Green
and Voisin. What happens for d = 4 and m = 2?

Bibliographical and Historical Remarks
As we have seen, Abel–Jacobi maps are not surjective in general. This follows
from the Green–Voisin result, but also from the countability of the Griffiths
group observed by Griffiths, because intermediate Jacobians are uncountable
objects. Mumford (1969b) and Roı̆tman (1974), on the other hand, proved that
the Albanese maps for zero-cycles are in general far from being injective. The
first instance where this occurs is on a complex projective surface with geometric genus pg > 0. A famous conjecture of Bloch asserts that the Albanese
map for complex projective surfaces with pg = 0 should be injective. This was
verified in many cases but remains open in general. See Voisin (1994b) for
results about surfaces in P3 using higher generalizations of Abel–Jacobi maps.
Normal functions have also been studied by means of Picard–Fuchs equations in del Angel and Müller-Stach (2002). There the idea is that to show that
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a normal function is not contained in the integral lattice at a general point, it
must be shown that the normal function does not satisfy the same differential
equation as the periods of the given family. Of course this approach is very
much related to Griffiths’ idea of infinitesimal invariants.
Several authors have studied the Griffiths group of Calabi–Yau threefolds.
Griffiths (1969) first proved that some quintic threefolds have a nontrivial (and
nontorsion) Griffiths group. Later Clemens showed that a very general quintic threefold has an infinite-dimensional Griffiths group, using degeneration
techniques. Voisin (1992) reproved this theorem using Noether–Lefschetz loci
and infinitesimal invariants. Paranjape (1991) and Bardelli and Müller-Stach
(1994) showed that a very general Calabi–Yau threefold obtained as a complete
intersection of two cubic hypersurfaces in P5 has infinite-dimensional Griffiths
group Gr2 (X) (and also studied other examples). The computation relies on the
fact that a cycle arising from the intersection with a primitive nonzero cohomology class of type (2, 2) on a fourfold has a nontrivial infinitesimal invariant
on the very general hyperplane section X. Then a monodromy argument due to
H. Clemens (1977) (which was also applied to study quintic threefolds) is used
to show that there is a countable number of linearly independent classes. Voisin
(1994a, 2000) (using Noether–Lefschetz loci) has shown that every nonrigid
very general Calabi–Yau threefold has infinite-dimensional Griffiths groups
Gr2 (X).
Collino and Pirola (1995) have computed the infinitesimal invariant of the
cycle C − C − on a Jacobian of a genus 3 curve C. The value turns out to be
precisely the quartic equation of the canonical image of C inside P2 interpreted
as a section of the appropriate Koszul bundle. Using this they were able to show
that the Griffiths groups of Jac(C) for very general C is nontorsion (we know
that it is even infinite-dimensional by a theorem of Bardelli (1989) and Nori
(1989). M. Nori and N. Fakhruddin have generalized these results by computing the cohomology of the local systems of primitive cohomology groups of
the universal family of Hodge structures over the Siegel space. For example,
Fakhruddin (1996) obtains the following results.
Theorem. The Griffiths groups of codimension 3 and 4 of the very general
abelian variety of dimension 5 are of infinite rank.
Theorem. The Griffiths groups of codimension p cycles on the very general
Prym variety of dimension g ≥ 5 is nontorsion for 3 ≤ p ≤ g − 1.

10
Applications to Algebraic Cycles: Nori’s
Theorem

Deligne cohomology is a tool that makes it possible to unify the study of cycles
through an object that classifies extensions of (p, p)-cycles by points in the p-th
intermediate Jacobian (which is the target of the Abel–Jacobi map on cycles
of codimension p). This is treated in Section 10.1 with applications to normal
functions.
Before giving the proof of Nori’s theorem in Section 10.6, we need some
results from mixed Hodge theory. These are proven in Section 10.2 where we
also state different variants of the theorem. Sections 10.3 and 10.4 treat a localto-global principle and an extension of the method of Jacobian representations
of cohomology which are both essential for the proof. We finish the chapter
with some applications of Nori’s theorem and discuss the conjectured filtrations
on the Chow groups to which these lead.

10.1 A Detour into Deligne Cohomology with Applications
Here we introduce Deligne cohomology in the form first defined by P. Deligne.
We illustrate its connections to intermediate Jacobians and explain its functorial
properties. Then we give the second proof of Theorem 9.1.3. The results of
this section are not needed for an understanding of the rest of the chapter, and
some readers may want to skip this section and read it later. In the historical
remarks at the end of the chapter we point out some further directions where
Deligne–Beilinson cohomology becomes more important. Deligne cohomology was defined first by P. Deligne and later extended by A. Beilinson. We
use here mainly the original version of Deligne without growth conditions for
noncompact spaces. Beilinson later imposed such growth conditions in order
to get a more functorial theory. The extension of Beilinson has been worked
out in detail in Esnault and Viehweg (1988).
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Definition 10.1.1. Let X be a Kähler manifold. Define the analytic Deligne
complex on X by
p−1

Z D(p) : (2πi) p Z → OX → · · · → ΩX .
This is a complex of sheaves in the analytic topology and we put the first
sheaf (2πi) p Z, which is a constant subsheaf of C, in degree 0. Hence the last
p−1
sheaf, ΩX , sits in degree p. We denote by
def

2p

H D (X, Z(p)) = H2p (X, Z D(p))

(10.1)

the 2p-th hypercohomology of this complex and call it the Deligne cohomology
group of X.
The Deligne complex Z D(p) sits in an exact sequence
<p

0 → ΩX [−1] → Z D(p) → Z(p) → 0,
<p

where ΩX is the complex
p−1

0 → OX → Ω1X → · · · → ΩX

and the symbol [−1] denotes a shift of degree 1 in a complex. As a consequence,
there exist long exact sequences of cohomology groups
<p 
2p
· · · → H 2p−1 (X, Z(p)) → H2p−1 X, ΩX → H D (X, Z(p))
<p 
2p+1
→ H 2p (X, Z(p)) → H2p X, ΩX → H D (X, Z(p)) → · · · .
If X is a compact Kähler manifold, then we know by the degeneration of
<p
the Hodge-to-de Rham spectral sequence from Section 6.3 that Hi (X, ΩX ) 
i
i
H (X, C)/F , or equivalently that
<p

F p H i (X, C) = Ker(H i (X, C) → Hi (X, ΩX )).
In particular, we have a short exact sequence
2p

0 → J p (X) → H D (X, Z(p)) → H p, p (X, Z) → 0,
def

where H p, p (X, Z) = {α ∈ H 2p (X, Z) | αC ∈ F p }. Here, αC denotes the image
of α under the change-of-coefficients map H 2p (X, Z) → H 2p (X, C). Note that
H p, p (X, Z) contains by definition all torsion classes in H 2p (X, Z), because for
them αC = 0 and is therefore contained in F p .
Example 10.1.2. In the case of p = 1, all the sequences just described are very
familiar objects: Z D(1) = ((2πi)Z → OX ), a complex starting in degree 0. It is
well known that we have an exponential sequence
exp

0 → (2πi)Z → OX −−−→ OX∗ → 0
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on every complex manifold. Therefore, we obtain a natural quasi-isomorphism
of complexes


exp : Z D(1)−→OX∗ [−1].
This implies isomorphisms
i
HD
(X, Z(1))  H i−1 (X, OX∗ )

for all i ≥ 0. For example, we obtain in this way that
2
(X, Z(1))  H 1 (X, OX∗ )  Pic(X)
HD

is equal to the Picard group of X, and
1
(X, Z(1))  H 0 (X, OX∗ )
HD

is the group of global holomorphic units on X. Other interesting examples
2 (X, Z(2)): they parametrize all isomorphism classes of pairs
are the groups H D
(L, ∇) on a compact Kähler manifold X, where L is a holomorphic line bundle
and ∇ is a holomorphic connection on L (see Problem 10.1.1 below). The
interested reader will find more details about Deligne cohomology in Esnault
and Viehweg (1988), in particular a description of its product structure.
Now let us explain the main technique of this section: the use of Deligne
cohomology when we deform a given variety Xo in a family. This is related to
normal functions in the following form. If f : X → S is any projective family
2p
(so in particular f has smooth projective fibers) and α ∈ H D (X, Z(p)) is a
global class in Deligne cohomology which is homologous to zero on all fibers,
then α gives rise to a normal function because α|Xt ∈ H 2p (Xt , Z(p)) has a zero
image in H p, p (Xt , Z) and therefore lives in J p (Xt ):
2p

H D (X, Z(p))

0

y
/ J p (Xt )


/ H 2p (Xt , Z(p))
D

&
/ H p, p (Xt , Z)

/ 0.

So, even if α is not the class of an algebraic cycle, it nevertheless defines a
normal function. In fact, we prove a slightly more general version of Theorem
9.1.3, as follows.
Theorem 10.1.3. Under the above assumptions, every normal function arising
from a Deligne cohomology class which is homologous to zero on all fibers is an
abstract normal function, i.e., it is holomorphic and satisfies the horizontality
condition.
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This is slightly more general than the previous way of stating it, because
every actual cycle on X gives rise to a Deligne class (see Esnault and Viehweg,
1988; Gillet, 1984) but not necessarily vice versa.
Proof of the Theorem. If f : X → S is a submersion between complex manifolds with fibers projective manifolds of dimension, say d, one has the exact
sequence for the relative cotangent bundle:
0 → f ∗ Ω1S → Ω1X → Ω1X/S → 0.
The sheaf Ω1X/S which appears on the right fits naturally in a complex
i
h
Ω•X/S = 0 → OX → Ω1X/S → · · · → ΩdX/S .
This sequence comes up in the graded parts of the filtration
<p

<p

F r = Im[ f ∗ ΩrS ∧ ΩX [−r] → ΩX ]

(10.2)

<p
ΩX ,

on the complex
where we recall that this complex plays a role in the
definition of the Deligne cohomology. Indeed, we have
<p

GrrF = f ∗ ΩrS ∧ ΩX/S [−r],
<p

where the meaning of the complex ΩX/S should be clear. Letting F• be the
<p

Hodge filtration on the bundle Hn = Rn f∗ C ⊗ OS , we observe that Rn f∗ ΩX/S
is quasi-isomorphic to Hn /Fp . If we apply the direct image functor to the
right hand side, we get the E1 -term of the spectral sequence associated with the
<p
filtration induced by F on the complex R f∗ ΩX . This implies that we can write
the spectral sequence as
<p

def

E1a,b (p) = Ra+b f∗ GrFa = ΩSa ⊗ Hb /Fp−a =⇒ Ra+b f∗ ΩX .

(10.3)

We may shrink S to prove the assertion; therefore we assume that S is a polydisk
for the rest of the proof. From what we wrote in Section 6.5, we know that under
this identification, the differentials d1a,b : E1a,b → E1a+1,b are induced by the
Gauss–Manin connection:
d1a,b = ∇ : ΩSa ⊗OS Hb /Fp−a → ΩSa+1 ⊗OS Hb /Fp−a−1 .

(10.4)

Now let us look at Deligne cohomology, as defined above. We have already
seen that there exists a long exact sequence of cohomology groups
<p 
· · · H 2p−1 (X, Z(p)) → H2p−1 X, ΩX
2p

<p

→ H D (X, Z(p)) → H 2p (X, Z(p)) → H2p (X, ΩX ) · · · .
2p

If α ∈ H D (X, Z(p)) is a Deligne cohomology class that is homologous to 0 on
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all fibers of f , then the normal function associated with it is obtained by the
following procedure (also explained in Section 9.2).
First, note that because α is homologous to 0 on all fibers, it maps to 0 in
H 2p (X, Z(p)) = H 0 (S, R2p f∗ Z(p)) after possibly shrinking S. Therefore it lifts
<p
noncanonically to a class α̃ ∈ H2p−1 (X, ΩX ). Next, we combine the Leray
spectral sequence for f and the spectral sequence (10.3) for a + b = 2p − 1.
Note that
0,2p−1

E1

<p

(p) = R2p−1 f∗ ΩX/S = H2p−1 /Fp .

The normal function να associated with α is a section of this bundle (in fact of
a subbundle). One checks that it is the image of α̃ under an "edge homomor<p
0,2p−1
phism" R2p−1 f∗ ΩX → E1
(p) as given in Chapter 6, Eq. (6.1), but after
taking global sections. This morphism can be written as a composition

 r∗


2p−1
<p  e
<p
0,2p−1
H2p−1 X, ΩX −−−−−→ H 0 S, R2p−1 f∗ ΩX −−→ H 0 S, E1
(p) .
The first map is induced by a similar edge homomorphism H 2p−1 (X, C) →
2p−1
H 0 (S, R f∗
C) for the Leray spectral sequence (6.6) from Section 6.4, after
truncating the complex Ω•X which resolves the constant sheaf C. The second
<p
<p
map is induced by the natural projection ΩX → ΩX/S coming from the projection Ω1X  Ω1X/S . This description obviously shows that the normal function
is horizontal.
Since, by description of the edge-homomorphism, να is a section of the bun0,2p−1
dle given by E∞
, all derivatives of the spectral sequence vanish; in particular
d1 (να ) = 0. So by (10.4) the normal function is holomorphic as well.


Problems
10.1.1

10.1.2

2 (X, Z(2)) classifies holomorphic line bundles
Show that the group H D
with a holomorphic connection by relating the group to the complex
OX∗ → Ω1X given by the d log map.
Prove that for X smooth, we have in the Zariski topology H i (X, OX∗ ) =
0 for i ≥ 2. What happens in the analytic topology? Hint: give a flasque
resolution of OX∗ using the sheaf of meromorphic functions on X.

10.2 The Statement of Nori’s Theorem
In this section we state Nori’s connectivity theorem in the form of an effective
version due to Jan Nagel (2002). It gives the best bounds in the theorem of Nori
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that are known to date. They may still not be optimal, but in the case where Y =
Pn+1 they are known to be sharp. The proof grew out of Nagel’s thesis and builds
on unpublished work of Green and Müller-Stach (1996). Nagel was able to
invoke the original approach in a very clever way in order to obtain such effective
bounds. This theorem implies Griffiths’ theorem about the Abel–Jacobi maps
(see Theorem 9.2.1) as well as the Noether–Lefschetz theorem and the theorem
of Green and Voisin (Theorem 9.3.1). See Section 10.7 for a treatment of those
applications. Before we state the theorem, let us fix some notation.
Notation 10.2.1. Let (Y, OY (1)) be a polarized variety of dimension n + 1 + r.
For any multi-index d = (d0, . . . , dr ), let X ⊂ Y be a complete intersection
given by a global section of the vector bundle
E = OY (d0 ) ⊕ · · · ⊕ OY (dr ).
We introduce
def

S = PH 0 (Y, E),
∆ ⊆ S the discriminant locus,
XS ⊂ YS = Y × S the universal complete intersection
of type d in Y ,
def

U = S−∆.
In the affine setting we have likewise
def

V = H 0 (Y, E),
∆0 ⊆ V the affine discriminant locus,
def

U 0 = V −∆0 .
We consider submersive base changes p : T → S, i.e., the induced map on
tangent spaces is surjective at every point of T. The total spaces pull back to
def

YT = Y × T,
XT

def

= XS ×S T .

The original theorem of Nori (1993) does not include effective bounds on
degrees and can be stated as follows using the relative cohomology groups of
(YT , XT ).
Theorem 10.2.2 (Nori, 1993). For every positive integer c ≤ n there exists a
natural number N = N(Y, OY (1), c) such that
H n+k (YT , XT ; Q) = 0, for all k ≤ c
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and every submersion p : T → S provided that
min(d0, . . . , dr ) ≥ N.
From this formulation one sees immediately that the theorem is a generalization of the Lefschetz hyperplane theorem, stated as Theorem B.3.3. Indeed, first
of all, using induction, it implies a similar theorem for complete intersections
of Y . Now we apply the Leray spectral sequence to both morphisms, YT → T
and XT → T. Then for i < n the direct images Ri f∗ Z for both morphisms are
isomorphic by the generalized version of the Lefschetz hyperplane theorem.
Note here that the fibers may be singular, but the complements Y−X are always
smooth so that we may apply the theorem. In the Leray spectral sequence the
E2 -terms are then isomorphic and hence so are the E∞ -terms, so the natural restriction map H i (YT , Z) → H i (XT , Z) is an isomorphism for i < n and injective
for i = n. In other words, the relative cohomology groups H i (YT , XT ; Z) vanish
for i ≤ n. Nori’s theorem extends the range of coefficients for the vanishing to
i ≤ 2n but only for Q-coefficients. One can indeed construct examples where
the theorem fails with Z-coefficients for n < i ≤ 2n (see Problem 10.2.1 below).
Paranjape (1994) showed later that for the necessary bounds one has the estimate N(Y, OY (1), c) ≤ mY +n+c+1 with mY = max{m j − j−1 : 0 ≤ j ≤ dim Y },
j
where m j is the Castelnuovo regularity of ΩY ; see also Braun and Müller-Stach
(1996) and Ravi (1993) for bounds and explicit computations of mY that were
obtained earlier. Nagel’s version of Nori’s theorem can be stated in the following
way (recall that U = S−∆).
Theorem 10.2.3 (Nagel, 2002). Fix an integer c ≤ n and let p : T → U be a
submersion. Then
H n+k (YT , XT ; Q) = 0
vanishes for every 0 ≤ k ≤ c provided the following conditions are satisfied:
assume that d0 ≥ · · · ≥ dr and
(C) :

(Ci ) :

r
Õ

da ≥ mY + dim (Y ) − 1,

a=min(c,r)
r
Õ

da + (µ − c + i)dr ≥ mY + dim (Y ) + c − i,

a=i

for all i with 0 ≤ i ≤ min(c − 1, r). Here, for n, c as above, µ is defined as the
constant µ = [ n+c
2 ].
We devote the remainder of this section to reducing the proof to a statement
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about a filtration which is coarser than the Hodge filtration. In order to explain its formulation, we advise the reader to review the mixed Hodge theory
discussed in Section 3.3. In particular, it is necessary to understand Hodge
filtrations on relative cohomology groups in more detail.
To do this, let Y be a complex algebraic manifold and i : X ,→ Y a smooth
irreducible subvariety. Assume that Y ⊂ Y and X ⊂ X are smooth algebraic
compactifications with simple normal crossing boundary divisors
def

D = Y −Y,
def

D 0 = D ∩ X.
The logarithmic de Rham complex Ω• (log D) together with the Hodge and
Y
weight filtrations on its hypercohomology define a mixed Hodge structure on
VC = H i (Y, C). We now use the description of relative cohomology as a mapping cone, as explained in Section 3.3:
H i (Y, X) = Hi (Y, Ker(ΩY• → i∗ Ω•X )).
In order to define the mixed Hodge structure of Deligne on H i (Y, X), we need
both the Hodge and weight filtrations. Here is a description of the Hodge
filtration F • on H i (Y, X): look at the commutative diagram
0
0

→ i∗ Ω• (log D 0)[−1] → C(β) → Ω• (log D) → 0
X
Y
↓
↓
↓
→
i∗ Ω•X [−1]
→ C(α) →
ΩY•
→ 0,

where
def

C(α) = Cone(α : ΩY• → i∗ Ω•X ) = Ker(ΩY• → i∗ Ω•X )
and
def

C(β) = Cone(β : ΩY• (log D) → i∗ Ω•X (log D 0)).
Note that because both cone complexes are quasi-isomorphic, they both compute H • (Y, X). But only the second complex can be used to obtain the correct
Hodge filtration coming from the trivial filtration F p (see Section 6.3):
def

F p H i (Y, X) = Im(Hi (F p C(β)) → Hi (C(β))).
See Deligne and Dimca (1990) for a proof.
The trivial filtration on the first cone complex, or rather on the complex

•
ΩY,X
= Ker ΩY• → i∗ Ω•X ,
which is quasi-isomorphic to it, gives a second filtration which was used by
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Nori in his proof. This is his G-filtration:
•
•
) → Hi (ΩY,X
G p H i (Y, X) = Im(Hi (F p ΩY,X
)).

It follows immediately from the commutative diagram above that
F p H i (Y, X) ⊂ G p H i (Y, X),

(10.5)

because the vertical maps preserve the corresponding filtrations.
We do not explain the weight filtration here, because it is sufficient for our
purposes to note that the maps in the long exact sequence associated with the
pair (Y, X) are strict morphisms of mixed Hodge structures. These properties
all enter in the following auxiliary but important lemma.
Lemma 10.2.4. If X ⊂ Y are smooth, quasi-projective varieties as above and
k ≥ 0 is an arbitrary integer, then
i
(i) GrW
H n+k (Y, X) = 0 if i ≤ n + k − 2;
k
(ii) if F H n+k (Y, X) = 0 for all k ≤ c and some c ≤ n, then H n+k (Y, X; Q) = 0
for all k ≤ c.
Proof The assertion about the graded pieces follows from the fact that for any
smooth quasi-projective variety Z the weights of H n (Z) are ≥ n by Lemma
3.3.3 and by the long exact sequence
· · · → H n+k−1 (X) → H n+k (Y, X) → H n+k (Y ) → · · ·
using the strictness of morphisms of mixed Hodge structures. For the second
assertion, assume that one of the Hodge numbers h p,q of H n+k (Y, X) is nonzero. By assumption we have then p ≤ k − 1 and (by symmetry) q ≤ k − 1.
Hence, if k ≤ n, we have p + q ≤ 2k − 2 ≤ n + k − 2. This contradicts our first
assumption.

Note that in this proof we have used only the inequality p ≤ [ n+k
2 ] − 1,
n+k
because then, by symmetry, p + q ≤ 2[ 2 ] − 2 ≤ n + k − 2. So instead of
looking at F k , we could have looked at the vanishing of F bk H n+k (Y, X) = 0
for some integer k ≤ bk ≤ [ n+k
2 ]. Nori’s choice is bk = k, in fact, but one can
also take other sequences bk to prove the theorem. Our choice is as follows. Fix
n and c as above. Then we set


hn − ci
n+k
def
bk = k +
∀k ≤ c =⇒ k ≤ bk ≤
.
2
2
In the next sections we shall employ the following principle.
Lemma 10.2.5 (Reduction to the G-filtration). Suppose that
G bk H n+k (YT , XT ; Q) = 0.

10.3 A Local-to-Global Principle
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Then
H n+k (YT , XT ; Q) = 0, for all k ≤ c.
Proof This follows directly from Lemma 10.2.4 and the inclusion F p H i (Y, X)
⊆ G p H i (Y, X) explained above (10.5).

By what we said so far, this Lemma implies Nori’s Theorem 10.2.2 provided
we can show that G bk = 0. In the next section we use these ideas but follow a
different route to obtain Jan Nagel’s effective version.

Problems
10.2.1

10.2.2

Find a counterexample to Nori’s theorem stated over Z. Hint: construct
quotients of smooth hypersurfaces in projective space that carry free
and properly discontinuous actions of finite groups. Then form the
quotient and take such varieties for Y .
Show that condition (Ci ) is a consequence of the inequality
(µ − c + r + 1)dr ≥ mY + dim (Y ) + c.

10.3 A Local-to-Global Principle
In this technical section we explain how, using the first reduction to a statement
about the G-filtration as explained in the previous section, we can further reduce
Nori’s theorem to a vanishing assertion about certain E∞ -terms of a spectral
sequence with E1 -term given by
p,q

p

b−p

E1 (b) = ΩT,t ⊗ H p+q (Y, ΩY,Xt ).

(10.6)

So Nori’s statement about global cohomology is reduced to a "local" sheaftheoretic vanishing result. This reduction in addition uses Nori’s condition (Nc ).
Definition 10.3.1. Let p : T → U be a submersion and c a positive integer.
We say that Nori’s condition (Nc ) holds for the pair (YT , XT ), if
R a (prT )∗ ΩYbT ,XT = 0,
for all (a, b) with a + b ≤ n + k, b ≥ bk = k + [ n−c
2 ], k ≤ c.
To be precise, what we are after is this.
p,q

Proposition 10.3.2. Suppose that E∞ (b) = 0 for all (p, q, b) for which
p + q + b ≤ n + k, b ≥ bk and k ≤ c. Then condition (Nc ) holds. Moreover G bk H n+k (YT , XT ) = 0 – and hence H n+k (YT , XT , Q) = 0 for all k ≤ c.
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Before we show this, we first prove that the property (Nc ) has very good
base-change properties; this will be used in subsequent sections.
Lemma 10.3.3. Let g : T → U be a submersion. Then
(1) if (Nc ) holds for (YU , XU ), then (Nc ) also holds for (YT , XT );
(2) if g is surjective and (Nc ) holds for (YT , XT ), then (Nc ) also holds for
(YU , XU ).
Proof We may assume that T is also affine by looking at an affine cover of T.
All exact sequences of vector bundles then split over T. In particular, for relative
cotangent sheaves, one gets a direct sum decomposition (see Problem 10.3.1)
É
∗ q
∗ p
ΩYbT ,XT =
p+q=b prY ΩYU ,XU ⊗ prT ΩT /U .
Apply now g∗ R a (prT )∗ to get
g∗ R a (prT )∗ ΩYbT ,XT =

É

q
p+q=b g∗ ΩT /U

p

⊗ R a (prU )∗ ΩYU ,XU .

From this formula, the assertions follow immediately.



Our next job is to explain the spectral sequence (10.6). By our assumption,
prT : XT → T is a submersion. This implies that we have an exact sequence
0 → prT∗ ΩT1 → Ω1XT → Ω1XT /T → 0.
On the complex Ω•XT this induces an increasing filtration L • , which is similar
to the F-filtration defined by (10.2):


def
p
L p Ω•XT = Im prT∗ ΩT ⊗ Ω•XT [−p] → Ω•XT .
Because YT = Y × T, there is a natural split exact sequence
0 → prT∗ ΩT1 → ΩY1T → prY∗ ΩY1 → 0.
It induces a filtration L • on ΩY•T in the same way as L p did. Define now

def
Ω•(YT ,XT )/T = Ker ΩY•T /T → i∗ Ω•XT /T .
This induces a filtration
L p ΩY•T ,XT = Ker L p ΩY•T → L p i∗ Ω•XT



with graded pieces
p

p

Gr L ΩY•T ,XT  prT∗ ΩT ⊗ Ω•(YT ,XT )/T [−p].
The induced filtration on ΩY•T ,XT |Y×{t } creates a spectral sequence

p,q
E1 (b) ⇒ H p+q Y, ΩYbT ,XT |Y×{t }

p,q

p

with E1 (b)  ΩT,t
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b−p 
⊗ H p+q Y, ΩY,Xt .

We are now ready to give the proof of Proposition 10.3.2.
Proof of Proposition 10.3.2.

To start, if
p,q

E∞ (b) = 0,
for all (p, q, b, k) ∈ N4 with p + q + b ≤ n + k, b ≥ bk , k ≤ c, then Nori’s
condition (Nc ) holds for (YT , XT ), because the vanishing holds in all fibers of
the direct image sheaves.
By the reduction Lemma 10.2.5, it is indeed enough to prove that
G bk H n+k (YT , XT ) = 0.
Now we use the Leray spectral sequence for hypercohomology with g = prT :


p,q
E2 = H p T, Rq g∗ ΩY•T ,XT =⇒ H p+q ΩY•T ,XT = H p+q (YT , XT ).
This spectral sequence can be constructed with the methods of Chapter 6
(see Problem 10.3.2). Using this spectral sequence for the filtered complex
F bk ΩY•T ,XT instead, we get the spectral sequence
p,q

E2



= H p T, Rq g∗ F bk ΩY•T ,XT =⇒ H p+q F bk ΩY•T ,XT .

We see that to show G bk H p+q (YT , XT ) = 0, it suffices to prove that
Rq g∗ F bk ΩY•T ,XT = 0

∀q ≤ n + k.

But Rq g∗ F bk ΩY•T ,XT has a filtration such that the graded pieces are subquotients of R a g∗ ΩYbT ,XT . However, these groups vanish as long as Nori’s condition
(Nc ) holds.


Problems
10.3.1

Verify the claim
ΩYbT ,XT =

10.3.2

É

∗ p
p+q=b prY ΩYU ,XU

q

⊗ prT∗ ΩT /U

in the proof of Lemma 10.3.3.
Construct formally the Leray spectral sequence for hypercohomology
used in the proof of Proposition 10.3.2.
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10.4 Jacobi Modules and Koszul Cohomology
At this point we have seen that we need to investigate the spectral sequence
with E1 -term
p,q

p

b−p

E1 (b) = ΩT,t ⊗ H p+q (Y, ΩY,Xt ).
We do this for hypersurfaces in Y . Later, in Section 10.6, we shall explain how
also complete intersections can be handled.
The idea is to compare the above spectral sequence with a spectral sequence
which is directly related to Jacobian representations for the Hodge summands
in the cohomology of smooth, very ample hypersurfaces in arbitrary ambient varieties. This spectral sequence comes from the double complex B•,• (b)
(depending, as our spectral sequence above, on an auxiliary parameter b) we
introduce below as (10.7). As a double complex, it has two associated spectral
p,q
sequences, the first of which we shall compare with E1 (b). Both spectral
sequences will play a role. The actual comparison involves duality and will be
done in the next section (§10.5).
The formalism we develop here was first defined in Green and Müller-Stach
(1996) and is used below in the proof of Nori’s theorem. First, we need to explain
the general set-up. Let L be an ample line bundle on a smooth projective variety
Y . Then we have the bundle of principle parts P1 (L) sitting in the exact sequence
0 → ΩY1 ⊗ L → P1 (L) → L → 0
with extension class ±(2πi) · c1 (L), defined in Section 7.5. Dualizing and tensoring with L yields an exact sequence
0 → OY → Σ L → ΘY → 0,

def

Σ L = P1 (L)∨ ⊗ L.

Example 10.4.1. If Y = Pn is projective space and L = O(1), then the Euler sequence coincides with the sequence involving Σ L , so we get that Σ L = O(1)n+1 .
The reason is that the map Σ L → ΘY is given by xi 7→ ∂/∂ xi in this case and
hence coincides with the definition given in Section 7.5.
We set
V
ML

def

= H 0 (Y, L),

= the kernel of the evaluation map V ⊗ OY → L.

For the remainder of the proof s is an element of V, and X denotes a hypersurface section X = {s = 0} inside Y . Recall also that we have defined a natural
map H 0 (Y, L) → H 0 (Y, P1 (L)) that sends any section s to its jet j 1 (s), i.e., the
image of s under the natural map H 0 (Y, L) → H 0 (Y, P1 (L)). We are ready to
introduce the associated Jacobi module.

10.4 Jacobi Modules and Koszul Cohomology
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Definition 10.4.2. Let F be a locally free sheaf on Y and s ∈ V. We define
j 1 (s)

def

RY,s (F) = Coker(H 0 (Y, F ⊗ Σ L ⊗ L −1 ) −−−−→ H 0 (Y, F)),
The R(OY )-module
R∗ (F) =

É

p ≥0 RY,s (F ⊗

Lp)

is called the Jacobi module of F. It depends on the choice of the section s ∈ V.
Example 10.4.3. In the case Y = Pn and L = O(d), the Jacobian ring
É
q+1
R∗ (KY ⊗ L) =
)
q ≥0 RY,s (KY ⊗ L
coincides with Griffiths’ Jacobian ring ⊕ p R(q+1)d−n−1 , i.e., the quotient of the
polynomial ring modulo the Jacobian ideal of s. This follows from the local
description of j 1 (s) in Section 7.5.
Now we can define the double complex (of vector spaces) we alluded to at
the start of this section:
Ó
def Ó p
B−p,q (b) =
V ⊗ H 0 (Y, KY ⊗ b−q Σ L ⊗ L q+1−p ), p ≤ q ≤ b. (10.7)
This is a second quadrant complex starting at the diagonal:
Ób

V ⊗ H 0 (KY ⊗ L) →

Ób−1
Ób−1

0 (K ⊗ L 2 )
V ⊗ Hx
Y



V ⊗ H 0 (KY ⊗ Σ L ⊗ L)

H 0 (KY ⊗xL b+1 ) → 0


· · · H 0 (KY ⊗ ΣxL ⊗ L b ) → 0


..
..
.
x.

···



H 0 (KY ⊗ Σ L ⊗ L) → 0.

The vertical differentials are induced by the contraction maps with j 1 (s) explained above, whereas the horizontal differentials are given by the Koszul
maps. Let
Éb
−p,i+p
Bi (b) =
(b)
p=0 B
be the associated total complex. As a consequence, we get two spectral sequences of vector spaces converging to the total cohomology:
0

E1r,s (b) = H s (Br,• (b)) =⇒ H r+s (B• (b)),

00

E1r,s (b) = H s (B•,r (b)) =⇒ H r+s (B• (b)).

To interpret these spectral sequences we go back to the definition we have given
of Koszul cohomology in Section 7.2. Obviously this notion can be generalized
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when we replace Pr by Y and O(1) by the line bundle L. We get the Koszul
cohomology group
def

Kp,q (F, L q−1 ) = the cohomology of the 3-term complex
Ó p+1
Ó
V ⊗ H 0 (Y, F ⊗ L q−1 ) → p V ⊗ H 0 (Y, F ⊗ L q )
Ó
→ p−1 V ⊗ H 0 (Y, F ⊗ L q+1 ).
Lemma 10.4.4. We have
0

−p,b

E1

(b) =

Óp

V ⊗ RY,s (KY ⊗ L b−p+1 )

(for q = b) and
00

p,−q

E1

(b) = Kq, p−q+1 (KY ⊗

Ób−p

Σ L, L).

Proof The first identity follows from the definition of RY,s (KY ⊗ L b−p+1 ) and
−p,q
the fact that 0 E1 (b) = 0 for q > b. For the second identity we note that
Ó
Ó
B−q, p (b) = q V ⊗ KY ⊗ b−p Σ L ⊗ L p+1−q .
Hence, by definition, we immediately get
00

p,−q

E1

(b) = Kq, p−q+1 (KY ⊗

Ó p−b

Σ L, L).



We later need the following criterion for the vanishing of Koszul cohomology.
Ó
Lemma 10.4.5. If H 1 (Y, p+1 ML ⊗ F ⊗ L q−1 ) = 0, then Kp,q (F, L) = 0.
Proof It is a standard fact that, if we have a short exact sequence of vector
bundles
0 → A → B → C → 0,
where C is a line bundle, then there is a long exact sequence
Ó
Ó
Ó
0 → p+1 A ⊗ C q−1 → p+1 B ⊗ C q−1 → p B ⊗ C q → · · ·
· · · → B ⊗ C p+q−1 → C p+q → 0.
We apply this to the sequence
0 → ML → V ⊗ OY → L → 0
Ó
and tensor with the locally free sheaf F. Then the wedge powers p+1 ML of
ML sit in the long exact sequences
Ó
Ó
0 → p+1 ML ⊗ F ⊗ L q−1 → p+1 V ⊗ F ⊗ L q−1 →
Ó
→ p V ⊗ F ⊗ L q → · · · → F ⊗ L p+q → 0.

10.5 Linking the Two Spectral Sequences Through Duality
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Ó
Therefore the vanishing of H 1 (Y, p+1 ML ⊗ F ⊗ L q−1 ) = 0 implies that the
sheaf map
Ó

Ó p+1
Ó
p
V ⊗ F ⊗ L q−1 → Ker
V ⊗ F ⊗ L q → p−1 V ⊗ F ⊗ L q+1
is surjective on the H 0 -level, i.e., the Koszul complex is exact at the position
Óp
V ⊗ H 0 (Y, F ⊗ L q ).


10.5 Linking the Two Spectral Sequences Through Duality
−p,q

p,q

To compare the spectral sequence for E1 (b) with the one for 0 E1 (b) we
1 that
need to make a connection between the wedge products of the space ΩT,t
figures in the first sequence and the wedge products of V which come up in the
second one. This goes as follows. Note that T = V −∆0 is an open subset of the
vector space V = H 0 (Y, L) of sections of L. Therefore, the tangent space to T
at t ∈ T is canonically isomorphic to V itself at each point:
TTt  V .

(10.8)

So, clearly, some duality is at play here.
To put this in proper perspective, it is necessary to also understand the local
p
q
structure of the sheaves ΩY,X and ΩY (log X) if X ⊂ Y is a smooth divisor. Let
us choose local coordinates z0, . . . , zn in Y such that X is given by the locus
Í
p
p
where z0 = 0. Then a local section aI dzI ∈ ΩY is contained in ΩY,X if and
only if all coefficients aI with 0 < I are in the ideal IX = (z0 ). In other words,
p
a local basis of ΩY,X is given by
dzI ,
z0 dzI ,

0 ∈ I,
0 < I.

q

As we already know, the sheaf ΩY (log X) is generated by differential forms that
are either holomorphic or contain a copy of dz0 /z0 . Therefore, we may pair
both sheaves and get a map
p

q

p+q

ΩY,X ⊗ ΩY (log X) → ΩY
p

p+q

(log X)(−X) ⊆ ΩY
p

.

We note that the sheaf ΩY,X coincides with ΩY (log X)(−X) in this situation.
By comparing the local bases for both sheaves for q = dim (Y ) − p, one obtains
a nondegenerate pairing with values in KY and hence a duality isomorphism
p

dim (Y)−p

KY ⊗ (ΩY,X )∨  ΩY

(log X).
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Combining this with Serre duality and using our previous notation X = Xt , we
have that the dual of
p

b−p

ΩT,t ⊗ H p+q (Y, ΩY,Xt )
is naturally isomorphic to

Óp
n+1−b+p
V ⊗ H n+1−p−q Y, ΩY
(log Xt ) .
Now recall the spectral sequence

p,q
p
b−p 
E1 (b) = ΩT,t ⊗ H p+q Y, ΩY,Xt =⇒ H p+q Y × {t}, ΩYbT ,XT |Y×{t }
defined in Section 10.3. Combining it with the preceding discussion, we see
that its dual spectral sequence is

Ó
−p,n+1−q
n+1+p−b
E1
(b) = p TT,t ⊗ H n+1−q−p Y, ΩY
(log Xt )
or, equivalently after renumbering n + 1 − q to q,

Ó
−p,q
n+1+p−b
E1 (b) = p TT,t ⊗ H q−p Y, ΩY
(log Xt ) .
We use the same notation for E1 and its dual because it should be clear from
the context which is meant.
The main result of this section states what we are after, namely that this
p,q
spectral sequence is related to the sequence starting with 0 E1 (b).
Lemma 10.5.1 (Green and Müller-Stach, 1996). Suppose that the condition

n+2−β−γ
H α Y, ΩY
⊗ L b−p+1−β = 0
is satisfied for all α > 0, 0 ≤ β ≤ b − p and 0 ≤ γ ≤ 1. Then, for T = V − ∆0,
where ∆0 ⊂ V = H 0 (Y, L) is the discriminant locus of singular sections, there
is an isomorphism of groups
−p,n+1−q

h : 0 E1

∼

−p,n+1−q

(b)−→E1

(b)

compatible with the differentials d1 .
Proof Let us start out by recalling the identification (10.8) so that we have
Ó
−p,n+1−q
E1
(b) = p V ⊗ H n+1−q−p (Y, Ωn+1+p−b (log Xt )).
We first describe a resolution of the sheaf Ωn+1+p−b (log Xt ). Let us start by observing that ΘY (− log Xt ), the sheaf dual to ΩY1 (log Xt ), sits in an exact sequence
0 → ΘY (− log Xt ) → Σ L → L → 0,
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which follows from the commutative diagram

0

→

0

→

OY
||
OY

→
→

ΘY (− log Xt ) =
↓
ΣL
→
↓
L
→

ΘY (− log Xt )
↓
ΘY
→
↓
NXt |Y
→

0
0.

The short exact sequence gives rise to a resolution (as in the proof of Lemma
10.4.5).
Ó
Ó
Ó
0 → b−p ΘY (− log Xt ) → b−p Σ L → b−p−1 Σ L ⊗ L
→ · · · → L b−p → 0.
Using the duality isomorphisms
Ói
ΘY (− log Xt )  ΩYn+1−i (log Xt ) ⊗ KY−1 ⊗ L −1
and tensoring with KY ⊗ L, we get our desired resolution
Ó
n+1−b+p
0 → ΩY
(log Xt ) → KY ⊗ b−p Σ L ⊗ L
→ · · · → KY ⊗ L b−p+1 → 0.
The main point of the proof is that our assumption implies that the sheaves in
this resolution are acyclic, i.e.,
Ó
H α (Y, KY ⊗ β Σ L ⊗ L b−p+1−β ) = 0
for all α > 0 and 0 ≤ β ≤ b − p. In fact, by using the isomorphisms
Ói
Ó
Σ L  n+2−i Σ∨L ⊗ KY−1
(following from det(Σ L ) = KY−1 ) and the short exact sequence
Ó
n+2−β
n+2−β−1
0 → ΩY
→ n+2−β Σ∨L → ΩY
→0
together with the condition
H α Y, ΩY

n+2−β−γ


⊗ L b−p+1−β = 0

for all α > 0, 0 ≤ β ≤ b − p and 0 ≤ γ ≤ 1, acyclicity follows:
 Ó

H α Y, n+2−β Σ∨L ⊗ L b−p+1−β = 0.
This implies that our E1 -term comes from the de Rham cohomology at place
(n + 1 − p − q) of the resolution:


Ó
Ó
−p,n+1−q
n+1−p−q
E1
(b) = p V ⊗ HdR
KY ⊗ b−(p+•) Σ L ⊗ L 1+• .
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−p,n+1−q

On the other hand, 0 E1
(b) comes from the de Rham cohomology group
Ó
at place (n + 1 − q) of the complex KY ⊗ b−• Σ L ⊗ L 1−p+• upon tensoring
Óp
with
V. Comparing this with the previous calculation shows the existence
of the desired morphism h, which is an isomorphism of vector spaces.
In order to prove the compatibility of the d1 -maps, it is enough to note that
d1 is the cup product with the extension e of the short exact sequence
0 → ΘY (− log Xt ) → Σ L → L → 0.
0 d −p,n+1−q (b)
1

is induced by the cup-product maps with j 1 (s):
 Ó

 Ó

H 0 Y, b+q−n−1 Σ L ⊗ L n+2−p−q → H 0 Y, b+q−n−2 Σ L ⊗ L n+3−p−q .

Now,

Under the natural isomorphism constructed above, the cup-product maps correspond to the multiplication maps using the same argument as in Lemma
5.4.3.

Remark. Now let p = 0 and use Lemma 10.4.4. Then, assuming the vanishing
assumption of Lemma 10.5.1, we can translate the isomorphism of E1 -terms
as follows. It gives a generalized Jacobian representation.


n+1−p
H p Y, ΩY
(log Xt )  RY,s KY ⊗ L p+1 .

10.6 A Proof of Nori’s Theorem
In this section we prove Nori’s connectivity theorem (10.2.2) in the form of Theorem 10.2.3. As a first step, we consider hypersurfaces in Y since we want to use
the isomorphism of spectral sequences of Section 10.5. In that section we have
identified the E1 -terms of our two spectral sequences, but we want to identify
−p,n+1−q
the E∞ -terms, because then the vanishing of 0 E∞
(b) (which we are going
−p,n+1−q
to show) would imply the vanishing of E∞
(b) and hence property (Nc ).
However, if two spectral sequences agree on the E1 -level with compatible differentials, they still need not converge to the same limit. We have to show, moreover, that both spectral sequences are obtained from filtered complexes and that
the isomorphism between the E∞ -terms is coming from a filtered morphism of
both complexes (compare with Chapter 6). This has been done in Nagel (2002)
by defining a filtered quasi-isomorphism between two filtered complexes whose
associated spectral sequences are closely related to the spectral sequences we
consider. One of those complexes appears in Green and Müller-Stach (1996).
We shall assume this highly technical result. It allows us to deduce Nori’s
theorem in the special case of hypersurfaces, which, as we shall see, is enough
for our purposes. The upshot of all of this is as follows.
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Proposition 10.6.1 (Hypersurfaces). Assume that for all k ≤ c and for all
t ∈ U 0 = H 0 (Y, L)− ∆0 the following properties hold:
−x,y

−x,y

(1) E1 (b)  0 E1 (b) for all x, y such that 0 ≤ x ≤ b and b − k + 1 ≤ y ≤ b.
x,−y
(2) 00 E1 (b) = 0 for all x, y such that x, y ≥ 0 and b + 1 − k ≤ x − y ≤ b.
Then for every submersion g : T → U, we have
H n+k (YT , XT ) = 0
for all k ≤ c.
p,q

Proof By Proposition 10.3.2 it is sufficient to show that E∞ (b) = 0 for all
p, q, b, k with p+q+b ≤ n+k, b ≥ bk , and k ≤ c. For the dual spectral sequence
−p,n+1−q
this is equivalent to the vanishing of E∞
(b) and, by our assumption (1),
−p,n+1−q
0
to the vanishing of E∞
(b) in the appropriate range of indices (one
checks this by considering all incoming and outgoing differentials). Now, as
0 E p,q (b) and 00 E p,q (b) converge to the same limit, condition (2) guarantees
1
1
n+1−p−q
n+1−p−q
−p,n+1−q
that 0 E∞
(b) and 00 E∞
(b) both vanish. However, 0 E∞
(b) is a
n+1−p−q
0
direct summand of E∞
(b) and hence also vanishes for all p, q, b, k with
p + q + b ≤ n + k, b ≥ bk , and k ≤ c.


Tools For Complete Intersections
As promised, the next step is to reduce to the hypersurface case. We employ
the notation from (10.2.1). Furthermore, we set
def

P = P(E) = the projective space bundle of hyperplanes in the vector bundle
E = OY (d0 ) ⊕ · · · ⊕ OY (dr )
with the projection map
π :P→Y
and the tautological line bundle OP(E) (1). We assume that d0 ≥ · · · ≥ dr for the
rest of the section.
The key observation for us, when looking at sheaf cohomology, is that
H 0 (P(E), OP(E) (1)) = H 0 (Y, E),
so that every section s ∈ H 0 (Y, E) defining Xs corresponds to a section
s̃ ∈ H 0 (P(E), OP(E) (1)) and its zero locus X̃s = V(s̃) ⊂ P(E). This construction can be done uniformly for the whole universal family of complete
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intersections, so that one gets a subset X̃S ⊂ PS corresponding to the inclusion
XS ⊂ YS = Y × S. Here PS is defined as P(E), where E is the vector bundle
prY∗ E ⊗ pr∗S OS (1)
on YS . This bundle has a tautological section whose zero locus defines XS ⊂ PS .
If g : T → S is a submersion, then this extends to a section X̃T ⊂ PT = g ∗ P(E).
We denote by πT : PT → YT the extension of π to T.
Remark 10.6.2. In passing, we note that PT is only isomorphic to P×T if OT (1)
is trivial on T. This is, for example, the case when T = U 0, the complement of the
affine discriminant in V = H 0 (Y, E), because then OV (1) is already trivial on V.
Lemma 10.6.3. The map π induces an isomorphism
(πT )∗ : H k+2r (PT , X̃T )  H k (YT , XT )
for all k ≥ 0.
Proof

The map
πT : PT − X̃T → YT − XT

is a fiber bundle with fibers isomorphic to the contractible space Cr , because
on each fiber O(1) restricts to a linear section of projective space. Therefore,
the cohomology groups with compact support Hck+2r (PT − X̃T ) and Hck (YT −XT )
coincide. By topological duality (Theorem B.3.1) the assertion follows.

For every t ∈ T this induces an isomorphism
H k+2r (P, X̃t )  H k (Y, Xt ).
Now π∗ is a morphism of mixed Hodge structures, because the weight and
Hodge filtrations are compatible under π. We conclude that


q
q+r 
H p Y, ΩY,Xt  H p+r P, ΩP, X̃ .
t

As a consequence of this whole construction, we get a new set of spectral
sequences


def
p,q
p
b+r−p 
b+r
Ẽ1 (b + r) = ΩT,t ⊗ H p+q P, ΩP, X̃
=⇒ H p+q P, ΩP,
|
X̃ Y×{t }
t

t

−p,q

for every t ∈ T. Associated with it are its dual spectral sequence Ẽ1 (b + r)
−x,y
−x,y
and the spectral sequences 0 Ẽ1 (b + r) and 00 Ẽ1 (b + r) obtained by using
OP(E) (1) instead of L as before and constructing in analogy a double complex
B̃−x,y obtained by replacing (Y, L) with (P, OP (1)). Let us now summarize what
we have to show, finally, in order to obtain the main result, which is as follows.
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Proposition 10.6.4 (Complete intersections). Assume that for all k ≤ c and
for all t ∈ U 0 = H 0 (Y, E)−∆0 the following properties hold:
−x,y+r

−x,y+r

(i) Ẽ1
(b + r)  0 Ẽ1
(b + r) for all r, s such that 0 ≤ x ≤ b and
b − k + 1 ≤ y ≤ b;
−x,y+r
(ii) 00 Ẽ1
(b + r) = 0 for all x, y such that x ≥ 0, y ≥ r and b + 1 − k ≤
x − y ≤ b;
Then for every submersion g : T → U, we have
H n+k (YT , XT ) = 0
for all k ≤ c.
Proof All these statements follow from Proposition 10.6.1 applied to the pair
(P, OP (1)) together with Lemma 10.6.3 and Proposition 10.3.2. Here we should
recall Remark 10.6.2: PU need not be isomorphic to the product P × U in
general unless OT (1) is trivial on T. However, Lemma 10.3.3 can be adapted to
this more general situation (see Nagel, 2002, Remark 2.11).


Final Steps of the Proof of Nori’s Theorem
To finish the proof of Theorem 10.2.3, we need to show that the vanishing
conditions
r
Õ
(C) :
da ≥ mY + dim (Y ) − 1
a=min(c,r)

and
(Ci ) :

r
Õ

da + (µ − c + i)dr ≥ mY + dim (Y ) + c − i

a=i

for all i with 0 ≤ i ≤ min(c − 1, r) imply the conditions of Proposition 10.6.4.
Before we state the next, crucial lemma, we introduce some more notation
 ev


def

=
Ker V −−→ E ,
 ME



ev
def

=
Ker V ⊗ OP −−→ OP (1) ,
 MO(1)

where “ev” denotes evaluation.
Lemma 10.6.5. We have:
j

(i) H i (P, ΩP (k)) = 0 if
H i+t Y, ΩYu ⊗

Óv


E ⊗ Symw E = 0
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for all (t, u, v, w) such that 0 ≤ u ≤ j, u + v = j + t + 1, v + w = k, and
0 ≤ t ≤ r − j + u;
Ó
j
(ii) H 1 (P, i MO(1) ⊗ ΩP (k)) = 0 if
 Ó

Ó
Ó
H s+t+1 Y, e ME ⊗ f E ⊗ ΩYu ⊗ v E ⊗ Symw E = 0
for all (e, f , s, t, u, v, w) such that s, t ≥ 0, e + f = i + s + 1, 0 ≤ e ≤ i,
u + v = j + t + 1, and v + w = k − s − 1;
Ó
j
(iii) H i (Y, ΩY ⊗ c ME ⊗ OY (k)) = 0 if i ≥ 1 and k + i ≥ m j + c (recall that m j
j
is the regularity of ΩY ).
Proof We only describe the principal reduction method without keeping track
of the inequalities that have to be satisfied. This is left to the reader as an easy
exercise.
(i) Using the exact sequence
0 → π ∗ ΩY1 → Ω1P → Ω1P/Y → 0,
and taking j-th powers, we reduce to the vanishing of groups of the type
j−u
H i (P, π ∗ ΩYu ⊗ ΩP/Y ⊗ OP (k)). On the other hand, Ω1P/Y has a resolution
0 → Ω1P/Y → π ∗ E(−1) → OP → 0.
j−u

Taking wedge powers, we obtain a resolution of ΩP/Y . Therefore, we are
reduced to the vanishing of groups of the sort
Ó
H i+t (P, π ∗ ΩYu ⊗ π ∗ j−u+t+1 E ⊗ OP (k − j + u − t − 1)) = 0.
Now we apply the Leray spectral sequence and the projection formula to get
Ó
down to the vanishing of H i+t (Y, ΩYu ⊗ v E ⊗Symw E) = 0 for all (t, u, v, w)
such that 0 ≤ u ≤ j, u + v = j + t + 1, v + w = k, and 0 ≤ t ≤ r − j + u.
(ii) The bundles π ∗ ME and MO(1) are sitting in the exact sequence
0 → π ∗ ME → MO(1) → Ω1P/Y (1) → 0.
This becomes evident by noting that
Ker(π ∗ E → OP (1))  Ω1P/Y (1)
and using the definitions of ME and MO(1) together with the snake lemma.
j
Taking the i-th wedge power and the exact sequence above for ΩP , we get that

Ó
j
H 1 P, i MO(1) ⊗ ΩP (k) = 0
if
H s+t+1 Y,

Óe

ME ⊗

Óf

E ⊗ ΩYu ⊗

Óv


E ⊗ Symw E = 0
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for all (e, f , s, t, u, v, w) such that s, t ≥ 0, e + f = i + s + 1, 0 ≤ e ≤ i,
u + v = j + t + 1, and v + w = k − s − 1.
(iii) We give the proof for Y = Pn+1 only. The general case can be found in Nagel
(2002). The argument uses a reduction to projective space given in Paranjape
(1994, Lemma 2.4). For projective space we use the fact that m(ME ) = 1 (see
Problem 10.6.2) and that one has the inequalities m(F ⊗ G) ≤ m(F) + m(G)
whenever either F or G is a vector bundle (see Section 7.3). It follows that the
j Ó
regularity of ΩY ⊗ c ME ⊗ OY (k) is m j +c+k, and the assertion follows. 
It remains to be shown how the conditions (C) and (Ci ) imply (i) and (ii) in
Proposition 10.6.4. Let (Y, L) be the pair (P, OP (1)) and look at Lemma 10.5.1.
It implies that we need to show that


H y+r−x−i−j P, ΩPn+2−b+x+i−z ⊗ OP (i + 1) = 0
for all pairs i, j such that 0 ≤ i ≤ y + r − x − j − 1 and 0 ≤ j, z ≤ 1. Using
Lemma 10.6.5 (i), this amounts to proving that

Ó
H y+r−x−i−j+t Y, ΩYu ⊗ v E ⊗ Symw (E) = 0
for an appropriate range of indices. This can be checked by using the decomposition E = ⊕O(di ) into line bundles and computing regularities. In this way,
one can check that condition (C) is sufficient to imply all these conditions (see
Problem 10.6.1). This proves condition (i).
x,−y+r
To prove (ii), we have to show that 00 Ẽ1
(b+r) vanishes for certain values
of x, y. However, by Lemma 10.4.4, this group is isomorphic to
Ó
∨
Ky−r, x−y+r+1 ( n+2−b+x ΣP,O(1)
, O(1)).
By Lemma 10.4.5, this group will vanish once we have

Ó
Ó
∨
H 1 P, y−r+1 MO(1) ⊗ n+2−b+x ΣP,O(1)
⊗ OP (x − y + r) = 0.
This, in turn, is a consequence of

Ó
H 1 P, y−r+1 MO(1) ⊗ ΩPn+2−b+x−z ⊗ OP (x − y + r) = 0
by using the exact sequences
p

0 → ΩP →

Óp

p−1

∨
→ ΩP
ΣO(1)

→ 0.

Again using Lemma 10.6.5(ii), this follows from the condition

Ó
Ó
Ó
H s+t+1 Y, e ME ⊗ f E ⊗ ΩYu ⊗ v E ⊗ Symw (E) = 0
for the seven-tuple of integers (e, f , s, t, u, v, w) satisfying e + f = y − r + s + 2,
0 ≤ e ≤ y −r +1, u+v = n+r +3− b+ x − z +t, and v +w = x − y +r − s −1. This
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can be checked (see Problem 10.6.1) by splitting E into the line bundles O(di )
and a regularity computation. It follows that this vanishing is a consequence of
condition (Ci ).

Problems
10.6.1
10.6.2

10.6.3

Complete the regularity computation at the end of the proof above.
Make the conditions (C) and (Ci ) explicit for the case where Y itself is
a complete intersection in some projective space or is projective space
itself by computing mY with suitable exact sequences. Hint: use the
methods explained in the proof of Theorem 8.1.7.
j
Assume thatY is a variety that satisfies the property that H i (Y, ΩY (k)) =
0 for all i > 0, k > 0, and j ≥ 0. Show that then the assumption of
Lemma 10.5.1 is satisfied and write the conditions (C) and (Ci ) in this
case. Find examples for such Y .

10.7 Applications of Nori’s Theorem;
Filtrations on Chow Groups
In this last section we explain two applications of Nori’s theorem and then introduce the conjectures of Bloch and Beilinson concerning filtrations of Chow
groups which give an indication of what Chow groups should look like. We
relate this to Lefschetz-type conjectures by Hartshorne and Nori. Finally, we
indicate how infinitesimal methods can be used in order to show that the graded
quotients of such filtrations are nontrivial (see Historical Remarks below).

Noether–Lefschetz Revisited
Our first application is a common generalization of the theorems of Noether
and Lefschetz and of Green and Voisin (see Chapter 9, Theorem 9.3.1). The
proof once again uses Deligne cohomology with logarithmic growth conditions (see Esnault and Viehweg, 1988). For every Z ∈ Ch p (X), one can define
2p
a Deligne cycle class cp (Z) ∈ H D (XT , Q(p)). If U is compact, this definition
of Deligne cohomology agrees with the previous one from Section 10.1 and for
our purposes we only need to know that this new form of Deligne cohomology
has functorial behavior with respect to morphisms.
Theorem 10.7.1 (Green and Müller-Stach, 1996). Let (Y, OY (1)) be a smooth
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and projective polarized variety of dimension n+r +1, i : X ,→ Y a very general
complete intersection of dimension n and multidegree (d0, . . . , dr ) with di satisfying the conditions of Theorem 10.2.3. Furthermore, assume that 0 ≤ p ≤ n−1.
Then:

2p
Image cp : Ch p (X) ⊗ Q → H D (X, Q(p))

2p
2p
⊆ Image i ∗ : H D (Y, Q(p)) → H D (X, Q(p)) .
Proof If we have a cycle on a very general member X = Xo of the universal
family XS → S, then we have a finite unramified morphism p : T → S and a
cycle Z ∈ Ch(XT ) that restricts to the given cycle on a fiber in the preimage
p−1 (o). One looks at the commutative diagram
2p

2p

H D (YT , Q(p)) →
↓
2p
H D (Y, Q(p)) →

H D (XT , Q(p))
↓
2p
H D (X, Q(p)),

where the horizontal maps are the canonical maps induced by the inclusion
i : X ,→ Y and the vertical maps are restriction maps to the fiber over t = o.
Because p < n, we have 2p < 2n and hence Nori’s theorem applies. It gives
'

H j (YT ; Q) −→ H j (XT ; Q),

j = 2p − 1, 2p.

Now use that by Esnault and Viehweg (1988, Cor. 2.10) the Deligne cohomology groups of quasi-projective manifolds U (with Q-coefficients) are determined by the exact sequence
2p

· · · → H 2p−1 (U, C)/F p → H D (U, Q(p)) → H 2p (U, Q) → · · · ,
and that morphisms of mixed Hodge structures are strict (see Section 3.3).
Hence, from the diagram
H 2p−1 (YT ,Q)

/

H 2p−1 ((YT ,C)/F p

2p

H D ((YT ,Q(p))

'

'
H 2p−1 (XT ,Q)

/

/

H 2p−1 (XT ,C)/F p
2p

'

/

2p



H D (XT ,Q(p))

/

H 2p ((YT ,Q)

/

/

'

H 2p ((YT ,C)/F p

H 2p (XT ,Q)

/

'
H 2p (XT ,C)/F p

2p

we deduce that H D (Y, Q(p)) −→ H D (X, Q(p)). This immediately implies that
2p
the Deligne cycle class of Z in H D (XT , Q(p)) comes from a Deligne class
2p
in H D (YT , Q(p)). By the commutativity of the diagram this implies that the
2p
restriction of Z to Xo comes from a cohomology class in H D (Y, Q(p)).

Example 10.7.2. If Y = P4 , r = 0, and d = d0 ≥ 6, then this theorem implies
that the image of the Abel–Jacobi map Ch2hom (X) → J2 (X) for very general X
is contained in the image of J2 (Y ) modulo torsion. However, the latter torus is
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trivial since P4 has no odd cohomology. Therefore, we obtain the theorem of
Green and Voisin. On the other hand, if Y = P3 , r = 0, and X ⊂ Y is a very
general hypersurface of degree d ≥ 4, then the theorem implies that the image
of Ch1 (X) → H 2 (X, Q) is the same as the image of H 2 (Y, Q), which is of rank
one. Hence we deduce the Noether–Lefschetz theorem.
Remark 10.7.3. With more care, one can show that the image of cp : Ch p (X) →
2p
H D (X, Q(p)) is contained in the image of
2p

cp i ∗ = i ∗ cp : Ch p (Y ) → H D (X, Q(p))
obtained by restricting cycles to X and then taking their cohomology classes,
p
at least if one factors out the largest abelian subvariety J0 (X) inside J p (X)
whose classes are not parametrized by algebraic cycles (conjectured to be zero
by Grothendieck’s generalized Hodge conjecture). In other words, one can construct a cycle on Y which has the same Deligne class as the given cycle modulo
p
J0 (X) when restricted to X. See Green and Müller-Stach (1996) for details.

Applications to the Griffiths Group
Our second application is due to M. Nori himself. It is a generalization of
the theorem of Griffiths saying that there are quintic threefolds which have
codimension-2 cycles homologically that are not algebraically equivalent to 0.
Also this proof requires a little bit of Deligne cohomology.
Theorem 10.7.4. Let Y be a smooth projective variety of dimension n + r + 1
and D0, . . . , Dr be very general hypersurfaces of sufficiently large degrees. Let
X = Y ∩ D0 ∩ . . . ∩ Dr be a very general complete intersection of dimension
n. Assume that Z is a codimension p < n algebraic cycle on Y such that its
2p
cohomology class in Hprim (Y, Q) is nonzero. Then the restriction of Z and of
every multiple of it to X is not algebraically equivalent to 0.
In other words, the Griffiths group of such a variety is nontrivial, where we
recall (9.1) that the Griffiths group is defined as
p

Gr p (X) =

Chhom (X)
p

Chalg (X)

.

Proof We argue by contradiction. The cycle Z induces for every finite unramified morphism p : T → S a cycle WT ∈ Ch p (XT ) by pulling it back to YT and
restricting to XT , in short WT = i ∗ prY∗ (Z). Assume now that it is algebraically
equivalent to 0 on a general fiber of XT → T.
By the definition of algebraic equivalence, this implies that there is a family
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of algebraic curves CT → T and a correspondence Γ ⊂ XT ×T CT such that WT
p
is in the image of the induced map Γ∗ : Pic0 (CT ) → Chhom (XT ), which is ob∗
0
tained by pulling back an element from Pic (CT ) to Ch (XT ×CT ), intersecting it
with Γ and pushing forward to XT . The projection map CT → T is a submersion
(after possibly shrinking T) and therefore Nori’s theorem implies that
H 2p+1 (YU , XU ; Q) = 0
def

for U = CT and p < n. If we use Deligne cohomology instead of Chow groups,
2p
we obtain that the Deligne cohomology class of WU ∈ H D (XU , Q(p)) is in the
2p
image of H D (YU , Q(p)). Note that XU = XT ×T CT so that Γ is a cycle on XU .
2p
By Nori’s theorem we conclude that the class of prY∗ (Z) ∈ H D (YT , Q(p)) is
2p
in the image of the correspondence Γ∗ : Pic0 (CT ) → H D (YT , Q(p)), because
both classes coincide after applying i ∗ , which is an isomorphism. Therefore,
this argument shows that if we restrict to the fiber over a point o ∈ T, we
get that the cohomology class of Z |Xo is in the image of the correspondence
2p
Γ(0)∗ : Pic0 (Co ) → H D (Y × {o}, Q(p)). Therefore, it has to be 0, because
correspondences map degree zero cycles to cycles that are homologous to 0.
This contradicts the fact that the cohomology class was nonzero. This argument
also works for any multiple of the class because we take Q-coefficients.

Example 10.7.5. Let Y be a smooth six-dimensional quadric in P7 . By Theorem 10.2.3 we see that if r = 1 and Z = difference of two Schubert three-planes,
then neither Z ∩ D0 ∩ D1 with deg (Di ) ≥ 5 nor even any multiple of it is algebraically equivalent to zero on D0 ∩ D1 for very generally chosen hypersurfaces
Di . Note that the corresponding intermediate Jacobian J 3 (X) is 0 here, so that
the cycles cannot be detected by the Abel–Jacobi map.
This example of Nori was the first example of a cycle that is not of dimension
0 and contained in the kernel of the Abel–Jacobi map. Recall that for a smooth,
projective complex variety of dimension n the Abel–Jacobi map
n
ψ n : Chhom
→ Alb(X)

is always surjective (by the universal property of the Albanese map) and has
an infinite dimensional uniquely torsion-free kernel T(X) if the Hodge number
h n,0 , 0 (Roitman’s theorem; a complete proof can be found in Green et al.,
1994).

Correspondences and Motives
Correspondences between two smooth projective varieties X and Y are just
cycles on the product X × Y up to rational equivalence and up to torsion; more
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precisely, a degree s correspondence from X to Y is an element of
def

Corrs (X, Y ) = Chdim (X)+s (X × Y ) ⊗ Q.
This depends on the order in which we take the two factors. When we switch
them, the same cycle defines the transposed correspondence. For instance, any
morphism ϕ : X → Y defines a degree-zero correspondence in Corr0 (Y, X) by
taking the transpose of its graph. So, a correspondence should be viewed as
a contravariant generalization of a morphism. Like these, any correspondence
f ∈ Corr(X, Y ) induces additive homomorphisms on the Chow groups and in
cohomology (but now covariantly),
f∗ : Ch(X) → Ch(Y ),
f∗ : H(X) → H(Y ),
both defined by the formula (prY )∗ (pr∗X Z · f ), where “pr” denotes projection.
Correspondences can be composed like morphisms:
Corr(X, Y ) × Corr(Y, Z)
( f , g)

−−−−−−−→
7−→

Corr(X,
 Z),
def
g • f = pr∗X Z pr∗XY f · prY∗ Z (g) .

So we can speak of projectors p ∈ Corr0 (X, X) which by definition satisfy
p • p = p.
We can now enlarge the category of complex smooth projective varieties by
adding projectors, thereby obtaining effective motives (X, p). By definition, a
morphism (X, p) → (Y, q) is a correspondence from X to Y of the form q◦ f ◦ p,
with f ∈ Corr0 (X, Y ). We again find the varieties by taking (X, id), but the
morphisms behave contravariantly, because we have to identify them with the
transpose of their graphs. Pure motives (X, p, n) are obtained by adding an integer n to the effective motive (X, p), which serves as a bookkeeping device for
the morphisms (X, p, n) → (Y, q, m). This time they are of the form q◦ f ◦ p, with
p ∈ Corrm−n (X, Y ). The motive of a variety X is then denoted h(X) = (X, id, 0).
Example 10.7.6. (i) The disjoint union defines an addition, making motives
into an abelian monoid. Direct product defines a tensor product for motives.
(ii) Let X be a smooth n-dimensional projective variety. The two trivial projectors
π0
π2n

= x × X,
=X×x

define the motives h0 (X) = (X, π0 ) and h2n (X, π2n ), and because π + =
id −π0 − π2n is a projector as well, the motive of the variety X breaks up as
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a direct sum
h(X) = h0 (X) ⊕ h+ (X) ⊕ h2n (X).
(iii) For curves, the motive h+ carries all the information that its jacobian has:
morphisms h+ (C) → h+ (C 0), where C, C 0 are curves, are exactly the homomorphisms Jac(C) → Jac(C 0) up to isogenies.

Filtrations on the Chow Groups
For this section we refer to Murre et al. (2013) where the reader finds background and references for what here is merely outlined.
Bloch (1980) first formulated a conjecture about the existence of a filtration
Ch p (X) = F 0 ⊇ F 1 ⊇ F 2 ⊇ · · · ⊇ F p+1 = 0
on Chow groups of smooth projective varieties which was later extended and
axiomatized by A. Beilinson. As a first step he conjectured that, in dimension
n = 2, F 2 Ch2 (X) is modulo torsion given by the kernel of the Albanese map.
p
F 1 Ch p (X) should always be equal to Chhom (X).
We first sketch Murre’s approach to the existence of such a filtration (see
Murre, 1993). It depends on several conjectures.
Conjectures (Murre). (i) The Chow–Künneth conjecture:
Every smooth projective variety X admits a Chow–Künneth decomposition
in the sense that for every integer i = 0, . . . , 2n = 2 dim X there exists a
projector πi ∈ Corr0 (X, X) with the following properties:
(a) πi • π j = 0 for i , j;
(b) the sum of the projectors decomposes the diagonal
π0 + · · · + π2n = ∆(X);
(c) the class of πi in cohomology is the Künneth component of the diagonal
∆2n−i,i (X) ∈ H 2n−i (X) ⊗ H i (X).
Assuming this conjecture, put
Chi (X) = (X, πi, 0).
(ii) The projectors π0, . . . , π j−1, as well as the projectors π2n, . . . , π2j+1 , operate
trivially on Ch j (X)Q .
Assuming this conjecture as well, define
F ν = Ker π2j ∩ Ker π2j−1 ∩ · · · ∩ Ker π2j−ν+1
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so that
F 0 = Ch j (X)Q,
F 1 = Ker(π2j ),
F 2 = Ker(π2j−1 |F 1 ) = Ker π2j ∩ Ker π2j−1,
etc.
(iii) The filtration F • does not depend on the choice of the projectors πi .
(iv) F 1 consists of the cycles homologically equivalent to 0.
Jannsen (2000) has shown that a filtration satisfying these properties is unique
and that Murre’s conjectures are equivalent to the following.
Conjectures 10.7.7 (Bloch–Beilinson). There exists a filtration F • on Ch p (X)Q
such that
(i)
F 0 Ch p (X)Q
F 1 Ch p (X)Q

=
=

Ch p (X)Q,
Ch p (X)hom,Q .

