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-✉❝❤ *❤❛* ❢♦) ❛❧❧ ② ∈ ❨ *❤❡ ❝♦♥❣)✉❡♥❝❡

∑

✐

❜

✐

❢

✐

(②) ≡ ✵ (♠♦❞ ♣♥) ✭✹✳✶✽✮

❤♦❧❞-✳ ❙❡* ❢ =
∑

✐

❜

✐

❢

✐

❛♥❞ ❛--✉♠❡ ✭✇✐*❤♦✉* ❧♦-- ♦❢ ❣❡♥❡)❛❧✐*②✮ *❤❛* *❤❡

♥✉♠❜❡) ♥ ✐- ❧❛)❣❡ ❡♥♦✉❣❤ -♦ *❤❛* ❢♦) ❛❧❧ ✐ ✇✐*❤ ❜

✐

6= ✵ *❤❡ ❝♦♥❣)✉❡♥❝❡

❇

❦,❢
✐

≡
✶

▼♣

♥

❙

❦,❢
✐

(▼♣♥) (♠♦❞ ♣♥) ✭✹✳✶✾✮

✐- ✈❛❧✐❞ ✐♥ ❛❝❝♦)❞❛♥❝❡ ✇✐*❤ ✭✹✳✶✻✮✳ ❚❤❡♥ ✇❡ -❡❡ *❤❛*

❇

❦,❢ ≡ (▼♣♥)−✶
∑

✐

▼♣

♥−✶
∑

❛=✵

❜

✐

❢

✐

(❛)❛❦ (♠♦❞ ♣♥), ✭✹✳✷✵✮

❤❡♥❝❡ ✇❡ ❣❡* ❜② ❞❡✜♥✐*✐♦♥ ✭✹✳✶✷✮✿

❊

❝

❦

(❢ ) = ❇

❦,❢ − ❝

❦

❇

❦,❢
❝

✭✹✳✷✶✮

≡ (▼♣♥)−✶
∑

✐

▼♣

♥−✶
∑

❛=✵

❜

✐

[

❢

✐

(❛)❛❦ − ❢

✐

(❛❝)(❛❝)❦
]

(♠♦❞ ♣♥).
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▲❡* ❛

❝

∈ {✵, ✶, · · · ,▼♣♥ − ✶}✱ -✉❝❤ *❤❛* ❛
❝

≡ ❛❝ (♠♦❞ ▼♣♥)✱ *❤❡♥ *❤❡ ♠❛♣
❛ 7−→ ❛

❝

✐- ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❛❝*- ❛- ❛ ♣❡)♠✉*❛*✐♦♥ ♦❢ *❤❡ -❡*

{✵, ✶, · · · ,▼♣♥ − ✶}✱ ❤❡♥❝❡ ✭✹✳✷✶✮ ✐- ❡H✉✐✈❛❧❡♥* *♦ *❤❡ ❝♦♥❣)✉❡♥❝❡

❊

❝

❦

(❢ ) = ❇

❦,❢ − ❝

❦

❇

❦,❢
❝

≡
∑

✐

❛

❦

❝

− (❛❝)❦

▼♣

♥

▼♣

♥−✶
∑

❛=✵

❜

✐

❢

✐

(❛)❛❦ (♠♦❞ ♣♥). ✭✹✳✷✷✮

◆♦✇ *❤❡ ❛--✉♠♣*✐♦♥ ✭✹✳✶✼✮ ❢♦)♠❛❧❧② ✐♥♣❧✐❡- *❤❛* ❊

❝

❦

(❢ ) ≡ ✵ (♠♦❞ ♣♥)✱
❝♦♠♣❧❡*✐♥❣ *❤❡ ♣)♦♦❢ ♦❢ *❤❡ ❛❜-*❛❝* ❝♦♥❣)✉❡♥❝❡- ❛♥❞ *❤❡ ❝♦♥-*)✉❝*✐♦♥ ♦❢

♠❡❛-✉)❡- ❊

❝

❦

✳

❘❡♠❛$❦

❚❤❡ ❢♦1♠✉❧❛ (✹.✷✶) ❛❧5♦ ✐♠♣❧✐❡5 6❤❛6 ❢♦1 ❛❧❧ ❢ ∈ C(❨ , C
♣

) 6❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞5

❊

❝

❦

(❢ ) = ❦❊

❝

✶

(①❦−✶
♣

❢ ) ✭✹✳✷✸✮

✇❤❡1❡ ①

♣

: ❨ −→ C
♣

∈ C(❨ , C
♣

) ✐5 6❤❡ ❝♦♠♣♦5✐6✐♦♥ ♦❢ 6❤❡ ♣1♦❥❡❝6✐♦♥
❨ −→ Z

♣

❛♥❞ 6❤❡ ❡♠❜❡❞❞✐♥❣ Z
♣

→֒ C
♣

✳

■♥❞❡❡❞ ✐❢ ✇❡ ♣✉* ❛

❝

= ❛❝ +▼♣

♥

6 ❢♦) -♦♠❡ 6 ∈ Z *❤❡♥ ✇❡ -❡❡ *❤❛*

❛

❦

❝

− (❛❝)❦ = (❛❝ +▼♣

♥

6)❦ − (❛❝)❦ ≡ ❦▼♣

♥

6(❛❝)❦−✶ (♠♦❞ (▼♣♥)✷),

❛♥❞ ✇❡ ❣❡* *❤❛* ✐♥ ✭✹✳✷✷✮✿

❛

❦

❝

− (❛❝)❦

▼♣

♥

≡ ❦(❛❝)❦−✶
❛

❝

− ❛❝

▼♣

♥

(♠♦❞ ▼♣♥).

