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M O D U L A R  F O R M S  

A.  A.  P a n c h i s h k i n  UDC 512.743 
512. 742 
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In this su rvey  there  are  included resul ts  of recent  yea r s ,  concerning the theory of modular forms 
and representa t ions  connected with them of adele groups and Galois groups.  There is discussed 
the hypothetical principle of functorial i ty  of automorphic forms and other conjectures  of Langlands 
concerning automorphic forms and the L-functions connected with them. 

The choice of title for this survey  may not seem ent i re ly successful :  is it r ea l ly  possible,  within the 
limits of a smal l  paper ,  to elucidate all aspects  of the theory of modular fo rms ,  recent ly  enduring a period 
of heavy development (cf. the foreword to Lang 's  book [33] and the survey  of Fomenko [41]). Hence we r e -  
s t r ic t  ourselves  only to those aspects of it which are  di rect ly  connected with the theory  of representat ions  and 
L-functions.  This approach allows us to explain the connection between one-dimensional  and multidimensional 
modular  forms f rom the point of view of the general  principle of functorial i ty of automorphic fo rms ,  and also 
the connection of modular forms with representa t ions  of Galois groups of extensions of global and local fields. 
In our view, p rec i se ly  these connections motivate the fundamental interest  in modular forms.  We have touched 
on here  only papers of the last  3-4 yea r s ,  turning to older papers only when necessary ;  one can become ac-  
quainted with ear l ie r  resu l t s  in this domain through the survey  [41], which, together with Lang's  book [33], 
contains a detailed account of the latest  achievements in the theory  of one-dimensional  (classical) modular forms. 
Our account is in some measure  superficial :  the reason for this is the technicali ty and complexity of the basic 
methods of the con tempora ry  theory  of automorphio fo rms ,  a complete picture of which is given by the ma te -  
r ials  ofthe summer  schools taking place in Antwerp (1972) [174] and Bonn (1976) [175], the symposium on L- 
functions, automorphic forms and representa t ions  in Corval l is ,  {1977) [58] and the conference on automorphic 
forms in number theory  in Oberwolfach (1979) [48]. 

For  the convenience of the reader  we reca l l  the connection of the c lass ical  theory  of modular forms with 
representa t ion  theory ,  and also the more  general  concept of automorphic form on a reductive group. We note 
that a bet ter  account of the foundations of the c lass ica l  theory can be found in Rankin's  book [191] (cf. also 
the r e fe rences  in [41]), and the recent  book of Well [240] recal ls  the enduring value of the classical  traditions 
in the theory  of elliptic and modular  functions. 

In the last  part  of the survey  there are  noted the most interest ing,  f rom our point of view, achievements 
of recent  years  relating to other areas  of the theory  of modular forms.  

1 .  M o d u l a r  F o r m s  a n d  L - F u n c t i o n s .  C o n n e c t i o n  w i t h  

t h e  T h e o r y  o f  G r o u p  R e p r e s e n t a t i o n s  

Class ical  modular  forms are  introduced as functions on the upper complex half plane H = {z~C I Im(z) > 0}. 
Let F be a congruence-subgroup of the modular group SL2(Z), i . e . ,  F D F  N, for some integer N >_ 0, where 

is the principal congruence-subgroup of level N. The group G~ = GL2(R) of mat r ices  with positive de te rminan t  

(o0)§ 
aets on H by l inear- f rac t ional  t ransformat ions  z ~ (az + b ) / ( cz  + d) = e(z), ~ =  c d ~GR �9 

A holomorphic function f : H ~ C is called a modular  form of weight k with respec t  to the group F, if 
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1) the condition of au tomorphic i ty  

f ((az + b)/(cz + d)) (cz + d)-" = f (z) (1.1) 

holds for e lements  y =  ( a  b )~p ,  

2) f is r egu la r  at parabol ic  ve r t i ces  P e Q  U i~o(fixed points of parabol ic  e lements  of the group r ) ;  this 

( a  db)EsL2(Z) the function f((az + b ) / ( c z +  d))(cz + d) - k  admits  an expansion in means  that for any e lement  a =  c 

a Four ie r  s e r i e s  in nonnegative powers  q l /N + e (z /N)  (by tradit ion q = e(z) = exp(27riz)). In pa r t i cu l a r ,  
va 

f (z) = ~ a,e  (nz /N) ,  (1.2) 
r z ~ 0  

f is cal led a parabol ic  fo rm,  if f vanishes at parabol ic  points. (i. e . ,  in the Four ie r  s e r i e s  f rom 2) only posi t ive 
powers  ql/N) [33, 41, 191]. 

The C- l i nea r  space  of modular  (parabolic) fo rms  of weight k with r e s p e c t  to F is denoted by Mk(F) 
( respec t ive ly ,  Sk(F)).  

Fundamental  attention in our s u r v e y  is given to the investigation of Dirichlet  s e r i e s  of the form 

LI (s) = ~ a~n -s ~- (2"zlN)S (1.3) ,,=~ r (s) f (iy) y,,-~dy 

the Mellin t r a n s f o r m s  of f, and a lso  their  genera l i za t ions ,  connected with the considera t ion  of mult idimensiona[  
automor phic f o rms .  

In te res t  in the study of s e r i e s  of the fo rm (1.3) is connected with the following proper t i es  of Lf(s): 

1) In the space  of modular  fo rms  Mk(F ) there  exis ts  a bas i s ,  consis t ing of fo rms  f such that the a r i t h -  
met ic  functions of the fo rm n ~ a n a re  mult ipl icat ive anm = anam (for (n, m) = 1), he re  the Dir ichlet  s e r i e s  
Lf(s) admits  an expansion as an Euler  product  of p - f a c t o r s ,  cor responding  to p r ime  numbers  p, and the co-  
efficients a n a r e  a lgebra ic  in tegers .  

2) If f is a modular  fo rm,  then the Dir ichlet  s e r i e s  Lf(s),  convergent  in some r ight  hatf  plane,  admits  
a m e r o m o r p h i c  continuation to all s EC and sa t i s f ies  a ce r ta in  functional equation, connecting Lf(s)and L f ( k - s ) .  
Here  Lf(s) is an en t i re  function, if f is a parabol ic  form [114, 33]. 

P r o p e r t i e s  1) and 2) were  es tabl ished by Hecke.  As an i l lus t ra t ion we cons ider  the example  of the 
Ramanujan  parabol ic  form:  

A ( z I = q l I  (1--qn)24=__d~ ~: (m) q m, 
h E 1  n $ ~ l  

c~ 

A(z)~S12(SL2(Z)) , the Dir ichlet  s e r i e s  L a ( s ) = ~ x ( n ) a  -s converges  absolute ly  if Re(s) > 13 /2 ,  decomposes  in 
the Euler  product  ~=~ 

LA (S)= I111 - ;  x (p) p-s q_ pH-2~ 1-I (p _ p r ime  num ber s) ,  
P 

extends to an ent i re  function of o rde r  one on C, which sa t i s f i es  the functional equation [33, 114]: 

(2rO-s P (s) LA (s) = (2rOs-12 P (12 - -  s) LA (12-- s). (1.4) 

3) The p rope r ty  of s e r i e s  (1.2) being a modular  fo rm is cha rac t e r i zed  by the analytic p rope r t i e s  of the 
e .  

s e r i e s  L1(s, ~ ) = ~  x(n)ann -s~ (X is the Dir ichlet  cha rac te r )  [243] (in pa r t i cu la r ,  their  functional equations). 
t ~ 1  
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P r o p e r t y  3) is ca l led ,  in the theory  of Dir ichlet  s e r i e s  connected with modular  f o r m s ,  the inverse  the-  
o r e m  of H e c k e - W e i l ,  and p rope r t y  2) is the d i rec t  t heo rem.  P r o p e r t i e s  1)-3) for the s e r i e s  Lf(s) and their  
genera l iza t ions  a re  d iscussed  in Section 2. 

4) The Eule r  products  Lf(s) a r e  connected with ze ta- funct ions ,  having a lgeb rogeomet r i c  and ar i thmet ic  
or ig ins .  Thus,  if f~S2(F),  then f(z)dz defines a di f ferent ia l  on the Riemann sur face  H / F ,  which cor responds  
to a comple te  a [gebra ic  cu rve  X F, defined over  the field of a lgebra ic  numbers .  He re  the Dir ichtet  s e r i e s  
Lf(s) is a fac tor  of the H a s s e - W e i l  zeta-funct ion of the curve  X F [90, 169]. The p rope r t i e s  of divis ibi l i ty  
of the coeff icients  a n a re  connected with the s t r u c t u r e  of the se t  of ra t ional  points of the curve  X F in finite 
extensions of the field Q [137, 203]. The values Lf{s) for in tegral  s (for example ,  for s = 1) a re  a lso  connec-  
ted with ra t ional  points (conjecture of B i r c h - S w i n n e r t o n - D y e r  [67, 171]). The value of this connection for 
Diophantine g e o m e t r y  is i l lus t ra ted  by two recen t  achievements  in the a r i thmet ic  of ell iptic cu rves .  Mazur  
[171] proved the conjec ture  on the uni form boundedness of the to r s ion  of el l ipt ic  curves  over  Q. The tors ion  
group  E {Q)tors of the ell iptic cu rve  E ,  defined over  Q, can be i somorphic  only to one of the fifteen groups:  
Z / m Z  (m - 10, m = 12), Z / 2 Z X  Z / 2 v Z  (v <_ 4); he re  all  these  possibi l i t ies  a r e  rea l ized .  Coates and Wiles 
[67] proved par t  of the B i r c h - S w i n n e r t o n - D y e r  conjec ture  for  ell iptic curves  E with complex mult ipl icat ion 
by e lements  of the one c lass  imag ina ry  quadrat ic  field K: If the group E(K) is infinite, then the H a s s e - W e i l  
ze ta- funct ion L ( E / K ,  s) vanishes  for s = 1. Another example  is connected with r ep resen ta t ions  of the Galois 
group Gal(Q/Q).  Se r r e  and Deligne [76] made  co r respond  to modular  fo rms  f of weight 1, two-dimensional  
complex  r ep re sen t a t i ons  pf:Gal{Q/Q) ~ GL 2(C), under which the E uler  product Lf(s) is identified with the 
Art in L - s e r i e s  of the r ep r e s en t a t i on  pf. Genera l iza t ions  of this example  a re  d iscussed  in Sec. 3. 

5) AIl genera l iza t ions  of the s e r i e s  Lf(s),  which were  mentioned above,  a r e  connected with the passage  
f rom modular  fo rms  of one va r i ab le  to modular  fo rms  of s e v e r a l  va r i ab l e s ,  m o r e  genera l ly  to automorphic 
f o rms .  In addition there  e m e r g e  c lose  connections between modutar  f o rms  of one and s e v e r a l  va r iab les ,which  
a r e  often descr ibed  in the fo rms  of identit ies connecting the cor responding  L-funct ions.  

These  connections can be combined in the f r a m e w o r k  of a genera l  pr inciple  of funtorial i ty of au tomor -  
phic f o r m s ,  to the d iscuss ion  of which Sec. 4 is devoted. 

P r o p e r t i e s  1)-5) a re  m o r e  na tura l ly  r e fo rmula ted  in the language of r ep re sen ta t i on  theory  [19, 61]. The 
f i r s t  gene ra l  connection between r ep re sen t a t i on  theory  and automorphic  fo rms  was noted by Gel ' fand and Fomin 
[20], although examples  of the use of group r ep re sen ta t i ons  in the theory  of modular  fo rms  occur  a l ready in the 
works  of Hecke [114]. We reca l l  b r ie f ly  how one can formula te  the c l a s s i ca l  theory  of Hecke with the help of 
r ep re sen t a t i on  theory .  F i r s t  we note that the au tomorphic i ty  condition (1.1) is equivalent with the invar iance 
of the function f with r e s p e c t  to the subgroup r C GR +, if the action f ~ f[ k[a] is defined by the formula:  

[ a  b \  _+ 
(flk lol) (z) = y (*, z)-~ f (o (z)), ~ =~ ,c  d) EOt~' 

where  j(a,  z) = I det crl-1/2(cz + d) is the fac tor  of automorphici ty .  

It is e a sy  to ve r i fy  that if a~GL2+(Q), then flk[a ] is a modular  fo rm with r e spec t  to the congruence- sub-  
group  a -~ FaNSL2(Z) (possibly of another  level) .  For  UeGQ + = GL2+(Q) we consider  the double cose t  F a  F = 

I t  

U c~r (here the left  cose ts  a i r  a r e  disjoint and their  number  is finite). 
i ~ l  �9 

Then if f eMk(F)  , then the l inear  combinat ion X fl~Ia~l now belongs to Mk(F) ,  which allows one to 
1 = 1  

define the Heeke ope ra to r s  on Mk(F ) with the help of double cose t s .  In the case  F =  SL2(Z)for  o----(0P 10) we 
set  

~t 

r4 (p) f =pkj2-, ~ f[k [cz,l. 
i = 1  

According to Hecke,  the exis tence  of an Eu le r  expansion for Lf(s) is equivalent to the fact that f is an 
eigenfunction of all Hecke o p e r a t o r s .  The eigenfunctions a re  const ructed with the help of the P e t e r s s o n  s ca l a r  
product  on Sk(F): 

(/' g)~ =~r  / (z) g (z) v~-'dxdv 
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(here z = x + iy, y > 0, H / F  is the fundamental domain of F).  The opera tors  Tk(n) commute with one another 
and a re  normal  opera tors  with r e spec t  to the sca la r  product introduced, which allows one to find an orthogonal 
basis of the space Sk(r) ,  consist ing of common eigenfunctions of the opera tors  Tk(n) [33, 114]. 