(ii)
F r Ch p (X)Q · F s Chq (X)Q ⊂ F r+s Ch p+q (X)Q .
(iii) F • is respected by f ∗ , f∗ for morphisms f between smooth projective varieties.
(iv) Assuming the algebraicity of the Künneth components ∆2n−i,i (X), the ν-th
graded piece of the filtration F • only depends on the motive h2j−ν (X).
(v) F p+1 Ch p (X)Q = 0.
There is a more refined version of conjecture (iv), the so-called Beilinson
formula,
GriF Ch p (X)Q = ExtiM MC (Q, h2p−i (X)(p)),
where M MC is the hypothetical category of mixed motives. The formula means
that GriF Ch p (X)Q should be the Exti -group in that category. Such a category
does not exist yet, but several attempts have been made, the most successful
one up to now being the Voevodsky triangulated category of motives (see Voevodsky et al., 2000; Levine, 1998, and Mazza et al., 2006). For a completely
different approach, suggested by Nori, see Huber and Müller-Stach (2017). For
a precise formulation of Beilinson’s formula and more discussions on equivalence relations and motives, see Jannsen (2000).
Several candidates for the "Bloch–Beilinson filtration" have been proposed
by various people. For instance, Shuji Saito (1996) has defined a filtration on
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Chow groups such that it has many good properties (except the vanishing of
F p+1 Ch p (X)) and is known to be contained in the searched for filtration by
the result of Asakura and Saito (1998). It is known Jannsen (2000) that if such
filtrations exist at all, they coincide with the filtration of Saito.
Abelian varieties serve as a wonderful example to illustrate these filtrations.
Beauville (1986a) and Bloch (1979) began to study the Chow groups of abelian
varieties in the 1980s and found out that one can use the Fourier transform to
define a filtration on each Ch p (X) by setting
def É
p
F ν Ch p (A)Q =
s ≥ν Chs (A),
p

where Chs (A) ⊆ Ch p (A)Q is the subgroup of cycles where n∗ (the pullback
of multiplication by n) acts with the eigenvalue n2p−s . It is a conjecture of
Beauville that the filtration defined in this way has the properties of a Bloch–
p
Beilinson filtration, in particular that Chs (A) = 0 for s < 0. Deninger and Murre
(1991) and Künnemann (1994) extended the formalism of Bloch and Beauville
to so-called Grothendieck motives and proved many interesting results. See
also Miller et al. (2007).
Several authors have shown that the kernel of the Abel–Jacobi map (and hence
conjecturally F 2 ) is nontrivial for very general abelian varieties over the complex numbers: Ceresa’s work (1983) has shown that the cycle C − C − ∈ Ch2 (A)
on a very general abelian threefold A = Jac(C) is nonzero modulo algebraic
equivalence. Later Bardelli (1989) proved that these cycles and their isogenic
images give rise to an infinite-dimensional Griffiths group as in the case of
quintic threefolds. Nori (1993) and Fakhruddin (1996) have generalized that
approach, applying infinitesimal methods to abelian four- and fivefolds (see
Historical Remarks in Chapter 9).
These filtrations (in particular through the last axiom) give rise to many expected properties of Chow groups. For example, they suggest that there should
be Lefschetz theorems for Chow groups in the range where they hold for cohomology.
Conjecture (Hartshorne). Let X ⊂ Y be a smooth ample hyperplane section.
Then the restriction maps
i ∗ : Ch p (Y ) ⊗ Q → Ch p (X) ⊗ Q
are isomorphisms for 2p ≤ dim (X) − 1.
The point here is that the deeper layers of the filtration in Chow groups are
controlled (in the sense of Beilinson’s formula) by parts of the cohomology.
As an example where the conjecture holds, you may just look at p = 1, when
dim (X) ≥ 3. On the other hand, we have the Noether–Lefschetz theorems; for
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example, if Y = P3 and X ⊂ Y is a hypersurface, then Ch1 (X) = Pic(X) is not
always isomorphic to Ch1 (Y ) = Z, for example when d = 3, Ch1 (X) = Z7 . But,
as we know already, if d is sufficiently large (≥ 4), then the Lefschetz theorem
holds, provided X is sufficiently general in the moduli space. This conjecture
could therefore be extended as follows.
Conjecture (Nori). Let X ⊂ Y be a general complete intersection of multidegree (d1, . . . , dr ) such that all di are sufficiently large and X corresponds to a
very general point in the moduli space. Then the restriction maps
i ∗ : Ch p (Y ) ⊗ Q → Ch p (X) ⊗ Q
are isomorphisms for p ≤ dim (Y ) − 1.
It is easy to see that this conjecture is sharp in the sense that for p = dim (Y )
there are many counterexamples, due to Mumford (1969b) and Roı̆tman (1974).
For example, by Mumford’s theorem, since a hypersurface of degree d ≥ 4 in
P3 has positive geometric genus, its second Chow group Ch2 (X) is a group of
infinite Q-rank (consult e.g. Bloch, 1980), whereas Ch2 of projective space P3
is of rank 1.
We do not want to finish this chapter without giving some indication of
current developments and possible directions for future research in this area.
S. Bloch (1986) has defined higher Chow groups Ch p (X, n) as a generalization of the classical Chow groups. To define it, we need the algebraic n-simplex
n
o
Õ
def
∆n = t0, . . . , tn ) ∈ An+1
ti = 1
and its faces, obtained by setting some of the coordinates t j equal to zero. One
then defines

z p (X, n) = ⊕ Z · Y | Y ⊂ X × ∆n, codim Y = p;
codim(Y ∩ (X × face of ∆n )) = p.
In other words, this is the free abelian group z p (X, n) on integral algebraic
subvarieties of codimension p in X × ∆n meeting all its "faces"properly. This
definition also makes sense for arbitrary base fields instead of C.
The alternating sum of restriction maps to faces of ∆n defines a chain complex
δ n+1

δn

· · · → z p (X, n + 1) −−−−→ z p (X, n) −−→ z p (X, n − 1) → · · ·
similar to the complex defining singular homology. Its homology groups are
the higher Chow groups
def

Ch p (X, n) =

Ker(z p (X, n) → z p (X, n − 1))
.
Im(z p (X, n + 1) → z p (X, n))
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These are related to the higher algebraic K-theory of Quillen (1973) in the
same way as classical Chow groups are related to Grothendieck’s K0 (X) via a
Riemann–Roch theorem and Chern characters (see Grothendieck, 1958).
At this point recall the definition of the Deligne cohomology (10.1). For
every quasi-projective complex variety X there are Chern class maps
2p−n

cp,n : Ch p (X, n) −→ H D

(X, Z(p))

which generalize Griffiths’ Abel–Jacobi maps. Many results proved above can
be easily generalized to higher Chow groups. For example, one can obtain the
following theorem.
Theorem 10.7.8 (Müller-Stach, 1997). Let (Y, OY (1)) be a smooth and projective polarized variety of dimension n + h, with X ⊂ Y a general complete
intersection of dimension n, and multidegree (d1, . . . , dh ) with min(di ) sufficiently large. Furthermore, assume that 1 ≤ p ≤ n. Then:
2p−1

Image(cp,1 : Ch p (X, 1) ⊗ Q → H D

(X, Q(p)))
2p−1

⊆ Image(i ∗ : H D

2p−1

(Y, Q(p)) → H D

(X, Q(p))).

Corollary 10.7.9. Let X ⊂ P3 be a general hypersurface of degree d ≥ 5.
3 (X, Q(2)) has image isomorphic to
Then the Chern class Ch2 (X, 1) ⊗ Q → H D
3
3
H D(P , Q(2))  C/Q(1).
This corollary shows that the so-called Hodge D-conjecture of Beilinson
fails in general (see Voisin (1995)). It is quite easy to extend these results to
other higher Chow groups Ch p (X, m) (see Nagel, 2002).
Jan Nagel (1997) has worked out several other special cases of this theorem.
Theorem 10.7.10. Let X = V(d0, . . . , dr ) ⊂ P2m+r be a very general complete
intersection of degrees d0 ≥ · · · ≥ dr such that
Í
(C0 ) ri=0 di + (m − 1)dr ≥ 2m + r + 3,
Í
(C1 ) ri=0 di + mdr ≥ 2m + r + 2.
Then the image of the Abel–Jacobi map on Chm+1 (X, 1) ⊗ Q is contained in
the image of Chm+1 (P2m+r , 1) ⊗ Q.
Here the exceptional cases where the theorem does not apply are, for example, quartic surfaces in P3 , in which we know from Müller-Stach (1997)
that the image of Ch2 (X, 1) is much bigger than the image of Ch2 (P3, 1). Other
examples have been obtained by Collino (1997) and Gordon and Lewis (1998).
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Bibliographical and Historical Remarks
First a remark about the historical development of the connectivity theorem:
Nori’s first (unpublished) proof of the connectivity theorem (as described in a
letter to M. Green) used Koszul cohomology. At the same time, in Green and
Müller-Stach (1996), Koszul methods were used in an attempt to prove results,
which were later proved directly via Nori’s theorem in Green and Müller-Stach
(1996). Jan Nagel (1997) was able to invoke the original approach in a very
clever way in order to obtain the connectivity theorem together with effective bounds. The original method of Nori does not immediately give effective
bounds.
There have been several attempts to generalize normal functions and infinitesimal invariants as well as intermediate Jacobians to the setting of the Beilinson/Bloch filtrations. Such objects should be targets of cycle class maps from the
graded pieces of the filtrations on (higher) Chow groups. In Green and MüllerStach (1996), the complexes which involve Griffiths’ infinitesimal invariants are
related to a filtration on Deligne cohomology of the total space of a family. The
Griffiths’ infinitesimal invariants live in the first cohomology group. However,
at that time it was not clear what to do with the higher cohomology groups.
Later, Voisin (1994b) used the second cohomology to study 0-cycles on
surfaces in P3 and finally Asakura and Saito (1998) have worked out a theory of higher normal functions and higher infinitesimal invariants building on
that. On the other hand, Green (1996) has defined a higher Albanese object
J22 (X) for any complex projective surface X together with a higher Abel–
Jacobi map ψ22 : Ch2 (X)alb → J22 (X) which is defined on the subgroup of
0-cycles that have a trivial Albanese image. J22 (X) is defined as a quotient of
H 2 (X, Z)/N S(X) ⊗ R/Z ⊗ R/Z by the image of cycles that are trivial as cycles
on X. The map ψ22 is obtained by putting a 0-cycle Z on a curve C and contracting the Abel–Jacobi class of Z on C versus the extension class of the mixed
Hodge structure of the pair (X, C) in a certain precise way. Voisin has recently
shown in Voisin (1999b) that ψ22 is in general neither surjective nor injective but
sometimes has an infinite-dimensional image. Green and Griffiths (see Green,
1998) have also introduced so-called arithmetic Gauss–Manin complexes to
study cycles by sort of deforming their field of definition. This has been taken
up and generalized by Asakura (1999) and Saito (2001).
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Further Differential Geometric Tools

If a manifold and a vector bundle admit holomorphic structures, the choice
of a Hermitian metric on the bundle leads to a unique metric connection, the
Chern connection. Its curvature is of type (1, 1) and so the Chern classes of
such bundles have type (p, p). We end the first section with a Bochner-type
principle, the principle of plurisubharmonicity, which is used in Chapter 13.
In Section 11.2, we study how curvature behaves on subbundles as well as on
quotient bundles. Next comes a section on principal bundles. This section becomes important in Chapter 12. We finish this chapter with a section on totally
geodesic submanifolds. This will be used in Chapter 17 on special subvarieties
of Mumford–Tate varieties.

11.1 Chern Connections and Applications
Let E be a Cr -bundle on a manifold M. Recall that a connection on E is an
operator
∇ : A0 (E) → A1 (E)
which first of all is linear in the sense that for two sections s1, s2 of E, one
has ∇(s1 + s2 ) = ∇s1 + ∇s2 , and which, moreover, obeys the Leibniz rule
∇( f s) = d f ⊗ s + f ∇(s) for a function f and a section s of E. Before we can
explain the notion of a metric connection in the case where E is equipped with
a Hermitian metric h we explain some useful notation. First we define a sort of
metric contraction operator
h : Ak (E) × A` (E) →
(α ⊗ s, β ⊗ t) →
7

Ak+` (M),
def
h(α ⊗ s, β ⊗ t) = h(s, t) α ∧ β̄.
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If σ ∈ Ak (E) and τ ∈ A` (E), we then set
h(σ, τ) = h(σ̄, τ̄).
This definition makes sense, because for real forms (σ, τ) we then have h(σ, τ) =
h(σ, τ).
For later reference, we also need the following formula:
h(σ, τ) = (−1)k ·` h(τ, σ).

(11.2)

Using this notation, we say that a connection ∇ on E is metric if
dh(s, t) = h(∇s, t) + h(s, ∇t) ∀s, t ∈ A0 (E).
For metric connections, we then have
dh(σ, τ) = h(∇σ, τ) + (−1)k h(σ, ∇τ),

σ ∈ Ak (E), τ ∈ A` (E).

(11.3)

These metric connections always exist by a standard partition of unity argument. Moreover, we have the following.
Lemma 11.1.1. If M is a complex manifold and (E, h) is a Hermitian holomorphic vector bundle, we can split a metric connection into types and there is
¯ Its curvature F∇ is of type (1, 1)
a unique metric connection ∇h with ∇h0,1 = ∂.
h
and hence ck (E) is of type (k, k).
Proof If sU
j , j = 1, . . . , r is a local holomorphic frame with connection matrix
U
AU , and with hU = (h(sU
i , s j )) the corresponding Gram matrix, the condition
that ∇h is metric means
dhU = AU ◦ hU + hU ◦T ĀU .

(11.4)

¯ the connection matrix AU relative to the given holomorphic
Since ∇h0,1 = ∂,
frame only contains forms of type (1, 0). Comparing sides in (11.4) we see
−1 . Conversely, one checks that this formula indeed defines
that AU = ∂hU ◦ hU
a connection, proving existence. Using the formula FU = dAU + AU ∧ AU for
the curvature, one checks that
¯ U ◦ h−1 + ∂hU ◦ h−1 ∧ ∂h
¯ U ◦ h−1 .
FU = −∂ ∂h
U
U
U
This is visibly of type (1, 1).



Definition 11.1.2. The unique metric connection ∇ = ∇h on a Hermitian holomorphic vector bundle (E, h) with D0,1 = ∂¯ is called the Chern connection on
(E, h) with curvature F∇h .
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We paraphrase this notion in terms of (0, 1)-connections, i.e., operators
∂ E : A0 (E) → A0,1 (E) satisfying the Leibniz rule. In general, any connection ∇
on any (not necessarily holomorphic) complex vector bundle E can be split into
types ∇ = ∇1,0 + ∇0,1 , and ∇0,1 is an example of such a (0, 1)-connection. As in
the case of connections, these extend to operators ∂ E : Ak (E) → Ak+1 (E), and
the composition ∂ E ◦∂ E : A0 (E) → A0,2 (E) is linear over the C ∞ -functions. If
∂ E is the (0, 1)-part of a connection, this composition is the (0, 2)-part of the
curvature. We say that ∂ E is integrable if ∂ E ◦∂ E = 0. Indeed, if E happens
to be holomorphic there is a canonical integrable (0, 1)-connection ∂ E . Note
that the Leibniz rule implies that such partial connections are local, and now
∂ E can be characterized by saying that ∂ E s = 0 for a local section s if and
only if s is holomorphic. Indeed, choosing a local holomorphic frame, sections of E are vector-valued functions s and we demand that the operator ∂¯E
act component-wise as ∂. This is independent of the choice of trivialization
because another holomorphic trivialization leads to g(s) with g a holomorphic
matrix so that indeed ∂ (gs) = ∂g(s) + g(∂s) = 0. The fact that, conversely,
an integrable (0, 1)-connection on a bundle defines a holomorphic structure on
it is a nontrivial result – the Koszul–Malgrange integrability theorem – (see
Donaldson and Kronheimer, 1990, Chapter 2).
If we started out with a Hermitian (but not necessarily holomorphic) bundle
(E, h) and a metric connection ∇, the (2, 0)-part of the curvature F∇ is the
Hermitian transpose of the (0, 2)-part and so in this case E is integrable if and
only if F∇ has type (1, 1). If we started out with a holomorphic vector bundle
E, this is the case if and only if ∇ is the Chern connection. Indeed, the complex
structure on E being uniquely defined by ∇0,1 , we must have ∇0,1 = ∂, the usual
anti-holomorphic derivative. Summarizing, we have the following.
Theorem 11.1.3. Suppose that E is a complex vector bundle over a complex
manifold with a connection ∇. Then E admits a unique holomorphic structure
for which ∇0,1 = ∂ if and only if ∇0,1 is integrable. If, moreover, E is equipped
with a Hermitian metric and ∇ is a metric connection, this is equivalent to
saying that the curvature of ∇ has pure type (1, 1). In this case ∇ = ∇h , the
Chern connection with respect to the Hermitian holomorphic structure on E.
Example 11.1.4. If r = 1 we have a line bundle and the Gram matrix is just a
function hU and the preceding formula for the curvature becomes
FU = −∂ ∂¯ log hU ,
and hence the Chern form γ1 is given by
γ1 = −

1 ¯
∂ ∂ log hU .
2πi
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In particular, if hU is a metric on the tangent bundle TM , on the line bundle
det TM we have the metric det hU . If M is one-dimensional and ω M is the
metric (1, 1)-form, the curvature form FU in U of the metric connection on the
tangent bundle and the Gaussian curvature Kh are related as follows:
1
1
FU = − ∂ ∂¯ log hU = −Kh ω M |U.
2i
2i
By definition, the left-hand side of this expression is the Ricci curvature of the
metric and so the formulas can be summarized neatly as follows:
Ric ω M = −Gaussian curvature · ω M .
We finish this section by giving a basic calculation, which plays an important
role below.
Proposition 11.1.5. For any holomorphic section s of a Hermitian holomorphic vector bundle (E, h) over a complex manifold M we have:
¯
∂ ∂h(s,
s) = h(∇h s, ∇h s) − h(F∇h s, s).
Proof Simplifying notation, we write ∇ instead of ∇h . For any two sections
s and t of E we have dh(s, t) = h(∇s, t) + h(s, ∇t). Suppose that s is holomorphic. Then ∇s is of type (1, 0) and hence the (0, 1)-part of dh(s, s), is
equal to ∂h(s, s) = h(s, ∇s). Differentiating once more, we find (using (11.3))
¯
s) = h(∇s, ∇s) + h(s, F∇h s). Because by (11.2) we have
∂∂h(s, s) = d∂h(s,
h(s, F∇h s) = h(F∇h s, s) and because the latter form is purely imaginary we get
h(s, F∇h s) = −h(F∇h s, s) as desired.

To interpret this, we first recall that a (1, 1)-form ω is (semi-)positive, written
ω > 0, (respectively ω ≥ 0) if in local holomorphic coordinates z1, . . . , zm we
have
Õ
ω=i
hi j dzi ∧ d z̄ j ,
where (hi j ) is a positive definite (resp. semi-positive definite) Hermitian ma¯ > 0,
trix. 1 Equivalently: for any vector field ξ of type (1, 0), we have iω(ξ, ξ)
resp. ≥ 0. Observe that this is coherent with the usual notion of positivity in dimension 1: in a local coordinate z = x + iy, the (1, 1)-form 12 i dz ∧ d z̄ = dx ∧ dy
equals the standard volume form and is positive.
In our case, the form ih(∇h s, ∇h s) is positive semidefinite and so Proposi¯
tion 11.1.5 states that the real (1, 1)-form i∂ ∂h(s,
s) is the sum of a positive
semidefinite form plus the form −ih(F∇h s, s). If the latter is positive semidefinite as well, the result is a plurisubharmonic (1, 1)-form in the sense that in
1

The matrix (hi j ) being Hermitian is equivalent to ω being a real form.
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local coordinates {z1, . . . , zm } the Hessian matrix is positive semidefinite:

 2
∂ h(s, s)
≥ 0.
∂z j ∂ z̄ j

It is well known that such functions obey a maximum principle (see for instance
Lelong, 1957).
The previous calculations can be summarized as follows.
Proposition 11.1.6 (Principle of plurisubharmonicity). Let (E, h) be a Hermitian holomorphic vector bundle over a compact complex manifold and let s be
a holomorphic section of E. Suppose that the (1, 1)-form (F∇h s, s) is negative
semidefinite. Then s is a horizontal section, i.e., ∇h s = 0.
Remark 11.1.7. (1) Plurisubharmonic functions played a central role in the
development of analysis of several complex variables, such as the Levi problem,
and in the study of Stein manifolds (see Gunning and Rossi, 1965, Chapter 9).
(2) One may extend the above principle to noncompact manifolds. Indeed, there
is such a principle for bounded harmonic functions on any complex manifold.

Problem
11.1.1

Let (E, h) be a Hermitian holomorphic vector bundle and ∇h the
Chern connection. Suppose that S ⊂ E is a C ∞ -complex subbundle
preserved by ∇h . Prove that S and its orthogonal complement in E are
holomorphic subbundles of E.

11.2 Subbundles and Quotient Bundles
Let M be a differentiable manifold, (E, h) a Hermitian complex vector bundle
over M, and ∇ a metric connection.
For a subbundle S ⊂ E, the quotient bundle Q = E/S admits a natural
identification with S ⊥ . We can then give both the induced metric. In this way,
we get a C ∞ metric decomposition
(E, h) = (S, h|S ) ⊕ (Q, h|Q ).

(11.5)

We define a connection ∇S on S by projection, that is, for any section s of S we
decompose ∇(s) into an S-valued and a Q-valued form. The S-valued form by
definition is ∇S (s). It is straightforward to see that this is a connection, even a
metric connection. A similar story holds for Q.
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Pursuing this a bit further, we thus write
∇s = ∇S s + σ(s),
where σ : A0 (S) −→ A1 (Q) is called the second fundamental form of S in
E. We remark that σ is A0 -linear, because it is a difference of connections.
This means that the second fundamental form can be viewed as a vector bundle
homomorphism between differentiable bundles.
Suppose now M is a complex manifold, E is a holomorphic vector bundle,
and ∇ is the Chern connection on E. Then ∇S is the Chern connection on S, and
similarly for ∇Q . Note that the splitting (11.5) is differentiable but in general
not holomorphic.
The relation between the connections can be examined by a choice of orthonormal frames for S and Q and by looking at the connection matrix A ∇
written out in block form with respect to these frames:
!
−Tσ̄
AS
S −→
,
Q −→
σ
AQ
(11.6)
↑
↑
S
Q
where σ is the second fundamental form of S in E.
Lemma 11.2.1. For the curvature of the subbundle and quotient bundle we have
F(∇S ) = F∇h |S + Tσ̄ ∧ σ,
F(∇Q ) = F∇h |Q + σ ∧ Tσ̄.
This follows by writing out the block-decomposition for A ∇ ∧ A ∇ + dA ∇ as
follows:


(AS ∧ AS + dAS ) − Tσ̄ ∧ σ
∗∗∗
.
∗∗∗
(AQ ∧ AQ + dAQ ) − σ ∧ Tσ̄
We now introduce an extension of the notion of positivity for forms, recalled
at the end of the previous section, to E-valued forms.
Definition 11.2.2. F ∈ A1,1 (End E) is said to be positive, written F > 0, if
for all nonzero C ∞ sections s of E the real (1, 1)-form ih(Fs, s) is positive (see
page 312), i.e.,
¯ > 0,
ih(Fs, s)(ξ, ξ)

ξ a nonzero (1, 0)-vector.

Likewise, we write F ≥ 0 if positive semidefinite is meant.
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Now, since σ ∧ Tσ̄ ≥ 0 (see Problem 11.2.1), we have the following useful
corollary.
Corollary 11.2.3. In the notation of Lemma 11.2.1, we have
(i) F(∇S ) ≤ F∇h |S (curvature decreases on subbundles),
(ii) F(∇Q ) ≥ F∇h |Q (curvature increases on quotient bundles).
Example 11.2.4. The tautological bundle on the Grassmann manifold G(n, d)
of (d + 1)-planes in Cn+1
Recall that this tautological (sub)bundle is defined as follows. Its total space is

S = (v, W) ∈ Cn+1 × G(n, d) v ∈ W ⊂ Cn+1 × G(n, d),
and its projection S → G(n, d) comes from the projection onto the second factor.
The unitary group U(n + 1) acts from the left on the Grassmann manifold and it
preserves the universal subbundle. Let h , i denote the standard Hermitian metric
on Cn+1 . It induces a Hermitian metric on the trivial Cn+1 -bundle and hence
it gives S a U(n + 1)-equivariant Hermitian metric. We want to give the Chern
connection on S explicitly. To do this, we first introduce the Stiefel manifold:

St(n + 1, d + 1) = unitary (d + 1)-frames in Cn+1 .
The unitary group U(n + 1) acts transitively from the right on (d + 1)-frames
and the map
λ : St(n + 1, d + 1) → G(n, d),
sending a (d + 1) frame to the space it spans is a U(n + 1)-equivariant map.
Using the standard basis F0 of Cn+1 as a reference (n + 1)-frame, we identify
U(n + 1) with the set of unitary (n + 1)-matrices. Now map g ∈ U(n + 1) to the
(d + 1)-frame formed by the first (d + 1) vectors of the gF0 , thus defining
µ : U(n + 1) → St(n + 1, d + 1).
The induced maps µ∗ : A• (St(n + 1, d + 1)) → A• (U(n + 1)) and λ∗ :
A• (G(n, d)) → A• (St(n+1, d+1)) are injective and will be used to identify forms
on the Grassmann and Stiefel manifold with forms on the unitary group U(n+1).
On the latter we have the matrix-valued Maurer–Cartan form
ω = g −1 dg ∈ A1 (U(n + 1), u(n + 1)) ,
which defines in fact a U(n + 1)-equivariant one-form on the Stiefel manifold
St(n + 1, d + 1) of (d + 1)-frames. This serves an an example for a connection
on a principal bundle, to be introduced in the next section. For now we show
how to use it to get the Chern connection of S.
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We first rewrite ω in terms of frames F = { f0, . . . , fn }, as follows. Consider
fβ as the β-th column of the unitary matrix g = (gαβ ). The matrix-valued
one-form hd fα, fβ i coincides with the form Tḡ dg = ω.
Next, we consider a Zariski-open subset U ⊂ G(n, d) over which we have
a unitary (n + 1)-frame field F : U → U(n + 1). The first (d + 1) vectors of
this frame field define a frame field for the bundle S|U, and the matrix-valued
one-form on U given by

ω 0 = F ∗ hd fα, fβ i α,β=0,...,n
then defines a connection, as we show now. Two frame fields are related by a
map g : U → U(n + 1), and a small computation shows that in the frame gF the
form becomes ω 0 +g −1 dg, proving our claim. The connection is clearly a metric
connection, and because ω 0 is holomorphic it must be the Chern connection.
Its curvature is computed in Problem 11.2.5.

Problems
11.2.1

11.2.2

Show that for any complex column vector z®, the matrix z® · Tz®¯ is a
positive semidefinite matrix, and use this to show that σ ∧ Tσ̄ ≥ 0
with σ the second fundamental form.
Suppose that the second fundamental form vanishes identically. If S
is a holomorphic subbundle, so is Q, yielding a holomorphic splitting
E = S ⊕ S⊥ .

11.2.3

11.2.4

11.2.5

Suppose that (E, h) is a Hermitian holomorphic vector bundle with the
property that the curvature F of the Chern connection is seminegative
F ≤ 0 on a subbundle S in the sense that for all sections s of S the
(1, 1)-form h(Fs, s) is negative semidefinite. Prove that holomorphic
sections of E are necessarily flat.
Prove the Maurer–Cartan equation
dω + ω ∧ ω = 0,
Í
which should be read as dωαβ + γ ωαγ ∧ ωγβ = 0.
Prove that the curvature of the Chern connection on the tautological
subbundle S → G(n, d) is given by
Fα,β = −

n
Õ

0
ωαr
∧ ω 0 βr

r=d+1

by calculating dω 0 + ω 0 ∧ ω 0

using the Maurer–Cartan equations. This
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shows not only that the curvature is a (1, 1)-form, but also that it is
seminegative in accordance with Corollary 11.2.3.

11.3 Principal Bundles and Connections
In this important section we explain how one can directly introduce the concept
of connection on a principal bundle and how this is related to our previous notion of a connection on any of the associated vector bundles. Any local section
in the principal bundle, together with a basis for the vector space on which the
associated bundle is built, gives a frame for the latter. We are giving formulas
for the connection (Proposition 11.4.3) and curvature form (Proposition 11.4.5)
in terms of this frame, the representation giving the vector bundle and the fundamental form (11.8) defined by the connection on the principal bundle. These
formulas are crucial in later chapters.
For basic facts about Lie groups and Lie algebras we refer to Appendix D.
Recall in particular that a representation of a group G (in a vector space V) is
a homomorphism ρ : G → GL(V). In what follows one particular representation plays a special role, the adjoint representation of a Lie group G on its
Lie algebra g. We repeat here the definition from Example D.2.2. For a fixed
∼
g ∈ G, conjugation by g defines the isomorphism G −→ G given by x 7→ gxg −1
whose derivative is the adjoint homomorphism Ad(g) : g → g. For varying g
this defines the adjoint representation
)
Ad
G −−−→ End g
(11.7)
g
7→
Ad(g).
Let us next introduce the notion of a principal bundle over a differentiable
manifold M.
Definition 11.3.1. Let V be a Lie group. A V-principal bundle over M consists
of a differentiable manifold P equipped with a free right V-action and a differentiable map π : P −→ M such that the fiber over m ∈ M consists of one V-orbit.
Moreover, π is locally trivial in the sense that each point m ∈ M admits an open
∼
neighborhood U ⊂ M with a V-equivariant diffeomorphism p−1U −→ U × V.
Examples 11.3.2. (i) The set L M of linear frames of the tangent bundle of M.
By linear frame we mean “basis for a tangent space.” The group V = GL(n, R)
acts on the right by change of basis, and clearly L M/V  M. The choice of
an orientation M selects from L M the bundle L + M of oriented frames, which
has group GL+ (n, R), the set of matrices with positive determinant. The further
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choice of a Riemannian metric selects from L + M the set of oriented orthonormal frames. This is a principal bundle P with group SO(n).
(ii) The Stiefel manifold of unitary (d + 1)-frames in Cn+1 (see the end of the
previous section) is a principal U(n + 1)-bundle.
(iii) If G is a Lie group with subgroup V acting from the right, this defines the
principal bundle G −→ G/V. The manifold G/V is called homogeneous space.
A particular type of homogeneous space is going to play a dominant role.
Definition 11.3.3. Let G be a matrix Lie group and V ⊂ G a closed subgroup.
We say that (G, V) is a reductive pair or that D = G/V is a reductive domain if
there is a decomposition
g = v ⊕ m,

[v, m] ⊂ m.

Equivalently, there is an Ad(V)-invariant splitting g = v ⊕ m.
The equivalence follows from
d
dt

Ad(et ξ )η = ad(ξ)η = [ξ, η].
t=0

We see in Chapter 12 that period domains are examples of such spaces.
Suppose we are given a principal bundle π : P −→ M. There is a natural
bundle of vertical vectors, written T vert , defined to be the kernel of dπ. Note that
it is V-invariant. A connection, from our point of view, is simply a V-invariant
complementary bundle T hor , called the horizontal bundle.
Definition 11.3.4. A connection in a principal V-bundle P is a V-invariant
splitting
TP = T vert ⊕ T hor .
Example 11.3.5. The principal bundle G → G/V over a reductive homogeneous space G/V always has a natural connection in the sense just defined.
At the identity element of G, the splitting is g = v ⊕ m. At other points, it is
gotten by pushing this decomposition forward by left-translation, i.e., by the
differential of the map Lg (x) = gx. Because the splitting of g is v-invariant, the
resulting splitting is V-invariant,
With a connection on a principal bundle P we associate a v-valued fundamental one-form for P, say ω, which is uniquely given by demanding
ω(ξ) =
ω(Xp∗ ) =

0, ξ ∈ Tphor,
X, X ∈ v,

(11.8)
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where X ∗ is the vertical vector field on P given by
Xp∗ =

d
dt

(p · exp(t X)),
t=0

with exp : v → V the exponential map. Since by varying X, we can cover all
of the vertical tangent space Tpvert at p, this really defines ω. This last property
can be expressed using Maurer–Cartan forms.
Definition 11.3.6. Suppose that V is a Lie group with Lie algebra v. Its Maurer–
Cartan form is the unique left-invariant v-valued form ωV on V whose value
at e ∈ V on X ∈ Te V = v equals X. In particular, the value of ωV on the
left-invariant vector field X ∗ defined by X ∈ v is constant and equals X.
Example. If V ⊂ GL(n) is a matrix group the coordinate functions restrict
to holomorphic functions on V and the Maurer–Cartan form can be identified
with the matrix-valued one-form
ωV = v −1 dv.
The following lemma collects a few useful properties of the form ωV .
Lemma 11.3.7. 1. ωV is V-equivariant under the adjoint representation (see
(11.7)) of V on v given by
Ad(v)ξ = vξv −1, v ∈ V, ξ ∈ v.
2. A V-equivariant v-valued one-form ω on P satisfies
ω(X ∗ ) = X,
if and only if
Vp∗ ω = ω

where Vp : V → P is the orbit map v 7→ p · v

at all points p.
3. If this is the case, it is the fundamental one-form of a unique connection on
P defined by setting

hor def
TP,
p = Ker ω : TP, p → v .
Proof 1. We see this as follows: with Rv the right action, we have Rv∗ ωV =
Ad(v −1 )ωV , which means that the value of ωV at p · v, evaluated on (Rv )∗ (ξ) ∈
TP, p ·v equals v −1 ωV, p (ξ)v.
2. Since [Vp ]∗ (Lv )∗ X = Xp∗ ·v , equation (11.8) then states that ω at the point
p · v takes the value X on this vector. The converse is clear.
3. We leave this to the reader.
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Before we introduce the curvature associated with a connection form ω we
need some notation. For any tangent vector X ∈ TP, p we write
X = X vert + X hor,

vert
X vert ∈ TP,
p,

vert
X hor ∈ TP,
p

and for any v-valued k-form α ∈ Ak (P, v) we introduce
def

αhor (X1, . . . , Xh ) = α(X1hor, . . . , Xkhor ).
The curvature form can now be defined.
Definition 11.3.8. The curvature form Ω associated with ω = ωV is the vdef
valued two-form Ω = (dω)hor .
Recall the convention
def

[ω1, ω2 ](X, Y ) = [ω1 (X), ω2 (Y )] − [ω1 (Y ), ω2 (X)] ∈ v

(11.9)

whenever ω1, ω2 ∈ A1 (v) and X, Y ∈ TP, p . Using this shorthand, a more useful
expression for the curvature can be derived.
Lemma 11.3.9. The curvature can be given by
1
Ω = dω + [ω, ω].
2
Proof Let X, Y be two vectors tangent to P. Then
Ω(X, Y ) = dω(X hor, Y hor ).
On the other hand, by equation (11.9),
1
dω(X, Y ) + [ω, ω](X, Y ) = dω(X, Y ) + [ω(X), ω(Y )].
2
So we need to establish the equality
dω(X hor, Y hor ) = dω(X, Y ) + [ω(X), ω(Y )].
By linearity, we may reduce X and Y to both horizontal, both vertical or mixed.
In the first case, the desired equality is trivial. In the second case, we may assume
that vertical vectors X, Y extend to the fundamental vector fields X ∗, Y ∗ . On the
other hand, for vector fields X ∗, Y ∗ we can employ the usual formula for dω:
dω(X ∗, Y ∗ ) =X ∗ (ω(Y ∗ )) − Y ∗ (ω(X ∗ )) − ω([X ∗, Y ∗ ])
=0 − 0 − ω([X ∗, Y ∗ ]) (X and Y are constant, so X ∗Y = Y ∗ X = 0)
=[X, Y ]∗ (since [X ∗, Y ∗ ] = [X, Y ]∗ )
= − [ω(X), ω(Y )]
and so both sides of the desired equality vanish. The mixed case is left to the
reader.
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11.4 Connections on Associated Vector Bundles
We now explain how a connection on a principal bundle P → M as we just defined leads to the usual notion of a connection on any associated vector bundle.
By associated bundle we mean the twisted product
[W] = P ×V W,
where W is a V-module and the equivalence relation is defined as (p, w) ∼
(pv, v −1 w), with equivalence class [p, w]. We assume that the representation
ρ : V → GL(W) defining the V-module structure on W is differentiable. In that
case the derivative ρÛ : Lie(V) → End(W) is defined.
A connection enables us to associate with a smooth curve γ : I → M a
unique horizontal lift γ̃ : I → P. By this we mean that, first, π ◦γ̃ = γ, i.e.,
γ̃ is a lift and second, that the tangent at every point p ∈ P is horizontal. To
paraphrase this, consider the manifold π −1 (γ(I)) ⊂ P. At every point p of this
manifold there is a unique horizontal direction mapping to the tangent vector
Xp of γ at π(p) (always nonzero because γ is supposed to be smooth). Also
the vector field X tangent to γ has horizontal lift X hor , obtained by finding a
maximal integral curve of γ̃ along this vector field. These exist and are unique,
once we specify the initial point.
Since sections of [W] are V-equivariant functions:
s : P → W,

s(p · v) = v −1 · s(p),

(11.10)

we can derive these in the horizontal direction on P given by lifting vector
fields on M horizontally. This gives the derivative of s along X:
def

∇X s = X hor (s),

(11.11)

i.e., ∇X s is the function p 7→ Xphor (s). And indeed, we obtain in this way a
connection on the vector bundle [W].
Proposition 11.4.1. Let [W] be the bundle associated with a principal Vbundle P and V-representation W. Using the definition (11.11), a connection
on P defines a connection
∇ : [W] → A1 [W],

∇X s = X hor (s)

on [W].
The proof is a routine verification which we leave to the reader. See Problem
11.4.3.
Remark 11.4.2. As before, let γ be a curve with tangent vector field X. If
∇X (s) = 0 we say that the section is parallel along the curve γ; it means

322

Further Differential Geometric Tools

that the function P → W associated with the section 2 s is constant along γ̃,
def
say equal to w ∈ W. Then w(t) = class of [s̃(t), w] is said to be obtained
from w(0) by parallel transport. Equivalently, s is parallel along the curve γ
if the ordinary differential equation ∇γ(t)
Û s(t) = 0 holds. The unique solution
s(t) = s(γ(t)), with initial vector s(0), gives the parallel transport w(t). Given
a curve γ with initial point at m = γ(0) ∈ M, parallel transport defines a linear
∼
isomorphism [W]γ(0) −→ [W]γ(t) between fibers of [W] at m and at γ(t).
We end this section by showing how to obtain a local expression for the
connection using a local section f : U → P and then, how this leads to an
expression for the curvature, which is the main result, Proposition 11.4.5.
First we pull back the form ω defined by the connection to U and get the
v-valued one-form f ∗ ω. The differential ρÛ of the representation ρ defining W
Û Fix a basis
enables one to view the latter as a gl(W)-valued one-form f ∗ ρω.
w = {wi } for W and use it to identify gl(W) with gl(n). So we now have a form
Û ∈ A1 (U, gl(n, R)).
θ f = f ∗ ( ρω)

(11.12)

The frame {si }, with si (u) = [ f (u), wi ] defined by the basis {wi } of W, defines
a trivialization of [W]|U, and we identify sections of this bundle over U with
column vectors s®(u). We claim that the form θ f is the connection matrix for the
connection relative to the frame f .
Proposition 11.4.3. Let f : U → P be a local section of P and let {wi } be
a basis for W. Then the bundle [W]|U is trivialized by means of the sections
si (u) = [ f (u), wi ]. Let s® be the vector-valued function representing a section s
of [W]|U in this frame. Then the connection ∇ induced on [W] as prescribed
by Proposition 11.4.1 is given by
∇®s = d®s + θ f (®s),
where θ f is given by (11.12). In particular, this form is the connection form for
the induced connection.
To show this we first show what happens if we change frames. So, suppose
we have two local sections f , f˜ : U → P. These are related by
f˜(u) = f (u)v(u) ∈ P,

v :U →V

and the two forms θ f and θ f˜ are related as follows.
Lemma 11.4.4 (Change of frame formula).
θ f˜ = v −1 ◦θ f ◦v + v −1 dv,
2

See Eq. (11.10).
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where we consider dv as a gl(n, R)-valued one-form.
Proof

Let γ be a curve through u with tangent ξ. Then
d
[ f (γ(t)v(γ(t))] |t=0
f˜∗ ξ =
dt
d
d
[ f (γ(t)v(u)] |t=0 + [ f (u)v(γ(t))] |t=0
=
dt
dt
h
i


= Rv(u) ∗ ( f∗ ξ) + Vf˜(u) (v∗ ξ)
∗

and hence
f˜∗ ω(ξ) = ω( f˜∗ ξ)
= v(u)−1 f ∗ ω(ξ)v(u) + v ∗ ωV (ξ).
Next, one uses the representation ρ : V → GL(W) which realizes V as a matrix
group. Any choice of basis for W makes it then possible to consider v : U → V
as a matrix-valued function which one keeps writing as v. So v is the matrixfunction u 7→ (xi j v(u)), where the xi j are the standard coordinates on End(W)
defined by the basis for W.

 −1
∗
to xi j (v(u)
·
 Since the matrix-valued one-form v ωV at∗ u is equal
d(xi j ◦v) u , with this convention we can write v ωV = v −1 dv. So, finally,
θ f˜ = v −1 θ f v + v −1 dv.



Now we are ready for the proof of Proposition 11.4.3.
Proof of Proposition 11.4.3 We may replace {ei } by any frame convenient
for calculation. Indeed, both sides transform in the same way under a change
f 7→ f˜ = f · g. For the right-hand side, the transformation law is given by
Lemma 11.4.4. In particular, choosing a tangent direction ξ ∈ Tm M and a curve
γ through m with that tangent, we may assume that the frame restricted to γ
is obtained by parallel translation along γ. Then the left-hand side is s®Û (0) by
construction.
The right-hand side is also equal to s®Û (0): the second term, θ f (ξ) = ω(γ̃∗ ξ)
vanishes because γ̃∗ ξ is horizontal by construction.

Let us next consider the curvature. Recall (Def. 11.3.8) that we already introduced the curvature form, a two-form on P with values in v and that it satisfies
1
Ω = dω + [ω, ω].
2
Next, consider the expression ρÛ◦Ω where ρÛ : v → End(W) is the derivative of
the representation ρ : V → GL(W) defining [W]. This is an End(W)-valued
two-form on P related to the curvature of ∇.
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Proposition 11.4.5. Let ρ : V → GL(W) be a representation, P a V-principal
bundle and [W] the associated vector bundle. Suppose that ∇ is the connection
on [W] induced by a connection on P and let f : U → P be a local section. A
local expression on U for the curvature of ∇ is given by
FU = f ∗ ( ρÛ◦Ω).
Proof Since by Proposition 11.4.3 the one-form θ f = f ∗ ( ρÛ◦ω) is the connection matrix, the curvature of the connection ∇ is given by


1
dθ f + θ f ∧ θ f = f ∗ ρÛ◦(dω + [ω, ω])
2
showing the local expression.


Problems
11.4.1
11.4.2

11.4.3

Show that a principal V-bundle P → M is isomorphic to the product
bundle V × M if and only if it admits a cross section M → P.
Verify that the connection on the tautological bundle over G(n, d) associated with the connection of the Stiefel manifold of unitary (d + 1)frames in Cn+1 given by the Maurer–Cartan form on U(n+1) is indeed
the one that we considered in the previous section.
Show that the definition of ∇ given above is independent of choices
and defines a connection operator on the vector bundle [W].

11.5 Totally Geodesic Submanifolds
Let M be a Riemannian manifold and S ⊂ M a submanifold. Equip it with the
induced metric. Let ∇ M be any metric connection on the tangent bundle TM
and ∇S the induced connection on TS . Recall that a geodesic curve by definition has the property that its tangent vector field is parallel for the connection.
Geodesics at p ∈ S which are tangent to S at p need not stay on S; if they do,
we say that S is geodesically immersed at p and if this holds for all points of S
we say that S is a totally geodesic submanifold.
In Section 11.2 we explained that the second fundamental form σ : A0 (TS ) →
1
A (νS/M ) measures the difference ∇ M |S −∇S . It follows that if it vanishes identically, parallel tangent fields along a curve in S for ∇S are also parallel for ∇ M
and so in that case S is a totally geodesic submanifold.
There is also a criterion in terms of the curvature, since, as we have seen
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(Lemma 11.2.1), the difference F(∇S ) − F(∇ M )|S of the curvatures is given by
the negative form Tσ̄ ∧ σ. This difference vanishes exactly when σ = 0. We
summarize what has been shown.
Lemma 11.5.1. A submanifold S of a Riemannian manifold M, equipped with
a metric connection ∇ M , is a totally geodesic submanifold of M if one of the
following equivalent properties holds:
(i) a geodesic curve in M tangent to S at some point stays within S;
(ii) the second fundamental form vanishes;
(iii) the curvature of ∇S is the restriction to S of the curvature of ∇ M .
Examples 11.5.2. (i) Let D = G/V be a reductive homogeneous space
equipped with a G-equivariant Riemannian metric. Let g = v ⊕ m be a reductive splitting. The adjoint representation of G identifies the tangent bundle
as the associated bundle TD = G ×Ad m. Hence there is a Maurer–Cartan induced connection ∇ D on the tangent bundle. It is a metric connection and it
can be described as follows. As before, let
def

X ∗ = Lg∗ X,
the vector field on D obtained from X ∈ TD,o ' m by left G-translation (o ∈ D
is the coset of 1 ∈ G). Then
∇ D X ∗ = 0.

(11.13)

We claim that the orbit S of the base point o ∈ D under a Lie subgroup U ⊂ G is
a totally geodesic submanifold of D. Indeed, If X ∈ TS,o = Lie(U) ∩ m, then X ∗
restricts to a left-invariant vector field for H on S and so, by (11.13), ∇S X ∗ = 0.
Of course, the point o ∈ D does not play a special role: every other point is of
the form Lg (o) and so Lg S is a totally geodesic manifold passing through Lg (o).
Remark. Classically, totally geodesic submanifolds are characterized by Lie
triple systems contained in m. Here a Lie triple system s is a subspace s ⊂ g with
the property that [[s, s], s] ⊂ s (see Helgason, 1978, Ch IV, Theorem 7.2). The
fact that we have a reductive pair (v, m) implies that m, as well as m ∩ Lie(U)
is a Lie triple system.
To see that a Lie triple system s ⊂ m gives rise to a totally geodesic submanifold S we argue as follows. Making use of s being a Lie triple system,
we check that [s, s] is a Lie subalgebra of v and hence u = [s, s] ⊕ s is a Lie
subalgebra of g. Let U be the connected Lie subgroup of G whose Lie algebra
is u and consider S = U · o. We have already seen that S is totally geodesic. By
construction, TS,o = u ∩ m = s.
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(ii) In the setting of example (i), note that Lie(U) gets an induced reductive splitting, i.e., any U-orbit defines a reductive subdomain. If, however, we start with
an injective homomorphism j of Lie algebras each of which have a reductive
splitting, this splitting need not be preserved under j, and we need to impose
this as a condition. Let us explain this in detail. So, suppose that we have two
reductive domains X1 = G1 /V1 and X2 = G2 /V2 , say with reductive splittings
Lie(Gα ) = vα ⊕ mα, α = 1, 2.
An injective homomorphism of (real or complex) algebraic groups ρ : G1 →
G2 such that ρ(V1 ) ⊂ V2 induces an equivariant map f : X1 = G1 /V1 → X2 =
G2 /V2 . The base point o ∈ G1 has V1 as stabilizer and likewise for f (o) ∈ X2 .
Then ρ∗ : Lie(G1 ) → Lie(G2 ) induces the tangent map
TD1,o = f∗ : Lie(G1 )/v1 → Lie(G2 )/v2 = TD2, f (o).
Hence ρ∗ preserves the flag defined by the reductive decomposition, but not
necessarily the splitting itself. Suppose, however, that in addition we have
ρ∗ m1 ⊂ m2 . We say in that case that f is compatible with the reductive splittings. In this case f (X1 ) is indeed a reductive subdomain of X2 . Hence as before,
it is a totally geodesic submanifold.
(iii) We now treat an example of a complex submanifold S of a Hermitian manifold (M, h) with TM equipped with the Chern connection ∇h . For simplicity
of notation we denote it ∇. We claim that S is totally geodesic in M if and only
if there is a holomorphic and orthogonal direct sum splitting
TM |S = TS ⊕ R,

(hence R ' νS/M ).

To show the direct implication, suppose that the second fundamental form vanishes. We need to show that R = TS⊥ is a holomorphic subbundle. Since the
¯ this
second fundamental form vanishes, ∇R ⊂ R ⊗ A1M and because ∇0,1 = ∂,
implies ∇η R ⊂ R for any tangent vector η of type (0, 1). Hence, the subbundle
R is indeed a holomorphic subbundle.
To show the converse, since this is a local question we may test this, using
holomorphic vector fields. So let s be a holomorphic vector field on M, tangent
to S, and let r be a holomorphic section of R. Then for all tangent vectors ξ of
¯ The metric
type (1, 0), we have ∇ξ̄ (s) = 0 since s is holomorphic and ∇0,1 = ∂.
h being Hermitian and ∇ being metric implies
0 = h(∇ξ̄ s, r) + h(s, ∇ξ r) = h(s, ∇ξ r) =⇒ ∇ξ r ∈ R.
For vector fields η of type (0, 1), we directly see that ∇η r = 0. Hence,
∇R ⊂ R ⊗ AS1 and so, in view of the decomposition (11.6), the second fundamental form indeed vanishes.
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Bibliographical and Historical Remarks
Most of the material in this chapter is classical and can be found for instance
in the book by Kobayashi (1987). The term “Chern connection” for the unique
metric connection whose (0, 1)-part is the ∂-operator is quite new; the characterization given in Theorem 11.1.3 is widely used in the literature but mostly
without proof or references to Koszul and Malgrange (1958).
The principle of plurisubharmonicity is formulated explicitly for the first
time here, but of course it has been used in Hodge theory, as will become clear
in later chapters.
The explicit formulas for the curvature of certain homogeneous bundles
seem to be new and are used in the next chapter to simplify the calculations in
Griffiths and Schmid (1969).
In this edition we added a section on totally geodesic submanifolds. The
classical reference is Helgason (1962, Section IV.7).

12
Structure of Period Domains

In Chapter 4 we defined the notion of period domain and showed how such
objects arise in nature as targets of period mappings. We shall now study the
geometry, especially the differential geometry, of these spaces, following Griffiths and Schmid (1969). We start by giving an efficient, e.g., group-theoretic,
description of the tangent bundle and other important bundles on homogeneous
spaces and in particular, on period domains. Then we discuss canonical connections on reductive spaces and the implications for period domains. Next
comes a section on Higgs bundles. This will become important in Chapter 14.
The horizontal and vertical tangent bundles for period domains are discussed in
the next section, followed by a final section containing a detailed discussion of
the implications of standard real Lie theory on the structure of period domains,
in particular on the Hodge metric and the Weil operator.

12.1 Homogeneous Bundles on Homogeneous Spaces
To begin, let D be a space homogeneous for the (left) action of a group G,
where the isotropy group of o ∈ D,
V = {g ∈ G | g · o = o} ,
is compact. Let
p : G → D = G/V
be the natural projection.
A bundle E on D is said to be homogeneous if it is given with a left G-action
that is compatible with the action on D, i.e.,
p(g · e) = g · p(e), e ∈ E.
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The tangent bundle of a homogeneous space is homogeneous in a natural way,
as is any bundle functorially associated with it, e.g., the dual, the exterior
powers, etc.
Among the sections of a homogeneous bundle are distinguished the equivariant ones, which satisfy the relation
s(g · x) = g · s(x),
where x ∈ D. Denote the space of such sections by ΓG (D, E) and observe that
the evaluation map is an isomorphism:
'

ΓG (D, E) −→ Eo .
Moreover, the fiber Eo is a representation space for the isotropy group V. Thus,
we have a natural transformation that assigns to each G-homogeneous vector
bundle a V-module. This transformation can be inverted as follows. Given a
V-module W, set
[W] = G ×V W = {equivalence classes (g, w) under ∼} ,
where (g, w) ∼ (gv, v −1 w). Observe that the projection G × W −→ G descends
to a projection G ×V W −→ G/V on the level of equivalence classes. The left
action of G is given by g 0 · [g, w] = [g 0 · g, w], where [g, w] denotes the class of
(g, w). This construction is of course precisely the one explained in Section 11.3
starting from the principal bundle G → G/V and the V-module W.
Example 12.1.1. Consider the tangent bundle TD . To this end, consider the map
e : g −→ TD,o
defined by
e(ξ) =

d
dt

exp tξ · o.
t=0

Because elements of V fix the base point, the kernel of e is v, the Lie algebra
of V, and we have an induced isomorphism,


e : g/v −−→ TD,o .
Now V acts on curves γ : (−, ) −→ D such that γ(0) = o via the rule
Û
(v · γ)(t) = v · γ(t), v ∈ V. Consequently, it acts on the velocity vectors γ(0)
and hence on TD,o . Explicitly, we have
Û
v(γ(0))
=

d
dt

(v · γ(t)).
t=0
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Via the isomorphism e, the space g/v then inherits a natural V-action. Indeed,
we have
d
d
exp tξ · o =
(v exp tξv −1 ) · v · o
v · e(ξ) = v ·
dt t=0
dt t=0
d
=
exp tvξv −1 · o = e(Ad(v)ξ) · o,
dt t=0
where we recall (11.7) that Ad(g)ξ = gξg −1 is the adjoint representation of
G on g. This representation, restricted to V, preserves v, and so acts on the
quotient g/v. Consequently, the tangent space at the reference point and g/v are
isomorphic as V-modules, from which we deduce an isomorphism:


G ×V g/v −−→ TD .

12.2 Reductive Domains and Their Tangent Bundle
Recall (Definition 11.3.3) that a homogeneous space G/V is a reductive domain,
if there is a an Ad(V)-invariant decomposition
g = v ⊕ m.
The “reductive complement” m is a V-module isomorphic to g/v, so, in view
of Example 12.1.1, we have an identification


[m] = G ×V m −−→ TD .

(12.1)

We apply this to the situation where D is a period domain. In this case, we have
a finite-dimensional weight-w Hodge structure (H, F) polarized by a (−1)w symmetric bilinear form b, G = GL(H, b), and V is the subgroup preserving F.
On the level of complex Lie algebras we have a decomposition
É −p, p
gC = End(VC, bC ) =
.
pg
Recall that g−p, p denotes the endomorphisms sending the Hodge component
H r,s to H r−p,s+p , r + s = w.
Proposition 12.2.1. A period domain D = G/V is a reductive homogeneous
domain. Indeed,
g = v ⊕ m,
where
v = Lie(V) = Real points of g0,0,
Õ
m = Real points of
g p,−p .
p,0

12.2 Reductive Domains and Their Tangent Bundle
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331

In the notation just introduced,
vC = g0,0,

v = vC ∩ g.

Thus, v is the underlying set of real points of vC . The real points of the comÍ
plement p,0 g p−p make up the Lie algebra m. It is clear that the Lie bracket
is a morphism of Hodge structures, i.e., that
[g p,q, gr,s ] ⊂ g p+r,q+s .
It follows that v, the real morphisms of type (0, 0), leave invariant the set of real
morphisms of given type (p, q) + (q, p), i.e., [v, m] ⊂ m so that we obtain our
desired V-invariant splitting g = v ⊕ m.

We just saw (12.1) that the tangent bundle of D is the bundle obtained from
m. To find the holomorphic tangent bundle of D we consider the splitting
mC = m+ ⊕ m−,
where
m+ =

Ê
p>0

g p,−p,

m− =

Ê

g p,−p .

p<0

This is a V-invariant decomposition into spaces satisfying m+ = m− and so
defines a complex structure.
Lemma 12.2.2. Define J : mC → mC by letting i act by ±i on m± . Then J is
real, i.e. J : m → m and J 2 = − id, i.e. J defines a complex structure on m.
Proof Suppose u+ + u− ∈ m+ ⊕ m− is real. Then u+ and u− are each other’s
complex conjugates. We have J(u+ + u− ) = iu+ − iu− . The complex conjugate
of this element equals −iu+ + iu− = −iu− + iu+ = iu+ − iu− , i.e. J(u+ + u− ) is
real. So J : m → m and obviously J 2 = − id.

It is this complex structure that determines the holomorphic tangent bundle
which we are now going to describe. Recall that at each point F ∈ D defines
a Hodge flag F • on HC and hence an induced Hodge flag on gC = End(HC, b).
Then F 0gC is the subalgebra of endomorphisms preserving F. Using this, the
holomorphic tangent bundle can be identified as follows.
Lemma–Definition 12.2.3. Let D = G/V be a period domain. Then
TDhol = [m− ] = [gC /F 0gC ],
the homogeneous bundle associated with the adjoint action of V on m− =
gC /F 0gC .
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Proof Let us give two arguments, one rather formal, the other more geometric
in spirit. For the first, note that the isotropy group B in GC of the Hodge filtration o ∈ Ď = GC /B has Lie algebra vC ⊕ m+ and hence m− is a complement
which gives the complexified tangent space. To see that the bundle structure
comes from the adjoint representation, apply Example 12.1.1.
Alternatively, one can use the characterization of the period domain as an
open set in a flag variety of (partial) flags satisfying the first bilinear relation. The flag variety consists of a subvariety in the product of Grassmannians of certain subspaces F i of a fixed complex vector space HC . At the
point F i the tangent space at the Grassmannian is TF i = Hom(F i, HC /F i ).
The F i forming a flag translates into compatibilities between the various
X i ∈ Hom(F i, HC /F i ) which in our case are equivalent to saying that the
Xi induces maps Yi j : H i,w−i → H j,w−j with i < j. So the (Yi j ) can be assembled into a map Y : HC → HC . The first bilinear relation imposes further
restrictions on Y stating that Y ∈ gC . The upshot is that Y ∈ gC corresponds to
Í

a holomorphic tangent vector in TD,o if and only if Y ∈ j<0 g j,−j .

12.3 Canonical Connections on Reductive Spaces
We turn now to the differential-geometric properties of period domains. These
are examples of reductive spaces. A reductive homogeneous space always has
a natural connection in the sense defined in the previous chapter. Let us recall
how this is done. At the identity element of G, the splitting of the tangent bundle
is g = v ⊕ m. At other points it is gotten by pushing this decomposition forward
by left translation, i.e., by the differential of the map Lg (x) = gx. We also saw
that a connection is given by a v-valued one-form that transforms under the
adjoint action of V. We claim that for the canonical connection this form simply
comes from the Maurer–Cartan form
ω = g −1 dg.
It is a matrix-valued one-form invariant with respect to left translation, because
Lh∗ ω = (hg)−1 d(hg) = g −1 dg = ω.
Note that under right translation it behaves differently:
Rh∗ ω = (gh)−1 d(gh) = h−1 · g −1 dg · h = Ad(h−1 )ω.
This is the correct transformation behavior, but ω is not v-valued and so we
have to split it as
ω = φ + τ,

def

φ = ωv,

def

τ = ωm .

12.3 Canonical Connections on Reductive Spaces

333

If suitable bases are used to represent matrices of G, then these components
are defined by setting certain blocks of the Maurer–Cartan matrix to 0. In any
case, the component ωv is the fundamental form required to define the principal
connection (Lemma 11.3.7). Indeed, by construction, it is now 0 on horizontal
vectors and equal to the matrix A ∈ v on any vertical tangent vector of the form
A∗g , g ∈ G.
To compute the curvature of the canonical connection form φ = ωv for a
reductive homogeneous space, we observe that the Maurer–Cartan form is flat,
i.e., satisfies
1
dω + [ω, ω] = 0,
2
where the convention given by Eq. (11.9) has been used. Decomposing this
relation into components of type v and type m, we obtain the structure equations
dφ + 12 [φ, φ]
dτ

= − 12 [τ, τ]v,
= − 12 [τ, τ]m .

(12.2)

Thus the curvature, which is the left-hand side of the first equation in (12.2),
equals the right hand side, i.e.
1
Ω = − [ωm, ωm ]v .
2

(12.3)

Example 12.3.1. In the case of a symmetric space (see Definition 12.5.1), this
simplifies to
1
Ω(ξ, η) = − [ξ, η].
2
Let us now examine the canonical connection ∇ on associated bundles whose
construction is explained in Proposition 11.4.1.
Lemma 12.3.2. The canonical connection on the principal bundle G −→
G/V = D defined by a period domain D induces connections ∇ on any associated bundle [W]. If W is a complex V-module equipped with a V-invariant
Hermitian metric, the connection ∇ is a metric connection with respect to
the induced Hermitian metric. In particular, this holds for the Hodge bundles
equipped with the Hodge metric hC .
Recall that in Proposition 11.4.5 we explained that the curvature F∇ for these
associated connections ∇ can be given in terms of the curvature form Ω, the
representation ρ which defines the vector bundle and a local section f for the
principal bundle:
F∇ = f ∗ ( ρÛ◦Ω).

(12.4)
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Theorem 12.3.3. Let W be a complex vector space equipped with a V-invariant
Hermitian metric. The bundle [W] admits a unique holomorphic structure for
which the canonical connection ∇ is the Chern connection. In particular, its
curvature is given by the form (12.3).
This holds in particular for the bundle [HC ] and the Hodge bundles (equipped
with the Hodge metrics).
Proof Since ∇ is a metric connection, by Theorem 11.1.3 it suffices to show
that the curvature has pure type (1, 1). But the holomorphic tangent bundle is
the homogeneous bundle associated with the representation space
Õ
m− =
g p,−p .
p<0

Clearly

[m−, m− ]

⊂

m− ,

so that

[m−, m− ]v

= 0. By the formula (12.3), we have

1
Ω(ξ, η) = − [ξ, η]v
2
for ξ, η ∈ m− . Consequently, Ω vanishes when applied to a pair of (1, 0) vectors.
Thus, it has no component of type (2, 0). By an analogous argument it has no
component of type (0, 2). Using (12.4), the claim now follows.

Remark 12.3.4. The most classical case is the computation of the curvature
of the tangent bundle of a Riemannian symmetric space G/K with respect to
the canonical G-invariant Killing metric. We find, using Example 12.3.1,
1
F(ξ, η) = − [ξ, η], ξ, η ∈ p,
2
where, as before, g = k ⊕ p is the splitting of the Lie algebra of G into the Lie
algebra of K and its (with respect to the Killing form) orthogonal complement
p. In more traditional notation, the curvature tensor R satisfies
R(ξ, η)ζ = −[[ξ, η], ζ].

12.4 Higgs Principal Bundles
Our discussion so far is based on a principal V-bundle over D, P, with total space G. For use in Chapter 13 when we treat Higgs bundles, we should
consider another natural principal G-bundle, defined as follows.
Definition 12.4.1. Let D = G/V be a homogeneous space. Its associated Higgs
principal bundle is the G-principal bundle
PHiggs = G ×V G  D × G,

12.4 Higgs Principal Bundles
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where the isomorphism is a G-equivariant map of G-principal bundles by means
of the map [g, g 0] to ([g], gg 0). The Higgs connection ωHiggs on this bundle is
obtained by pulling back the Maurer–Cartan form on G to D × G.
It is clear that the Higgs connection is flat. Consider the map g 7→ [g, e],
which imbeds P = G in PHiggs = G ×V G equivariantly with respect to the
natural right actions by V. One checks that the connection form on G ×V G
pulls back to the Maurer–Cartan form on G under this embedding.
Thus, we have the following setup: on PHiggs there is a flat connection defined
by ωHiggs which defines a connection ∇Higgs on any associated G-bundle. When
the connection form is restricted to PHiggs it decomposes as
def

ωHiggs = ωv + ωm = φ + τ.
Suppose that the vector space W has the structure of a G-module. Then it
inherits a V-structure as well and
[W] = PHiggs ×G W = G ×V W .
Let ∇V be the V-connection on [W]. It is related to the Higgs connection by
the formula
∇Higgs = ∇V + τ.
2
Decomposing the relation ∇Higgs
= 0 into components of type v and type m,
we obtain the Higgs relations:

∇V2 + 21 [τ, τ]v
∇V (τ) + 12 [τ, τ]m

=
=

0,
0.

Such holomorphic vector bundles [W] on D are the prototype of Higgs bundles,
a concept we introduce later in Section 13.1.
Example 12.4.2 (Hodge bundles and variations of Hodge structure). Note that
on D the G-bundle [HC ] has a canonical flat G-connection ∇. As a V-bundle it
decomposes into a sum of Hodge bundles [H p,q ], each of which has a canonical
V-connection ∇V . The Hodge bundle is the direct sum of these bundles and
thus has a V-connection ∇V , and they are related by ∇Higgs = ∇V + τ. The Lie
algebra-valued one-form τ can be viewed as a canonical map
τD : TD → m.
Now consider a holomorphic map f : M −→ D. Then all of the above apparatus – flat bundles, Hodge bundles, connections, Lie algebra-valued one-forms
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– pulls back to objects on M to which we assign the same name. The form τ
now becomes the canonical map
τ = d f ◦ τD : TM → m.
In the rest of this section, we use the convention α = α 0 + α 00 for the splitting
into types for vector bundle-valued complex one-forms α instead of the more
cumbersome notation α = α1,0 + α0,1 that we used above.
Let us suppose further that f is a variation of Hodge structure. This is equivalent to the assertion that τ 0 is g−1,1 -valued, where τ 0 has type (1, 0) as a matrix
of forms. Consequently, τ 00 is g1,−1 -valued. Now
[τ, τ] = [τ 0, τ 0] + 2[τ 0, τ 00] + [τ 00, τ 00].
Because v = g0,0 , the first structure equation implies
∇V2 = −[τ 0, τ 00].

(12.5)

This formula shows:
Proposition 12.4.3. The curvature of the Hodge bundle for a variation of
Hodge structure as above is given by Eq. (12.5).
We come back to this in Chapter 13 where we bring in the Chern connection
for the Hodge bundle. See in particular Proposition 13.1.1.
Let us continue our investigation of the splitting and note that there is no
(2, 0) + (0, 2) component of [τ, τ] which is at the same time v-valued. Hence
we have
∇V00 2 = 0 = ∇V0 2 .

(12.6)

The second structure equation breaks up into two separate equations according
to the g p,q -type of the matrix-valued forms. The first equation collects the forms
with values in g−1,1 + g1,−1 :
∇V (τ) = 0.
This equation can be split up further. For instance, the (1, 1)-component having
values in g−1,1 reads
∇V00 (τ 0) = 0.

(12.7)

The other equation gathers the (g2,−2 + g−2,2 )-valued forms and can be further
split. For instance, the (2, 0) + g−2,2 -component gives
[τ 0, τ 0] = 0.

(12.8)

The harmonic equation as well as the three equations (12.6), (12.7), and (12.8),
which are called the pluriharmonic equations, play a central role in Chapter 14.

12.5 The Horizontal and Vertical Tangent Bundles
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Problems
12.4.1

Consider the Riemannian symmetric space SO(a + b)/SO(a) × SO(b).
Calculate the curvature tensor R on basis elements of p and show that
the form given by −B(R(ξ, η)η, ξ) is negative semidefinite. Here B is
the Killing form. Conclude that the bisectional curvature is ≤ 0. Here
we recall that the bisectional curvature s in the direction of the plane
spanned by ξ and η with respect to a metric g and curvature tensor R
is defined by
s(ξ, η) =

12.4.2

−g(R(ξ, η)ξ, η)
.
vol(ξ, η)

Show that if W is a G-module then the map [g, w] 7→ (gV, gw) defines
a trivialization of [W].