❚❤❡ ❧❛-* ❝♦♥❣)✉❡♥❝❡ ✐- ❡H✉✐✈❛❧❡♥* *♦ -❛②✐♥❣ *❤❛* *❤❡ ❛❜-*)❛❝* ❑✉♠♠❡)

❝♦♥❣)✉❡♥❝❡- ✭✹✳✶✶✮ ❛)❡ -❛*✐-✜❡❞ ❜② ❛❧❧ ❢✉♥❝*✐♦♥- ♦❢ *❤❡ *②♣❡ ①

❦−✶
♣

❢

✐

❢♦) *❤❡

♠❡❛-✉)❡ ❊

❝

✶

✇✐*❤ ❢

✐

∈ ❙!❡♣(❨ , C
♣

) ❡-*❛❜❧✐-❤✐♥❣ *❤❡ ✐❞❡♥*✐*② ✭✹✳✷✸✮✳
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❚❤❡ ❞♦♠❛✐♥ ♦❢ ❞❡✜♥✐+✐♦♥ ♦❢ +❤❡ ♥♦♥✲❆.❝❤✐♠❡❞❡❛♥ ③❡+❛ ❢✉♥❝+✐♦♥2

■♥ "❤❡ ❝❧❛((✐❝❛❧ ❝❛(❡ "❤❡ (❡" ♦♥ ✇❤✐❝❤ ③❡"❛ ❢✉♥❝"✐♦♥( ❛/❡ ❞❡✜♥❡❞ ✐( "❤❡ (❡" ♦❢

❝♦♠♣❧❡① ♥✉♠❜❡/( C ✇❤✐❝❤ ♠❛② ❜❡ ✈✐❡✇❡❞ ❡8✉❛❧❧② ❛( "❤❡ (❡" ♦❢ ❛❧❧ ❝♦♥"✐♥✉♦✉(

❝❤❛/❛❝"❡/( ✭♠♦/❡ ♣/❡❝✐(❡❧②✱ 8✉❛(✐❝❤❛/❛❝"❡/(✮ ✈✐❛ "❤❡ ❢♦❧❧♦✇✐♥❣ ✐(♦♠♦/♣❤✐(♠✿

C
∼
−→ ❍♦♠

❝♦♥#

(R×+, C×) ✭✹✳✷✹✮

 7−→ (② 7−→ ②

 )

❚❤❡ ❝♦♥("/✉❝"✐♦♥ ✇❤✐❝❤ ❛((♦❝✐❛"❡( "♦ ❛ ❢✉♥❝"✐♦♥ ❤(②) ♦♥ R×+ ✭✇✐"❤ ❝❡/"❛✐♥

❣/♦✇"❤ ❝♦♥❞✐"✐♦♥( ❛( ② →∞ ❛♥❞ ② → ✵✮ "❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥"❡❣/❛❧

▲

❤

( ) =

∫

R
×

+

❤(②)②  

❞②

②

✭✇❤✐❝❤ ❝♦♥✈❡/❣❡( ♣/♦❜❛❜❧② ♥♦" ❢♦/ ❛❧❧ ✈❛❧✉❡( ♦❢  ✮ ✐( ❝❛❧❧❡❞ "❤❡ ▼❡❧❧✐♥ *+❛♥ ❢♦+♠✳
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❋♦/ ❡①❛♠♣❧❡✱ ✐❢ ζ( ) =
∑

♥≥✶ ♥

− 

✐( "❤❡ ❘✐❡♠❛♥♥ ③❡"❛ ❢✉♥❝"✐♦♥✱ "❤❡♥ "❤❡

❢✉♥❝"✐♦♥ ζ( )Γ( ) ✐( "❤❡ ▼❡❧❧✐♥ "/❛♥(❢♦/♠ ♦❢ "❤❡ ❢✉♥❝"✐♦♥ ❤(②) = ✶/(✶− ❡

−② )✿

ζ( )Γ( ) =
∞

∑

✵

✶

✶− ❡

−②

②

 

❞②

②

, ✭✹✳✷✺✮

(♦ "❤❛" "❤❡ ✐♥"❡❣/❛❧ ❛♥❞ "❤❡ (❡/✐❡( ❛/❡ ❛❜(♦❧✉"❡❧② ❝♦♥✈❡/❣❡♥" ❢♦/ ❘❡( ) > ✶✳ ❋♦/

❛♥ ❛/❜✐"/❛/② ❢✉♥❝"✐♦♥ ♦❢ "②♣❡

❢ (③) =

∞
∑

♥=✶

❛(♥)❡✷✐π♥③

✇✐"❤ ③ = ① + ✐② ∈ H ✐♥ "❤❡ ✉♣♣❡/ ❤❛❧❢ ♣❧❛♥❡ H ❛♥❞ ✇✐"❤ "❤❡ ❣/♦✇"❤ ❝♦♥❞✐"✐♦♥

❛(♥) = O(♥❝) ✭❝ > ✵✮ ♦♥ ✐"( ❋♦✉/✐❡/ ❝♦❡✣❝✐❡♥"(✱ ✇❡ (❡❡ "❤❛" "❤❡ ③❡"❛ ❢✉♥❝"✐♦♥

▲( , ❢ ) =
∞

∑

♥=✶

❛(♥)♥− ,

❡((❡♥"✐❛❧❧② ❝♦✐♥❝✐❞❡( ✇✐"❤ "❤❡ ▼❡❧❧✐♥ "/❛♥(❢♦/♠ ♦❢ ❢ (③)✱ "❤❛" ✐(

Γ( )

(✷π) 
▲( , ❢ ) =

∫ ∞

✵

❢ (✐②)②  

❞②

②

. ✭✹✳✷✻✮
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❇♦"❤ $✐❞❡$ ♦❢ "❤❡ ❡)✉❛❧✐"② ✭✹✳✷✻✮ ❝♦♥✈❡7❣❡ ❛❜$♦❧✉"❡❧② ❢♦7 ❘❡( ) > ✶+ ❝ ✳

❚❤❡ ✐❞❡♥"✐"✐❡$ ✭✹✳✷✺✮ ❛♥❞ ✭✹✳✷✻✮ ❛7❡ ✐♠♠❡❞✐❛"❡❧② ❞❡❞✉❝❡❞ ❢7♦♠ "❤❡ ✇❡❧❧

❦♥♦✇♥ ✐♥"❡❣7❛❧ 7❡♣7❡$❡♥"❛"✐♦♥ ❢♦7 "❤❡ ❣❛♠♠❛✲❢✉♥❝"✐♦♥

Γ( ) =

∫ ∞

✵

❡

−②

②

!

❞②

②

, ✭✹✳✷✼✮

✇❤❡7❡

❞②

②

✐$ ❛ ♠❡❛$✉7❡ ♦♥ "❤❡ ❣7♦✉♣ R×+ ✇❤✐❝❤ ✐$ ✐♥✈❛7✐❛♥" ✉♥❞❡7 "❤❡ ❣7♦✉♣

"7❛♥$❧❛"✐♦♥$ ✭❍❛❛7 ♠❡❛$✉7❡✮✳ ❚❤❡ ✐♥"❡❣7❛❧ ✭✹✳✷✼✮ ✐$ ❛❜$♦❧✉"❡❧② ❝♦♥✈❡7❣❡♥"

❢♦7 ❘❡( ) > ✵ ❛♥❞ ✐" ❝❛♥ ❜❡ ✐♥"❡7♣7❡"❡❞ ❛$ "❤❡ ✐♥"❡❣7❛❧ ♦❢ "❤❡ ♣7♦❞✉❝" ♦❢ ❛♥

❛❞❞✐"✐✈❡ ❝❤❛7❛❝"❡7 ② 7→ ❡

−②

♦❢ "❤❡ ❣7♦✉♣ R(+)
7❡$"7✐❝"❡❞ "♦ R×+✱ ❛♥❞ ♦❢ "❤❡

♠✉❧"✐♣❧✐❝❛"✐✈❡ ❝❤❛7❛❝"❡7 ② 7→ ②

!