Now we consider  the C- l inear  space ~2(f), spanned by the set {flk[a], creGQ+}. This gives a r e p r e s e n t a -  
tion of the group GQ +. One proves that ~2(f) is (algebraically) i r reducible  if and only if the Dirichlet  se r i e s  
Lf(s) has an Eule r  expansion (this follows f rom Hecke 's  theory ,  since the algebraic  i r reducibi l i ty  of f2 (f) is 
equivalent with the fact that f is an eigenfunction of the Hecke operators)  (cf. [19, 185]). 

We, ~-r _ c ~  the completion GQ + in the topolT0~gy whose basis is the set of congruence-subgroups.  Then 
GQ+=~gEllGL2(Qp)ldetgp=r>O,r~Q~;where g~ l lgp ,  Qp is the p-adic numbers  (the p are  pr ime numbers) .  

P 

GQ + acts on ~2(f), s ince any element  of ~2(f) is invariant with respec t  to some congruence-subgroup.  One can 

show [19, 86], that the represen ta t ion  n of the group GQ + on ~2(f) admits an expansion as a tensor  product nf = 

| 7rp,f, where 7rp,f is a represen ta t ion  of the group GL2(Qp), while almost  all Up,f a re  i r reducible .  
P 

Instead of the group GQ + it is more  convenient to consider  the adele group 

GL2 (A) = {g ---- g~ IX gp ] gooEGL2 (R), gpEOL2 (Qp), 
P 

here  gpEGL 2 {Zp) for almost  all p}, 

and instead of the functions f on H, the functions f on the group G L2(R): 

where  g = ( c a  db). 

Here  if f~Mk(F) ,  then 

~f. �9 (f(g(i))j(g,i) -k, ff de tg>O,  
[g) = ~f  (g (--  i)) j (g, - - i )  -k, if det g < O, 

]" (~,g)~-f(g), if YEI'I 

je(xg)=e-i~~ if x is rotat ion by an angle 0 (x). 

Whence it follows that the function f can be considered in the same way as a function on the homogeneous space 

F (N) \GL2 (R) = GL2 (Q) \GL2 (A)/U ova, 

(where U (~)=/e-----1-IIg,EGL2(A), gpEGL2(Z,); g,~(10 0)(modNZ,) for piN}), or as a function on the adele group 
k P 

G L2(A); he r e  the action of e lements  of GQ + on f goes into the action on f by left t ranslat ions:  

(] I~ [~1) (g)  = ](og). 
Modular forms f of weight k with r e spec t  to the group 

r 0 ( N ) = ( ( c  a blESL2 (Z'I c ~ 0  (mod N}} 

with Dirichlet  cha rac t e r  ~b(mod N), i . e . ,  forms f of level N, sat isfying the condition 

az+b j(z), 

go into functions f such that 

~f (zg) = ~ (z) ] (g), 

where zeZ A - A* (the center  of GL2(A), ~ is a cha rac te r  of the group of adele c lasses  ~: A*/Q* - -C* ,  extend- 
ing r Here  we use the notation feMk(N, @) (or f is of type (N, k, ~b)). 

For  f~Mk(N , ~b) we consider  the C- l inear  space ~2(f) of functions on GLz(Q)\GL2(A),  generated by left 
t ransla t ions  of f by means of GL2(A). The represen ta t ion  7r~ of the group GI.e(A) on ~(f) is i r reducib le ,  if gf 
is i r reducible  and 7rf = %0 |174 where ~oo is a represen ta t ion  of GL2(R), and the represen ta t ion  7rp,~, 
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is equivalent  to the r ep re sen t a t i on  7rp,f. ~2(f) can be cons idered  as a subrepresen ta t ion  of the r egu la r  r e p r e -  
sentat ion of GL2(A ) in continuous functions on GL2(A ) (such r ep resen ta t ions  a re  ca!led automorphic) .  He re ,  if 
f is pa rabo l i c ,  then f2{f)C I_~(~), where  L~(r is the space  of m e a s u r a b l e  functions h on GI~(A),  s q u a r e - i n t e -  
g rab le  on ZAG L2(Q) \ G L2(A) with r e s p e c t  to the Haar  m e a s u r e  on G L 2(A), sat isfying the parabol ic i ty  condition: 

for  any subgroup UA, conjugate to 

S i t  (ug) du = 0  
UQ\UA 

x A NA={(0t  1 )[x~ ) over  Q (for a lmos t  all g). 

The Hecke ope ra to r s  act  on e lements  of ~2(f) as ope ra to r s  of integral  convolution with functions f rom the 
Hecke a lgebra  gaA ( ~ a  iS the a lgebra  with r e s p e c t  to convolution of continuous complex functions on GL2(A) 
with compact  suppor t ,  b i l a t e ra l ly  invar iant  with r e s p e c t  to a maximal  compact  subgroup K C GL2(A ). Instead 
of a r ep re sen t a t i on  of the group GL2(A) one can hence consider  the corresponding r ep re sen ta t i on  of the Hecke 
a lgebra  ~A [60-62]. 

Jacque t  and Langlands [123] as the s ta r t ing  point for the cons t ruc t ion  of L-funct ions took i r reducib le  
admiss ib le  r ep re sen t a t i ons  of the groups G L2(Qp). Admiss ib i l i ty  means  that the vec tors  of the represen ta t ion  
space  Kp a re  finite (where Kp = GL2(Zp)), i . e . ,  all e lements  of the r ep re sen ta t i on  space ,  obtained f rom a fixed 
vec tor  by applicat ion of e lements  of a max imal  compac t  subgroup Kp, lie in a f in i te -d imensional  vector  space  

01 [61]. To each such r ep re sen t a t i on  rrp co r re sponds  some  diagonal e lement  hp = P I~p in the group GL2(C) 

[61]. In the spec ia l  case  when 7rp = Ind (/~1| is the r ep re sen ta t i on  induced f rom a one-dimensional  r e p r e -  

sentat ion of the group of diagonal ma t r i ce s :  itl| ( ~  O ) = i t l ( x ) ~ ( y ) ,  where Pl, P2:Qp ~ c *  a re  unramif ied  

c h a r a c t e r s  of Qp, the e lement  hp is equal to it p) . If  7r = ~r~o| rp is an i r reduc ib le  admiss ib le  r e p r e -  

sentat ion of G L 2CA) , then the L-funct ion L(s,  lr) is introduced as the E uler  product  L (s, n) = IV[ Lp (s, up), where  
p 

Lp(s ,  Up) = det (I - hpp-S) -1 = [(1 - app-S)(1 - flp)p-S]-t (in this  definition, for  s impl ic i ty  we have omit ted F, 
the factor  cor responding  to Leo(s, 7roe)). 

If  f ( z ) = ~  a,,q'~ESk(N, ap) is an eigenfunction of the Hecke o p e r a t o r s ,  a 1 = 1, then the r ep resen ta t ion  Up,f 

co r r e sponds  to the p - fac to r  

Lp (s, up.f) = [1 - -  app -*-(k-1)/2 + ~2 (p) p-2,1-~ 
and Lf(s) = L(s + ( k - l ) / 2 ,  rrf). Here  hp~SL2(C), if the c h a r a c t e r  $ is t r iv ia l .  In gene ra l ,  if the e lements  
of the center  Z A act t r iv ia l ly  in some r ep re sen t a t i on  7r, then hp~SL2(C); in this case  u can be considered as 
a r ep r e sen t a t i on  of the group PGL2(A). For  i r reduc ib le  admiss ib le  automorphic  r ep resen ta t ions  7r, Jacquet  
and Langlands cons t ruc ted  an analytic continuation of the functions L(s,  70 and we get for them a functional 
equation of the form:  

L(s, n ) = e ( s ) L ( 1 - - s ,  ~), (1.5) 

where  ~ is the r ep re sen t a t i on ,  con t ragrad ien t  to zr, and e is the factor  e (s)=Ilep(s)  which plays the ro le  of 
p 

the constant  of the functional equation [238]. For  the functions L(s ,  7rf) this functional equation goes into the 
Hecke functional equation (of type (1.4)). 

In teres t ing c l a s se s  of Eu le r  products  a r e  connected with f in i te -d imensional  r ep re sen ta t ions  r of the 
group GL2(C): 

L(s, ~, r)= IILa(~p, s, r), (1.6) 
P 
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where  Lp(s,  ~p, r) = det ( I -  r (hp)p-S)- l .  Products  of the fo rm (1.6) a re  absolute ly  convergent  if  Re(s) is 
suf f ic ien t ly  la rge .  

Hypothet ical ly  [150] such L-functions admit  analytic continuation and sa t i s fy  some functional equation. 
This conjecture  is proved only in a few spec ia l  cases :  

1) r = Symi(St) (i = 2, 3, 4) ( symmet r i c  powers  of the s tandard rep resen ta t ion  St:GL2(C ) ~GL2(C)) .  
The r ep re sen t a t i on  r = Sym2(St) is i somorph ic  with the adjoint represen ta t ion ;  this case  is analyzed by Gelbar t  

and Jacquet  [93]. If f(z) ~ anqn~Sk(N, ~) is an eigenfunction of the Hecke o p e r a t o r s ,  a 1 = 1, then L(s ,  ~f, r) 

coincides with the s y m m e t r i c  square  of the Hecke s e r i e s  L(s,  vf) = Lf(s + ( k - 1 ) / 2 ) ,  while 

L(s, ~)L(s, ~I, r) = L  (2s, 9 2 ) ~  -.~'~"2"-s(k-'~J2, (1.4) 

c~ 

where  L(s, ~ ) = ~  $(n)n -~ is the Dir ichlet  L - s e r i e s .  The cases  r =  Sym3St, Sym4St a re  analyzed in [89]. 

In this example  the L-funct ion L(s,  ~f, Sym2r) gets  an interest ing in terpre ta t ion  as the Mellin t r a n s f o r -  
mation of some  automorphic  f o r m  on the group G ~ ( A )  (cf. Sections 2, 4). 

For  a d iscuss ion  of the analyt ic  p rope r t i e s  of L(s ,  ~f, Symnr) and the i r  connection with the S a t o - T a t e  
conjec ture  on the uni formi ty  of the distr ibution of a rguments  of the eigenfunctions hp, cf.  the s u r v e y  of Fo-  

menko [41]. We give only a r e su l t  of Kurokawa: if f~Sl(N, e) and m _> 3, then the Dir ichlct  s e r i e s  ~ a n '~n -s 

and ~ a mn -~ can be m e r o m o r p h i c a l l y  continued to {s ~C I Re(s) > 0}, while the line Re(s) = 0 is the natural  
n ~ l  

boundary of m e r o m o r p h i c i t y  [147] (cf. with formula  (1.7) ! ). 

2) Shahidi [205] invest igated the analytic p rope r t i e s  of L(s,  r ,  r)  in the case  when n is a parabol ic  r e p -  
resen ta t ion  of PGL2(A) , r is an i r reduc ib le  four -d imens iona l  r ep resen ta t ion  of the group SL2(C ). 

We note that analogous const ruct ions  can be made in m o r e  genera l i ty ,  replacing the field Q by an a r b i -  
t r a r y  global field F. Here  if F is comple te ly  r e a l ,  then automorphic  r ep resen ta t ions  of GL2(AF) (where A F 
is the r ing of adeles of the field F) co r r e spond  to Hi lber t  modular  f o rms  [35, 194]. 

Hecke ' s  theory  a lso  admits  a genera l iza t ion  to this m o r e  genera l  case .  

1) The theo rem on the ex is tence  of a bas is  of eigenfunctions of the Hecke ope ra to r s  in the space  of 
parabol ic  f o rms  is now re fo rmula t ed  as the theorem of G e l ' f a n d - H a r d e r  [19, 107] that the space  L~(~) (for 
the p r e c i s e  definition, ef. Sec. 2), where  w is a Hecke c h a r a c t e r  (a h o m o m o r p h i s m  :~:AF*/F* - - C * ) ,  is a 
countable sum of i r reduc ib le  admiss ib le  r ep resen ta t ions  of GL2(AE) , while each of them occurs  with finite 
mult ipl ici ty.  This  t heo rem  is valid in cons iderab ly  m o r e  genera l i ty  (for connected reduct ive  a lgebra ic  
groups  over  a global field F). 

2) Direct  T h e o r e m  [123]: The L-funct ion L(s ,  n) of an automorphic  r ep re sen ta t i on  admits  m e r o m o r p h i c  
continuation to s ~C and sa t i s f i e s  a functional equation (of the type (6)). 

3) Inve r se  Theo rem  [123, 238]: the r ep re sen ta t i on  n is au tomorphic ,  if all functions of the fo rm L(s ,  
n| admit  m e r o m o r p h i c  continuation to s ~ C ,  sa t i s fy  a functional equation, and have analytic p rope r t i e s  of 
the given type; h e r e  • is the Hecke c h a r a c t e r .  