12.5 The Horizontal and Vertical Tangent Bundles
Let D = G/V be a period domain classifying b-polarized Hodge structures of
given weight and Hodge type. We have seen in Proposition 4.4.4 that G is a
simple Lie matrix group. We need some background on simple and semisimple
groups, for which we refer to Appendix D.3. In particular we shall use the
def
Killing form on the Lie algebra g = Lie(G):
B(ξ, η) = Tr (ad(ξ)◦ ad(η)) ,
a nondegenerate symmetric form invariant under Ad(G). Let K be the maximal
compact subgroup of G containing V. The Killing form is negative definite
on k = Lie(K) and positive definite on the orthogonal complement p of k.
Moreover, the form B induces a G-invariant metric on G/K.
Definition 12.5.1. Let G be a simple Lie matrix group and K a maximal compact subgroup. The domain G/K is called a symmetric space. The associated
Cartan decomposition is the B-orthogonal decomposition
g = k ⊕ p.
The Cartan involution θ : g → g by definition is such that θ|k = id and
θ|p = − id. There is a corresponding Cartan involution on G whose fixed point
locus is K; it induces an isometry with respect to the canonical K-invariant
metric on G/K. The term “symmetric” space comes from the existence of such
an involutive symmetry. For an example, see Problem 12.5.1.
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The above Cartan decomposition is reflected on the level of the tangent
bundle of D as follows. With respect to the canonical projection
ω : D = G/V → G/K,
we can split the tangent space at any point o ∈ D into the horizontal and
vertical tangent spaces
vert
TD,o
= To (fiber of ω through o),
vert
hor
= orthogonal complement of TD,o
,
TD,o

where the orthogonal complement is taken with respect to the Killing form on g.
Lemma 12.5.2. The ±1-eigenspaces of the Cartan involution on gC are given by
É
−j, j
kC =
,
j even g
É
−j, j
pC =
.
j odd g
Moreover, we have canonical identifications
vert
TD,o
= k/v,
hor
TD,o
= p.

Proof The fibration ω : G/V → G/K can be described concretely as follows.
É
p,q be the Hodge decomposition corresponding to o ∈ D.
Let HC =
p+q=w H
Extending scalars, the polarizing form b induces the (−1)w -Hermitian form
É
p,q
(x, y) 7→ h(x, y) = b(x, ȳ) on HC . Introduce the subspaces HC+ :=
p even H
É
−
p,q
and HC :=
. In the case of even weight w = 2v, the spaces HC±
p odd H
are complexifications of real vector spaces H ± . The second bilinear relation
implies that the form (−1)v h is positive on H + and negative on H − . Now G/K
Í
is the set of real subspaces of H of maximal dimension a = p even h p,q on
which (−1)v h is positive and we have
ω(o) = [H + ] ∈ G/K.
In the case of odd weight w = 2v − 1, dim HC+ = dim HC− and the form h is
anti-Hermitian. Because of the first bilinear relations the spaces H ± are total
isotropic of maximal dimension and the second bilinear relation implies that the
Hermitian form (x, y) 7→ (−1)v+1 ib(x, ȳ) = (−1)v+1 ih(x, y) is positive definite
on HC+ and negative on H − . If we identify G/K with the set of totally b-isotropic
complex subspaces HC+ ⊂ HC of maximal dimension on which the latter form
is positive definite, we have
ω(o) = [HC+ ] ∈ G/K.

12.5 The Horizontal and Vertical Tangent Bundles
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In both cases, the complexified tangent space of G/K at the point ω(o) is isomorphic to the subspace of HomC (HC+, HC /HC+ ) consisting of bC -preserving maps
X : HC+ → HC− . Such a map belongs to pC and Y = X + X̄ ∈ p. The converse is
not necessarily true since pC also contains maps X ∈ HomC (HC−, HC+ ). However,
for such maps X̄ ∈ HomC (HC+, HC− ). It follows that any Y ∈ p can be written
in a unique fashion as a sum Y = X + X̄, where X ∈ HomC (HC+, HC− ). This
correspondence between X and Y yields the desired identification [Tohor D] = p.
Note that B0 (X1, X2 ) = 0 when X1, X2 are in different components of the Hodge
decomposition of gC since X1 ◦ X2 is nilpotent and hence has trace zero. So the
B0 -orthogonal complement of p in g/v is k taken modulo v. This is the kernel
of the map induced by ω which gives the tangent space to the fiber of ω.

The vertical tangent spaces fit into a holomorphic bundle TDvert , because
the fibers are complex submanifolds of D, as we saw in Problem 4.4.2. The
horizontal spaces, however, just define a smooth vector bundle TDhor , which in
general admits no complex structure. But its complexification TDhor ⊗ C does
contain an important holomorphic subbundle, namely the one associated with
g−1,1 . Summarizing, we have the following.
Proposition 12.5.3. Let D = G/V be a period domain. Let K ⊂ G be the maximal compact connected subgroup of G containing V, and let G/K the associated
homogeneous domain with projection ω : G/V → G/K. Recalling the notation
Tω for the bundle of tangents along the fibers of ω, there is a canonical splitting
TD = TDvert ⊕ TDhor,

TDvert = Tω .

These bundles are homogeneous under the adjoint action of V on g:
TDvert = [k/v],

TDhor = [p].

The bundle TDvert is a holomorphic bundle, TDhor in general not. The subbundle
TD−1,1 of TDhor ⊗ C has a holomorphic structure as subbundle of the holomorphic
tangent bundle of D and is called the holomorphic horizontal tangent bundle.
Additional bundles can be constructed because G acts on H. For example, H
itself is obviously V-invariant and so defines a homogeneous bundle. In general,
if a representation of V is the restriction of a representation of G, then the resulting bundle is trivial (see Problem 12.4.2). This is the case here: [H]  D × H.
Definition 12.5.4. The subspaces H p,q and F p of HC are V-invariant; the homogeneous vector bundles they define are the so-called Hodge bundles. The
flag bundle [F • ] ⊂ [HC ] is called the tautological Hodge flag.
As we have see (Theorem 12.3.3), both [HC ] and the Hodge bundles [H p,q ]
and [F p ] have natural holomorphic structures.
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Remark 12.5.5. (1) Although the bundle [F p ] inherits the holomorphic structure from [HC ], this is not the case for [H p,q ].
(2) The tautological flag [F • ] on D = G/V is a holomorphic flag, but it is in
general not a variation of Hodge structure since the horizontality condition fails
in general. Later we shall prove that we do get a variation precisely when D is
a bounded symmetric domain. See Section 15.3.

Problems
12.5.1

Consider the homogeneous space D = SO0 (a, b)/SO(a + b) ∩ [O(a) ×
O(b)]. Put n = a + b and consider the associated Lie-algebra so(a, b)
and its subalgebra k = so(a) × so(b). Decompose n × n matrices correspondingly into blocks and let p be the set of matrices which have 0
on the diagonal. Introduce the involution θ on SO(a, b) defined by the
adjoint action of the matrix


1
0
Ia,b = a
.
0 −1b
Prove that θ is the Cartan involution sending X ∈ g to −TX.
Describe the two eigenspaces as k and p.
(b) Show that θ induces an involution of D.
(c) Show that the trace form Tr ξ ◦η induces a V-invariant metric on
the tangent bundle TD = [p]. Deduce that θ is an isometry.
(a)

12.5.2 (a)

Show that the Killing form B is indeed invariant under the adjoint
action of G on g and that it is symmetric. Deduce that B([ξ, η], ζ)
= B(ξ, [η, ζ]) for all triples ξ, η, ζ ∈ g.
(b) Suppose that G is a compact Lie group. Using a G-invariant inner
product, show that the Killing form is negative definite.
(c) Now let G = SO(n). Compute the Killing form in this case and
compare it with the trace form.
(d) Let G be any complex simple Lie group and let B 0 be any bilinear form on its Lie-algebra g that is Ad(G)-invariant. Show
that for some A ∈ End(g) we have B 0(ξ, η) = B 0(Aξ, η) and that
A[ξ, η] = [ξ, Aη]. Deduce that any eigenspace U ⊂ g of A is an
ideal and hence U = g. Conclude that B 0 = λB. What does this
imply when B 0 happens to be skew-symmetric?
É p,q
12.5.3 Let H =
H be a Hodge decomposition of weight w corresponding to a reference point o ∈ D = G/V. Let b be the polarization and
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hC the corresponding Hodge metric. A Hodge frame consists of a hC unitary frame for each of the Hodge components which, moreover, is
invariant under the complex conjugation.
(a)

Show that Hodge frames always exist. Determine the matrix of the
polarization in such a frame, where we take the ordering such that
the frame for H w,0 comes first, followed by the one for H w−1,1 , etc.
(b) A Hodge frame defines a matrix representation of gC . Identify vC
and m± in terms of block matrices.
(c) Give explicit bases for g−p, p .

12.6 On Lie Groups Defining Period Domains
Real Forms
Let (H, b) a polarized weight w Hodge structure and G = Aut(H, b) its
group of automorphisms. Using the terminology of Appendix D.3, the group
GC = Aut(HC, b) is the complexification of G and G is a real form of GC .
Now G is a semisimple matrix group (it is even a simple Lie group). Hence,
according to what has been explained in § D.3, GC also has a compact real
form. We shall make this explicit in this situation.
Let K ⊂ G be the maximal compact subgroup containing V. As above, we
let g, v, and k be the Lie algebras of G, V, and K, respectively. We have seen
that v ⊗ C coincides with the Lie subalgebra g0,0 of gC of endomorphisms
of HC preserving the Hodge structure (of a reference point) and that v has a
V-invariant complement:
É
−p, p
g = v ⊕ m, mC =
.
p,0 g
We say that g is a noncompact real form of gC in the sense that gC is the complexification of g and it is the Lie algebra of the noncompact Lie group G. This
reflects the fact that on the level of groups, G is a noncompact real form of GC .
To find the compact real form on the level of Lie algebras we need another
real structure on gC that leads to a compact Lie group. We recall from Appendix D.3 how this can be done using the Cartan decomposition g = k ⊕ p we
discussed in the previous subsection. Recall that
É
−p, p
kC =
,
p even g
and that k has a K-invariant complement fitting in the Cartan decomposition
(see Appendix D.3)
É
−p, p
g = k ⊕ p, pC =
.
p odd g
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Hence the corresponding Cartan involution θ on g is characterized by its complex linear extension to gC which equals multiplication with (−1) p on g−p, p .
Note that this extension, also denoted by θ, is not the Cartan involution θ C on
gC . Indeed, as we shall see, θ C = θ ◦τ, where τ is complex conjugation with
respect to the previously defined complex structure on gC . Its fixed point set is
the subalgebra
def

n = k ⊕ i · p.
It is the Lie algebra of a unique compact connected matrix Lie group N ⊂ GC ,
the compact real form of GC with Lie algebra n.
Although the above statements follow directly from the general theory outlined in Appendix D.3, we shall give two independent proofs. The first proof is
spelled out in Example 12.6.1, the case of even weight, but we leave the case of
odd weight to the reader (see Problems 12.6.1 and 12.6.2). A second and more
intrinsic proof using the Hodge metric is given below (Proposition 12.6.2). This
proof is in fact equivalent to the classical proof given in the Appendix.
Example 12.6.1. If the weight is even, the Lie algebra is of the form g = so(a, b).
Set n = a + b. Consider the corresponding block-decomposition of the n-by-n
matrices


U V
X= T
∈ so(a, b).
V W
Because X ∈ so(a,
U and
 b), the
 matrices

 W are skew-symmetric. The invoU V
U
−V
lution θ sends T
to T
and so k consists of those matrices
V W
−V W
for which V = 0, and the matrices in p are the ones with U = W = 0. Then
n = k + ip embeds in su(n) and one readily verifies that the map




U iV
U
V
7→ T
iTV W
−V W
induces an isomorphism of n onto so(n), the Lie algebra of the compact group
SO(n).

The Role of the Hodge Metric and the Weil Operator
The reference point o ∈ D corresponds to a Hodge structure HC =
with Weil operator C, and polarized by b. Hence the form
hC (u, v) = b(Cu, v̄),

u, v ∈ HC

É

H p,q
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is a Hermitian inner product on HC . If ξ ∈ End(HC ) we define its Hermitian
conjugate ξ ∗ as usual by the rule
hC (ξ(u), v) = hC (u, ξ ∗ (v)).
Using hC -unitary bases we identify HC = Cn , n = dim C HC , so GL(HC ) gets
identified with the group of invertible n by n complex matrices. The Cartan
involution sends g ∈ GL(HC ) to (g ∗ )−1 and on the level of the Lie algebra
End(HC ) it operates as follows:
θ C (ξ) = −ξ ∗,

ξ ∈ End(HC ).

(12.9)

We are going to describe θ C in terms of the Weil operator. First recall that we
have seen before (Lemma 5.3.1), that the reference Hodge structure induces a
weight 0 Hodge structure on gC . If C denotes the Weil operator of the reference
Hodge structure, the Weil operator of gC is Ad(C), i.e. C acting on gC through
the adjoint operation and turns out to be related to the Cartan involution.
Proposition 12.6.2. Let τ be complex conjugation on gC .
(i) The Weil operator Ad(C) is real and on g coincides with the Cartan involution θ.
(ii) The Cartan involution θ C on gC equals Ad(C)◦τ with Cartan decomposition
gC = n ⊕ in, where the subalgebra n = k ⊕ ip consists of the skew-Hermitian
maps with respect to hC ; and in is the space of hC -Hermitian maps. In particular, n is a compact real form of gC .
Proof (i) Recall that gC consists of ξ ∈ End(HC ) that are b-orthogonal. Now
for pure type x, y ∈ HC we have b(x, y) = 0, unless x ∈ H p,q, y ∈ H q, p ,
and in this case, using C|H p,q = i p−q = C −1 |H q, p = C̄|H q, p , we see that
b(C x, C y) = b(x, y). So C ∈ GC and C commutes with complex conjugation τ
on HC and hence C is real. We claim that its adjoint action on gC is defined by
Ad(C) : gC
ξ

−→ gC
7−→ (−1) p ξ,

ξ ∈ g−p, p .

Indeed, if ξ ∈ g−p, p and u ∈ H r,s , we have CξC −1 u = C −1 ξCu = (−1) p ξu.
(ii) Let ξ ∈ g−p, p . Then, using that CξC −1 = (−1) p ξ and ξ is skew for b we get
hC (ξu, v) = b(ξu, C −1 v̄) = −b(u, ξC −1 v̄)
= (−1) p+1 b(u, C −1 ξ v̄) = (−1) p+1 b(Cu, ξ v̄)
¯ = (−1) p+1 hC (u, τ(ξ)v).
= (−1) p+1 b(Cu, ξv)
Since – by definition – this last expression equals hC (u, ξ ∗ v), one concludes
that −ξ ∗ = (−1) p ξ¯ = Ad(C)τ(ξ). Now use (12.9).
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From now on we revert to the previous notation ξ¯ instead of τ(ξ), We deduce
the following simple consequence.
¯ ξ ∗ = −ξ.
¯
Corollary 12.6.3. (i) For ξ ∈ pC , respectively ξ ∈ kC , we have ξ ∗ = ξ,
¯ respectively Cξ = −ξ.
¯
(ii) For ξ ∈ n, respectively ξ ∈ in, we have Cξ = ξ,
¯ = 0, then ξ = 0.
(iii) Let ξ ∈ pC with [ξ, ξ]
Proof (i) On pC the operator C acts as − id and hence, if ξ ∈ pC we have
C(ξ) = −ξ¯∗ = −ξ which shows the result; a similar reasoning holds for kC .
(ii) Note that n = k ⊕ ip and on k, respectively p, the Cartan involution is the
identity, respectively minus the identity.
¯ = 0 implies that the imaginary part of ξ, which
For (iii) observe that [ξ, ξ]
is skew-Hermitian with respect to hC , commutes with the real part, an hC Hermitian operator. And so, each being diagonalizable, they are simultaneously
diagonalizable. But then ξ is also diagonalizable. Because ξ ∈ pC it is nilpotent
as well (see Problem 12.5.3), we must have ξ = 0.


Polarization and Invariant Metric on the Lie Algebra
We can now introduce an invariant metric on g. Start out with the trace form
B0 (ξ, η) = Tr ξ ◦η,

ξ, η ∈ gC .

This a C-linear symmetric form, invariant under the adjoint action of GC on
gC , and it is real on g.
Remark 12.6.4. We have seen (Problem 12.5.2 (d)) that the form B0 is a multiple of the Killing form B. Since in our case the Lie algebras have a real structure
this multiple is real. In fact, this is a positive multiple (Helgason, 1978, Ch. II
§8) and so in the rest of this subsection we could also have used the Killing
form instead of B0 .
Using Proposition 12.6.2 we can now prove the following.
Proposition 12.6.5. The form −B0 polarizes the Hodge structure gC =
In particular, the form

É

pg

−p, p .

def

(ξ, η) = − B0 (Ad C(ξ), η̄)
is a positive definite Hermitian metric on gC , invariant under the adjoint action
of V.
Proof First, if ξ ∈ g p,−p and η ∈ gq,−q with p , q, the linear map ξ η̄ permutes
all of the subspaces H p,q nontrivially among themselves and so ξ η̄ must have
zero trace.
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Recall that gC = n ⊕ in and that any linear map ξ ∈ n is skew-Hermitian
with respect to hC . So ξ is diagonalizable with all the eigenvalues purely
imaginary and if ξ , 0, at least one of these is nonzero. It follows that
−B0 (ξ, ξ) > 0. On the other hand, on n the Weil operator is just complex
¯ = −B0 (ξ,
¯ ξ)
¯
conjugation (see Corollary 12.6.3 (ii)) so that (ξ, ξ) = −B0 (Cξ, ξ)
is positive by what we just showed. Finally, if η = iξ ∈ in is nonzero, we have
(η, η) = (iξ, iξ) = (ξ, ξ) > 0.


Problems
12.6.1

12.6.2

Verify that, for odd weight, n is the Lie algebra of the compact
group Sp(n) consisting of complex 2n by 2n unitary
matrices X with

0
1n
T
X Jn X = Jn , where, as before, Jn =
.
−1n 0
É p,q
H be a Hodge decomposition of weight w correspondLet H =
ing to a reference point o ∈ D = G/V. Let b be the polarization and
hC the corresponding Hodge metric. Using Hodge frames (see Problem 12.5.3), describe the form of the matrix (Xi j ) corresponding to
X ∈ g−p, p and determine the matrix of the complex conjugate of X.
Verify Proposition 12.6.5.

Bibliographical and Historical Remarks
This chapter contains the basic calculations in the fundamental article by Griffiths and Schmid (1969). We avoid the use of roots by working directly with the
Cartan involution. In this edition, classical real Lie group theory plays a more
dominant role. See also Schmid (1973, § 8).
The notion of “Higgs principal bundle” is ours and it is motivated by its
relation with the Higgs vector bundles which come up in Chapters 13 and 14.

13
Curvature Estimates and Applications

We do two types of curvature calculation in this chapter. The first applies to variations of Hodge structures over any complex manifold and is treated in Section
13.1. As a first application, we prove that over a quasi-projective manifold, flat
(parallel) sections of a variation of Hodge structure have flat (p, q)-components.
This has important consequences. First, any flat section of a variation of Hodge
structure over a quasi-projective manifold has flat Hodge components (theorem
of the fixed part). Second, we have the rigidity theorem, which says that if we
have two polarized variations of Hodge structure over a compact manifold and
an isomorphism of the underlying local systems which is a morphism of Hodge
structures at one point, it must be so everywhere.
More applications are in Section 13.4, first a bound on the degrees of Hodge
bundles of a variation of Hodge structure over quasi-projective curves, second
an application on hyperbolicity of the base curve, and finally, one on rigidity.
In order to do this, in Section 13.3 we make a digression on Higgs bundles.
Among the examples we have variations of Hodge structure as well complex
systems of Hodge bundles. The latter generalize variations of Hodge structure
in the sense that the underlying local system may be a local system of complex
vector spaces without a given real structure. Since we need base manifolds that
are not necessarily compact, the technique of logarithmic extensions is needed,
which is explained in the preceding Section 13.2.
Then, in Section 13.6, we do curvature calculations on the period domains
and show that the sectional curvature is negative and bounded away from zero
in flat directions. This implies that period maps are distance decreasing. As an
application, we give in Section 13.7 Borel’s proof of the monodromy theorem
for a one-variable degeneration, i.e., a variation of Hodge structure over the
unit disk minus a point. Geometrically, this corresponds to a family of varieties
over the unit disk with smooth fibers except over the origin, which is considered
to be a “degenerate” fiber, hence the term “degeneration.” This theorem gives
346
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important topological restrictions on the sort of degeneration that can appear
and explains why one often assumes that the local monodromy operators of a
variation of Hodge structure are quasi-unipotent or even unipotent.

13.1 Higgs Bundles, Hodge Bundles, and their Curvature
Consider now a polarized variation of Hodge structure. To fix notation, let
H be a local system on a complex manifold S, and let H be the associated
holomorphic vector bundle. The Hodge filtration is denoted as usual by
H = F0 ⊃ F1 ⊃ · · · ⊃ Fw ⊃ 0,
where Fi , i = 0, . . . , w are holomorphic subbundles. Let us denote by b the
polarizing bilinear form and recall that we have put a Hermitian metric on H;
the Hodge metric
def

hC (·, ·) = b(C·, ¯·),
where C is the Weil-operator acting by multiplication with i p−(w−p) = (−i)w ·
(−1) p on H p,w−p . We now consider the graded quotients Fp /Fp+1 . These are
holomorphic bundles which are differentiably isomorphic to the C ∞ Hodge
bundles Hp,q . We assemble these in the Hodge bundle
def

HHdg = Gr F H =

Éw−1

p
p+1
,
p=0 F /F

Fp /Fp+1 ' Hp,w−p .

Remark. The complex structure on the Hodge bundle HHdg is different from
the one on H. A holomorphic section for H induces one for the Hodge bundle
¯
HHdg , but not conversely. In what follows we let ∂¯ be the ∂-operator
for the
complex structure on the Hodge bundle.
We have encountered the Hodge bundle before, in the framework of Higgs
principal bundles: in Example 12.4.2 we showed that this bundle is associated
with the Higgs G-principal bundle G ×V G, where D = G/V is the period
domain. By Theorem 12.3.3 the induced connection ∇V we introduced there is
the Chern connection on the Hodge bundle. We already identified the connection ∇Higgs as the flat connection coming from the Gauss–Manin connection
and that ∇Higgs = ∇V + τ, where the matrix-valued one-form τ is split into two
parts τ = τ 1,0 + τ 0,1 . The form τ 0 = τ 1,0 is related to the second fundamental
form associated with the direct sum splitting of the Hodge bundle. The form
τ 00 = τ 0,1 can be shown to be its adjoint.
To explain this further, we study in more detail how the Gauss–Manin connection ∇ acts on the Hodge flag F• The second fundamental form associated
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with Fp ⊂ His a Hom(Fp, H/Fp )-valued one-form (see Section 11.2) which
by Griffiths’ transversality belongs to AS1 (Hom(Fp, Fp−1 /Fp )); by the same
argument applied to Fp+1 we see that it induces
p−1

p

σ p ∈ AS1,0 (Hom(Gr F H, GrF H)).
Collecting these together we put
def

σ =

É

pσ

p

∈ AS1,0 (End−1,1 (HHdg )).

Here, as usual, we let End p,−p be the endomorphisms which map the Hodge
r+p
bundle GrrF H to the Hodge bundle Gr F H.
Of course, in the old notation we have τ 0 = σ. We make some further change
of notation: in place of ∇V we use ∇Hdg , since this is the natural connection on
the Hodge bundle. Lastly, the Gauss–Manin connection transported to Gr F H
will be called ∇ instead of ∇Higgs to stress that it is the flat connection on the
Hodge bundle. Hence the splitting ∇ = σ + ∇Hdg + adjoint of σ, where ∇Hdg
is the Chern connection on the Hodge bundle. Summarizing, we have shown
the following.
Proposition 13.1.1. The operator
∇ : HHdg → HHdg ⊗ AS1
decomposes as follows:
∇

Fp /Fp+1 −−→ AS1,0 (Fp−1 /Fp−2 )
|
{z
}

⊕

⊕

↓

↓

σ

AS1 (Fp /Fp+1 )
|
{z
}

+

∇Hdg

AS0,1 (Fp+1 /Fp )
|
{z
}
↓

+

σ∗ .

Here ∇Hdg is the Chern connection on HHdg , the unique metric connection (for
the Hodge metric) on the Hodge bundle whose (0, 1)-part is the ∂-operator
on that bundle. The operator σ ∗ is the adjoint of σ with respect to hC , i.e.
hC (σ(s), s 0) = hC (s, σ ∗ (s 0)) for all local smooth sections s, s 0 of HHdg .
This proposition is central to our calculations. We want to give a short proof.
Direct proof First observe that if s is a holomorphic local section of Fp ,
then ∇s ∈ Ω1S (Fp−1 ) and hence the above decomposition simplifies to σ(s) +
0,1
∇Hdg (s). In particular, since there is no (0, 1)-part, ∇Hdg
s = 0. By the argument on page 311, this characterizes the holomorphic structure on HHdg , i.e.,
0,1
∇Hdg
= ∂¯HHdg .
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To show that ∇Hdg is the Chern connection, we first note that the Gauss–
Manin connection preserves the indefinite Hermitian metric
def

h(·, ·) = (−i)w b(·, ·),
p

which differs from hC by the sign (−1) p on the Hodge bundle Gr F H. Using
this we shall show that ∇Hdg is a metric connection with respect to hC by
working out the condition
dh(s, s 0) = h(∇s, s 0) + h(s, ∇s 0).
Indeed, if s, s 0 have the same type, say (p, q), then since h(σs, s 0) = h(s, σ ∗ s 0) =
0, one has
(−1) p dhC (s, s 0) = dh(s, s 0) = h(∇s, s 0) + h(s, ∇s 0)
= h(∇Hdg s, s 0) + h(s, ∇Hdg s 0) + h(σs, s 0) + h(s, σ ∗ s 0)
= (−1) p (hC (∇Hdg s, s 0) + hC (s, ∇Hdg s 0)).
If they have different type, one only needs to consider "nearby types" , say for
s of type (p, q) and s 0 of type (p − 1, q + 1), one has
0 = dh(s, s 0) = h(∇s, s 0) + h(s, ∇s 0)
= h(∇Hdg s, s 0) + h(s, ∇Hdg s 0) + h(σs, s 0) + h(s, σ ∗ s 0)
= (−1) p (hC (σs, s 0) − hC (s, σ ∗ s 0))
= 0.



Lemma 13.1.2. The morphism σ : HHdg → HHdg ⊗ AS1,0 is holomorphic, that
is, σ ∈ EndHHdg ⊗ Ω1S . Moreover, the composition
σ ∧ σ : HHdg → HHdg ⊗ Ω2S
is zero.
Proof Note that σ can be considered as an endomorphism of Hodge type
(1, 0) with values in the one-forms of type (1, 0). Now expand the equation
∇◦∇ = 0 into Hodge and form-types, making use of the equality
1,0
∇ = σ + ∇Hdg
+ ∂¯ + σ ∗ .

Observe that
def

∂(σ) = ∂ ◦σ + σ ◦∂
is the only part of Hodge type (1, 0) and form type (1, 1), and so must vanish.
It says that σ is a holomorphic endomorphism.
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Likewise, the second equation,
σ ∧ σ = 0,
follows since this is the only part in ∇2 of Hodge type (2, 0) and form type
(2, 0).

Remark. To tie this up with Example 12.4.2, as remarked above, we have
τ 0 = σ, τ 00 = σ ∗ and ∇V = ∇Hdg . The harmonic equation Eq. (12.7) assert that
σ is holomorphic while Eq. (12.8) means that σ ∧ σ = 0.
The above lemma states that (HHdg, σ) is a so-called Higgs bundle. Moreover, the Hodge metric hC is a harmonic metric, explaining the terms “Higgs
equations” and “harmonic equation”.
Definition 13.1.3. (i) A Higgs bundle (E, σ) consists of a holomorphic bundle
E equipped with an End(E)-valued holomorphic one-form σ, the Higgs field,
such that the End(E)-valued holomorphic two-form given by σ ∧ σ vanishes.
(ii) A Hermitian metric k on a Higgs bundle is called harmonic if its Chern
connection Dk combines with σ and its k-conjugate σ ∗ to give a flat connection
σ + Dk + σ ∗ .
Hence, variations of Hodge structure are examples of Higgs bundles equipped
with a harmonic metric. But there are certainly more examples of Higgs bundles, among which are the complex systems of Hodge bundles of given weight,
defined as follows.
Definition 13.1.4. (i) A complex system of Hodge bundles on a complex manifold S consists of a complex local system H on S such that the corresponding vector bundle H admits a direct sum decomposition into complex C ∞ subbundles
É
p
H=
pH
with the property that the Gauss–Manin connection ∇ on H (defined by ∇(v ⊗
f ) = v ⊗ d f , v ∈ h, f ∈ OS ) satisfies the analogue of the transversality condition
of Proposition 13.1.1 above. The bundles Hp are not necessarily holomorphic,
but the transversality condition implies that the Hodge filtration defined by
Ê
def
Fp =
Hr
r ≥p

É
r
is holomorphic (while the opposite filtration
r ≤p H is anti-holomorphic).
Note also that each graded piece Fp /Fp+1 is holomorphic and that it is differentiably isomorphic to Hp .
(ii) Define an operator S on H by S|Hp = (−1) p . If there is a sesquilinear form
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h on H which is preserved by ∇ such that hS (x, y) = h(Sx, y) gives a Hermitian
metric on H, we say that h polarizes the complex system and together these
define a complex polarized variation of Hodge structure.
Of course, the usual (real) variations of given weight w are examples of complex variations: set Hr = Hr,w−r . If it is polarized by b, the form h in the above
definition is just (−i)w h, since C = (−i)w S. A real variation satisfies the additional reality constraint Hp,q = Hq, p . Conversely, specifying a weight, a complex system of Hodge bundles H together with its complex conjugate defines a
real variation of Hodge structures on H⊕ Hin the obvious manner. In passing,
we observe, however, that we can have complex systems of Hodge bundles of
any given pure type. If for instance Hp has the property that it is preserved by
∇, i.e., if it is a flat subbundle, it is itself a complex system of Hodge bundles.
Let us summarize what we have seen so far.
Lemma 13.1.5. A complex system of Hodge bundles H = ⊕r Hr on a complex
manifold defines a Higgs bundle Gr F H, Fp = ⊕r ≥p Hr with Higgs field the
second fundamental form induced by the Gauss–Manin connection. A complex
polarized variation of Hodge structure gives a Higgs bundle with a harmonic
metric, namely the Hodge metric.
There is an obvious operation by C∗ on the set of Higgs bundles: for a Higgs
bundle (E, σ) and t ∈ C∗ the pair (E, tσ) is also a Higgs bundle. If E = H is
a complex system of Hodge bundles, one has a commutative diagram
p

Gr F H

·t p
∼

/ Gr p H
F

·t p−1
∼


/ Gr p−1 H ⊗ Ω1 .
S
F

σp

t ·σ p


p−1
Gr F H ⊗ Ω1S

This means that (H, t · σ) ' (H, σ). In other words, on the moduli space of
isomorphism classes of Higgs bundles over S the complex systems of Hodge
bundles are fixed points for the C∗ -action. Simpson (1992) proved the converse
and also that this implies that if S is a compact Kähler manifold, these admit
a harmonic metric coming from a polarization, i.e., the fixed points of the
C∗ -action correspond to polarized complex variations of Hodge structure.
Theorem 13.1.6. A Higgs bundle (H, σ) over a compact base manifold underlies a polarized variation of Hodge structure if and only if its isomorphism
class is C∗ -invariant. In other words: among the complex representations of
the fundamental group of S, those which carry a complex polarized variation
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of Hodge structure are exactly the semisimple ones fixed by the action of C∗ as
defined above.
In the remainder of this section and in the next section we will investigate
complex polarized variations of Hodge structure. Many results for ordinary polarized variations of Hodge structure remain true for these, such as the curvature
calculations (Eq. (12.5) in Chapter 12) which in our case reads
F∇Hdg = −[σ, σ ∗ ].
We calculate this in every graded piece and observe that since for any two
tangent vectors X, Y the graded pieces of [σ(X), σ ∗ (Y )] come from the compositions of two arrows in the diagram
σ p (X)
/ p−1
p
Gr F H o
Gr F
Ho
(σ ∗ ) p (X)
(σ ∗ ) p−1 (Y)
σ p+1 (Y)

p+1
Gr F

/

H,

(13.1)

p

and since (σ p )∗ = (σ ∗ ) p−1 , the contribution from Gr F H to the curvature is

equal to − (σ p )∗ ◦σ p + σ p+1 ◦(σ p+1 )∗ . Because of the way the metric contraction for hC is defined (see Eq. (11.1)), this shows
Õ
Õ
hC (−[σ, σ ∗ ]s, s) =
hC (σ p (s), σ p (s)) +
hC ((σ ∗ ) p+1 (s), (σ ∗ ) p+1 (s))
p

p

= hC (σ(s), σ(s)) + hC (σ (s), σ ∗ (s)).
∗

Note also, that these same conventions mean that the first term is of the shape
Í
hi j dzi ∧ d z̄ j with (hi j ) a positive definite Hermitian matrix, while the second
Í
Í
is of the form hi0j d z̄i ∧ dz j = − hi0j dzi ∧ d z̄ j with (hi0j ) positive definite.
We summarize our results.
Theorem 13.1.7. Let there be given a complex polarized variation of Hodge
bundles of weight w. The Gauss–Manin connection transported to the Hodge
bundle decomposes as
∇ = σ + ∇Hdg + σ ∗
with ∇Hdg the Chern connection on the Hodge bundle equipped with the Hodge
metric. Its curvature is given by F∇Hdg = −[σ, σ ∗ ]. Moreover,
hC (F∇Hdg s, s) = hC (σ(s), σ(s)) + hC (σ ∗ (s), σ ∗ (s)).
The two summand are (1, 1)-forms with the following positivity property:
ihC (σ(s), σ(s)) ≥ 0,
ihC (σ ∗ (s), σ ∗ (s)) ≤ 0.
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Let us for clarity write out the preceding computation in a Hodge frame, i.e.,
we choose an hC -unitary frame for each of the Hp,q in such a way that the basis
for Hp,q is the complex conjugate of the basis for Hq, p .The connection matrix
for the flat metric is then of the form (the blocks are ordered from (w, 0) to (0, w))
A
© w

 w
S


 .
A =  ..


 .
 ..


« 0

Tw

···

0

Aw−1

T w−1

0

..

..

..

.

.

.

0

S2

A1

···

0

S1

0
ª
®
.. ®
. ®®
®
.. ®
. ®® .
®
®
1
T ®®
®
A0 ¬

If we split this matrix into the diagonal and off-diagonal parts,
A = A0 + S + T,
then A0 is a block-diagonal matrix which is the connection matrix of the metric
connection on HHdg . The matrix S is lower diagonal with blocks just below the
diagonal, while T is upper diagonal with blocks just above the diagonal. Their
relation is as follows:
!
!
Õ
Õ
siαj dzα
s̄αji d z̄α
S=
=⇒ T =
= S∗
α

i, j

α

i, j

so that (S + T) ∧ (S + T) has diagonal blocks of the form
(S w )∗ ∧ S w
0
···
0
©
ª
w
w
∗
..

®
.
S ∧ (S )
..

®
.
0
w−1
∗
w−1

®
+(S
) ∧S

®

®

®
..
.
.
.
.
.
.

®.
.
.
.
.

®

2
2
∗
®
..
(S ) ∧ (S )

®
0
.
···

®
+(S 1 )∗ ∧ S 1

®

®
1
1
∗
0
·
·
·
0
(S
)
∧
(S
)
«
¬
Writing out 0 = A ∧ A + dA and comparing the latter diagonal blocks, we see
that the curvature of the metric connection for hC is given by A0 ∧ A0 + dA0 =
−(S ∧ S ∗ + S ∗ ∧ S) which is the matrix expression for −[σ, σ ∗ ].
Remark. The vanishing of the curvature of the Hodge bundle is equivalent to
[σ, σ ∗ ] = 0, which in turn is equivalent to σ = 0. This follows quite directly
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from the definitions. Compare this also with Corollary 12.6.3. For Hodge bundles the vanishing of the Higgs field, σ = 0, means that we have a locally
constant period map.
Lemma 13.1.8. Let (Gr F H, σ) be the Higgs bundle for a variation of Hodge
structure. The Higgs field σ vanishes if and only if the period map for the
variation is constant.
Proof The homomorphism σ is the derivative of the period map and so it
vanishes if and only if the period map is locally constant.

Remark 13.1.9. Strictly speaking, a period map has been defined for an integral (or rational) variation of Hodge structure, but a local version exists of
course also for real and even for complex variations of Hodge structure.
A word of warning is in order here. Starting with a rational variation of
Hodge structure, the associated Higgs bundle is in fact the graded bundle for
the complexified variation: the Higgs structure does not "see" the rational structure. Below (Corollary 13.3.3) we shall see that a Higgs bundle can be split into
indecomposable pieces each of which is associated with a complex variation
of Hodge structure which inherits a polarization from the polarization on the
Hodge bundle, if present. This polarization need not be Q-valued, in fact, it
generally will be complex-valued. If the Higgs field vanishes, the underlying
local system has monodromy in the unitary group for the Hodge metric, but
since the polarization need not be defined over the rationals, this monodromy
group may very well be infinite.
So, although the period map for this summand is constant, there may be a large
monodromy group present. In particular, if we are interested in the period map
for the total variation, it is misleading to break up a rational polarized variation
of Hodge structure into its indecomposable complex polarized summands.
We give a few applications of these calculations in Problems 13.3.1–13.3.3
below. Let us mention the following.
Application. Let there be given a variation of Hodge structure over a smooth
projective variety. Then the image of the period map is an algebraic variety.
A classic application of the preceding curvature calculations is the theorem
of the fixed part.
Theorem 13.1.10 (Theorem of the fixed part). Let S be a quasi-projective complex manifold 1 and (H, h) a complex polarized variation of Hodge structure of
weight w. Any global flat section of H has flat Hodge components.
1

The proof applies more generally to any compactifiable complex base manifold S.
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Proof Let us first assume that S is compact and write down the type decomÍ
position of a given flat section s = j ≥t s j,w−j . We recall the set-up (13.1)
which gives the curvature of the Hodge bundles:
F(Hp,w−p ) = −(σ p )∗ ∧ σ p − σ p+1 ∧ (σ p+1 )∗ .
For p = t we have σ t (st,w−t ) = 0 and so only the second summand remains,
which gives a negative contribution to the curvature:
ih(F(Ht,w−t )st,w−t , st,w−t ) ≤ 0.
We therefore can apply the principle of plurisubharmonicity (Proposition
11.1.6) and hence st,w−t is flat. Repeating the argument with s−st,w−t shows that
st+1,w−t−1 is flat. In this way, we inductively see that all the Hodge components
are flat.
If S is quasi-projective, note that the proof proceeds in exactly the same way,
once the principle of plurisubharmonicity can be shown to be valid. Because
of Remark 11.1.7 (2), this follows as soon as one shows that the Hodge metrics
remain bounded near Σ = T − S, where T is a good compactification of S, i.e., T
is smooth and Σ is a normal crossing divisor. This follows from Schmid (1973,
Corollary (6.70)) stating that sections of the bundle H, invariant under local
monodromy around Σ, have bounded Hodge norm near Σ.

Corollary 13.1.11 (Rigidity theorem). Suppose that we have two polarized
variations of Hodge structure over a quasi-projective complex manifold S and
an isomorphism between the underlying local systems that respects the Hodge
filtration in one fiber. Then it preserves the Hodge structure in all fibers, i.e.,
the two variations are isomorphic.
Proof This follows immediately from the theorem of the fixed part. The
given isomorphism between the local systems H and H0 is a flat section j of
Hom(H, H0). There is a natural variation of Hodge structure of weight 0 on this
local system and j is of type (0, 0) at one point of S. So it must be of type (0, 0)
everywhere by the preceding theorem.

We can now deduce an important special case.
Corollary 13.1.12. Suppose S is a quasi-projective complex manifold. Let
there be given a local system H underlying a polarized variation of Q-Hodge
structure. The local subsystem of invariants of H under the monodromy group
inherits from H the structure of a variation of Hodge structure.
Γ under the monodromy
Proof Look at the local system HC and its invariants HC
group Γ at o ∈ S. Consider the orthogonal projection p ∈ E = End(HC ) of HC

356

Curvature Estimates and Applications

Γ . At o this flat section of E has type (0, 0). Hence it is of type (0, 0)
onto HC
everywhere. This means that HCΓ , the maximal constant local subsystem of HC ,
is a variation of a sub-Hodge structure.


13.2 Logarithmic Higgs Bundles
We wish to extend the discussion of the previous section to the following situation. Let S be a Kähler manifold, Σ ⊂ S a simple normal crossing divisor. Set
S0 = S − Σ. Suppose that we have a Higgs bundle over S0 . When does it extend
to S? Usually we need to allow certain singularities along Σ which leads to the
following definition.
Definition 13.2.1. Let H be a holomorphic vector bundle on S and let ∇ be a
connection of H|S0 .
(i) ∇ is said to have logarithmic poles along Σ if it extends to a morphism
∇ : H → Ω1S (log Σ) ⊗OS H
which satisfies Leibniz’ rule
∇( f s) = f ∇(s) + d f ⊗ s,
f a local section of OS, s a local section of H.
(ii) Given local coordinates
(x1, . . . , xn ) on S such that Σ = {x1 · · · xk = 0}, the

1
residue of ∇ along x j = 0 is the endomorphisms 2πi
· R ∈ End H, where R j
appears in the following local expression of the covariant derivative:
∇(s) =

k
Õ
j=1

R j (s)

dx j
+ holomorphic form, s a local holomorphic section of H.
xj

The simplest situation arises when we have a local system H of complex
vector spaces on a quasi-projective curve S0 . Then H carries the standard flat
connection ∇. We shall see that the corresponding holomorphic bundle extends
over Σ and the connection extends as a logarithmic connection. This is a local
question. So, let us assume that S is the unit disk ∆ with coordinate t and that
Σ = {0}. Let γ be a loop based around 0 oriented in counterclockwise direction
and let T be the induced monodromy action on the typical fiber of H. We shall
assume that the monodromy is unipotent, say (T − 1)k+1 = 0. Then
def

N =

k

−1 Õ (1 − T) j
log T
=
2πi
2πi j=1
j

is well defined. The motivation for the unipotency assumption ultimately comes
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from geometry: when one starts with a projective family over ∆ which is smooth
away from the origin, it is well known (Peters and Steenbrink, 2008, Theorem
11.11) that one may replace the fiber at 0 by a normal crossing divisor. In general this has multiplicities, but again, by extracting a suitable root, the resulting
family still has a normal crossing divisor over 0, but with multiplicities 1. In
this setting the monodromy operator T is also known to be unipotent (Peters
and Steenbrink, 2008, Cor. 11.19).
We are working in the abstract setting where the local system underlies a variation of Hodge structure. For a rational polarized variation of Hodge structure
we shall prove in a later section (Theorem 13.7.3) that T is quasi-unipotent so
that some power, say T k becomes unipotent. This can be achieved by extracting
a k-th root.
Consider the universal cover
e : h → ∆0,

z 7→ t = exp(2πiz).

Fix a flat frame {e1, . . . , en } for H. The sections e j are multi-valued, but they pull
back to univalent sections of e∗ H. Let us use the same symbol for those; we have
e j (z + 1) = T e j (z).
The twisted sections of the holomorphic bundle e∗ H ⊗ Oh given by
def

eej (z) = exp(−2πizN)e j (z)
satisfy
eej (z + 1) =
=
=

exp(−2πi(z + 1)N)e j (z + 1)
exp(−2πizN)◦T −1 ◦T e j (z)
eej (z)

and hence they give holomorphic sections of H ⊗ O∆0 and these by definition
extend to a holomorphic frame for the bundle H = H ⊗ O∆ .
Then ∇ extends to a connection, also denoted
∇ : H → H ⊗ Ω1∆ (log(0)),
which is a logarithmic connection with residue −N since

∇eej (z) = ∇ exp(−2πiN z)e j (z)
= dexp(−2πiN z)e j (z) (by flatness of e j )
= −2πiN ◦ exp(−2πiN z)e j (z) ⊗ dz
dt
= −N(e
e j (z)) ⊗ .
t
In this case, of course ∇◦∇ = 0 since this is already the case on ∆0 . In the general
normal crossing situation we have commuting local monodromy operators and
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the same calculations show that we have also have a canonical extension in this
setting.
Suppose next that H underlies a (complex) polarized variation of Hodge
structure. So, H|S0 carries a Hodge filtration F• and Griffiths’ transversality
relation holds. By Schmid (1973, Theorem 4.13) the Hodge bundles can be
shown to extend as subbundles of H well. It is not so straightforward to show
this: it uses Schmid’s deep work on estimates on the Hodge norms on these
bundles. Also, it uses in an essential way that the local monodromy operators
are unipotent and not just quasi-unipotent. The bundle Has well as the extended
Hodge bundles are called the Deligne extension bundles.
Next, extend the associated graded bundle we had on S0 in the obvious way:
HHdg = Gr F H.
As before, one has a splitting ∇ = σ + ∇Hdg + τ, where this time the Higgs field
has become logarithmic:
σ ∈ End H ⊗ Ω1S (log Σ).
Obviously, σ ◦σ = 0 since this holds on S0 . The new pair (HHdg, σ) is called
a logarithmic (complex) variation of Hodge structure. This gives the primary
example of what is called a logarithmic Higgs bundle.
Definition 13.2.2 (Logarithmic Higgs bundles). A logarithmic Higgs bundle
(E, σ) is a vector bundle E on S together with σ ∈ H 0 (S, End(E) ⊗ Ω1S (log Σ))
such that σ ∧ σ = 0 considered as an identity in H 0 (S, End(E) ⊗ Ω2S (log Σ)).
The associated de Rham complex is given by
σ

∧σ

∧σ

E −−→ E ⊗ Ω1S (log Σ) −−−→ E ⊗ Ω2S (log Σ) −−−→ · · · .
It should be clear what we mean by a Higgs subbundle of a (logarithmic)
Higgs bundle. Subvariations G of a variation of Hodge structure H give examples: GHdg is a Higgs subbundle of HHdg . Conversely, Higgs subbundles of
HHdg do not necessarily give subvariations of H. We discuss this below. See
Simpson’s theorem 13.3.5.
Let us now consider logarithmic Higgs bundles obtained from geometric variations. In Section 6.5 we gave the Katz–Oda description of the Gauss–Manin
connection (6.11) on the bundle H = Rw f∗ Ω•X/S (log Σ) in the case of a normal crossing degeneration f : (X, D) → (S, Σ). The trivial filtration (Fig. 3.1)
defines the extension of the Hodge filtration F• ⊂ H; the Higgs components are
p

E p,q = Gr F H
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with Higgs field components
σ p : E p,q → E p−1,q+1 ⊗ Ω1X/S (log Σ).
We will mainly be interested in the following example.
Example 13.2.3. In the weight 1 case the only nontrivial Higgs field is
σ 1 : f∗ Ω1X/S (log D) → R1 f∗ OX ⊗ Ω1X/S (log Σ).

13.3 Polarized Variations Give Polystable Higgs Bundles
Let H be a logarithmic polarized variation of Hodge structure over (S, Σ). One
of the goals of this section is to show that the associated Higgs bundle HHdg is
semistable whenever Σ =  or when S is a curve.
We state a characterization of flat sections of H which we need later on.
Lemma 13.3.1. Suppose S is a smooth quasi-projective complex manifold. A
holomorphic section s of the bundle Hsatisfies σ(s) = 0 if and only if ∇(s) = 0.
In other words, the flat sections are precisely the holomorphic sections of the
bundle H killed by the Higgs field.
Proof

Recall the Bochner formula (Proposition 11.1.5)
i∂∂hC (s, s) = ihC (∇Hdg s, ∇Hodge s) − ihC (F∇Hdg s, s).

(13.2)

Since the first term is positive definite, the formula for the curvature of Hodge
bundles (Theorem 13.1.7) implies
i∂∂hC (s, s) ≥ −ihC (σ(s), σ(s)) + −ihC (σ ∗ (s), σ ∗ (s)) .
|
{z
} |
{z
}
≤0

≥0

(6.70))

By Schmid’s results (Schmid, 1973, Corollary
the Hodge metric remains bounded near Σ and hence, by Remark 11.1.7 this implies that when
σ(s) = 0, the function hC (s, s) is plurisubharmonic and therefore constant and
the left-hand side of (13.2) vanishes. Since in this case also σ ∗ (s) = 0, we get
F∇Hdg (s) = [σ, σ ∗ ](s) = 0 and the Bochner formula implies that ∇Hdg (s) = 0.
Since ∇ = σ + ∇Hdg + σ ∗ we deduce that ∇(s) = 0.
Conversely, a holomorphic section of H is obviously flat. It induces a holomorphic section on HHdg and then we see that σ(s) = 0 by type considerations.

We start the study of stability by proving that the first Chern form for Higgs

360

Curvature Estimates and Applications

subbundles is always negative semidefinite. Recall that for a vector bundle E
the first Chern form is defined in Appendix C.2 as follows:
γ1 (E, h) =

i
(trace of the curvature of the Chern connection).
2π

(13.3)

So we need to estimate the curvature (with respect to the Hodge metric) of a
É p,w−p
graded logarithmic Higgs subbundle G =
, i.e., Gp,w−p ⊂ Hp,w−p
pG
p,w−p
p−1,w+p+1
1
and σ G
⊂ G
⊗ ΩS (log Σ). Recall that by Theorem 13.1.7 the
curvature of the Hodge bundle is just
F∇Hdg = −[σ, σ ∗ ].
The curvature estimate we are after reads as follows.
Lemma 13.3.2. For a graded logarithmic Higgs subbundle G ⊂ HHdg , we have


i Tr F∇Hdg | G ≤ 0
with equality everywhere if and only if the orthogonal complement G⊥ with
respect to hC is preserved by σ so that we have a direct sum decomposition of
Higgs bundles
G ⊕ G⊥ .
Proof If we split H = G ⊕ G⊥ into a C ∞ -orthogonal sum with respect to the
Hodge metric and write σ into block-form, the fact that σ preserves G means
that this block-form takes the shape


s t
σ=
∈ AS1,0 (log(Σ))(End(H)).
0 s0
Then we have
[σ, σ ∗ ] = σ ∧ σ ∗ + σ ∗ ∧ σ

s ∧ s∗ + s∗ ∧ s + t ∧ t ∗
=
∗

∗
s 0 ∧ (s 0)∗ + (s 0)∗ ∧ s 0 + t ∗ ∧ t



and so −i Tr[σ, σ ∗ ]| G = −i Tr t ◦t ∗ . One checks that this is a negative definite
(1, 1)-form and so its trace is 0 if and only if the matrix-valued one-form t
vanishes, which means that σ preserves G⊥ .

Recall that the curvature decreases on subbundles:
iF∇Hdg ( G) ≤ iF∇Hdg | G
and using (13.3) we conclude the following from Lemma 13.3.2.
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Corollary 13.3.3. The first Chern form of a graded Higgs subbundle Gof HHdg
(with respect to the Hodge metric) is negative semidefinite:
γ1 ( G) ≤ 0,
and it is 0 everywhere if and only if G⊥ is a (holomorphic) graded Higgs
subbundle as well.
We next want to explain that the above considerations can be interpreted in
terms of stability. Recall that semistablity is defined by means of the notion of
slope for a vector bundle E on a projective manifold S, say of dimension m
with hyperplane class H. It is given by
def

µ(E) = deg (E)/rank(E), deg (E) = c1 (E) · H m−1 .
Ó
Since deg (E) = deg ( r E), r = rank E this motivates the definition of degree
for a torsion-free coherent sheaf E: one has to replace E by the line bundle
Ó
which is the double dual of r E. Observe that for this definition to make sense,
one does not need a metric on E. Moreover, we can also define slopes for vector
bundles on Kähler manifolds: replace H by the class ω of a Kähler metric:
∫
deg (E) =
γ1 (E) ∧ ω m−1 .
S

This expression depends only on the cohomology class c1 (E) of γ1 (E), but metrics can be used to investigate whether the above expression converges in the
logarithmic situation. It is a nontrivial fact that this is indeed the case whenever
S is a curve and E is a Higgs bundle coming from a variation of Hodge structure.
This follows from Schmid’s estimates. See e.g. Peters (1984, Sections 2,3) for
details. In our setting, a Higgs bundle V with a harmonic metric h is called stable, or semistable, respectively, if for any proper Higgs subsheaf W ⊂ V, i.e., a
coherent submodule preserved by the Higgs field, one has an inequality of slopes
µ(W) < µ(V) and µ(W) ≤ µ(V), respectively.
A semistable Higgs bundle is called polystable if it is the direct sum of stable
Higgs subbundles of the same slope. For Higgs bundles coming from a polarized variation of Hodge structure the slope is zero and we have seen that a
semistable Higgs subbundle splits off precisely when its slope is zero. So, we
have shown the following.
Lemma 13.3.4. The Higgs bundle defined by a polarized complex variation of
Hodge structure over a compact Kähler manifold is polystable.
There is a converse, due to Corlette (1988) and Simpson (1992), valid for
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a compact Kähler manifold. The full verson of Simpson’s result uses the notion of "harmonic metric" (see Definition 13.1.3 (ii)) and is a combination of
Corollary 1.3 in Simpson (1990) and the results of Simpson (1992).
Theorem 13.3.5. (i) Let S be a compact Kähler manifold. There is an equivalence of categories between
• direct sums of irreducible complex local systems on S,
• Higgs bundles on S equipped with a harmonic metric,
∫
∫
• polystable Higgs bundles E on S with S c1 (E)∧ω n−1 = 0 = S c2 (E)∧ω n−2 .
(ii) For logarithmic Higgs bundles over quasi-projective curves with unipotent
local monodromy around the punctures this remains true; the third condition
simplifies to deg (E) = 0.
We should mention at this point that Simpson (1992) allows nonunipotent
local monodromy, but the price to pay is a refined notion of degree, that of
"parabolic degree". We do not make use of this refinement here.
The proof of these results requires hard analysis and falls beyond the scope
of this book. It yields the following refinement of the above lemma.
Corollary 13.3.6. The logarithmic Higgs bundle HHdg associated with a complex polarized variation of Hodge structure H over a quasi-projective curve
with unipotent local monodromy decomposes into a direct sum of degree 0
stable Higgs subbundles. A Higgs subbundle of HHdg of degree 0 is a direct
sum of such subbundles. Each of the stable summands comes from a complex
subvariation of H.
We end this section in a more discursive way, by commenting on important work of Simpson concerning Higgs bundles. Recall (Theorem 13.1.6) that
Simpson has characterized those Higgs bundles (H, σ) that come from complex variations of Hodge structure. This theorem together with the following
theorem of Simpson yields striking restrictions on Kähler groups, i.e., those
groups that may occur as the fundamental group of a compact Kähler manifold.
Theorem (Simpson 1992, Cor. 4.2.). Let S be a compact Kähler manifold. Any
representation of π1 (S) can be deformed into a representation which is a fixed
point for the action of C∗ as given in Theorem 13.1.6.
Let us outline how this results in restrictions on Kähler groups. First, the
last theorem can be seen to imply that the Zariski closure G of the monodromy
group (in the group GL(d, R)) must be very special, namely of Hodge type.
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Definition 13.3.7. A connected real algebraic group G is said to be of Hodge
type if the rank of G equals the rank of the maximal compact subgroup of G.
For example, the group SL(d, R) has rank (d − 1) while its maximal compact
subgroup SO(d, R) has rank 21 d for d even and 12 (d − 1) for d odd, and so for
d ≥ 3 this group is not of Hodge type.
We claim that as a result of these two theorems of Simpson, a lattice (a
discrete subgroup with quotient of finite volume) Γ in SL(d, R) (for example,
SL(d, Z)) is not Kähler.
To establish this claim, recall that a representation ρ : π → GL(d, C) is
called rigid if the GL(d, C)-orbit of ρ under conjugation on Hom(π, GL(d, C))
is open. Thus, this orbit is a connected component, because GL(d, C) is reductive. By Simpson’s last theorem this component would contain a complex
variation of Hodge bundles and thus the Zariski closure of the monodromy
group would be of Hodge type.
On the other hand, a result of Margulis (1991) implies that the natural representation of the lattice Γ is indeed rigid and thus, if Γ were Kähler, the previous
reasoning implies that SL(d, R) would be of Hodge type. However, we noted
above that SL(d, R) is not of Hodge type. This contradiction proves the claim.

Problems
Show that the curvature of the Hodge metric on Hw,0 is nonnegative
whereas the curvature on H0,w is nonpositive.
13.3.2 (a) Show that the first Chern form of the “ends” in the Hodge decomposition vanishes if and only if the curvature on the ends vanishes.
(b) Deduce that the corresponding partial period maps are locally
constant if and only if the Chern forms of the corresponding
bundles are 0.
(c) If S is a compact Kähler manifold, show that the same holds for
the degrees of the bundles L in question, where the degree is
measured using a Kähler form ω on S:
∫
def
{first Chern form of L} ∧ ω m−1, m = dim S.
deg L =

13.3.1

S

13.3.3

The canonical bundle associated with a Hodge flag F0 ⊃ F1 ⊃ · · · ⊃
Fw , by definition, is the bundle det(F0 ) ⊗ det(F1 ) ⊗ · · · ⊗ det(Fw−1 ) =
det(H0 )w,0 ⊗det(Hw−1,1 )w−1 ⊗· · ·⊗det(H0,w−1 ). Show that the Hodge
metric induces a positive semidefinite curvature form on this line bundle. More precisely, if ξ ∈ Tm S then the curvature of the Hodge metric
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is ≥ 0 when evaluated in the ξ-direction, and it vanishes if and only if
σ p,q (ξ) = 0 for p = 0, . . . , w − 1. Translate this in terms of the period
map and deduce, using the results of Grauert (1962), that the image
of the period map of a projective variety is algebraic. Hint: look at the
fibers of the period map.

13.4 Curvature Bounds over Curves
About Arakelov’s Theorem
The inequalities we consider came up for the first time in the proof of Arakelov’s
finiteness theorem (see Arakelov, 1971).
Theorem (Arakelov’s theorem). Fix a compact Riemann surface S and a finite
set Σ of points on S. Suppose that S −Σ is hyperbolic, that is, 2g(S)−2+#Σ > 0.
Then there are at most finitely many nonisotrivial 2 families of curves of given
genus over S that are smooth over S − Σ.
The proof consists of two parts. First, one establishes rigidity for a nonisotrivial family. It follows upon identifying the deformation space of the family
with the H 1 of the inverse of the relative canonical bundle, which is shown to
be ample. Kodaira vanishing then completes this step.
Secondly, one proves that there are only finitely many families (this is a
boundedness statement) by bounding the degree d of the direct image of the
relative canonical bundle ωX/S = KX ⊗ f ∗ KS−1 in terms of the genus g(S) of S,
the genus g(F) of the fiber, and the cardinality of the set Σ:
d≤

1
(2g(S) − 2 + #Σ) · g(F).
2

It is this bound that we are going to generalize.
We make some supplementary remarks in order to translate the geometry
into Hodge theoretic terms. Recall from Section 6.5 the notion of the relative
canonical sheaf ωX/S for a fibration f : X → S having at most normal crossing
degenerations over Σ ⊂ S (see Eq. (6.12)). We observed that the direct image
sheaf f∗ ωX/S is locally free and that the fiber of the associated vector bundle at
a noncritical point s ∈ S of f is just H 0 (KXs ) = H w,0 (Xs ), giving the stalk in s
of the Hodge bundle Fw with w = dim Xs . This bundle extends as a subbundle
of Rw f∗ CX ⊗ OS across Σ: it is just the Deligne extension we considered in
2

Isotrivial means that the family becomes trivial after pulling back under a finite unramified
cover.
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Section 13.2. This is because the local monodromy around a normal crossing
fiber is unipotent and not just quasi-unipotent.
As a side remark on terminology, note that when the base S is a curve, f is
a normal crossing degeneration at each point t ∈ Σ, if Xt is a reduced normal
crossing divisor. In this case, one also speaks of a semistable fibration. It is
not too difficult to show that after a suitable finite cover of the base curve
branched in at most points of Σ the pulled back family becomes semistable.
In the situation of the Arakelov theorem we have a fibration in curves which
is not necessarily semistable and although the definition of the relative canonical bundle as KX ⊗ f ∗ KS−1 makes sense and agrees with its definition in the
semistable situation, the point is that the degree of its direct image behaves well
under such branched covers of the base.
Summarizing, in the semistable situation, the geometrically defined direct
image sheaf f∗ ωX/S is the same as the Hodge theoretically defined Deligne
extension of the Hodge filtration bundle Fw , w = dim Xs , and we are from
now on concentrating on this Hodge theoretic situation.

The Generalized Arakelov Inequality
We start with a (complex) polarized variation of Hodge structure of weight w,
say (H, σ) over a curve (S, Σ) of genus g(S). We also assume that the local
monodromy around a point from Σ is unipotent. Moreover, we want the Hodge
bundle to be effective in the sense that Hp,q = 0 whenever p < 0 or q < 0. So
the associated (logarithmic) Higgs bundle has (w +1) components (Hp,q, σ p,q )
with p + q = w and p = 0, . . . , w. An Arakelov type inequality by definition
gives bounds for the degree of these components. The Higgs field σ relates
these components, which gives a global restriction.
Naturally, kernels and images from σ come up. Since these are subsheaves
of a locally free sheaf over a curve they are locally free themselves and their
degrees are well defined. Consider in particular the kernel Kp,q and image of
a component (Hp,q, σ p,q ):
σ
e p−1,q+1 ⊗ Ω1 (log Σ) → 0,
0 → Kp,q → Hp,q −−−−→ H
S
p, q

e p−1,q+1 ⊂
where the right-hand side is the image of the bundle map σ p,q and so H
p−1,q+1
p,q
H
. Here, a useful remark is in order: since the pair (K , 0) is obviously
a Higgs subbundle of (H, σ), by Corollary 13.3.3, its degree is nonpositive and
since


e p−1,q+1 ⊗ Ω1 (log Σ) = rank( H
e p−1,q+1 ) · (2g(S) − 2 + #Σ),
deg H
S
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we find:
e p−1,q+1 ) + rank( H
e p−1,q+1 ) · (2g(S) − 2 + #Σ).
deg (Hp,q ) ≤ deg ( H

(13.4)

This inequality is especially important if we apply it to the Higgs bundle saturation of any subbundle Gw,0 ⊂ Hw,0 of the left-end component of H. By
definition, this is the smallest Higgs subbundle ( G, σ) of (H, σ) with endcomponent Gw,0 . In particular, we have surjective morphisms:
σ p, q

Gp,q −−−−→ Gp−1,q+1 ⊗ Ω1S (log Σ),

p = w, . . . , 0.

So there is a trivial inequality for the ranks of these bundles:
rank( Gw,0 ) ≥ rank( Gw−1,1 ) ≥ · · · ≥ rank( G0,w ).

(13.5)

Secondly, inequality (13.4) can be applied in conjunction with this rank inequality:
deg ( Gw,0 ) ≤ deg ( Gw−1,1 ) + rank( Gw−1,1 ) · (2g(S) − 2 + #Σ)
≤ deg ( Gw−k,k )
+(rank( Gw−1,1 ) + · · · + rank( Gw−k,k )) · (2g(S) − 2 + #Σ)
≤ deg ( Gw−k,k ) + k · rank( Gw−1,1 ) · (2g(S) − 2 + #Σ).

(13.6)

We can now state and prove the generalization we are after.
Theorem 13.4.1. Let (H, σ) be the logarithmic Higgs bundle associated with
a complex polarized variation of Hodge structure of weight w over a curve
(S, Σ) of genus g(S). We have the inequalities
0 ≤ µ(Hw,0 ) =

w
deg Hw,0
≤ · rank Hw,0 · (2g(S) − 2 + #Σ).
2
rank Hw,0

Proof The first inequality is easy: (Hw,0, 0) is a quotient Higgs bundle of
(H, σ) and hence, by stability (Corollary 13.3.3), has degree ≥ 0.
For the second inequality, consider the Higgs bundle saturation G for Hw,0
Í
itself. By stability deg G = k deg ( Gw−k,k ) ≤ 0. Now sum up the inequalities (13.6) for k = 0, . . . , w:
Õ
(w + 1) deg Hw,0 ≤
deg ( Gw−k,k )
k

w(w + 1)
· rank( Gw−1,1 ) · (2g(S) − 2 + #Σ)
2
w(w + 1)
≤ 0+
· rank( Gw−1,1 ) · (2g(S) − 2 + #Σ)
2
w(w + 1)
≤
· rank(Hw,0 ) · (2g(S) − 2 + #Σ),
2
+
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where the last line uses the first rank inequality from Eq. (13.5). This establishes
the inequality.

Example 13.4.2. If w = 1 and we have a family of abelian varieties of dimension g, then the inequality gives 2 ≤ g(2g(S) − 2 + #Σ). For g = 1 and S = P1
this implies that #Σ ≥ 4. The minimal cases with #Σ = 4 were classified by
Beauville (1982).

Higgs Bundles Attaining the Arakelov Bound
Simplifying earlier notation, we now let (H, σ) be a Higgs bundle associated
with a real polarized variation of Hodge structure with unipotent local monodromy and we let H be the underlying local system. Recall that by Lemma
13.3.1 the flat sections are precisely the holomorphic sections of H ⊗ OS killed
by the Higgs field. So, if we have a complex subvariation of Hodge structures
on which σ is the zero morphism, then the metric connection on it coincides
with the flat connection. Hence the Hodge metric restricts to a flat metric on
the local system underlying the complex variation of Hodge structure. This
gives an example of a Higgs bundle with a flat harmonic metric. Flatness of h
means precisely that the Higgs bundle comes from a representation of π1 (S) in
the unitary group of h and so we call such a bundle unitary. This leads to the
following definition.
Definition 13.4.3. A unitary Higgs bundle over S is a Higgs bundle (E, h)
equipped with a harmonic metric h if there exists a local system (E, h) of
Hermitian vector spaces on S such that (E, h) ⊗ OS = (E, h).
Note that the definition of a harmonic metric implies that the Higgs field
as well as its adjoint field are both 0. But these conditions do not suffice to
give a unitary Higgs bundle since there should be an underlying local system. In our situation, we consider Higgs subbundles G of H equipped with
the Hodge metric and ask when these are unitary. By Corollary 13.3.6, G has
an underlying local system as soon as the degree of G vanishes. But in our
situation deg ( G) = 0 is a consequence of the conditions σ| G = σ ∗ | G = 0.
It follows that any Higgs subbundle G ⊂ H for which σ| G = 0 = σ ∗ | G is
unitary, and conversely. The maximal such subbundle is denoted by (Hun, 0).
By Corollary 13.3.3, one has an h-orthogonal direct sum decomposition
(H, σ) = (Hun, 0) ⊕ (Hmax, σ).

(13.7)

By maximality, the subbundle Hmax has no unitary Higgs subbundles.
We want to use this splitting to describe what happens if equality holds in
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the Arakelov inequality from Theorem 13.4.1., i.e.:
deg Hw,0 =

w
· rank Hw,0 · (2g(S) − 2 + #Σ).
2

(13.8)

The components of Hmax clearly have the same degrees as the corresponding
components from H itself, but since their ranks are smaller or equal (with
equality everywhere if and only if Hun = 0), the slope inequality from Theorem 13.4.1 applied to Hmax shows that the above bound can only be attained if
the unitary Higgs subbundle (Hun, 0) is not present. So, let us assume that this
is indeed the case. We show that in this case the Higgs field is strictly maximal
in the following sense.
Definition 13.4.4. We say that (H, σ) is strictly maximal or has strictly maximal Higgs field, if Hw,0 , 0 and the Higgs field components are isomorphisms:
'
σ : Hp,q −→ Hp−1,q+1 ⊗ Ω1S (log Σ) for all p ≥ 1. For w = 1 this means that
'
we have an isomorphism σ : H1,0 −→ H0,1 ⊗ Ω1S (log Σ).
We show in fact the following.
Proposition 13.4.5. Suppose that Hun = 0. Then Hattains the Arakelov bound
(13.8) if and only if the Higgs field is strictly maximal.
Proof The crucial remark is that equality forces deg ( G) = 0 for the bundle
G in the proof of Theorem 13.4.1, where we recall that G is the Higgs bundle
saturation of the component Hw,0 of the Higgs bundle H. The assumptions
then force all inequalities in the proof to be equalities and this implies that
G = H. Since, moreover, the inequalities in (13.5) must be equalities, all the
Higgs bundle components have the same dimension and since the Higgs field
is surjective (by the definition of the saturation) it must be an isomorphism.
The converse follows directly by inspecting the proof of Theorem 13.4.1. 
Remark. As to the left-hand side inequality in Theorem 13.4.1, we have that
µ(Hw,0 ) = 0 precisely if σ w,0 = 0 and since also σ ∗ = 0 on H w,0 , the Higgs
subundle (Hw,0, 0) splits off as a summand which comes from a unitary variation of Hodge structure. By duality, the same holds for the other extreme,
(H 0,w, 0). Now, if w = 1 this shows that the variation of Hodge structure is
locally constant with a constant period map. If w ≥ 2, this needs no longer be
the case.
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Hyperbolicity
Note that the Legendre family (1.1) over P1 has three singular fibers and
P1 − {0, 1, ∞} is hyperbolic, i.e., its universal covering is the unit disk.
To place this phenomenon in a general context, we consider the combined
Arakelov inequalities from Theorem 13.4.1: together these imply that the Euler number of S − Σ is nonnegative, which for S = P1 means at least two
singular fibers, and at least three if deg Fw > 0. In the geometric situation
of a semistable fibration f : Z → S of w-dimensional varieties, we have
Fw = f∗ ω Z/S , as we have seen in the discussion following the statement of
the original Arakelov theorem. In this case the condition for at least 3 singular
fibers becomes deg ( f∗ ω Z/S ) > 0. This is true if for instance pg (Z) , 0, that
is, if the canonical sheaf of Z has nontrivial sections. We want to replace this
condition by a weaker condition, using the concept of Kodaira dimension (see
Appendix C, Definition C.1.4). The result we are going to discuss is as follows.
Theorem 13.5.1 (Viehweg and Zuo (2001)). Let Z be a complex projective
manifold of Kodaira dimension κ(Z) ≥ 0 and let f : Z → P1 be a surjective
morphism. Then f has at least three singular fibers.
Since the Kodaira dimension is governed by powers of the canonical sheaf,
it is natural to ask for a generalization of Theorem 13.4.1 in which the relative
canonical sheaf ω Z/S has been replaced by a power.
Theorem 13.5.2 (Viehweg and Zuo, 2001, Möller et al., 2006, Prop. 2.1.).
Assume f : Z → S is a semistable family of n-folds over a curve S and smooth
over S − Σ. Assume that #Σ ≥ 2 if S = P1 (otherwise no condition). Then for
all ν ≥ 1 with f∗ ωνZ/S , 0 we have
deg f∗ ωνZ/S ≤ rank f∗ ωνZ/S · n ·

ν
· (2g(S) − 2 + #Σ).
2

We shall not prove this theorem here. Instead, we derive Theorem 13.5.1 from
it. There is one other nontrivial result that we need (see Viehweg and Zuo, 2001,
§2) based on results of Fujita (1978) and covering tricks of Viehweg (1982):
Lemma 13.5.3. The sheaf f∗ ωνZ/S has the property that all its line bundle
quotients have degree ≥ 0.
Now we can start with the proof of Theorem 13.5.1.
Proof of Theorem 13.5.1
(2001, p. 797 ff.).