✱ ✐♥"❡❣7❛"✐♦♥ ✐$ "❛❦❡♥ ✇✐"❤ 7❡$♣❡❝" "♦ "❤❡

❍❛❛7 ♠❡❛$✉7❡ ❞②/② ♦♥ "❤❡ ❣7♦✉♣ R×+✳
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■♥ "❤❡ "❤❡♦7② ♦❢ "❤❡ ♥♦♥✲❆7❝❤✐♠❡❞❡❛♥ ✐♥"❡❣7❛"✐♦♥ ♦♥❡ ❝♦♥$✐❞❡7$ "❤❡ ❣7♦✉♣

Z×
❙

✭"❤❡ ❣7♦✉♣ ♦❢ ✉♥✐"$ ♦❢ "❤❡ ❙✲❛❞✐❝ ❝♦♠♣❧❡"✐♦♥ ♦❢ "❤❡ 7✐♥❣ ♦❢ ✐♥"❡❣❡7$ Z✮

✐♥$"❡❛❞ ♦❢ "❤❡ ❣7♦✉♣ R×+✱ ❛♥❞ "❤❡ ❚❛"❡ ✜❡❧❞ C
♣

= Q̂
♣

✭"❤❡ ❝♦♠♣❧❡"✐♦♥ ♦❢

❛♥ ❛❧❣❡❜7❛✐❝ ❝❧♦$✉7❡ ♦❢ Q
♣

✮ ✐♥$"❡❛❞ ♦❢ "❤❡ ❝♦♠♣❧❡① ✜❡❧❞ C✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢

❞❡✜♥✐"✐♦♥ ♦❢ "❤❡ ♣✲❛❞✐❝ ③❡"❛ ❢✉♥❝"✐♦♥$ ✐$ "❤❡ ♣✲❛❞✐❝ ❛♥❛❧②"✐❝ ❣7♦✉♣

❳

❙

= ❍♦♠

❝♦♥#

(Z×
❙

, C×
♣

) = ❳ (Z×
❙

), ✭✹✳✷✽✮

✇❤❡7❡✿

Z×
❙

∼= ⊕
%∈❙Z×

%

,

❛♥❞ "❤❡ $②♠❜♦❧

❳ (● ) = ❍♦♠

❝♦♥#

(● , C×
♣

) ✭✹✳✷✾✮

❞❡♥♦"❡$ "❤❡ ❢✉♥❝"♦7 ♦❢ ❛❧❧ ♣✲❛❞✐❝ ❝❤❛7❛❝"❡7$ ♦❢ ❛ "♦♣♦❧♦❣✐❝❛❧ ❣7♦✉♣ ● ✭$❡❡

❬❱✐✼✻❪✮✳
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❚❤❡ ❛♥❛❧②'✐❝ *'+✉❝'✉+❡ ♦❢ ❳

❙

▲❡" ✉$ ❝♦♥$✐❞❡* ✐♥ ❞❡"❛✐❧ "❤❡ $"*✉❝"✉*❡ ♦❢ "❤❡ "♦♣♦❧♦❣✐❝❛❧ ❣*♦✉♣ ❳

❙

✳ ❉❡✜♥❡

❯

♣

= {① ∈ Z×
♣

| ① ≡ ✶ (♠♦❞ ♣ν)},

✇❤❡*❡ ν = ✶ ♦* ν = ✷ ❛❝❝♦*❞✐♥❣ ❛$ ♣ > ✷ ♦* ♣ = ✷✳ ❚❤❡♥ ✇❡ ❤❛✈❡ "❤❡ ♥❛"✉*❛❧

❞❡❝♦♠♣♦$✐"✐♦♥

❳

❙

= ❳



(Z/♣νZ)× ×
∏

" 6=♣

Z×
"



× ❳ (❯
♣

). ✭✹✳✸✵✮

❚❤❡ ❛♥❛❧②"✐❝ ❞$"*✉❝"✉*❡ ♦♥ ❳ (❯
♣

) ✐$ ❞❡✜♥❡❞ ❜② "❤❡ ❢♦❧❧♦✇✐♥❣ ✐$♦♠♦*♣❤✐$♠ ✭✇❤✐❝❤

✐$ ❡A✉✐✈❛❧❡♥" "♦ ❛ $♣❡❝✐❛❧ ❝❤♦✐❝❡ ♦❢ ❛ ❧♦❝❛❧ ♣❛*❛♠❡"❡*✮✿

ϕ : ❳ (❯
♣

)
∼
−→ ❚ = {③ ∈ C×

♣

| |③ − ✶|
♣

< ✶},

✇❤❡*❡ ϕ(①) = ①(✶ + ♣

ν)✱ ✶ + ♣

ν
❜❡✐♥❣ ❛ "♦♣♦♣❧♦❣✐❝❛❧ ❣❡♥❡*❛"♦* ♦❢ "❤❡

♠✉❧"✐♣❧✐❝❛"✐✈❡ ❣*♦✉♣ ❯

♣

∼= Z
♣

✳ ❆♥ ❛*❜✐"*❛*② ❝❤❛*❛❝"❡* χ ∈ ❳
❙

❝❛♥ ❜❡ ✉♥✐A✉❡❧②

*❡♣*❡$❡♥"❡❞ ✐♥ "❤❡ ❢♦*♠ χ = χ
✵

χ
✶

✇❤❡*❡ χ
✵

✐$ "*✐✈✐❛❧ ♦♥ "❤❡ ❝♦♠♣♦♥❡♥" ❯

♣

✱ ❛♥❞

χ
✶

✐$ "*✐✈✐❛❧ ♦♥ "❤❡ ♦"❤❡* ❝♦♠♣♦♥❡♥"

(Z/♣νZ)× ×
∏

" 6=♣

Z×
"