Another formulat ion of the inverse  t heo rem is given by Li [158]. In the case  F = Q, an interes t ing r e -  
f inement  of the inverse  theorem was obtained by Raza r  [195]. 

The theory  of A t k i n - L e h n e r  [33, 41] can be in te rpre ted  as mult ipl ic i ty  one theorem [186]: the mul t ip l i c -  
ity of i r reduc ib le  admiss ib le  r ep resen ta t ions  of the Hecke a lgebra  in I~(r does not exceed one. Moreove r ,  
a s t rong mult ip l ic i ty  one theorem holds: An automorphic  r ep re sen t a t i on  7r, occur r ing  in I~(~b) (parabolic r e p r e -  
sentat ion),  is uniquely de te rmined  by giving a lmos t  all local  fac tors  ~v [186]. 

The c lass ica l  conjec ture  of R a m a n u j a n - P e t e r s s o n  that for an eigenfunction of the Hecke opera to r s  f(z) = 

~,~a~q~_S~(N, ~),  a 1 = 1 one has the es t ima te  lapl < 2p(k-1)/2, can be r e fo rmula t ed  in the genera l  case  as the 
n = l  
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asser t ion  that the eigenvalues of elements hv~G L2(C), corresponding to components ~v of the parabolic r e p r e -  
sentation u = | v~rv (v runs through the valuations of the field F), a re  in absolute value equal to 1. V . G .  
Drinfel 'd [24] proved the general ized conjecture  for parabolic forms on GL2(AF) over global fields of positive 
charac te r i s t i c .  E a r l i e r ,  Deligne proved this conjecture for F = Q [71]. 

2 .  A u t o m o r p h i c  F o r m s  a n d  L - F u n c t i o n s .  

C o n n e c t i o n  w i t h  t h e  T h e o r y  o f  G r o u p  R e p r e s e n t a t i o n s  

We consider  the more  general  case of a l inear reductive group G over a global field E . G A will denote 
the locally compact  group of points of G in the r ing A = A F of adeles of the field F, G F is the d iscre te  sub- 
group of F- ra t iona l  points of G, K is a maximal  compact  subgroup of G A, Z A is the adele points of the center  
o fG (cf. [19, 60, 62]). 

An automorphic form f on G is introduced as a continuous function f:C A ---C, satisfying the conditions: 

a) f is invariant with respec t  to r ight  t ranslat ions by elements of G F; 

b) f is K-finite; 

c) there exists a Hecke cha rac t e r  ~ : A F * / F *  - -  C* such that 

f (zg) = ,  (z) f (g) 

(Z~ZA,  g~GA) in the case  when Z A "~ A*; 

d) the function x -  f(x.y) on the group Gee = G(F |  of ,~rehimedean points of G ( i . e . ,  points in F |  
is annihilated by some ideal of finite codimension in the algebra of biinvariant differential operators  on G~o 
(such a function is automatical ly  rea l -ana ly t i c ,  since it is annihilated by an elliptic differential operator);  

e) f sat isf ies some diminution condition; 

*) the form f is called parabolic if 

f f(ux) dx =0, 
UA) U E 

where U denotes the unipotent radical  of any parabolic F-subgroup in G (of. [60, 62]). 

Automorphic representa t ions  of G A (or of the Hecke algebra ~ A ) a r e  defined as representa t ions ,  lying 
in the regular  representa t ion  of G A . Here the parabolic forms f lie in the space L~($), consisting of measu r -  
able functions h on G A/G F, satisfying condition c), such that x --h(x)]  r (det x -i) ],/2 is square integrable on 
G A / Z A G F ,  and satisfying the parabol ici ty  condition (for almost  all x). 

Parabol ic  representa t ions  of G A are defined as subrepresentat ions  of L2($) (cf. [60]). 

By the symbol ~ (G/F) we denote the set of equivalence c lasses  of i r reducible  admissible  representat ions  
of G A. Langlands proved [153] that each ~o~I(G/F) is a component of a representa t ion,  induced from some 
parabolic (~6~i(M/F) , where M is a Levi F-subgroup of a parabolic F-subgroup of bG. 

L-functions of i r reducible  admissible  representa t ions  of the group G A are introduced with the help of 
expansions ~ = | vUv, where v runs through the set of valuations of the field F, ~v is a representa t ion  of the 
group G(F v) (of points in the v-completion) (or a representa t ion of the local Hecke a l g e b r a 3 ~ )  (cf. [19, 86]). 
Here  with a lmost  all Uv (except for a finite set of valuations vES) one can associate  the conjugacy class  of a 
semis imple  element h v in the Langlands group LG (LG is a cer tain reductive linear group over C; for G = GL n 
the element hveG Ln(C); here  the group G Ln(C) coincides with a connected component of the Langlands group 
LG). L-functions of representa t ions  ~ are  introduced as Euler  products of the form: 

,. L(s,  = ) = ~ I  L(s, Z~), L(s, X~)=det(/--Nv-sh~) -t 
v@s 

(here N v is  the number of elements of the residue field for the valuation v). More genera l ly ,  for f ini te-dimen- 
sional representa t ions  r of the group LG one can define 

L(s, ~, r ) = I I  L(s, X~, r), L(s, X~, r)---det( i - N v - s r ( h . ) ) - ' '  
v@s 
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Both p r o d u c t s  c o n v e r g e  a b s o l u t e l y  for  s u f f i c i e n t l y  l a r g e  R e ( s ) ,  i f  ~ is  an a u t o m o r p h i c  r e p r e s e n t a t i o n  (cf. 
[150] for  p a r a b o l i c  n, [60] in t he  g e n e r a l  c a s e ) .  

In the  g e n e r a l  c a s e  the  dual  of the  Lang lands  g r o u p  LG of  a r e d u c t i v e  a l g e b r a i c  g r o u p  G is c o n s t r u c t e d  
with the  he lp  of the  r o o t  d a t a  [221, 60]: 

~0 ( G ) = ( X *  (T), h, X ,  (Y), h v) 

of the  g r o u p  G; h e r e  T is  a m a x i m a l  t o r u s  of G (over  the  s e p a r a b l e  c l o s u r e  F s of the g r o u n d  f ie ld  F ) ,  X*(T) 
(X,(T))  is  the g r o u p  of  c h a r a c t e r s  ( r e s p e c t i v e l y ,  of o n e - p a r a m e t e r  s u b g r o u p s )  of the t o r u s  T,  A(A v ) is  a b a s i s  
of the  r o o t  s y s t e m  r T) wi th  r e s p e c t  to the  t o r u s  T ( r e s p e c t i v e l y ,  a dual  b a s i s  of c o r o o t s ) .  The  connec t ed  
componen t  l-G~ of the  Lang lands  g r o u p  is de f ined  as  the  r e d u c t i v e  g r o u p  o v e r  C,  whose  r o o t  d a t a  a r e  ob ta ined  
b y  i n v e r s i o n  ~b 0 - -  cv, i . e . ,  a r e  i s o m o r p h i c  to  the  c o l l e c t i o n  of da ta  of the  f o r m :  

,0 (O) v = ( x ,  (T), ~v, X* (T), ~). 

If G is s i m p l e ,  then  up to  a c e n t r a l  i s o g e n y  G is c h a r a c t e r i z e d  by  one of  the  t ypes  An,  B n, . . . .  G 2 of the  
K i l l i n g - C a r t a n  c l a s s i f i c a t i o n .  It is  known tha t  the  m a p  ~0(G) r p e r m u t e s  the  types  B n and Cn,  and the 
r e m a i n i n g  types  r e m a i n  f ixed .  Thus ,  i f  G = SP2 n ( r e s p e c t i v e l y ,  GSP2n), then  LG~ = SO2n+l(C ) ( r e s p e c t i v e l y ,  
LG~ = Spin2n+l(C)). The  g r o u p  LG is de f ined  as  the  s e m i d i r e c t  p r o d u c t  of LG~ by the G a l o i s  g r o u p  of a c e r t a i n  
e x t e n s i o n  of the  f i e ld  F ,  o v e r  which  G s p l i t s ,  i . e . ,  the  t o r u s  T b e c o m e s  i s o m o r p h i c  to (GL1)r. Such a s e m i -  
d i r e c t  p r o d u c t  is  i n t r o d u c e d  with the  he lp  of  the  ac t i on  of the  G a l o i s  g r o u p  F F = G a l ( F S / F )  on the g r o u p  LG~ 
which  is de f ined  with the  he lp  of  the  a c t i o n  of F F on the s e t  of m a x i m a l  t o r i ,  def ined  o v e r  Y s [60]. 

The  g r o u p  ~ can  be  c o n s i d e r e d  a l s o  ove r  o the r  f i e l d s ,  among t h e m  ove r  g l o b a l  and l o c a l  ones .  

The  c o n s t r u c t i o n  of the  c l a s s e s  h v fo r  m a n y  r e d u c t i v e  g r o u p s  is con t a ined  in [60] and is b a s e d  on the  
d e t a i l e d  s t u d y  of r e p r e s e n t a t i o n s  of  r e d u c t i v e  g r o u p s  o v e r  l o c a l  f i e l d s .  We s h a l l  not dwel l  on t h i s ,  r e f e r r i n g  
the  r e a d e r  to the  s u r v e y  of  C a r t i e r  [64]. 

T h e r e  a r e  s e v e r a l  c o n j e c t u r e s  about  a n a l y t i c  p r o p e r t i e s  of L ( s ,  a, r ) ,  v e r i f i e d  in c e r t a i n  s p e c i a l  c a s e s .  

(A) If  z~(G/F) ,  then L ( s ,  7r, r )  a d m i t s  a m e r o m o r p h i c  con t inua t ion  to  s ~ C .  

(B) One can  de f ine  l o c a l  L -  and e - f a c t o r s  at  a l l  po in t s  such  tha t  one has  the  func t iona l  equa t ion :  

L(s, ~, r ) = e ( s ,  ~, r)L(1--s, ~, r), 
w h e r e  ~ is  the  r e p r e s e n t a t i o n  c o n t r a g r a d i e n t  to  g [60, 228]. 

(C) In a c e r t a i n  n u m b e r  of  c a s e s  i t  is  p r o v e d  that :  

(*) if  n is  p a r a b o l i c ,  r is  i r r e d u e i b l e  and n o n t r i v i a l ,  then  L ( s ,  7r, r )  is  an e n t i r e  funct ion .  

P r o p e r t y  (*) does  not  a l w a y s  ho ld .  H y p o t h e t i e a l l y ,  (*) is  v io l a t ed  on ly  when ~ is  " l i f t ed"  f r o m  a p a r a -  
bo l i c  r e p r e s e n t a t i o n  of  a r e d u c t i v e  g r o u p  H (the l i f t  of a u t o m o r p h i c  f o r m s  wi l l  be d i s c u s s e d  in See .  4) and the 
r e s t r i c t i o n  of r to  the  i m a g e  of LH in LG con ta ins  the  t r i v i a l  r e p r e s e n t a t i o n .  

In the  c a s e  G = G L n,  r = r n is  the  s t a n d a r d  r e p r e s e n t a t i o n  of G Ln(C),  p r o p e r t i e s  B) and C) a r e  e s t a b l i s h e d  
in [123] fo r  n = 2 and in [101] fo r  n > 2. R e c e n t l y  i t  was  shown [223], tha t  ana logous  r e s u l t s  a r e  va l id  for  L -  
func t ions  of a u t o m o r p h i c  r e p r e s e n t a t i o n s ,  not  n e c e s s a r i l y  p a r a b o l i c .  

R e c e n t l y  the  t h e o r e m  on m u l t i p l i c i t y  one was  e a r r i e d  ove r  to the  c a s e  of G = G L  n ove r  a g l o b a l  f ie ld  [186], 
which  is c l o s e l y  c o n n e e t e d  wi th  the  t h e o r y  of  nonvan i sh ing :  L ( s ,  7r, rn)  ~ 0, i f  Re(s)  = i and ~r is  a p a r a b o l i c r e p -  
r e s e n t a t i o n  of  GLn(A F)  ( Jacque t  and Sha l i ka  [126]). We note  that  for  n = 1,  F - Q th is  is  a c l a s s i c a l  t h e o r e m  
of D i r i c h l e t .  F o r  n = 2 the  t h e o r e m  was  e s t a b l i s h e d  by  Rank in  in the  c a s e  when F = Q and ~ c o r r e s p o n d s  to the  

p a r a b o l i c  f o r m  of  R a m a n a j a n  (ef. [41]). 

F o r  n = 3 the  i n v e r s e  t h e o r e m  is  p r o v e d  [124]: if a l l  L - f u n c t i o n s  of the  f o r m  L(s ,  7r|215 rn)  (where  X is a 
Hecke  c h a r a c t e r ,  n is  an i r r e d u c i b l e  a d m i s s i b l e  r e p r e s e n t a t i o n )  ex tend  h o l o m o r p h i e a l l y  to s e C ,  then  the  r e p r e -  
s e n t a t i o n  7r can  be  r e a l i z e d  in p a r a b o l i c  f o r m s .  It is  noted  tha t  fo r  n -> 4 the  ana logous  r e s u l t  no l o n g e r  ho lds :  
h y p o t h e t i c a l l y  fo r  the  r e a l i z a b i l i t y  of  7r in p a r a b o l i c  f o r m s  i t  is  n e c e s s a r y  to  r e q u i r e  the  h o l o m o r p h i c i t y  of a l l  
L - f u n c t i o n s  of  the  f o r m  L( s ,  ~r| a) ,  w h e r e  a is  any  p a r a b o l i c  r e p r e s e n t a t i o n  of G L j ( A ) ,  1 >_ j - r  + 2. 