We explain the proof as given in Viehweg and Zuo
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We argue by contradiction. So, assume that the family has ≤ 2 singular fibers.
Hence the topological Euler number of P1 − Σ is nonnegative: e(P1 − Σ) ≥ 0.
Now apply Stein factorization (Grauert and Remmert, 1977, p. 213) to the
morphism f , say
f

Z
g



/ P1
>
h

C,

where h : C → P1 is finite and g has connected fibers. Then h is finite and
unramified outside Σ, hence e(C − h−1 Σ) ≥ 0 as well. But this implies that
either C = P1 and #Σ = 2 or C is an elliptic curve and Σ = . The latter case is
not possible, so we may assume C = P1 , that #Σ = 2, and that f has connected
fibers. After a finite cover P1 → P1 branched in the points of Σ we may assume
that f is semistable (apply the semistable reduction theorem, see Kempf et al.,
1973, p. 53). This procedure does not lower the Kodaira dimension of Z, as
one can verify.
Since κ(Z) ≥ 0, for some ν ≥ 1 the line bundle L = ωνZ has a nonzero
section and so has the coherent sheaf f∗ L. The coherent sheaf f∗ L is of the
form T ⊕ M, with T torsion and M locally free. As a bundle on the projective
line it decomposes as a direct sum of line bundles, say M = Q1 ⊕ · · · ⊕ Q k .
Now ω Z/P1 = ω Z ⊗ f ∗ ωP−11 = ω Z ⊗ f ∗ OP1 (2) and so
f∗ ωνZ/P1 = (T ⊕ M) ⊗ OP1 (2ν) = T ⊕ Q1 (2ν) ⊕ · · · ⊕ Q k (2ν).
By Lemma 13.5.3 we have deg Q j (2ν) ≥ 0 for all j, while the nonzero section of
M makes appear at least one nontrivial line bundle Q j with deg Q j ≥ 0, and so
deg ( f∗ ωνZ/P1 ) ≥ 1. The generalized Arakelov inequality from Theorem 13.5.2

then implies 2g(P1 ) − 2 + #Σ ≥ 1, that is, #Σ ≥ 3, which is a contradiction.



Rigidity
Let f : (X, D) → (S, Σ) be a family smooth over a quasi-projective curve
S0 = S−Σ. A deformation of f keeping source and target fixed is a morphism F :
(Y, E) → (S, Σ)×T with T = (T, o) a smooth germ of a curve, such that F |(S, Σ)×
{o} = f . It is called rigid if every deformation F is induced from f by pullback.
Let (H, σ) be the log-Higgs bundle associated with (Rw f∗ CX , b) where b is
the polarization. Assuming local Torelli holds in this case, the tangent space
at f for deformations of f of the above kind is the same as the one for the
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deformation space of the period map,
P( f ) : S0 → Γ\ {period domain} .

By Peters (2010, Cor. 2.10), the latter is the vector space of those global endomorphisms of (Rw f∗ CX , b) that have type (−1, 1). Any such endomorphism
A of the local system induces an endomorphism of the Higgs bundle. Setting
L = Ω1S (log Σ), we have a commutative diagram
Hw,0

σ
A

Hw,0 ⊗ L−1

σ

/ Hw−1,1 ⊗ L

σ

/ ···

σ

/ ···

'

σ

/ H0,w ⊗ Lw

σ

/ H0,w ⊗ Lw−1

A

/ Hw−1,1

%/

0.

The composition σ ◦ · · · ◦σ : Hw,0 → H0,w ⊗ (Ω1S (log Σ)) ⊗w is called the
Yukawa coupling.
Theorem 13.5.4. In the above situation, assume the local monodromy is unipotent and that the local Torelli property holds for the variation of Hodge structure
associated with (Rw f∗ CX , b).
Assuming moreover that the Yukawa coupling is an isomorphism, 3 one has
rigidity of f . This holds in particular, if all components of the Higgs field are
isomorphisms, i.e., if the Higgs field is strictly maximal.
Proof We claim that the assumptions imply that the map A in the preceding
diagram is zero, i.e., there are no deformations for the period map and hence,
by local Torelli, for the map f itself as well.
To prove the claim, first observe that, since A is an endomorphism of the
Higgs bundle, its kernel Ker A is a Higgs subbundle. Moreover, since A is
an endomorphism of the underlying local system, Ker A comes from a local
subsystem of Rw f∗ CX . By Corollary 13.3.6 it defines a complex polarized
subvariation of H and there is a direct sum splitting H = Ker(A) ⊕ H1 . The
endomorphism A restricts to an endomorphism of H1 and has no kernel on H1 .
The bundle Ker A contains H0,w and so, since the Yukawa coupling is an
isomorphism, it also contains Hw,0 . Hence H1 is possibly nonzero only in
degrees (w − 1, 1) up to (1, w − 1). Since A = 0 on H11,w−1 and A has no kernel
on H1 we must have H11,w−1 = 0. Then we see inductively that all components
of H1 must be zero and so H = Ker A as claimed.

Example 13.5.5. By Peters (2010, Cor. 3.5) or Viehweg and Zuo (2005) for a
3

For h w,0 = 1, this is equivalent to the nonvanishing of the Yukawa coupling.
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family of Calabi–Yau n-folds degenerating at some point with maximally unipotent monodromy (that is, the Jordan matrix of the local monodromy operator
consists of one block of maximal size), the Yukawa coupling is an isomorphism.
Since for a Calabi–Yau manifold local Torelli holds (see Examples 5.6.2(ii)),
such a family is rigid.

13.6 Curvature of Period Domains
We start by carefully constructing a G-invariant metric on D. In fact, we construct a Hermitian metric on the holomorphic tangent bundle TDhol by giving a
G-invariant metric on [m− ]. To do this, we recall various decompositions of
the Lie algebra g.
We have an Ad(V)-invariant splitting
g = v ⊕ m.
The algebra g has a weight 0 Hodge structure with Hodge decomposition
Ê

gC =
g p,−p, g p,−p = ξ ∈ g ξH r,s ⊂ H r+p,s−p .
p

Recalling that vC = g0,0 and that mC splits into the two pieces
def É
p,−p
m− =
,
p<0 g
É
def
+
p,−p
m =
,
p>0 g
we thus have
vC = g0,0,
mC = m+ ⊕ m− .
We have TDhol = [m− ] = G ×V m− (as V-bundles) and so, to give a Ghomogeneous Hermitian metric on D, we need an Ad(V)-invariant metric on
m− . But we have seen (Proposition 12.6.5) that
def

(ξ, η) = − B0 (Ad C(ξ), η̄)

(13.9)

defines a V-invariant Hermitian metric on gC , where B0 stands for the trace form.
Next, we want to compute the holomorphic sectional curvature of the holomorphic tangent bundle of the period domain in certain directions. First we
need the relevant definition.
Definition 13.6.1. Let M be a complex manifold with a Hermitian metric h
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on the holomorphic tangent bundle. Let Fh be the curvature (1, 1)-form of the
corresponding Chern connection. For any two (1, 0)-vector fields ξ, η we put
def

K(ξ, η) =

h(Fh (ξ, η)η, ξ)
h(ξ)h(η)

(the holomorphic bisectional curvature
in the directions ξ, η) ,

K(ξ) = K(ξ, ξ)

(the holomorphic sectional curvature
in the direction ξ).

Example 13.6.2 (Fundamental example). Suppose dim M = 1. Then Fh =
∂∂ log(h), where ω = 2i h dz ∧ dz is the metric form. We easily find that
K(∂/∂z) is the Gaussian curvature Kh = −h−1 · ∂ 2 /∂z∂ z̄(log h). We can also
write this result as follows:
−iFh = − Gaussian curvature of h · ω.
Let us next give special cases of this fundamental example.
(i) Let ∆ be the unit disk, with its Poincaré metric
h=

1
dz ⊗ d z̄.
(1 − |z| 2 )2

An easy computation shows that
K(∂/∂z) ≡ −1.
(ii) The upper half-plane h = {z ∈ C | Im z > 0}, with metric
h=

1
dz ⊗ d z̄
| Im z| 2

also has constant Gaussian curvature −1.
(iii) ∆∗ = {z ∈ C | |z| < 1, z , 0} which has h as a universal cover. The Poincaré
metric on h is invariant by translation. So we obtain a metric on ∆∗ given by
1
|ξ | 2 (log |ξ | 2 )2

dξ ⊗ dξ¯

having constant Gaussian curvature −1.
The fundamental result about the holomorphic sectional curvature for period
domains is given by the following theorem.
Theorem 13.6.3. The holomorphic sectional curvature of a period domain is
negative and uniformly bounded away from 0 in nonzero horizontal directions
ξ i.e., for some positive constant γ we have
K(ξ) < −γ,

ξ , 0.
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Proof The Hodge metric on m− = Tohol D transports to a G-invariant metric on
T hol D = [m− ]. As observed before (Lemma-Definition 12.2.3), the horizontal
tangent bundle [p− ] = T hor D, p− = m− ∩ pC is homogeneous under G. To make
curvature calculations on this bundle it suffices therefore to do this at o. We
note that we may of course also assume that |ξ | = 1 and we need to show
K(ξ) < 0.
The curvature of the canonical connection is given by formula (12.3) in Chapter
12,
1
Ω = − [σ, σ]v,
2
where σ = ωm is the m-part of the Maurer–Cartan form on g.
The associated bundle TDhol is homogeneous under the adjoint action and we
may use Proposition 11.4.5 from Chapter 11. It means that we should consider
the above form σ as the canonical mC -valued one-form sending each ξ ∈ m+ to
itself. Because by Theorem 12.3.3 the canonical connection induces the Chern
connection on any associated holomorphic bundle, this is also the curvature of
TDhol equipped with the metric h. Hence, for ξ, η ∈ m− , we have
1
Fh (ξ, η) = − ad [ξ, η]v ∈ End(m− ).
2
The left-hand side is possibly nonzero only if we get a component of [ξ, η] in
g0,0 = vC . This only happens if ξ and η belong to the same component g−p, p .
If ξ, η ∈ p− then p is odd, and so, by Corollary 12.6.3 one has ξ¯ = ξ ∗ and
similarly for η. In proving the theorem, we may assume that ξ, η ∈ g−p, p and
by what we just said, in that case
1
Fh (ξ, η) = − ad [ξ, η∗ ].
2
Now we get (recall |ξ | = 1)
1
K(ξ) = − h(ad [ξ, ξ ∗ ]ξ, ξ).
2
Using (13.9) we see that h(ξ, η) = Tr(ξ ◦η∗ ) (on pC the operator C is multiplication with −1, and complex conjugation is the Hermitian conjugate), we find
(note the adjoint actions)
h([[ξ, ξ ∗ ], ξ], ξ) = Tr([[ξ, ξ ∗ ], ξ]◦ξ ∗ ) = Tr([ξ, ξ ∗ ]◦[ξ, ξ ∗ ]) = k[ξ, ξ ∗ ]kh2 .
The last equation comes from the fact that if η = [ξ, ξ ∗ ] we have η∗ = η. For
the holomorphic sectional curvature we thus find
1
K(ξ) = − k[ξ, ξ ∗ ]kh2 ≤ 0.
2

13.7 Applications
The implication [ξ, ξ ∗ ] = 0 =⇒ ξ = 0 is again Corollary 12.6.3.
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Remark 13.6.4. Similar calculations can be used to show that the canonical
bundle KD is positive in horizontal directions and negative in vertical directions.
See Problem 13.6.4.

Problems
Show that the length of the circle |z| = r in the disk ∆∗ computed
2π
. In particular, show that this
in the Poincaré metric equals log(1/r)
length tends to 0 when r does.
(b) Show that dh (iy, 1 + iy) = y1 .
13.6.2 (a) Show that the holomorphic sectional curvature on hg computed
with respect to the trace form satisfies −1 ≤ K(ξ) ≤ − g1 .
(b) Show that the holomorphic sectional curvature on the homogeneous space SO0 (2a, b)/U(a) × SO(b) computed with respect to
the trace form satisfies −1 ≤ K(ξ) ≤ − a1 .
13.6.3 Show that the holomorphic sectional curvature in the direction of
vectors in kC is nonnegative.
13.6.4 Consider for v ∈ g−p, p and w ∈ g−q,q the adjoint action of [v, w] on
gC . Show that the trace vanishes for p , −q. Show that the trace of
[v, v ∗ ] is positive, for instance by using a basis for gC induced by a
Hodge frame as in Problem 12.5.3 in Chapter 12. Deduce that the
curvature of the canonical bundle KD is strictly positive in nonzero
directions v ∈ pC and strictly negative in directions v ∈ kC . Hint: use
Corollary 12.6.3 in Chapter 12.
13.6.1 (a)

13.7 Applications
Recall from the previous section that the Poincaré metric on the unit disk ∆
has constant Gaussian curvature (= holomorphic sectional curvature) −1. We
let ω∆ be its associated (1, 1)-form. Also, for any metric h with metric form
ω M on a one-dimensional manifold M, the associated Ricci-form is given by
Ric ω M = 21 i∂ ∂¯ log h = −Kω M , where K is the Gaussian curvature.
Lemma 13.7.1 (Schwarz’s lemma). Let f : ∆ → M be a holomorphic map
of the unit disk to a complex manifold equipped with a Hermitian metric ω M .
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Assume that f (∆) is tangent to directions for which the holomorphic sectional
curvature is ≤ −1. Then
f ∗ ω M ≤ ω∆,
i.e., the map f is distance-decreasing.
Proof The assumption of the lemma means that the holomorphic sectional
curvature of the metric connection on the tangent bundle in the direction of f (∆)
is bounded above by −1. By Lemma 11.2.1 we know that curvature decreases
on subbundles, so we find that the holomorphic sectional curvature of the tangent bundle of the image f (∆) computed with the metric inherited from TM is
bounded above by −1. This is equivalent to the inequality Ric f ∗ ω M ≥ f ∗ ω M ,
which is the condition in the following lemma whose proof completes the proof
of Schwarz’s lemma. It is called Ahlfors’ lemma.

Lemma (Ahlfors’ lemma). Let f : ∆R → M be a holomorphic map of the
disk of radius R to a complex manifold equipped with a Hermitian metric ω M .
Suppose that Ric f ∗ ω M ≥ f ∗ ω M . Write
ηR =

i · R2 dz ∧ d z̄
(R2 − |z| 2 )2

for the Poincaré volume form on the disk of radius R. Then f ∗ ω M ≤ ηR .
Proof Put
def

Ψ = f ∗ ω M = uηr .
Because Ψ remains bounded on any smaller disk, while ηr goes toward infinity
when we approach the boundary of the disk with radius r, the function u remains bounded on this disk and so has an interior maximum, say at z0 . At this
point we then have
0 ≥ i∂ ∂¯ log u = Ric Ψ − Ric ηr .
The Gaussian curvature of ηr is −1 and so Ric ηr = ηr . Likewise, because
the Gaussian curvature of Ψ is bounded above by −1 we have Ψ ≤ Ric Ψ.
Combining these estimates we get
Ψ ≤ Ric Ψ ≤ Ric ηr = ηr at z0
and so u(z0 ) ≤ 1. But u assumes its maximum value at z0 and so Ψ ≤ ηr . It
follows that f ∗ ω M ≤ ηr for all r < R. Now take the limit when r → R.

We give an application of the preceding distance-decreasing property to period maps over the punctured unit disk ∆∗ . Suppose we have a variation of
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Hodge structure over it. It gives a period map p : ∆∗ → Γ\D, where D is the
corresponding period domain D = G/V and Γ is the cyclic group generated by
the monodromy operator γ, the image of the generator of π1 (∆∗ ) in GZ . The universal cover of ∆∗ is the upper half-plane h mapping to ∆∗ via ζ = q(τ) = e2πiτ .
We have a commutative diagram
p̃

h


q
y


−−−−−−−−→

∆∗

−−−−−−−−→

p

D = G/V



y

Γ\D

and
p̃(τ + 1) = γ ◦ p̃(τ).
Corollary 13.7.2. The lifted period map p̃ is distance-decreasing; i.e., if dD is
a (suitably normalized) G-invariant metric on D and dh is the Poincaré metric
on h, we have
dD ( p̃(x), p̃(y)) ≤ dh (x, y).
Indeed, any locally liftable holomorphic map p : S → Γ\D whose local lifts
hor D, is distancep̃ are horizontal, in the wider sense that d p̃s : Ts S → Tp̃(s)
decreasing.
Here we recall that a map p : S → Γ\D is a locally liftable holomorphic
map if every point in S has a neighborhood U on which p lifts to a holomorphic
map p̃ : U → D.
We use Corollary 13.7.2 to prove a few important results.
Application. Suppose that we have a variation of Hodge structure over S = C.
Its period map p : C → D then is constant.
Proof By the Ahlfors lemma, the period map restricted to the disk of radius R
satisfies p∗ ωD ≤ C · ηR so that, setting p∗ ωD = Jp · (Euclidean volume form)
we get the estimate
Jp (0) ≤ C ·

1
,
R2

and so this tends to 0 when R goes to infinity. This is only possible if p is
constant.

A second, important application is the following.
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Theorem 13.7.3 (Monodromy theorem). The monodromy operator γ is quasiunipotent, i.e., for some integers m, N we have
(γ m − 1) N = 0.
Proof Because the distance between in and in + 1 is exactly 1/n we find from
the preceding corollary dD ( p̃(in), γ ◦ p̃(in)) ≤ 1/n. Now write p̃(in) = gnV.
Because the metric on D is G-invariant we have
dD (V, gn−1 γgnV) = dD (gnV, γgnV) ≤ 1/n
and so lim gn−1 γgn ∈ V. So the conjugacy class of γ has a point of accumulan→∞
tion in the compact subgroup V and so the eigenvalues of γ must have absolute
value 1. Because γ ∈ GZ , the eigenvalues are algebraic integers all of whose
conjugates occur as eigenvalues as well. A theorem of Kronecker (1857) then
implies that any eigenvalue of γ is a root of unity.

Remark 13.7.4. In the preceding theorem we can take N = w + 1, where w
is the weight of the Hodge structure. This follows from the SL2 -orbit theorem
which is outside the scope of this book. See Schmid (1973) for a proof.
The third application concerns the extension properties of the period map. We
continue with the preceding set-up of period maps with source the punctured
unit disk ∆∗ and γ the monodromy operator generating the cyclic group Γ. We
shall see that there is a crucial difference whether or not the order of γ is finite.
Theorem 13.7.5. Let
p : ∆∗ → Γ\D,

Γ = hγi

be a period map.
(i) If the monodromy operator has finite order, then p extends holomorphically
over the origin.
(ii) If the monodromy operator has infinite order, then for any sequence of
points converging to 0 ∈ ∆, the images in Γ\D do not converge.
Proof (i) The proof is done in three steps. First, by taking a suitable n-th root,
we may assume that the monodromy is trivial and we are going to show that
any distance-decreasing map of the punctured disk into D extends continuously.
The second step is to replace D by a compact manifold M. This is a standard
technique: by Borel and Harish-Chandra (1962) there exist discrete subgroups
Γ ⊂ G that act freely on D = G/V, implying that the quotient M = Γ\D is
smooth and, moreover, is such that M is compact. The G-invariant metric on D
induces a metric on M such that the projection D → M preserves distances. So
we may indeed assume that D = M. The last step uses the argument principle.
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See Problems 13.7.1–13.7.3 for hints for the proof.
(ii) Suppose that there would be a converging sequence xn → 0 such that
yn = p(xn ) converges to a point y ∈ Γ\D. Let ỹ ∈ D be a lift of y. The period
map lifts to a holomorphic map p̃ : h → D and the monodromy operator is
reflected on the side of the source by the translation z 7→ z + 1. The fact that the
monodromy operator has infinite order means that we can assume that a suitable
neighborhood V of ỹ is mapped to an open set γ(V) ⊂ D which is disjoint from
V. The distance dh (x +iy, x +1+iy) equals y −1 and so goes to 0 if y goes to ∞. In
particular, as a consequence of the distance-decreasing property, this is also true
for the distance between their images under p̃. So, if n is large enough, the distance between p̃(xn ) and γ p̃(xn ) = p̃(xn +1) is as small as we want. In particular,
γ p̃(xn ) must then remain within V, contradicting the fact that V ∩ γV = . 
We now give an application of the last theorem to a global situation. So we
let S be a smooth quasi-projective variety. Moreover, we assume that S ⊂ Ŝ,
where Ŝ is a projective manifold such that Ŝ − S consists of a divisor T with normal crossings. This means that locally around each point y on T, holomorphic
coordinates (z1, . . . , zn ) can be found on Ŝ so that T is given by the equation
z1 . . . zk = 0. In this coordinate patch, S is isomorphic to ∆∗ k × ∆n−k and we
have k local monodromy operators γi , i = 1, . . . , k corresponding to loops
around the punctures in each of the factors. We may extend the period map
to those factors ∆∗ for which the local monodromy operator is finite, thereby
obtaining an extended period map
p0 : S 0 → Γ\D,
where S 0 is the quasi-projective variety obtained by filling in the punctures
corresponding to finite local monodromy.
Corollary 13.7.6. The map p0 is proper. The image p0(S 0) is a closed analytic
subvariety of Γ\D containing p(S) as the complement of an analytic set.
Proof It suffices to prove the first statement, because the others follow from the
proper mapping theorem (see e.g. Gunning and Rossi, 1965). Assume that p0 is
not proper. Then there is a divergent sequence xn ∈ S 0 whose images converge
in Γ\D. We may assume that the xn converges to a point x ∈ Ŝ for which at least
one local monodromy operator is of infinite order. Restricting the period map
to a suitable neighborhood of x we get a period map p : ∆∗ k × ∆n−k → Γ\D,
k ≥ 1. By a slight generalization of the previous theorem (see Problems 13.7.1–
13.7.3), we see that p(xn ) diverges, a contradiction.
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Problems
13.7.1

The aim of this problem is to prove that a distance-decreasing map
f : ∆∗ → M with target a compact complex Riemannian manifold
M extends continuously over the origin. The original argument is due
to Mrs. Kwack (Griffiths, 1970, pp. 163–164). Assume for simplicity
first that dim M = 1. Because M is compact, for any sequence xn ∈ ∆∗
converging to 0, we may assume that yn = f (xn ) converges to a certain
point y ∈ M. We take a holomorphic coordinate w around y valid in
an open neighborhood V of y and we assume that f does not extend
continuously. So for some ball B of radius r in V there is a sequence
of points xn∗ converging to 0, say with |xn+1 | < |xn∗ | < |xn | such that
| f (xn∗ )| ≥ 2r. In particular, there is a maximal annulus An containing
the circle through xn whose image is contained in B. In particular, all
these annuli are disjoint and there are points an , bn on the inner and
outer boundaries, respectively, whose images are on the boundary ∂B.
Show that passing to subsequences we may assume that f (an ) →
a, f (bn ) → b.
(b) Show that for n sufficiently large the integral of f (z)/( f (z)− f (xn ))
over the inner and outer boundaries of An must be 0, contradicting the fact that the difference is the (nonzero) integral of
f (z)/( f (z) − f (zn )) over the (oriented) boundary of An .
(c) Adapt the argument to the case of dim M ≥ 2.
(a)

Let ∆∗ k × ∆n−k → Γ\D, k ≥ 1 be a period map and let xi =
(xi1, . . . , xin ) be a sequence of points in the source for which min(|xi1 |,
. . . , |xik |) tends to 0 when i goes to ∞. Assume that the local monodromy around each puncture is of infinite order. Show that p(xi )
diverges.
13.7.3 (a) Consider a family of projective varieties over P1 and assume that
all the singular fibers are over x1, . . . , xs ∈ P1 . Consider the complement U and the period map p : U → Γ\D associated with the
primitive cohomology (of some rank) of the fibers. Assume that
p is nonconstant. Show that s ≥ 3.
(b) Specifying to the case of curves, show that the hypothesis that
the period map be nonconstant means that the smooth part of
the family has varying moduli. Equivalently, show that the period
map is constant if and only if after a finite base change the family
becomes birationally trivial.
(c) Show that the first half of the preceding argument also applies to
13.7.2

13.7 Applications
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families of abelian varieties, families of K3 surfaces, and families
of hypersurfaces in projective space.

Bibliographical and Historical Remarks
We comment on the various sections.
Section 13.1: Higgs bundles on curves were first studied by Hitchin (1987) and
play a central role in the work of Simpson (1992, 1994, 1995). The first proofs
of the rigidity theorem and the theorem of the fixed part are due to Griffiths
(1970). Here we presented the version from Schmid (1973).
Sections 13.2–13.3: The technique of logarithmic extensions is due to Deligne
(1970a). Higgs and logarithmic Higgs bundles were first introduced in Simpson
(1990, 1992). We have given an elementary proof of the "easy" half of Simpson’s stabillity results under the simplifying assumption that the Higgs bundle
comes from a variation of Hodge structure.
Section 13.4: In analogy to the case of number fields, Shafarevich conjectured
finiteness for non-isotrivial families of curves over a fixed base curve with fixed
degeneracy locus. This was proved by Arakelov and Parshin (see Arakelov,
1971). Faltings (1983) obtains the same bounds for weight one variations of
Hodge structures over a curve. For higher weight see Peters (2000); Jost and
Zuo (2002). For families of higher-dimensional manifolds, see Bedulev and
Viehweg (2000); Viehweg and Zuo (2006), and Oguiso and Viehweg (2001).
There are excellent surveys about more recently obtained Arakelov-type
(in)equalities, see Viehweg (2008) and Möller et al. (2006). For Arakelov inequalities over surfaces and higher-dimensional varieties see Viehweg and Zuo
(2007), and Viehweg and Zuo (2008). Families of K3 surfaces have been treated
in Sun et al. (2003).
Section 13.5: For further results on hyperbolicity, see Viehweg and Zuo (2003b).
For sharper bounds on the number of singular fibers in a family of semistable
varieties over P1 see also the recent preprint Lu et al. (2016).
(Non)rigidity results date back to Faltings (1983) where it is shown that
in order for a family of Abelian varieties over curves to be rigid it is generally not enough that the family is not isotrivial. Subsequently, the rigidity
statement was generalized in Peters (1990). Using this result Saito and Zucker
(1991), respectively Saito (1993), were able to treat completely the case of
K3-surfaces, respectively abelian varieties. For an interesting but technically
involved application of rigidity see Viehweg and Zuo (2003a).
In relation to Simpson’s work, we should note that the boundedness result
Simpson (1994, 13.3.4) for slope zero immediately implies that the Chern
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numbers of Hodge bundles underlying a complex variation of given type over
a compact projective variety can only assume finitely many values. It follows
that there are a priori bounds on these Chern numbers. If the base is a (not
necessarily compact) curve, Simpson (1990) shows that the same methods give
boundedness for the canonical extensions of the Hodge bundles. Explicit bounds
were not given, however. Conversely, knowing that bounds on the degrees of
the Hodge bundles exist can be used to simplify the rather technical proof for
boundedness; see Peters (2000, Section 4) for details (see also Liu et al., 2011).
Eyssidieux (1997) treats a generalization of the true Arakelov inequality
(weight 1 Hodge structures on a compact curve) to higher-dimensional base
manifolds. The inequalities concern variations of Hodge structure over a compact Kähler manifold M such that the period map is generically finite onto its
image.
Section 13.6: These bounds were given for the first time by Griffiths and Schmid
(1969). A much more abstract version of the proof can be found in the Bourbaki
report of Deligne (1970b). Here we present a fleshed-out version of Deligne’s
approach.
Section 13.7: The monodromy theorem in its geometric form is due to Landman
(1973). The present proof of the abstract version is due to Borel. It can be found
in Schmid (1973). The more refined version on the exponent of nilpotency in
the abstract situation can be found there as well. In fact, Landman’s geometric
approach also gives such a bound.

14
Harmonic Maps and Hodge Theory

As we have seen since the very beginning of this book, much can be gained by
studying a distinguished representative of a cohomology class in place of the
class itself. The same advantages accrue to the study of homotopy classes of
maps. One seeks a distinguished representative which minimizes an appropriate functional (the energy), as a result of which it satisfies a partial differential
equation (the harmonic equation). In many cases the Kähler condition forces
harmonic maps to satisfy additional equations, and from these one can often deduce useful geometric results. For example, we show that no compact quotient
of a period domain of the form
D = SO(2p, q)/U(p) × SO(q),
with p > 1 and q , 2, is homotopy equivalent to a compact Kähler manifold
(Carlson and Toledo, 1989b). Compare this with the fact that the Hopf manifold
is not homotopy-Kähler, a result established via classical Hodge theory (see
Examples 2.2.1). See also the historical notes at the end of the chapter.

14.1 The Eells–Sampson Theory
The theory of harmonic maps began with the paper by Eells and Sampson
(1964). Let us review the results relevant to us here. To this end, let f : M −→ N
be a smooth map between compact Riemannian manifolds. At any point x ∈ M
for the linear map d fx : Tx M → T f (x) N we define the pointwise trace norm


k d f kx2 = Tr T(d fx )◦ d fx ,
where the transpose is in terms of the metrics, i.e., we take a matrix representation with respect to orthonormal bases in source and target tangent spaces. A
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more geometric way of describing this is that k d f kx2 is the sum of the squared
lengths of the semiaxes of the ellipsoid gotten by applying d fx to the unit sphere
in TM, x . We use this norm to define the energy density of f to be the quantity
e( f )x =

1
k d f kx2,
2

whose integral is the energy
E( f ) =

1
2

∫
M

k d f kx2 dvol .

Then a map is harmonic if it is a critical point of the energy, viewed as a
function on the space of smooth maps from M to N.
Example 14.1.1. Diffeomorphic self-maps of the circle with the standard metric: these are harmonic if they are geodesic because the energy in this case is
half the norm-squared of the length.
We next explain how the usual variational approach applied to f : M → N
leads to a set of linear equations for
d f ∈ Hom(TM , f ∗TN ) = A1 (M, f ∗TN ).
The Levi–Civita connection on TN induces a connection ∇ on this bundle
and it extends as an exterior derivation ∇ : Ak (M, f ∗TN ) → Ak+1 (M, f ∗TN ).
The Hodge star-operator (with respect to the Riemannian metrics) is an operator ∗ : Ak (M, f ∗TN ) → Am−k (M, f ∗TN ), where m = dim M. Hence
∇∗ d f = ∗∇ ∗ d f is a section of f ∗TN and it enters in the following Euler–
Lagrange type equation for f .
Theorem (Characterization of harmonic maps). A map f : M → N between
compact Riemannian manifolds is harmonic if and only d f satisfies the harmonic equation
∇∗ d f = 0.

(14.1)

Proof Suppose that we are given a variation of the initial
 map through a family
ft , which we expand, using local coordinate systems y j about f (p) ∈ N:
ft

j

j

= ( f ) j + t fÛ + O(t 2 ).

To make the meaning of fÛ more precise, consider what must be done to vary
f by a very small amount. At each point f (p) we must assign a vector tangent
to N in the direction in which we shall deform the map. Thus, fÛ is a section of
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f ∗TN , the pullback along f of the tangent bundle of N. The differential of ft
can then be expanded as
d ft = d f + t∇ fÛ + O(t 2 ).
Note that fÛ must be covariantly differentiated because it is a vector field. Now
consider the derivative of the energy,
∫
∫
Û
E(0)
=
{d f , ∇ fÛ}dvol M =
{∇∗ d f , fÛ}dvol M ,
M

M

∇∗

where
is the adjoint of ∇ with respect to the metric. We have already seen
that ∇∗ d f is a section of f ∗TN , as is fÛ, and so the two can be paired by means
of the metric. Because fÛ is arbitrary, we see that indeed the harmonic equation
(14.1) is satisfied.
The converse is obvious.

With the harmonic equation in hand, we can enlarge somewhat our class of
examples.
Example 14.1.2. Recall from §11.5 that a map is totally geodesic if it sends
geodesics to geodesics. These are characterized by the differential equation
∇ d f = 0, which implies trace(∇ d f ) = 0. But trace(∇ d f ) = ∇∗ d f , so totally geodesic maps are harmonic. Totally geodesic maps can be constructed
by constructing an embedding of symmetric spaces group-theoretically. Given
X = G/K, let G 0 be a closed Lie subgroup such that X 0 = G 0/K 0 is a symmetric
space, where K 0 = G 0 ∩ K. Then X 0 ⊂ X is a geodesic inclusion. If Γ and Γ 0
are compatible discrete groups, then Γ 0\X 0 −→ Γ\X is a geodesic immersion.
See also Section 17.2 where we discuss special subvarieties.
As for the general existence problem, one may argue informally by thinking
of a loop as a piece of string whose energy we attempt to minimize by drawing
the string tight. This works well in some cases, e.g., a catenoid of revolution, and
establishes the existence of a geodesic in each homotopy class. It works poorly
in other cases, such as the sphere. The difference between success in one case
and failure in another is partly due to the sign of the curvature, which is negative
for the catenoid and positive for the sphere. However, curvature alone is not
enough, as our thought experiment shows in the case of the surface obtained by
revolving the curve y = 1/x. What this limited evidence is meant to suggest is
that negative curvature and compactness of the target do guarantee existence.
Theorem 14.1.3 (The Eells–Sampson theorem). Let f : M −→ N be a continuous map between Riemannian manifolds, both compact, and where N has
nonpositive sectional curvatures. Then f is homotopic to a harmonic map.
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Sketch of the proof as given by Eells and Sampson (1964): Our goal is to deform a continuous map to a harmonic one. This can be done by solving the heat
equation,
∂ ft
+ ∇∗ d f = 0.
∂t
The first point is that as time increases, the energy of ft decreases. (The energy
is defined because ft is smooth for all t finite positive.) To see this, substitute
the value of fÛ = ∂ ft /∂t given by the preceding equation in the expression for
the derivative of the energy to obtain
∫
∫
EÛ =
{∇∗ d f , fÛ} = −
k∇∗ d f k 2 ≤ 0.
M

M

The idea now is to take a sequence { fn } for times tn increasing monotonely to
infinity such that limn→∞ E( fn ) = inf t>0 E( ft ) and to set
f∞ = lim fn .
The problem, of course, is to show that the limit exists and has the right properties. This is the beginning of the difficult analytic part of the argument, which
we only outline. The idea is to establish a uniform upper bound on the energy
density of the minimizing sequence. Because the energy density measures the
size of d f , such a bound implies that the minimizing sequence is equicontinuous
and so has a subsequence uniformly convergent to a continuous limit.
Now observe that we do have a bound on the mean energy E(t), since
E(t) ≤ E(t0 ) for all t ≥ t0 . If the energy were subharmonic (∆E ≥ 0), bounds on
the mean would imply pointwise bounds. Although the energy is not in general
subharmonic, it does satisfy a useful lower bound in the presence of suitable
curvature assumptions. Eells and Sampson compute the Laplacian of the energy
density in terms of the gradient of f , the curvature of M, and the curvature of N:
∆E = |∇E | 2 + Ric M (d f ) + R N (d f ).
Here Ric M (d f ) and R N are quadratic and quartic, respectively, in d f . If the
sectional curvatures of N are nonpositive, then the inequality
∆E ≥ |∇E | 2 + CE
follows, where the constant C may be negative. This estimate turns out to give
the required upper bound. Here we omit the technical details and which can be
found in the original article (Eells and Sampson, 1964).
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Problem
14.1.1

Let f : M → N be a differential map between Riemannian manifolds. There is a natural way to put a connection D on the bundle
Hom(TM , f ∗TN ) using the Levi–Civita connections ∇ M , ∇ N on TM
and TN , respectively. It is defined by the formula

Dξ (φ)(η) = ∇dNf (ξ) φ(η) − φ ∇ξM η ,
where ξ and η are tangent vectors along M.
(a) Show that this indeed defines a connection.
(b) Explain that the tensor D(φ) after antisymmetrization can be
viewed as a two-form with values in f ∗TN . Show that this twoform is ∇(φ), where φ is viewed as a one-form with values in f ∗TN ,
and ∇ is the exterior derivation coming from ∇ = ∇ N as above.
(c) Show that ∇2 equals minus the curvature of the Riemannian connection on N.

14.2 Harmonic and Pluriharmonic Maps
Assume that (M, ω) is a Hermitian complex manifold of complex dimension
m. There is a particular useful expression for the result of applying the Hodge
star-operator to any one-form α with values in f ∗T N (see Problem 14.2.1):
∗α = −

1
ω m−1 ∧ Cα,
(m − 1)!

¯ as
where C is the usual Weil-operator. Writing the real operator dc = −i(∂ − ∂)
c
−1
d = C dC, we thus have
∗df =

1
ω m−1 ∧ dc f .
(m − 1)!

This implies that the harmonic equation in this case is equivalent to ∇(ω m−1 ∧
dc f ) = 0. If in addition M is Kähler, this last equation is equivalent to
ω m−1 ∧ ∇(dc f ) = 0.

(14.2)

Because for m = 1 this equation does not involve ω, the condition that f is
harmonic only depends on the metric on N and the complex structure on M,
motivating the following definition.
Definition 14.2.1. (i) Let M be a complex manifold and N any Riemannian manifold. A map f : M → N is pluriharmonic if its restriction to any
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holomorphic curve inside M is harmonic, or equivalently, if its differential
d f ∈ Hom(TM , f ∗T N) satisfies the pluriharmonic equation
∇(dc f ) = 0.
(ii) In terms of complex bundles TNC := TN ⊗ C, we may consider the C-linear
extension of d f to HomC (TM , f ∗TNC ) and consider
1,0 ∗ C 
0,1 ∗ C 
d0 f = d f HomC TM
, f TN = dc f HomC TM
, f TN .
Now ∇ extends C-linearly and the pluriharmonic equation is equivalent to
∇ 00(d0 f ) = 0.
Let us relate the pluriharmonic and the harmonic equation. The latter says
that the f ∗TN -valued (2m)-form on the right of (14.2) vanishes so that for any
local frame of the latter, the coefficients of ∇(dc f ) are primitive two-forms.
Now recall that for forms α and β with values in a complex bundle E equipped
with a Hermitian metric h, the notation h(α, β) stands for the form obtained
by composing the E ⊗ E-valued form α ∧ β̄ with the metric h : E ⊗ E → C.
We apply this to the Riemannian metric (, ) on f ∗TN . So (∇ dc f , ∇ dc f ) is a
four-form on M. Using an orthonormal frame, if the coefficients of ∇(dc f ) are
the two-forms αi , i = 1, . . . , n then, because the αi are primitive, the (2m)-form
Õ
(∇ dc f , ∇ dc f ) ∧ ω m−2 =
αi ∧ αi ∧ ω m−2
is seen to be seminegative and equality holds if and only if all the αi vanish.
So we have now proven the following crucial observation.
Lemma 14.2.2. If f is harmonic, then (∇ dc f , ∇ dc f ) ∧ ω m−2 is a pointwise
negative semidefinite (2m)-form which vanishes if and only if ∇ dc f = 0, i.e.,
if and only if f is pluriharmonic.
We use this to prove an important result due to Sampson (1986).
Theorem 14.2.3. Let M be a compact Kähler manifold, and N a Riemannian
manifold with curvature F satisfying
¯ η̄) ≤ 0,
(F(ξ, η) ξ,

ξ, η ∈ TNC .

If the map f : M → N is harmonic map it is pluriharmonic and, moreover,
¯ η̄) = 0, for all x ∈ M and ξ, η ∈ dx f (T 1,0 M).
(F(ξ, η) ξ,
Proof The key to the proof is a suitable Bochner formula obtained by calculating the derivative of the three-form (dc f , ∇ dc f ) using the Leibniz rule and
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multiplying with ω m−2 :
d(dc f , ∇ dc f )∧ω m−2 = (∇ dc f , ∇ dc f )∧ω m−2 −(dc f , ∇2 dc f )∧ω m−2 . (14.3)
We have already seen that for harmonic maps f the first term is nonnegative
and the second term involves the curvature F = −∇2 of the Riemannian metric
on f ∗TN . The minus sign is accounted for in Problem 14.1.1 of the previous
section. This term can be rewritten as F ∧ (dc f , dc f ) ∧ ω m−2 . In terms of the
complex linear extension f ∗TNC and restricting to (1, 0)-forms, the condition of
the theorem is exactly equivalent to the second term being nonnegative as well.
So this second term vanishes if and only if F vanishes on the image of d0 f .
The final step consists of integrating the formula (14.3) over M. This step
uses compactness of M and Stokes’ theorem to show that the left-hand side
integrates to 0, and so if f is harmonic and the curvature of the Riemannian
metric of N is negative in the sense stated, both integrals on the right vanish.
We can conclude the proof using Lemma 14.2.2.


Problems
14.2.1
14.2.2

Let α be any one-form on an m-dimensional Kähler manifold. Verify
the expression for ∗α given in this section.
Using the pluriharmonic equation, show that a holomorphic or antiholomorphic map from a Kähler manifold to a complex manifold is
pluriharmonic (and hence harmonic).

14.3 Applications to Locally Symmetric Spaces
We pass now to the study of a particular but important class of harmonic maps,
those for which the source manifold is compact Kähler and for which the target is a locally symmetric space of negative curvature. These have the form
N = Γ\X where X = G/K is the quotient of a semisimple noncompact Lie
group and K is a maximal compact subgroup.
Examples 14.3.1. (i) The upper half-plane h  SL(2, R)/U(1).
(ii) The unit ball in Cn , B n  SU(1, n)/U(n).
(iii) Siegel’s upper half-space, hg  Sp(g, R)/U(g).
(iv) Real hyperbolic space, hn (R)  SO(1, n)/SO(n).
(v) The space SL(n, R)/SO(n) of positive definite matrices of determinant 1.
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Examples (i)–(iii) are Hermitian symmetric, i.e., are symmetric spaces with
a G-invariant complex structure. The symmetric space X is homeomorphic to
a ball, so that whenever Γ acts without fixed points, N is an Eilenberg–Maclane
space, i.e., the only nonvanishing homotopy group is π1 (N) = Γ.
In this case the Lie-algebra g of G splits into
g = k ⊕ p,
where k is the Lie-algebra of K and where p is its orthogonal complement
relative to the Killing form, or – equivalently – to the trace form B. We treated
this decomposition briefly in Remark 12.3.4. Clearly, the tangent space TX,0
can be identified with p and hence its complexification with pC = p ⊗ C. In the
same remark we observed that the curvature of the metric is given by
R(ξ, η)ζ = −[[ξ, η], ζ],

ξ, η, ζ ∈ pC

and so
¯ η̄) = −([ξ, η], [ξ,
¯ η̄]) ≤ 0.
(R(ξ, η)ξ,
It follows that this vanishes precisely when [ξ, η] = 0.
Suppose next that we have a harmonic mapping f : M → N with M a Kähler
manifold. Then, for all tangent vectors ξ of M at p, the image tangent vector
d0 f (ξ), lifted to a tangent to X, and transported back to 0 ∈ X, can be viewed
as an element of pC . So if, moreover, M is compact, Sampson’s theorem 14.2.3
implies the following.
Theorem 14.3.2. If M is a compact Kähler manifold, N = (G/K)/Γ as above,
and f : M → N harmonic, then f is pluriharmonic, i.e.,
∇ d0 f = 0
and
[d0 f , d0 f ] = 0,
i.e., for each point x ∈ M, the space Tx1,0 M maps to an abelian subspace of pC .
We recall from Problem 14.1.1, using the natural connection D on the
bundle Hom(TM , f ∗TN ), that the antisymmetrization of the tensor D(d f ) ∈
A1M ⊗ A1M ⊗ f ∗TN equals ∇(d f ). In the remainder of this section, we use this
D. The harmonic equations can thus be restated as
D 00(d0 f ) = 0.
Lemma 14.3.3. For the curvature D2 of this other natural connection we have:
D 002 = 0 = D 02 .
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First note that the curvature is a sum of two contributions
D2 = −F M ⊗ 1 + 1 ⊗ F N .

To establish the formula just given, we note that D 002 is the (0, 2)-component
of the curvature. We proved in Section 9.1 that the curvature of the metric
connection on any Kähler manifold has type (1, 1) as a two-form, so the first
summand has type (1, 1). The second summand can be written as
1 ⊗ F N = 1 ⊗ ad([d f (·), d f (·)]).
Its (2, 0) term vanishes because [d0 f (ξ), d0 f (η)] = 0 for any two tangent vectors
ξ, η of type (1, 0). Since the expression is real, its (0, 2)-component vanishes as
well, and so it is of type (1, 1). So both terms have type (1, 1), thus completing
the proof.

Corollary 14.3.4. If M is a compact Kähler manifold, N = Γ\(G/K) as above.
Then f : M → N is harmonic if and only if it is pluriharmonic. This is the case
if and only if the (0, 1)-part of the natural connection D defines a holomorphic
structure on

E := Hom T 1,0 M, f ∗TNC
and d0 f is a holomorphic section of it.
Another equivalent statement is that in this setting the pluriharmonic equations:
D 002
= 0,
(14.4)
D 00 d0 f
= 0,
[ d0 f , d0 f ] = 0
hold.
Proof We showed most of the assertions. We showed that if f is harmonic it
is pluriharmonic which means that the middle pluriharmonic equation holds.
That the other two hold is the content of the previous proposition.
Conversely, D 00 defines an integrable holomorphic structure on E if and only
if the integrability condition D 002 = 0 holds (Theorem 11.1.3). Our curvature
computation in proving Lemma 14.3.3 in fact shows that this condition is equivalent to [d0 f , d0 f ] = 0. Now d0 f being a holomorphic section of E is equivalent
to f being pluriharmonic, i.e., D 00 d0 f = 0.

We next want to indicate how these extra conditions lead to the sort of
statements found in Siu’s rigidity theorem stated below. We start by noting that
these equations do indeed give more structure to the map f . The fact that d0 f is
a holomorphic section of a holomorphic bundle implies that the set along which
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d0 f is of less than maximal rank is a complex subvariety. So, roughly speaking, f
behaves as if the target were a complex manifold and f itself were holomorphic.
Even if N is a complex manifold, we cannot yet conclude that f is either
holomorphic or antiholomorphic. Indeed, we need d0 f to take values in either
p1,0 or p0,1 . The idea is to investigate when this is true using the third equation.
Eventually, one can in this way, for instance, prove Siu’s rigidity theorem.
Theorem 14.3.5 (Siu’s rigidity theorem (Siu, 1980)). Let f : M −→ N be
a harmonic map from a compact Kähler manifold to a compact discrete quotient of a Hermitian symmetric space. There is a number σ(N) such that
rank x d f > σ(N) at a single point implies that f is either holomorphic or
antiholomorphic. Here “rank” stands for the real rank.
The invariant σ(N) depends only on the Hermitian symmetric domain. In the
case of quotients of the ball, it is 2. In general it is the (real) dimension of the
largest Hermitian symmetric subspace that contains h1 as a factor. Thus, for the
Siegel upper half-space of genus g, it is g(g−1)+2 because hg contains h1 ×hg−1 .
We return below to the details of the proof of Siu’s theorem (our remarks
concerning the proof lead up to Remark 14.3.9), but for now we want to show
how the third equation does lead to strong constraints.
Theorem 14.3.6 (Sampson, 1986). Let f : M −→ N be a harmonic map of a
compact Kähler manifold to a real hyperbolic space, i.e., any compact quotient
of real hyperbolic space hn (R)  SO(1, n)/SO(n). Then d f has rank at most 2.
Proof For the proof, set
1,0
Wx = d0 f TM,x



and observe that
rank d fx = dim R (d f (TM, x ))
C 
= dim C d f TM,
x
1,0 
0,1  
= dim C d f TM, x + d f TM,
x
= dim C (Wx + W x ).
Thus,
rank d fx ≤ 2 dim C Wx,
and equality holds if and only if Wx ∩ W x = 0.
To bound the dimension of Wx , we observe that the last equation in (14.4)
implies
[Wx, Wx ] = 0.
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One naturally expects abelian subspaces to be fairly small and of a quite special
nature. The first result of this kind seems to have been proved by Schur (1905),
who showed that the dimension of a space of commuting trace zero matrices
of size n is bounded by [n2 /4]. In the case of even n the bound is attained by
the space of (nilpotent) matrices of the form


0 ∗
,
0 0
where this is meant to indicate a block-decomposition into four equal parts. In
any case, let us follow Sampson’s analysis for abelian subspaces of p. To begin,
we need a concrete description of the Lie algebra in question. It is given by the
set of matrices satisfying
T

MQ + QM = 0,

where
Q=



−1
0


0
.
1n




a
,
b

Thus,
M=

0
Ta

where b is skew-symmetric. This we decompose as



0 0
0
M = X(b) + Y (a), X(b) =
, Y (a) = T
a
0 b


a
.
0

The Cartan decomposition follows the above decomposition:
k = {matrices Y (a)} ,
p = {matrices X(b)} .
A short calculation shows that the components of [Y (a), Y (a 0)] = X(b) are
ai a 0j −a j ai0, i.e., are the components of a∧a 0. Thus, dim C W ≤ 1, as claimed. 
The result just described is really quite remarkable, because the dimension
of M may far exceed that of N. It can be interpreted as saying that hyperbolic
manifolds of dimension greater than 2 are very, very different from Kähler manifolds. In fact, one can say somewhat more (Carlson and Toledo, 1989b, p. 196).
Theorem 14.3.7 (Factorization theorem). Let f : M −→ N be a nonconstant
harmonic map from a compact Kähler manifold to a real hyperbolic space.
Then f has either rank 1 or rank 2. In the first case, f (M) is a closed geodesic
in N. If the rank is 2, f factors as gh, where Y is a smooth Riemann surface,
h : M → Y is holomorphic, and g is a harmonic map.
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Before commenting on the proof, let us see what the previous theorem has
to say concerning the relation between Kähler groups and hyperbolic groups,
where we recall that a group is called Kähler if it can be realized as the fundamental group of a compact Kähler manifold. The result we want to discuss is
as follows.
Theorem 14.3.8. Let Γ be a torsion-free lattice in SO(1, n), where n > 2 such
that Γ\ SO(1, n) is compact. Then Γ is not Kähler.
Proof Suppose that M is a compact Kähler manifold with Γ as its fundamental group. Let N = Γ\X, where X is real hyperbolic n-space. Then N is an
Eilenberg–Maclane space for π1  Γ. This means that N has Γ as its fundamental group and has no higher homotopy groups. It is known from homotopy
theory that this characterizes N up to homotopy equivalence.
Construct f : M → N = Γ\hn (R) so that f∗ : π1 (M) → Γ is the given isomorphism as follows. The manifold M is a cell complex whose 1-skeleton M1
contracts to a bouquet of circles corresponding to the generators of Γ, defining
a continuous map f1 : M1 → N inducing a surjection on fundamental groups.
Then consider the 2-skeleton M2 . It is obtained from M1 by attaching 2-cells Di
for each relation in the fundamental group. Then ( f1 )∗ [Di ] = 1 by construction.
This means that f1 extends to f2 : M2 → N inducing the given isomorphism.
We can extend f2 successively to the k-skeleta because the obstruction to extending lies in H k (M, πk−1 (N)), and for k ≥ 3 this group vanishes. Because N
is negatively curved, we may, by the Eells–Sampson theorem, assume that f is
already harmonic. By the preceding result, it factors through Y . Because f∗ is
an isomorphism on fundamental groups, the first factor h induces an injection
on π1 . Thus Γ operates freely on Ỹ , the universal cover of Y . Since Ỹ is contractible, Γ\Ỹ is an Eilenberg–Maclane space. Now the cohomology of a group
is just the cohomology of its Eilenberg–Maclane space. Thus, the cohomological dimension of Γ, i.e., the largest dimension in which an Eilenberg–Maclane
space has nontrivial cohomology, is at most 2. However, N, which is also an
Eilenberg–Maclane space, has dimension at least 3, and moreover is compact
and orientable, and so has a fundamental class. Thus, the cohomological dimension of Γ is at least 3. The resulting contradiction completes the proof. 
Sketch of the proof of Theorem 14.3.7 We note first that the rank-1 case is an
earlier theorem of Sampson (1978).
In the rank-2 case, M being a manifold, the set of regular values of the
map f form a two-dimensional manifold Y 0 over which f is a locally trivial fibration. For simplicity we assume that its fibers Cy are connected. Now
TCy , x = Ker(d f ) ⊂ TM, x is a complex subspace of the tangent space because
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d f (TM, x )(ξ) = 0 if and only if d f (TM, x )(ξ − iJξ) = 0. This last assertion
follows because d f (TM,x ) does not contain real vectors. Now look at the image Lx = d f (Wx ), a complex line in the two-dimensional complex vector
space TYC0,y varying holomorphically with x but not containing any real vector.
Because Cy is compact and connected, Lx must be constant. This defines a
complex structure on Y 0.
For the next step, we need to extend the holomorphic map h 0 = f | M 0 → Y 0,
where M 0 = f −1Y 0. One can use the first two pluriharmonic equations to show
that M 0 is the complement of an analytic subvariety, but this does not suffice.
The map h could have essential singularities along this subvariety. To show that
it does not, we use the fact that complex submanifolds of a Kähler manifold
M have a kind of Hilbert scheme, the Barlet space C(M), introduced in Barlet
(1975).
For a good introduction explaining the crucial properties, see Lieberman
(1978). We need only the facts
• all components of C(M) are compact if M is compact;
• the points of C(M) are in one-to-one correspondence with the analytic cycles
of M;
• holomorphic families are induced by universal families over a reduced and
normal analytic base space.
In our case, the family Cy, y ∈ Y 0 is thus induced by a certain universal cycle
Z ⊂ Y × M from a certain holomorphic map i : Y 0 → Y defined by the fact that
y ∈ Y 0 is sent to the point in C(M) corresponding to Cy . We let p : Z → Y and
q : Z → M be the maps induced by the projections. Now q(Z) = M because
it contains the open dense set M 0 and because two distinct fibers, Cy = Zy and
Cy0 = Zy0 , of h are disjoint and dim Y = 1; so, because it is normal, Y is a
compact Riemann surface. The fundamental cohomology classes of the fibers
Zy of the projection p are all the same, say [Zy ] = z. Obviously, z ∪ z = 0, but
because M is Kähler, z , 0 and so two irreducible fibers do not meet inside M
and two reducible fibers can meet inside M only along common components.
These facts translate into q being finite-to-one and generically one-to-one. But
M is a manifold and so q must be a biholomorphic map which means that
up to a biholomorphic isomorphism the projection gives our desired extension
h : M → Y of the map h 0, or rather of i ◦ h 0, where i : Y 0 → Y is the defining map
we introduced above. This map is an embedding (because M 0 → M is) and it is
not hard to see that f is also constant on the fibers of h over the points of Y −Y 0.
A final argument then shows that the resulting map g : Y → M is harmonic.
The only complication is that the fibers of f might consist of several components and in that case one has to replace h 0 by its Stein factorization, i.e., h 0 :
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M 0 → Y 00 → Y 0, where the first map has connected fibers and the second map is
finite; it is the first map that gets extended, and the second (as a holomorphic map
of Riemann surfaces) then automatically gets extended over the punctures. 
Remark 14.3.9 (Further remarks on Siu’s rigidity theorem). The factorization
theorem (Theorem 14.3.7) should be viewed as an analogue of Siu’s rigidity
theorem, which is a holomorphicity statement for harmonic maps of sufficiently
large rank. Indeed, as a next step toward the proof of this theorem, let us now
study in more detail the abelian subspaces W of pC , where g = k ⊕ p corresponds to a Cartan decomposition of a symmetric space, each factor of which
is assumed to be simple and of noncompact type. By the latter we mean that
X = G/K is noncompact, or, equivalently, that it has nonpositive curvature in
the natural (invariant) metric. One general result is the following.
Proposition 14.3.10 (Carlson and Toledo, 1989b, pp. 183–186.). Let W ⊂ pC
be an abelian subspace in the context just defined. Then dim W ≤ dim pC /2.
Moreover, if equality holds, G/K is a Hermitian symmetric space and for each
direct summand of g, say gi = ki ⊕pi not isomorphic to sl(2, R), the corresponding direct summand W ∩ pi , of W, is equal to either pi1,0 or pi0,1 .
The last assertion gives a weak form of Siu’s rigidity theorem, because a map
f is holomorphic if d0 f takes vatlues in p1,0 . The strong form follows from a
more careful analysis of the abelian subspaces, the point being to ensure one of
the two inclusions by a suitable hypothesis on the rank. In any case, note that
with the exception of SL(2, R), the maximal abelian subspaces of pC in the Hermitian symmetric case are just the obvious ones given by the complex structure.
Turning to the non-Hermitian case, the proposition implies the following.
Corollary. Let f : M −→ N be a continuous map of a compact Kähler manifold to a negatively curved, irreducible locally symmetric space, which is not a
quotient of a Hermitian symmetric space. Then f is homotopic to a map whose
image is a CW-complex of dimension strictly lower than dim N.
Proof Apply Eells–Sampson to deform f to a harmonic map, and then apply
the preceding bound on the rank.

Note that the result implies that there are no maps of nonzero degree from a
compact Kähler manifold to a space of the kind considered.
With Proposition 14.3.10 in hand, we can finally prove the result mentioned
in the introduction to this chapter.
Theorem 14.3.11. Compact quotients of period domains for Hodge structures
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of even weight that are not Hermitian symmetric are not homotopy equivalent
to a Kähler manifold.
Proof The argument is by contradiction. Suppose that there is a homotopy
equivalence f : M −→ N, where M is compact Kähler and N is the quotient of the period domain in question. Let Y = Γ\X be the locally symmetric
space associated with N and let π : N −→ Y be the canonical projection. By
Proposition 14.3.10, (π ◦ f )∗ [Y ] = 0, where [Y ] stands for the fundamental class.
On the other hand, consider a volume form ΩY , i.e., a form that represents
[Y ], and let ω be the first Chern class of the canonical bundle of N. We have
seen (Remark 13.6.4) that K N restricted to fibers of π is positive and so ω
pulled back to fibers is also positive. By Fubini’s theorem,
∫
M

π ∗ ΩY ∧ ωk = c

∫

ΩY > 0,
N

where c > 0 is the volume of the fiber as computed by ωk , and where k is
the fiber dimension. Consequently, the cohomology class of π ∗ Ω N is nonzero,
i.e., π ∗ [Y ] , 0. Because f is a homotopy equivalence, f ∗ π ∗ [Y ] is also nonzero,
and this contradicts what has already been established. The proof is now complete.

We remark that by an argument of Gromov (oral communication), compact
quotients of period domains, except those that are of the Hermitian symmetric
type, are non-Kähler. The argument runs as follows: look at the fibers of the
associated quotient map q : Γ\D → Γ\X. Looking carefully at limits of volumes of deformations of the fibers when they become horizontal, one sees that
these can become arbitrarily large. So one concludes that the component of the
Barlet space containing such a fiber cannot be compact, contrary to what would
happen if Γ\D were Kähler.
The problem of proving or disproving the stronger homotopy statement for
odd weight is open. There are bounds on the rank that are considerably sharper
than those given in Carlson and Toledo (1989b), e.g., the following result.
Proposition (Carlson and Toledo, 1993, Theorem 7.1). Let f : M −→ N
be a harmonic map from a compact Kähler manifold to a compact discrete
quotient of the symmetric space associated with SO(2p, 2q), where p, q ≥ 3,
(p, q) , (3, 3). Then rank d f ≤ dim N/2. If equality holds, then f factors as gh,
where h : M −→ Y is a holomorphic map to a discrete quotient of the symmetric
space associated with SU(p, q). Moreover, g is a geodesic immersion.
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14.4 Harmonic and Higgs Bundles
We shall now translate the notion of harmonic maps into the language of bundles and connections. This has a number of technical advantages, among which
is a one-line proof of the following fact.
Proposition 14.4.1. Let f : M −→ N be a period mapping, and let π : N −→ Y
be the canonical map to the associated locally symmetric space. Then π ◦ f is
pluriharmonic (and hence harmonic).
The proposition gives a way of constructing nontrivial harmonic maps, e.g.,
maps that do not come from geodesic immersions. This type of construction
occurred in other contexts much earlier (see Bryant (1985); Calabi (1967), and
Lawson (1980). We note that in some cases it is possible to lift harmonic maps
to variations of Hodge structure.
Proposition (Carlson and Toledo, 1993, p. 38). Let f : M −→ N be a harmonic
map from a compact Kähler manifold to a compact discrete quotient of the symmetric space associated with SO(2p, 2q), where p, q ≥ 3, (p, q) , (3, 3). Assume
that rank(d f ) > 2(p−1)(q−1)+1. Then f lifts to a variation of Hodge structure.
Observe that the critical number 2(p − 1)(q − 1) + 1 is the dimension of the
largest geodesically embedded, reducible Hermitian symmetric space, namely
that associated with SU(1, 1)×SU(p−1, q−1). Thus, both the critical dimension
and the result follow the pattern pioneered by Siu: harmonicity and sufficiently
large rank imply a kind of holomorphicity. Note that the critical dimension is
just that necessary to assure that W consists of nilpotent transformations. This is
a necessary condition, because if f comes from a period mapping, W ⊂ g−1,1 .
However, g−1,1 consists of strictly block triangular matrices and so consists of
nilpotent transformations.
Let us now turn to our translation work, which uses the language of principal bundles in the setting of Definition 12.4.1. In the present situation,
X = G/K is a symmetric space and Γ ⊂ G is a torsion-free discrete group.
Let f : M −→ N = Γ\G/K be any map and let f˜ : M̃ −→ X be the lift to
the level of universal covers. We have the Higgs bundle PHiggs = X × G and its
Maurer–Cartan form ωHiggs . Recall that we have set
σ := ωpHiggs .
The tangent bundle TX has a K-structure, and the corresponding connection
∇K is related to the flat Higgs connection by
∇Higgs = ∇K + σ.
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Using the canonical trivialization
∼

σX : TX −→ [p]
obtained by left-translation, we can interpret σ as
σX

df

σ : TM̃ −−→ TX −−−→ [p].
The translation can be summarized by the following lemma.
Lemma 14.4.2. (i) f is harmonic if and only if ∇∗K σ = 0.
(ii) f is pluriharmonic if and only if
00 2
∇K
=
00 (σ 0 ) =
∇K
[σ 0, σ 0] =

0,
0,
0.

We are now ready for the proof of Proposition 14.4.1.
Proof of Proposition 14.4.1 Consider a variation of Hodge structure f : M →
N and let π : N −→ Y be the canonical projection to the associated locally
symmetric space. We shall make this explicit, but for simplicity’s sake, we
assume that the weight is even; it is easy to adjust the definitions to take care of
the case of odd weight using the same principles. In any case, from the data of
the variation of Hodge structure associated with f we may construct a cruder
object, namely the flat bundle E with decomposition
E = E + ⊕ E −,
where
E+ =

Ê

E p,q,

p even

E− =

Ê

E p,q,

p odd

and where the congruence is modulo 2. All the objects just defined are defined
±
over the reals, i.e., E = E, E = E ± , so we may pass to the underlying real
bundles (without changing notation). The resulting system defines a map from
M to the locally symmetric space Y = SO0 (2p, q)/SO(2p) × SO(q) associated
with SO(2p, q), where 2p = dim E + and q = dim E − .
Now because the map f is holomorphic and hence harmonic, the harmonic
equations hold for df with respect to the full Hodge decomposition and hence
they also hold for the cruder decomposition. We have shown (see Example
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12.4.2) that the pluriharmonic equations hold for the full Hodge decomposition. So they continue to hold for the cruder decomposition as well. In other
words, the map π ◦ f is harmonic as well as pluriharmonic.

We end this chapter by giving the relation with the Higgs bundles as defined
in Chapter 12. We start out by noting that additional relations hold, but these
2
are consequences of ∇Higgs
= 0 and so are not deep, i.e., do not depend on the
harmonic equation. In any case, we have
2
∇Higgs
= ∇2K + ∇K (σ) + [σ, σ] = 0.

The first and third terms are of “type k,” i.e., are k-valued two-forms, whereas
the middle term is of “type p.” Thus both terms vanish separately, yielding
∇2K + [σ, σ] =
∇K (σ)
=

0,
0.

00 turns any bundle associated
As a result of our discussion, we see that ∇K
with the K-structure into a holomorphic bundle. Moreover, if we decompose σ
according to types as a differential form, say σ 0 + σ 00, then the second pluriharmonic equation asserts that it is holomorphic as a section of [pC ] ⊗ Ω1M . For
an application of these ideas, see Problem 14.4.1.

Problem
14.4.1

Show how a harmonic map f : M → Γ\(G/K) can be used to construct a Higgs bundle on M. Hint: write G as a matrix group G ⊂
GL(V), where V is a real vector space and the representation of π1 (M)
on V defining f can be used to construct a local system. Show that its
complexification carries a natural holomorphic structure induced by
∇ 00 and that σ 0 acts as a holomorphic Ω1M -valued endomorphism of
this bundle, making it into a Higgs bundle as in Definition 13.1.3.

Bibliographical and Historical Remarks
The foundational results on which this chapter is built are due to Eells and
Sampson (1964). The chapter is focussed on explaining a strand of interconnected results by Siu (1980); Sampson (1978, 1986), and Carlson and Toledo
(1989b, 1993). See related results by Corlette (1988).
The main result, Theorem 14.3.11, has recently been generalized to include
also compact quotients of odd weight period domains which are not bounded
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symmetric domains. See Carlson and Toledo (2014).
There is a recent result Griffiths et. al (2015) which complements these results:
any quotient, compact or not, of a period domain which is not a bounded symmetric domain is not algebraic. Note that the authors don’t claim the stronger
statement that a discrete quotient of such a domain cannot have a Kähler structure in these cases.

P art FOUR
ADDITIONAL TOPICS

15
Hodge Structures and Algebraic Groups

We recast in Section 15.1 the definition of a (polarized) Hodge structure in
terms of algebraic representations. This leads (Section 15.2) to Mumford–Tate
groups. As we see there, the Mumford–Tate group of a rational Hodge structure on a real vector space H is the largest algebraic subgroup of GL(H) that
fixes all self-dual tensors built from H. In a variation of Hodge structure, the
Mumford–Tate groups vary, but the generic one is constant, say equal to M and
by their very definition, period maps factor through a quotient of a subdomain
of the period domain on which M acts transitively. Such subdomains are the
Mumford–Tate subdomains. The structure of M as a reductive group can be
exploited to describe in detail how the period map factors over (quotients of)
such Mumford–Tate domains. See Theorem 15.3.14. This structure theorem is
one of the main recent achievements in the theory of period maps.

15.1 Hodge Structures Revisited
The Deligne Torus
Recall (Definition 1.2.4(i)) that a real Hodge structure (H, H p,q ) of weight k
consists of a finite dimensional real vector space H such that
É
p,q
HC = H ⊗R C =
, H q, p = H p,q .
p+q=k H
If R ⊂ R is a subring of R and there is an R-module HR such that H = HR ⊗R R,
we speak of an R-Hodge structure.
There is a way to phrase this using representation theory as follows. We
place ourselves in the context of algebraic groups. Using the notion of Weil
restriction as introduced in Appendix D.1, the group that plays a central role is
S = ResC/R Gm

(the Deligne torus).
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This group is the algebraic group C× considered as an R-algebraic group. One
may think of the real points of this group as the invertible real matrices of
a −b
the form
. However, there are many isomorphic models. This one is
b a
obtained by considering R2 as an an R(J)-algebra where J operates as complex
multiplication by i on C = R2 . We will use this identification when we write
z = a + ib ∈ S(R) = C× .
The group S is a torus of rank 2 since S(C) ' C× ×C× . To see this, note that a
a −b
point of S(C) consists of an invertible complex matrix
. Such a matrix
b a
has exactly two eigenvalues z = a+ib and w = a−ib. In this model the complex
conjugation acts (nontrivially) by (z, w) = (a + ib, a − ib) 7→ (ā − ib̄, ā + ib̄) =
(w̄, z̄). The Deligne torus is not R-split (i.e., S(R) ; R× × R× ), the maximal
anisotropic subtorus of S being the circle
def

U =



a −b
b a




a2 + b2 = 1 .