.
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❚❤❡ ❝❤❛%❛❝&❡% χ
✵

✐( ❝❛❧❧❡❞ &❤❡  ❛♠❡ ❝♦♠♣♦♥❡♥ ✱ ❛♥❞ χ
✶

&❤❡ ✇✐❧❞ ❝♦♠♣♦♥❡♥ ♦❢

&❤❡ ❝❤❛%❛❝&❡% χ✳ ❲❡ ❞❡♥♦&❡ ❜② &❤❡ (②♠❜♦❧ χ( ) &❤❡ ✭✇✐❧❞✮ ❝❤❛%❛❝&❡% ✇❤✐❝❤ ✐(

✉♥✐8✉❡❧② ❞❡&❡%♠✐♥❡❞ ❜② &❤❡ ❝♦♥❞✐&✐♦♥

χ( )(✶+ ♣

ν) =  

✇✐&❤  ∈ C
♣

✱ | |
♣

< ✶✳

■♥ (♦♠❡ ❝❛(❡( ✐& ✐( ❝♦♥✈❡♥✐❡♥& &♦ ✉(❡ ❛♥♦&❤❡% ❧♦❝❛❧ ❝♦♦%❞✐♥❛&❡ , ✇❤✐❝❤ ✐(

❛♥❛❧♦❣♦✉( &♦ &❤❡ ❝❧❛((✐❝❛❧ ❛%❣✉♠❡♥& , ♦❢ &❤❡ ❉✐%✐❝❤❧❡& (❡%✐❡(✿

O
♣

−→ ❳

❙

, 7−→ χ(#),

✇❤❡%❡ χ(#)
✐( ❣✐✈❡♥ ❜② χ(#)((✶+ ♣

ν)α) = (✶+ ♣

ν)α# = ❡①♣(α, ❧♦❣(✶+ ♣

ν))✳
❚❤❡ ❝❤❛%❛❝&❡% χ(#)

✐( ❞❡✜♥❡❞ ♦♥❧② ❢♦% (✉❝❤ , ❢♦% ✇❤✐❝❤ &❤❡ (❡%✐❡( ❡①♣ ✐(

♣✲❛❞✐❝❛❧❧② ❝♦♥✈❡%❣❡♥& ✭✐✳❡✳ ❢♦% |,|
♣

< ♣

ν−✶/(♣−✶)
✮✳ ■♥ &❤✐( ❞♦♠❛✐♥ ♦❢ ✈❛❧✉❡(

♦❢ &❤❡ ❛%❣✉♠❡♥& ✇❡ ❤❛✈❡ &❤❛&  = (✶+ ♣

ν)# − ✶✳ ❇✉&✱ ❢♦% ❡①❛♠♣❧❡✱ ❢♦%
(✶+  )♣

♥

= ✶ &❤❡%❡ ✐( ❝❡%&❛✐♥❧② ♥♦ (✉❝❤ ✈❛❧✉❡ ♦❢ , ✭❜❡❝❛✉(❡  6= ✶✮✱ (♦ &❤❛&

&❤❡ ,✲❝♦♦%❞♦♥❛&❡ ♣❛%❛♠❡&%✐③❡( ❛ (♠❛❧❧❡% ♥❡✐❣❤❜♦%❤♦♦❞ ♦❢ &❤❡ &%✐✈✐❛❧

❝❤❛%❛❝&❡% &❤❛♥ &❤❡  ✲❝♦♦%❞✐♥❛&❡ ✭✇❤✐❝❤ ♣❛%❛♠❡&%✐③❡( ❛❧❧ ✇✐❧❞ ❝❤❛%❛❝&❡%(✮

✭(❡❡ ❬▼❛✼✸❪✱ ❬▼❛♥✼✻❪✮✳
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♣✲❛❞✐❝ ❛♥❛❧②(✐❝ ❢✉♥❝(✐♦♥, ♦♥ ❳

❙

❘❡❝❛❧❧ %❤❛% ❛♥ ❛♥❛❧②%✐❝ ❢✉♥❝%✐♦♥ ❋ : ❚ −→ C
♣

✭❚ = {③ ∈ C×
♣

| |③ − ✶|
♣

< ✶}✮✱ ✐1 ❞❡✜♥❡❞ ❛1 %❤❡ 1✉♠ ♦❢ ❛ 1❡5✐❡1 ♦❢ %❤❡ %②♣❡

∑

✐≥✵ ❛✐ ($ − ✶)
✐

✭❛

✐

∈ C
♣

✮✱ ✇❤✐❝❤ ✐1 ❛11✉♠❡❞ %♦ ❜❡ ❛❜1♦❧✉%❡❧② ❝♦♥✈❡5❣❡♥% ❢♦5 ❛❧❧

$ ∈ ❚ ✳ ❚❤❡ ♥♦%✐♦♥ ♦❢ ❛♥ ❛♥❛❧②%✐❝ ❢✉♥❝%✐♦♥ ✐1 %❤❡♥ ♦❜✈✐♦✉1❧② ❡①%❡♥❞❡❞ %♦ %❤❡

✇❤♦❧❡ ❣5♦✉♣ ❳

❙

❜② 1❤✐❢%1✳ ❚❤❡ ❢✉♥❝%✐♦♥

❋ ($) =
∞

∑

✐=✵

❛

✐

($ − ✶)✐

✐1 ❜♦✉♥❞❡❞ ♦♥ ❚ ✐✛ ❛❧❧ ✐%1 ❝♦❡✣❝✐❡♥%1 ❛

✐

❛5❡ ✉♥✐✈❡51❛❧❧② ❜♦✉♥❞❡❞✳ ❚❤✐1 ❧❛1%

❢❛❝% ❝❛♥ ❜❡ ❡❛1✐❧② ❞❡❞✉❝❡❞ ❢♦5 ❡①❛♠♣❧❡ ❢5♦♠ %❤❡ ❜❛1✐❝ ♣5♦♣❡5%✐❡1 ♦❢ %❤❡

◆❡✇%♦♥ ♣♦❧②❣♦♥ ♦❢ %❤❡ 1❡5✐❡1 ❋ ($) ✭1❡❡ ❬❑♦❜✽✵❪✱ ❬❱✐✼✻❪✮✳ ■❢ ✇❡ ❛♣♣❧② %♦
%❤❡1❡ 1❡5✐❡1 %❤❡ ❲❡✐❡51%5❛11 ♣5❡♣❛5❛%✐♦♥ %❤❡♦5❡♠ ✭1❡❡ ❬❑♦❜✽✵❪✱ ❬▼❛♥✼✶❪✮✱

✇❡ 1❡❡ %❤❛% ✐♥ %❤✐1 ❝❛1❡ %❤❡ ❢✉♥❝%✐♦♥ ❋ ❤❛1 ♦♥❧② ❛ ✜♥✐%❡ ♥✉♠❜❡5 ♦❢ ③❡5♦❡1

♦♥ ❚ ✭✐❢ ✐% ✐1 ♥♦% ✐❞❡♥%✐❝❛❧❧② ③❡5♦✮✳
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■♥ ♣❛$%✐❝✉❧❛$✱ ❝♦♥,✐❞❡$ %❤❡ %♦$,✐♦♥ ,✉❜❣$♦✉♣ ❳