As  a l s o  in the  c a s e  n = 2, the  p r o o f  depends  e s s e n t i a l l y  on the f ac t  tha t  the  func t ion  L(s ,  7r) a d m i t s  an in -  
t e g r a l  r e p r e s e n t a t i o n  with the  he lp  of a c e r t a i n  funct ion on GL3(A),  which  t u r n s  out to  be a p a r a b o l i c  f o r m  
(analog of the  M e l l i n  t r a n s f o r m ) .  The  c o n s t r u c t i o n  is  b a s e d  on the  t h e o r y  of  m o d e l s  of W h i t t a k e r  fo r  l o c a l  and 

g l o b a l  r e p r e s e n t a t i o n s .  
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j a e q u e t  [121] e s t a b l i s h e d  p r o p e r t i e s  ana logous  to  A)-C)  for  a u t o m o r p h i c  r e p r e s e n t a t i o n s  of the  g r o u p  
G = G L  2 x G L  2 and r = r 2 |  2. In p a r t i c u l a r ,  t h e r e  a r e  def ined  l o c a l  f a c t o r s  L( s ,  ~r~| 2, r )  and e ( s ,  vi |  ~r 2, r )  
w h e r e  ~i (i = 1,  2) a r e  two i r r e d u c i b l e  a d m i s s i b l e  i n f i n i t e - d i m e n s i o n a l  r e p r e s e n t a t i o n s  of G L2(F),  F is a non-  
a r c h i m e d e a n  l o c a l  f i e ld .  H o w e v e r ,  such  f a c t o r s  w e r e  found e x p l i c i t l y  on ly  fo r  c e r t a i n  p a i r s  of  r e p r e s e n t a t i o n s .  
The  r e s u l t s  of J a c q u e t  w e r e  r e f i n e d  by  Li  [159, 160],  who e x p l i c i t l y  c a l c u l a t e d  the  f a c t o r s  in t e r m s  of a s u m  
of the  f o r m :  

[s + 1 I s +  1 8\--~, ~I| r2)r \--~-, ~2~Z-1, r2), 
[(x)~., 

(2.1) 

w h e r e  f(x) deno tes  the  e x p o n e n t i a l  c o n d u c t o r  of the  D i r i c h l e t  c h a r a c t e r  • : F* ~ C* (an i n t e g e r ) .  Such s u m s  
t u r n e d  out  to  be c l o s e l y  c o n n e c t e d  with  the  i n t e r e s t i n g  concep t  of  n - c l o s e n e s s  of i r r e d u c i b l e  s u p e r c u s p i d a l  
r e p r e s e n t a t i o n s  lr i (i = 1,  2). Le t  c0i be c e n t r a l  q u a s i c h a r a c t e r s  of the r e p r e s e n t a t i o n s  7ri, ob ta ined  f r o m  the 
r e s t r i c t i o n  of 7r i to  the  c e n t e r  of  GL2(F  ). I t  is  known tha t  ~] is  i s o m o r p h i c  to  ~r 2 [123] i f  and on ly  if: 1) wl = =c2 
and 2) e ( s ,  ~i | • = e ( s ,  ~2 | X) for  a l l  q u a s i c h a r a c t e r s  • h e r e  i f  7r 1 and ~2 a r e  i s o m o r p h i c ,  then t hey  have  
i d e n t i c a l  c o n d u c t o r s  f(vi) = f0r2)" In the  c a s e  when ~(~l) = f(~2), one can  i n t r o d u c e  a f i n e r  concep t  than n - c l o s e -  
n e s s ,  w h e r e  ri  and ~2 a r e  ~o-c lose  if  and on ly  if  ~i is  i s o m o r p h i c  wi th  ~2 [160]. 

By d e f i n i t i o n ,  7r i is  n - c l o s e  to ~r2, i f  f(~l) = fur2) and n is  the  l a r g e s t  i n t e g e r  m such  tha t  

~(s, ~,)~(s, ~2| ~9~(s,-~| 

for  a l l  c h a r a c t e r s  • : F* ~ C* with  c o n d u c t o r  f(x) -< m.  T e s t s  a r e  g iven  for  the  n - c l o s e n e s s  of two r e p r e s e n -  
t a t i o n s  ~r~ and 7r 2 in t e r m s  of  s u m s  of the  f o r m  (2.1); in i n t e r e s t i n g  c a s e s  such  s u m s  a r e  e x p l i c i t l y  c a l c u l a t e d .  
The  r e s u l t s  a r e  a p p l i e d  [159] fo r  the  e x p l i c i t  c a l c u l a t i o n  of c o n s t a n t s  and loca l  f a c t o r s  of the  func t iona l  e q u a -  
t ion  of the  convo lu t ion  of two L - s e r i e s ,  connec t ed  with  p r i m i t i v e  p a r a b o l i c  f o r m s  ( p a r a b o l i c  r e p r e s e n t a t i o n s  

o f G L  2 o v e r  Q). L e t  f i ( z ) = ~  al(n)q ~, f2(z)=~a2(n)q ~ be the two p a r a b o l i c  f o r m s  of we igh t s  kl ,  k 2 with 

r e s p e c t  to  the  g r o u p s  Fo(N1), Fo(N2) wi th  D i r i c h l e t  c h a r a c t e r s  v 1 rood N1, v2 rood N2, r e s p e c t i v e l y .  The  D i r i c h l e t  
s e r i e s  

Lr,,h ( s ) -  L (2s, e) ~ ai (n) a2 (n) n -(s+k'+~---a~-I ) (2.2) 

(where  L(s, e ) = ~  e(n)n -s, e=vlv-2modN, N - -  1. c . m .  (N1, N2) is  c a l l e d  the  convo lu t ion  of the  L - s e r i e s  con -  

n e c t e d  with fl and f2- The  s e r i e s  Lf  1 , f2(s) w e r e  f i r s t  c o n s i d e r e d  by  Ra nk in ,  who c o n s t r u c t e d  the  ana ly t i c  e x -  
t e n s i o n  of such  s e r i e s  and go t  for  t h e m  a func t iona l  equa t ion  in the  s p e c i a l  c a s e  N = 1. In the  g e n e r a l  c a s e  Li  
[159] e s t a b l i s h e d  a func t iona l  equa t ion ,  connec t ing  Lfl ' f2(s) and Lfl-'~2 (1 - s ) ,  w h e r e  

L (z) = ~ a, (n) e (nz). 

The  c o n s t a n t s  and l o c a l  f a c t o r s  of th i s  func t iona l  equa t ion  a r e  c a l c u l a t e d  c o m p l e t e l y  e x p l i c i t l y  and a r e  
connec t ed  with  the  a c t i o n  of the  A t k i n - L e h n e r  invo lu t ions  [57] ( W - o p e r a t o r s )  on the  m o d u l a r  f o r m s  with r e -  
s p e c t  to the  g r o u p  F0(N). W - o p e r a t o r s  c o r r e s p o n d  to each  p r i m e  d i v i s o r  q[ N and c a r r y  a p r i m i t i v e  n o r m a l i z e d  
f o r m  f of l e v e l  N into  a n o t h e r  n o r m a l i z e d  f o r m  of the  s a m e  type ,  m u l t i p l i e d  b y  a c e r t a i n  n u m b e r  ~t(f) ( " p s e u d o -  
e i g e n v a l u e "  of  the  W - o p e r a t o r  on f). The  c o n s t a n t s  of the  func t iona l  equa t ion  of  the  s e r i e s  (2.2) a r e  c a l c u l a t e d  
[159] in t e r m s  of  p r o d u c t s  of n u m b e r s  of the  f o r m  ~q(fi); in i ts  own r i g h t ,  kq(fi) is d e s c r i b e d  in [57] in t e r m s  of 
a G a u s s i a n  s u m .  In s p e c i a l  c a s e s  th is  func t iona l  equa t ion  was ob ta ined  e a r l i e r  [36, 41]. 

In the  c o n s i d e r a b l y  m o r e  g e n e r a l  c a s e  G = G L  m x G L n ,  r = r m |  r n  o v e r  a f unc t i ona l l y  g l o b a l  f ie ld  F one 
can  de f ine  [122] l o c a l  L -  and e - f a c t o r s .  H y p o t h e t i c a l l y  ( Jacque t  d ix i t ,  [60]) h e r e  p r o p e r t i e s  A) and B) hold  and 
a l s o  h o l o m o r p h i c i t y  {excluding the  c a s e  when m = n, 7r = ~1 | u2 and r 1 is  c o n t r a g r a d i e n t  to ~2; h e r e  ~i a r e  a u t o -  
m o r p h i c  r e p r e s e n t a t i o n s  of  G Lm) .  

I n t e r e s t i n g  c l a s s e s  of L - f u n c t i o n s ,  c o n n e c t e d  with  s y m p l e c t i c  g r o u p s ,  w e r e  i n t r o d u c e d  and s tud ied  by  

A n d r i a n o v  [1-6 ,  47]. In th i s  c a s e  G = GSp2n = {geGL2n lg t Jng  = r (g)Jn} ,  w h e r e  r ( g ) e G L  1, 
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E n is the ident i ty  m a t r i x  of s i ze  n x n. The dual Langlands  g r o u p  I-G ~ in this c a s e  co inc ides  with the un ive r sa l  
cove r ing  Spin2n+ 1(C) of the o r thogona l  g roup  SO2n ~ (C). We shal l  use  the s t anda rd  r e p r e s e n t a t i o n  of  the o r t h o g -  
onal g roup  

St2,,:,:SO2~, (C)~GL.,+~ (C), 

where  802n+1 (C) = {g~ L2n+l (C) I gtGng = Gn} 

O n - - - -  ~ 0 " 

0 . . . 0  

If ~r is an i r r e d u c i b l e  a d m i s s i b l e  r e p r e s e n t a t i o n  of the g r o u p  G over  the g lobal  field F ,  7r = | then 
for  a lmos t  all v the r e p r e s e n t a t i o n  7r v c o r r e s p o n d s  to the con jugacy  c l a s s  of a s e m i s i m p l e  e lement  h v in 
Spin2n+l(C), whose  image  in SO2n+l(C) is the d iagonal  m a t r i x  

diag {~.~, . . . .  ~n.~, czT.'~ . . . . .  ~.~, 1} eSO2,,+~ (C). 

The  e l emen t  hv i t s e l f  in the sp inor  r e p r e s e n t a t i o n  Pn of d imens ion  2 n of the g roup  Spin2n+l(C ) (or of the 
g r o u p  SO2n+i (C)) can be d e s c r i b e d  by a d iagonal  m a t r i x  of  the f o r m :  

diag {~}0.~, ~0.~,.~ ' ' "  ", I~0.~%,~%,.~- �9 -r162 . . . .  }, 

h e r e  for  each  r -< n one c o n s i d e r s  all  p roduc t s  of the f o r m  fl0,v~il,vO~i2,v . . .  O~ir,v , 1 _<i 1 < i 2 < . . .  < i r __ n, 
and the  n u m b e r  /30, v up to s ign by the no rm a l i z ing  condit ion:  

IS~o. ,%.~, . . .a , , . , ,  = 1. 

H e r e  I d o t h  v l = l .  

The e l emen t  h v is defined uniquely  up to the ac t ion  of the Weyl  g r o u p  F g e n e r a t e d  by  pe rmuta t ions  of  
the coo rd ina t e s  e l , v ,  �9 �9 �9  a n ,  v and by maps  

~o,,,"*~o.r ( z ~ , ~  -'-1, aj .r  ( ] r  i; i : 1  . . . . .  n). 

Fo r  au tomorph ic  L- func t ions  of the f o r m  L(s ,  7rf, r ) ,  whe re  ~rf is an au tomorph ic  r e p r e s e n t a t i o n  of the 
g r o u p  G over  the field Q,  connec ted  with a pa rabo l i c  Siegel  f o r m  with r e s p e c t  to F n = Sp2n(Z), r = Pn, n = 2,  
Andr ianov  [4] es tab l i shed  p r o p e r t i e s  A)-B) and inves t iga ted  for  which pa rabo l i c  f o r m s  f one has  the h o l o m o r -  
phic i ty  p r o p e r t y  C). E v d o k i m o v  [26] and Matsuda  [170] extended these  r e s u l t s  to the c a s e  of c o n g r u e n c e - s u b -  
g r o u p s  of  F n. We note that  fo r  n = 1,  GSP2 = GL2, Spin3(C) = GL2(C), Pl = r2 ( s tandard  r e p r e s e n t a t i o n ) ,  and 
the L- func t ions  L(s ,  It, r2) a r e  s tudied by  J a c q u e t  and Langlands  [123]. 