Indeed, U(R) = S 1 , the circle group.
The character group of SC is generated by z and w. For the Deligne torus
z = a + ib with a, b ∈ R and thus on S the character w is the conjugate of z. The
character group of U is cyclic generated by z (note that on the circle one has
z̄ = z −1 ). The maximal split torus of S is the diagonal torus. This is the image
of the natural weight co-character

w : Gm → S,

a 7→

a
0


0
.
a

(15.1)

So
S = U · w(Gm ).

(15.2)

Since the intersection of the above two tori is the finite group {id, − id} the
product map Gm × U → S is a degree 2 isogeny. The torus U also appears as
a quotient: there is an exact sequence of algebraic groups
w

sq

1 → Gm −−→ S −−→ U → 1,

sqC (z) = z/ z̄.

When we restrict the last map to U ⊂ S we get the squaring operation which
explains the notation.
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Lemma–Definition 15.1.1. A Hodge structure of weight k (on a real vector space H) is the same as a finite-dimensional algebraic representation
h : S → GL(H) such that
h◦w : R× −→ GL(H),
t 7−→ t k id H ,
where w is the weight co-character (15.1). If H = HR ⊗R R for some R-module
HR , R ⊂ R, this gives an R-Hodge structure of weight k.
Proof of the Lemma We have seen that z and z̄ generate the group of characters of the torus S. Hence, since we have an algebraic representation, the
complex vector space HC = H ⊗R C is a direct sum of weight spaces H p,q on
which S acts as multiplication by z p z̄ q . Then, since HC has a real structure, the
conjugate of an eigenvector is an eigenvector with conjugate eigenvalue. Hence
H p,q = H q, p . Finally, if we look at the effect of the weight co-character, we
must have h(w(t)) = t p+q = t k which implies that H p,q = 0 unless p + q = k.
For the converse statement see Problem 15.1.1.

Examples 15.1.2. (i) The Tate Hodge structure Q(1) comes from the representation on R · (2πi) sending z to multiplication by (z z̄)−1 . Similarly, Q(r) comes
from z 7→ (multiplicaton by (z z̄)−r ) on R · (2πi)r .
To direct sums (or tensor products) of Hodge structures correspond direct sums
(or tensor products) of the corresponding representations. In particular for rational Q-Hodge structures, we have the Tate twists H(r) = H ⊗ Q(r).
(ii) The dual H ∨ of a Hodge structure H corresponds to the contragredient
representation (see Eq. (D.2) in Appendix D).
(iii) Combining the above two examples, we have the tensor spaces
T m,n H = H ⊗m ⊗ (H ∨ ) ⊗n .
If H has weight k, these have weight k(m−n). If H has a rational Hodge structure,
the Hodge tensors Hdg(T m,n H) by definition are the rational tensors in T m,n H of
pure Hodge type. We are especially interested in those of weight zero, denoted
[Hdg(T m,n H)]w=0 . Depending on the weight of H, these are given by
(

if H has weight zero, then

[Hdg(T m,n H)]w=0 = T m,n HQ ∩ (T m,n HC )0,0 ,

otherwise, m = n and

[Hdg(T m,m H)]w=0 = T m,m HQ ∩ (T m,m HC )0,0 .

We may likewise speak of Hodge tensors in spaces that are finite direct sums
of the tensor spaces T m,n H.
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If we drop the condition on the weights, we still get a z p z̄ q -decomposition
of HC with respect to h and we may assemble those having the same weight.
Since h is a real representation we then get a Hodge structure, by definition a
direct sum of Hodge structures of possibly different weights. However, if now
H has a rational structure, this decomposition is not automatically defined over
Q since the different weight spaces, although individually defined over R, need
not be defined over Q. However, there is a simple way to ensure this.
Lemma 15.1.3. Let H be a real vector space and h : S → GL(H) an algebraic
representation. It defines a real Hodge structure. If H has a rational structure
and h◦w : S → GL(H) is defined over Q, then h defines a rational Hodge
structure.
What happens if we consider instead algebraic representations u : U →
GL(H) of the circle group? Such a representation is not in general the restriction to U of a morphism h : S → GL(H) giving a weight k Hodge structure;
a necessary condition is u(−1) = (−1)k id H . However, an extension h giving a
direct sum of Hodge structures always exists.
Proposition 15.1.4. Let H be a real vector space and let u : U → GL(H) be
an algebraic representation. The following assertions hold.
• The morphism u extends to give a Hodge structure. If u(−1) = 1 its weight
can be any even number; if u(−1) = −1 its weight must be odd. In general
the Hodge structure has different weights. One gets a rational Hodge structure
provided H has a rational structure and if, moreover, w ◦u is defined over Q.
• Consider the following commutative diagram of homomorphisms
1

/ Gm

w

/S

sq
h

/U

/1

u

" 
GL(H).

The homomorphism h is a weight zero real Hodge structure. It is a rational
Hodge structure if H has a rational structure.
Conversely, if h is a given homomorphism defining a weight zero Hodge
structure, a representation u making the diagram commutative exists. If the
−p
nonzero character spaces for u occur only among
1, . . . , z p }, the
 −p,{zp , . . . ,0,0
nonzero Hodge numbers for h occur only among h
, . . . , h , . . . , h p,−p .
Proof Let χ : U → Gm be the character χ(z) = z and split HC into character
spaces for the action of U, say HC = ⊕r Hχ r . Assemble those with even n
into HC+ . Since u is real, HC+ has a real structure, say HC+ = H + ⊗ C. Indeed
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H + is the eigenspace of u(−1) with eigenvalue 1. If H − is the eigenspace for
the eigenvalue −1, we have H = H + ⊕ H − and HC− is the direct sum of the
character spaces for χr with r odd. Next, suppose r = 2m, fix an even number
k = 2n, and set HCn+m,n−m := Hχ2m . This gives H + an even weight real Hodge
structure. Similarly, for r = 2m + 1 and a given odd number k = 2n + 1, setting
HCn+m+1,n−m := Hχ2m+1 gives H − the structure of an odd weight real Hodge
structure. The claim about rationality follows from Lemma 15.1.3.
The action of u◦sq(z) on the character space Hχ r is multiplication by zr z̄ −r and
hence we indeed get a weight 0 Hodge structure on H. Note that it is different
from the one that extends u! Since it has pure weight zero it is rational as soon
as H has a rational structure. Conversely, if h is a given weight 0 Hodge structure, define u by specifying that the character space for χr is just H r,−r . Indeed
h(z), z ∈ U acts on it by multiplication with z 2r while u(z) acts by definition as
multiplication with zr . The two match under the squaring operation.


Polarizations
To begin with, observe that if we view a Hodge structure as a representation
h : S → GL(H), the Weil operator is just C = h(i).
Definition 15.1.5. Let h : S → GL(H) be a rational (respectively real) Hodge
structure of weight k. A polarization for h is a morphism of Hodge structures
β : H ⊗ H → Q(−k) (respectively R(−k) );
such that
(2πi)k β(C x ⊗ y)

(15.3)

is symmetric and positive definite.
Claim 15.1.6. This notion is the same as the one from Definition 1.2.4(ii).
Proof If b is a polarization in the "classical sense", let bC be the C-linear
extension of b. Then bC (x, y) = 0, x ∈ H p,q , y ∈ H r,s unless (p, q) = (s, r). In
that case h(z)x = z p z̄ q · x and h(z)y = z q z̄ p · y so that bC (h(z)x, h(z)y) =
(z z̄)k bC (x, y). Hence this equality holds in general. Now set β(x ⊗ y) =
(2πi)−k b(x, y). Since h(z) · b(x, y) = z p+q z̄ p+q = (z z̄)k b(x, y) the map β is
a morphism of Hodge structures. We leave the proof that the form (15.3) is
symmetric and positive definite to the reader.
Conversely, if β : H ⊗ H → Q(−k) is a morphism of Hodge structures,
for any x ∈ H p,q , y ∈ H r,s we have βC (x, y) = 0 unless p + r = k = q + s
which means (p, q) = (s, r). So, for the bilinear form b defined by b = (2πi)k β,
the first bilinear relation holds. The second bilinear relation is equivalent to
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the stated positivity property. We leave it to the reader to show that the property b(h(z)x, h(z)y) = (z z̄)k b(x, y) for all z ∈ S(R) and x, y ∈ H implies that
b(x, y) = (−1)k b(y, x).

Remarks 15.1.7. (1) The polarization β can be viewed as a Hodge tensor in
Hom(H ⊗ H, Q(−k)) = T 0,2 H(−k) of type (0, 0).
(2) Given a polarized Hodge structure (h, β), the morphism h : S → GL(H) is
not compatible with the polarization since β(h(z)x ⊗ h(z)y) = kzk k β(x ⊗ y) ,
β(x ⊗ y) unless k = 0 or kzk = 1. So what is true is that h|U preserves β.
(3) As an amusing application of the above, let us give a simple proof of
Lemma 5.3.1, namely that the Lie algebra g = Lie(H, b) is a weight 0 Hodge
substructure of the one on End(H). Indeed, consider the adjoint representation
Ad : GL(H, b) → GL(g) ⊂ GL(End(H)).
Then Ad ◦ h gives a representation of S in End(H) which restricts to g. The
representation on End(H) = T 1,1 H has weight 0 and so g receives an induced
weight 0 Hodge structure.

Polarizations and Algebraic Groups
Suppose that we have a Hodge structure h : S → GL(H). When is it polarizable? We need in particular a Hodge tensor in Hom(H ⊗ H, R(−k)) inducing
a bilinear form b invariant under the action of the circle U ⊂ S. The second
condition says that hC should be symmetric and positive definite. The existence
criterion comes from the crucial observation from Proposition 12.6.2: polarizability of b implies that Ad(C) is a Cartan involution for the Lie algebra of
G = GL(H, b). This is equivalent to saying that Int(C) =conjugation by C is a
Cartan involution for G. This motivates the following definition.
Definition 15.1.8. Let G be an R-algebraic group, C ∈ G(R) such that
C 2 ∈ Z(G). 1 A C-polarization for a real G-representation H is a G-invariant
R-bilinear form b such that
def

bC (u, v) = b(Cu, v)
is a metric on H, i.e., b is symmetric and positive definite.
This concept is directly related to Cartan involutions on reductive groups.
Proposition 15.1.9. Let G be an R-algebraic group. Then we have the following characterization of C-polarizations for G:
1

This implies that conjugation by C on G is an involution.
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(i) Suppose that the involution defined by conjugation by C is a Cartan involution. 2 Then every finite-dimensional real representation of G carries a
C-polarization.
(ii) Conversely, if some faithful real representation H carries a C-polarization,
then Int(C) is a Cartan involution. In particular G is reductive.
Proof (i) G being reductive, by the results summarized in Appendix D.3,
there is a compact real form N of G, i.e., N(R) is compact and N(C) = G(C).
By compactness, there is an N(R)-invariant bilinear positive definite form k on
H. Define
def

b(x, y) = k(C −1 x, y),

x, y ∈ H.

Then bC = k is symmetric and positive definite. It remains to show that b is
G(R)-invariant. Instead we shall prove that the C-bilinear extension bC of b is
invariant under the action of Lie(G(C)) = Lie(N(R)) ⊕ i Lie(N(R)):
bC (ξ(u), v) + bC (u, ξ(v)) = 0,

∀ξ ∈ Lie(G(C)), u, v ∈ HC .

For ξ ∈ Lie(N(R)) this follows from the N(R)-invariance of b and since bC is
C-bilinear, it also follows for iξ with ξ ∈ Lie(N(R)).
(ii) If b is any bilinear form on H, and σ the complex conjugation on GC , the
form
def

(u, v) 7→ h(u, v) = bC (Cσu, v)
is a positive definite hermitian form since b is a C-polarization. Let g ∈ K, the
subgroup of G fixed by Int(C)◦σ Then
h(gu, gv) = bC (C ◦σ · g · (σu), gv)
= bC (g · C ◦(σu), gv) (since C ◦σ · g = g · C)
= bC (C ◦(σu), v) (since b is g-invariant)
= h(u, v).
But then the subgroup fixed by Int(C)◦σ is compact and hence Int(C) is a Cartan
involution on the real group G.

When does a morphism from the Deligne torus to an algebraic group G
induce a Hodge structure? This requires some definitions.
Definition 15.1.10. Let G be a reductive Q-algebraic group G and h : S → GR
a morphism. With w the weight co-character (15.1), define the weight of
h : S → GR to be the homomorphism
wh = h◦w : Gm → S → GR .
2

In particular, G must be reductive.

(15.4)
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Lemma 15.1.3 gives an answer to the above question.
Lemma 15.1.11. With h : S → G as above suppose that wh is defined over Q.
Then any Q-representation ρ : G → GL(H) defines by composition a Q-Hodge
structure ρ◦ h : S → GL(H).
We are now ready to translate Proposition 15.1.9 in the framework of polarized real Hodge structures (H, b). We have seen (see Proposition 12.6.2)
that Ad C, i.e., conjugation with the Weil operator C on the real Lie algebra
Lie(H, b), is a Cartan involution. On the level of Lie groups this is equivalent to
Int(C) being a Cartan involution on GL(H, b). Suppose that the corresponding
Hodge representation h : S → GL(H, b) factors over an algebraic subgroup
G ⊂ GL(H, b). Then Int(C) is a Cartan involution for G. The preceding proposition, reformulated in this setting, states that being polarized is equivalent to this.
Corollary 15.1.12 (Polarizability criterion). Let G be an R-algebraic group.
(i) Assume that conjugation by the Weil operator C = h(i) is a Cartan involution for G. Then for any real representation ρ : G → GL(H), the (real) Hodge
structure ρ◦ h is polarized by a G-invariant bilinear form.
(ii) Conversely, given a faithful real representation ρ : G → GL(H) for which
ρ◦ h is a polarizable Hodge representation, then G is reductive and the Hodge
structure on H is polarizable by a G-invariant form.
If, moreover, we assume that G is defined over Q, H has a rational structure
and the weight wh of h is defined over Q, then the above assertions hold with
"real Hodge structure" replaced by "Q-Hodge structure".
Remark. In the preceding corollary it is crucial that the representation be
faithful: just take the trivial representation. This is a Hodge representation if
and only if H is a direct sum of Tate structures and such a Hodge structure is
always polarizable. The group G could be any group, reductive or not.

Problems
15.1.1

15.1.2

Show the converse statement of Lemma-Defiition 15.1.1, namely
that a given weight k real Hodge structure on H with Hodge decomposition HC = ⊕ p+q=k H p,q defines an algebraic representation
h : S → GL(H) upon setting h(z) = z p z̄ q on H p,q .
Let h : S(C) → GL(H) be a complex representation space of S(C) =
C× × C× such that h◦w(z) = z k . Decompose H into eigenspaces H p,q
for the character (u, w) 7→ u p w q . This gives what is sometimes called
a complex Hodge structure of weight k.

15.2 Mumford–Tate Groups
(a)

(b)
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Let u be the restriction of h to the subgroup

U(C) = (z, z−1 ) z ∈ C× ⊂ S(C).
Show that H p,q is a character space for this group and show that,
conversely, a decomposition into character spaces gives a direct
sum of complex Hodge structures of possibly different weights.
Suppose that H is the complexification of a real vector space HR
and h is defined over R. Show that HR is a direct sum of real
Hodge structures.

15.2 Mumford–Tate Groups
Basic Definitions
In this section we assume that the real vector space H has a rational structure,
H = HQ ⊗ R and that h : S → GL(H) is a weight k Hodge structure. The
image of h then is an R-algebraic subgroup of GL(H) but it need not be defined
over Q. Indeed, if it were, for instance the Hodge (p, p)-classes in HC would
be the rational points of H p, p which is rarely the case: the Hodge classes span
in general a proper subspace Halg ⊂ H p, p . For t ∈ Halg we have h(z)t = |z| 2p t
and so t can only be invariant if p = 0; in general t is only invariant under h(U).
However, a (p, p)-class t ∈ HC which is invariant under the smallest Q-algebraic
subgroup of GL(H) containing h(U) must belong to a rationally defined subspace; indeed, it must belong to Halg . This motivates a study of this group which
– exactly for this reason – was first considered by Mumford and Tate.
Definition 15.2.1. (i) The Mumford–Tate group MT(h) of h is the smallest
Q-algebraic subgroup of GL(H) over which h factors. 3
(ii) The special Mumford–Tate group or Hodge group SMT(h) of h is the
smallest Q-algebraic subgroup of GL(H) over which h|U factors. 4
Remark. (i) Since S and U are connected, both MT(h) and SMT(h) are connected algebraic groups.
(ii) The definition and the decomposition (15.2) imply that we have
MT(h) = SMT(h) · h◦w(Gm ).
If the weight k = 0 we have of course MT(h) = SMT(h) but otherwise the
preceding formula realizes MT(h) as a group isogenous to SMT(h) × Gm .
3
4

This is also known as the Q-Zariski closure of h(S) in GL(H).
We automatically land in the special linear group, since det ◦h(U) ⊂ G m is compact and
connected.
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In the special case of a polarized Hodge structure h we can say more. Let us
first recall the following.
Definition 15.2.2. Let (H, b) be a K-vector space equipped with a nondegenerate bilinear form b. The group of similitudes with respect to b is defined as
def

CGL(H, b) = {g ∈ GL(H) | ∃cg ∈ K × with
b(gx, gy) = cg b(x, y), ∀ x, y ∈ H}.

(15.5)

Note the inclusions
def

SL(H, b) = Aut(H, b) ∩ SL(H) ⊂ Aut(H, b) ⊂ CGL(H, b).
Lemma 15.2.3. For a polarized Hodge structure h we have
SMT(h) = Q-Zariski closure of h(U) in SL(H, b).

(15.6)

Thus MT(h) ⊂ CGL(H, b).
Proof By definition b(h(z)x, h(z)y) = b(x, y) whenever z z̄ = 1, i.e., if
z ∈ U(R). So h(U(R)) ⊂ Aut(H, b) from which the conclusion follows.

Examples 15.2.4. (i) The Mumford–Tate group of Q(k) is {1} if k = 0 and
Gm for k , 0. The special Mumford–Tate group in this case is always {1}.
(ii) Consider a polarized weight one Q-Hodge structure with h1,0 = 1. Its Hodge
group is contained in Sp(1) = SL(2). It cannot be trivial since h(−1) = −1. Below (Proposition 15.2.6) we show that the Hodge group is reductive. The only
nontrivial reductive subgroups of SL(2) are SL(2) itself (which is semisimple)
or a maximal torus defined over Q. In fact, the Hodge structure comes from an
elliptic curve C and if C has no complex multiplication, the endomorphisms
of C are just the homotheties and so the center of the Mumford–Tate group
is Gm . Hence MT(H 1 (C)) = GL(2). Recall that an elliptic curve C = C/Λ
has complex multiplication by a complex number u if uΛ ⊂ Λ (see Example
1.1.4). These complex
√ numbers form a subring of an imaginary quadratic field
extension K = Q( −d) of Q (with d ∈ Q positive). In this case the center of
the Q-Mumford–Tate group is isomorphic to K × and thus



a bd
1
×
MT(H (C))(Q) = ResK/Q K '
∈ GL(2, Q) a, b ∈ Q ,
−b a
the Weil restriction of K × to Q. The Hodge group SMT(H 1 (C))(Q) is also
abelian and equal to the torus
 {z ∈ K | z z̄ = 1}, which over Q is the circle
a bd
group of matrices
of determinant 1, i.e., with a2 + b2 d = 1.
−b a
There is a left action of SL(2, Q) on the upper half-plane. It sends a point
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whose Mumford–Tate group is an algebraic torus to an algebraic torus. In other
words, this action preserves the set ECM of elliptic curves with complex multiplication. Since SL(2, Q) is dense in SL(2, R), the set ECM is thus dense in the
upper half plane. The action of SL(2, Q) induces Hecke correspondences on
modular curves. We come back to this in greater generality. See Eq. (16.2).
The last example motivates the following concept.
Definition 15.2.5. Let h : S → GL(H) be a polarizable Hodge structure. We
say that (H, h) is a CM-Hodge structure if MT(h) is abelian.
We also observe a further important property for polarized Hodge structures.
Proposition 15.2.6. The Mumford–Tate group of a polarizable Q-Hodge representation is a reductive algebraic group.
Proof By Lemma 15.2.3 a rational polarized Hodge structure on (H, b) induces a representation u : U → G = GL(H, b). The special Mumford–Tate
group SMT(h) contains h(i) = C, the Weil operator, so is stable under conjugation by C. Since, by Theorem 12.6.2, Ad(C) coincides with the Cartan involution
on the Lie algebra of G, it follows that SMT(h)(R) is preserved by the Cartan
involution. According to Proposition D.3.13 this implies that SMT(h)(R) is
reductive. Since, by Eq. (15.6) in Section 15.2, the Mumford–Tate group either
equals this group or is isogeneous to the product SMT(h)(R) × R× , also the
Mumford–Tate group is reductive.


Relation with Hodge Tensors
If a representation h : S → GL(H) defines a rational Hodge structure, any
Q-representation ρ : GL(H) → GL(H 0) defines a rational Hodge structure on
H 0. We have the following.
Lemma 15.2.7. A Q-subspace S ⊂ H 0 is a Hodge substructure if and only if
S is an MT(h)-submodule.
Proof Consider the Q-Zariski closure M ⊂ GL H of the group of those
g ∈ GL H for which ρg S ⊂ S. Since S is a Hodge substructure of H 0 it follows
that h(S) belongs to M and by the minimality property of the Mumford–Tate
group, it follows that MT(h) ⊂ M and so S is a MT(h)-module. The converse
is obvious.

We apply this to a finite direct sum T of tensor representations T m,n H, as discussed in Example 15.1.2 (iv) and we take for S a rationally defined line L ⊂ T.
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By the Lemma, L is left stable by MT(h) if and only if it is a Hodge substructure.
This means that L is spanned by a Hodge tensor. We need a bit more.
Lemma 15.2.8. Let H = HQ ⊗ R be a rational Hodge structure and let T be a
finite direct sum of tensor spaces T m,n H viewed as a Hodge structure. Then
(i) a vector t ∈ T is a weight 0 Hodge tensor if and only if t is a fixed vector for
the Mumford–Tate group MT(h);
(ii) if T has pure weight, t ∈ T is a Hodge tensor if and only if t is a fixed vector
for the special Mumford–Tate group SMT(h).
Proof (i) In view of the remarks preceding this lemma, we only need to show
that if MT(h) leaves the line L spanned by t invariant, then it actually fixes t. To
show this consider T 0,0 , the one-dimensional tensor representation for which
h = id. So 1 ∈ T 0,0 is a Hodge vector and so the line spanned by (1, t) ∈ T 0,0 ⊕ L
is left invariant by any g ∈ MT(h). Since g(1, t) = (1, g(t)) ∈ L we must have
g(t) = t.
(ii) Pure weight is used to ensure that all elements of Gm,R acts as homotheties
on T, and so if t ∈ T is fixed by SMT(h), the line L spanned by t ∈ TQ is left
invariant by the action of MT(h). It then follows from Lemma 15.2.7 that t is a
Hodge tensor.

More importantly, this characterizes the (special) Mumford–Tate group.
Theorem 15.2.9. Let h : S → GL(H) be a Q-Hodge structure.
i) The Mumford–Tate group of h is the largest algebraic subgroup of GL(H)
which fixes weight 0 Hodge tensors in any finite direct sum T of tensor representations T m,n H. In other words,
Ù
MT(h) =
ZGL(H) [Hdg(T]w=0,
T

T = TJ =

É

(m,n)∈J T

m,n

H, J runs over finite subsets of Z ≥0 × Z ≥0 .

Moreover, there exists already a finite set T of weight 0 pure Hodge tensors
(i.e. in some T m,n H) such that
MT(h) = ZGL(H) (T).
ii) The special Mumford–Tate group of h is the largest algebraic subgroup of
GL(H) which fixes Hodge tensors in any finite direct sum T of tensor representations T m,n H of pure weight. In other words,
Ù
SMT(h) =
ZGL(H) Hdg(T),
T

T = TJ =

É

(m,n)∈J T

m,n

H,

(m − n)k = N(J),
J runs over finite subsets of Z ≥0 × Z ≥0 .
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The proof of this theorem uses some well known facts from representation
theory which we review now. First of all since GL(H) is reductive, we may use
the following.
Lemma 15.2.10 (Deligne et al., 1982, Prop. 1.3). Let K be a field of characteristic zero. Any finite dimensional representation of a K-reductive affine group
G ⊂ GL(H) is contained in a finite direct sum of tensor representations of H.
Proof Let G be a reductive group and H 0 a finite dimensional G-representation.
This yields a surjective morphism G × H 0  H 0 given by (g, v) 7→ g(v). The
resulting injection
H 0 ,→ K[G] ⊗ H 0 ' K[G] ⊕n,

n = dim H 0,

can be viewed as an equivariant morphism where G acts on the right "term
by term". So we have embedded the given representation in sums of the regular representation K[G]. We want to replace the regular representation by a
finite-dimensional one. To do this, note that
G ⊂ GL(H) ⊂ End(H) ' K N =⇒ K[G] = K[X1, . . . , X N ]/IG,
where IG is the ideal of G. The regular representation is filtered by polynomial
degree and since IG is finitely generated, for some d, H 0 is contained in the
n-fold direct sum of
É
É
m
m,m
K[G] ≤d = T/IG ∩ T, T =
H.
m≤d S (End(H)) '
m≤d T
Since G is reductive, its representations are fully reducible (see e.g. Satake,
1980, I.3) and so the surjection T  K[G] ≤d splits and hence we get an
embedding K[G] ≤d ,→ T and it follows that H 0 embeds in T ⊕n .

The second fact we now use is that subgroups G ⊂ GL(H) can be completely characterized by the lines they leave invariant in such direct sums. More
precisely, we have the following.
Theorem 15.2.11 (Theorem of Chevalley (Humphreys, 1981, 11.2)). Let G 0 be
an affine algebraic group and G ⊂ G 0 a closed subgroup. For every algebraic
representation ρ : G 0 → GL(T) there exists a line L ⊂ T such that G is exactly
the subgroup of G 0 that leaves the line L invariant:

G = g ∈ G 0 ρg (L) = L .
We apply this to our G with G 0 = GL(H). By what we just said, we may take
for T a finite direct sum of tensor representation for H. This indeed characterizes
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G: determine the G-invariant lines L in such sums of tensor spaces and then
Ù
G=
StabGL(H) L.
L

But, in view of the characterization of Hodge tensors as invariants, we need to replace "invariant line" by "invariants". This cannot be done for an arbitrary closed
subgroup G ⊂ GL(H). We need special properties of the character group of G.
Corollary 15.2.12. Assume that G ⊂ GL(H) is a closed subgroup and that
every character of G is the restriction of a character of GL(H). Then there
exists t ∈ T, T a finite direct sum of tensor representations of H, such that
G = ZGL(H) t.
Proof By the preceding remarks, there exists T as in the theorem containing
a G-invariant line L such that G = StabGL(H) L. If every character of G is the
restriction of a character of GL(H), the G-invariant line L ⊂ T (which corresponds to a character of G) is in fact a GL(H)-module. Suppose t , 0 spans
the line L ⊗ L ∨ within the GL(H)-module T ⊗ L ∨ . The vector t is then fixed by
g ∈ GL(H) if and only if g ∈ G.

Proof of Theorem 15.2.9 i) We first verify that the assumptions of Corollary
15.2.12 are valid for G = MT(h). So we need to show that characters for the
Mumford–Tate group extend to all of GL(H). Such a character determines a
real line L left stable by S. Then L is a simultaneous eigenspace for h(z), z ∈ S.
Since we may assume that S does not act as the identity on the line L, this is
p, p
only possible if the weight is nonzero and even, say k = 2p, and L = LR . Then
k
S acts as a homothety on L with corresponding character det . This character
lifts to GL(H).
Now we can complete the proof. By Corollary 15.2.12 there exists a rationally
defined line L ⊂ T, T a direct sum of tensor representations for H, whose stabilizer is G = MT(h). Then, by the first step of the proof, we may assume that G
leaves L point-wise fixed. But then L is spanned by a weight 0 Hodge tensor t. On
the other hand, suppose that t is a weight 0 Hodge tensor in some direct sum of
tensor representations for H. Then, by Lemma 15.2.8 it is fixed by G = SMT(h).
These two remarks imply that
Ù
G = ZGL(H) t =
ZGL(H) [Hdg(T]w=0,
T

where T runs over all finite sums of tensor representations T m,n H.
Ñ
Í
Finally, if t= tm,n , tm,n ∈ T m,n H, clearly G = m,n ZGL(H) tm,n and we
can take T = tm,n .
ii) The proof is the same, except that now one has to use Lemma 15.2.8.2. 
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Remark 15.2.13. If h : S → GL(H) defines a Q-Hodge structure, the group
S × Gm acts on Tate-twisted tensor spaces T m,n H ⊗ Q(p) in the obvious way.
The extended Mumford–Tate group of h is the smallest Q-algebraic subgroup
of GL(H) × Gm such that Im(h(C)) × Gm (C) ⊂ G(C). The extended Mumford–
Tate group is the largest subgroup of GL(H) × Gm which leaves invariant all
weight 0 Hodge tensors in finite direct sums of the form T m,n H ⊗ Q(p). See
Problem 15.2.2.

Problems
Let H = Re ⊕ R f equipped with the standard symplectic form and
let H 1,0 = (e + i f ) · C ⊂ HC . Give the associated Hodge representation and calculate its Mumford–Tate group. Do the same with
H 1,0 = (e + πi f ) · C.
15.2.2 (a) Calculate the extended Mumford–Tate group for Q(p).
(b) How does the extended Mumford–Tate group in general compare
to the Mumford–Tate group?
(c) Show that the extended Mumford–Tate group is the largest subgroup of GL(H) × Gm which leaves invariant all weight 0 Hodge
tensors in finite direct sums of the form T m,n H ⊗ Q(p).
15.2.3 Let H1 , 0 and H2 , 0 be two Hodge structures of the same weight.
15.2.1

(a)
(b)

Show that MT(H1 ⊕ H2 ) ⊂ Gm · (SMT(H1 ) × SMT(H2 )) and
conclude that one never has MT(H1 ⊕ H2 ) = MT(H1 ) × MT(H2 ).
Let H = H1⊕m1 ⊕ H2⊕m2 and consider the embedding
j : GL(H1 )× GL(H2 ) ,→ GL(H), (g1, g2 ) 7→ (g1, . . . , g1, g2, . . . , g2 ).
| {z } | {z }
n1 times

n2 times

For the natural Hodge structure on H show that MT(H) = MT(H1 ⊕
H2 ).
(c) Generalize (b) to an arbitrary number of summands.

15.3 Mumford–Tate Subdomains and Period Maps
Mumford–Tate Subdomains
Consider a period domain which classifies polarized Hodge structures on a
(real) vector H of the same type as a given Hodge structure h on H:
D = G(R)/V,

G = Aut(H, b), V = StabG(R) o, o ∈ D corresponding to h.
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We have seen in Section 4.3 that these are complex manifolds which are open
subsets in compact complex homogeneous manifolds Ď = G(C)/B. Moreover,
D is the entire orbit G · o of G inside Ď. In this section we consider orbits of
subgroups of G that are also complex manifolds of D.
Definition 15.3.1. The Mumford–Tate subdomain associated with o ∈ D is the
orbit MT(h) · o ⊂ D, where h is a Hodge structure associated with o.
Indeed, for these we show the following.
Proposition 15.3.2. A Mumford–Tate subdomain of D is a complex submanifold of D.
Proof By Theorem 15.2.9 the group M is the stabilizer in G of a finite set T
of weight 0 Hodge tensors. By assumption, for t ∈ T and z ∈ S(R) we have
h(z)t = t. So, if g(t) = t we have (h(z)−1 ◦g ◦ h(z)) t = t. So any h(z)-conjugate
of g fixes all tensors from T and so belongs also to the Mumford–Tate group
M. Now the result follows from Lemma 15.3.3.

Lemma 15.3.3. Let M ⊂ G = Aut(H, b) be a Q-algebraic subgroup with the
property that h(S) normalizes M. Then Lie(M(R)) is a Q-Hodge substructure
of the weight 0 Hodge structure on g = Lie(G) induced by Ad ◦ h. In particular,
the orbit M(R) · o ⊂ D is a complex manifold (homogeneous under M(R)).
Proof

The assumption implies
Ad ◦ h(S(R)) ⊂ GL(Lie(M(R))) ⊂ GL(g)

and so Lie(M(R)) receives a Hodge structure as a Hodge substructure of the
one on g. This is an argument we already employed: see Remark 15.1.7 (3).
We now use Lemma 12.2.2 which explains how a Hodge decomposition on
gC induces a complex structure on the tangent space TD,o . Indeed TD,o ⊗ C =
gC /vC = m+ ⊕ m− = mC is the decomposition into the ±i-eigenspaces of the
complex structure J induced on the complexified tangent space.
The tangent space to M(R) · o at o equals Lie(M(R))/[v ∩ Lie(M(R))] '
Lie(M(R)) ∩ m and so, if Lie(M(R)) ⊂ g is a Hodge substructure, on its
complexification we have an induced decomposition
(Lie(M(R)) ∩ m+ ) ⊕ (Lie(M(R)) ∩ m− ) = (Lie(M(R)) ∩ m)C
into the ±i-eigenspaces of the complex structure J. This means precisely that the
tangent space TM(R)·o,o is a complex subspace of TD,o . We leave it to the reader
to verify that it then follows that M(C) · o is a complex manifold containing
M(R) · o as an open subset.
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Noether–Lefschetz Phenomena
We are going to prove a structure theorem for period maps which takes full advantage of Mumford–Tate subdomains, but before we do that, in this subsection
we explain how to select a good base point in the period domain.
The situation is as follows. We have a polarized variation of Hodge structure
with quasi-projective smooth base S defining a period map
P : S → Γ\D.
The Mumford–Tate groups Ms of the Hodge structure over the points s ∈ S vary;
however, outside countably many proper subvarieties of S the Mumford–Tate
group is the same. This can be seen as follows. Let H be the vector space underlying the Hodge structures. Recall that Ms is the largest algebraic subgroup of
GL(H) fixing the tensors that are Hodge of weight 0 with respect to s ∈ S. Each
of these tensors t remain Hodge over a closed subvariety Z(t) ⊂ S. See Problem
7.5.2. Consider those t for which Z(t) is a proper subvariety and introduce
def

Sgen = S − Z,

def

Z =








Z(t) Z(t) , S .


 t a Hodge tensor of weight 0

Ø

Remark 15.3.4. The variety Z(t) is also called the Noether–Lefschetz locus for
the class t. The classical case is when P is the period map associated with a
smooth family of projective manifolds.
Since there are at most countably many t for which Z(t) is a proper subvariety of S, the subset Sgen is connected dense subset of S. By definition, for all
s ∈ Sgen the Mumford–Tate group Ms is the same subgroup of GL(H). This
motivates the following definition.
Definition 15.3.5. Let there be given a polarized variation of Hodge structure
over a smooth base S with period map P : S → Γ\D. A point s ∈ Sgen is called
P-Hodge generic and
def

MT(P) = MT(hs ),

s ∈ Sgen

is called the Mumford–Tate group of the variation.
Observe also by construction, for all points s ∈ S we have
MT(hs ) ⊂ MT(hsgen ),

sgen ∈ Sgen,

(15.7)

i.e., the Mumford–Tate group at any given point is always contained in the
generic Mumford–Tate group and might only become smaller.
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Example 15.3.6. We go back to the Legendre family y 2 = x(x − 1)(x − λ),
λ ∈ S = P1 − {0, 1, ∞}. The period map is a (6 : 1) morphism P : S →
SL(2, Z)\h. Since the generic fibre is an elliptic curve without complex multiplication, by Example 15.2.4 (ii), MT(P) = SL(2). There is a dense set Z of
points s ∈ √
S corresponding to elliptic curves admitting complex multiplication
in K = Q( −δ) and so h(P(s)) = ResK/Q Gm which is strictly smaller. In this
example Sgen = S − Z which shows that in defining Hodge-genericity, it does
not suffice to delete a proper Zariski closed subset from S.

Structure of Period Maps
From the previous discussion together with the containment (15.7), it follows
that the period map P̃ has its image in the corresponding Mumford–Tate domain D(MT(P)). We now consider the action of Γ on D.
Lemma–Definition 15.3.7. Let ΓZar be the smallest Q-algebraic subgroup of
Aut(H, b) containing Γ. Its connected component Mon(P) is called the algebraic monodromy group.
• There exists a group of finite index of ΓZar which is contained in MT(P). In
particular, we have an inclusion
Mon(P) ⊂ MT(P).
• Set
def

D(P) = Γ-orbit of D(MT(P)) in D.
This set has finitely many connected components; we have
P : S → Γ\D(P).
Proof To see finiteness we argue as follows. The monodromy group Γ acts
as a finite group on Hodge tensors since the polarization has a fixed sign on
these. Hence a finite index subgroup Γ 0 of Γ fixes Hodge tensors. By Theorem
15.2.9 the Mumford–Tate group is the stabilizer in G = Aut(H, b) of the weight
0 Hodge tensors at s, and hence Γ 0 as well as its Zariski closure are contained
in the Mumford–Tate group at s. Apply this to s ∈ Sgen .

The algebraic monodromy group turns out to be a normal subgroup of the
Mumford–Tate group. To show this, we use André’s criterion for normality.
Proposition 15.3.8 (André, 1992, Lemma 1). Let k ⊂ C be some field. Assume
that G 0 ⊂ GL(H) is a reductive k-algebraic matrix group and that G is a closed
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algebraic subgroup of G 0. Suppose that for all characters χ of G and all tensors
T r,s H the subspace
(T r,s H) χ = {x ∈ T r,s H | g(x) = χ(v)x,
def

∀g ∈ G}

is preserved by G 0. Then G is normal in G 0.
Proof Chevalley’s theorem 15.2.11 states that G = StabG0 (L) for some line L
in some representation of G 0. Since G 0 is reductive, by Lemma 15.2.10, we may
take for this representation a finite direct sum T of tensor representations of
H. The line L defines a character χ for G and we may form the G 0-submodule
S ⊂ T generated by this line. By assumption T χ is preserved by G 0 and hence,
also S χ = S ∩ T χ is a G 0-module. So it must coincide with the irreducible
G 0-module S: i.e., G acts on all of S through the character χ.
Next, consider the induced G 0-representation End(S). We are going to show
that the kernel of this representation is precisely G ⊂ G 0, from which the result
follows.
First of all, as we have just seen, G acts on all of S through the character χ, and
so, since G acts on End(S) by conjugation, it fixes all elements: G is contained
in the kernel of this representation. Conversely, using that by construction S
is an irreducible G 0-module, if g ∈ G 0 acts as the identity on End(S), Schur’s
lemma implies that g = c · id, c ∈ k. In particular, gL = L, i.e., g ∈ G.

Now recall Corollary 13.1.12. It can be reformulated as follows: given a
variation of Q-Hodge structures over a quasi-projective S, the largest constant
local subsystem (i.e., the one on which the monodromy group Γ acts as the
identity) is a constant variation of Hodge structure. We use this as a crucial
ingredient in the proof of the following result.
Proposition 15.3.9 (André, 1992, Theorem 1). Assume that S is a quasiprojective manifold and carries a rational variation of Hodge structure. Then
the algebraic monodromy group is a normal subgroup of the Mumford–Tate
group of the variation.
Proof Assume for simplicity that Γ is already contained in MT(P) (this can
be achieved upon replacing Γ by Γ ∩ Mon(P), a group of finite index in Γ).
So Mon(P) ⊂ MT(P) and we are going to apply the criterion of Proposition 15.3.8 to G 0 = MT(P) which is indeed reductive by Theorem 15.2.6: it
is the Mumford–Tate group of a Hodge-generic point. The role of G will be
played by Mon(P). To apply the criterion we note that the G-representation
space T r,s H gives a variation of Hodge structure, say T.
Now we use that the Hodge structure is rational and that Γ ⊂ GL(HQ ). It
implies that if Γ stabilizes a line, this must be a rational line and hence the
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corresponding character χ of Mon(P) has values in ±1. Since Mon(P) is connected we have χ = 1. In particular, (T r,s H) χ is the subspace on which the
monodromy acts as the identity. It corresponds to the largest local system Tfix
of T on which monodromy acts as the identity. So, as we just recalled, because
of the Theorem of the fixed part (Corollary 13.1.12) Tfix is a constant variation
of Hodge structure: it is stable under G = MT(P), and so the condition in
Proposition 15.3.8 is verified.

We can say a bit more. Recall (see Appendix Section D.3) that the derived
group Gder of a reductive group G is semisimple; it is the largest semisimple
subgroup of G. Furthermore, multiplication gives a surjective isogeny
Gder × Z(G)  G.
Apply this to G = MT(P). Since any abelian subgroup of G such as Z(G)
acts trivially by conjugation on G, it belongs to the stabilizer V of any lift
in D = G/V of P(s), s a Hodge generic point. But V is compact and so the
discrete group Γ meets it in at most a finite group. We conclude the following.
Corollary 15.3.10. We have
Mon(P) / MT(P)der .
There is an important case where we have equality.
Proposition 15.3.11 (André, 1992, Prop. 2). If S has a CM-point, then Mon(P) =
MT(P)der .
Proof For s ∈ S, we let Ms be its Mumford–Tate group. Consider now a
Hodge generic point s ∈ Sgen . By passing to a finite unramified cover, we may
assume that the monodromy group at s of the variation is contained in Mon(P).
Consider any Hodge tensor t ∈ T of weight zero fixed by the action of π =
π1 (S, s), the fundamental group of S based at s. It suffices to show that the Ms module spanned by t, say Ws , has an abelian action of Ms . Indeed, this shows that
Ms /Mon(P) = MT(P)/Mon(P) is abelian which forces the claimed equality.
The module Ws is π-invariant. This is a consequence of the theorem of the
fixed part, Theorem 13.1.10. Indeed, the tensor t defines a global flat section
and so its Hodge components t p,−p are flat and so are preserved by π. It follows
that for all g ∈ Ms we have
π[(gt) p,−p ] = π[z p z̄ −p t p,−p ] = z p z̄−p π[t p,−p ] = z p z̄−p t p,−p = (gt) p,−p .
Hence there is a constant subvariation of Hodge structure with underlying local
system W ⊂ T on S with Ws as stalk at s. The assumption is that there is a
CM-point o ∈ S. Hence the group Mo is abelian and since W is a constant
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variation of Hodge structure, this group acts in the same way as Ms on the stalk
Ws of W at s. This is an action through an abelian group.

We use André’s results in connection with the general results on reductive
groups recalled in Lemmas D.3.7 and D.3.8. In our case we obtain the following
decomposition.
Lemma 15.3.12. Write M = Mon(P) and introduce the following Q-algebraic
groups
def

M nc = G1 · · · G k ⊂ M,
M

c

R

Gi a Q-simple factor of M with Gi (R) not compact,

def

= G k+1 · · · G` ⊂ M,

Gi a Q-simple factor of M with Gi (R) compact,

def

= G`+1 · · · G m ⊂ MT(P)der, product of the remaining Q-simple factors
of MT(P)der .

Then the multiplication map
M nc × M c × R −−−→ MT(P)der

(15.8)

is a surjective isogeny.
We now discuss the meaning of the corresponding period domains for these
groups. Fix a lift o ∈ D(MT(P)) of the period image P(s) of a Hodge generic
point s. For any subgroup G 0 ⊂ MT(P) we shall write
def

D(G 0) = G 0-orbit of o in D(MT(P)).
Proposition 15.3.13. We have D(MT(P)) = D(MT(P)der ). The domains
D(Gi ) associated with the simple factors Gi of MT(P)der are complex submanifolds of D. The homomorphism (15.8) induces a surjective holomorphic map
D(M nc ) × D(M c ) × D(R)  D(MT(P))
with finite fibers.
Proof The group Z(MT(P)) is a connected abelian group and belongs to the
stabilizer V = StabG o of o in G. This shows the first assertion. Next, each factor
Gi is normal in the Mumford–Tate group and so h(S) normalizes Gi and we
can apply Lemma 15.3.3 to see that D(Gi ) is a complex submanifold of D. The
last assertion follows from the preceding surjective isogeny (15.8).

Let us now study the period maps. The monodromy group Γ meets M, the
connected component of ΓZar , in a group Γ0 of finite index. We introduce
def

Γnc = Γ0 ∩ M nc,
def

Γc = Γ0 ∩ M c .
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We can now formulate the result we are after.
Theorem 15.3.14 (Structure theorem for the period map). Let P : S → Γ\D
be a period map. Its image belongs to Γ\D(P), where D(P) is the Γ-orbit of the
Mumford–Tate domain associated with the Mumford–Tate group M(P) of the
generic point of the variation. Possibly after replacing S by a finite unramified
cover, the period map factors as
(PM nc ,PM c ,PR )

P : S −−−−−−−−−−−−−−→ Γnc \D(M nc ) × Γc \D(M c ) × D(R).
Moreover, concerning the factors of P we have:
(i) the map PR is constant; correspondingly, the variation P is a direct sum of a
variation whose Mumford–Tate group is the full group M(P) and an isotrivial
one;
(ii) in addition, if the image of PR is the point x3 , for all points x1 ∈ PM nc the
intersection Im(P) ∩ (x1 × Γc \D(M c ) × x3 ) is finite.
Proof Let us first explain why we might need to pass to a cover. The group
Γ0 acts on D(M) and the Γ-orbit of D(M) in D consists of the union 
D(M) of
0
#(Γ/Γ ) distinct copies of D(M). If we want to work with the original period
map P : S → Γ\D we have to replace D(M) by 
D(M). Alternatively, if we
want to stay working with connected domains, we may need to pass to a finite
unramified covering of S.
Proof of (i) Let π3 be the projection onto the third factor of the target. Since
S is quasi-projective, by Corollary 13.7.6 the composition π3 ◦P extends to a
holomorphic map
p : Ŝ → D(R(P)),
where Ŝ is a smooth compactification of S by a normal crossing divisor. We
now invoke the following function-theoretic result.
Proposition (Griffiths and Schmid, 1969, Corollary 8.3). A horizontal holomorphic map p : Ŝ → D of a connected compact analytic space Ŝ to D is
constant.
As a consequence, p is indeed constant and the resulting variation is isotrivial.
Proof of (ii) We first study what happens relative to M c , the product of the
compact simple factors.
vert .
Lemma 15.3.15. Consider a point F ∈ D(M c ) ⊂ D. Then TD(M c ),F ⊂ TD,F

Proof of the Lemma. Let M 0 be a compact simple factor of M. The tangent
space at F of M 0 is canonically identified with Lie(M 0)/Lie(V ∩ ZG M 0) ⊂
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vert = k/v. So
Lie(G)/Lie(V) = p ⊕ k/v. On the other hand, by Lemma 12.5.2 TD,F
0
it suffices to show that Lie(M ) ⊂ k. Recall that k ⊂ g carries a weight 0 Hodge
substructure: kC = geven = ⊕a g2a,−2a . There is a natural polarization −B0 on g
(Proposition 12.6.5) and so, since the Weil operator is the identity on k, B0 |k is
negative definite while it is positive definite on p = godd . On the other hand, by
Remark 12.6.4 the Killing form B is a positive multiple of B0 . Since Lie(M 0)
comes from a compact simple Lie group, B| Lie(M 0) is negative definite (see
Helgason, 1978, Ch. II, Prop. 6.6). It follows that

Lie(M 0) = (m 0)even ⊂ k.
Completion of the proof of (ii)



By the preceding lemma, the fibers

x1 × D(M nc )/Γnc × x3
of the projection onto the first factor meet the image of PM in points.
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16
Mumford–Tate Domains

In this chapter we treat Mumford–Tate domains in an axiomatic fashion. Historically, the concept of "Shimura domain" arose first. Such domains have a representation as bounded symmetric domains. The tautological variation of Hodge
flag over such a domain satisfies Griffiths’ transversality, i.e., we have a variation
of Hodge structure over it. This characterizes them among Mumford–Tate domains and makes them easier to study directly from a Hodge theoretic perspective, which we do in Section 16.1. To make the transition to the axiomatic treatment, one views a Mumford–Tate domain as an entire conjugacy class of a given
Hodge structure. To get a polarizable Hodge structure, the connected group of
automorphisms of the domain must be a reductive group of Hodge type and,
conversely, these are the groups that act transitively on Mumford–Tate domains.
We explain this in Section 16.2. In Section 16.3 we give the promised axiomatic
treatment of Mumford–Tate varieties parallel to Deligne’s axiomatic treatment
of Shimura varieties. The chapter ends with Section 16.4 where we give examples of Hodge structures given by representations of the classical simple groups.

16.1 Shimura Domains
Basic Properties and Classification
Definition 16.1.1. A Shimura domain is a Mumford–Tate subdomain D of
some period domain such that the tautological Hodge flag restricts to a variation of Hodge structure on D.
Remark. It may very well happen that the same Shimura domain can be embedded in different period domains and so the tautological variation can a
priori be different. However, there is a way to give a more abstract treatment
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of Shimura domains which starts with the algebraic group under which the
domain is homogeneous. See Proposition 16.3.3.
Our main result concerning Shimura domains is Proposition 16.1.9. Before
we state it, let us first give some examples.
Examples 16.1.2. (i) The Siegel upper half space hg ' Sp(g)/U(g) classifies
polarizable weight one Hodge structures with h1,0 = g and the tautological
flag F1 ⊂ F0 automatically satisfies Griffiths’ transversality.
(ii) The type IV domain domain SO(2, n)/S(O(2) × O(n)) classifies polarizable
weight two Hodge structures with h2,0 = 1, h1,1 = n. We have encountered
these domains before (see Eq. (4.1) in Chapter 4). That the tautological
Hodge flag F2 ⊂ F1 ⊂ F0 satisfies transversality is not completely obvious. See Problem 16.1.1.
(iii) The domain I p, p = SU(p, p)/S(U(p) × U(p)) can be embedded in h2p =


A B
Sp(2p)/U(2p) by sending A + iB ∈ SU(p, p) to the matrix
which
−B A


0 ∆
then is symplectic with respect to the form
, ∆ = diag(1 p, −1 p ).
−∆ 0
This shows that I p, p is also a Shimura domain.
The above examples 16.1.2 all have representatives which are bounded symmetric domains. This is no coincidence; below we show that this is always the
case.
Let us first recall the relevant definitions.
Definition. (i) A bounded open connected subset D of Cn is called a bounded
symmetric domain if each point of D is an isolated fixed point of a biholomorphic involution ι0 .
(ii) A Hermitian symmetric space is a connected complex Hermitian manifold
such that each point o ∈ D is an isolated fixed point of a unique holomorphic
isometric involution.
By Helgason (1978, Ch. VIII, §7) a bounded symmetric domain is holomorphically isomorphic to a Hermitian symmetric space of the noncompact type
and conversely. Let us discuss some relevant facts about the structure of those
domains.
Proposition 16.1.3. (i) A bounded symmetric domain decomposes uniquely into
a product of irreducible such domains (Helgason, 1978, Ch. VIII, Prop. 4.4).
(ii) Let D be an irreducible bounded symmetric domain and M = Aut0 (D), the
connected component of the group of holomorphic automorphisms of D. Then
(see Helgason, 1978, Ch. VIII, Lemma 4.3) M = M ad is a connected simple
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R-algebraic group and D = M/K, where K is a maximal compact subgroup
of M whose center Z(K) is a circle S 1 (in particular, it is connected).
(iii) Let M be a connected simple R-algebraic matrix group such that the center
of a maximal compact subgroup K is a circle. Then M(R)/K is an irreducible
bounded symmetric domain.
Remark 16.1.4. The group M from the above Proposition 16.1.3 is a Qalgebraic group. This is not shown in Helgason (1978). Let us outline a proof.
First, note that M being an adjoint group, there is an injective homorphism of
groups
def

M ⊂ G = GL(Lie(M)).
The group G is a Q-algebraic group. Consider the corresponding inclusion of
Lie algebras Lie(M) ⊂ Lie(G). Since M is semisimple, M = [M, M], and we
can apply Borel (1997, 7.9): Lie(M) is algebraic in the sense that there is a
Q-algebraic subgroup H ⊂ G with Lie(H) = Lie(M). Since M is connected,
M is the component of the identity of H and hence is a Q-algebraic group.
Irreducible domains have been classified. Apart from two exceptional domains of dimension 16 and 27, there are four infinite series of irreducible
Hermitian symmetric spaces.
Theorem 16.1.5 (Helgason, 1978, Ch. X, §6.4). The irreducible bounded symmetric domains fall into the following classes:
• the type AIII domains SU(p, q)/S(U(p)×U(q)) with realization as a bounded
domain
n
o
def
I p,q = Z ∈ Mp,q (C) TZ Z̄ < 1q , p, q ≥ 1;
• the type DIII domains SO∗ (2g)/U(g), where SO∗ (2g) = Aut(C2g, J˜g ) ∩
SO(2g, C) and where J˜g is the Hermitian form (z, w) 7→ Tz̄Jg w; they are
realized as the bounded domain
n
o
def
I Ig = Z ∈ Mg (C) Z = −TZ, TZ Z̄ < 1g , g ≥ 3;
• Siegel’s upper half space hg = Sp(g)/U(g), a type CI domain with bounded
realization
n
o
def
I I Ig = Z ∈ Mg (C) Z = TZ, TZ Z̄ < 1g , g ≥ 2;
• the type BDI domains SO(2, n)/S(O(2) × O(n)) with bounded realization
n
o
def
IVn = X ∈ M2,n (R) TX X < 12 , n ≥ 2.
The complex structure J sends the first row of X to minus the second row;
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• the exceptional domains EIII of dimension 16 associated with the Lie algebra
E6 and EVII of dimension 27 associated with E7 .
In view of their special role, the groups occurring as automorphism groups
of bounded symmetric domains deserve a name:
Definition 16.1.6. A reductive Q-algebraic group M is called of Hermitian
type if M der (R)/(center) is the group of automorphisms of a bounded symmetric domain. Such groups can be characterized as follows: for each maximal
compact subgroup K of M(R), the connected component of its center intersects
each simple R-factor in the circle group.

Structure as a Shimura Domain
In this subsection we shall show that a bounded symmetric domain D has the
structure of a Shimura domain, in particular, that it carries a polarizable variation of Hodge structure. To start, note that there is a lot more structure around
coming from the metric on D and the symmetries ιx with x ∈ D as fixed point.
These act on the tangent spaces as isometries and in particular on To D. This
space can be identified with m/k where we set m = Lie(M(R)), k = Lie(K).
Since o is an isolated fixed point d(ιo ) = − id. The Cartan involution acts on m
with (+1)-eigenspace k and (−1)-eigenspace p, the orthogonal complement of
k with respect to the Killing form B. We have the following.
Proposition 16.1.7 (Helgason, 1978, Ch. VIII, §6). Let M(R) be the connected component of the group of holomorphic automorphism of an irreducible
bounded symmetric domain D = M(R)/K. There is a homomorphism of real
algebraic groups
u : U → Z(K) ⊂ M
such that for all z ∈ U(R) multiplication by u(z) on D (which fixes o) gives
complex multiplication by z on the real tangent space To D ' p:
Ad(u(z))|p = z · id .
Moreover, Ad(u(−1)) is a Cartan involution of g with fixed point set k.
Example 16.1.8. The automorphism group of hg is Sp(g, R)/±12g , a group of
adjoint type. Note that


A
B
Lie(Sp(g, R)) =
, B = TB, C = TC
C −T A
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and that the tangent space at o is identified with the symmetric matrices therein:


A B
p=
, B = TB, A = T A.
B −A
With o = i1g ∈ hg and z = exp(2πit), one puts


cos(t/2)1g − sin(t/2)1g
u(t) =
sin(t/2)1g cos(t/2)1g

mod ± 12g .

Let us show that in this example this gives the desired morphism. Note first that
conjugation with u(t) on points of p is given by:




A B
A cos t − B sin t A sin t + B cos t
7→
.
B −A
A sin t + B cos t −A cos t + B sin t
If one makes the identification
1

To hg = C 2 g(g+1) 3 A + Bi ⇐⇒




A B
,
B −A

we see that conjugation with u(t) corresponds to complex multiplication by
exp(2πit), since (cos t + i sin t)(A + iB) = A cos t − B sin t + i(A sin t + B cos t).
The adjoint operation of u(−1) on Lie(Sp(g, R)) is given by


 T

A
B
− A −C
→
7
.
C −T A
−B
A
Since B = TB, C = TC, this implies that the subalgebra fixed under this action
is the algebra of the skew-symmetric matrices, i.e., the Lie algebra of K. So
Ad u(−1) is indeed a Cartan involution.
For later use we describe the Cartan decomposition m = k ⊕ p in terms of the
character spaces of U under the adjoint action of u. We have Tohol ' p− = g(χ=z)
which is another way of saying that u(z) acts by multiplication by z on the
holomorphic tangent space. It follows that
mC

=

kC
id

⊕

p+
z −1

⊕ p− .
z

So far we have looked at o ∈ D but this point is not special. The conjugate morphism gug −1 maps the circle into gKg −1 , another maximal compact subgroup
of M, the stabilizer of x = g · o. Since gug −1 only depends on x we set
u x := gug −1 : U(R) → M(R),

x ∈ D = M(R)/K.
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By Lemma 15.1.4 Ad ◦u x (−1)◦sq gives a weight 0 Hodge structure:
z7→z/z̄

ux

Ad

hx = Ad ◦u x ◦sq : S −−−−−−→ U −−→ M −−−→ GL(m),
For u = uo , the decomposition of mC according to the characters for the
corresponding S-action is then as follows:

mC

= m0,0
id

p+

p−

kC
⊕

m−1,1

⊕

m1,−1 .

z̄/z

z/ z̄

The corresponding Hodge flag depends on x ∈ D:

Fx• = F −1 ⊃ F 0 ⊃ F 1 x .
This dependence is holomorphic, since the M(R)-action on D is by holomorphic automorphisms. Griffiths’ transversality is automatic: we get a variation of
weight 0 Hodge structures on D with underlying vector space the Lie algebra m
of M. It is also polarizable. We leave this as an exercise (see Problem 16.1.2). Let
b be a polarization. Then D embeds in the period domain which parametrizes
weight 0 Hodge structures of type (hx, b) on m. If we choose x ∈ D Hodge
generic, the Mumford–Tate group of hx must act transitively on D, since we
have a polarized variation of Hodge structure on all of D. This completes the
proof that D has the structure of a Shimura domain.
We have shown half of the following characterization of Shimura domains:
Proposition 16.1.9. (i) Given a period domain D and o ∈ D with corresponding Hodge structure h. Then D(h) = MT(h) · o, is a Shimura domain if and
only if h induces a weight 0 Hodge structure on Lie(MT(h)) of level ≤ 2, that
is at most Hodge types (−1, 1), (0, 0), (1, −1) occur. This implies that D(h) is a
bounded symmetric domain.
(ii) Conversely, every bounded symmetric domain has the structure of a Shimura
domain.
Proof We still need to show (i). The crucial condition is the horizontality
condition
Ad(ξ)F p HC ⊂ F p−1 HC

hol
∀ξ ∈ TD(h),o
.

hol = m − =
Recall (see Definition 12.2.3) that for the full period domain TD,o
gC /F 0gC , where gC = Lie(GC ). Similarly, we have
hol
TD(h),o
= Lie(MC )/F 0 Lie(MC ).
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So horizontality forces Lie(MC ) = F −1 Lie(MC ) = (g−1,1 ⊕ g0,0 ⊕ g1,−1 ) ∩
Lie(MC ) which gives exactly the restriction on the Hodge types.
Note that D(h) ⊂ D = M/V is a complex manifold homogeneous under
MT(h). So, to see that we have a bounded symmetric domain it suffices to show
that V ∩ MT(h) is a maximal compact subgroup in MT(h). The restrictions on
the Hodge types imply that the vertical tangent space at o (which comprises
Hodge types (2p, −2p), p > 0) is zero. But this means exactly that v∩m = k ∩m,
which proves the assertion.


Problems
16.1.1
16.1.2

Show that the tautological Hodge flag on SO(2, n)/S(O(2) × O(n)) is
a polarized variation of Hodge structures of weight two.
Let D = M(R)/K be an irreducible bounded symmetric domain.
(a)

(b)

Consult Helgason (1962, Chapter IX, Table II) to verify that the
center of K is one-dimensional if D is noncompact (and of Hermitian type) and otherwise is a finite group.
Apply Corollary 15.1.12 to conclude polarizability of the weight
0 Hodge structure on Lie(M(R)).

16.2 Mumford–Tate Domains
Let us rephrase some salient facts we derived in this and the previous chapter
as follows.
Proposition 16.2.1. Let h : S → G be a homomorphism corresponding to a
point o ∈ D = G/V, a given period domain. Then ZG h = V and the points of
D = G(R)/V are in bijection with the G(R)-conjugates of the given homomorphism h.
Suppose that the image of h lands in an R-algebraic subgroup M ⊂ G; then
Z M h = M(R) ∩ V and the points in the orbit M(R) · o are in bijection with the
M(R)-conjugates of h. This holds in particular for the Mumford–Tate group
MT(h).
Proof We claim that if o corresponds to h, then for g ∈ G the translate
g · o corresponds to the conjugate homomorphism ghg −1 . This can be seen as
É p,q
follows. Let
Ho be the Hodge decomposition corresponding to the base
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É
p,q
p,q
point o. Then the Hodge decomposition for g.o is just
gHo . So gHo , the
z p z̄ q -eigenspace for this Hodge structure is precisely the z p z̄ q -eigenspace for
gh(z)g −1 . We see furthermore that gh(z)g −1 = h(z) for all z ∈ S(R) precisely
when gH p,q = H p,q for all Hodge summands H p,q , i.e., if and only if g ∈ V. 
Remarks 16.2.2. (i) Suppose that we can write h = u◦sq for some homomorphism u : U → G. Then points in D are in bijection with the G(R)-conjugates
of u. This happens for bounded symmetric domains.
(ii) If for some R-algebraic subgroup M ⊂ G one has Im(h) ⊂ M, the M(R)orbit of h ∈ D is the same as the M(R)-conjugacy class of h. If, h = u◦sq, one
can equally use u instead of h.
The appropriate concept which we now need is that of a group of Hodge type
(see Definition 13.3.7). Recall that a real algebraic group which is connected
is called "of Hodge type" if its rank equals the rank of a maximal compact
subgroup. Since the rank of an algebraic group is the dimension of the maximal
algebraic torus it contains, we can rephrase this as follows.
Remark. A connected reductive R-algebraic group is of Hodge type if and
only if it contains a maximal (real) torus which is anisotropic, i.e., compact.
We note the following consequences of the definition.
Observation. (a) A product of groups of Hodge type is of Hodge type if and
only if each of its factors are.
(b) If two connected groups are isogeneous, then one is of Hodge type if and
only if the other is.
Consequently, a connected semisimple R-algebraic group is of Hodge type
if and only if its simple factors are.
These preliminary remarks being out of the way, we can now state the main
definition:
Definition 16.2.3. A complex manifold homogeneous under a group of Hodge
type is called a Mumford–Tate domain.
The previous discussion then shows.
Corollary 16.2.4. (i) The Mumford–Tate group of a polarizable Hodge structure is a group of Hodge type.
(ii) A Mumford–Tate subdomain of a period domain is a Mumford–Tate domain.
Proof (i) Let M be the Mumford–Tate group of a polarizable Hodge structure
h
S −→ GL(H). We show that the maximal torus T of M(R) containing the image
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S of h(R) is compact. 1 To prove this, observe that the centralizer of S in
M(R) is a compact subgroup in M(R); indeed, by Proposition 16.2.1, Z M (S) =
Z M (h) = M(R) ∩ V. The maximal algebraic subtorus T of M(R) containing
S, being abelian, centralizes S. So it is contained in the compact subgroup
Z M S = M(R) ∩ V. Hence T is also compact and hence M is of Hodge type.
(ii) Let D be the period domain for the Hodge structure h. The Mumford–Tate
subdomain corresponding to h is the M(R)-orbit of h in D and since M is of
Hodge type, this orbit is a Mumford–Tate domain.

Examples 16.2.5. (i) Consider a bounded symmetric domain D = M(R)/K
where M is a semisimple R-algebraic group. By Proposition 16.1.3 the connected component of the center of a maximal compact subgroup of G = M ad (R)
meets each of the irreducible factors of M(R) in a circle group S. Since
ZS (G) = K, the argument used to prove the preceding corollary applies to
this situation: the maximal algebraic subtorus of G belongs to the compact
group K and so G is of Hodge type. The group M, being isogeneous to G,
therefore is also of Hodge type.
(ii) If D = G(R)/V is a period domain, the group G is of Hodge type. This
is easily verified by inspecting the groups G that occur. See e.g. Table 16.1 in
which these group are placed in boxes. Since there are period domains which
are not bounded symmetric, the class of Hodge groups is strictly larger than
the collection of groups of Hermitian type.
(iii) Compact groups or, more generally, reductive groups G with Gder compact
are of Hodge type. The corresponding Mumford–Tate domains are compact and
they all belong to a polarizable Hodge structure. Among them figure the groups
SO(k) which give rise to compact period domains (Theorem 4.4.4). For example
SO(k) admits a (trivial) Hodge structure h : S → SO(k) ⊂ GL(Rk ) corresponding to the constant Hodge structure of type (0, 0) on Rk . The period domain is a
point in this case. One can show (see Sect. ion 16.4) that there are also nontrivial
Hodge structures with more interesting compact Mumford–Tate groups.
A group of Hermitian type is automatically of Hodge type and a Shimura
domain is a Mumford–Tate domain. Example 16.2.5.(ii) exhibits groups of
Hodge type that are not of Hermitian type while Example 16.2.5.(iii) shows
some groups of Hodge type that do not act transitively on period domains.
There are also simple groups which are not of Hodge type.
Examples 16.2.6. (i) The group SL(n, R) for n ≥ 3 is not of Hodge type. To
see this, note that the rank of SL(n, R) is n − 1 while that of SO(n, R), a maximal
compact subgroup, is [n/2].
1

S is either a circle or e ∈ G.
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(ii) A complex simple Lie group such as SL(n, C), SO(n, C), or Sp(n, C) has
a noncompact maximal torus of complex dimension n and so these can never
arise as a Mumford–Tate group.
(iii) Another classical R-simple group that is not Hodge is SO(p, q) with
p = 2a + 1 and q = 2b + 1. Indeed, a maximal torus is (S 1 )a × (S 1 )b × Gm (R)
and so the rank is a + b + 1 while the rank of S(O(2a + 1) × O(2b + 1)) equals
a + b. This is in agreement with the fact that for a polarizaton of signature (p, q)
the sum of the Hodge numbers h s,t either with s odd or with s even has to be
even. It follows that no Hodge structure on a vector space of dimension p + q
factors over SO(p, q) under the assumption that p and q are both odd. In fact,
one can prove that under these assumptions on p and q, no Hodge structure can
factor over a representation of SO(p, q). See Green et al. (2012, IV.C.3).
Given an algebraic group M defined over Q which is simple as a Q-group,
can we decide whether the group is of Hodge type? The group M(R) need not
be simple as a real group and hence we look at its simple factors. For each of
those the maximal algebraic subtorus should be compact. This can be decided
by consulting the list of real simple Lie groups. By Example 16.2.6.(ii) we can
exclude the complex simple Lie groups. The results are shown in Table 16.1.
We have already seen (Remark 16.1.4) that the adjoint group of a real linear algebraic group can be defined over Q and so if M is a real form, in this
table M ad (R) can be defined over Q. The table indicates which simple real
Lie algebras come from groups of Hodge type and if so, when these are of
Hermitian type. Those that are boxed are those which can act transitively on
period domains.
The next question is of course whether conversely, for any group of Hodge
type, can one find a representation and a Hodge structure factoring over it? For
the sake of brevity, let us introduce suitable terminology for this.
Definition 16.2.7. Let G be a reductive group. A (polarizable) Hodge structure
h : S → GL(H) is called a (polarizable) G-Hodge structure if h factors over a
representation of G in H.
This question is the same as asking whether a Mumford–Tate domain is a
Mumford–Tate subdomain of some period domain. The next result answers this.
Lemma 16.2.8. (i) Let M be a connected algebraic group defined over Q and
let h : S(R) → M(R) be a homorphism such that its weight (15.4) is defined over Q. Then Ad ◦ h induces a weight 0 Hodge structure on Lie(M). This
Hodge structure can be polarized by minus the Killing form B if and only if the
following condition is satisfied:
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Table 16.1 Which noncomplex real Lie groups are of Hodge type?

Dynkin diag.

Real groupa

Hodge type?

Hermitian type?