 ♦"#

❙

⊂ ❳

❙

✳ ❚❤✐, ,✉❜❣$♦✉♣ ✐,

❞✐,❝$❡%❡ ✐♥ ❳

❙

❛♥❞ ✐%, ❡❧❡♠❡♥%, χ ∈ ❳  ♦"#

❙

❝❛♥ ❜❡ ♦❜✈✐♦✉,❧② ✐❞❡♥%✐✜❡❞ ✇✐%❤

♣$✐♠✐%✐✈❡ ❉✐$✐❝❤❧❡% ❝❤❛$❛❝%❡$, χ ♠♦❞ ▼ ,✉❝❤ %❤❛% %❤❡ ,✉♣♣♦$%

❙(χ) = ❙(▼) ♦❢ %❤❡ ❝♦♥❞✉❝%♦$ ♦❢ χ ✐, ❝♦♥%❛✐♥❞❡❞ ✐♥ ❙ ✳ ❚❤✐, ✐❞❡♥%✐✜❝❛%✐♦♥

✐, ♣$♦✈✐❞❡❞ ❜② ❛ ✜①❡❞ ❡♠❜❡❞❞✐♥❣ ❞❡♥♦%❡❞

✐

♣

: Q
×
→֒ C×

♣

✐❢ ✇❡ ♥♦%❡ %❤❛% ❡❛❝❤ ❝❤❛$❛❝%❡$ χ ∈ ❳  ♦"#

❙

❝❛♥ ❜❡ ❢❛❝%♦$❡❞ %❤$♦✉❣❤ ,♦♠❡

✜♥✐%❡ ❢❛❝%♦$ ❣$♦✉♣ (Z/▼Z)×✿

χ : Z×
❙

→ (Z/▼Z)× → Q
× ✐

♣

→֒ C×
♣

,

❛♥❞ %❤❡ ,♠❛❧❧❡,% ♥✉♠❜❡$ ▼ ✇✐%❤ %❤❡ ❛❜♦✈❡ ❝♦♥❞✐%✐♦♥ ✐, %❤❡ ❝♦♥❞✉❝%♦$ ♦❢

χ ∈ ❳  ♦"#

❙

✳

❚❤❡ ,②♠❜♦❧ ①

♣

✇✐❧❧ ❞❡♥♦%❡ %❤❡ ❝♦♠♣♦,✐%✐♦♥ ♦❢ %❤❡ ♥❛%✉$❛❧ ♣$♦❥❡❝%✐♦♥

Z×
❙

→ Z×
♣

❛♥❞ ♦❢ %❤❡ ♥❛%✉$❛❧ ❡♠❜❡❞❞✐♥❣ Z×
♣

→ C×
♣

✱ ,♦ %❤❛% ①

♣

∈ ❳
❙

❛♥❞

❛❧❧ ✐♥%❡❣❡$, ❦ ❝❛♥ ❜❡ ❝♦♥,✐❞❡$❡❞ ❛, %❤❡ ❝❤❛$❛❝%❡$, ①

❦

♣

: ② 7−→ ②

❦

✳
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▲❡" ✉$ ❝♦♥$✐❞❡* ❛ ❜♦✉♥❞❡❞ C
♣

✲❛♥❛❧②"✐❝ ❢✉♥❝"✐♦♥ ❋ ♦♥ ❳

❙

✳ ❚❤❡ ❛❜♦✈❡

$"❛"❡♠❡♥" ❛❜♦✉" ③❡*♦❡$ ♦❢ ❜♦✉♥❞❡❞ C
♣

✲❛♥❛❧②"✐❝ ❢✉♥❝"✐♦♥$ ✐♠♣❧✐❡$ ♥♦✇ "❤❛"

"❤❡ ❢✉♥❝"✐♦♥ ❋ ✐$ ✉♥✐9✉❡❧② ❞❡"❡*♠✐♥❡❞ ❜② ✐"$ ✈❛❧✉❡$ ❋ (χ
✵

χ)✱ ✇❤❡$❡ χ
✵

✐& ❛

✜①❡❞ ❝❤❛$❛❝,❡$ ❛♥❞ χ $✉♥& ,❤$♦✉❣❤ ❛❧❧ ❡❧❡♠❡♥,& χ ∈ ❳  ♦"#

❙

✇✐,❤ ♣♦&&✐❜❧❡

❡①❝❧✉&✐♦♥ ♦❢ ❛ ✜♥✐,❡ ♥✉♠❜❡$ ♦❢ ❝❤❛$❛❝,❡$& ✐♥ ❡❛❝❤ ❛♥❛❧②,✐❝✐,② ❝♦♠♣♦♥❡♥, ♦❢

,❤❡ ❞❡❝♦♠♣♦&✐,✐♦♥ ✭✹✳✸✵✮✳ ❚❤✐& ❝♦♥❞✐,✐♦♥ ✐& &❛,✐&✜❡❞✱ ❢♦$ ❡①❛♠♣❧❡✱ ❜② ,❤❡

&❡, ♦❢ ❝❤❛$❛❝,❡$& χ ∈ ❳  ♦"#

❙

✇✐,❤ ,❤❡ ❙✲❝♦♠♣❧❡,❡ ❝♦♥❞✉❝,♦$ ✭✐✳❡✳ &✉❝❤ ,❤❛,

❙(χ) = ❙✮✱ ❛♥❞ ❡✈❡♥ ❢♦$ ❛ &♠❛❧❧❡$ &❡, ♦❢ ❝❤❛$❛❝,❡$&✱ ❢♦$ ❡①❛♠♣❧❡ ❢♦$ ,❤❡ &❡,

♦❜,❛✐♥❡❞ ❜② ✐♠♣♦&✐♥❣ ,❤❡ ❛❞❞✐,✐♦♥❛❧ ❛&&✉♠♣,✐♦♥ ,❤❛, ,❤❡ ❝❤❛$❛❝,❡$ χ✷

✐&

♥♦, ,$✐✈✐❛❧ ✭&❡❡ ❬▼❛✼✸❪✱ ❬▼❛♥✼✻❪✱ ❬❱✐✼✻❪✮✳
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♣✲❛❞✐❝ ▼❡❧❧✐♥ )*❛♥+❢♦*♠