The gene ra l  c a s e  (for n = 2) is ana lyzed  In [180], where  the re  a r e  s tudied the L- func t ions  c o r r e s p o n d i n g  
to i r r educ ib l e  admis s ib l e  r e p r e s e n t a t i o n s  of the g roups  G = GSp 4 and G = GSp4 x G L 2 over  a g loba l  f ield F ,  and 
the r e p r e s e n t a t i o n s  of L - g r o u p s  LG of the fo rm:  r = P2, r = P2 x P2 (we r e c a l l  t h a t  r 2 is the s t anda rd  r e p r e s e n -  
ta t ion  of  GI_,z). Fo r  the e a s e  of  a funct ional  field F in [180] p r o p e r t i e s  A) and B) a r e  e s t ab l i shed ,  and for  n u m -  
be r  fields F only the pa r t  r e l a t ing  to analyt ic  cont inuat ion is proved.  We note that  fo r  n -> 3 the analyt ic  p r o p -  
e r t i e s  of  the, funct ions L(s ,  ~r, P2) have not yet  been inves t iga ted .  

Andr i anov  and Kalinin [5, 47] s tudied analyt ic  p r o p e r t i e s  of s t anda rd  ze t a - func t ions  of  Siegel  modu la r  
f o r m s ,  which have the f o r m  L(s ,  lrf, St2n+l), whe re  rf  is an au tomorph ic  r e p r e s e n t a t i o n  of  G over  Q,  c o n n e c -  
ted with the Siegel  m odu l a r  f o r m  f of  genus  n with r e s p e c t  to the c o n g r u e n c e - s u b g r o u p  

{(cA c_--0 (mo  q)} 

We no te  that  in the c a s e  n = 1, L- func t ions  of  the f o r m  L(s ,  rf ,  St3) co inc ide  with s y m m e t r i c  squa re s  of  H e c k e  
s e r i e s ;  the h o l o m o r p h i c i t y  of  such  L- func t ions  is inves t iga ted  by Sh imura  [41] (cf. a l so  [38]). In [5] t h e r e  is 
c o n s t r u c t e d  the m e r o m o r p h i c  cont inuat ion  of  the funct ion L(s ,  7rf, St2n+l ) fo r  any even n; in the spec i a l  ca se  
q = 1 under  c e r t a i n  addit ional  r e s t r i c t i o n s  it is p roved  that  these  L- func t ions  a r e  h o l o m o r p h i c ,  if one excludes  
a finite number  of  po les ,  and s a t i s fy  a funct ional  equat ion of the type B). The c a s e  n = 2 was ana lyzed  e a r l i e r  
by  Andr ianov  [47] and G r i t s e n k o  [23]. 

Or thogonal  g roups  of  quadra t i c  f o r m s  of an odd number  of va r i ab le s  a r e  dual accord ing  to Langlands  [60, 
150] to symplec t i c  ones:  If G = SO2n+ 1, then the dual  g roup  l-G~ is Sp2n+l(C) (for n = 2, howeve r ,  the g roups  
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Spa(C ) and SO5(C) a re  loca l ly  isomorphic: Spa(C ) ~ Spins(C)). 

L-functions connected with irreducible admissible representations of orthogonal groups of the form G = 
SO2n+l are studied in the case when the ground field F is a (global) functional field (cf. [181]), and r is the 
standard representation of the symplectic group LG -= SP2n(C ). Here properties A)-C) are established. 

We dwell in more detail on the case of L-functions connected with Siegel modular forms. We recall that 
the Siegel modular functions of genus n are introduced as holomorphic functions f:Hn ~ C on the Siegel upper 
half plane of genus n _> I [4]: 

IV, ~ {Z = X +  iYEM~ (C), tZ = Z, posi t ive  definite} 

so that: 

d e t ( C Z + D ) - ~ f ( M  < Z > ) = f ( Z ) ,  ZEH,~, 

where  M ( Z } =(AZ + B) (CZ + D) -1 is an analytic au tomorph i sm of Hn; k is called the weight of f; 

2) f(Z) is bounded in each domain of the fo rm 

{ Z : X + i Y E H ~ ,  Y ~ c E ~ ,  c >0}. 

The symbol  M E will denote the complex space  of Siegel modular  fo rms  of genus n of weight k with r e sp ec t  to 
F n = Spin(Z). Analogous definitions a re  introduced for congruence-subgroups  F C F n. 

Each modular  fo rm f~M~ has  a Four i e r  expansion of the form: 

f ( Z ) =  ~ a ( N ) e ( T r ( N Z ) ) ,  
NC~tn N>O 

where  Tr(NZ) is the t r a ce  of the ma t r ix  NZ, 

�9 . = { N = ( n o ) ~ M . ( Q ) ,  i N = N ,  hi j, 2nljfiZ} 

is the se t  of s y m m e t r i c  ha l f - in tegra l  m a t r i c e s  of o rder  n. 

Parabol ic  f o rms  a r e  introduced as f~M~ such that a(N) = 0, if det N = 0, and fo rm a l inear  space  S~. 

Since H n is a homogeneous space  of the group SPnfR) ~ Hn, the image of the Haar  m e a s u r e  on Spn(R) 
under  the map Spn(R) ~ H n defines uniquely up to a constant  fac tor  a volume e lement ,  invar iant  with r e sp ec t  

to Spn(R): 

d Z = ( d e t Y )  -(~+I) I I  d x ~  I I  d g ~  ( Z = X + i Y ) .  

For  each pair  of modular  f o rms  f, ft E M E the m e a s u r e  on H n 

f (Z) f l  (Z) (det y)k d~Z 
is invariant ;  he re  the in tegral  

( f '  f ' )  = .I f (Z) f~ (Z i (dei Y) k dZ (2.3) 
D n 

(where Dn is some  fundamental  domain of the group Fn) converges  absolute ly  if  at l eas t  one of the fo rms  f, f1 
is pa rabo l ic ,  independent of the choice of fundamental  domain and defines a nondegenerate  Hermi t i an  pair ing.  

n n The orthogonal complement  E~ to S k in M k is cal led the space  of E isens te in  s e r i e s  of genus n of weight k (cf. 
n n n 

[4, 29]): M k = Sk@E k. 

L-functions a r e  introduced with the help of Hecke opera to r s ;  these opera to r s  co r respond  to double cosets  
of the f o r m  F n g F n ,  where  

By definition 

gES r = {gEM2~ (Z) [ tg.l~g : r (g) Y~, r (g) = 1, 2 . . . .  }. 

~t 
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(where Fngrn = ~ F.o~, and for r  ("1 

(fl~ [~]) (Z) = det (CZ ~- D) -~ f (( AZ + B) (C Z-]- D)-~). 

The Hecke a lgebra  L(n) is defined as the f ree  C-module ,  genera ted  by double cosets  F n g r n ;  multiplication in 
L(n) is introduced so that the product  of double cosets  cor responds  to the product  of opera tors  Tk(rngFn):  the 

map 
( r .gr . )~rk (r.gr.) 

n where S~ is an invariant  subspace.  defines a represen ta t ion  of L(n) on the space M k, 

We set  

T (m)= ~] (r.gr.)eU "}. 
r(g)~rn 

The local Hecke a lgebra  Lp (n) (p is a prime) is introduced as the subalgebra  of L(n), genera ted  by e le -  
ments of the form: ( l"ngF n) with r(g) = pS. 

The represen ta t ion  Lp (n) on Sk(n) decomposes with resp.ect to the cha rac t e r s  of the algebra L_(n) with 
the help of the sca la r  product  (2.3). All cha rac t e r s  X: Lp(n) C can be wri t ten thus: we choose in t~e double 
coset  r n g r  n t r iangular  r epresen ta t ives  gi of the left cosets  P , g r ~ =  U r~g~ 

g i = ( p 6 t ; D f  Bt~, D i = d i a g ( p a l , , . . .  pdin ) 
Dl] ' " 

Then (cf. [1, 4]) there  exist  complex numbers  ~0, a l  . . . . .  a n such that 
II 

i=i /=i 

n 
For  cha rac t e r s  )% obtained f rom the represen ta t ion  Lp(n) on M k one has the relat ion:  

~20~Zl ... O~ n ~ pt~n-n(n+ D /2. 

We set  flo = ~oP -(2kn-n(n+l)/4, so the collect ion of p - p a r a m e t e r s  rio, ~1, ~2 . . . . .  ~n defines a semis imple  
e lement  hp in Spin2n+l(C) (and in SO2n+l(C)) (cf. above). 

To each eigenfunction f~M~ of the Hecke a lgebra  L(n), thus cor responds  a col lect ion of p -p a r am e te r s  
ao ,p ,  ~ l , p ,  - . . ,  ~ n , p  and eigenvalues xf ( rngFn) :  

rk ((r.gr.)) / = ~.: (r~gr.) f ,  

in par t icular :  
T~ (rrt) f = ~'s (fro f .  

eo 

Andrianov proved [4] that the Dirichlet  s e r i e s  Dy(s)=~_~ ~./(m)m -~, which is absolutely convergent  on 
m w l  

some right  half  plane, admits an expansion as an Eu le r  product 

p \~-o ] p 

where each p- fac tor  Dp,q(S) is a ra t iona l - f rac t ion  of p-S: 

D p, r (s) = Pp,r (P-') Qp,r (P-')-~, 
where Pp,f( t)  and qp , f ( t )  a re  polynomials with rea l  coefficients of degree 2 n - 2 and 2 n, respec t ive ly ;  the 
polynomial Qp,f(t) has the form: 

Qp,f ( t ) ~  1 --).t (P) t-~- . . .  + p2n-l(nk-nr ~ (1 --~opt) f l  ~VI (1 --~o,p~t,.p �9 �9 �9 ~lr,pt). 
r ~ l  1~: tz <is . . .  <tr<.n 

The zeta-funtion of the modular form f is the Eule r  product: 

z / ( s )  = [ [  Qp,r (p-9-' .  
P 

In our ea r l i e r  notation 
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Zl ( s )=L( s+ (2kn - -n (n+  1))14, :x I, On)- 

The proof of the theorem on analytic continuation and the functional equation of Zf(S) in the case n = 2 is 
based on the connection between the Four ier  coefficients a(N) of the form f and the eigenvalues Xf(m) of the 
Hecke opera to rs ,  d iscovered by Andrianov [4]. This connection is ~hat the function Zf(s) can be represented  
in the form of a l inear combination of se r ies  of the form: 

oo 

RN (S) = R2v, f (S)= X a (raN) m -s, 
m = l  

a ) is an a rb i t r a ry  positive definite matrix.  Here the Dirichlet ser ies  where N = b/2 b/2 half- integral  RN(S) can 

be obtained by integrating the res t r i c t ion  of the form f to the three-dimensional  real  domain H N c H 2. On H N 
there  acts a cer ta in  d i scre te  ar i thmetic  subgrot~p F N of the group SL2(C ). The proof of the theorem on the 
analytic proper t ies  of Zf(s) follows f rom the propert ies  of Eisenstein ser ies  which are  automorphic forms with 
respec t  to F n on H N. 

In the case  of a rb i t r a ry  n the connection between eigenvalues of Hecke operators  and Four ier  coefficients 
is studied in [1], where there  is also investigated the interesting question about the action of the Hecke oper -  
a tors  on the ta - se r ies  of genus n, i . e . ,  functions of the form: 

0(A n)(Z)= ~ e(Tr ( 'XAXZ)/2)= x rA(B) e(Tr(BZ)/2). 
X ~ M m , n ( Z  ) B 

Here  Z eHn, B runs through atl integral mat r ices  of order  n with even diagonal, satisfying the conditions: 
tB = B, B >- 0 and rA(B ) denotes the number of integral representat ions  of the quadratic form with matr ix  
B /2  by a quadratic form with matr ix  A / 2 .  

Fre i tag  [88] solved the question about the invariance of the spaces of theta ser ies  of genus n of quadratic 
forms A of given type with respec t  to Hecke opera tors ,  based on the theory of singular modular forms [188]. 
Andrianov gave an effective express ion for the image of any the ta - se r ies  of a quadratic form with an even num- 
ber  of var iables  under the action of the Hecke opera tors  in the form of a l inear combination of the ta - se r ies  of 
the same type. The coefficients of such a l inear combination are  expressed explicitly in t e rms  of t r igono-  
met r ic  sums;  f rom these formulas  it follows in par t icu lar ,  that all eigenvalues of suitable sys tems Of genera -  
tors  of the Hecke algebras  L(n) a re  algebraic  integers.  

There  are  explicitly calculated the expansions into factors  of Hecke polynomials for genus n (cf. also 
[2, 27]). It is proved,  in par t icu lar ,  that the standard zeta-functions 

Z.(s, ~j, st~§ = L ( f ,  s) = I I  Lp (y, s), 

where Lp(f, s ) =  (1--p-s)I ' [ (1--a t .pp-9( l  - -e~.~-9 can also be expressed in t e rms  of Four ier  coefficients,  

more  prec ise ly ,  in t e rms  of se r ies  of the form 

a (MNtM) (det M) -(~+k-~) 
M~SLn(Z)\Mn + (z) 

(of. [1, 5]). This allows us to write the integral representa t ion for L(f, s) in the form of the integral convolu- 
tion of f with a cer ta in  the ta - se r i e s  of genus n. ]7he proof of the theorem on the analytic proper t ies  of L(f, s) 
is obtained with the help of a modification of Rankin's  method [41, 47]. 

Another c lass  of zeta-funct ions,  connected with Siegel modular forms,  was investigated by Arakawa 
[49, 50]. If 

f (Z) = X a (N) e (Wr (NZ))~M'~ 
~r 

is a Siegel modular form of genus n, then one can define a Dirichlet s e r i e s ,  using only the coefficients a(N). 