Ar

SU(p, q), p + q = r + 1,
p = 0, . . . , r + 1
SL(n, R)
SL(n; H)

Yes

Yes, if p, q > 0

For n = 2
No

For n = 2
No

Yes

For p = 1

Yes

No

Yes

Yes

No

No

SO(2p, 2q + 1) , p + q = r,
p = 0, . . . , r

Br
Cr

SO(2p + 1, 2q + 1), p + q = r,
p = 0, . . . , r
SO(2p, 2q) , p + q = r,
p = 0, . . . , r
SO∗ (2r)

Yes

For p = 0, 1

Yes

Yes

E6

EI
EII
EIII

No
Yes
Yes

No
No
Yes

E7

E IV
EV, EV I
EV I I

No
Yes
Yes

No
No
Yes

E8

EV I I I, E I X

Yes

No

F4

F I, F I I

Yes

No

G2

G

Yes

No

Dr

a

Sp(p, q), p + q = r,
p = 0, . . . , r
Sp(g, R)

The Lie algebra is uniquely determined, finitely many groups give the same Lie algebra; only
one of them figures in the list.

MT

Ad ◦ h(i) is a Cartan involution for Lie(M).

If this is the case, M is reductive and of Hodge type.
(ii) Conversely, for a group M of Hodge type, there exist homomorphisms
h : S(R) → M(R) for which MT holds and then Ad ◦ h is a polarizable Hodge
structure on Lie(M). In other words, nontrivial polarizable M-Hodge structures
exist.
Proof The first assertion follows from the polarizability criterion Corol-
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lary 15.1.12 together with Lemma 15.3.3. For the second, we may assume
that M is a simple group of Hodge type. The classical groups G as enumerated
in Table D.1 have G-Hodge structures. This is shown in Section 16.4. We show
that this is the case for either the standard representation or the adjoint representation. If the standard representation is an example, by functoriality, also
the adjoint representation is Hodge. Since the Hodge structure we construct is
polarized, condition MT holds.
Since a given simple group G always is an unramified cover of Ad(G) (see
Knapp, 2005, VII.1), this shows that all classical groups G have G-Hodge
structures, not just the ones in the list.
As to the exceptional groups, this is more involved. We have seen (Theorem 16.1.5) that some of the exceptional groups are of Hermitian type for which
we know the result already. For the other exceptional groups see Green et al.
(2012, IV.D).

Remark 16.2.9. To place even the simplest variations of Hodge structure in
this framework, one should allow semisimple groups that are not necessarily of adjoint type. It is even useful to allow reductive groups. The reason
is that, although the surjection M(R)  M ad (R) allows every representation
of Gad (R) to be lifted to M(R), there might be nonliftable representations.
Consider for example the upper half space hg = M(R)/K with M = Sp(g),
Gad = Sp(g)/±1 = P Sp(g). The tautological representation of G in R2g is not
a lift of representation for the group Gad . To describe the corresponding tautological variation of weight one Hodge structures it suffices to do this for the base
point, which corresponds to i · 1g . The Hodge representation corresponding to
this matrix is given by


h
a1g b1g
S(R) 3 z = a + bi −→
∈ Sp(g).
−b1g a1g
It defines a weight one Hodge structure on H = R2g . The circle S 1 ⊂ P Sp(g)
which is the image of S(R) by means of the map z 7→ h(z/ z̄) gives the tautological Hodge representation of weight 0 on sp(g). Indeed, it is the subrepresentation of End(H) given by the skew-symmetric endomorphisms.

16.3 Mumford–Tate Varieties and Shimura Varieties
Classical Point of View
We change our point of view; we no longer focus on period domains but on
Mumford–Tate domains. Such a domain is identified with a single conjugacy
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class X under the action of a group G of Hodge type on homomorphisms
S → G. This leads to the following notion.
Definition 16.3.1. Let G be a Q-algebraic group of Hodge type and let
h : S → GR be a homomorphism whose weight wh = h◦w is defined over
Q. Its Mumford–Tate group MT(h) is the smallest Zariski subgroup of G which
is defined over Q and such that h(S(R)) ⊂ MT(h(R)).
If we require that Ad ◦ h define a polarizable Hodge structure on Lie(G), by
Lemma 16.2.8 this is the case if only if the following condition holds:
MT

Ad ◦ h(i) is a Cartan involution for Lie(Gad (R)).

This property then holds for any G(R)-conjugate of h. Now we are ready to
define the concept of a Mumford–Tate datum:
Definition 16.3.2. A Mumford–Tate datum is a pair (G, X) with G a reductive
Q-algebraic group, and with
X = X(G, h) = { A G(R)-conjugacy class of h : S → G for which
MT and S0 hold.}
A Shimura datum is a pair (G, X) with G a reductive Q-algebraic group and
X = X(G, h) = { A G(R)-conjugacy class of h : S → G for which
MT, S0, S1 and S2 hold} ,
where
S0 : the weight wh = h◦w is defined over Q;
S1 : at most the characters {1, z/ z̄, z̄/z} of the group S(C) occur in the
representation Ad ◦ h : S(C) → GL(gC ); in other words, h induces
a weight 0 Hodge structure on g of length 3;
S2 : with p : Gad → H the projection onto a Q-simple factor, the composition p◦ h is not constant.
The preceding discussion shows that this terminology is adequate.
Proposition 16.3.3. (i) A reductive Q-algebraic group is of Hodge type (Definition 13.3.7) if and only if a homomorphism h : S → GR exists such that
(G, X(h)) is a Mumford–Tate datum. In that case X(h) is a Mumford–Tate domain.
(ii) A reductive Q-algebraic group is of Hermitian type (see Definition 13.3.7)
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if and only if h : S → GR exists such that (G, X(h)) is a Shimura datum. In that
case X(h) is a Shimura domain.
Proof By Lemma 16.2.8 a Mumford–Tate datum (G, X) gives rise to a
Mumford–Tate domain X. If (G, X) is a Shimura datum, X is a bounded symmetric domain and hence is a Shimura domain.

Remarks 16.3.4. (i) If G(R) is not connected, a conjugacy class X = X(h) of
a morphism h : S → G under the action of G(R) need not be connected in the
natural topology. So we allow disconnected Mumford–Tate domains.
(ii) We defined the Mumford–Tate group of a morphism h : S → GR with the
property that h◦w is defined over Q at the beginning of this section (see Definition 16.3.1). We shall prove later (Proposition 17.1.3) that, although G need
not be the Mumford–Tate group of the morphism h, for a Q-simple algebraic
group this is true of a generic conjugate of h.
(iii) In the presence of S1 and MT, the last property S2 is equivalent to Gad
being of noncompact type: for none of its simple factors H, H(R) is compact. Indeed, if H(R) is a connected simple group of adjoint type, the Cartan involution
is the identity precisely when H(R) is compact (recall from Definition D.3.12
that a Cartan involution fixes a maximal connected compact subgroup). In this
case MT implies that u(−1) = 1 since Z(H(R)) = 1. But since S1 implies that
at most the characters 1, z, z−1 occur in the representation Ad ◦u, in fact z, z−1
cannot occur. So u(z) = 1 for all z. Hence, if MT and S1 hold, S2 implies that
H(R) cannot be compact. Conversely, if u is constant, MT implies that H(R) is
compact. It follows that the conditions M, S1 and S2 ensure that the image of
h in each simple factor separately satisfy MT and S1 and so, by what we just
said, each factor gives rise to an irreducible bounded symmetric domain.
(iv) Observe that a Q-simple factor need not be simple over R and so a Q-simple
factor is of noncompact type precisely when not all its R-simple factors are
compact Lie groups. For nontrivial examples see Section 17.4 where we treat
embedded Shimura curves that come from analyzing such groups.
The natural moduli objects are quotients of Mumford–Tate domains by the
action of certain groups which act properly and discontinuously on it. The argument given in Section 4.5 for period domains applies and shows the following.
Theorem. Let Γ be a discrete subgroup of G(R) and let (G, X) be a Mumford–
Tate datum. Then Γ\X is a (possibly disconnected) complex analytic variety; it
is smooth when Γ contains no elements , e of finite order.
We cannot expect the quotient to be algebraic, unless we start with Shimura
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data. For this to be true some restrictions on Γ are needed. To explain these, we
choose a fixed representation of G as a matrix subgroup of GL(n).
Definition 16.3.5. (i) A subgroup Γ of G(Q) is called arithmetic if it is commensurable with GZ := G(Q) ∩ GL(n; Z) (i.e., Γ ∩ GZ has finite index in both
Γ and G Z ).
(ii) A congruence subgroup of G(Q) is a subgroup of G(Q) containing
G(Q) ∩ {g ∈ GL(n; Z) | g ≡ 1n mod N }
as a subgroup of finite index. A congruence subgroup is arithmetic.
(iii) A subgroup of G(Q) ⊂ GL(n; Q) is neat if for any given element its eigenvalues generate a torsion free subgroup of C× (in particular it cannot have finite
order).
Not all arithmetic subgroups are congruence, but by Borel (1969, 17.4) they
contain neat congruence subgroups of finite index.
We introduce the following notions.
Definition 16.3.6. Let (G, X) be a Mumford–Tate datum and let Γ be any discrete subgroup of G(R). The associated Mumford–Tate variety is the complex
variety Γ\X. If (G, X) is a Shimura datum and Γ ⊂ G is a congruence subgroup,
the quotient Γ\X is called a Shimura variety.
A Shimura variety has a minimal compactification, the so-called Baily–
Borel compactification, named after the article by Baily and Borel (1966). It is
a projective variety.
Theorem (Baily and Borel, 1966). A Shimura variety Γ\X is a quasi-projective
variety. If, moreover, Γ is neat, Γ\X is smooth.
Remarks. (1) The Baily–Borel compactification typically is very singular.
There are other compactifications, the toroidal compactifications systematically
studied in Ash et al. (1975). The advantage is that for neat Γ such compactification can be chosen to be smooth and such that what has been added to Γ\X
is a normal crossing divisor.
(2) Since in this case the algebraic variety Γ\X is a priori only defined over
C there is no reason to believe that it can be defined over Q or a number field
k. Surprisingly, Shimura (1963; 1965; 1966) has shown that there is a model
over some number field. The field k over which a model of the Shimura variety
is defined, may depend on which congruence subgroup one chooses. See page
445 for more details.
Examples 16.3.7. (i) CM-points. Recall (Definition 15.2.5) that a Hodge
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structure whose Mumford–Tate group is an abelian group (and hence an algebraic torus) is called a Hodge structure with complex multiplication, or, more
succinctly, a CM-Hodge structure.
To give a further motivation for this definition, we first recall that a CM-field
E is a totally imaginary extension of Q containing a totally real subfield F with
[E : F] = 2. One can show (Green et al., 2012, Prop. V.2.) that if (H, h) is
an irreducible Hodge structure which is polarizable, and whose Mumford–Tate
def
group is a nontrivial abelian group, then E = End(H, h) is a CM-field. This
implies that H is a one-dimensional vector space over E. Conversely, if E contains an embedded field E 0 with [E 0 : Q] = dim H, then MT(H, h) is abelian.
The corresponding Mumford–Tate subdomains are points: the torus is entirely contained in the isotropy group. The converse is also true. This is easy:
by definition the Mumford–Tate group MT(H, h) first of all commutes with
End(H, h) and, second, being contained in the isotropy group means that
MT(H, h) ⊂ Zh GL(H) ⊂ End(H, h).
Such zero-dimensional Mumford–Tate domains are called CM points or special points.
(ii) Elliptic modular curves. The next simplest examples are elliptic modular
curves which have an analytic description as Γ\h, where Γ is a modular group,
i.e., a congruence subgroup of SL(2; Z), for instance
def

Γ(N) = Ker (SL(2; Z) → SL(2, Z/NZ)) .
The corresponding Shimura datum is (SL(2), SL(2, R)/U(1)). It was well known
before Shimura proved his result that elliptic modular curves are all defined
over Q.
(iii) Moduli spaces of abelian varieties. We can define Γ(N) ⊂ Sp(g, Z) in a
way similar to what we did for g = 1, and consider Ag (N) = Γ(N)\hg belonging to the Shimura datum (Sp(g), Sp(g)/U(g)). For N ≥ 3 the space Ag (N) is
smooth quasi-projective and it is a fine moduli space for g-dimensional principally polarized abelian varieties with some additional structure, called level-N
structure.
√
((iv) Hilbert modular surfaces. Let K = Q( δ), δ > 0 be a real quadratic
field and G = ResK/Q PGL(2, K). The group of its real points is G(R) =
0
{(A, A0) ∈ PGL(2, R)
√ × PGL(2,
√ R)}, where A is obtained from A by applying
the Galois action δ 7→ − δ to each of the matrix entries. Then G(R) acts
componentwise on h × h and hence h × h = G(R)/K, where K is a maximal
compact subgroup. If Γ ⊂ G(Q) is arithmetic, the surface Γ\h × h is called a
Hilbert modular surface.
(v) Picard modular surfaces. We have seen in Example 14.3.1 (ii) that the
complex two-ball B2 can be viewed as the homogeneous space SU(2, 1)/U(2).
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Suppose that h is a Hermitian form
√ of signature (2, 1) with coefficients in the
imaginary quadratic field K = Q( −δ), δ > 0. Then G = ResK/Q SU(h) is a
Q-simple group and hence for any congruence subgroup Γ of G(Q) the quotient
Γ\B2 is a Shimura variety, a so-called Picard modular surface.

The Adelic Point of View
We sketch now a more arithmetic point of view. First we recall that the ring of
the finite adèles is given by
Ö
A f = {(x p ) p ∈
Q p | x p ∈ Z p for almost all p}.
p prime

Î
This Q-algebra carries a unique smallest topology such that the subring p Z p ⊂
A f and all its translations in A f are compact and open subsets.
Let G be a Q-algebraic group. Such a group has points in each Q p and hence
also in A f . Congruence subgroups of G(Q) are given by compact and open
subgroups K of G(A f ). For these, the intersection
Γ = K ∩ G(Q)
is a congruence subgroup, and conversely, any congruence subgroup can be
written in this way. The adèlic definition of a Mumford–Tate variety is as follows:
MTK (G, X) = G(Q)\ X × G(A f ) /K.
Here G(Q) acts on X and G(A f ) from the left, and K acts on G(A f ) from the
right:
q(x, a)k = (qx, qak),

q ∈ G(Q), x ∈ X, a ∈ G(A f ), k ∈ K.

To compare this with the previous definition, we need some more notation. Let
(G, X) be a Mumford–Tate datum. Since we do not assume G connected, also
X can have several connected components. Fix one which we call X 0 . For ease
of notation, for any congruence subgroup Γ, we shall write
def

X 0 (Γ) = Γ\X 0 .
For what follows, we need the groups
def

Γg = (gKg −1 ) ∩ G(Q) ∩ G(R)0 for g ∈ G(A f ),

where G(R)0 = x ∈ G(R) ad(x) ∈ (Gad (R))0 under the adjoint morphism .
Now we can state the comparison result.
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Lemma 16.3.8 (Milne, 2004, Lemma 5.12). There is a finite set CK of elements
g ∈ G(A f ) and an isomorphism
Ä
'
X 0 (Γg ) −→ MTK (G, X), [x] 7→ [x, g],
(16.1)
g ∈ CK

i.e., MTK (G, X) is a disjoint union of connected Mumford–Tate varieties. This
isomorphism is a homeomorphism when we use the classical topology on the
left and the adèlic topology on the right.
Mumford–Tate varieties for different congruence subgroups of G can be
compared with the help of the bijections
∼

Tg : MTK (G, X) −→ MTK (g) (G, X),

def

K (g) = g −1 Kg

induced by the right action of elements g ∈ G(A f ) on the compact group K.
So, if K 0 ⊂ G is a second compact subgroup, and since g −1 Kg ∩ K 0 is open and
compact as well, this action can be used as a "conjugation proof" comparison
between the two varieties MTK (G, X) and MTK 0 (G, X). More generally, one defines the Hecke correspondence Tg,K,K 0 associated with K, K 0 and g as follows:
MTK (g) ∩K 0 (G, X)
MTK (G, X)
Ã

g∈ CK

Tg

X 0 (Γg )

(

v
/ MT (g) (G, X)
K

MTK 0 (G, X)

4

Tg, K, K 0

Ã

g0 ∈ CK 0

(16.2)

X 0 (Γg0 )

The two arrows going down are the natural projections coming from the inclusions of (gKg −1 ) ∩ K 0 in gKg −1 and K 0, or – equivalently – the inclusions of
Γg ∩ Γg0 into Γg and Γg0 .
As will be explained shortly, with any Mumford–Tate datum (G, X) one
associates a number field E(G, X), its reflex field. This field plays a central role
for any Shimura variety originating from (G, X): these quasi-projective varieties
turn out to be all defined over the same number field E(G, X)! So, in particular,
the corresponding finite union (16.1) can be defined over this field. That this is
indeed the case was completely unexpected at the time when Shimura (1964;
1965; 1966) showed this. Note that the Galois action of E(G, X) permutes the
individual irreducible components of MTK (G, X) but it is not clear (and not true
in general) that these themselves are definable over the reflex field. This is one of
the reasons to pass to the adèlic language. See also Deligne (1971c) and Milne
(2004) for pertinent references; the last notes also may serve as an introduction.
We shall now show that the definition of the reflex field as given e.g. in Milne
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(2004, Chapter 12) also applies in the situation of a general Mumford–Tate datum. To explain this, pick h : S → GR such that x = [h] ∈ X. Consider the
associated cocharacter


z −1
µx : Gm (C) → G(C), z 7→ h
.
1 z
The group G(R) acts on X by conjugation and this action induces one on the
group of co-characters. It follows that the co-character µx ∈ X ∗ (G(C)) defines
a unique conjugation class
def

c(X) ∈ C(C) = G(C)\X ∗ (G(C)),
completely determined by the given Mumford–Tate datum. One can assume
that this class is defined over the algebraic numbers, e.g. c(X) ∈ C(Q). By
definition, E(G, X) is the fixed field inside Q for the subgroup of Gal(Q/Q)
that fixes c(X). For details we refer to Milne (2004, Chapter 12).
Example 16.3.9. The reflex field of (Sp(g), hg ) is Q. This is so because


z −1
µi (z2 ) =
so that the graph of the morphism µi is given by equa1 z
tions with integer coefficients. This confirms the fact that the moduli space
of abelian varieties with principal polarization is defined over Q, as proven
in Mumford (1965, Chapter 7). The simplest instance is of course the moduli
space for elliptic curves, the j-line (P1 − ∞) which clearly is defined over Q.

Problems
16.3.1

Let G be a simple algebraic R-matrix group of adjoint type and suppose that there exists a morphism h : S(R) → G satisfying the two
conditions M and S1. Let K be the connected subgroup of G such that
Lie(K) is the fixed point locus of the Cartan involution on Lie(G). In
particular, K is a maximal compact subgroup of G.
Show that there exists a morphism u : U(R) → G such that
h(z) = u(z/ z̄). Hint: use Proposition 15.1.4.
(b) Show thatS1 implies that G is not compact.
(c) Show that that Im(u) ⊂ Z(K) and hence that dim Z(K) ≥ 1.
(d) Going through the list of noncompact R-simple groups (see for example Knapp, 2005, AppendixC3), conclude that dim Z(K) = 1
and that G/K has the structure of a bounded symmetric domain.
(a)

16.4 Examples of Mumford–Tate Domains
16.3.2

447

Recall (15.5) that CSp(g, R) is the group of symplectic similitudes.
Show that this is a reductive group. Show that the subgroup CU(g)
of unitary similitudes is the connected group R+ U(g) and thus that
CSp(g, R)/CU(g) has two connected components. This gives an example of a nonconnected Shimura datum.

16.4 Examples of Mumford–Tate Domains
In this section we investigate the classical R-simple groups in more detail. We
use the following matrices.




−1 p 0
I p,q
0
I p,q =
, K p,q =
,
0
1q
0
I p,q




0 −1g
cos(t)1g − sin(t)1g
Jg
=
, Rg (t) =
, R(t) = R1 (t).
1g
0
sin(t)1g cos(t)1g
We now go down the list of the classical groups.

The group SU(p, q)
There is a Shimura domain D associated with this group: see Theorem 16.1.5. It
has the property that the stabilizer of [h] ∈ D is a maximal compact subgroup
of SU(p, q). Later we give an example (see Example 17.1.8) of a geometric
construction of a variation of weight 1 Hodge structures over D.
In this section, however, we consider other Mumford–Tate domains for this
group for which the stabilizer is strictly contained in a maximal compact subgroup. So we start by recalling that the Cartan involution on its Lie algebra is
given by
θ = Ad(I p,q ).
For p even I p,q belongs to SU(p, q) and for p odd a suitable multiple of I p,q
(with the same adjoint action) does. The maximal torus is the (compact) diagonal torus of rank p + q − 1. Let us consider the SU(p, q)-Hodge structure of
weight 0 given by
h : U → SU(p, q)
z 7→ diag(z`1 , . . . , z`p , 1, . . . , 1),

Õ

` j = 0.

For simplicity, assume that p is even. One has Ad h(i) = θ if and only if all
` j are 2 modulo 4. This makes h polarized by the standard form. The standard
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representation is C p+q = R2(p+q) and the characters e2πit 7→ e2πi` j t act as a
rotation over 2πi` j t in each coordinate plane. Hence it gets a Hodge structure of weight 0 with Hodge numbers those h a,−a according to which ` j are
nonzero. For instance, take `1 = · · · = `p−1 = 2 and `p = −2(p − 1). Then
h1,−1 = h−1,1 = p − 1 and h p−1,1−p = h1−p, p−1 = 1, h0,0 = 2q. The associated
Mumford–Tate domain can be found by computing the centralizer of h. This
is clearly contains
the

 compact subgroup U(q). If we write a matrix in obvious
A B
block form
then h(z) acts on the entry Ai j of A by multiplication with
C D
z`i −` j . If we assemble the ` j thus in groups of equal numbers we can read off
the subfactors of U(p) in the stabilizer. The above example where all but one ` j
equals 2 gives the subgroup U(p − 1). One thus gets S(U(p − 1) × U(1) × U(q)).
Other combinations can give other compact subgroups.
If q is even the same argument works by interchanging p and q and if p and
q are both odd, their sum is 2 modulo 4 and the Cartan involution is the adjoint
action of iI p,q ∈ SU(p, q). We now need to replace h by a more complicated
morphism. We leave this as an exercise.
As a final remark, notice that the group SU(p) gives rise to compact Mumford–
Tate domains, namely flag varieties. These then embed in compact period
domains. The above example with q = 0 gives an embedding
P p−1 ,→ SO(2p)/U(1) × U(p − 1),
where the left-hand side is a compact complex manifold of dimension 21 p(p−1).

Groups Acting Transitively On Period Domains
The groups SO(2p, m) and Sp(g, R) act transitively on period domains and,
by construction, every point in the period domain defines a polarizable Hodge
structure. One can also view this from the actual perspective, starting from
exhibiting their Cartan involutions. See Problems 16.4.1 and 16.4.2.

The group Sp(p, q)
Recall that these are the matrices in Sp(g, C) which leave invariant the Hermitian form Z ∗ K p,q Z, where we put Z ∗ = TZ̄. The Cartan involution is Ad K p,q .
Consider
h|U → Sp(p, q),

z 7→ diag(z2, . . . , z 2, 1q, z −2, . . . , z −2, 1q ).
| {z }
| {z }
p times

p times

16.4 Examples of Mumford–Tate Domains
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Again, Ad h(i) is the Cartan involution. One has (see Helgason, 1962, p. 341)
p

q

p
q
Lie(Sp(p, q)) =
p
q

© Z1∗
 U

 −V ∗

∗
«W
The adjoint action of h(z), z
as

p

U
Z2
W̄
−T̄

V
TW

Z̄1
−TU

q
W ª
Z ∗ = −Z ,
T ®®
s. t. 1 T 1
®
V = V,
−Ū ®
Z̄2 ¬

Z2∗ = −Z2,
T = TT .

∈ U of this Lie algebra can be schematically given
p

p
q
p
q

© id4
z

 id

4
«z

q

p

z −4

id
z−4
id
z4

id
z4
id

q
z −4 ª
id ®®
z −4 ®®
id ¬

and we get a polarized Hodge structure on sp(p, q) with Hodge numbers
h2,−2 = h−2,2 = 2pq, h0,0 = 2p2 + 2q2 + 4pq + p + q. Since this group is not of
Hermitian
type, there can be no action of S on the Lie algebra with characters

1, z z̄−1, z −1 z̄ and the given action is the simplest of non-Hermitian type.
The group SO∗ (2r)
Recall that the group SO (2r) is the subgroup of SO(2r, C) leaving invariant the
skew Hermitian form given by the skew matrix Jr . It contains U(r) embedded
through


A −B
A + iB 7→
.
B A
∗

The maximal torus is given by embedding the diagonal torus Ur of U(r) in
SO∗ (2r) via this embedding. Then Ad(Jr ) is the Cartan involution on the Lie
algebra. In block form this algebra reads



Z W
T
∗
Z = − Z, W = W
−W̄ Z̄
and we find




X U
k=
X + iU ∈ u(r) ,
−U X
 


Y V
p= i
Y, V ∈ so(r) .
V −Y
The morphism h|U → U(r) → SO∗ (2r) which is the composition of the diagonal embedding and the above embedding U(r) → SO∗ (2r) sends i to Jr and
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hence gives a polarized Hodge structure on Lie(SO∗ (2r)). One sees that z ∈ U
acts via this representation as a rotation
!
!


X
X



→
on k,




U
U
z = eit 7→
!
!


Y
Y


→ Rr (2t)
on p.


 V
V

This shows that the Hodge numbers are h1,−1 = h−1,1 = 12 r(r − 1) and h0,0 = r 2 .
Note that this conforms that we have a group of Hermitian type.
Domains for the Group SU(2, 1)
To finish this section, we show that this group defines several distinct Mumford–
Tate domains which are all identical as C ∞ -manifolds. So the complex structures
on them are not isomorphic.
Consider the morphism
S → SU(2, 1),
z 7→ diag(z2+4k , z2+4`, z−4k−4`−4 ),

k , `.

Then T, the (two-dimensional) diagonal torus, is the centralizer of h and
SU(2, 1)/T receives a complex structure depending on k, `. This can be seen
as follows. The adjoint action of Lie(T) ⊗ C on Lie(SU(2, 1)) ⊗ C = sl(3, C)
has eigenvectors Ei j , i , j, where the matrix Ei j has zeroes everywhere except
entry (i, j) which is 1. Indeed
ad (diag(z1, z2, z3 ))Ei j = (zi − z j )Ei j .
This determines the characters of ad(h(z)). We get
z 7→ ± 4(k − `)z for E12, E21,
± [4(2k + `) − 2]z for E13, E31,







(16.3)



± [4(2` + k) − 2]z for E23, E32 . 

On the other hand, a complex structure on Lie(SU(2, 1))/Lie(T) = p is
determined by giving an orientation on each of the three two-dimensional
real subspaces of p ⊂ Lie(SU(2, 1)) given by p12 = {zE12 − z̄E21 | z ∈ C},
p13 = {zE13 + z̄E31 | z ∈ C}, p23 = {zE23 + z̄E32 | z ∈ C}. In the case at hand,
the action of Ad(h(z)) on each of these planes is a rotation and the sense of
this rotation determines a complex structure. This is given by the sign of the
integers from (16.3). The complex structure can also be described as induced
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Table 16.2 Complex structures on p
sign (k − `)

sign (2k − `)

sign (2` − k)

1

+

+

+

(13, 132, 3)

1∗

−

−

−

(12, 123, 2)

2

+

+

−

(132, 2, 32)

2∗

−

−

+

(1, 132, 13)

3

−

+

−

(1, 12, 123)

3∗

+

−

+

(321, 32, 3)

Flag type

from an embedding in a suitable flagmanifold:
SU(2, 1)/T ⊂ SL(3, C)/PC,

Lie(P) = p;

the type of flag is determined by the 6 possible orders of the basis elements of C3 .
Using the standard bases {e1, e2, e3 } for C3 we have for instance the parabolic
©∗ ∗
(13, 132, 3) = 0 ∗
«∗ ∗

0ª
0®®
∗¬

fixing the flag {Ce3 ⊂ Ce1 + Ce3 ⊂ Ce1 + Ce2 + Ce3 }. We get the pairs of
conjugate complex structures j and j ∗ in Table 16.2.

Problems
16.4.1

Consider the group SO(2p, m) with Cartan involution on the Lie algebra given by
θ = Ad I2p,m .
(a)

(b)
16.4.2

Determine a compact maximal T ⊂ SO(2p, m) and a suitable
morphism S → T ⊂ SO(2p, m) inducing a Hodge structure on
Lie(SO(2p, m)), polarized by minus the trace form.
Determine the Hodge numbers of this Hodge structure.

Consider Sp(g) with Cartan involution on Lie(Sp(g, R)) given by
Ad(Jg ). Consider the morphism
h|U → Sp(g, R),

eit 7→ Rg (2t)
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(a) Show that Ad h(i) is the Cartan involution.
(b) Determine adjoint the action of h(z) on Lie(Sp(g, R)).
(c) Show that this gives a weight 0 Hodge structure with Hodge numbers h−1,1 = h1,−1 = 12 g(g + 1), h0,0 = g 2 .

16.4.3

Let G be one of the compact classical groups Hodge type. Exhibit
nontrivial Mumford–Tate domains for these.

Bibliographical and Historical Remarks
About Section 16.1: This is classical and based on Cartan’s work on bounded
symmetric domains as summarized and extended in the books by Helgason
(1962, 1978).
About Section 16.2: The name Mumford–Tate domain was coined in Green
et al. (2012). Our treatment is largely based on the latter monograph. However,
we found it more transparent to exploit Deligne’s notion of a C-polarization
which we treated in an earlier chapter. Also, some arguments have been adapted
since we also wanted to treat Shimura varieties. The notion of Hodge group has
been introduced in Simpson (1992, Section 4). He defines it slightly differently,
but for real algebraic groups that are connected in the classical topology, the
notion coincides with our notion. All of this has been heavily influenced by
Deligne’s essay (Deligne, 1979) on Shimura’s works.
About Section 16.3: The, by now classical, axiomatic treatment of Shimura
varieties stems from Deligne (1979). See also Milne (2004). We added as
an observation that also Mumford–Tate domains can be treated in a similar
axiomatic fashion.
About Section 16.4: We give here examples of Hodge representation associated
with the classical groups. The verification of this uses the characterization via
C-polarizations and this simplifies the way this is done in Green et al. (2012).

17
Hodge Loci and Special Subvarieties

In this chapter we show that a generic point h in a Mumford–Tate domain
X = G/V has Mumford–Tate group G (provided G is a connected Q-simple
group). Hence so is the Mumford–Tate group of the Hodge structure ρ◦ h, where
ρ : G → GL(H) is a faithful representation of G. For an arbitrary [h] ∈ X,
generic or not, the orbit under MT(h) is a Mumford–Tate subdomain. Such domains are precisely the Hodge loci, i.e., sets consisting of those points [h] ∈ X
for which a given collection of vectors in H (or in some tensor representation
of H) is Hodge with respect to the Hodge structure [h]. We show this in Section
17.1. We also show that Hodge loci contain a dense set of CM-points (i.e.,
points whose Mumford–Tate group is a nontrivial algebraic torus).
To place the study of Hodge loci in a functorial context, in Section 17.2 we
consider equivariant maps between Mumford–Tate domains. Their images are
not always Hodge loci, but they turn out to be totally geodesic subdomains. If
they contain a CM-point we get a Hodge locus.
A noteworthy geometric example arises for cubic surfaces. Although their
period map is constant, looking at the associated triple cover of P3 branched in
the cubic surface we get a second period map which factors over a Mumford–
Tate domain. The latter turns out to be the unit 4-ball. Furthermore, via the
period map the moduli space gets identified with a Zariski open subset of the
Shimura variety which is an arithmetic quotient of this unit 4-ball. This example
is investigated in Section 17.3.
A Hodge locus inside a Shimura variety is also called a "special subvariety".
Obvious examples of special subvarieties are the CM-points. In dimension one
we have the special curves. In Section 17.4 we consider these inside a Siegel upper half-space. We restrict the discussion to two classical examples: embedded
modular curves (via the classical Satake embeddings), and the Mumford-type
curves. These give rise to the only Shimura curves rigidly embedded in quotients of the Siegel upper half-space.
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In Section 17.5, we consider examples where special subvarieties can be
characterized numerically.

17.1 Hodge Loci
Recall from Section 7.5 that the Hodge locus is the locus where certain cohomology classes are algebraic. More generally, we can look at the locus where
all classes in some (or all) tensor representations that are Hodge at a given point
o ∈ S remain Hodge. This makes sense at the level of period domains, or, more
generally, Mumford–Tate domains.
Definition 17.1.1. Let X = G/V be a Mumford–Tate domain, h : S → GR a
homomorphism and ρ : G → Aut(HQ, b) a Q-representation for which ρR ◦ h
defines a rational Hodge structure on H polarized by b. Let o ∈ D be the class
1 · V and let T be a finite direct sum of tensor spaces for H. In this section we
denote the vector space of rational tensors in T which are Hodge with respect
to x ∈ X by Hdgx T. In other words
def

Hdgx T = TQ ∩ FxevenT,

Fx• corresponding to x.

(i) The Hodge locus for a rational tensor t ∈ TQ is defined as the locus in X
where t is a Hodge tensor:
def 
HL(X; t) = x ∈ X t ∈ Hdgx T .
(ii) The Hodge locus HLo (X) at o ∈ X is defined as the locus in X where all
weight zero Hodge tensors at o remain Hodge:
def 
HLo (X) = x ∈ X [HdgoT]w=0 ⊂ [Hdgx T]w=0 for all T ,
T running over all finite direct sums of tensor spaces for H.
Hodge loci are defined by analytic equations and so are analytic subvarieties
of X which may or may not be irreducible. The irreducible component which
passes through o is smooth and can be linked to its Mumford–Tate group (as
redefined in Definition 16.3.1).
Proposition 17.1.2. The component Xo of HLo (X) passing through o is the
orbit of o under the connected component of the Mumford–Tate group MT(o).
In particular, Xo has the structure of a Mumford–Tate domain.
Proof

Since g ∈ MT(o) acts as the identity on weight zero Hodge tensors at
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o, we have an inclusion [HdgoT]w=0 ⊂ [Hdgg·oT]w=0 . Hence, the point g · o
belongs to the Hodge locus:
Y = MT(o) · o ⊂ HLo (X).
On the other hand, putting
def

m = Lie(MT(o)),

m− = m ∩

É

i>0 g

−i,i

,

we have an equality
TY,o = m− .
It suffices therefore to establish an inclusion
THLo (X),o ⊂ m− .
To show this, we remark first that there exist some tensor space T and a tensor
t ∈ T which is Hodge at o for which we have
mC = {ξ ∈ gC | ξ · t = 0} .

(17.1)

This is the translation of Theorem 15.2.9 in terms of Lie algebras.
Next, consider the condition that all rational tensors t ∈ TQ that are of Hodge
type (0, 0) at o, remain of type (0, 0) in the direction of ξ ∈ TX,o . This characterizes vectors ξ which are tangent at o to the Hodge locus HLo (X). The necessary
and sufficient condition for this is that ξ · t ∈ Fo0T = ⊕α ≥0T α,−α . On the other
Í
Í
hand, since ξ ∈ TX,o = g− , say ξ ∈ β>0 g−β,β , we have ξ · t ∈ β>0 T −β,β .
The two assertions imply ξ · t = 0. Hence, by (17.1), ξ ∈ mC ∩ g− = m− .

Recall that we introduced Hodge generic points in relation to period maps
(see Lemma-Definition 15.3.5). We now broaden this notion to the abstract
setting of Mumford–Tate domains. Consider those tensors t for which HL(X; t)
is a proper closed subvariety of X. This is the case for at most countable many
tensors tα , α ∈ I and we then say that
Ø
x ∈ X is Hodge generic ⇐⇒ x ∈ X −
HL(X; tα ).
α∈I

So, assuming X to be connected (which is the case if G is connected), we have:
x ∈ X is Hodge generic

⇐⇒

X is the component
of the Hodge locus passing through x.

We write xgen for such a point. For arbitrary x we then have:
Xx ⊂ Xxgen = X =⇒ MT(x) ⊂ MT(xgen ).

(17.2)
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In fact, for irreducible domains this "generic" Mumford–Tate group is equal to
G; even more is true:
Proposition 17.1.3. Let X = G/V be a connected Mumford–Tate domain with
G a Q-simple group. Then the Mumford–Tate group of a Hodge generic point
is G.
Proof The Mumford–Tate group of xgen is the Q-Zariski closure M of Im(h)
for a generic point [h] ∈ X. Clearly, for all g ∈ G(Q), the Zariski closure of
the image of ghg −1 equals gMg −1 . This is exactly the Mumford–Tate group
of the Hodge structure gxgen . Since xgen is Hodge generic, by (17.2) we have
gMg −1 ⊂ M. Hence M(Q) is a normal subgroup of G(Q) and so, by the
assumption of simplicity, M = G.

The second result (Corollary 17.1.5) concerning Mumford–Tate groups describes how small these can be. First an auxiliary result.
Lemma 17.1.4. Let G be a reductive algebraic group defined over a number
field E ⊂ R. Let T ,→ G be an algebraic subtorus. Then some G(R)-conjugate
of T is contained in a maximal subtorus of G defined over E.
Proof Consider H = ZG (T), the centralizer of T in G. The group H is a
group defined over R and by Borel and Springer (1968, Prop. 7.10) there is a a
maximal torus T1 in H containing T.
As a first step in the proof we show that T1 is even a maximal torus in G. To
show this, let T2 ⊂ G be any torus containing T1 . Since T2 also contains T and
is abelian, it centralizes T, i.e., T2 ⊂ ZG T = H and so, because of maximality,
T2 = T1 .
As our second step we use the result of Baily and Borel (1966, Prop. 2.5). In
this setting it states that any two maximal tori defined over R are conjugate over
R. Since G, being reductive and defined over E, contains at least one maximal
torus defined over E, the torus T1 must be conjugate (over R) to such a torus. 
At this point, recall (Example 16.3.7.(i)) that a CM-point or special point
[h] ∈ X corresponds to a morphism h : S → G with MT(h) an algebraic torus.
Corollary 17.1.5. A given morphism h : S → G with [h] ∈ X is G(R)conjugate to a morphism h 0 with MT(h 0) contained in a maximal torus defined
over Q. In particular, if (G, X) is a (connected) Mumford–Tate datum, X contains special points [h 0]. Special points are dense in X.
Proof Apply the above lemma to the torus h(S) ⊂ G and the field Q. So some
conjugate of h, say h 0, factors over an algebraic subtorus T of G defined over
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Q. It follows that MT(h 0) is an algebraic subquotient of T and hence is abelian.
By definition, [h 0] is then special.
To show density, let [h 0] be a special point and observe that conjugation by
g ∈ G(Q) maps the abelian group MT(h 0) to MT(g · [h 0]) and so g([h 0]) is also
a special point. Since G(Q) is dense in G(R) the assertion follows.

Given a Mumford–Tate domain X = G/V with G a Q-simple group, we
have just shown (see Theorem 17.1.3) that G is the Mumford–Tate group of the
generic point. For an arbitrary point o ∈ X one may have MT(o) ( G, and the orbit of o under this group is the component X0 ( X of the Hodge locus through o.
Definition 17.1.6. Let Γ ⊂ G be a neat congruence subgroup. 1 With the above
notation, the image of Xo in Γ\X is called a subvariety of Hodge type.
Note that a subvariety of Hodge type is irreducible, but that it may be singular:
a Γ-orbit may intersect Xo in more than one point.
Remark 17.1.7. Let us come back to period maps P : S → Γ\D. Lift this map
to the universal cover S̃ of S, say p̃ : S̃ → D. Consider a point o ∈ D which is
not Hodge generic and Do D the component through o of the Hodge locus.
Suppose moreover that P̃(S̃) ⊂ Do . In this case not all points of D are P-Hodge
generic and P̃ in fact factors through the Mumford–Tate subdomain Do . This
shows clearly why Mumford–Tate domains give crucial extra information about
period maps.
Example 17.1.8. We construct a Hodge locus M ⊂ D, where D is a weight
2 period domain with Hodge numbers h2,0 = p and h1,1 = 2q and group
SO(2p, 2q). The locus M will be the set of polarized Hodge structures in D
which admit a compatible almost complex structure.
To construct the locus, let V be a Q-vector space of dimension n = 2(p + q)
on which we have a nondegenerate symmetric form b of signature (2p, 2q).
Suppose that there exists an almost complex structure J for (V, b), i.e., an
automorphism of V with J2 = − id and b(Jx, Jy) = b(x, y) for all x, y ∈ V.
These do exist: take

b=



12p
0



0
,
−12q

©0
1
J =  p
0
«0

−1 p
0
0
0

0
0
0
1q

0 ª
0 ®®
.
−1q ®®
0 ¬

We can now be more precise about the domain D: it classifies weight two Hodge
structures on V, polarized by b and with Hodge numbers h2,0 = h0,2 = p and
1

See Definition 16.3.5.(iii).
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h1,1 = 2q. By definition, points in M correspond to those Hodge structures in D
for which J is a morphism of Hodge structure. These are called (b, J)-polarized
Hodge structures. Such a Hodge structure is thus compatible with the splitting
of the complexification VC of V into the ±i-eigenspaces V± for J:
VC = V 2,0 ⊕ V+1,1 ⊕ V−1,1 ⊕ V 0,2 .
| {z } | {z }
V+

V−

With the above choice of (b, J), an example of such a Hodge decomposition
can easily be written down. We leave this as an exercise.
The centralizer of J in SO(p, q) can be seen to be a Q-simple group G with
G(R) ' U(p, q). The stabilizer of such a Hodge structure turns out to be equal to
S(U(p) × U(q)), a maximal compact subgroup K of G. So, indeed, M = G/K, a
Shimura type domain. It carries the tautological Hodge flag which satisfies the
Griffiths’ transversality relation. This follows since the tangent space to M can
be viewed as the (−1)-eigenspace of the Cartan involution on the Lie algebra
of G a group of Hermitian type. So transversality holds automatically. More is
true: M is a maximal closed horizontal submanifold of D. By "maximal" one
means that if M ⊂ M + and M + is also a closed horizontal submanifold, then
M = M + . This follows from a general bound (Carlson, 1986) for the dimension
of such submanifolds, namely dim M + ≤ 21 h2,0 h1,1 = pq = dim M.
It remains to show that M is indeed of Hodge type. To see this, remark that a
(J, b)-polarized Hodge structure is nothing but a homomorphism h 0 factoring as
h

h 0 : S −→ G ,→ SO(2p, 2q) = Aut(V, b).
The domain M is the set of G-conjugates of h while D is the set of SO(2p, 2q)conjugates of h 0. Replacing h by a generic enough G-conjugate, we may assume
that the Mumford–Tate group of h equals G and since M can be viewed as the
G-orbit of [h] inside D, by definition M is of Hodge type inside D.
From a somewhat different, but essentially equivalent perspective, this example has been studied by Carlson and Simpson (1987). They also show that
there is another representation which realizes M as a family of abelian varieties of dimension p + q with an automorphism J0, where J02 = −1. Thus M,
which started out as an abstract variation of Hodge structure, is in fact an object
coming from geometry.

17.2 Equivariant Maps Between Mumford–Tate Domains
We start with the following result about Hodge loci, a result which is of differential geometric nature.
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Proposition 17.2.1. The component Xo ⊂ X of the Hodge locus passing
through a point o of a Mumford–Tate domain X = G/V is a totally geodesic
submanifold of X.
Proof We have seen that Xo is an orbit of a subgroup M ⊂ G of Hodge type.
The same argument we used in Section 13.6 for period domains shows that a
Mumford–Tate domain admits an M-equivariant Hermitian metric. Example
11.5.2 (i) then shows that Xo is a totally geodesic submanifold of X.

As indicated in Example 11.5.2 (ii), there is a general way to produce a totally
geodesic submanifold: take the image f (X1 ) ⊂ X2 under an equivariant map
f between Mumford–Tate domains induced by an injective homomorphism of
algebraic groups ϕ : G1 → G2 .
In this setting we want f to be holomorphic and so we recall how the holomorphic structure on a Mumford–Tate domain X = G/V comes about. At the base
point o one has a canonical identification of the tangent space with Lie(G)/v '
m, where Lie(G) = v ⊕ m is the reductive splitting. The complex structure on
this tangent space is induced by the morphism h : S → G defined by the base
point: as in Lemma 12.2.2 there is a complex structure J : m → m which is
defined as multiplication by i on m p,−p for p > 0 and by −i on m p,−p for p < 0.
It is now natural to consider equivariant maps f which not only respect the
reductive splittings, but also are holomorphic, i.e., f∗ ◦ J1 = J2 ◦ f∗ , where J1, J2
are the two complex structures we just described. Such maps are also called
strongly equivariant. By its very definition f induces a holomorphic injection
of reductive domains compatible with the reductive splitting and hence, as in
Example 11.5.2 (ii) we deduce the following result.
Lemma 17.2.2. The image of a strongly equivariant map f : X1 → X2 is a
totally geodesic submanifold of X2 .
We now come to a special class of strongly equivariant maps.
To motivate this, recall that points in a Mumford–Tate domain X = G/V are
the G-conjugates of some fixed homomorphism S → G and that the G-action
is by conjugation. So, given a homomorphism ϕ : G1 → G2 between groups of
Hodge type and a homomorphism h1 : S → G1 representing a point [h1 ] ∈ X1 ,
the composition h2 = ϕ◦ h1 defines a point [h2 ] ∈ X2 . Clearly the assignment
h1 7→ h2 induces a strongly equivariant map. Note that we may furthermore
alter the map by conjugation in G2 , getting a new strongly equivariant map.
The morphisms ϕ that are defined over Q give rise to the notation of morphism
between Mumford–Tate data.
Definition 17.2.3. A morphism of Mumford–Tate data consists of an equivari-
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ant pair of maps
( f , ϕ)

(G1, X1 ) −−−−−→ (G2, X2 )
such that ϕ is a morphism of Q-algebraic groups and f is the morphism induced by ϕ up to possible G2 (Q)-conjugacy. In other words, with k (g) denoting
conjugation of k ∈ Hom(S, G) by g ∈ G, we have:
f [h] = g · [ϕ◦ h] = [ϕ◦ h(g) ],

[h] ∈ X1, g ∈ G2 (Q).

Note that a morphism of Mumford–Tate data, being defined over Q, preserves
the Mumford–Tate groups.
Lemma 17.2.4. Let f : X1 → X2 be an equivariant holomorphic map coming
from a morphism of Mumford–Tate data. Suppose that Γα ⊂ Gα , α = 1, 2 are
neat congruence subgroups such that ϕ(Γ1 ) = Γ2 with induced morphism
f¯ : Γ1 \X1 → Γ2 \X2 .
Each connected component of f (X1 ) ⊂ X2 is a Hodge locus, and each irreducible component of the image of f¯ inside Γ2 \X2 is then a subvariety of Hodge
type.
Proof Let [h] be a Hodge generic point of some connected component of X1 .
There is a commutative diagram
G1
ρ1


GL(H1 )

ϕ

/ G2
ρ2


/ GL(H2 ),

making ρ1 ◦ h and ρ2 ◦ϕ◦ h Hodge structures. For simplicity we identify Gα with
its image in GL(Hα ), α = 1, 2. Then G1 = MT(h), because [h] is Hodge
generic. Since ϕ is a morphism between Q-algebraic groups, its image in G2 is
precisely the Mumford–Tate group of ϕ◦ h. So the orbit of f ([h]) under ϕ(G1 )
is a Hodge locus inside X2 .

Remark 17.2.5. Note that X1 can indeed have several connected components
and so the image of f¯ can have several irreducible components. This causes a
potential problem since, depending on the choice of the congruence subgroups,
these might or might not appear in the image of f¯. To deal with this we also
should allow Hecke correspondences (see Eq. (16.2)). However, we choose to
ignore this here.
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Remarks 17.2.6. (i) If we replace the morphism f by f (g) , where g ∈ G2 (R),
the image of X1 under the resulting equivariant map is of course still totally
geodesic in X2 , but the image need not be a Hodge locus inside X2 .
(ii) Although special points are dense in varieties of Hodge type, they need
not be dense on subvarieties which come from period maps since their images
have to be horizontal, i.e., verify Griffiths transversality. Indeed, there is no
guarantee that a maximal horizontal subvariety of a Hodge locus contains a
CM-point. See also Green et al. (2012, VIII.B).
We now consider the special situation where we embed a Mumford–Tate
variety holomorphically and equivariantly in a Shimura variety. We have seen
(Lemma 17.2.2) that the image is totally geodesic. It need not be a variety of
Hodge type but if it is, it is customary to call it a "special subvariety".
Definition 17.2.7. A subvariety of Hodge type inside a Shimura variety is
called a special subvariety.
Note that a special subvariety carries the tautological variation of Hodge
structure from the Shimura variety in which it lies and so, since we know that it
is a Mumford–Tate variety, it must in fact be a Shimura variety. As we noticed
before, a subdomain of a Shimura domain does not always give rise to a special
subvariety. If it does, it has at least one CM-point on it. The converse is also true.
Proposition 17.2.8. Let
ι : Γ1 \X1 ,→ Γ2 \X2
be an equivariant holomorphic embedding of Shimura varieties. Then the image
is special if (and only if) it contains a CM-point.
Proof Let X1 → X2 be a lift of the given embedding and consider the subgroup Γ2 which centralizes the image of X1 . We may assume that it equals
Γ1 = π1 (Y1 ), Y1 = ι(Γ1 \X1 ), and also that its Zariski-closure M in G2 is connected, where (G2, X2 ) is the Shimura datum for X2 . Hence M is the algebraic
monodromy group of the tautological variation of Hodge structure on Y1 . By
André’s result, Proposition 15.3.11, the Mumford–Tate group of this variation
is the maximal possible, ι(G1 ). This implies that Y1 is special indeed.

One can show that the condition of the preceding Proposition holds, if the
embedding is rigid.
Proposition 17.2.9 (Abdulali, 1994). In the situation of Proposition 17.2.8, assume that ι is a rigid embedding. Then the image is a special subvariety of Γ2 \X2 .
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17.3 The Moduli Space of Cubic Surfaces is a Shimura Variety
Main Result
In Problem 1.3.3 in Section 1.3 we introduced some basic information about
cubic surfaces. The two salient facts are that they depend on four moduli (since
S is isomorphic to P2 blown up in 6 points, 4 of which can be chosen fixed by the
transitive action of PGL(3)), whereas their Hodge structure depends on none. Indeed, H 2 (S) = H 1,1 (S), so that as S varies, its Hodge structure remains constant.
Nonetheless, it is possible to associate with S a variable Hodge structure and
hence define a second period map. This second period map takes values in the
quotient of the unit ball in complex 4-space by the action of a certain arithmetic
group, say
Ms −→ Γ\B4 .
This "ball quotient" is the period space for a set of weight 3 Hodge structures
with a special symmetry of order 3. The source, Ms , is the moduli space of
"stable" cubic surfaces. By "stable" in this setting, we mean having at most
nodes as singularities. The image of the locus of nodal cubic surfaces under
the second period map is the quotient by Γ of a configuration of geodesically
embedded complex hyperbolic hyperplanes
Ø
∆˜ =
Hδ .
Let us proceed by giving the details of this construction. Let F(X0, . . . , X3 ) =
0 be an equation for a cubic surface S. Define a cubic threefold T by adding the
cube of a new variable to the original equation:

T = [X] ∈ P4 F(X0 . . . , X3 ) + X43 = 0 .
Thus T presents itself as a 3-1 branched cover of P3 with branch locus S. We
shall call such cubic threefolds cyclic. The period map we shall study is the one
which associates with S the Hodge structure H 3 (T).
To calculate the period map, we use Theorem 3.2.10. First note that the
middle cohomology group, H 3 (T), is primitive in this case, or, equivalently, it
is the variable cohomology. Hence the Hodge filtration F k H 3 (T) can be found
by using rational differential forms on P4 with poles on T. Those which land in
F k H 3 (T) have the form
Ω(A) =

Aω4
,
G4−k

ω4 =

4
Õ

dα · · · ∧ dX4,
Xα · dX0 ∧ · · · dX

α=0

and where G(X) = F(X0, . . . X3 ) + X43 is an equation for T. Since Ω(A)
is required to be homogeneous of degree zero, this implies that deg (A) =
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3(4 − k) − 5 = 7 − 3k. It follows that 0 = F 3 H 3 (T) = H 3,0 (T) and that
F 2 H 3 (T) = H 2,1 (T) has dimension 5. Consequently, the Hodge decomposition
of the cubic threefold is given by
H 3 (T) = H 2,1 ⊕ H 1,2,
where the two summands have dimension 5. Via this construction, we associate
with a cubic surface S the Hodge structure H 3 (T). Griffiths’ residue calculus,
as made explicit in Theorem 3.2.10, shows that this Hodge structure varies as
F varies. Even more is true: according to the celebrated theorem by Clemens
and Griffiths (1972) the polarized Hodge structure H 3 (T) determines T itself.
These facts, after some work, yield the following result.
Theorem 17.3.1. The period map S → H 3 (T) defines an isomorphism Ms −→
Γ\B4 , where
(a) Ms is the moduli space of stable cubic surfaces and
(b) Γ\B4 is the quotient of the unit ball in C4 by the action of an arithmetic group.
The unit ball B4 is realized as the subset of projective space defined by the
inequality
h(z) < 0,

h(z) = −|Z0 | 2 + |Z1 | 2 + · · · + |Z4 | 2 .

The arithmetic group Γ is the group of h-Hermitian matrices with coefficients
in the ring of Eisenstein integers
√
−1 + −3
def
.
E = Z[ω], ω =
2
In subsequent subsections, we shall prove this result.

Period Domain and Mumford–Tate Subdomain
Let T be a cyclic cubic threefold; that is, a cubic threefold that is a three-sheeted
branched cover of P3 . Let h | i be the standard symplectic form on Z10 and fix
a marking
'

def

m : (H 3 (T), cup product) −→ HZ = (Z10, h | i).
A marking is equivalent to the choice of a symplectic cohomology basis. Thus,
if {ei } is the standard basis for Z10 , then m−1 (e j ) is a symplectic cohomology
basis for H 3 (T).
Let D be the period domain for the Hodge structures of a general cubic threefold. It is the space of polarized Hodge structures for a unimodular symplectic
form h | i and so is a Siegel upper half-space of genus 5:

D = m(H 1,2 ) ⊂ Λ10 ⊗ C = h5 = Sp(5, R)/U(5).
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Note that its dimension is fifteen, whereas the dimension of the moduli space
of cubic threefolds is ten.
Let σ be a generator of the group of automorphisms of T over P3 :
σ(X0, . . . , X3, X4 ) = (X0, . . . , X3, ωX4 ).

(17.3)

It induces a real linear operator on HR = HZ ⊗ R and HC = HR ⊗ R, which
we shall denote σ ∗ . Clearly, for a marked cyclic threefold σ induces a Hodge
isometry, i.e., an automorphism of polarized Hodge structures of HZ . Thus we
are led to introduce D 0, the subspace of D for which σ ∗ is an isometry of Hodge
structures:
def 
D 0 = m(H 1,2 ) ⊂ Λ10 ⊗ C σ ∗ (H 1,2 ) = H 1,2 .
We shall call the corresponding Hodge structures cyclic cubic Hodge structures.
Thus on those the eigenvalues of σ ∗ are cube roots of unity. Since a fixed point
corresponds to a three-dimensional cohomology class on P3 , σ ∗ acts without
nonzero fixed points on the complexification. Therefore there is a decomposition
HC = Hω ⊕ Hω̄,
where the summands are the eigenspaces of σ ∗ . Since σ ∗ is a morphism of
Hodge structures, the Hodge decomposition is compatible with the eigenspace
decomposition, and so we have, for example, that
Hω̄ = Hω̄2,1 ⊕ Hω̄1,2 .
To compute the dimensions of the summands on the right-hand side above, note
that by (17.3) σ ∗ acts on the rational differential forms
Ω(Xi ) =

Xi Ω
F + X43

(17.4)

with eigenvalue ω if i < 4 and on Ω(X4 ) with eigenvalue ω̄. Hence
dim Hω̄2,1 = 1, dim Hω̄1,2 = 4.
To describe D 0 more explicitly, we consider the composition of R-linear maps
q : HR ,→ HC  Hω̄,

(17.5)

where the first is the natural inclusion and the second the natural projection.
The map q is an isomorphism of real vector spaces. Next, we need to bring into
play the polarization given by the symplectic form h | i. It is preserved by σ ∗ .
To exploit this fact, observe that the real vector space HR is a σ ∗ -module and
that this induces a complex structure on HR given by
def 1
J = √ θ,
3

def

θ = σ ∗ − (σ ∗ )−1 .
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Indeed, the minimum polynomial of σ ∗ equals x 2 + x + 1 and so θ 2 = −3 id.
The R-linear complex valued form on HR defined by
1
1


hθ x | yi + (ω − ω−1 )hx | yi 


2
2

1√ 



=
3 hJx | yi + ihx | yi

2
def

h(x, y) =

(17.6)

is Hermitian with respect to this complex structure. Indeed, this follows directly
from our definition of a Hermitian metric (see Definition 2.2.2) with J playing
the role of ω. We claim that
√
(17.7)
h(x, y) = i 3hq(x) | q(y)i.
To show this, since h and the right-hand side are Hermitian, one may suppose
y = x. Since σ preserves the skew form h | i one has h(x, x) = hσ ∗ x | xi and
so we need to show
√
hσ ∗ x | xi = i 3hq(x) | q(x)i.
To calculate the latter, for x ∈ HC , write its decomposition in the two eigenspaces
for σ ∗ as x = xω + yω . It gives two equations for xω, yω :
σ ∗ x = ωxω + ω̄yω,
(σ −1 )∗ x = ω̄xω + ωyω .
Now solve for xω, yω . Since yω gets identified with q(x) and xω with is conjugate, we may substitute these values in the expression hyω | xω i to check the
desired equality.
In short: h corresponds up to a real multiple to the Hermitian form induced
by the polarizing form. To calculate its signature on Hω̄ is then straightforward since by the Riemann relations hC x | x̄i > 0 for nonzero x and hence
h(x, x) < 0 on H 2,1 while h(x, x) > 0 on H 1,2 . It follows that the signature of h
on Hω̄ is (1, 4).
So, giving a polarized cyclic cubic Hodge structure on H is equivalent to
giving a decomposition Hω̄ = Hω̄2,1 ⊕ Hω̄1,2 such that the Hermitian form −h is
positive on the first summand and negative on the second. The group SU(1, 4)
acts transitively on the set of flags Hω̄2,1 ⊂ Hω̄ . Indeed, a real linear transformation of HR that takes one cyclic cubic Hodge structure to another is determined
by its restriction to Hω̄ and on that space it preserves the Hermitian form h. The
isotropy group of a reference structure is isomorphic to U(4). But this describes
the homogeneous space isomorphic to the unit ball in C4 . Summarizing,
D 0 = SU(1, 4)/U(4) = B4 .
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The Arithmetic Subgroup
The lattice HZ enjoys the fixed-point free action of the automorphism σ. This
action endows it with the structure of a free E-module, where we recall that
E = Z[ω] is the ring of Eisenstein integers. As such HZ has rank 5. Moreover,
using the comparison (17.7) and the fact that h | i is unimodular implies that
the Hermitian structure given by h as defined previously (see (17.6)) is also
unimodular, and has signature (−1, 1, 1, 1, 1). Therefore there is a unitary unimodular basis {γi | 0 ≤ i ≤ 4} for the E-module HZ such that kγi |k 2 = 1 for
i > 0 and kγ0 k2 = −1. Let us call such a basis standard. The naturally acting
arithmetic subgroup is therefore
def

Γ = {γ ∈ GL(5, E) | h(γx, γy) = h(x, y), x, y ∈ HZ }
' U(1, 4; E).
We finish this subsection by giving a more classical description of the period
map in this case. The Hodge decomposition is completely determined by the
complex line spanned by
def

ΩT = Res Ω(X4 ) ∈ Hω̄2,1
inside the five-dimensional complex space Hω̄3 (T). To describe this via integration we use that the homology H3 (T; Z) has the structure of a unimodular
(E, h)-module structure via m−1 q−1 , where m is the marking and q the map
(17.5). Therefore it has a unitary unimodular basis {γi | 0 ≤ i ≤ 4} such that
kγi k 2 = 1 for i > 0 and kγ0 k 2 = −1. Let us call such a homology basis
standard. The period vector
∫
Z(T) = (Z0, Z1, Z2, Z3, Z4 ), Z j =
ΩT
(17.8)
γj

then gives the period map
M = {moduli space of cyclic threefolds} −−−−−→ Γ\D4 .

Local Properties of the Period Map
Let us continue our investigation of the period map for cyclic threefolds T. Under
the R-linear map from (17.5) the Hodge filtration on H 3 (T) projects to a flag
Hω̄2,1 ⊂ Hω̄3 .
This flag gives the period map with target the unit ball D 0 = B4 . To show that
this map is an immersion at F, replace F in Eq. (17.4) by F + tG, where G is

17.3 The Moduli Space of Cubic Surfaces is a Shimura Variety

467

another cubic form in the Xi with i < 4. Then
GX4 Ω
d
=−
.
Ω(X4 )
t=0
dt
(F + X43 )2
The residue of the rational differential on the right lies in Hω̄3 and projects to an
element of Hω̄3 /Hω̄2,1 . The projection is nonzero if and only if GX4 is nonzero
modulo the Jacobian ideal of F. Let us take F = X03 + · · · + X33 . Then the
Jacobian ideal for F + X43 is generated by the quadratic functions Xi2 . If G is
a linear form in X0, . . . X3 , then GX4 is not in the Jacobian ideal. Consequently
the derivative of the period map for cyclic threefolds is of maximal rank and
hence is an open map.
So, at this point we know that the dimensions of source and target space are
the same and that the period map is open. As recalled in the introduction to
this section, by the result of Clemens and Griffiths (1972) we already know
that the period map is injective. So, to prove that the image is all of the source,
we have to show that there is a proper extension of the period map to stable
cyclic cubic threefolds. Denote the moduli space of semistable cubics by Mss .
It is the one-point compactification of Ms , where the point added corresponds
to the semistable cubic surface with one A2 singularity. We must consider both
types of singularity, i.e., A1 (i.e., at most nodal singularities) and A2 . These
properties about stable and semistable cubic surfaces we take for granted, but
require of course some computation (see Allcock et al., 2002).
Recall at this point that we discussed the GIT quotients of hypersurfaces
in Section 8.4, where we remarked that the set of semistable points gives rise
to a projective quotient while the subset of stable points is Zariski open in it.
So Mss is indeed compact. To make this further extension of the period map,
we must replace the target by its Baily–Borel compactification, discussed in
Section 16.2. Since this extension is clearly a proper map, necessarily of degree
one, this will complete the proof of the main theorem.

First Extension of the Period Map
Consider a degeneration of cyclic cubic threefolds where the underlying cubic
surface, the branch surface, acquires an A1 singularity. The local form of the
degeneration for the branch surface is x 2 + y 2 + z2 = t and for the threefolds it is
x 2 + y 2 + z 2 + w 3 = t.

(17.9)

The theorem by Sebastiani and Thom (1955) gives a convenient calculus for
understanding the monodromy of such "diagonal" degenerations. To state the
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result, consider a degeneration
f (x1 , . . . , xm ) + g(y1 , . . . , yn ) = t.
Let Vf be the space of vanishing cycles for f (x) = t and likewise for Vg . Then
Vf +g = Vf ⊗ Vg .
The identification is such that if α ∈ Vf and β ∈ Vg , then α ⊗ β corresponds to
their join 2 α ? β. Moreover, if µ f is the monodromy transformation on Vf , then
µ f +g = µ f ⊗ µg .
Finally, note that if Vf and Vg carry inner products, then Vf +g carries the inner
product given by ha ⊗ b | c ⊗ di = ha | ci · hb | di.
Consider now the simplest of all degenerations – the case of dimension zero,
where d distinct points coalesce. This is the case x d = t. The variety Xt for
nonzero t consists of the d points
xk (t) = |t| 1/d e2πik/d,
where by |t| 1/d , we understand the unique positive real root. The module of
vanishing cycles is the module V(d) consisting of cycles of degree zero. It is
generated by the differences δk (t) = xk (t) − xk−1 (t). Call this set of generators
standard.
The monodromy for V(d) is generated by rotations through an angle 2π/d.
Let µ(d) denote the just-described generator of the monodromy. Relative to the
standard basis, it acts by µ(d)δk = δk+1 , where the subscript is taken modulo
d. The resulting matrix comes from a permutation, e.g.


0 −1
µ(3) =
.
1 −1
Observe that the minimal polynomial of µ(3) is x 2 + x + 1 and so V(3) can
be identified with the lattice of the Eisenstein integers with monodromy multiplication by ω. The module V(d) carries a natural quadratic form defined by
declaring the 0-cycles xi to be an orthogonal norm one basis for H0 (Xt ). The
matrix in the standard basis for the restriction of this inner product to V(d) is
the Gram matrix for the Ad−1 Dynkin diagram, e.g., for d = 3 we have


2 −1
.
−1
2
2

For two subsets of disjoint subvector-spaces of a given real vector space V , the join consists of
the union of real lines in V joining two points in the subsets.
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By the Sebastiani–Thom theorem, the space of vanishing cycles for the degeneration
x d1 + · · · + x dn = t
can be identified with
V = V(d1 ) ⊗ · · · ⊗ V(dn ),
and the tensor product of cycles ξ1 ⊗ · · · ⊗ ξn to the join ξ1 ? · · · ? ξn . The
monodromy on V is given by the tensor product
µ = µ(d1 ) ⊗ · · · ⊗ µ(dd ).
The inner product of vanishing cycles is given by
hξ1 ⊗ · · · ⊗ ξd | ν1 ⊗ · · · ⊗ νd i = hξ1 | ν1 i · · · hξd | νd i.
As an exercise, consider the inner product on V(2) ⊗ V(2), and consider the
element
ν = δ1 ⊗ δ1 − δ2 ⊗ δ2 .
One finds that ν is isotropic, i.e., hν | νi = 0.
We now come back to our degeneration (17.9). The space of vanishing cycles
is
V = V(2) ⊗ V(2) ⊗ V(2) ⊗ V(3).
Identify V(2) with Z, µ(2) with multiplication by −1, and V(3) with the Eisenstein integers E, we find that the monodromy matrix with respect to the standard
generators is multiplication with −ω.
In this case the natural intersection form for the tensor product is nondegenerate, and so the homology splits over Q as V ⊕ V ⊥ , with trivial monodromy on
V ⊥ . Consequently the monodromy on the full homology is also of order 6. We
can, in fact, give a formula for it. Let δ be a generator of V. Since the homology
splits orthogonally and since h is unimodular, we conclude that h(δ, δ) = ±1.
In fact, h(δ, δ) = 1. Then the monodromy is given by
T = 1V ⊥ ⊕ −ω1V .
This identifies T as a complex reflection of order 6 in the complex hyperbolic
space V ⊥ of codimension one.
Let us now study the period vector Z(t), introduced in (17.8) for a nodal
degeneration Tt of cyclic threefolds, whose local form is given by (17.9). Since
h(δ, δ) = 1, we may take the vanishing cycle δ as part of a standard basis. To
be precise, of the five components Z j (t), j = 0, . . . , 4 of Z(t) consisting of
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integrals over cycles γ j , we may assume that γ4 = δ ∈ V. We now invoke a
general result from Malgrange (1974, §4.7). This states that when we have a
degeneration with finite monodromy of order d, the periods as functions of t
have the following shape:
d−1
Õ

ak (t)t k/d,

k=0

where the ak are holomorphic in t. Moreover, if ak , 0, exp(2πik/d) is an
eigenvalue of the monodromy. The integral Z4 (t) is of this latter form and since
the monodromy has eigenvalues −ω and −ω̄ on the real 2-dimensional vector
space V ⊗ R, the integral can be written as
Z4 (t) = a(t)t 1/6 + b(t)t 5/6 .
where a(t) and b(t) are holomorphic in t at t = 0. It follows that
lim Z4 (t) = 0.

t→0

Thus the period vector of a nodal cubic surface is defined at t = 0 and satisfies
Z(0) ∈ δ⊥ . This gives a local extension of the period map from M to Ms , and
shows that the extension maps the local part of the difference Ms − M to the
geodesic hypersurface δ⊥ .

Second Extension of the Period Map
The second type of degeneration has the local structure
x 2 + y 2 + z3 + w 3 = t.