▲❡" µ ❜❡ ❛ ✭❜♦✉♥❞❡❞✮ C
♣

✲✈❛❧✉❡❞ ♠❡❛/✉0❡ ♦♥ Z×
❙

✳ ❚❤❡♥ "❤❡ ♥♦♥✲❆$❝❤✐♠❡❞❡❛♥

▼❡❧❧✐♥ .$❛♥/❢♦$♠ ♦❢ "❤❡ ♠❡❛/✉0❡ µ ✐/ ❞❡✜♥❡❞ ❜②

▲µ(①) = µ(①) =

∫

Z
×

❙

①❞µ, (① ∈ ❳

❙

), ✭✹✳✸✶✮

✇❤✐❝❤ 0❡♣0❡/❡♥"/ ❛ ❜♦✉♥❞❡❞ C
♣

✲❛♥❛❧②"✐❝ ❢✉♥❝"✐♦♥

▲µ : ❳
❙

−→ C
♣

. ✭✹✳✸✷✮

■♥❞❡❡❞✱ "❤❡ ❜♦✉♥❞❡❞♥❡// ♦❢ "❤❡ ❢✉♥❝"✐♦♥ ▲µ ✐/ ♦❜✈✐♦✉/ /✐♥❝❡ ❛❧❧ ❝❤❛0❛❝"❡0/

① ∈ ❳

❙

"❛❦❡ ✈❛❧✉❡/ ✐♥ O
♣

❛♥❞ µ ❛❧/♦ ✐/ ❜♦✉♥❞❡❞✳ ❚❤❡ ❛♥❛❧②"✐❝✐"② ♦❢ "❤✐/

❢✉♥❝"✐♦♥ ❡①♣0❡//❡/ ❛ ❣❡♥❡0❛❧ ♣0♦♣❡0"② ♦❢ "❤❡ ✐♥"❡❣0❛❧ ✭✹✳✸✶✮✱ ♥❛♠❡❧② "❤❛" ✐"

❞❡♣❡♥❞/ ❛♥❛❧②"✐❝❛❧❧② ♦♥ "❤❡ ♣❛0❛♠❡"❡0 ① ∈ ❳

❙

✳ ❍♦✇❡✈❡0✱ ✇❡ ❣✐✈❡ ❜❡❧♦✇ ❛

♣✉0❡ ❛❧❣❡❜0❛✐❝ ♣0♦♦❢ ♦❢ "❤✐/ ❢❛❝" ✇❤✐❝❤ ✐/ ❜❛/❡❞ ♦♥ ❛ ❞❡/❝0✐♣"✐♦♥ ♦❢ "❤❡

■✇❛/❛✇❛ ❛❧❣❡❜0❛✳ ❚❤✐/ ❞❡/❝0✐♣"✐♦♥ ✇✐❧❧ ❛❧/♦ ✐♠♣❧② "❤❛" ❡✈❡0② ❜♦✉♥❞❡❞

C
♣

✲❛♥❛❧②"✐❝ ❢✉♥❝"✐♦♥ ♦♥ ❳

❙

✐/ "❤❡ ▼❡❧❧✐♥ "0❛♥/❢♦0♠ ♦❢ ❛ ❝❡0"❛✐♥ ♠❡❛/✉0❡ µ✳
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❚❤❡ ■✇❛&❛✇❛ ❛❧❣❡❜*❛

▲❡" O ❜❡ ❛ ❝❧♦(❡❞ (✉❜+✐♥❣ ✐♥ O
♣

= {③ ∈ C
♣

| |③ |
♣

≤ ✶}✱

● = ❧✐♠

←−

✐

●

✐

, (✐ ∈ ■ ),

❛ ♣+♦✜♥✐"❡ ❣+♦✉♣✳ ❚❤❡♥ "❤❡ ❝❛♥♦♥✐❝❛❧ ❤♦♠♦♠♦+♣❤✐(♠ ●

✐

π
✐❥

←− ●

❥

✐♥❞✉❝❡( ❛

❤♦♠♦♠♦+♣❤✐(♠ ♦❢ "❤❡ ❝♦++❡(♣♦♥❞✐♥❣ ❣+♦✉♣ +✐♥❣(

O[●
✐

] ←− O[●
❥

].

❚❤❡♥ "❤❡ ❝♦♠♣❧❡*❡❞ ❣-♦✉♣ -✐♥❣ O[[● ]] ✐( ❞❡✜♥❡❞ ❛( "❤❡ ♣+♦❥❡❝"✐✈❡ ❧✐♠✐"

O[[● ]] = ❧✐♠

←−

✐

O[[●
✐

]], (✐ ∈ ■ ).