For  a posit ive-definite symmet r i c  matr ix  N we denote by the symbol e(N) the order  of the finite group 
{U ESLn(Z)atUNU = N}. It is proved that the Dirichlet ser ies  
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D, (f, s)-~ Z a (N) e (N) -I (det N) -s 
N>0 

(where the summation is taken over c lasses  of SLn(Z)-equivalent positive definite half- integral  symmet r i c  
matr ices)  admits a meromorphic  continuation to s eC and sat isf ies a cer ta in  functional equation; there are  
also calculated the residues of the function Dn(f, s) at its finite number of poles. 

3 .  A u t o m o r p h i c  F o r m s  a n d  A r t i n ' s  C o n j e c t u r e  

An important  class  of ar i thmetic L-functions is made up of the Artin L - s e r i e s ,  connected with complex 
representa t ions  of Galois groups of extensions of global fields. 

If K is a Galois extension of the global field F with Galois group GaI(K/F)  and 

: Oal (K/F)-+ OL~ (C) 

is an n-dimensional  complex representa t ion  of Ga l (K/F) ,  then the Artin L-function is introduced as the Euler  
product: 

L(s,.)= 1-IL(s,**) 

over all valuations v of the field F. Here a v denotes the r e s t r i c t ion  of a to the decomposit ion group of Gal(K/F) 
for the valuation v, while for valuations v, unramified in K, 

L (s, %) = det (I --  a (Fr~) Nv-s) -I, 

where Frv  is the Frobenius element over v (el. [89]). 

Artin Conjecture.  If ~ is i r reducible  and nontrivial ,  then L(s, (r) extends to an entire function on s~C.  

For  representa t ions ,  induced f rom a one-dimensional  representa t ion  of a subgroup (monomial r e p r e s e n -  
tations) L(s, ~ ) reduces  to the function L(s,  X), where • is a Hecke charac te r  of finite order  (E. Artin); in the 
general  case  Brauer  proved the meromorphic  extandability of L{s, a) to s~C,  using integral  virtual expansions 
of cha rac te r s  of representa t ions  a with r e spec t  to cha rac te r s  of monomial representa t ions .  

A new approach to the proof of Ar t in ' s  conjecture was suggested by Langlands, who assumed that L(s, ~) 
coincide with L-functions of i rreducible parabolic representa t ions  of G L n over F. The validity of ArtinTs con- 
jecture  would then follow from the direct  theorem of Jacquet  (cf. Sec. 2 and [101]). 

the case n = 2, the image of a(Gal (K/F)) in PGL2(C) can only be isomorphic (cf. [33]) to the following I n  

groups:  

1) 

2) 

3) 

4) 

the dihedral group; in this case  a is monomial ,  

A 4 (tetrahedral  case) ,  

S 4 (octahedral case) ,  

A s ( icosahedral  case).  

Langlands proved the conjecture on the coincidence of L-functions in case  2), 3) (cf. the account in [89]). 

The validity of Ar t in ' s  conjecture in case  4) remains  an open question, although Buhler (cf. [63]) gave an 
example of a representa t ion  of type 4), for which Ar t in ' s  conjecture is valid. Here F = Q, K is the splitting 
field of the polynomial 

x~+ lOxS--lOx2+35x--18. 

Buhler ' s  resul t  is based on a construct ion of Ser re  and Deligne (cf. [76]), which associated with each 
pr imit ive modular form f of type (N, 1, ~) with odd Dirichlet cha rac te r  ~ mod N some two-dimensional  c o m -  
plex representa t ion  pf:Gal (Q/D) -*GL2(C). In Buhler 's  example N = 800. 

Langlands T conjecture also re la tes  to a wider c lass  of L-functions,  connected with representa t ions  of 
Weil groups.  For a finite extension K / F  of a local or global field, the Well group WK/F is defined as a c e r -  
tain extension of the group Gal(K/F)  by CK, where C K = K*, if K is a local field, C K = AK, /K*  (the group of 
adele c lasses  of K), if K is global; if the group G (K/F) is Abelian, then eohomologically this extension is given 
by the fundamental c lass  a(K/F)~H2(G(K/F), C K) f rom class  field theory  (of. [228, 60]). The Weil group WF 
is defined as the project ive l imit  of the groups W K / F .  
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In the case when F is a local nonarchimedean field or global functional field, W F admits the following 
descript ion.  We consider  the homomorphism v :Gal (T/F) --  Z, where Z is identified with the help of the F r o -  
benius element �9 with the Galois group of the algebraic c losure  of the residue field (respectively,  the field 
of constants).  Then W F is identified with the subgroup of elements of the group Gal ( F / F ) ,  whose image in 

lies in Z, and the topology on W F is induced by the inclusion of W F in Gal (T/F) xZ. 

The L-functions of representa t ions  of Well groups are  introduced by analogy with Artin L - se r i e s  as 
products of cer ta in  local fac tors .  Such L-functions admit meromorphic  continuation to the ent ire  complex 
plane and sa t i s fy  a functional equation with suitably defined e- fac tors  (cf. [228, 73]). Unfortunately,  the e- 
factors  are  explicitly defined only for one-dimensional  representa t ions .  In the general  case one has an exis-  
tence and uniqueness theorem for e - fac tors ;  there a re  also individual descriptions of e - fac tors  for certain 
c lasses  of representa t ions  (cf. [72, 73]). 

The L-functions so defined include as special  cases:  a) the Abelian L - se r i e s  of Hecke with gr~issenchar- 
aktere ,  b) the nonabelian L-functions of Artin. 

Local Langlands Conjecture.  Let F be a local field, n ->- 1. There  exists a one- to-one correspondence be-  
tween c lasses  of isomorphic  i rreducible n-dimensional  complex representa t ions  a of the Well group W F and 
i r reducible  parabolic (supercuspidal) representa t ions  ~ of the group GLn(E), under which the L- and E-factors 
of corresponding representa t ions  ~| )/and a| • coincide for any Hecke charac te r  • (cf. [70, 148, 245, 231, 
232]). 

For  n = i Langlands t conjecture is equivalent with local class  field theory  [70]. 

For  n = 2 this conjecture is proved (cf. [231, 232]). 

An interest ing general izat ion of the local Langlands conjecture was made by Tate [228]. Instead of the 
group W F he proposed to consider  the Wei l -Del igne  group scheme W F (cf. [72]), which is the semidirec t  p ro-  

on which W F acts according to the rule:  wxw- = ]]wll duct of W F on Ga, where G a is an additive group scheme 1 
x, and IIwIB = q-V(W), q is the order  of the residue field. A representa t ion of WF' , on which the geometr ic  
Frobenius element @ acts semis imply ,  we call O-semisimpie .  For such representat ions  one can also define 
L-  and e - fac tors .  

Co_.9~ecture. There exists a natural  bijection between the c lasses  of isomorphic  O-semis imple  r e p r e -  
sentations of W F' of degree n and the i r reducible  admissible representat ions  of G Ln(F) (not only parabolic 
ones ! ), 

Such a general izat ion of the local Langlands conjecture is motivated by the recent  resul ts  of Bernshtein 
and Zelevinskii  [9] on representa t ions  of GL n over a local nonarchimedean field. This conjecture is also 
proved in [231] for n = 2. 

A new approach to the proof of Langlands'  conjecture for n > 2 was proposed by Koch [134]. 

The local Langlands conjecture  can be general ized to the case  of a rb i t r a ry  reductive groups [60, 162]. 
Here instead of complex representa t ions  of the Well group one considers  c lasses  of homomorphisms c~:WF' 
LG over the Galois group,  satisfying cer ta in  additional conditions. If r is the set of such c lasses ,  II(G(F)) 
is the set of i r reducible  admissible  representa t ions  of G (F), then hypothetically there  exists a partit ion of 
II(G(F)) into nonempty disjoint sets [I~ , paramet r ized  by elements q~e ~(G). Here the elements of a fixed set 
Iiq~ are called L-nondistinct:  to all of them correspond identical L-functions (cf. [60, 156, 206]). 

The Global Langlands Conjecture can be formulated in t e rms  of X-adie representa t ions .  Let F be a global 
field with Well group W F. If E is a number field, [E:Q] < ~o with nonarehimedean valuation ~, then a X-adic 
representa t ion  is a homomorphism of topological groups p x:WF ~ G L EX(Vx), where E X is the completion of E, 
V x is a f ini te-dimensional  vector  space over EX, and the group GLEx(V)0 is considered in the X-adic topology. 

A sys tem {p~ (X are  points of the field E) is called compatible,  if for almost all valuations v of the field 
F and almost  all ~ the charac te r i s t i c  polynomials of elements pM~v) do not depend on ~ and have coefficients 
in E; here  ~v denotes the Frobenius element ~veWF,  corresponding to the nonarchimedean valuation v (cf. 
[228]). 

The compatibil i ty condition of representa t ions  Ph allows one to define for them L-functions analogous 
to the Artin L-functions (cf. [228]). 

A wide class  of examples of ~-adic representa t ions  is connected with the action of the Galois group on 
points of finite order  of elliptic curves and Abelian manifolds defined on F .  If E is an elliptic curve,  defined 
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over Q, E / n  is the kernel of the multiplication by In in the group of points E(Q) over the algebraic  c losure  
of the field Q, then E / h  -~ ( z / / h z )  2 as an Abelian group. The action of the Galois group Gal(Q/Q) on the Tate 
module T l (E) = lim E l n ~- Z~ gives an l -ad ic  representa t ion  

Pl : Oal (Q/Q) ~ CL2 (Zl), 

which is unramified for a lmost  all p. Here if @p is the Frobenins p-element ,  then the t race  of the matr ix  
p/(~p) is equal to ap, where Np = 1 - a p  + p is the number of points on the reduction of the curve E modulo 
p. The theory  of l - ad ic  cohomology makes it possible to interpret  T l (E) as the one-dimensional  l -ad ic  co -  
homology of the curve E; a more  sys temat ic  method of construct ing k-adic representa t ions  consis ts  of con-  
sidering the action of Galois groups on the k-adic cohomology of algebraic manifolds X over F. The L- func-  
tions of such k-adic representa t ions  are  factors  of the H a s s e - W e i l  zeta function Of the manifold X [71, 65, 
149]. 

A l a rge r  c lass  of )~-adic representa t ions  is given by the theory of motifs (cf. [72, 228]). Local nonar-  
chimedean factors  of L-funct ions,  connected with motifs ,  are  constructed according to Artin, at Archimedean 
points,  using Hodge s t ruc tures  (cf. 72, 228]). 

The global Langlands conjecture for GL n can now be formulated as the asser t ion  of the existence of a 
cor respondence  (bijection) between equivalence c lasses  of sys tems  of compatible X-adic n-dimensional  r e p -  
resentat ions of the Well group W F, of i r reducible  admissible  representa t ions  of G Ln(A F) and motifs of rank  
n over F. [228]; such a correspondence must p re se rve  L-functions.  

As in the local case too, this conjecture can be general ized to a rb i t r a ry  reductive groups;  here  instead 
of n-dimensional  k-adic representa t ions  one considers  continuous homomorphisms  pX:WF ~ LG(Ek) of the 
Weil group W F into the )~-adic points of the Langlands group (as a l ready r emarked ,  the Langlands group LG 
can be defined over a number field). 

For  the group G = G L 1 the Langlands conjecture includes global c lass  field theory,  the general izat ion of 
which to the noncommutative case cor responds  to the passage from GL 1 to GLn, n >- 2. 

Drinfel 'd (cf. [25, 78]) proved the Langlands conjecture for GL 2 over functional fields. We formulate 
his resu l t  prec ise ly .  Let F be a global field of cha rac te r i s t i c  p > 0. For each number field E we denote by 
the symbol Z l(E) the set of c lasses  of isomorphic sys tems of compatible absolutely i r reducible  two-dimen-  
sional X-adic representa t ions  of the Well group WF; we set 

E, = lim E1 (E). 

By the symbol Z 2 we denote the set of c lasses  of isomorphic i r reducible  parabolic representa t ions  of 
GI.~, (AF), defined over Q. L e t E  c Q ,  [E:QI < ~ ,  p =~ok} EEl, uEZ 2. We calt n compatible with p, if 
for some k and almost  all points v of the field F 

L (s --  1/2, ~.) = det (I --  px (@~) N[S) -1, 

where @v is the geometr ic  Frobenius element at v, ~vEWF, L(s, Uv) is the Jacquet--Langlands L-function. 
Now p ~ Z 1 and 7r6 Z 2 we call  compatible,  if for some E and PE ~ El(E) P is the image of PE and PE is compatible 
with ~r. We denote by r the set of pairs  (p, 7r) ~ ~'i x Z 2 such that r is compatible with p. 

THEOREM A. F is the graph of a bijection E 1 E 2 for i r reducible  admissible representa t ions  Z 2. 

The surjeet ivi ty  of the project ion 1 ~ -~ Z 1 was proved ear l ie r  by Deligne [72]. 

The injectivity of the projection F ~ Z 1 follows from the multiplicity one theorem (cf. Sec. 1), and the 
injectivity of theprojee t ion  I" ~ Z 2 is a consequence of the theorem of Chebotarev on density of pr ime ideals 
(cf. [203]). 