(17.10)

By the Sebastiani–Thom theorem, the monodromy on
V  V(2) ⊗ V(2) ⊗ V(3) ⊗ V(3)
is of order 3. However, in this case the intersection form on the vanishing cohomology is degenerate, i.e., has a null vector, namely, ν = δ1 ⊗ δ2 − δ2 ⊗ δ1 in
V(3) ⊗ V(3). Let Tt be the one-parameter degeneration with local form (17.10).
Since the intersection form on the 5-dimensional E-module m−1 HZ∨ = H3 (Tt , Z)
is nondegenerate, there is a ν 0 such that k = ν · ν 0 is nonzero. The monodromy
on the space spanned by ν and ν 0 has matrix


1 k
0 1

17.4 Shimura Curves and Their Embeddings

471

as in the earlier discussion on degenerations of genus 2 curves in Section 1.2.
Consider the family of cohomology classes
Ω(t) = Res Ω(X4 ) ∈ H 3 (Tt ; C).
The asymptotic study of the period integral gives
∫
Ω(t) = A(t)(log t 3 ) + B(t 3 )
ν0

for some A(t) with A(0) , 0, and where B(t 3 ) is holomorphic. With respect to a
Q(ω)-basis {ν, ν 0, γ2, γ3, γ4 } for H3 (Tt , Z), the period of Ω(t) can be considered
as the line
∫

∫
∫
∫
∫
C·
Ω(t),
Ω(t),
Ω(t),
Ω(t),
Ω(t)
ν

ν0

γ2

γ3

γ4

in C5 . Dividing by log(t 3 ) we see that as t approaches t = 0 along a radius,
this
∫
line converges to the isotropic line C(1, 0, 0, 0, 0)) corresponding to ν .
Isotropic lines correspond to cusps in the Baily–Borel compactification of a
ball quotient. This convergence statement implies that the period map extends
to the full GIT quotient and maps the semistable-but-not-stable locus to cusps.
That is, the period map extends from the stable locus to the GIT moduli space,
mapping the latter into to the Baily–Borel compactification.
Having completed this second extension of the period map, our program for
the proof of the main theorem 17.3.1 of this subsection has now been achieved.

17.4 Shimura Curves and Their Embeddings
Contrary to some practices, for us a Shimura curve is a Shimura variety of
dimension 1. The prototypical example is furnished by modular curves which
are noncompact. We review this in the first subsection. These come from the
Q-simple group SL(2). The only other types come from a Q-simple group G
such that G(R) is a product of factors, one of which is SL(2, R), but the others
are compact. If these are present, this forces the curve to be compact. The second subsection explains their construction. We proceed next to enumerate their
embeddings in quotients of the Siegel upper half-spaces and discuss which
of these embeddings are rigid. We finish with a section where we make the
connection with Higgs bundles.

Classification
Before giving the classification, we start with some elementary examples.
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Examples 17.4.1. The description SL(2, R)/SO(2) for the upper half-plane h
has as associated Shimura datum (SL(2), h) which leads to modular curves Γ\h,
where by definition a modular group Γ ⊂ SL(2, Q) is an arithmetic subgroup.
If Γ acts faithfully and without fixed points on h, one has a modular family of
elliptic curves
EΓ := (Γ × Z2 )\(C × h) −−−−→ CΓ = Γ\h,

where

a
c



b
, m, n ∈ Γ × (m, n) acts as follows on C × h:
d


z + mτ + n aτ + b
.
(z, τ) 7→
,
cτ + d
cτ + d

Standard examples of modular groups are:




∗ ∗
1
Γ0 (N) =
mod N , Γ1 (N) =
0 ∗
0



1 0
Γ(N) =
mod N ,
0 1

∗
1




mod N ,

which yield the modular curves
X(N) = Γ(N)\h,

X1 (N) = Γ1 (N)\h,

X0 (N) = Γ0 (N)\h.

These parametrize elliptic curves with additional structure on N-torsion points:
for the first, the extra structure is an isomorphism of the N-torsion with
(Z/NZ)2 , for the second, it is the choice of one of the N 2 torsion points of
order N, while for the last, one singles out any N-th order cyclic subgroup of
N-torsion points.
Digression (Quaternion algebras). We start with a field F of characteristic 0.
A quaternion algebra D over F is a 4-dimensional F-vector space with basis
1, i, j, k made into an algebra by the rules
i2 = α, j2 = β, ij = −ji = k,

α, β ∈ F.

The shorthand notation is D = (α, β)F . We call D split, if it is isomorphic over
F to the matrix algebra M2 (F). Otherwise, D is called nonsplit. Any quaternion
algebra has an involution, called standard involution, given by
(a + bi + cj + dk)∗ = a − bi − cj − dk.
The reduced norm and trace are given by
NrdD (x) = x x ∗,

TrdD (x) = x + x ∗ .
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The first leads to a group we need below:

SU(1, D) = x ∈ D× NrdD (x) = 1 .
Next, assume that F is a number field. Then SU(1, D) has canonical discrete
subgroups, making use of the ring OF of integers and the associated orders in D:
an order in D is an OF -submodule which is a subring. It is called maximal order,
if it is maximal among all orders with respect to inclusion. Maximal orders are
unique up to conjugation by elements of D and are denoted by OD . Then
ΓD = {x ∈ OD | NrdD (x) = 1}
is a discrete subgroup of SU(1, D).
Now we can state the following theorem.
Theorem (Satake, 1980). There are two classes of Shimura curves:
(i) Noncompact Shimura curves are precisely the modular curves. They come
from the Shimura datum (SL(2, R), h).
(ii) Compact Shimura curves arise as follows. Let F be a totally real number
field and D a quaternion algebra over F which splits at exactly one place.
Then ( ResF/Q SU(1, D), h ) is a Shimura datum and CΓD := ΓD \h is a compact
Shimura curve.
We refer to the introduction of Addington (1987) for an excellent discussion
of Satake’s classification (Satake, 1965, 1966). We don’t give a proof of the
above theorem, but we only make some comments.
Consider the different real embeddings iα : F ,→ R, α = 1, . . . , m. By
assumption, for exactly one embedding, say i1 , one has D ⊗i1 R ' M2 (R), i.e.,
D splits at the place i1 , while at all other real places D does not split: for α ≥ 2
we have D ⊗iα R ' H, the quaternions. Hence
D(R) ' M2 (R) ⊕ H ⊕ · · · ⊕ H,
| {z }

m = [F : Q],

m−1

G(R) ' SL(2, R) × SU(2) × · · · × SU(2) .
|
{z
}
m−1

This shows that, indeed, the upper half-plane is the associated bounded domain.
If m = 1 one finds back the modular situation which leads to noncompact
Shimura curves. However, if m ≥ 2 there are compact factors and then, as is
well known (Mostow and Tamagawa, 1962; Borel and Harish-Chandra, 1962),
for any Γ ∈ SU(1, D) commensurable with ΓD , the quotient Γ\h now is a
compact curve.

474

Hodge Loci and Special Subvarieties

Rigidly Embedded Special Curves
In this subsection we discuss the classification of embedded Shimura curves in
quotients of Siegel’s upper half-space hg by arithmetic subgroups of Sp(g; Q).
In other words, we want to classify the morphisms between Shimura data
(G, h) → (Sp(g), hg )),

G = ResF/Q SU(1, D),

where G → Sp(g) is defined over Q and injective. The congruence groups we
are interested in are
Γg,m = {γ ∈ Sp(g, Z) | γ ≡ id

mod m} , m ≥ 3.

These act freely on hg with quotient
def

Ag,m = Γg,m \hg .
This quasi-projective smooth variety is a fine moduli space of polarized abelian
varieties of dimension g with level m-structure.
There are many embedded Shimura curves in Ag,m ; this depends on the
arithmetic of the corresponding embedding of Q-algebraic groups G → Sp(g),
where G is the Q-simple group of the type introduced above (i.e., G(R) has
precisely one noncompact factor, SL (2, R)). Their classification is a special
case of the classifcation due to Addington (1987). Here, we shall only consider
Shimura curves which are rigidly embedded.
Examples 17.4.2. (i) The classical “Satake embedding" (Satake, 1980) is
induced
by the following symplectic embedding. Set Vk = (Q2k , Jk ), Jk =

0
1k
. The direct sum ⊕k V1 is isomorphic to the symplectic space Vk .
−1k 0
Whence a faithful symplectic representation ρk of SL(2):




a b ρk a1k b1k
−−→
∈ Sp(Vk , Q).
c d
c1k d1k
For any k = 1, . . . , g the direct sum representation ρk ⊕ 1 ⊕ · · · ⊕ 1 induces a
| {z }
g−k

holomorphic embedding h ,→ hg . It gives the noncompact embedded Shimura
curves starting from the Shimura datum (SL(2), h). Such curves are called
Shimura curves of Satake type. There is no locally constant factor if and only
if k = g.
(ii) Symplectic embeddings when compact factors are present. Recall that one
starts off with a real number field F and a quaternion algebra over F which splits
at exactly one place and the group G is the group ResF/Q SU(1, D). For simplicity, assume that F/Q is Galois. Each of the real embeddings iα : F ,→ R,
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α = 1, . . . , m, defines
Gα = SU(1, D) ⊗iα R,

Gα (C) = SL(2, C).

Î
So G = α Gα . Do the same for the corresponding algebras. So let Dα be the
twisted F-algebra D obtained via the embedding iα and form the "corestriction":
the Q-algebra
def

E = CorF/Q D = D1 ⊗F · · · ⊗F D m .
There are two possibilities for this algebra:
(
M2m (Q)
(split case),
E=
M2m−1 (H), H a quaternion algebra/Q (nonsplit case).
The G-representation space with Gα (C) acting on Vα = C2 given by
(
V1 ⊗ V2 ⊗ · · · ⊗ Vm
split case,
W=
⊕2
(V1 ⊗ V2 ⊗ · · · ⊗ Vm )
nonsplit case
turns out to be defined over Q. Moreover, in both cases W carries a G-invariant
symplectic form so that we get a symplectic representation
ResF/Q SU(1, D) ,→ Sp(g, Q),

g = 2m−1, or 2m .

See Addington (1987, Sect. 4) or Viehweg and Zuo (2004, Section 5). The corresponding compact curves in Ag,m are called embedded Shimura curves of Mumford type. Indeed, for the special case where F is cubic, Mumford (1969a) constructs a family of abelian varieties { At | t ∈ C} of dimension 4 over a compact
curve C (note that m = 3 in this case). The representation space is H 1 (At ; Q), a
symplectic rational vector space of of dimension 8 = 23 , as should be the case.
The above examples indeed give rigid embedding. This follows from some
general observations explained in Saito (1993, §6). Suppose we have an embedding G ,→ Sp(W) of Q-algebraic groups where G is as in the above examples. In
particular D is either the field Q and G = SL(2, Q) or a quaternion algebra over
F and G = ResF/Q SU(1, D). Set G 0 = ZG Sp(W). For the first example W =
Q2g and G 0 ' SO(g) is compact. For the second example W = Q2g with g =
2m−1 or g = 2m , and G 0(R) is a product of g factors isomorphic to SO(2, R) ' S 1
and hence is also compact. Now, by Saito (1993, Cor. 6.23) this implies that the
corresponding embedding is rigid. These are essentially the only possibilities.
Proposition 17.4.3. Each of the two types of Shimura curve CΓ , respectively
CΓD , can be rigidly embedded in Ag,m in essentially one way.
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(i) The induced family over CΓ is isogeneous to
EΓ × · · · × EΓ .
|
{z
}
g copies.

(ii) The induced family over CΓD is isogeneous to the universal family AΓD →
CΓD (and then g = 2m−1 or g = 2m ).
Sketch of the proof It remains to show that there are no other rigid embeddings. For noncompact Shimura curves, G = SL(2, Q) and by Addington (1987)
it follows easily that the only primary symplectic representations are the classical Shimura representations. For compact Shimura curves we first have to
see that a rigid representations in Addington’s sense are precisely the ones that
give rigidly embedding Shimura curves. This is again because a symplectic
embedding G ,→ Sp(W) of Q-groups is rigid if and only if the centralizer
G 0 = ZG Sp(W) is compact. This happens precisely when G 0(R) has only compact factors. It follows from Saito (1993, §6) that for some integer u we have
G 0(R) = SO∗ (2u) × SO(2u) × · · · × SO(2u) .
|
{z
}
g−1

So in our case this group is compact precisely when u = 1, which brings us
back to the Mumford-type example.

Remark. A different proof of this classification can be found in Viehweg and
Zuo (2004).

Relation with Higgs Bundles
Recall the notion of strictly maximal (logarithmic) Higgs field from Definition
13.4.4: all Higgs field components are isomorphisms. We showed just after
this definition that a strictly maximal Higgs field has no unitary summand. In
particular, there can be no locally constant summand.
In this subsection we want to explain that strictly maximal logarithmic
Higgs fields of weight 1 over a curve correspond exactly to rigidly embedded Shimura curves. Let us start with Shimura curves themselves. They are
quotients C0 = Γ\h with Γ a discrete subgroup of G(R) ' SL(2, R) × K, K a,
possibly trivial, compact group. On h we have the standard variation of Hodge
structure of weight 1 which, upon projection G(R)  SL(2, R) defines a weight
1 real variation of Hodge structure L on C0 with underlying local system, say
L, of rank 2. The period map is an isomorphism and the associated logarithmic
1 (log Σ) is an isomorphism. Note that this
Higgs field τ 1,0 : L1,0 → L0,1 ⊗ ΩC
1,0
1 (log Σ).
implies that M = L is a root of the line bundle ΩC
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Proposition 17.4.4. Consider a logarithmic polarized Q-variation of Hodge
structure of weight 1 and rank 2g over a curve (C, Σ). Put C0 = C − Σ, Γ=
the monodromy group, and let C0 → Γ\hg the period map, assumed to be an
immersion. The Higgs field associated with the variation of Hodge structure
is strictly maximal if and only if C0 is a rigidly embedded Shimura curve and
hence comes from a rigid variation of Hodge structure.
Proof " =⇒ ": Look at Examples 17.4.2. Let us first consider the embedded
Satake modular curve C0 = CΓ with smooth compactification C. Let V be the
local system underlying the variation of Hodge structure V. Since the representation SL(2) → Sp(g) defining the embedding in this case is defined over
Q, the resulting splitting V = ⊕ g L (where L has been constructed just above)
splits over Q. We may write
def

U = Hom(L, V) =⇒ V = U ⊗ L, dim U = g.
Then V = U ⊗Land the vector space U inherits a Hodge structure of type (0, 0).
The Higgs field is an isomorphism induced by the polarization and extends as
an isomorphism on the corresponding logarithmically extended Higgs bundles
σ
'

V1,0

σ
'

U ⊗OC L1,0

/ V0,1 ⊗ Ω1 (log Σ)
C

/ U ⊗O L0,1 ⊗O Ω1 (log Σ).
C
C
C

For rigid Mumford-type embeddings the local system V comes from an irreducible symplectic Q-local system. However, over R it splits as before. In this
case S = S0 and we have an ordinary Higgs bundle. In both cases we have a
strictly maximal Higgs field, because the Higgs field is an isomorphism.
"⇐=": Conversely, we have to show that a weight 1 variation V = V ⊗ OC0
over a curve C0 with strictly maximal Higgs field or – equivalently – reaching
the Arakelov bound, comes from a rigidly embedded Shimura curve. We give
a sketch of the proof under the assumption that the number of points in Σ is
even. If it is odd, the argument is slightly more involved. For this, see Viehweg
and Zuo (2004) on which the following proof is modeled. It is divided into the
following steps.
Step 1: Construction of a tensor decomposition of the Higgs bundle.
The simplifying assumption means that we can extract a root M from the line
1 (log Σ). This defines a graded Higgs bundle L = (M⊕ M−1, τ) with
bundle ΩC
Higgs field given by
'

1
τ 1,0 : M −−−−−−→ M−1 ⊗ ΩC
(log C),

τ 0,1 = 0.
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We make now use of Simpson’s deep results (Theorem 13.3.5) which imply
that this Higgs bundle comes from a polarized variation of Hodge structure,
say with underlying local system L. It has a natural real structure.
The idea now is to find a local system U of rank g underlying a locally constant variation of type (0, 0) such that U ⊗ L = V. So we need a candidate for the
bundle U ⊗ OS . It should be of rank g and degree 0 and since it should underly
a variation of Hodge structure, by Proposition 13.3.6, it should be polystable.
A natural candidate is the bundle U = ( V1,0 ⊗ M−1, 0); it has the correct rank
and degree. The crucial point now is that it polystable as well. Indeed, let G1,0
be a subbundle of V1,0 The Higgs bundle ( G1,0, 0) is a subbundle of ( V1,0, 0)
and so, µ( G1,0 ) ≤ µ( V1,0 ) and the same inequality holds for subbundles of U.
Hence U is semi-stable. By considering the Higgs bundle saturation Gof G1,0
within V, one infers that U is polystable. By Remark 13.3.5 it comes from a
local system, and hence, by the discussion surrounding Definition 13.4.3, the
Hodge metric on this system is flat, i.e., we have a unitary local system U.
The isomorphism of Higgs fields
'

1
σ 1,0 : V1,0 −→ V0,1 ⊗ ΩC
(log Σ)

induces an isomorphism
U ⊗ M−1

V1,0 ⊗ M−2

ϕ

'

−−−−−−−−−−−→

/ V0,1

1 (log C).
V0,1 ⊗ M−2 ⊗ ΩC

Consequently, the Higgs field can be written as
ϕ(1⊗τ 1,0 )

1
1
V1,0 = U ⊗ M −−−−−−−−→ U ⊗ M−1 ⊗ ΩC
(log Σ) = V0,1 ⊗ ΩC
(log Σ).

It follows that the Higgs bundles ( V, σ) and ( U ⊗ L, 1 ⊗ τ) are isomorphic,
and V ' U ⊗ L. Comparison of types shows that U carries a (real) variation
of Hodge structure of pure of type (0, 0) and hence the flat Hodge metric on U
comes from a "real" metric and the monodromy of the system coming from a
discrete group inside a compact group, must be finite. So U can be taken to be
constant, say with underlying vector space U.
Step 2: Constructing a rigid equivariant embedding of h.
The real weight 1 variation on L = M ⊕ M−1 over the curve C0 comes from
a representation ρ : π1 (C0 ) → SL(2, R). Since the variation is not constant (it
gives a maximal degree Higgs bundle) this gives a nontrivial period map from
f0 of C0 to h. In fact, the period map then is a biholomorthe universal cover C
f0 = h.
phism, and we may identify C
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Since the tensor representation of the Higgs bundle decomposition is adapted
to the tensor representation V = U ⊗ L, it follows that the symplectic representation associated with the variation of Hodge structure defined by Vfactors
over ρ. Hence, there is an equivariant holomorphic map ι : h → hg . From
Theorem 13.5.4 we know that the embedding is rigid. By Lemma 17.2.2, the
embedding ι is necessarily totally geodesic. From Proposition 17.2.9 we conclude that ι(C) is a special subvariety.

Remark. For maximal Higgs bundles H, i.e., for Higgs bundles for which
the summand Hmax of H (see Eq. (13.7)) is strictly maximal, one has parallel
results: first of all the unipotent part comes from a family of abelian varieties
which becomes trivial after a finite unramified base change. This means that
Hun is a locally constant Higgs field (with finite monodromy). Secondly, the
nonconstant part Hmax is again a rigid family as in the above theorem and hence
comes from a rigidly embedded Shimura curve. See Viehweg and Zuo (2004)
for details.

17.5 Characterizations of Special Subvarieties
Numerical Criteria for Special Subvarieties
In a previous chapter we considered Hilbert modular surfaces and Picard modular surfaces as examples of Shimura varieties. See Examples 16.3.7. We now
consider some suitable smooth projective compactification, say X, a compactification of X 0 = Γ\h × h or X 0 = Γ\B2 . Under which conditions does a curve
C ⊂ X give rise to a special curve C 0 = C ∩ X 0 on X 0 ? In this section we find
numerical criteria in these two cases. The ultimate goal is to generalize this for
closures of special subvarieties in arbitrary Shimura varieties.
Theorem 17.5.1 (Hirzebruch, 1976). Let X be the minimal resolution of singularities of the Baily–Borel compactification 3 of a Hilbert modular surface X 0 =
Γ\(h × h) and let C ⊂ X be a reduced curve not contained in the boundary D =
X − X 0 . Set C 0 = C ∩ X 0 . With ϕ : C̃ → C the normalization of C, introduce 4
δ(C) = pa (C) − g(C̃),
(C) = D · C − deg ϕ−1 (D ∩ C)red .
Assume that Γ is neat and that D is a strict normal crossing divisor. Then one
3
4

See Baily and Borel (1966).
δ(C) measures how singular C is; e.g. if C has δ ordinary double points, δ(C) = δ. The
invariant  (C) measures how the intersection of C and D fails to be transversal.
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has the relative proportionality inequality saying that
2C 2 + (KX + D) · C ≥ 4δ(C) + 2(C).
If equality holds, C 0 is a special curve.
Proof In the proof we are using some ideas already explained in Example
9.1.8. The standard representation of Γ in Sp(2, R) gives a rank 4 (symplectic)
local system V. It underlies a logarithmic Higgs bundle Vover X. Over X 0 this
is the universal variation of Hodge structure of weight 1. The tangent bundle
of Ag (N) equals the bundle of symmetric tensors of V0,1 and hence we have
an inclusion
TX (− log D) ,→ Sym2 V0,1 .

(17.11)

Next, with R the order in the ring of integers of K defining the Hilbert modular
surface, there is a splitting of local systems
Ó2
Ó2
V.
RV⊕W=
Let ( W, σ) be the Higgs bundle associated with W. We claim that we have an
isomorphism
∼

σ 2,0 : W2,0 ⊗ TX (− log D) −→ W1,1 .

(17.12)

σ 2,0

Since
is a vector bundle morphism, for rank reasons, it is enough to show
Ó
that it is injective. Remark that 2R only contributes to the (1, 1) part and so
Ó
W2,0 = 2 V1,0 and W1,1 ⊂ V1,0 ⊗ V0,1 . Hence it is enough to show that
Ó2 1,0
V ⊗ TX (− log D) → V1,0 ⊗ V0,1
Ó
is injective. Since 2 V1,0 is a line bundle, we have
Ó
TX (− log D) → V1,0 ⊗ V0,1 ⊗ ( 2 V1,0 )∨ = V0,1 ⊗ V0,1,
which factors over the symmetric tensors and hence is injective by (17.11).
We now consider the saturated Higgs bundle E on C̃ generated by ϕ∗ W2,0 .
Note that the bundle being saturated implies that E0,2 = ϕ∗ W0,2 . Setting
DC̃ = ϕ−1 (D ∩ C)red,
we then also have an injection
1
σ 2,0 : E2,0 → E1,1 ⊗ ΩC̃
(log DC̃ ).

Since W2,0 and W0,2 are dual bundles, their degrees on C̃ add up to zero and
we get
0 = deg ϕ∗ W = deg E2,0 + deg E0,2 + deg ϕ∗ W1,1 = deg ϕ∗ W1,1 .
|
{z
}
=0
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We then find, using (17.12), that
2 deg E2,0 = − deg ϕ∗TX (− log(D))
= (KX + D) · C.

(17.13)

Since µ( W|C) = 0, by stability µ(E) = deg E1,1 ≤ 0. The Higgs field injects
1 (log(D )) and hence
E2,0 into E1,1 ⊗ ΩC
C̃
1
deg E2,0 ≤ deg (E1,1 ⊗ ΩC̃
(log(DC̃ ))
1
1
≤ deg ΩC̃
(log(DC̃ )) = deg ΩC̃
+ deg DC̃

= 2g(C̃) − 2 + deg DC̃
= 2pa (C) − 2 − 2δ(C) + deg DC̃
= KX C + C 2 − 2δ(C) + deg DC̃ .
The last equation uses the adjunction formula (C.2). Together with (17.13) this
gives
(KX + D) · C = 2 deg E2,0
≤ 2(KX C + C 2 − 2δ(C) + deg DC̃ ),
and hence
KX · C + 2C 2 + D · C − 2(D · C − deg DC̃ ) − 4δ(C) ≥ 0.
|
{z
}
 (C)

If equality holds, then all the previous inequalities are equalities. So the Higgs
bundle Eis a direct summand of W|C of degree zero. So by Corollary 13.3.3 it
has an orthogonal complement with trivial Higgs field and hence comes from
a unitary representation. In particular this holds for the component
E1,1 = TC̃ (− log DC̃ ) ⊗ E2,0 ⊂ ϕ∗ W1,1
and hence we have an orthogonal direct sum decomposition
ϕ∗ (TX (− log D)) = TC̃ (− log DC̃ ) ⊕ (line bundle).
By Example 11.5.2 (iii) this implies that the smooth part of C 0 is a totally
geodesic submanifold. Moreover, since we also know that the Yukawa coupling
is nonzero, by Theorem 13.5.4 the curve C 0 is rigidly immersed and hence, by
Proposition 17.2.9 the curve C 0 is special.

Remark. If we have a Picard modular surface Γ\B2 , a similar result holds;
for example, if C 0 is embedded and C is smooth and meets the boundary
transversally, the inequality reads
3 · C · C ≥ −(KX + D) · C,
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with equality if and only if C 0 is special.
Example 17.5.2 (Ball quotient, Picard modular surfaces). Picard (1883) looked
at the following family of curves:
Cs,t : y 3 = x(x − 1)(x − s)(x − t),

(s, t) ∈ C2 ⊂ P2 (C).

We leave it as an exercise to show that these curves have genus 3. They all have
an extra Z/3Z automorphism. The discriminant locus ∆ ⊂ P2 of this family
consists of 6 lines and has 4 cusps (3-fold intersections):
A 
@
At
@ A
 A
@
t
 @
A

@A
t
@
At

A@
A@


@

∆ = ∪∆i, j :

Since the curves have genus 3, the de Rham cohomology has dimension 6 and
hence the family has 6 independent periods which are functions of (t, s). The
Picard–Fuchs equations for them form a system of partial differential equations of so-called Euler type. See Holzapfel (1986b, p. 152). These define a
multivalued map
P2 − ∆ → B2 = {|z1 | 2 + |z2 | 2 < 1} ⊂ C2 ⊂ P2 (C).
The two-ball B2 is a homogenous space for U(2, 1), the group of matrices
preserving the Hermitian form with signature (1, 1, −1). Picard proved that
P2 − cusps  Γ\B2,
where
©1
Γ = {γ ∈ U(2, 1)(E) | γ ≡ 0
«0

0
1
0

0ª
0®®
1¬

mod (1 − ω)}.

Here E = Z[ω] are the Eisenstein numbers with ω =
surface does not carry a nice universal family over it.

√
−1+ −3
,
2

ω3 = 1. This

Later Holzapfel (1986a) constructed more examples carrying universal families as ramified coverings of Picard’s example. Here is one of them.
Example 17.5.3. Let X be the blow-up of E × E in 3 points (Pi, Pi ), where
E = {y 2 z = x 3 − z3 }
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is a CM elliptic curve with automorphism x 7→ ωx of order 3 and fixed points
P1, P2, P3 . This is a (birational) covering of P2 as follows: Blow up the 4 cusps
in the preceding configuration of lines ∆i, j in P2 . Next, blow down all 3 strict
transforms of the lines ∆i,4 . One ends up with the following configuration of
lines in P1 × P1 :
E1 E2 E3 E4
∆23
∆13
∆12
Then take the 3-1 cyclic cover isomorphic to E × E branched along horizontal and vertical lines. The diagonal curve will then split into 3 elliptic curves
corresponding to strict transforms of the 3 diagonals
(z, w),

(z, ωw),

(z, ω2 w) ⊂ E × E.

Together we get 6 elliptic cusp curves X1, . . . , X6 :
Z3
X6
Z2
X5

Z1
X1 X2 X3

X4

Lemma 17.5.4. The exceptional curves Z1, Z2, Z3 are rational modular curves
with 4 cusps. They carry a special family of Jacobians of type E × S 2 (Eλ ).
There are 3 more modular elliptic curves ∆˜ i j .
Proof We check the proportionality equality condition from theorem 17.5.1:
Í
Í
KX = Zi , S = X j and hence for C = Z1 for example we have (KX + S · C) =
Z12 + (X1 + X2 + X3 + X6 ) · Z1 = 3, hence 3C 2 + (KX + S · C) = 0. The strict
transform of the three vertical elliptic curves in the product through the points
where we blow up are modular curves with C 2 = −1 and (C · KX + S) = 3 as
well, since they intersect two of the X j and one exceptional divisor Zi .


Bibliographical and Historical Remarks
About Section 17.1: Apart from some simplifications the material first appeared
in the monograph by Green, Griffiths and Kerr (2012).
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About Section 17.2: Satake (1965, 1980) noted that strongly equivariant embeddings give rise to totally geodesic submanifolds. The relation with varieties
of Hodge type has been investigated in Abdulali (1994), and Moonen (1998).
About Section 17.3: This is a condensed version of Allcock et al. (2002) which
the reader may consult for further details. Second period maps were also used
by Carlson and Toledo (1999) to show that the kernel of the monodromy representation for hypersurfaces in Pn is, generally speaking, quite large, e.g.,
contains a free group of rank greater than one (see Carlson and Toledo, 1999,
Theorem 1.2). In that study, a small number of period domains in edge cases
for the second period map were found to be Hermitian symmetric.
In addition to the cubic surfaces, there were also the cubic threefolds. Cubic
threefolds depend on 10 moduli, and for them, the story unfolds along lines
much as in the case of surfaces. The standard period map takes values in a Siegel
upper half-space of genus 5 and dimension 15. The second period map takes
values in an arithmetic quotient of a ten-dimensional ball. For this map one
also has an identification of a suitable moduli space with this ball-quotient, up
to some blowing up and blowing down at the boundary. The precise statement
is, however, somewhat more technical (Allcock et al., 2011, Theorem 6.1). See
also Looijenga and Swierstra (2007).
About Section 17.4: For the classification of Shimura curves see Satake (1980).
A classification scheme for embeddings of Shimura varieties in quotients of
the Siegel upper half-space was given in Satake (1965, 1967) and carried out
for large classes of such embeddings by Addington (1987).
For embeddings in other Shimura domains see Ihara (1967).
For rigidity questions concerning embeddings see Abdulali (1994) and Moonen (1998).
The idea of using Higgs bundle methods to classify certain types of Shimura
varieties is due to Viehweg and Zuo (2004).
For other results see Müller-Stach et al. (2011, 2012b).
About Section 17.5: There are generalizations of Hirzebruch’s theorem to other
situations: for orthogonal or unitary Shimura varieties see Müller-Stach et al.
(2009) and Müller-Stach and Zuo (2011), for subvarieties of Ag , and for other
Mumford–Tate varieties see Mohajer et al. (2016).
Moduli spaces of Calabi–Yau manifolds of dimension n ≥ 3 tend to be nonmodular, i.e., they are not isomorphic to Zariski open subsets of any Shimura
subvariety of the period domain. For example, the moduli space of double
solids ramified along 8 planes in general position is not modular by a result of
Gerkmann, Sheng and Zuo (2007).
It is interesting to find maximal modular subvarieties. Viehweg and Zuo
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(2005) have for example constructed a 4-dimensional Shimura family of quintic 3-folds.
We finish with some remarks concerning the André–Oort problem and the
Coleman–Oort conjecture. The first (see André, 1989; Oort, 1997) asks whether
the Zariski closure of any subset of CM-points in a given Shimura variety is
a finite union of special subvarieties. This is known under the validity of
the generalized Riemann hypothesis (see Klingler and Yafaev, 2014; Ullmo
et al., 2014) and, unconditionally, for Ag (N) by Tsimerman (2015) building
on ground breaking work by Yuan and Zhang (2015). See also Edixhoven and
Yafaev (2003).
Concerning the second conjecture, we make the following remarks. The
Torelli locus by definition is the closure of the image of the period map
Mg → Ag . The conjecture by Oort (1997) states that for g  0 there are
no special subvarieties of positive dimension in the Torelli locus which intersect the image of the Torelli map in a dense open subset, while that of Coleman
(1987) claims that for g  0 there are only finitely many smooth, projective
curves C with a Jacobian of CM-type. Assuming the André–Oort conjecture,
this is equivalent to the Oort conjecture, since the Zariski closure of infinitely
many CM-points would be a special subvariety of positive dimension in the
Torelli locus. The conjecture is known for rigidly embedded Shimura curves
(see Lu and Zuo, 2014, 2015; Peters, 2016) and for certain higher-dimensional
embedded Shimura varieties (see Chen et al., 2015).

Appendix A
Projective Varieties and Complex Manifolds

Let us start with the first and most basic example.
Definition A.1 (Complex projective space). Pn is the set of complex lines
through the origin in Cn+1 . The standard coordinates induce homogeneous
coordinates on Pn which we denote by (z0 : · · · : zn ).
Note that there is a natural map Cn+1 − {0} → Pn sending a nonzero vector
to the line it defines. We equip Pn with the quotient topology and as such it
becomes a compact Hausdorff space (see
 Problem A.1). Projective space is
covered by the standard open sets U j = z j , 0 homeomorphic to Cn . On U j
j
we have the affine coordinates zi = zi /z j , i = 0, . . . , j − 1, j + 1, . . . , n. Suppose
that F(z0, . . . , zn ) is a homogeneous polynomial. Inside Pn its zerolocus V(F)
is well defined and is called a hypersurface. If F is irreducible we say that the
hypersurface is irreducible as well. This is an instance of a projective variety
of dimension (n − 1).
Definition A.2. A projective algebraic set is the zero locus inside Pn of finitely
many homogeneous polynomials. If the ideal they generate is a prime ideal, we
speak of a projective variety.
It should be clear what is meant by a (closed) subvariety of a given projective variety. These generate a topology, the Zariski topology. Any Zariski-open
subset of a projective variety by definition gives a quasi-projective variety.
If we look at that part of a projective algebraic set which lives in the standard open set U j we get what is called an affine set, and similarly for an affine
variety. Intrinsically, an affine set is the zero locus in Cn of a finite number of
polynomials and it is an affine variety if these generate a prime ideal.
The next step is to define a suitable notion of maps between projective or
affine varieties.
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Definition A.3. A collection of (m + 1) homogeneous polynomial expressions
{G0, . . . , G m } in (z0, . . . , zn ) of the same degree and without common factors
defines the rational map
ψ : Pn 999K Pm
p 7→ (G0 (p) : · · · : G m (p)).
If X ⊂ Pn is a projective variety, a rational map X999K Pm by definition is the
restriction to X of a rational map of the ambient projective space.
Note that a rational map as in the definition is well defined outside the locus of
common zeroes of the G j , the indeterminacy locus of ψ, and so if our X avoids
the indeterminacy locus, the restriction φ = ψ|X : X → Pm is everywhere
defined and is the prototype of a regular map. To have a better understanding
of rational maps, we need a version that works locally in the affine setting.
Definition A.4. A quotient f = P/Q of two polynomials P and Q (not necessarily homogeneous or of the same degree) in the variables (z1, . . . , zn ) is a
rational function. We say that f = P/Q is defined on the affine variety V ⊂ Cn
if Q does not vanish identically on V. The rational functions P/Q and P 0/Q 0 by
definition give the same function on V if PQ 0 −QP 0 vanishes identically on V. It
is called regular at a given point v ∈ V, if there is a representative h = P/Q for h
with Q(v) , 0. A regular function is a rational function that is everywhere regular. Any m-tuple of rational functions (h1, . . . , hm ) defined on V gives a rational
map H : V999K Cm . If the h j are all regular, we say that H is a regular map.
We now return to the projective situation. Let V ⊂ Pn be a projective variety and let φ : V999K Pm be a rational map defined by the homogeneous
polynomials G0, . . . , G m . The map φ can very well be regular at v, even if
G j (v) = 0, j = 0, . . . , m. Indeed, if for instance G j /G0 = H j /H0 on V and
H0 (v) , 0, the function G j /G0 is regular at v. Indeed, the function G j /G0 can
be viewed as a function in the affine coordinates and as such defines a rational
function of the sort considered above. In general, we say that φ is regular at
v ∈ V if for some i = 0, . . . , m the rational functions G j /Gi , j , i are all regular
at v; and if φ is everywhere regular, we say that φ is regular or a morphism.
It is a nontrivial theorem that the image of a projective variety under a morphism is again projective. This result is usually shown by means of elimination
theory (see Mumford, 1976, Section 2C, and Harris, 1992, Lecture 3).
Ultimately, we shall be interested in projective manifolds. We have already
defined the notion of a projective variety. We now introduce the notion of a
complex manifold.
Definition A.5. A Hausdorff topological space M with countable basis for the
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topology is an n-dimensional complex manifold if it has a covering {Ui } , i ∈ I
by open sets that admit homeomorphisms ϕi : Ui → Vi with Vi an open subset
of Cn and such that for all i ∈ I and j ∈ I the map ϕi ◦ϕ−1
j is a holomorphic
map on the open set ϕ j (Ui ∩ U j ) ⊂ Cn where it is defined.
A function f on an open set U ⊂ M is called holomorphic if for all i ∈ I
the function f ◦ϕi−1 is holomorphic on the open set ϕi (U ∩ Ui ) ⊂ Cn . Also,
a collection of functions z = (z1, . . . , zn ) on an open subset U of M is called
a holomorphic coordinate system if z ◦ϕi−1 is a holomorphic bijection from
ϕi (U ∩ Ui ) to z(U ∩ Ui ) with holomorphic inverse. The open set on which a
coordinate system can be given is then called a chart. Finally, a map f : M → N
between complex manifolds is called holomorphic if it is given in terms of local
holomorphic coordinates on N by holomorphic functions.
Examples A.6. (i) Complex projective space Pn is a compact n-dimensional
manifold.
(ii) A hypersurface of Pn given by the equation F = 0 usually is not a manifold. But if the gradient of F does vanish identically, it is a manifold (Problem A.3). Examples include the Fermat hypersurfaces z0d + z1d + · · · + znd = 0.
(iii) A complex manifold of dimension 1 is also called a Riemann surface.
Compact Riemann surfaces are topologically classified by their genus, the
“number p
of holes.” As an example, consider the Riemann surface of the
function x(x − 1)(x − λ), λ , {0, 1, ∞}, which we encountered in Chapter
1, Section 1.1. We saw there that it is topologically a torus. On the other hand,
it can also be given by the equation y 2 = x(x−1)(x−λ) in the (x, y)-plane and
hence by homogenizing by the cubic equation Y 2 Z = X(X −Z)(X −λZ). This
defines a smooth hypersurface in P2 , i.e., a nonsingular projective curve.
(iv) A complex n-torus is the quotient of Cn by a lattice of maximal rank. It is an
n-dimensional manifold. Any affine-linear map Cn → Cm sending a lattice
Γ1 to a lattice Γ2 induces a holomorphic map from the n-torus Cn /Γ1 to the
m-torus Cm /Γ2 . The converse is also true. See Problem A.6.
(v) The set of k-planes in a complex vector space V of dimension n carries
the structure of a projective manifold, the Grassmann manifold G(k, V) of
Ó
dimension k(n − k). Indeed, it becomes a subset of P( k V) by sending the
Ók
Ó
k-plane W ⊂ V to the line
V considered to be an element of P( k V).
Ók
The equations are determined by the fact that [w] ∈ P( V) is of the form
[w] = [∧k v] if and only if w is fully decomposable. Now w = w 0 ∧ v,
Ó
w 0 ∈ k−1 V, v ∈ V if and only if w ∧ v = 0. If this is the case, we say
that w is divisible by v; w is fully decomposable if and only if the space
of vectors dividing w has dimension k. This in turn is the case if the map
ϕw : V → ∧k+1V sending v to w ∧ v has rank exactly (n − k) and hence
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Ó
Ó
rank ≤ n − k. The map k V → Hom(V, k+1 V) which sends w to ϕw is
linear and so in choosing a basis for V, the map ϕw can be represented by a
Ó
matrix whose entries are homogeneous coordinates on P( k V). Then w is
fully decomposable if and only if the (n − k + 1) × (n − k + 1) minors of this
matrix vanish. This indeed gives polynomial equations for G(k, V). Finally,
to see that it is a complex manifold, note that the general linear group GL(V)
acts transitively on G(k, V). Looking at the stabilizer, we can easily see that
the dimension equals k(n − k) as claimed.

(vi) For any increasing set of integers a1 < a2 < · · · < ak < n we have the
variety of flags
F(a1, . . . , ak ; V) = {W1, . . . , Wk | W1 ⊂ · · · ⊂ Wk }
⊂ G(a1, V) × · · · × G(ak , V).
That this is a smooth subvariety of the products of the Grassmannians on
the right is left as an exercise (Problem A.7).
(vii) A Hopf manifold is a quotient of Cn − {0} by the infinite cyclic group generated by a dilatation z 7→ 2z. It is easy to see that this is an n-dimensional
manifold homeomorphic to S 1 × S 2n−1 .
The preceding examples show that a complex projective variety need not be
a complex manifold. Indeed, it may have singular points, i.e., points around
which no holomorphic chart can be found. But (and this is a priori not obvious)
the singular points themselves form a proper subvariety and so “most” points
are manifold points. If there are no singular points, we say that the variety is
nonsingular. We also speak of projective manifolds. So a projective manifold
is a submanifold of projective space. The converse is also true.
Theorem A.7 (Chow’s theorem). Any complex submanifold of Pn is a projective variety.
It is also true that a holomorphic map between submanifolds of projective
spaces is a regular map. See Problem A.4. This important fact allows us to
shift between algebraic methods on the one hand and topological and complexanalytic methods on the other.
It is a profound fact that any compact Riemann surface admits a realization
as a submanifold of some projective space and so, by Chow’s theorem, it is
projective. See Bibliographical Remarks.

Problems
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Problems
A.1 Show that Pn is a quotient of S 2n+1 viewed as the unit sphere in Cn+1 by the
equivalence relation (z0, . . . , zn ) ∼ (w0, . . . , wn ) if and only if zk = αwk ,
k = 0, . . . , n, |α| = 1. Deduce that Pn is Hausdorff and compact.
A.2 Prove that the product of two projective varieties is projective. Hint: use
the Segre embedding Pn × Pm → Pnm+m+n . One may consult Mumford
(1976, Section 2B) for details.
A.3 Let F be a homogeneous polynomial of degree d. Consider the open set
U j . Dividing through by z dj we arrive at the corresponding inhomogeneous polynomial f j (z1, . . . , zn ). Compare the singular set of V( f j ) and
V(F) and show that V(F) is singular at those points where all the partial
derivatives of F vanish.
A.4 Prove that holomorphic maps between projective manifolds are morphisms (consider the graph of the holomorphic map).
A.5 Show that any constant holomorphic function on a connected compact
complex manifold must be constant. Hint: use the maximum principle
for holomorphic functions on open subsets in Cn .
A.6 Prove that holomorphic maps u : T1 → T2 between tori are realized by
affine linear maps between their universal covers. Hint: any lift ũ : Cn →
Cm has the property that the function x 7→ ũ(x + γ) − ũ(x), γ ∈ Γ1 , does
not depend on x. What does this imply for the partial derivatives of ũ?
A.7 Prove the assertion about flag varieties.

Bibliographical and Historical Remarks
The monograph Mumford (1976) is a good introduction to complex projective
geometry. The book Harris (1992) gives many motivating examples and serves
as complementary reading.
A rather self-contained proof of Chow’s theorem can be found in Mumford
(1976). For a considerably shorter proof, see Griffiths and Harris (1978, p.
167). This proof, however, uses the so-called proper mapping theorem, a partial proof of which is supplied in Griffiths and Harris (1978, pp. 395–400).
The fact that every compact Riemann surface is projective is a special case of
Kodaira’s embedding theorem, which is proved, for instance, in Griffiths and
Harris (1978, p. 181).

Appendix B
Homology and Cohomology

B.1 Simplicial Theory
Of the various homology theories existing today, historically, simplicial theory
came first. This theory has an intuitive appeal and leads to invariants that can
be computed in a purely mechanical fashion. However, it has the disadvantage
that it works only for triangulable spaces, i.e., spaces homeomorphic to the
support of a simplicial complex. We explain this concept in some detail below.
The spaces we are working with turn out to be triangulable and so simplicial
theory can be applied.
The basic building block of a simplicial complex is the affine-linear psimplex. By definition this is a set σ, affine-linearly isomorphic to the standard
p-simplex ∆ p ⊂ R p+1 , the convex hull in R p+1 of the p+1 standard unit vectors
(
)
p
Õ
∆ p = (x0, . . . , x p ) | xi ≥ 0,
xi = 1 .
i=0

The faces of σ correspond
to the lower-dimensional simplices contained in the

Ðp
boundary q=0 ∆ p ∩ xq = 0 . In particular, we have the vertices of σ, i.e., the
zero-dimensional faces. An orientation of σ is an ordering of its vertices up
to an even permutation. The standard simplex comes with a natural orientation
such that all its faces are coherently oriented. See Fig. B.1 for an oriented
two-simplex.
A simplicial complex in some R N is a set K of simplices with the properties
that:
(i) with every simplex in K all of its faces belong to K; and
(ii) every two simplices in K either have empty intersection or they intersect in
a simplex from K.
The support |K | is the union of all the simplices of K with the topology
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Figure B.1 Standard two-simplex with its orientation.

induced from the surrounding R N . The complex K is allowed to have infinitely
many simplices, but we restrict ourselves to locally finite complexes K: given
x ∈ |K | there should be a neighborhood U ⊂ R N of x meeting at most finitely
many simplices of K.
It should be clear what is meant by a subcomplex of a given simplicial
complex and what we mean by simplicial maps.
As mentioned above, we say that a topological space is triangulable if it is
homeomorphic to the support of such a simplicial complex.
To define the homology groups Hq (K) of a simplicial complex K, we first
choose orientations for all simplices in K inducing order-preserving identifications of any p-simplex with the standard p-simplex. This is always possible, but
not in a unique fashion. Fix some ring R. A p-chain is a finite R-linear combination of p-simplices. Two such chains can be added and multiplied by an element
from R making the set of p-chains into an R-module Cp (K). The boundary map
δ p : Cp (K) → Cp−1 (K)
is defined to be the R-linear extension that on simplices σ is induced by the
map given on the standard p-simplex by
δ p (∆ p ) =

p
Õ
q=0

q

(−1)q ∆ p,


q
∆ p = ∆ p ∩ xq = 0 .
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γ1
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Figure B.2 Triangulated Riemann surface Cg for g = 2.

One verifies that δ◦δ = 0 so that C• (K) forms a complex. Its homology by
definition is the simplicial homology group

def Ker Cp (K) → Cp−1 (K)
 .
Hp (K; R) =
Im Cp+1 (K) → Cp (K)
Simplicial maps f : K → L induce homomorphisms Hp ( f ) : Hp (K; R) →
Hp ((L; R).
For a triangulable space X, say homeomorphic to |K |, we then set
Hp (X; R) = Hp (K; R),
and it is a nontrivial fact that this group is independent of the chosen triangulation and the chosen orientation of the simplices.
The assignment {Top. spaces X } 7→ Hp (X; R) follows certain standard rules
known as functoriality. See Eqs. (B.1), (B.2).
Examples B.1.1. (i) The n-sphere is homeomorphic to the boundary of the
standard (n + 1)-simplex. We leave it as an exercise to show that the only
nonzero homology groups are H0 and Hn , both infinite cyclic.
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(ii) A compact genus g Riemann surface is an oriented closed topological surface Cg and it admits a triangulation (see Fig. B.2). From this, we can easily
calculate that
H0 (Cg ; R) = H2 (Cg ; R) = R,
H1 (Cg ; R) = R2g,
where the cycles γ1, . . . , γg, δ1, . . . , δg give a basis for H1 .
(iii) It is a nontrivial theorem that any differentiable manifold admits a triangulation. Moreover, given a submanifold, we can choose the triangulation in
such a way that the submanifold becomes a subcomplex (see Bibliographical Remarks at the end of this appendix). One can further show that any
compact orientable differentiable manifold M of dimension m admits a triangulation whose m-simplices can be oriented in such a way that the sum
over all of these is an m-cycle, the orientation cycle or fundamental class of
M. It defines a generator [M] of Hm (M; R).
(iv) Let N ⊂ M be an oriented compact n-dimensional differentiable submanifold of a given oriented differentiable manifold M. Choose a triangulation
of M for which N becomes a subcomplex. Choosing appropriate orientations for the simplices, the fundamental class for N defines also an n-cycle
for the homology of M and the inclusion i : M → N induces a map
Hn (i) : Hn (N; R) = R · [N] → Hn (M; R) whose image, the fundamental
class of N in M, may or may not be zero.
(v) The complex projective space Pn only has homology in even degrees between 0 and 2n. These groups are infinite cyclic. The generator in rank 2k
is the fundamental class of Pk ⊂ Pn viewed as the subspace where the last
(n − k) coordinates vanish.
For oriented differentiable manifolds M there is an intersection product
Hp (M) ⊗ Hq (M) → Hp+q−m (M),

m = dim M

defined as follows. Given a p-cycle z and a q-cycle w, there are homologous
cycles z 0 ∼ z, w 0 ∼ w such that z 0 and w 0 are in general position in the sense
that both are smooth submanifolds that intersect each other transversally in the
correct dimension. Now choose triangulations such that z 0 ∪ w 0, z 0, and w 0 become subcomplexes. Then choose orientations for the simplices such that [M]
is exactly the given orientation class. Now the orientation of z 0 followed by that
of w 0 is either compatible with the orientation of M or not. In the first case, we
put [z 0] · [w 0] = [z 0 ∩ w 0] and in the second case, we set [z 0] · [w 0] = −[z 0 ∩ w 0].
This product has two obvious disadvantages. First, it requires sufficient room
to deform cycles in general position and so a priori only works for manifolds.
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Second, the product is not compatible with degrees in that the degrees do not
add when we intersect. Both disadvantages disappear if we pass to cohomology,
which is the theory dual to homology. We do this in a more general context, that
of singular theory, which works on all topological spaces. It is a topological
invariant by definition and so none of the above problems is present. For triangulable spaces it coincides with simplicial homology so we can freely make
use of our above calculations.

B.2 Singular Theory
To define singular homology for a topological space X, we use singular psimplices instead of ordinary simplices. A singular p-simplex is a continuous
map 1 from the standard p-simplex to X:
σp : ∆ p → X.
As before, a p-chain is a linear combination of p-simplices, and two p-chains
can be added and multiplied by an element from R, thereby giving the R-module
Sp (X). The embeddings
ιq : ∆ p−1 → ∆ p,
(x0, . . . , x p ) 7→ (x0, . . . , xq−1, 0, xq, . . . , x p )
yield boundary maps
δ p : Sp (X) → Sp−1 (X),
p
Õ
δ p (σ) 7→
(−1)q+1 σ ◦ιq .
q=0

Again S• (X) forms a chain complex, and its homology by definition is the
singular homology group
def

Hp (X; R) =

Ker(Sp (X) → Sp−1 (X))
.
Im(Sp+1 (X) → Sp (X))

We often write Hq (X) in place of Hq (X; Z). Dually, a singular p-cochain is
an R-module homomorphism Sp (X) → R. The singular p-cochains form the
R-module S p (X). The coboundary ∂ p−1 : S p−1 (X) → S p (X) is the R-transpose
of the boundary map, ∂ p−1 = δ∗p , yielding a cochain complex {S •, ∂ • } and
def

H p (X; R) =
1

Ker(S p (X) → S p+1 (X))
Im(S p−1 (X) → S p (X))

Note that one does not identify this with its image.
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is the p-th singular cohomology with coefficients in R, denoted H p (X; R). We
write H p (X) instead of H p (X; Z).
We occasionally use cohomology with compact support, obtained by calculating the cohomology of the singular complex with compact support. In
other words, we let Sc• (X) be the subcomplex of the singular complex S • (X) of
cochains suppported on a compact subset of X, and then
p

Hc (X; R) = H p (Sc• (X)).
If A ⊂ X is any subset, the complex of singular chains on A forms a subcomplex of those on X, and the quotient complex by definition is S• (X, A). Its
homology is H• (X, A; R). Taking duals, one defines H • (X, A; R), the relative
cohomology for the pair (X, A).
If f : X → Y is any continuous map, there are induced maps on every level
of the preceding constructions. For homology we thus get Hq ( f ) : Hq (X; R) →
Hq (Y ; R), but for cohomology the arrows must be reversed:
H p ( f ) : H p (Y ; R) → H p (X; R).
The rule that assigns to X the homology group Hq (X; R) and to f : X → Y an
induced morphism Hq ( f ) of R-modules is called a (covariant) functor, which
means
Hq ( f ◦g) = Hq ( f )◦Hq (g),
Hq (id) = id .

(B.1)
(B.2)

More precisely, one says that homology is a covariant functor from topological
spaces to R-modules. As for cohomology, we have a contravariant functor between the same categories. This means that the first rule (B.1) has been replaced
by the rule H q ( f ◦g) = H q (g)◦H q ( f ).
Of course, there are also similar functors for pairs of topological spaces
(X, A) with A ⊂ X. In all of these cases, if no confusion is likely, we denote the
induced maps in cohomology by f ∗ in place of H p ( f ).

Tools for calculating cohomology
1. The long exact sequence associated with a short exact sequence of complexes
yields the long exact sequence for pairs:
j∗

i∗

δ

· · · → H q (X, A; R) −−→ H q (X; R) −−→ H q (A; R) −→ H q+1 (X, A; R) → · · · .
Here i ∗ is induced by the inclusion i : A ,→ X, and the homomorphism j ∗ comes
from the inclusion of pairs (X, ) ,→ (X, A). The definition of the connecting
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homomorphism δ is somewhat involved. For this as well as the functoriality
of the long exact sequence, see the Bibliographical Remarks at the end of this
appendix.
2. The homotopy invariance property: homotopic maps induce the same maps
in (co)homology. In particular, if A ⊂ X is a deformation retract of X, the
cohomology of X is that of A. Special cases are contractible spaces, such as a
convex subset of Rn : these have the cohomology of a point. The second tool is
very powerful. It says that the relative cohomology of (X, A) does not change
if we cut out suitable subsets U from A. This excision property thus says that
inclusion induces isomorphisms
∼

H • (X, A; R) −→ H • (X − U, A − U; R).
Among the sets U that have this property are the open sets with closure contained in the interior of A and deformation retracts of those.
3. The exact Mayer–Vietoris sequence, a “patching tool,” which enables one to
compute cohomology of unions X = X1 ∪X2 of two open sets from the cohomology of X1 , X2 and the intersection X1 ∩X2 . With ik : Xk → X and jk : X1 ∩X2 →
Xk (k = 1, 2) the inclusion maps, the Mayer–Vietoris sequence reads as follows:
(i1∗ +i2∗ )

j1∗ −j2∗

· · · −−−→ H q (X; R) −−−−−−→ H q (X1 ; R) ⊕ H q (X2 ; R) −−−−−→ H q (X1 ∩ X2 ; R)
−−−→ H q+1 (X; R) −−−→ · · · .
The reader is encouraged to calculate the cohomology groups of the sphere,
a compact Riemann surface of genus g, and of the complex projective space
using these tools. The results should be the same as we found in the examples
in Section B.2.

The ring structure in cohomology
In what follows we omit reference to the coefficient ring. One first introduces
a product on ⊕ p S p (X) by declaring how f ∪ g for f ∈ S p (X) and g ∈ S q (X)
evaluates on a singular (p + q)-simplex σ : ∆ → X: let σp be the singular psimplex obtained by restricting σ on the standard-simplex spanned by the first
p+1 unit vectors and let σq be obtained by restricting σ to the “complementary
face” spanned by the last q + 1 unit vectors; then define
f ∪ g(σ) = f (σp ) · g(σq ).
The relation
∂( f ∪ g) = ∂ f ∪ g + (−1) p f ∪ ∂g
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shows that this cup product induces cup products
∪

H p (X) ⊗ H q (X) −→ H p+q (X)
and it makes the direct sum H • (X) = ⊕q H q (X) into a ring, the cohomology
ring of X. If R has a unit 1, the cohomology ring also has a unit 1 ∈ H 0 (X) given
by the constant cochain x 7→ 1, x ∈ X. One can show that this makes H • (X)
into a graded commutative ring, where “graded” means the commutation rule:
a ∪ b = (−1) pq b ∪ a, a ∈ H p (X), b ∈ H q (X).
If f : X → Y is continuous, the induced homomorphism f ∗ : H • (Y ) → H • (X)
preserves cup products. Dual to cup products, we have cap products
∩

Sp+q (X) × S p (X) −−−→Sq (X).
These are defined as follows: for a (p + q)-simplex σ and a p-cochain f we put
σ ∩ f = f (σp )σq,
where as before σp is the “front face” and σq is the “back face” of σ.
These cap products can be shown to induce cap products for pairs (X, A):
Ù
: Hp+q (X, A) × H p (X, A) → Hq (X),
Ù
: Hp+q (X, A) × H p (X) → Hq (X, A).
Examples. The coefficient ring is taken to be Z so the intersection ring has a
unit as well. We come back to these examples after we have made the connection
with our previously defined intersection products on manifolds.
(i) The ring structure on H • (S n ) is very simple. It is generated as a ring (with
1) by the generator x of H n (S n ) and there is one obvious relation x ∪ x = 0.
(ii) The ring structure on H • (Pn ) is likewise rather simple. It is generated as a
ring by a generator h ∈ H 2 (Pn ) with the (obvious) relation h n+1 = 0. What
has to be verified is that hk ∈ H 2k (Pn ) generates the infinite cyclic group at
hand (see Greenberg, 1967).
(iii) Thecompact oriented Riemann surface Cg . Using the dual of the ordered basis γ1, . . . , γg, δ1, . . . , δg , as in Fig. B.2, and identifying H 2 (Cg, Z) with Z
(through the orientation), the cup product becomes the standard symplectic
form


0
1g
J=
.
−1g 0
There is no need to compute cohomology and homology separately, nor does
one need to compute these for arbitrary coefficients. This follows from the
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“universal coefficient theorem.” We shall not use the full scope of this theorem
for which we refer the reader to the Bibliographic Remarks at the end of this
appendix. In fact, the following suffices.
Facts B.2.1. (i) The “evaluation” pairing between chains and cochains induces an isomorphism (here k is any field)
∼

H q (X, A; k) −→ Homk (Hq (X, A); k),
[ f ] 7→ {[c] 7→ f (c)} .
(ii) For any field k, the natural k-linear map
H q (X; Z) ⊗ k → H q (X; k)
is an isomorphism. In particular, the Betti numbers
bq (X) = rank Hq (X; Z)
are equal to the dimension of the vector spaces Hq (X; k) or of H q (X; k).

B.3 Manifolds
For topological manifolds, the cohomology has extra structure. Because we
consider only complex manifolds below, we treat here only the case of an
oriented manifold. If M is an oriented n-dimensional compact connected manifold, the only nonzero homology is in the range 0, . . . , n. The class of a point
generates H0 (M; R)  R, and the highest-degree homology group Hn (M) is
generated by the fundamental homology class [M], so Hq (M; R)  R.
More generally, if N ⊂ M is a submanifold of dimension m, one can speak of
its fundamental homology class i∗ [N] ∈ Hm (M; R), the image of its own fundamental class under the homomorphism induced by the inclusion i : N → M.
Theorem B.3.1 (Poincaré duality). For a connected oriented n-dimensional
manifold M there are isomorphisms
q

∼

D M : Hc (M; R) −→ Hn−q (M; R).
q

In particular, Hc (M) = 0 when q > n, and similarly Hq (M) = 0 when q > n.
If M is compact, D M is induced by the cap product with the fundamental homology class. Moreover, in this case, the cup product pairing on cohomology
translates into the intersection pairing on homology.
This theorem implies that for compact manifolds M, one needs to know
only half of the cohomology. Also, we now understand why the intersection
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pairing behaves better after passing to cohomology: it now becomes graded
commutative.
Examples. Let us now return to some of the examples in order to explain the
ring structure in cohomology.
(i) Complex projective space Pn . In homology, the generator of the intersection ring is the fundamental class [H] ∈ H2n−2 (Pn ) of a hyperplane. Then
[H]k is the fundamental class of the intersection of k hyperplanes in general
position, i.e., a codimension k-plane. So the cohomology is generated by h,
the Poincaré dual of [H].

(ii) The standard cycles γ1, . . . , γg, δ1, . . . , δg on the compact Riemann surface Cg intersect according to the standard symplectic matrix J and so the
ring structure is as claimed above.
There is one more sophisticated tool to compute cohomology that is especially useful in the context of algebraic manifolds, although it is of a purely
topological nature. It is the famous theorem of Lefschetz on hyperplane sections. This result follows from an equally important result about the topology
of affine algebraic varieties.
An affine manifold, indeed any manifold, has no (co)homology beyond its
real dimension. For affine manifolds a significantly stronger result is true: there
is no cohomology beyond the complex dimension. This can be proved using
Morse theory (see the Bibliographical Remarks at the end of this appendix).
Theorem B.3.2. Let V be a smooth affine variety of dimension n. Then
Hk (V) = 0 for k > n. Similarly, H k (V) = 0 for k > n.
A corollary is the fundamental Lefschetz theorem.
Theorem B.3.3 (Lefschetz hyperplane theorem). Let M be projective variety
of dimension n + 1 and let i : N ,→ M be any hyperplane section. Suppose that
M − N is smooth. Then

is an isomorphism if k ≤ n − 1,
∗
k
k
i : H (M) → H (N)
is injective
for k = n.
Dually,

i∗ : Hk (N) → Hk (M)

is an isomorphism
is surjective

if k ≤ n − 1,
for k = n.

Proof We need a relation between the homology of the affine variety U :=
M − N and the cohomology of the pair (M, N) known as Lefschetz duality.
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This is a sophisticated generalization of Poincaré duality, discussed in Spanier
(1966, Chapter 6.2). In our setting this gives
Hk (U) = H 2n+2−k (M, N).
The previous result shows that Hk (U) = 0 whenever k > n + 1 and so
H k (M, N) = 0 whenever k ≤ n, and the exact sequence for the pair (M, N) then
gives the result in cohomology. The dual statement follows indirectly from this
by using the “universal coefficient theorem” (Spanier, 1966, Chapter 5.5). 
This theorem implies that the cohomology of a hypersurface N in projective
space is rather simple. Suppose that dim N = n so that there is only cohomology in the range 0, . . . , 2n. Then the cohomology is generated by linear sections
except in the middle dimension n. In particular, H q (N) = 0 for q odd, q , n,
and H q (N)  Z for q even, q = 0, . . . 2n, q , n.
It is possible to compute the middle Betti number by computing the EuÍ
ler characteristic e(N) = q (−1)q bq (N). There are various ways to do this.
The most elementary one is outlined in Problem B.5. A more sophisticated
computation, using Chern classes, is explained in Appendix C.2.

Problems
B.1 Let f : M → N be a continuous map between compact oriented differentiable manifolds. Applying Poincaré duality to both sides of the map
induced in homology, we obtain the Gysin homomorphism in cohomology: f∗ : H • (M) → H •+e (N). Determine the shift e.
B.2 Show that the product of two simplices is triangulable, and derive from
this that the product of two simplicial complexes can be triangulated.
B.3 Let X be a topological space admitting a triangulation and let Nq be the
number of q-simplices in the triangulation. Prove that the Euler characÍ
teristic of X is equal to q (−1)q Nq . As a hint, if we have a finite complex
of finite-dimensional vector spaces
0 → Cn → Cn−1 → · · · → C0 → 0,
Í
show that q (−1)q dim Cq = q (−1)q dim Hq (C• ).
B.4 Let X be a degree-d smooth plane curve and let π : X → P1 be the projection of X from a point outside of X to a line. Using equations, determine
where the map π is ramified. Using the dual curve, show that for generic
choices of the projection center, only two points come together at a ramification point. Using a suitable triangulation, show that e(X) = −d 2 + 3d.
Í

Problems
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B.5 Consider the Fermat hypersurface Fd,n in Pn+1 with equation x0d + · · · +
xnd = 0. Show that the projection onto one of the coordinate hyperplanes
exhibits Fd,n as a d-fold cover of Pn with branch locus Fd,n−1 . Deduce
an inductive formula for the Euler characteristic of Fd,n . Show that
" n

 #
Õ
k n+2 k
d .
e(X) = d
(−1)
k +2
k=0
This in fact gives the Euler number for any smooth degree-d hypersurface in Pn+1 , because such surfaces are mutually diffeomorphic. Indeed,
they appear as fibers of the tautological family and any family is locally
differentiably trivial (see § 4.1 and 4.2).
B.6 The Künneth decomposition tells us how to express the cohomology of
X × Y into the cohomology of the factors X and Y (see Spanier, 1966,
p. 247). For fields k, this reads
H q (X × Y ; k) 

q
Ê

H i (X; k) ⊗ H q−i (Y ; k).

i=0

Use this to calculate the cohomology of a torus and of a product of two
spheres.

Bibliographical and Historical Remarks
The book Greenberg (1967) is a solid introduction to (co)homology theory. A
classical reference book is Spanier (1966). One finds a beautiful introduction
to Morse theory in Milnor (1963), where also a proof of Theorem B.3.2 can be
found. Among more recent books we mention Hatcher (2002).

Appendix C
Vector Bundles and Chern Classes

C.1 Vector Bundles
We recall the notion of a complex rank r vector bundle E over a differentiable
manifold M.
Definition C.1.1. Let M be a differentiable manifold. A rank r vector bundle
E over M consists of a differentiable manifold E, the total space of the bundle, and a differentiable map p : E → M, the projection, whose fibers are
r-dimensional complex vector spaces. Moreover, one demands that there exists
a trivializing open cover {Ui }i ∈I of M, i.e., p−1Ui is diffeomorphic to a product
∼
ϕi : p−1Ui −→ Ui × Cr in such a way that p corresponds to the projection onto
the first factor. In addition, the map ϕi should send the fiber Em over m ∈ Ui
linearly and isomorphically onto {m} × Cr . If r = 1 we speak of a line bundle.
Trivializations over nonempty intersections Ui ∩ U j can be compared:
−1
−1
ϕU
(m, t) = ϕU
(m, ϕi j (m)t),
j
i

where ϕi j : Ui ∩ U j → GL(r, C) is differentiable and is called the transition
function. These transition functions satisfy a certain compatibility rule,
ϕi j ◦ϕ jk ◦ϕki = 1 (cocycle relation).
Conversely, given some covering of M by open sets Ui, i ∈ I and a collection
of transition functions ϕi j for subsets Ui and U j having a nonempty intersection, take the disjoint union of the Ui × Cr and identify (m, t) and (m, ϕi j (m)t)
whenever m ∈ Ui ∩ U j . The above compatibility rule ensures that this yields
an equivalence relation so that we may form the quotient E.
A vector bundle homomorphism between two vector bundles p : E → M
and p0 : F → M consists of a differentiable map f : E → F such that
(i) p = p0◦ f so that fibers go to fibers, and
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(ii) f |Em is linear.
If f is a diffeomorphism we have a vector bundle isomorphism.
For any vector bundle homomorphism f : E → F, you can form the kernel
Ker( f ), which consists of the union of the kernels of f |Em . If these have constant
rank, it can easily be seen that Ker( f ) is a vector bundle. Similarly, Im( f ) =
Ð
m∈M Im( f |Em ) is a bundle under the same hypothesis, the image bundle.
We shall see that exact sequences of vector bundles arise naturally; a two-step
sequence of vector bundle homomorphisms
f

g

E 0 −→ E −→ E 00
is called exact at E if Ker(g) = Im( f ) and a sequence of vector bundles
fi−1

fi

· · · → Ei−1 −−−→ Ei −−→ Ei+1 → · · ·
of arbitrary length is called exact if it is exact at all Ei . Especially, a sequence
f

g

0 → E 0 −→ E −→ E 00 → 0
is exact if and only if f is injective, g is surjective, and Ker(g) = Im( f ).
A section s of a vector bundle p : E → M is a differentiable map s : M → E
such that p◦s = id M . Sections of a vector bundle E form a vector space denoted
by Γ(E) or H 0 (M, E).
Examples C.1.2. (i) The trivial bundle M × Cr .
C
(ii) The complexified tangent bundle TM
of a differentiable manifold M.
(iii) If E is a bundle, a subbundle consists of a subset F ⊂ E such that the projection and trivialization of E gives F the structure of a bundle. For a subbundle
Ð
F ⊂ E, the fibers Fm are subspaces of Em and one can form m∈M Em /Fm
which inherits the structure of a bundle E/F, the quotient bundle. This can
be seen by looking at the transition functions for E which can be written as
!
φ0
∗
,
0
φ 00
where φ 0 is the transition matrix for F and φ 00 is the one for E/F. This also
shows that for any exact sequence
f

g

0 → E 0 −→ E −→ E 00 → 0,
the map f identifies E 0 with a subbundle of E, and g induces an isomorphism
of E/E 0 with E 00.
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(iv) If E is a vector bundle, any linear algebra construction on the fibers yields a
vector bundle. We already saw the examples of subbundles and quotient bundles. One can also form E ∨ , the dual bundle, by taking the transpose inverse
Ëk
transition functions. Similarly, we have the tensor powers
E and their
Ók
subbundles, the exterior powers
E and the symmetric powers S k E. The
highest wedge with k = rank(E) is also called the determinant line bundle
Ó
det(E) = rank E E.
Combining these operations and applying them to the previous example,
you get the cotangent bundle or bundle of one-forms and its k-fold exterior
power, the bundle of k-forms:
Ó ∨
k
EM
= k TM
.
Sections in the bundle of k-forms are precisely the k-forms.
(v) Likewise, if E and F are two bundles, one can form their direct sum E ⊕ F
and their tensor product E ⊗ F.
(vi) The tangent bundle TN of a submanifold N of a manifold M is a subbundle of the restriction TM |N of the tangent bundle of M to N. The quotient
(TM |N)/TN is called the normal bundle and denoted by ν N /M .
(vii) If ϕ : M → N is a differentiable map and p0 : F → N a vector bundle,
the pullback bundle ϕ∗ F is defined as follows. Its total space consists of the
pairs (m, f ) ∈ M × F with ϕ(m) = p0( f ). Projection comes from projection
onto the first factor. One may verify that the trivialization of N induces one
for ϕ∗ F.
(viii) Consider the subbundle of the trivial bundle with fiber Cn+1 on the projective space Pn consisting of pairs ([w], z) ∈ Pn ×Cn+1 with z belonging to the
line defined by [w]. This is a line bundle, the tautological line bundle O(−1).
See Example C.1.6 for the explanation of the minus sign which is used here.
(ix) Given an exact sequence
f

g

0 → E 0 −→ E −→ E 00 → 0,
there is an isomorphism
∼

det E 0 ⊗ det E 00 −→ det E.
If M is a complex manifold, a complex bundle E is called a holomorphic
vector bundle if in the definition of a complex vector bundle one demands
that E be a complex manifold and that the differentiable maps involved be
holomorphic. All of the constructions of the previous examples do produce
holomorphic bundles out of holomorphic bundles. This holds, for example, for
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the holomorphic tangent bundle TM for a complex manifold M. 1 So its dual,
the cotangent bundle, has the structure of a holomorphic vector bundle as well
as the exterior wedges thereof, which now are denoted as follows:
Ó ∨
ΩkM = k TM
.
The line bundle det Ω1M is called the canonical line bundleand is sometimes
denoted by K M . If N is a complex submanifold of M, the normal bundle ν N /M
of N in M is a holomorphic bundle. Applying Example C.1.2 (ix), one arrives
at an important formula:
K N  K M | N ⊗ det ν N /M

(canonical bundle formula).