▲❡" ✉( ❝♦♥(✐❞❡+ ❛❧(♦ "❤❡ (❡" ❉✐"#(● ,O) ♦❢ ❛❧❧ O✲✈❛❧✉❡❞ ❞✐("+✐❜✉"✐♦♥( ♦♥ ●

✇❤✐❝❤ ✐"(❡❧❢ ✐( ❛♥ O✲♠♦❞✉❧❡ ❛♥❞ ❛ +✐♥❣ ✇✐"❤ +❡(♣❡❝" "♦ ♠✉❧"✐♣❧✐❝❛"✐♦♥ ❣✐✈❡♥

❜② "❤❡ ❝♦♥✈♦❧✉*✐♦♥ ♦❢ ❞✐2*-✐❜✉*✐♦♥2✱ ✇❤✐❝❤ ✐( ❞❡✜♥❡❞ ✐♥ "❡+♠( ♦❢ ❢❛♠✐❧✐❡( ♦❢

❢✉♥❝"✐♦♥(

µ
(✐)
✶

, µ
(✐)
✷

: ●
✐

−→ O,

✭(❡❡ "❤❡ ♣+❡✈✐♦✉( (❡❝"✐♦♥✮ ❛( ❢♦❧❧♦✇(✿

(µ
✶

⋆ µ
✷

)(✐)(②) =
∑

② ②

✶

②

✷

µ
(✐)
✶

(②
✶

)µ
(✐)
✷

(②
✷

), (②
✶

, ②
✷

∈ ●

✐

) ✭✹✳✸✸✮

❘❡❝❛❧❧ ❛❧(♦ "❤❛" "❤❡ ✲✈❛❧✉❡❞ ❞✐("+✐❜✉"✐♦♥( ❛+❡ ✐❞❡♥"✐✜❡❞ ✇✐"❤ ✲✈❛❧✉❡❞

♠❡❛(✉+❡(✳ ◆♦✇ ✇❡ ❞❡(❝+✐❜❡ ❛♥ ✐(♦♠♦+♣❤✐(♠ ♦❢ ✲❛❧❣❡❜+❛( ● ❛♥❞

❉✐"# ● ✳ ■♥ "❤✐( ❝❛(❡ ✇❤❡♥ ●

♣

"❤❡ ❛❧❣❡❜+❛ ● ✐( ❝❛❧❧❡❞ "❤❡

■✇❛2❛✇❛ ❛❧❣❡❜-❛✳

❚❤❡♦$❡♠

✭❛✮ ❯♥❞❡- *❤❡ 2❛♠❡ ♥♦*❛*✐♦♥ ❛2 ❛❜♦✈❡ *❤❡-❡ ✐2 *❤❡ ❝❛♥♦♥✐❝❛❧ ✐2♦♠♦-♣❤✐2♠

♦❢ ✲❛❧❣❡❜-❛2

❉✐"# ● ● ✭✹✳✸✹✮

✭❜✮ ■❢ ●

♣

*❤❡♥ *❤❡-❡ ✐2 ❛♥ ✐2♦♠♦-♣❤✐2♠

● ❳ ✭✹✳✸✺✮

✇❤❡-❡ ❳ ✐2 *❤❡ -✐♥❣ ♦❢ ❢♦-♠❛❧ ♣♦✇❡- 2❡-✐❡2 ✐♥ ❳ ♦✈❡- ✳ ❚❤❡

✐2♦♠♦-♣❤✐2♠ ✭✹✳✸✺✮ ❞❡♣❡♥❞2 ♦♥ ❛ ❝❤♦✐❝❡ ♦❢ *❤❡ *♦♣♦❧♦❣✐❝❛❧ ❣❡♥❡-❛*♦- ♦❢ *❤❡

❣-♦✉♣ ●

♣

✳
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❲❡ ♥♦"✐❝❡❞ ❛❜♦✈❡ "❤❛" "❤❡ "❤❡♦+❡♠ ✹ ✇♦✉❧❞ ✐♠♣❧② ❛ ❞❡(❝+✐♣"✐♦♥ ♦❢ C
♣

✲❛♥❛❧②"✐❝

❜♦✉♥❞❡❞ ❢✉♥❝"✐♦♥( ♦♥ ❳

❙

✐♥ "❡+♠( ♦❢ ♠❡❛(✉+❡(✳ ■♥❞❡❡❞✱ "❤❡(❡ ❢✉♥❝"✐♦♥( ❛+❡

❞❡✜♥❡❞ ♦♥ ❛♥❛❧②"✐❝✐"② ❝♦♠♣♦♥❡♥"( ♦❢ "❤❡ ❞❡❝♦♠♣♦(✐"✐♦♥ ✭✹✳✸✵✮ ❛( ❝❡+"❛✐♥ ♣♦✇❡+

(❡+✐❡( ✇✐"❤ ♣✲❛❞✐❝❛❧❧② ❜♦✉♥❞❡❞ ❝♦❡✣❝✐❡♥"(✱ "❤❛" ✐(✱ ♣♦✇❡+ (❡+✐❡(✱ ✇❤♦(❡

❝♦❡✣❝✐❡♥"( ❜❡❧♦♥❣ "♦ O
♣

❛❢"❡+ ♠✉❧"✐♣❧✐❝❛"✐♦♥ ❜② (♦♠❡ ❝♦♥("❛♥" ❢+♦♠ C×
♣

✳

❋♦+♠✉❧❛( ❢♦+ ❝♦❡✣❝✐❡♥"( ♦❢ "❤❡(❡ (❡+✐❡( ❝❛♥ ❜❡ ❛❧(♦ ❞❡❞✉❝❡❞ ❢+♦♠ "❤❡ ♣+♦♦❢ ♦❢

"❤❡ "❤❡♦+❡♠✳ ❍♦✇❡✈❡+✱ ✇❡ ❣✐✈❡ ❛ ♠♦+❡ ❞✐+❡❝" ❝♦♠♣✉"❛"✐♦♥ ♦❢ "❤❡(❡ ❝♦❡✣❝✐❡♥"(

✐♥ "❡+♠( ♦❢ "❤❡ ❝♦++❡(♣♦♥❞✐♥❣ ♠❡❛(✉+❡(✳ ▲❡" ✉( ❝♦♥(✐❞❡+ "❤❡ ❝♦♠♣♦♥❡♥" ❛❯

♣

♦❢

"❤❡ (❡" Z×
❙

✇❤❡+❡

❛ ∈ (Z/♣νZ)× ×
∏

% 6=

Z×
%

,

❛♥❞ ❧❡" µ
❛

(①) = µ(❛①) ❜❡ "❤❡ ❝♦++❡(♣♦♥❞✐♥❣ ♠❡❛(✉+❡ ♦♥ ❯

♣

❞❡✜♥❡❞ ❜②

+❡("+✐❝"✐♦♥ ♦❢ µ "♦ "❤❡ (✉❜(❡" ❛❯

♣

⊂ Z×
❙

✳
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❈♦♥#✐❞❡' (❤❡ ✐#♦♠♦'♣❤✐#♠ ❯

♣

∼= Z
♣

❣✐✈❡♥ ❜②✿

② = γ① (① ∈ Z
♣

, ② ∈ ❯
♣

),

✇✐(❤ #♦♠❡ ❝❤♦✐❝❡ ♦❢ (❤❡ ❣❡♥❡'❛(♦' γ ♦❢ ❯

♣

✭❢♦' ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ (❛❦❡

γ = ✶+ ♣

ν
✮✳ ▲❡( µ′

❛

❜❡ (❤❡ ❝♦''❡#♣♦♥❞✐♥❣ ♠❡❛#✉'❡ ♦♥ Z
♣

✳ ❚❤❡♥ (❤✐# ♠❡❛#✉'❡

✐# ✉♥✐@✉❡❧② ❞❡(❡'♠✐♥❡❞ ❜② ✈❛❧✉❡# ♦❢ (❤❡ ✐♥(❡❣'❛❧#

∫

Z
♣

(

①

✐

)

❞µ′
❛

(①) = ❛

✐

, ✭✹✳✸✻✮

✇✐(❤ (❤❡ ✐♥(❡'♣♦❧❛(✐♦♥ ♣♦❧②♥♦♠✐❛❧#

(

①

✐

)

✱ #✐♥❝❡ (❤❡ C
♣

✲#♣❛♥ ♦❢ (❤❡ ❢❛♠✐❧②

{(

①

✐

)}

(✐ ∈ Z, ✐ ≥ ✵)

✐# ❞❡♥#❡ ✐♥ C(Z
♣

,O
♣

) ❛❝❝♦'❞✐♥❣ (♦ ▼❛❤❧❡'✬# ✐♥(❡'♣♦❧❛(✐♦♥ (❤❡♦'❡♠ ❢♦'

❝♦♥(✐♥✉♦✉# ❢✉♥❝(✐♦♥# ♦♥ Z
♣

✮✳ ■♥❞❡❡❞✱ ❢'♦♠ (❤❡ ❜❛#✐❝ ♣'♦♣❡'(✐❡# ♦❢ (❤❡

✐♥(❡'♣♦❧❛(✐♦♥ ♣♦❧②♥♦♠✐❛❧# ✐( ❢♦❧❧♦✇# (❤❛(

∑

✐

❜

✐

(

①

✐

)

≡ ✵ (♠♦❞ ♣♥) (❢♦' ❛❧❧ ① ∈ Z
♣

) =⇒ ❜

✐

≡ ✵ (♠♦❞ ♣♥).