The proof of the sur ject ivi ty  of the projection F ~ ~2 iS based on the study of interesting a lgebrogeo-  
met r ic  objects,  EH-bundles and their spaces of modules. Let X be a smooth project ive model of the function 
field F Considered, .X = X F | Fit-bundles are  cer tain vector  bundles over .X, provided with additional 
s t ruc tu res ,  connected withqthe action of the geometr ic  Frobenius element. With the help of the Selberg t race  
formula one studies the t race  of the Frobenius morphism,  acting on the cohomology of schemes of modules of 
FH-bundles; this leads to an explicit construct ion of X-adic represen ta t ions ,  connected with u, and proves 
Theorem A. Such X-adic representat ions  are  connected with motifs,  ar is ing f rom the one-dimensional  coho- 
mology of spaces of modules of FH-bundles [141]. 
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THE OREM B. Let 7r be an i r r educ ib le  un i ta ry  r ep resen ta t ion  of G L2(AF), lying in the space  of p a r a -  
bolic f o rms .  Then for  each point v of the field F, nv does not belong to the c o m p l e m e n t a r y  s e r i e s .  (The 
c o m p l e m e n t a r y  s e r i e s  cons is t s  of induced r ep re sen ta t i ons  of the fo rm Ind (p | u), where  p and v a re  quas i -  
c h a r a c t e r s ,  but not cha rac t e r s . )  

This t heo rem proves  the Ramanujan conjec ture  over  F (cf. Sec. 1). 

In the case  when F is a number  field,  the genera l  Langlands conjecture  is st i l l  v e r y  far  f rom proof  
even in the case  n = 2. The f i r s t  advance in this domain is connected with the theory  of Deligne and Ser re :  
a construction is given of a system of compatible k-adic representations ~ ~r, lying in the space of parabolic 
forms (in the case F = Q). First Deligne (cf. [41]) constructed compatible systems of/-adic representations, 

connected with parabol ic  f o r m s  with r e s p e c t  to SL2(Z). Le t  f ( z ) =  Z anqncS~(F), a~-~ 1, where F = SL2(Z ).  
n = l  

The space  Sk(F) is one-d imens iona l  for k = 12, 16, 18, 20, 22, 26. Deligne proved that for any p r ime  l there  
ex is t s  an l - ad i c  r e p r e s en t a t i on  

ppGal (Kl/Q)-+ GL2 (Zl) 

(K/ is the max imal  a lgebra ic  extension of Q, r ami f i ed  only at l) such that for  p r i m e  p ~ l the image of the 
Frobenius  p - e l emen t  Frp  has c h a r a c t e r i s t i c  polynomial  X 2 - apX + pk-1. Then Ribet  genera l ized  Deligne 's  
cons t ruc t ion  to the case  of congruence-subgroups  (cf. [197, 137, 225]). In the language of the theory  of r e p -  
resenta t ions  of GL2(A) the cons t ruc t ion  of k-adic r ep resen ta t ions  was suggested by Langlands [151]. 

The const ruct ion of parabol ic  fo rms  cor responding  to sy s t ems  of l - ad i c  r ep resen ta t ions  on Tare modules 
of el l ipt ic  cu rve s ,  const i tutes  the contents of the famous conjecture  of A. Weil on the uniformizat ion of e l l ip-  
t ic curves  E over  Q by modular  f o rm s .  This conjecture  is proved only in cer ta in  specia l  cases  (for example ,  
for  curves  with complex mult ipl icat ion,  cf. G e l b a r t ' s  s u r v e y  [90] on other r e su l t s  in this direct ion).  In con-  
nection with th is ,  we note the r e su l t  of Be ly i  [7]: any a lgebra ic  curve ,  defined over  an a lgebra ic  number  field, 
admits  a cover ing by a p ro jec t ive  l ine,  r ami f i ed  only over  the th ree  points 0, 1, ~o, and defined over  a number  
field; f rom this r e su l t  it fol lows,  in pa r t i cu l a r ,  that ell iptic curves  over  Q admit  uniformizat ion by modular  
f o r m s  with r e s p e c t  to subgroups of finite index in SL2(Z ) (not n e c e s s a r i l y  congruence-subgroups) .  

Langlands [149] suggested an approach to the explicit  construct ion of a co r respondence  between auto-  
morphic  r ep re sen ta t i ons  and r ep re sen t a t i ons  of the Weil g roups ,  p r e se rv ing  L-funct ions.  This approach is 
based  on one ca t ego ry - theo re t i c  r e s u l t  [199]: any Abelian ca tegory  with t ensor  products  and d i rec t  s u m s ,  
provided with a " f iber  functor" with values in the ca tegory  of f in i te -d imensional  vector  spaces  over  the field F, 
is equivalent  with the ca t egory  of f in i te -d imens iona l  r ep resen ta t ions  of a cer ta in  reduct ive  a lgebraic  group 
over  F. In pa r t i cu l a r ,  the exis tence  of such a group is assumed for the ca tegory  of automorphic  r e p r e s e n t a -  
tions of G(AF); he re  the above- indica ted  cor respondence  is given by a homomorph i sm of this group into the 
"a lgebra ic  hull" of the Weil group [228]. In teres t ing  applicat ions of this construct ion a r e  connected with the 
study of Shimura  manifolds [65, 139, 155, 149], whose zeta-funct ions can hypothet ical ly  be exp re s sed  in t e r m s  
of L-funct ions of automorphic  r ep re sen ta t i ons .  

4. L i f t  o f  A u t o m o r p h i c  Fo rms  

In the last 10 years (starting with the paper of Doi and Naganuma [79]) there have appeared many exam- 
ples of connections between different classes of automorphic forms, among them, between modular forms of 
one and of several variables [46, 55, 68, 84, 96, 125, 165, 183, 189, 246]. As a rule, such connections are 
naturally described in the language of L-functions, connected with automorphic forms. All these examples 
can be combined in the domain of a general principle of functoriality of automorphic forms, introduced by 
Langlands. 

To formulate this principle, we consider a connected reductive group G over a global (or local) field F, 
and let LG be the dual Langlands group (cf. Sec. "2). As remarked, LG is the semidirect product of a connected 
reductive group LG~ over C (or over a number field E) by the Galois group Gal (FI/F) of a certain extension F I 
of the field F: 

1 -+ ZG0 ~ ~G~Oal (F1/F)-+ 1. 

If H is another  connected reduet ive  group over  F, LH is the Langlands group,  

1 -+LI-I~ (F2/F) "-+ 1, 
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then we call the homomorphism u;LH ~ LG an L-homomorph i sm,  if the res t r i c t ion  of u to LH~ is a c o m -  
plex-analytic homomorphism into I-G~ where F 1 C F 2 and the diagram 

L H ~ . L~ 

. \  / p, 
oaetSIr) 

is commutative (here ~ is the composit ion of the projection P2 and the natural map Gel (F2/F) --* Gal (F1/F)).  

Functorial i ty  Principle.  Let F be a global field, u:LH -* LG be an L-homomorph i sm,  v = | vgv be an 
i r reducible  admissible representa t ion of the group H(AF), where for almost  all v, hvELH corresponds  to the 
representa t ion gv of the group H(Fv). Then there exists an i r reducible  admissible  representa t ion  u, (~) = vv = 
| ~ of the group G (A F) such that for almost  all v the class  h v' = u(hv) corresponds  to the i r reducible  ad- 
miss ib le  representa t ion  ~rv~ = u,(Xv) of the group G(F v) (for a more  prec i se  formulat ion,  cf. [60]). 

Applying the global Langlands conjecture (cf. Sec. 3, [60]), one can also formulate  the functorial i ty 
principle in the language of k-adic representa t ions  [228]. 

We consider  some examples.  

The f i rs t  two examples a re  connected with extension of the ground field F. Let F t / F  be a finite exten- 
sion, G T be a connected reduct ive group over F, G = RE, /FG T be the connected reduct ive group over F, ob- 
tained f rom G v by res t r i c t ion  of sca la rs  a l a  Well (here for any commutative F-a lgebra  B 

(7 (B) = G' (B'), r~e B' ~B| 
F 

Then the L-group LG can be obtained with the help of induction f rom the group LG'  [60]. More prec ise ly ,  
we consider  in the group r = G a l  (F s / F )  the subgroup of finite index F 1 = Gel ( F s / F t ) ,  corresponding to the 
extension F ~. The group Fac ts  on I-G~ and the group r 1 on LGt~ (cf. Sec. 2). We consider  the induced 
group 

Ind r, (ZG'O) -~ I I  Zo'o, 
vEr,\r 

which is the product of IF t \ r l copies of the group LG'~ Here on Ind~l (LG'~ the group F acts with the help 
of the action of r on the set  of r ight  cosets  (permutation of factors) and the action of F 1 on each factor.  Then 
there  exists a natural  i somorphism (preserving the action of F): 

zGoZ~Indr r, (LG'o). 

1) Change of Basis .  Let F'/F be a finite Galois extension, H be an F-spli t t ing reduct ive group over F, 
G = RFv/FH. We consider  the natural L-homomorphisrn  u :  LH ~ LG,  whose res t r i c t ion  to LH~ is the diagonal 
inclusion. In this case  G (AF) and G(F) are  canonically isomorphic with H(AF)  and H{FI), so the functorial i ty  
principle goes into the following problem: to connect with an automorphic representa t ion  of H{AF) an au tomor-  

phic representa t ion of H(AF0. 

This problem is solved by Langlands for H-GL2 and a cyclic extension FT/F of pr ime degree [97, 140]; 
a descript ion is given of the image and fibers of the map u , .  This resul t  general izes  the preceding invest iga-  
tions of Doi and Naganuma [79, 41], Jacquet  [121] {in the case  of quadratic extensions F t /F ) ,  Saito [200], 
Shintani [220, 44] (cf. also other descript ions of u,  in [54, 55, 68, 84]). 

Here the connection between g and ~t = u, ~ is intuitively interpreted with the help of k-adic r e p r e s e n -  
tations pkt:WF t --* G L2(Fx), a re  obtained with the help of the res t r i c t ion  

(Gal (F~/F ')~Gal  (Fs/F)) 
of the representa t ions  pMW F ~ GL2(Ek), corresponding to 7r, to the subgroup. 

2 )  L - s e r i e s  with g rSssencharak te re .  Let F ' / F  be a Galois extension of degree n, H = R F , / F G L  1, G = 
GL n. Here LH = Lit~ x Gal (F ' /F ) ,  I-G0 = GI_~(C), and there exists a natural inclusion u:LH r LG, under 
which LH~ -~ GI4 x . . .  x GL 1 goes into the subgroup of diagonal mat r ices  (maximal torus T in GLn(C), and 
Gal (FV/F) into the subgroup of permutation matr ices  (more prec ise ly ,  into the normal ize r  of the maximal 
torus) .  Automorphic representa t ions  of H are  identified with Hecke charac te r s  A*F~: H (A F) = GLI(AFv) = A~t. 

The functorial i ty principle reduces  in this case to the question of whether L - s e r i e s  L(s, • with gr~Sssen- 
charaktere  • are  L-functions of automorphic representa t ions  r of the group G. 
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If n = 2, F = Q, E' is imaginary quadratic, then this was proved by Hecke [114], here v is connected 
with a parabolic automorphic form. If n = 2, F = Q, F' is real  quadratic, then Maass proved that 7r is con- 
nected with a nonholomorphic automorphic form [163, 166]. For n = 3 this is proved in [125], cf. also [60]. 

3) H = GL 2, G =GL 3, LI4 = GL2(C), LG =GL3(C) u:GL2(C) --GL3(C) is the adjoint representation (or 
symmetric square of the standard one). In this case the problem of lifting is solved by Gelbart and Jacquet 
[93]. 

In the language of ?~-adic r e p r e s e n t a t i o n s  this r e s u l t  means  that  ?~-adic r e p r e s e n t a t i o n s  c o r r e s p o n d i n g  
to u,  7r a r e  s y m m e t r i c  s q u a r e s  of  X-adic r e p r e s e n t a t i o n s  c o r r e s p o n d i n g  to g~ 

4) Let  M be a Levi  F - s u b g r o u p  of a parabol ic  F - s u b g r o u p  P c G. Then LM is na tu r a l l y  imbedded in 
LG, and the imbedding u :LM ~ LG is an L - h o m o m o r p h i s m  [60]. 

Langlands  [152] c ons t ruc t e d  in a l a rge  number  of cases  u,{~) for  pa rabo l i c  r e p r e s e n t a t i o n s  ~ of the g roup  
M(AF) with the help  of analyt ic  cont inuat ion  and r e s idues  of E i s e n s t e i n  s e r i e s .  

5) Let H = PGL 2 x PGL2, G = Sp4. In this case 

LH=SL~(C) XSL~(C), LG=Sp4(C)-~Spin5 (C) . 

We cons ide r  the h o m o m o r p h i s m  u:SL2(C ) x SL2(C ) ~ Sp4(C ) defined by the fo rmula :  

[al 0 b~ O\ 

a j  o oj- 
\ 0  c2 0 d~/ 

If ~i = | ~2 = | v are two irreducible admissible automorphic representations of the group 
PGL2(AF), then they determine a representation gl | 7r2 of the group H(AF), and according to the functoriality 
principle there must exist an irreducible automorphic representation u, (~I | z~2) of the group Sp4(AF). 