(C.1)

Example C.1.3. The collection of holomorphic line bundles on a complex
manifold M modulo isomorphisms forms a group under the tensor product. It
is called the Picard group and denoted by Pic M.
Related to any codimension-1 subvariety D of a complex manifold M we have
the line bundle O(D) on M defined by means of transition functions as follows.
Choose a coordinate covering Ui, i ∈ I of M in which D is given by the equation
fi = 0. In U j ∩ U j the relation fi = (a nonzero function ϕi j ) · f j enables one to
form the line bundle given by the transition functions ϕi j = fi / f j . (Note that the
functions ϕi j obviously satisfy the cocycle relation.) Observe that the bundle
O(D) always has a section sD canonically defined by D. Indeed, over Ui the bundle is trivial and the function fi defines a section over it. These patch to a section
sD of O(D) because fi = ( fi / f j ) f j in Ui ∩U j . Restricting the bundle O(D) to D itself, in the case when D is a submanifold, one gets back the normal bundle νD/M
(see Problem C.1.4). The canonical bundle formula in this case therefore reads
KD  (K M ⊗ O(D))|D

(adjunction formula).
(C.2)
Ím
By definition a divisor is a formal linear combination i=1
ni Di with ni ∈ Z
and Di a codimension-1 subvariety. If the numbers ni are nonnegative the divisor is called effective. Divisors on M form an abelian group Div M. The line
bundle O(D) is defined by setting O(D) = O(D1 ) ⊗n1 ⊗ · · · ⊗ O(Dm ) ⊗nm so that it
yields a homomorphism Div M → Pic M. The trivial bundle on M is therefore
denoted OM or simply O if no confusion is likely.
Let us next describe how divisors behave under holomorphic maps f : M 0 →
M. Let g be a local defining equation for D in M. If the image of f avoids
the support of D, the function g ◦ f is nowhere 0, but otherwise, g ◦ f defines a
divisor on M 0 that is independent of the choice of the local defining equation
1

0 of the complexified tangent bundle T C .
We identify TM with the subbundle TM
M
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for D. It is called the pullback f ∗ D. It is related to the pullback of the line
bundle O(D) by means of the relation O( f ∗ D) = f ∗ (O(D)).
In the framework of holomorphic bundles E → M, the group of holomorphic
sections is also denoted by Γ(E) or H 0 (M, E). It is true, but by no means trivial,
that for compact complex manifolds the space of sections is finite dimensional
(see the Bibliographical Remarks at the end of this appendix).
We now turn to vector bundles on projective manifolds. Note that one could
have defined algebraic vector bundles using morphisms instead of holomorphic
maps. Algebraic vector bundles are holomorphic. The converse is true over a
projective manifold. This is the GAGA principle (the terminology is explained
in the Bibliographical Remarks at the end of this appendix).
Since a projective manifold is compact, the space of sections of any algebraic bundle on it is finite-dimensional, as we have seen before. If L is a line
bundle on a projective manifold M, and its space of sections is not 0, say
(n + 1)-dimensional with basis x0, . . . , xn , one can define a rational map
ϕ L : M9999K Pn
by associating with m ∈ M the point (x0 (m) : · · · : xn (m)) ∈ Pn . This map is
not defined on the locus where all sections of L vanish. This locus is called the
base locus and any point in it is called a base point. If ϕ L is an embedding, the
line bundle L is called very ample. If for some integer k ≥ 1 the k-th tensor
power L ⊗k is very ample, L is said to be ample.
Definition C.1.4. Let X be a complex compact manifold.
(i) For m ≥ 1 the m-th plurigenus is defined by Pm (X) = H 0 (X, KX⊗m ). If all
plurigenera vanish, the Kodaira dimension κ(X) is said to be −∞.
(ii) If not all plurigenera vanish, consider the pluricanonical map
def

ϕm = ϕK X ⊗m : X9999K P N ,

N = Pm (X) − 1.

The Kodaira dimension of X is defined as
κ(X) = lim sup dim Im(ϕm ).
m→∞

As a consequence, κ(X) ∈ {∞, 0, 1, . . . , dim (X)}.
Examples C.1.5. (i) κ(Pn ) = −∞; κ(X × Pn ) = −∞,
(ii) κ(X × Y ) = κ(X) + κ(Y ).
(iii) note that κ(X) = 0 means that Pm (X) ≤ 1 but not all plurigenera vanish.
In particular, if KX is trivial κ(X) = 0. Examples: X a complex torus or X a K3
surface.
(iv) if KX is ample, for some m, the map ϕm gives an embedding and so
κ(X) = dim (X).
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The definition of divisors and of the Picard group for projective manifolds can
be modified in the obvious way by using projective codimension-1 subvarieties
instead.
Examples C.1.6. (i) The hyperplane in Pn defines an algebraic line bundle,
the hyperplane bundle O(1). The tautological bundle is the dual of this bundle, which explains the notation O(−1) for the tautological bundle. The line
bundle O(d) is defined as O(1) ⊗d for d > 0 and as O(−1) ⊗−d if d < 0. The
line bundle associated with a hypersurface of degree d is (isomorphic to)
O(d) (see Problem C.1.8).
(ii) The canonical line bundle of projective space Pn is isomorphic to O(−n − 1)
(see Problem C.1.6). Using the canonical bundle formula one finds that
the canonical bundle for a smooth degree-d hypersurface D in Pn is the
restriction to D of O(d − n − 1).
Any polynomial P which does not vanish identically on M defines a divisor
(P) on M. Any rational function f = P/Q defines the divisor ( f ) = (P) − (Q).
Because one can represent rational functions on M in different ways, it is
not a priori clear that this definition makes sense. We shall explain how this
follows from the fact that the ring of holomorphic functions near the origin in
Cn is a unique factorization domain (Griffiths and Harris, 1978, p. 10). So, let
f ∈ C(M) be a rational function on M and D be an irreducible hypersurface. Let
p ∈ M and let fD = 0 be a local equation for D at p. The ring OM, p of germs of
holomorphic functions at p being a unique factorization domain, we can write
f = fDm · (u/v)
with u and v not identically 0 along D. It is easily verified that m does not
depend on fD and the chosen point p ∈ M so that one can now unambiguously
define m to be the order of vanishing of f along D, denoted ordD ( f ), and one
introduces the divisor of the rational function f by
Õ
ordD ( f )D.
(f) =
D an irreducible hypersurface

This makes the preceding definition precise.
Divisors of rational functions form the subgroup of principal divisors inside
Div M. Two divisors D and D 0 are said to be linearly equivalent, D ≡ D 0, if
their difference is the divisor of a rational function. Equivalent divisors define
isomorphic line bundles and hence there is a well-defined map
Div M/principal divisors −→ Pic M.
This is in fact an isomorphism. That it is injective is not so difficult to show (see
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Problem C.1.5). The surjectivity is not entirely trivial. It is a consequence of
the fact that for a line bundle L on a projective manifold M, the twisted bundle
L ⊗ O(k) becomes ample for large enough k. This in turn is a consequence of
Kodaira’s embedding theorem (Griffiths and Harris, 1978, p. 181).
Rational functions f with the property that ( f ) + D is effective form a vector
space traditionally denoted by L(D). The resulting effective divisors ( f ) + D
linearly equivalent to D form a projective space |D|, which is nothing but
PL(D). Any projective subspace of |D| is called a linear system of divisors,
whereas |D| itself is called a complete linear system.
Let us now return to the rational map defined by the line bundle O(D) associated with D. This can be generalized by taking a basis {s0, . . . , sn } for any
linear subspace W of Γ(O(D)), and the rational map p 7→ (s0 (p), . . . , sn (p))
then is said to be given by the linear system P(W). A fixed component of the
linear system P(W) is any divisor F which occurs as a component of all divisors
in P(W). The map defined by taking away this fixed part then is the same. The
resulting divisors form the moving part of P(W) and now there still can be fixed
points, although they form at most a codimension-2 subspace.
The notion of ampleness has been introduced in connection with line bundles.
A divisor D is called ample if the corresponding line bundle O(D) is ample.
If D is a hypersurface, the line bundle O(D) has a section s vanishing along
D, and if f ∈ L(D), the product f · s is in a natural way a section of O(D), and
every section can be obtained in this way (see Problem C.1.5). So
·s

L(D) −−→ H 0 (O(D)) is an isomorphism.
We finish this chapter with an important theorem.
Theorem C.1.7 (Bertini’s theorem). A generic hyperplane section of a smooth
projective variety is smooth.
Proof Let X ⊂ Pn be a smooth projective variety and let (Pn )∨ be the dual
projective space of hyperplanes of Pn . Inside X × (Pn )∨ , consider the set B
consisting of pairs (x, H) such that the embedded projective tangent space
TanX,x to X at x and H are not transversal, i.e., such that TanX, x ⊂ H. If dim X =
k, the possible hyperplanes with this “bad” behavior form a projective space
parametrized by some Pn−k−1 disjoint from TanX, x . So the projection B → X
realizes B as a projective bundle over X and hence is a variety of dimension
k +n−1−k = n−1. Consequently, the projection of B into (Pn )∨ is not surjective.
The complement of this variety parametrizes the “good" hyperplanes.
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Problems
C.1.1

Let
f

g

0 → E 0 −→ E −→ E 00 → 0
be an exact sequence of vector bundles over a manifold M. Introduce
Ó
the subbundle F r of k E whose fiber over m ∈ M is the subspace
generated by the wedges of the form e1 ∧ e2 · · · ∧ ek with r of the e j
in f (E 0)m . Prove that F r+1 is a subbundle of F r and that g induces an
isomorphism
Ó
∼ Ó
F r /F r+1 −→ r E 0 ⊗ k−r E 00 .
In particular, one has an isomorphism
∼

det E 0 ⊗ det E 00 −→ det E.
C.1.2

C.1.3

Let E → M be a complex vector bundle over a differentiable manifold M. A Hermitian metric h on E consists of a differentiably varying
Hermitian metric in the fibers of E. Prove that every complex bundle
on a (paracompact) differentiable manifold admits a Hermitian metric.
Let
0→S→E →Q→0

C.1.4
C.1.5
C.1.6
C.1.7

C.1.8

C.1.9

be an exact sequence of vector bundles on a (paracompact) differentiable manifold. Prove that this sequence splits. Hint: use Hermitian
metrics to identify Q with the orthogonal complement of S in E.
Prove that the normal bundle for a smooth complex hypersurface D
of M is isomorphic to the restriction of O(D) to D.
Prove that two divisors D and D 0 on a projective manifold give isomorphic line bundles if and only if the divisors are linearly equivalent.
Prove that the canonical bundle of Pn is isomorphic to O(−n − 1).
Prove that any hypersurface in Pn is linearly equivalent to dH, where
d is the degree of the hypersurface and H is a hyperplane. Deduce that
Pic Pn  Z.
Prove that for a smooth hypersurface D of degree d in Pn , the normal
bundle is given by νD/Pn = O(d)|D. Calculate the canonical bundle
of D and dim H 0 (KD ).
Prove that the tangent space of the Grassmannian G(k, V) at a point
[W] is canonically isomorphic to Hom(W, V/W) and hence TG(k,V ) 
Hom(S, Q), where S and Q are the tautological subbundle and quotient
bundle, respectively.
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Let M = M1 × M2 and let p1 : M → M1 and p2 : M → M2 be the
projections onto the factors.
(a)

Let V1 be a vector bundle on M1 and V2 a vector bundle on M2 .
There is a natural homomorphism
H 0 (M1, V1 ) ⊗ H 0 (M2, V2 ) → H 0 (M1 × M2, p∗1 V1 ⊗ p∗2 V2 ).

(b)

Show that this is an isomorphism. Hint: restrict a section s of
p∗1 V1 ⊗ p∗2 V2 to the fiber p−1
1 (x). This yields a section s(x) ∈
H 0 (M2, V2 ) ⊗ ( V1 )x depending holomorphically on x.
Prove that Ω1M = p∗1 Ω1M1 ⊕ p∗2 Ω1M2 and that K M = p∗1 K M1 ⊗ p∗2 K M2 .

C.1.11

Let D be a projective hypersurface of the projective manifold M and
let sD be a regular section of O(D) vanishing along D. Let f ∈ L(D).
Prove that f · s is a regular section of O(D) and that any regular section
of O(D) is obtained in this way.
C.1.12 The tangent bundle of Pn can be described by means of the Euler
sequence
0 → O→

n+1
Ê

O(1) → TPn → 0.

The first map is defined by sending 1 to (z0, . . . , zn ), and the second
Í
map associates with (L0, . . . , Ln ), the vector field nj=0 L j (∂/∂z j ).
Show that this last map is well defined and prove that the Euler sequence is indeed exact.

C.2 Axiomatic Introduction of Chern Classes
With any complex bundle E on a manifold M one associates Chern classes
ci (E) ∈ H 2i (M), assembled in a total Chern class
c(E) = 1 + c1 (E) + · · · + cm (E) ∈ H • (M), m = dim M.
These obey the following axioms.
Naturality The Chern classes of the pullback bundle f ∗ E under a smooth map
f : N → M are precisely the Chern classes f ∗ ci (E) of E pulled back
to N.
Whitney sum formula c(E ⊕ F) = c(E) ∪ c(F).
Calibration c1 (OP1 (1)) ∈ H 2 (P1 ) is the generator h we have seen before.
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Because every short exact sequence of vector bundles splits differentiably,
the Whitney sum formula implies that for any subbundle S of E with quotient
Q one has
c(E) = c(S) ∪ c(Q).
For a complex manifold X the tangent bundle TX is a complex bundle, and so
it makes sense to speak of its Chern classes:
ci (X) = ci (TX ) ∈ H 2i (X).
The highest Chern class cn (X), n = dim X, has a special interpretation.
Lemma C.2.1. Let X be an n-dimensional (connected) complex manifold; then
cn (X) = e(X) (Euler characteristic of X)
= 1 − b1 (X) + b2 (X) + · · · − b2n−1 (X) + 1.
For a proof, see Milnor and Stasheff (1974, pp. 130 and 158).
From this axiomatic setup we can calculate the Chern classes of several basic
examples from projective geometry.
Examples C.2.2. (i) The Euler sequence (see Problem C.1.1) shows that c(Pn ) =
(1 + h)n+1 , from which we find the Chern classes of Pn easily.
(ii) For a curve C of genus g we have c1 (C) = (2 − 2g)[C].
(iii) For a product X × Y we have c(X × Y ) = p∗ c(X) ∪ q∗ c(Y ), where p, q are
the obvious projections.
(iv) If TX is trivial as for a torus, we have c(X) = 1.
To calculate the Chern classes of bundles produced from E or E, F by means
of a linear algebra construction, there is the following useful principle.
Theorem (Splitting principle). Let E be a complex bundle over a manifold M.
There exists a manifold N and a differentiable map f : N → M such that
(i) f ∗ E splits as a direct sum of line bundles, and
(ii) f • : H • (M) → H • (N) is injective.
See Hirzebruch (1966, Lemma 4.4.1) for a proof. This lemma together with
naturality imply that we formally may write any vector bundle as a direct sum
of line bundles and use the Whitney sum formula to find the Chern class of any
new bundle obtained by a linear algebra construction. See Problems C.2.2, and
C.2.4 for applications.
So far we have said nothing about the existence of Chern classes. In fact,
there are at least three approaches, each with its own merits. The first is through
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obstruction theory and the central tool is the Euler class in the top cohomology
whose degree calculates the Euler characteristic. This approach can be found
in Milnor and Stasheff (1974). This leads, for instance, naturally to the interpretation of the Euler number as the highest Chern class of the tangent bundle,
as mentioned above.
Then we have Grothendieck’s approach, which works well in algebraic geometry. We treat this approach here only briefly, but see Husemoller (1966) for
the details. The third approach using connections on bundles is treated in more
detail in the next section.
Grothendieck’s approach to the Chern class of a complex rank r vector
bundle E on a manifold M is based on properties of the cohomology of the
projective bundle
π : P = P(E) → M,
associated with E. This is the bundle obtained upon replacing the fiber Ex above
x by the projective space P(Ex ) of lines in Ex . Since π ∗ : H • (M) → H • (P) is
injective, we may identify H • (M) with π ∗ H • (M). The fundamental observation
is as follows: with u the first Chern class of the tautological line bundle over
P, there is a degree r polynomial relation for u in H • (P) whose coefficients are
(up to sign) the Chern classes of E:
ur − c1 (E)ur−1 + · · · + (−1)r cr (E) = 0.
Grothendieck turned this around by using this as the definition of the Chern
classes and showed that these satisfy the axioms. This is a consequence of the
following description of the ring:
H • (P) = H • (M)[u]/(ur − c1 (E)ur−1 + · · · + (−1)r cr (E))
 π ∗ H • (M) ⊕ π ∗ H •−2 (M)u ⊕ · · · ⊕ π ∗ H •−2r+2 (M)ur−1, (C.3)
where the last isomorphism is only additive.
Let us finish this section by giving two examples of how Chern classes can
be used.
Examples C.2.3. (i) We first explain how we can calculate the Betti numbers
of smooth hypersurfaces X ⊂ Pn+1 . The first remark is that we only need to
compute the middle Betti number bn (X), since by Poincaré duality we have
bn+k (X) = bn−k (X), which in turn equals bn−k (Pn+1 ) by the Lefschetz hyperplane theorem B.3.3. Equivalently, we may compute the Euler number cn (X) =
e(X) = −bn (X)+n+1 if n is odd and = bn (X)+n if n is even. Because the normal
bundle of X equals O(d)|X, where d = deg X, the Whitney sum formula yields
c(X) = (1 + h)n+2 /(1 + dh)

C.2 Axiomatic Introduction of Chern Classes

515

and we need the coefficient of h n . This can be done by the usual residue calculus.
We find (see Problem C.2.1)
"


 #
n
Õ
k n+2 k
cn (X) =
d hn .
(−1)
k
+
2
k=0
Compare this with Problem B.5.
(ii) Consider a compact complex manifold M with a closed submanifold
i : N ,→ M of codimension r and let
σ : Bl N M → M
be the blowup with center N. Finally, let j : E ,→ Bl N M be the exceptional locus. Since E = P(ν N /M ), we can apply (C.3) to get the cohomology H • (E). We
want to express it in cohomology of N. We first observe that the map σ induces
a surjection on the level of homology because we can move any cycle z on M
into general position so as to meet N transversally (if at all). Then consider the
closure z̄ inside Bl N M of z−z∩N considered on Bl N M. Obviously, the class of
z̄ maps to the class of z. Now the kernel of σ∗ : Hq (Bl N M) → Hq (M) consists
of cycles entirely supported on the exceptional locus: Ker(σ)∗ = Im j∗ Hq (E).
Dually, σ induces thus an injection on the level of cohomology and we have
H • (Bl N M) = σ ∗ H • (M) + j∗ H •−2 (E),

(C.4)

where j∗ is the (injective) Gysin homomorphism. Identifying H • (N) with
σ ∗ H • (N), we now write
H •−2 (E) = V(M, N) ⊕ H •−2r (N)ur−1

(C.5)

with
V(M, N) = H •−2 (N) ⊕ H •−4 (N)u ⊕ · · · ⊕ H •−2r+2 (N)ur−2 .
This last space corresponds under Poincaré duality to cycles mapping to cycles of strictly lower dimension in N and so σ∗V(M, N) = 0. The remaining part in the decomposition (C.5) maps isomorphically to H •−2r (N) under the Gysin map σ∗ , and composing with the Gysin map i∗ we find that
j∗ (H •−2r+2 (N)ur−2 ) = i∗ H •−2r (N) ⊂ H • (M) is exactly the intersection of the
two summands in the decomposition (C.4). So we find
H • (Bl N M) = σ ∗ H • (M) ⊕ V(M, N).
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Problems
C.2.1

Complete the residue calculation giving the Euler number of a hypersurface in projective space. Hint: calculate the residue at z = 0 of the
rational function
(1 + z)n+2
.
n+1
z (1 + d · z)

C.2.2

Express the Chern classes of the dual bundle in the Chern classes of
the original bundle.
Show that c1 (det E) = c1 (E).
Express c(Hom(E, E)) in terms of the Chern classes of E.

C.2.3
C.2.4

C.3 Connections, Curvature, and Chern Classes
A connection ∇ on a (real or complex) vector bundle E is a rule to differentiate
sections. If ξ is a vector field on the underlying manifold and s a section of E we
denote the derivative in the direction of ξ by ∇ξ (s). As any ordinary derivative,
the resulting map Dξ on sections is linear and if we multiply with a smooth
function, the Leibniz rule ∇ξ ( f · s) = ξ( f ) · s + f · ∇ξ s holds. Because these
notions are purely local, we can even consider germs of sections and vector
fields, which motivates introducing the bundles Ap (E) of smooth p-forms with
values in E. Then the preceding discussion leads to the following definition.
Definition C.3.1. A connection on a vector bundle E is an operator
∇ : A0 (E) → A1 (E),
which is linear in the sense that ∇(s + s 0) = ∇(s) + ∇(s 0) for any two (germs
of) sections s, s 0 of E and which satisfies the Leibniz rule:
∇( f · s) = d f · s + f · ∇s
for any germ of a smooth function f on the underlying manifold and any germ
of a section s of E.
The directional derivative of s with respect to a tangent vector ξ, or the
covariant derivative in the direction ξ, then is
def

∇ξ s = ξ(∇s).
Thus, once a connection operator is defined, it is possible to do calculus on
(germs of) sections of vector bundles. Sections satisfying ∇s = 0 are said to be
parallel and are regarded as “constant.”
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Example C.3.2. (i) M = Rm , E = Rm × Rr . We take for our connection
simply differentiation on vector-valued functions. Then ∇ξ is just the usual
directional derivative in the direction of ξ. More generally, we can take
∇ = d + A with A any r × r matrix of one-forms.
(ii) Take any m-dimensional manifold M and let E be the trivial bundle with
fiber Rr . Let s1, . . . , sr be a frame for this bundle, i.e., sections which give
a basis in each fiber, and write
Õ
∇s j =
Ai j si
i

so that A = (Ai j ) is some r × r matrix of one-forms. In the given frame, ∇
is then completely determined by A. In fact, identifying a section s with the
column vector s® of its coordinates, we get
∇®s = d®s + A®s .
Every vector bundle E being trivial over suitably small open sets U, one can
write
∇|U = d+AU ,
where AU is called the (local) connection matrix.
(iii) The general situation. One has to patch the connection matrices AU and AV
over two open sets U and V over which
trivial. The transition
 is
 U theUbundle E
V
matrix gUV relating the frames s1 , . . . sr and s1 , . . . srV is defined as
follows. If s®U and s®V are the column vectors for the section s in these two
frames, then
s®U = gUV s®V , gUV ∈ A0 (U ∩ V, GL(r)).
Because (d + AU )®sU = gUV (d + AV )®sV , we find
−1 ◦
−1 ◦
AV = gUV
AU ◦gUV + gUV
dgUV .

(iv) If the transition functions are locally constant, the bundle is also called a local
system of real or complex vector spaces. We can take ∇ = d, i.e., all of the
connection matrices are taken to be 0. This is the canonical flat connection.
Let us now examine the question of whether connections actually exist, noting that if one does, then many do. For trivial bundles, we have already seen the
answer. Because every bundle admits a local trivialization, connections exist
locally and global connections can then be constructed by means of partitions
of unity.
We repeatedly use the fact that although connections do not behave linearly
over C ∞ -functions, the difference of two connections does, as follows.
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Lemma C.3.3. Let ∇ and ∇ 0 be two connections of the same bundle E. Then
∇ − ∇ 0 ∈ A1 (End(E)), i.e., for all local sections s of E and all C ∞ -functions f
we have (∇ − ∇ 0)( f · s) = f (∇ − ∇ 0)(s).
Proof This follows from the Leibniz rule. Alternatively, if locally ∇ = d + A
and ∇ 0 = d + A0, then ∇ − ∇ 0 = A − A0.

We now define the concept of curvature. Note that using the Leibniz rule,
we can extend the connection to operators on E-valued k-forms,
∇ : Ak (E) −→ Ak+1 (E),
where ∇ acts as a (graded) derivation, i.e., by
∇(α ⊗ s) = dα ⊗ s + (−1)k α ∧ ∇s.
We see that our definition generalizes the rules of calculus satisfied by the
exterior derivative.
Definition C.3.4. The curvature of a connection ∇ on the vector bundle E is
the operator
def

F∇ = ∇2 : A0 (E) −→ A2 (E).
We say that ∇ is flat if its curvature is identically zero.
We claim that this object, which is a priori a second-order differential operator, is, by a miracle of cancellation, a tensor, i.e., is linear with respect to
the C ∞ -functions. In fact, the curvature can be viewed as an End(E)-valued
two-form, as the following calculation shows. If A = AU is a local connection matrix relative to a local frame {s1, . . . , sr } defined in an open set U, the
curvature matrix is computed from
Õ
Õ

(dAi j )si − Ai j ∧ ∇si
∇(∇s j ) =
∇(Ai j ⊗ si ) =
i

i

Õ
Õ
=
(dAi j )si −
(Ai j ∧ Aki )sk
=

i

i,k

Õ


(dA)k j + (A ∧ A)k j sk ,

k

so F∇ is locally given by the curvature matrix
def

FU = dAU + AU ∧ AU .
−1 F g
In the overlap U ∩ V we have FU = dAU + AU ∧ AU = gUV
V UV using the
relation between AU and AV found above. This shows that indeed the curvature
is an End(E)-valued form.
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Example C.3.5. If E is a local system, its canonical connection (Example C.3.2
(iv)) has been defined by setting it to zero on locally constant sections of E.
This is an example of a flat connection.
In order to define Chern classes, from now on we consider complex vector
bundles E of rank r. We have already seen that the curvature matrix F∇ of a connection ∇ on E is an End(E)-valued two-form. Taking its trace defines a global
two-form. More invariants can be found using other invariant polynomial functions. Recall that a polynomial function P on r ×r matrices A is called invariant
if P(g · A· g −1 ) = P(A) for all invertible g. Clearly, the determinant and the trace
are such invariant polynomials. In between are traces of the k-th wedge products
Tr

Ó

k

r

1 Õ Õ
sgn(σ)Ai1 σ(i1 ) Ai2 σ(i2 ) · · · Aik σ(ik )
A =
k! i ,...,i =1 σ ∈S
1

k

k

coming up in the expansion
det(I + t A) =

Õ

t k Tr

Ó

k


A .

k

Ó



Note that Tr k A is the k-th elementary symmetric function in the eigenvalues of A. By the fundamental theorem on symmetric polynomial functions,
any symmetric polynomial in the eigenvalues is a polynomial expression in
these elementary symmetric functions. On the other hand, if P is an invariant
polynomial P on gl(r, C) it must be symmetric in the eigenvalues. This can
be seen as follows. The diagonalizable matrices are Zariski-dense in gl(r, C),
and P is determined on this set. But the value of P on a diagonalizable matrix
equals its value on the corresponding diagonal matrix. The eigenvalues can be
permuted by elementary matrices and so P must indeed be symmetric in these
eigenvalues. It follows that P is a polynomial expression in the traces of the
k-th wedge products of A. We normalize these as follows:
 k 
Ó 
i
Tr k A , k = 0, . . . , r.
γk (A) =
2π
The constant is put in front of this expression because we will see that it then
leads to the desired Chern classes.
Let E now be any rank-r complex vector bundle on a manifold M with a
connection whose associated curvature is F. For any invariant polynomial P(X)
of degree k, we locally define the expression P(FU ) as the form obtained after
substituting X = FU , the local curvature matrix. Because FU is a matrix of
two-forms, and because any two two-forms commute, this makes sense. The
transition formula relating FU and FV shows that the expressions P(FU ) even
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define a global 2k-form, which we denote by P(F). One can show that this form
is closed and any other connection leads to a form that differs from P(F) by an
exact form (see, e.g., Kobayashi, 1987, Chapter 2). So the cohomology class
in H 2k (M; C) is independent of the choice of the connection. In particular, this
holds for the k-th Chern class
ck (E) = [γk ] ∈ H 2k (M; C).
It can be shown that these classes satisfy the axioms that we stated in the first
section of this appendix. See Problem C.3.3 for the verification of the axioms.

Problems
C.3.1

Let iv α denote contraction of the form α against the vector field v.
Using the expression


dA(ξ, η) = iξ iη (dA) − iη iξ (dA) − i[ξ,η] A
for a vector-valued one-form A and two pairs of C ∞ vector fields ξ
and η, show that the curvature of a connection ∇ can be expressed as
F∇ (ξ, η) = ∇ξ ∇η − ∇η ∇ξ − ∇[ξ,η] .

C.3.2

Let E be a vector bundle on a differentiable manifold M equipped
with a connection ∇. Show that the dual bundle E ∨ then admits a
connection ∇∨ by the formula
dhσ, si = h∇∨ σ, si + hσ, ∇si.

C.3.3
C.3.4

Here h−, −i is the evaluation pairing. Calculate its curvature.
Prove the axioms for the Chern classes.
Let E and F be two vector bundles equipped with connections ∇E and
∇F . Then E ⊕ F carries the connection ∇E ⊕ ∇F and E ⊗ F has the
connection given by ∇E ⊗ 1F + 1E ⊗ ∇F . Calculate their curvatures.

C.4 Flat Connections
First consider any connection on a vector bundle E, flat or not, and its parallel
transport along a smooth path γ : I → X, say with γ(0) = p and γ(1) = q.
Assume that the path is contained in a trivializing chart and that we have chosen
a frame for a bundle E of rank r on X. The pullback along γ of a section of E
can then be given by a vector-valued function x®(t) on I. The connection form
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pulls back to a matrix valued smooth one-form −A(t) dt on I, where the minus
sign is convenient in view of the calculations that follow. The section is parallel
along γ if d x® = A(t) x®, i.e., we have a differential equation
d x®
− A(t) x® = 0.
dt
By the theory of ordinary differential equations (Ince, 1956), this equation
always has a unique solution if the initial value
x®(0) = v®
is fixed.
If we want the result ω® = x®(1) of parallel transport from p to q not to change
under homotopies fixing the end points, an integrability condition is needed,
which follows from the curvature being zero.
Lemma C.4.1. For a flat connection (i.e., its curvature is zero) the result of
parallel transport between two points p and q depends only on the homotopy
class of the path (relative to p and q).
Proof Let us suppose that we have a homotopy Γ : I × I → X. Using coordinates (s, t), we have Γ(s, 0) = p and Γ(s, 1) = q. Pulling back the connection
matrix under Γ gives
def
α = Γ∗ A = a® dt + b® ds
and we now want to solve the system
∂ x®
= a®,
∂t
∂ x® ®
=b
∂s
on the unit square with initial conditions x®(s, 0) = v® and final conditions
® Once we have a solution that obeys the initial condition, the final
x®(s, 1) = w.
® 1) = 0, and
condition is automatic, since Γ(s, 1) is constant, implying that b(s,
hence the last equation implies x®(s, 1) does not depend on s. As to existence,
a necessary condition comes from the equality of mixed derivatives which is
a translation of Γ∗ (dA − A ∧ A) = 0. To prove that this indeed guarantees the
existence of a solution, we think of s as being fixed. Then the first equation is
an ordinary differential equation, and we write down its unique solution x®(s, t)
with initial value x®(s, 0) = v®. This solution depends smoothly on s. The equality
of mixed derivatives then implies that


∂ ∂ x® ®
− b = 0,
∂t ∂s
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so that the second equation is satisfied up to a vector c®(s). Now x®(s, 0) does not
® 0) = 0, we see that c®(s) = 0,
depend on s, so (∂ x®/∂s)(s, 0) = 0. Because b(s,
completing the proof.

Corollary C.4.2. Given a flat connection in a differentiable vector bundle E
over a differentiable manifold X, there is a local trivialization of E by a parallel
frame. Hence, the existence of a flat connection in E implies that E is a locally
constant vector bundle.
As a result we can now prove the following theorem.
Theorem C.4.3. There is a one-to-one correspondence between the following
objects on M:
(i) local systems of R-vector spaces,
(ii) flat connections on real vector bundles, and
(iii) real representations of the fundamental group.
Proof Clearly, for a local system the canonical connection as given above is
flat. The preceding corollary asserts that the converse is true.
A local system leads to a representation of the fundamental group: cover
any closed path γ with open sets over which the system is trivial. This yields
a linear isomorphism of the fiber over γ(0) = γ(1). One verifies that this isomorphism ργ only depends on the homotopy class of γ and that ργ∗τ = ργ ◦ ρτ .
This therefore leads to a representation of the fundamental group.
Conversely, if ρ : π1 (M) → GL(r, R) is a representation of the fundamental
group, we take the quotient of the trivial Rr -bundle on the universal cover M̃
of M by the equivalence relation (m̃, x) ∼ (m̃γ, ργ−1 x). Here the fundamental
group acts from the right on M̃ as a group of covering transformations.


Problems
C.4.1
C.4.2

C.4.3

Prove that the Chern classes of a flat bundle all vanish.
Let E be a complex vector bundle equipped with a Hermitian metric
h. Prove that this is equivalent to having a local trivialization of E such
that the transition functions have values in the unitary group. Show
that these can be chosen to be locally constant if and only if (E, h)
admits a flat metric connection.
Prove that a flat line bundle is differentially trivial.

C.4 Flat Connections
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Bibliographical and Historical Remarks
Section C.1: A general reference for this section is Griffiths and Harris (1978).
The GAGA principle saying that holomorphic vector bundles on a projective
manifold are algebraic is considerably harder to prove than Chow’s theorem
and uses a lot of sheaf theory and the Kodaira embedding theorem; see Griffiths
and Harris (1978, Chapter 1, Section 5), for a proof. The word “GAGA” is an
acronym for the title of Serre’s article (Serre, 1956).
Section C.2: An excellent introduction to the theory of characteristic classes
from the topological viewpoint is Milnor and Stasheff (1974). One should also
consult the more scholarly book Husemoller (1966).
Section C.3: The book Milnor and Stasheff (1974) contains a discussion on the
differential geometric approach to Chern classes. Also see Kobayashi (1987),
although it is far less elementary.
Section C.4: See Donaldson and Kronheimer (1990) as well as Deligne (1970a).

Appendix D
Lie Groups and Algebraic Groups

In this appendix a field K is always a field of characteristic zero although some
of the results remain valid in more generality.

D.1 First Properties
We collect some basic facts about Lie groups and Lie algebras (see Warner,
1983). We also give a comparison with the analogous results in the algebraic
setting for which we refer to Borel (1997) and Humphreys (1981).

Definitions and Examples
Definition. • A Lie group is a group G that has a compatible manifold structure, meaning that G is a smooth manifold such that the product map
G × G −→ G given by (g1, g2 ) 7→ g1 g2 as well as the inverse map G → G,
g 7→ g −1 is smooth. The dimension of G is its dimension as a manifold.
• Homomorphisms of Lie groups are group homomorphisms that are at the
same time smooth with respect to the manifold structure. Invertible such homomorphisms are Lie group isomorphisms. A Lie subgroup of a Lie group
G by definition is a smooth submanifold of G which inherits a Lie group
structure from G.
Consider next TG,e , the tangent space of G at the identity. Since the lefttranslation maps Lg (x) = gx are smooth, every tangent vector ξe ∈ TG,e yields
a smooth left-invariant vector field ξ whose value at g is ξg = (Lg )∗ ξe . Conversely, any left-invariant vector field on G is completely determined by the
value at e and so TG,e can be identified with the vector space of such vector fields.
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There is more structure around: the bracket operation between vector fields preserves left-invariant vector fields and induces a bracket. Explicitly, if ξ and η are
two such vector fields, and f a germ of a smooth function, the bracket is given by
[ξ, η] f = ξ · (η f ) − η · (ξ f ).
This product is a skew-symmetric, nonassociative, and satisfies the Jacobi
identity:
[ξ, [η, ζ]] + [η, [ζ, ξ]] + [ζ, [ξ, η]] = 0.

(D.1)

So TG,e together with the bracket is an example of a Lie algebra, denoted

Lie(G) = g = TG,e, [, ] .
The formal definition is as follows.
Definition. A Lie algebra g over a field K is a K-vector space equipped with a
skew-symmetric bilinear bracket operation
g×g →g
which satisfies the Jacobi identity (D.1).
With any ξe ∈ TG,e one can associate a unique Lie group homomorphism X :
R → G, or one-parameter group such that X∗ (0)(d/dt) = ξe . Indeed, consider
the flow defined by the field ξ. It is locally defined around e but left translations
define the flow everywhere and unicity of the flow can be used to show that the
flow through e is a group. Now we can define the exponential map by
exp : Lie(G) −→ G,
ξ 7−→ X(1).
If φ : R × G → G is the flow, we have φ(t, e) = X(t). More generally, we have
φt (g) = φt (e · g) = φt (e) · g = X(t) · g and hence
φt (g) = Lg (exp(tξ)).
It is a basic fact that the exponential is a local diffeomorphism and that
Lie(G1 ) ' Lie(G2 ) if and only if G1 and G2 are locally isomorphic in the
sense that there exists a connected neighborhood U ⊂ G1 of 1 which can be
diffeomorphically mapped onto a neighborhood of 1 ∈ G2 in a way that is
equivariant under the group operations.
Examples D.1.1. (i) The prototypical example of a Lie group is GL(n, R), the
group of all n × n invertible matrices. It has dimension n2 . Its Lie algebra
gl(n, R) can be identified with the space Mn (R) of all n × n real matrices, and
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the Lie bracket can be identified with the bracket [A, B] = AB − BA of the
matrices A and B. The exponential map is simply the matrix exponential:
exp(t A) = et A. The subgroup SL(n, R) of matrices of determinant 1 has Lie
algebra sl(n, R), the trace 0 matrices in Mn (R).
(ii) A matrix group is a closed Lie subgroup of GL(n, R). Consider, for example,
the group of real matrices that preserve a bilinear form b:
o
n
g ∈ GL(n, R) Tgbg = b .
Substitute g = et A in the previous relation, differentiate, and evaluate at
t = 0 to conclude that an element A ∈ g, viewed as a matrix, satisfies
T

Ab + bA = 0.

Special cases:
• the orthogonal group O(n, R) where we take the form b = 1n ; its Lie algebra is the set of skew-symmetric n × n matrices o(n, R) and similarly the
special orthogonal group SO(n, R) = O(n, R) ∩ SL(n, R) has Lie algebra
so(n, R), the skew-symmetric n × n matrices with trace zero;
• more generally, if we take the form b = diag(1 p, −1q ) we obtain the
orthogonal
 groupsO(p, q; R) with Lie algebra o(p, q; R);
0n 1n
• for b =
, the standard symplectic form we get the symplectic
−1n 0n
group Sp(n, R) with Lie algebra sp(n, R).
(iii) Of course, also GL(n, C), the group of all n × n invertible matrices with
complex entries is a Lie group (of real dimension 2n2 ) with Lie algebra
gl(n, C) the space Mn (C) of all n × n complex matrices. It is an example of a
complex Lie group: a complex manifold with holomorphic group operations.
Other examples are the groups SL(n, C), O(n, C), SO(n, C) and Sp(n, C).
A complex Lie group can have interesting Lie subgroups that are not
complex Lie groups, for example, if h is a hermitian form, the subgroup
U(h) of matrices preserving this form. The standard examples are the unitary groups U(n) (where h = diag(1n )) and SU(n) = U(n) ∩ SL(n, C). If
we take the diagonal form diag(1 p, −1q ) we get other unitary groups U(h)
which are denoted U(p, q).
A list of the real forms of the so called classical Lie groups is given in Table D.1.
Starting from the adjoint group of the classical Lie group (whose center is {1}),
all other Lie groups with the same Lie algebra can be found by taking unramified
coverings. If one stays in the algebraic setting this is governed by the so-called
fundamental group of the Dynkin diagram which is finite and classifies all finite
unramified coverings of the adjoint group which are algebraic.
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Furthermore, some overlaps are possible since some Lie algebras are isomorphic, e.g. su(2) ' so(3) (for details, see Fulton and Harris, 1991, Lecture 26).

Table D.1 List of classical Lie groups
Set I p,q =



−1 p
0


0
,
1q

K p,q =



I p,q
0

0



I p,q

,

Jn =



0
−1n


1n
.
0

Group
Adjoint grp.

Definition
Dynkin diagr., fund. grp.

Max. comp. subgr.

SL(n; k), k = R, C, H
PSL(n; k)

{g ∈ GL(n; k) | det g = 1}
k = R, C =⇒ An−1, An−1, Z/nZ
k = H =⇒ A2n−1, Z2n

SU(n)

SU(n)
PSU(n)

{g ∈ SL(n, C) | g ∗ g = 1n }
An−1 , Z/nZ

g ∈ SL(n, C) g ∗ I p,q g = I p,q
An−1 Z/nZ
n
o
g ∈ SL(n, k) Tgg = 1n
n = 2m + 1 =⇒ Bm, Z/2Z
n = 2m =⇒ Dm, Z/4Z
n
o
g ∈ SL(n, R) TgI p,q g = I p,q

SU(n)

SU(p, q), p + q = n
PSU(p, q)
SO(n, k)), k = R, C
PSO(n, k))
SO(p, q), p + q = n
p, q > 0
PSO(p, q)

S(U(p) × U(q))
SO(n, R)

S(O(p) × O(q))

Sp(n; C)
PSp(n; C)

n = 2m + 1 =⇒ Bm, Z/2Z
n = 2m =⇒ Dm, Z/4Z
n
o
g ∈ SL(n, C) TgJn g = Jn
Cn, Z/2Z

Sp(n, R)
PSp(n, R)

Sp(n, C) ∩ SL(n, R)
Cn, Z/2Z

U(n)

Sp(n)
' Sp(n, C) ∩ U(2n)
PSp(n)

{g ∈ GL(n, H) | g ∗ g = 1n }

Sp(n)

Sp(p, q), p + q = n
PSp(p, q)
SO∗ (2n)
PSO∗ (2n)

Cn, Z/2Z

g ∈ GL(n, H g ∗ I p,q g = I p,q
Cn, Z/2Z
n
o
g ∈ SU(n, n) TgIn,n Jn g = In,n Jn
Dn , Z/4Z.

Sp(n)

Sp(p) × Sp(q)
U(n)
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Algebraic Groups
Recall that the set of zeroes ⊂ K N of the polynomials belonging to a prime
ideal I ⊂ K[X1, . . . , X N ] is called an affine variety. For any extension field L
of K, the set V(L) of common zeros in L N forms the L-valued points of V.
Suppose that the generators of I can be chosen to have coefficients in a smaller
field k. Then one says that V is defined over k.
If K/k is a finite field extension, out of V, defined over K, we can produce a variety, ResK/k V, the Weil restriction of V, which is defined over the smaller field
Ís
k. This is done as follows: write K = ke1 ⊕ · · · ⊕ kes and set X j = α=1
X jα eα ,
j = 1, . . . , N. Then one writes a generator for the ideal of V as
Õ
f =
fα eα,
where fα is a polynomial in the new variables X jα . The ideal of ResK/k V is
generated by the fα , α = 1, . . . , s, f ∈ I(V).
Definition. A K-affine algebraic group G is a group that is a K-affine variety
for which the multiplication map (g1, g2 ) 7→ g1 g2 as well as the inverse map
g 7→ g −1 are morphisms defined over K.
Remarks. (1) One can show Humphreys (1981, Section 8.6) that any K-affine
algebraic group can be realized as a closed subgroup of GL(n; K). In other
words, affine algebraic groups are algebraic matrix groups.
(2) Note that for any extension field L of K, a K-group G is automatically an
L-group. Sometimes one stresses this by writing G L and one denotes its points
by G(L).
(3) If K is a finite extension of k, the Weil restriction ResK/k G is a k-affine
group. This can be seen as follows. As before, suppose that G ⊂ GL(N, K) and
that s = [K : k]. Consider the operation µ : K N ×N → k N s×N s which replaces
any entry Xi j of a matrix by the matrix which represents multiplication with
this number in the field K, identified with the k-vector space k s (after a choice
of a basis). Applied to the matrices defining G, this yields a group µ(G) whose
underlying variety is indeed the Weil restriction.
(4) For K = R, C a K-affine algebraic group gives an example of a Lie group.
Examples D.1.2. (i) The additive group Ga which is defined over any field K
as the additive group K + of K.
(ii) The multiplicative group Gm , also defined over any field K, is the multiplicative
group K × of the field. As an algebraic set it is the affine variety

(x, y) ∈ K 2 xy − 1 = 0 and as such it can also be viewed as a matrix
group inside M2 (K) consisting of diagonal matrices {diag(x, y) | xy = 1}.
(iii) The group GL(n; K) of invertible n × n matrices with entries in K is the
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Zariski open subset of Mn (K), the space of all n × n matrices with entries
2
in K whose determinant is nonzero. So it is an affine subset of K n +1 given
by the polynomial identity Y · det(Xi j ) = 1. It can be seen as the matrix


A 0
subgroup of Mn+1 (K) consisting of matrices of the form
obeying
0 b
the equation b · det A = 1. The multiplication of matrices A and B involves
a polynomial operation in the entries of A and B and hence is a morphism.
Similarly, the entries of B are polynomial expressions in the entries of A and
the determinant of A. The classical groups from Table D.1 provide examples
of affine algebraic groups over R. For the orthogonal and symplectic groups
there are variants over any field.

D.2 Further Notions and Constructions
Connectedness Properties
A Lie group need not be connected; indeed it may have infinitely many components, for example the discrete group Z. For any Lie group G the connected
component G0 containing e is a closed Lie subgroup and G/G0 is a discrete Lie
group. If G is a K-affine algebraic group this does not make sense; instead we put
def

G0 = {irreducible component of G containing e} .
In contrast to Lie groups, an algebraic group G can at most have a finite number
of components. We keep saying that G0 is the connected component of G and
that G is connected if G = G0 . If K = C this is equivalent to the previous
notion. However, already for R this can be different: look at Example D.3.4.
The torus R× is irreducible since it is given by the irreducible equation XY = 1.
However, it has two connected components R×>0 and −R×>0 which cannot be
distinguished algebraically.
The universal cover of a connected Lie group is a Lie group. The quotient
of a simply connected Lie group by a discrete subgroup is a Lie group. On the
algebraic side this need not be true: the universal cover of an algebraic group
need not be algebraic: the universal cover of SL(2; R) is not an algebraic group.
However, there is an algebraic notion of fundamental group Humphreys (1981,
31.1). This group classifies all the algebraic groups which are finite unramified
covers of a given group. This is always a finite group. See e.g. Table D.1 for
the classical groups. For instance, in the algebraic sense SL(2, R) is simply
connected: it is the universal cover of PSL(2, R) since from the table we see
that its fundamental group is Z/2Z.
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Functorial Properties
Any closed subgroup of a Lie group is naturally a Lie group. Likewise, any
Zariski-closed subgroup of an affine algebraic group is an (affine) algebraic
group. If G is an algebraic group over the field K = R, or C, we may consider
it as a Lie group and any closed subgroup H (in the ordinary or “classical"
topology) is a Lie group, but only its Zariski closure is an algebraic subgroup.
For morphisms h : G → G 0 of Lie groups the kernel Ker(h) is a closed Lie
group; the image Im(h) is a Lie subgroup but need not be closed. Think of the
one-parameter subgroup of the torus T = R2 /Z2 given by X(t) = (t, αt) with α
irrational; the closure of X(R) is the entire torus. For morphisms h : G → G 0
between algebraic groups these “pathologies” don’t occur: not only is Ker(h)
a Zariski closed subgroup, and so is Im(h); in addition, the dimensions of the
two add up to the dimension of G.
Any morphism h : G → G 0 induces a morphism Lie(h) : Lie(G) → Lie(G 0)
between the respective Lie algebras, and the assignment h 7→ Lie(h) is clearly
functorial. This remains true in the algebraic setting.
For a given Lie group G there is a one-to-one correspondence between connected Lie subgroups of G and Lie subalgebras of Lie(G). Normal subgroups
N ⊂ G correspond to ideals of the Lie algebra Lie(G). The quotient G/N
carries the structure of a Lie group such that the natural map G → G/N is a
morphism of Lie groups. Conversely, if we have a surjective morphism G → G 0
with kernel Ker(h) = N, then G/N ' G 0.
In the algebraic setting closed subgroups do correspond to Lie subalgebras
(and normal closed subgroups give ideals) but the converse need not be true:
there are Lie subalgebras that are not Lie algebras of Zariski closed subgroups.
See Borel (1997, Chapter II.7).

Normalizers and Centralizers
Consider a group of G acting on a set X. Let Y ⊂ X. Recall
StabGY
ZG Y

def

= {g ∈ G | gY ⊂ Y } , the stabilizer of Y,

def

= {g ∈ G | gy = y for all y ∈ Y } , the centralizer of Y .

If X is a smooth manifold with G a Lie group acting by smooth morphisms
and Y ⊂ X a closed submanifold, then StabGY and ZGY are Lie subgroups.
Similarly, if G is an algebraic group over K, G acts on X by morphisms, and
Y ⊂ X is a closed subvariety, StabGY and ZGY are algebraic subgroups of
G. This applies in particular to the adjoint action of G on X = G given by
(g, x) 7→ gxg −1 . In this case the stabilizer of a Lie subgroup (respectively a
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closed algebraic subgroup) H is called the normalizer of H in G and denoted

def
NG H = StabG H = g ∈ G gHg −1 ⊂ H .
In particular NG H as well as the centralizer subgroup

ZG H = g ∈ G gxg −1 = x for all x ∈ H
are (closed) Lie subgroups (respectively closed algebraic subgroups) of H. We
usually put
ZG = ZG G, the center of G.

Representations
Fix a field L. Recall that a representation of a group G in an L-vector space V,
possibly of infinite dimension, is a homomorphism
ρ : G −→ GL(V),
g 7−→ ρg .
Associated with ρ we have (co-gredient) tensor representations
ρ ⊗r : G −→ GL(V ⊗r ),

g 7−→ v1 ⊗ · · · ⊗ vr 7→ ρg (v1 ) ⊗ · · · ⊗ ρg (vr ) ,
the dual or contragredient representation
ρ∨ : G −→ GL(V ∨ ),
n
o

g 7−→ f 7→ f (g) = x → f (g −1 x) ,

(D.2)

and combinations of the two, the (generalized) tensor representations
ρ ⊗r ⊗ (ρ∨ ) ⊗s : G −→ GL(V ⊗r ⊗ (V ∨ ) ⊗s ),
g 7−→ ρg⊗r ⊗ (ρ∨g ) ⊗s .
We say that W ⊂ V is a subrepresentation if ρg (W) ⊂ W for all g ∈ G. If
no subrepresentations exist except the trivial ones {0} and V, we say that ρ is
irreducible. We say that ρ is fully reducible or semisimple if W is a direct sum
of irreducible subrepresentations. It is well known that all representations of a
finite group are semisimple.
If G is a Lie group and L = R or L = C and V is finite-dimensional, we
demand in addition that ρ be a Lie group homomorphism, i. e., the action
morphism G × V → V should be a smooth map and we speak of a smooth representation. Similarly, if G is a K-affine algebraic group and L a field extension
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of K, we want this to be an L-morphism. In this case we also say that ρ is a
rational or algebraic representation.
Example D.2.1 (Regular representation). Let G ⊂ GL(V) be a K-algebraic
2
group.
 It is a closed subset of the affine space of dimension n with n =2 dim V.
Let Xi j , 1 ≤ i ≤ j ≤ n be the coordinates on this space (giving the n entries
of the corresponding matrices). The coordinate ring K[G] is the quotient of the
polynomial ring K[X11, . . . , Xnn ] by the ideal of G. An element f ∈ K[G] can
be viewed as a K-valued function on G, and G hence acts naturally on K[G]
just like the contragredient representation: λg ( f )(x) = f (g −1 x). In fact, this
makes K[G] into an algebraic representation, the regular representation.
A linear map ϕ : V → V 0 between G-representation spaces (V, ρ), (V 0, ρ0)
is called equivariant if ϕ◦ ρg = ρg0 ◦ϕ for all g ∈ G. Two G-representations are
called isomorphic or equivalent if there is a G-equivariant linear automorphism
between them.
A representation of a Lie group ρ : G → GL(V) induces a representation of
the corresponding Lie algebra through the tangent map at the identity:
def

ρÛ = (ρ∗ )e : Lie(G) → End V .
Example D.2.2. The adjoint representation of a Lie group G on its Lie algebra
g is defined as follows. For a fixed g ∈ G conjugation by g defines the iso∼
morphism G −→ G given by x 7→ gxg −1 . Its derivative at e ∈ G is the adjoint
Ad(g) of g; it is a Lie algebra isomorphism Ad(g) : g → g and for varying g
we obtain the adjoint representation
G
g

Ad

−−−→
7→

GL(g),
Ad(g).

The image of the above map turns out to be a Lie group, the adjoint group Gad
of G. Suppose that G is connected. Then the kernel of the resulting morphism
G → Gad is the center of G so that
'

Ad : G/Z(G) −→ Gad .
This can also be done for algebraic groups defined over a field 1 and the adjoint
representation is clearly algebraic Borel (1997, Chapter I.3).
1

Here one really needs characteristic zero.
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Isogenies
As a first step in classifying algebraic groups, one first looks at the corresponding Lie algebras. Since such a Lie algebra corresponds to finitely many possible
algebraic groups, the following concept turns out to be useful.
Definition. An isogeny G1 → G2 between Lie groups (algebraic groups) is a
surjective morphism with finite kernel. Two groups G1 and G2 are isogeneous
if there is a third Lie group (algebraic group G) and two isogenies G → G1
and G → G2 . Isogeneous groups have isomorphic Lie algebras.

Abelian Lie Groups
A Lie group G is abelian if and only the corresponding Lie algebra is, i.e.
[X, Y ] = 0 for all X, Y ∈ Lie(G). A connected abelian Lie group is isomorphic
to Rr × (S 1 )s , i. e., it is a product of a real vector space and a (topological)
torus. Hence a simply connected abelian Lie group is isomorphic to the additive
group of a real vector space.

Algebraic Tori
An important class of commutative algebraic groups for which the field of
definition intervenes is the class of the algebraic tori.
Definition D.3.1. (i) A split algebraic torus of rank r is an algebraic group
isomorphic to a product of r copies of the multiplicative group Gm .
(ii) A K-algebraic torus is an algebraic group which over some extension field
of K is a split algebraic torus.
Tori can be studied via their characters.
Definition D.3.2. A character of an (affine) K-algebraic group G is a morphism
χ : G → Gm ; a co-character or rational one-parameter group is a morphism
µ : Gm → G. The characters and co-characters of G form an abelian group
X ∗ (G), respectively X∗ (G) and there is a natural pairing as follows. For a character µ and co-character λ the composition χ◦ µ is a group homomorphism of
K × , hence of the form t 7→ t n . This integer n by definition is h χ, µi:
X ∗ (G) × X∗ (G) −→ Z;
( χ, µ) 7→ h χ, µi,

where χ◦ µ : t 7→ t hχ,µi .
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Let us now consider characters for algebraic tori. Clearly, for the group Gm
the group of characters is Z with n ∈ Z identified with x 7→ x n and for a split
torus T of rank r we have X ∗ (T) ' Zr . We say that a torus T is anisotropic if
X ∗ (T) = {0}. A torus T is split over some finite field extension L of K. Let Γ be
the Galois group of L|K. Then Γ acts on the torus T(L) and hence on X ∗ (T(L)).
One can assemble the characters on which this action is trivial. This gives the
following result Borel (1997, Section 8).
Lemma D.3.3. There is a unique maximal split subtorus T = Tsplit of T as well
as a maximal anistropic subtorus Tan of T and the product map Tsplit × Tan → T
is an isogeny.
Example D.3.4. Let K = R. A split torus is R× . The Galois group of C|R is
generated by complex conjugation and acts trivially on the real points of C× .
Note that Gm (C) is given by the equation xy = 1. Take new coordinates in C
given by x = u+iv, y = u−iv so that u2 +v 2 = 1. This gives an isomorphic model




u v
1
S = A=
u, v ∈ C, det(A) = 1 .
−v u
Clearly, over R this is the circle group, explaining the notation. Complex conjugation now acts nontrivially on this model. The torus is not split but anisotropic
(the image in R× of any character is compact and connected and hence equal to
1). In general, real algebraic tori which are anisotropic are compact and hence
such algebraic tori are topological tori, and conversely.
An algebraic torus T over R is isogeneous to a product (R× )r × (S 1 )s . For
such a torus complex conjugation acts on characters as follows:
X ∗ (TC ) = Z ⊕r ⊕ Z ⊕s,
(n1, . . . , nr , nr+1, . . . , ns ) 7→ (n1, . . . , nr , −nr+1, . . . , −ns ).
Consider for example a one-dimensional anisotropic torus T = S 1 . One dimensional complex representations are isomorphic to C with z ∈ S 1 acting by
multiplication by z n . Complex conjugation sends this representation, say V (n) ,
to V (−n) as it should. As a real representation it is R2 with e2πit ∈ S 1 acting as
a rotation through the angle nt; conjugation sends (x, y) to (x, −y).

Solvable and Nilpotent Groups
Several of the constructions in abstract group theory remain valid in the Lie
world. For instance if G is a Lie group, the derived group or commutator
subgroup

Gder = DG = [G, G] = group generated by ghg −1 h−1 g, h ∈ G
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is a normal Lie subgroup and its Lie algebra can be identified with the ideal generated by the commutators [X, Y ], with X, Y ∈ Lie(G). If G is an affine algebraic
group, the group [G, G] need not be Zariski-closed. However, if G is connected,
this is true and in characteristic zero one has Lie([G, G]) = [Lie(G), Lie(G)].
A related construction starts from subgroups H1, H2 . The commutators
h1 h2 h1−1 h2−1 with h1 ∈ H1, h2 ∈ H generate a group denoted [H1, H2 ] (or sometimes (H1, H2 )) and if H1, H2 are Lie subgroups of G then so is [H1, H2 ]. If H1
and H2 are connected algebraic groups, so is [H1, H2 ].
A group is called solvable if the derived series eventually stops:
G ⊃ DG ⊃ D2 G = D(DG) ⊃ · · · ⊃ Dk G = {e} .
This makes sense for Lie groups and for connected algebraic groups.
Examples D.3.5. (i) Abelian groups.
(ii) The group T(n; K) of upper triangular matrices in GL(n; K) or any closed
subgroup thereof. One can show that any simply connected solvable Lie
group is such a group.
A nilpotent group is one whose lower central series eventually stops:
def

def

G ⊃ G1 = [G, G] ⊃ G2 = [G, DG] · · · ⊃ G k = {e} .
Again, this makes sense for Lie groups and for connected algebraic groups.
Examples D.3.6. (i) Clearly, a nilpotent group is solvable.
(ii) There are solvable groups that are not nilpotent. For instance T(n; K) is
solvable but not nilpotent. However, its commutator subgroup, the subgroup
U(n; K) of upper triangular matrices with 1 on the diagonal, is nilpotent.
(iii) Unipotent algebraic groups: those whose elements x are unipotent (i.e. x has
only 1 as eigenvalue). This is because one can prove ( Humphreys 1981, section 17.5; Borel 1997, section 4.8) that they are conjugate to some algebraic
subgroup of U(n; K).

Semisimple and Reductive Groups
Let us first recall some linear algebra. An endomorphism X : V → V of a
K-vector space V is semisimple if X is diagonalizable over an algebraic closure
of K. At the other extreme, X is nilpotent if 0 is the sole eigenvalue of X, or,
equivalently, if X n = 0 for some n. We call X unipotent if X has 1 as the sole
eigenvalue, or, equivalently, if (X − id) is nilpotent. Every endomorphism X
has a unique decomposition, the additive Jordan decomposition
X = Xs + Xn,

Xs semisimple, Xn nilpotent,
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and every invertible X can be written uniquely as
X = Xs ◦ Xu = Xu ◦ Xs,

Xs semisimple, Xu unipotent.

The latter is called the multiplicative Jordan decomposition. If X ∈ G, a matrix
group, one can show that Xs, Xu ∈ G.
Next, consider a connected Lie group (or algebraic group) G and let R(G) be
the largest connected normal Lie (or algebraic) subgroup which is solvable. It is
called the radical of G. The unipotent elements in R(G) constitute a subgroup
R(G)u which is itself a unipotent group. Moreover, it is normal in G. It is called
the unipotent radical of G.
Definition. If R(G) = e we say that G is semisimple and if R(G)u = e we say
that G is reductive.
For a reductive G one knows Humphreys (1981, Section 19.5) that R(G) =
Z(G)0 is an algebraic torus. 2 In other words, we have an exact sequence
e

/ Z(G)0
O

/G
O

/ G/R(G)
O

algebraic torus

reductive

semisimple

/ e.

From a different angle, we note that since for any group G the quotient G/DG
is the largest abelian quotient of G, in the special case when G is reductive, this
implies that DG is semisimple and hence we have the following.
Lemma D.3.7. The derived subgroup Gder = DG of a reductive group G is a
semisimple algebraic group. The multiplication map
Gder × Z(G) −−−−−→ G
is a surjective isogeny.
A semisimple group is called simple if it does not contain nontrivial connected normal algebraic subgroups (defined over the same field). If it does,
such a subgroup is itself semisimple. The simple subgroups of a semisimple
group are called simple factors. A similar concept is available for semisimple
Lie groups. In both cases we have:
Lemma D.3.8 (Humphreys, 1981, §14.2, Knapp, 2005, Theorem 1.54). Let G
be a semisimple algebraic group or Lie group with simple factors G1, . . . , G k .
Then multiplication
G1 × · · · × G k −−−−−→ G1 · · · G k = G
2

The proof as given in Humphreys (1981) does not use that the field is algebraically closed.
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defines a surjective isogeny. This is the semidirect product decomposition of G
into its simple factors.
For Lie groups one has a useful criterion for semisimplicity:
Proposition D.3.9 (Helgason, 1962, Prop II, 6.1). Let G be a Lie group. The
Killing form is the bilinear form on Lie(G) given by
B

Lie(G) × Lie(G) −−→ R,

def

B(X, Y ) = Tr(ad X ◦ ad Y ).

This form is nondegenerate on Lie(G) if and only if the group G is semisimple.
Examples D.3.10. • Examples of reductive groups that are not semisimple:
algebraic tori, GL(n; K) and U(p, q). They are not semisimple since they all
have a nondiscrete (and thus at least one-dimensional) center.
• Compact Lie groups are reductive. We see this as follows. Let g be the Lie algebra of a compact Lie group. Then by Helgason (1962, Ch. II.6) the Killing
form is negative definite on g modulo its center. So G/Z(G) is semisimple
which implies G itself reductive. Note that G need not be semisimple, for
example compact tori are not semisimple. Conversely, if the Killing form of
g is negative definite, the group G is compact.
• The classical groups from Table D.1 are semisimple. This is not obvious
from the definition. However, the Killing form can easily be calculated and
in each case turns out to be nondegenerate. Then Proposition D.3.9 tells us
that these groups are semisimple (they are even simple).

Real Reductive Groups
Real Forms
Let G0 ⊂ GL(n, R) be a connected R-algebraic matrix group with Lie algebra
Lie(G0 ) = g0 . Note that for the Lie algebra g0 of G0 we have
g0 ,→ gl(n, R);

g0 ⊗R C ,→ gl(n, C).

This leads to the following concepts.
Definition. • Let g0 be any real Lie algebra. Its complexification is the complex
def
Lie algebra g = g0 ⊗R C.
• If g is a complex Lie algebra such that it can be written as g = g0 + ig0 for
some real Lie algebra g0 , we say that g0 is a real form of g.
• If G0 ⊂ GL(n, R), the complexification G0 (C) is the (unique) connected
matrix group in GL(n, C) whose Lie algebra is Lie(G0 ) ⊗ C. 3
3

This is of course the group of complex points of the R-algebraic group G0 ; there is no conflict
of notation.
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• If G ⊂ GL(n, C) and g0 is a real form of Lie(G) = g, the (unique) connected
matrix subgroup G0 ⊂ G with Lie algebra g0 is called a real form of G. If
G0 is compact, we say that G0 , respectively g0 , is a compact real form of G,
g, respectively.
Examples D.3.11. (i) Of course GL(n, R) is a real form of GL(n, C). There is
also a compact real form, as we now show. The Lie algebra gl(n, C) consists
of arbitrary n × n matrices Z ∈ Mn (C). We may write
Z=

1
1
1
1
(Z + Z ∗ ) + (Z − Z ∗ ) = (Z + Z ∗ ) + i (−iZ + (−iZ)∗ ).
2
2
2
2

Hence gl(n, C) = u(n) ⊕ iu(n). This shows that u(n) is a real form of gl(n, C)
and U(n) is a (compact) real form of GL(n, C).
(ii) The complexification of O(p, q; R) is O(p, q; C). Let Jp,q = diag(1 p, i1q ).
−1 AJ
Then A 7→ Jp,q
p,q conjugates O(p, q; C) to O(p + q; C) and so both
O(p, q; R) and the compact real group O(p + q; R) are real forms of O(p +
q; C). This shows that a complex Lie group may have essentially different
real forms, some compact, some noncompact.
(iii) The group Sp(n, R) has Sp(n, C) as its complexification. Its maximal compact subgroup
Sp(n) = Sp(n, C) ∩ U(2n)
is a compact real form of Sp(n, C) in the same way as U(n) is a compact real
form of GL(n, C).
Reductive Matrix Groups
We have just given examples (see Examples D.3.11) of complex Lie groups G
that have several real forms. Any choice G0 of a real form determines a complex conjugation σ : G → G. An important class of groups have a second type
of involution with the special property that its fixed point locus is a maximal
compact subgroup. These play a major role in this book. The basic example
from which all others are derived is the involution
Θ : GL(n, C) −→ GL(n, C),
x 7−→ (x ∗ )−1 .
Indeed, the fixed point locus is U(n), a maximal compact connected subgroup
def
of GL(n, C). The real group involution Θ0 = Θ|GL(n,R) is an example of a
so-called Cartan involution.
Definition D.3.12. An involutive group isomorphism Θ0 on a connected Ralgebraic group G0 with the property that the fixed point set of Θ0 ◦σ : G0 (C) →
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G0 (C) is compact, is called a Cartan involution for G0 . The induced Cartan
involution on Lie(G0 ) is denoted θ. It induces the Cartan decomposition
Lie(G0 ) =

k
θ = id

⊕

p

θ = − id .

If K is the fixed point set of Θ, the group K0 = K ∩ G0 is a maximal compact
subgroup of G0 with Lie algebra k. Then k ⊕ ip is the Lie algebra of K and
K is a compact real form of G0 . The subclass of matrix groups stable by the
involution Θ is familiar.
Proposition D.3.13 (Satake, 1980, Chap I.4). A connected R-algebraic group
G0 is reductive if and only if one of the following equivalent conditions hold:
(i) G0 can be realized as a matrix group left stable under Θ;
(ii) G0 admits a Cartan involution. If this is the case, any two Cartan involutions
are conjugate under the action of G0 and the fixed locus of any Cartan involution is a maximal compact subgroup of G0 . Moreover, with B the Killing
form and θ the induced involution on Lie(G0 ), the bilinear form given by
def

Bθ (u, v) = − B(u, θv)
is symmetric and positive definite on Lie(G0 ) modulo its center.

Bibliographical and Historical Remarks
This material is standard and can be found for instance in Borel (1997);
Humphreys (1981) and Knapp (2005).
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surface
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Torelli theorem, 125
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variational, 251
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co-character, 406
filtration, 41
homomorphism, 411
of a Hodge structure, 37
Weil
operator, 91
restriction, 528
Whitney sum formula, 512
Yukawa coupling, 371
Zariski topology, 487

Index