Andrianov and Maass [46, 167] considered the case when F = Q, ~I is connected with some parabolic 
co  

f o r m  ftz) ~ o ) ( n ) q  n of weight  2 k -  2 with r e s p e c t  to SL2(Z), c h a r a c t e r i s t i c  with r e s p e c t  to the Hecke o p e r -  
n=2 

a t o r s :  
oo 

n ~ l  p 

and 7F 2 is connec ted  with the (nonholomorphic)  E i s e n s t e i n  s e r i e s  of weight 2: 

E~ (z) = 8~g 24 t- a I (n) qn, 
I Z = I  

where  al (n) = ~ d. 
din 

[% 0 
To the r e p r e s e n t a t i o n s  7h, p c o r r e s p o n d  c l a s s e s  hi,  p = k0 ~ f ]  E SL2(C), where  (1 - app-S)(1 - a p - l p - S )  = 

[pl12 01 2sl c l a s s e s  (cf. See. 1). It is p roved  that 1 - : c (p )p - s - (k -0 /2  + p_2S, and to the r ep resen ta t ionsg2 ,  p = \ 0 p -  / ] ' 

the r e p r e s e n t a t i o n  7r' = u,(Trl| ex i s t s ,  is g iven by the Siegel modu la r  parabol ic  f o r m  ,~ of genus  2 of weight  k 
with r e s p e c t  to Sp4(Z), where  the L- func t ion  of the r e p r e s e n t a t i o n  ~' co inc ides  with the ze ta - func t ion  of the 
f o r m  <~: Z@(s)= L ( s -  k + 3 / 2 ,  ~' ,  P2) (cf. Sec.  2). Here  the image  of u .  is comple t e ly  de sc r ibed  for fcS2k_ 2 
(SL2(Z)) , which al lows one to f o r m u l a t e  the r e su l t  in the f o r m  of a ce r t a in  t h e o r e m  about modu la r  descen t .  

More  p r e c i s e l y ,  in the space  M~ of Siegel modula r  f o r m s  of weight  k > 0 with r e s p e c t  to Sp4(Z) one con-  
s i d e r s  the subspace  Dk, cons i s t ing  of parabol ic  f o r m s  

satisfying Maass' condition [167]: 

r (Z):  ~ A (N) e (Tr (NZ)), 
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At" a b/2~ 
\b/2 C } :  Z gk_,A(bJ2g a,c/g2) 

g / a ,  b, c; g>O 

It is proved that D k is invariant with respec t  to all Hecke opera tors ,  acting in M~. Whence it follows 
that there exists a basis ~1, 'b2, -- �9 ~r  in D k, consist ing of eigenfunctions of the Hecke opera tors .  Let 
be one of these forms Z4~ = HQ..r 

P 

THEOREM. For any pr ime number p, 

Qp,r ( t ) :  (1 --pk-2t) (1 --p~-~t) (l --co (p) t + p~-~-3t2). 
If one defines the numbers w(n) (n = 1,2 . . . .  ) by 

~ ,~ (n) n-" = I I  I1 - ~ (p) p-" + p2~-z-2s I-l, 
r l ~ l  p 

then the se r i e s  

co 

f (z) = ~ o~ (n) e (nz) 

defines a parabolic form of weight 2 k -  2 with respec t  to SL2(Z ). 

This theorem proves the Kurokawa conjecture [146], introduced in connection with the study of the eigen-  
values of the Hecke opera tors ,  acting on the Siegel parabolic forms of genus 2, and the general ized R a m a n u j a n -  
Pe te r s son  conjecture on the est imation of such eigenvalues. For  parabolic forms �9 of a r b i t r a r y  genus n with 
respec t  to F n of weight k, charac te r i s t i c  with respec t  to the Hecke operators :  rk(m)~ = Xo(m),~, this genera l i -  
zation consists  of the following. Let Qp, 4~(t) be a polynomial of degree 2 n giving a p-factor  of the zeta-function 

Z~(s) of the form ~ : Z~ ( s ) = H Q p , r  (p-s)-'. Then @ satisf ies the general ized Ramanujan conjecture if the ab- 
P 

solute values of the zeros of the polynomial Qp, ~(t) are  equal to p-n(2k-n-0/4 for all p. Kurokawa gave exam-  
ples of parabolic forms of genus 2, which do not sat isfy the general ized Ramanujan conjecture and assumed 
that such forms are  obtained with the help of lifting parabolic forms of genus 1, described above. 

In connection with example 5) we note the papers of Yoshida [244, 246], proposing an explicit cons t ruc -  
tion, putting in correspondence a pair of cer ta in  modular forms of genus 1 with a Siegel modular form of 
genus 2. This construct ion is based on the use of t he t a - se r i e s ,  connected with a definite quaternion algebra 
over Q. 

Maas [165] proved an analog of Kurokawa's conjecture for Siegel modular forms with respec t  to Sp4(Z ) 
with sys tems of mult ipl icators .  In this case the corresponding one-dimensional  parabolic forms are  au tomor-  
phic forms with respec t  to the Hecke group G (~f2-), generated by the elements 

As a l ready noted (cf. Sec. 1), the general ized Ramajujan conjecture can be reformulated in the language of 
representa t ion theory.  According to this interpretat ion [119], the local constituents 7r v of parabolic r ep resen ta -  
tions n=| of the reductive group G must be moderate ly  increas ing (this is a condition on the growth of the 
matr ix  coefficients of the representat ion) .  In the case of anisotropic groups,  however,  this conjecture is not 
cor robora ted  [119]. In the case of splitting groups also there are  eounterexamples:  in [119] such examples are  
given for  G = Sp4; the construction is based on the theory of dual reduetive pa i rs  and the Well representat ions  
[91, 118,141,  190, 224]: the consideration of the pair  (Spo 02) gives an imbedding of automorphic fo rms  on O 2 
in automorphic forms on Sp4. 

The construction of [119] is parallel  to the construct ion of automorphic fo rms ,  corresponding to Hecke 
cha rac te r s  of quadratic fields, which corresponds  to the consideration of the dual pair (SL2, 02) (cf. Example2) .  

An interesting method of lifting automorphic forms with the help of theta-functions was proposed also by 
Oda [183] and Kudla [143]. We consider an indefinite quadratic form A (over the field Q of rational numbers) 
of s ignature (p, q):A:Y--A[Y] = tyAY, y~Qn.  Let L C Qn be a Z- la t t ice ,  A(L) C2Z and let X be the space of 
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all majorants  of the quadratic form A, i . e . ,  those mat r ices  REMnfR), n = p + q, such that tR = R, R is posi-  
tive definite and RA-1R = A. We set  SO(A) = {g~SLn(R)itgAg = A}, r L = {U ~SO(A)IUL = L}, so X is a s y m -  
metr ic  space of the orthogonal group SO(A), and SO(A)f~ SOn(R) is a maximal compact  subgroup in SO(A). We 
consider  the theta-function 

(z, R) = ~or ~ e i=(uA+ivRHtl O 
zEL 

of two variables (z, R)~H xX,  w h e r e z = u  + i v E H v >  0. Then 

O(z, R[U])=O(z, R), if U~FL; 
p--q 

0 (vz, R) = (cz + d)--~--O (z, R), 

if 

N = 2 d e t  A. 

Now if ~0(z) is a function on H and ~fl:t) is a function on X, which t r ans fo rm with respec t  to z and R just like 
0(z, R), then the integrals 

%(R)=  l ~(z)O(z,R) d u d v  ,.O(p--q)/2 l]2 
Hy~,(N) 

(z) = I ~ (R) o (z, R) dR 
X/pz  

define maps of the spaces of modular forms on H (with respec t  to FI(N ) C SL2(Z ) into the space of automorphic 
forms on X (with respec t  to FL) and converse ly  [143]. The case (p, q) = (2, n - 2 )  is analyzed in more  detail 
in [183]; for n = 4 as a consequence one gets the resul ts  of Zagier [248] on change of basis for GL R over a real  
quadratic extension of Q. 

A powerful instrument in the study of the lift of automorphic forms is the Selberg t race  formula [149, 155]; 
this formula  is the s t ronges t  general izat ion of the connection between charac te r s  of i r reducible  representat ions  
and conjugacy c lasses  of e lementz,  well-known for finite groups.  ~-or GL 2 over a global field the t race  formula 
is in the book [123], Sec. 6; a bet ter  account (in a more  general  situation) is given by Gelbart  and Jacquet [94]. 

We note the papers  [11, 141, 227], where the case of GL 2 over an imaginary quadratic field is analyzed 
in more  detail,  and also [110, 120, 140, 97, 201], where GL 2 over a completely rea l  field is considered.  For 
parabolic forms of type (N, k, • (cf. Sec. 1) an elegant account of the t race  formula for Hecke operators  is 
given by Zagier  (in Lang's  book [33], N = 1) and Oesterle  [182]. Arthur [52, 53] studied the general izat ion of 
the t race  formula  to the case  of a rb i t r a ry  reductive groups;  for G = GL 3 interesting resul ts  in this direction 
were obtained ear l ie r  by Venkov [10]. Trace  formulas are  closely connected with analytic continuation of 
Eisenstein  ser ies  [29, 15, 152]. One of the most  important  applications of the t race  formula is the calculation 
of the dimensions of spaces of automorphic forms [69, 117, 179, 202]; an interesting application is connected 
with divis ibi l i ty  proper t ies  of coefficients of modular forms [136, 137, 138]. For other applications, connected, 
in par t icu lar ,  with analytic proper t ies  of the Selberg zeta-function,  cf. [11-13, 22, 31, 115, 234]. 

In conclusion we note the most  interesting resu l t s ,  in our view, relating to other aspects of the theory 
of modular fo rms ,  not entering into this survey.  

1) Modular forms of half - integral  weight [41, 204, 135, 233] and their  interpretat ion as automorphic 
forms on the metaplectic group (two-sheeted covering of SL2, [92, 95, 96]. General izat ion to the case of n-  
sheeted coverings of SL 2 of the resul ts  of Shimura [41]: [51, 87]. 

Solution of Kummer ' s  problem on the distribution of the sign of cubical Gaussian sums [113] with the help 
of the cubical analog of t he t a - se r i e s ,  automorphic forms on the three-sheeted  covering of SL 2 [74, 184]. 

The connection of automorphic forms on the metaplectic group and on orthogonal groups [189]. 

2) The generat ion of spaces of modular forms by the ta -se r ies  [81, 103, 230, 236]. The solution of the 
basis problem in spaces of modular  forms of type (N, k, • ) [83, 116], allowing one to give an algorithm for 
finding a basis in such spaces (in the form of an algorithm for ECM) [187]. 
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The theory of theta-series, connected with indefinite quadratic forms [163, 235], theta-series of genus 
n [40, 132, 164], and also theta-series of completely real fields [82, 84]. 

Connection with quadratic forms; new formulas for the number of representations of integers by quadra- 
tic forms [8, 14, 21, 34, 106, 208, 226]. 

3) The values of L-series at integral points. The construction of p-adic L-functions of Jacquet-Lang- 
lands for GL 2 over a completely real field: el. the surveys of u I. Manin [35, 169]. The case of GL 2 over 
an imaginary quadratic field is analyzed by Kurchanov [32]. 

The development of the theory of nonarchimedean integration [16, 18, 35, 129, 130, 161] andthe theory 
of modular symbols [42, 56, 112, 241], applications to the arithmetic of modular curves [171, 172]; the gene- 
ralization to the case G = GL n [56]. 

The transcendence of periods of parabolic forms [59]. Integrals of Eisenstein series and values of the 
Riemann zeta-function ~(s) at odd positive points [102]. 

The method of Zagier [247]. The values at integral points of L-series with Heeke characters [218, 219] 
and their generalizations; the connection with the arithmetic of modular forms of Hilbert and automorphic forms 
on unitary and orthogonal groups [207, 209, 212, 214-217]. Applications of Rankin's method of convolution to 
the calculation of values of L-functions at integral poInts [36-39, 100, 109, 213, 216, 217, 222]. 

Generalization of the Chowla-Selberg formula [66] for calculating periods of integrals of Abelian mani- 
folds with complex multiplications [105, 242]. 

General conjecture on the values of L-functions made by Deligne [75]. 

4) Congruence and divisibility of coefficients of modular forms and modular functions. Connection with 
/-adic representations [44, 77, 80, 111, 133, 136-138, 192, 197, 198, 222, 225]. Generalization to the case 
of Siegel modular forms [145, 178]. 

5) Modular forms and analytic number theory: cf. the survey of Moreno [176], and also [12, 15, 22, 28, 
31, 45, 98-100, 177]. 

6) Modular forms in positive characteristic and nonarchimedean modular forms [24, 25, 104, 108, 131, 
136, 157], 

7) Connection with the theory of simple finite groups (in particular, with the "Fisher-Griss monster") 
and the description of their characters: [127, 128, 229]. The connection of modular forms with coding theory, 
lattices, and packings of spheres, cf. [14], the survey of Mahler [168], and the literature cited in it. 

8) Differentiation of modular forms. Constructions of nonlinear differential operators, acting in spaces 
of modular forms (in the spirit of the papers of Kuznetsov [30] and Rankin [193]): [43, 85]. 
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