❲❡ ❝❛♥ ♥♦✇ ❛♣♣❧② (❤❡ ❛❜#('❛❝( ❑✉♠♠❡' ❝♦♥❣'✉❡♥❝❡# ✭#❡❡ ♣'♦♣♦#✐(✐♦♥ ✹✳✶✮✱

✇❤✐❝❤ ✐♠♣❧② (❤❛( ❢♦' ❛'❜✐('❛'② ❝❤♦✐❝❡ ♦❢ ♥✉♠❜❡'# ❛

✐

∈ O
♣

(❤❡'❡ ❡①✐#(# ❛

♠❡❛#✉'❡ ✇✐(❤ (❤❡ ♣'♦♣❡'(② ✭✹✳✸✻✮✳
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❲❡ #(❛(❡ (❤❛( (❤❡ ▼❡❧❧✐♥ ('❛♥#❢♦'♠ ▲µ
❛

♦❢ (❤❡ ♠❡❛#✉'❡ µ
❛

✐# ❣✐✈❡♥ ❜② (❤❡

♣♦✇❡' #❡'✐❡# ❋

❛

(*) ✇✐(❤ ❝♦❡✣❝✐❡♥(# ❛# ✐♥ ✭✹✳✸✻✮✱ (❤❛( ✐#

∫

❯

♣

χ(&)(②)❞µ(❛②) =
∞

∑

✐=✵

(

∫

Z
♣

(

①

✐

)

❞µ′
❛

(①)

)

(* − ✶)✐ ✭✹✳✸✼✮

❢♦' ❛❧❧ ✇✐❧❞ ❝❤❛'❛❝(❡'# ♦❢ (❤❡ ❢♦'♠ χ(&)✱ χ(&)(γ) = *✱ |* − ✶|
♣

< ✶✳ ■( #✉✣❝❡#

(♦ #❤♦✇ (❤❛( ✭✹✳✸✼✮ ✐# ✈❛❧✐❞ ❢♦' ❛❧❧ ❝❤❛'❛❝(❡'# ♦❢ (❤❡ (②♣❡ ② 7−→ ②

♠

✱ ✇❤❡'❡
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γ♠① = (✶+ (γ♠ − ✶))① =

∞
∑

✐=✵

(

①

✐

)

(γ♠ − ✶)✐ ,

✇❤✐❝❤ ✐♠♣❧✐❡# (❤❛(

∫

✉

♣

②

♠

❞µ(❛②) =

∫

Z
♣

γ♠①

❞µ′
❛

(①) =

∞
∑

✐=✵

(

∫

Z
♣

(

①

✐

)

❞µ′
❛

(①)

)

(γ♠ − ✶)✐ ,
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❑✉❜♦0❛✲▲❡♦♣♦❧❞0 ③❡0❛ ❢✉♥❝0✐♦♥

▲❡" ✉$ ✜&$" ❝♦♥$✐❞❡& ❛ ♣♦$✐"✐✈❡ ✐♥"❡❣❡& ❝ ∈ Z×
❙

∩ Z✱ ❝ > ✶ ❝♦♣&✐♠❡ "♦ ❛❧❧ ♣&✐♠❡$

✐♥ ❙ ✳ ❚❤❡♥ ❢♦& ❡❛❝❤ ❝♦♠♣❧❡① ♥✉♠❜❡& " ∈ C "❤❡&❡ ❡①✐$"$ ❛ ❝♦♠♣❧❡① ❞✐$"&✐❜✉"✐♦♥

µ❝
"

♦♥ ●

❙

= Z×
❙

✇❤✐❝❤ ✐$ ✉♥✐;✉❡❧② ❞❡"❡&♠✐♥❡❞ ❜② "❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐"✐♦♥

µ❝
"

(χ) = (✶− χ−✶(❝)❝−✶−")▲
▼

✵

(−", χ), ✭✹✳✸✽✮

✇❤❡&❡ ▼

✵

=
∏

$∈❙ &✳ ▼♦&❡♦✈❡&✱ "❤❡ &✐❣❤" ❤❛♥❞ $✐❞❡ ♦❢ ✭✹✳✸✽✮ ✐$ ❤♦❧♦♠♦&♣❤✐❝

❢♦& ❛❧❧ " ∈ C ✐♥❝❧✉❞✐♥❣ " = −✶✳ ■❢ " ✐$ ❛♥ ✐♥"❡❣❡& ❛♥❞ " ≥ ✵ "❤❡♥ ❛❝❝♦&❞✐♥❣ "♦

❝&✐"❡&✐♦♥ ♦❢ ♣&♦♣♦$✐"✐♦♥ ✹✳✶ "❤❡ &✐❣❤" ❤❛♥❞ $✐❞❡ ♦❢ ✭✹✳✸✽✮ ❜❡❧♦♥❣$ "♦ "❤❡ ✜❡❧❞

Q(χ) ⊂ Q❛❜ ⊂ Q

❣❡♥❡&❛"❡❞ ❜② ✈❛❧✉❡$ ♦❢ "❤❡ ❝❤❛&❛❝"❡& χ✳

❆❧❡①❡✐ &❆◆❈❍■❙❍❑■◆ ✭●/❡♥♦❜❧❡✮ ♣✲❛❞✐❝ ▲✲❢✉♥❝<✐♦♥= ❛♥❞ ♠♦❞✉❧❛/ ❢♦/♠= ■❈❚&✱ ❙❡♣<❡♠❜❡/✱✷✵✵✾ ✹✺ ✴ ✺✻

❚❤✉$ ✇❡ ❣❡" ❛ ❞✐$"&✐❜✉"✐♦♥ ✇✐"❤ ✈❛❧✉❡$ ✐♥ Q❛❜

✳ ■❢ ✇❡ ♥♦✇ ❛♣♣❧② "♦ ✭✹✳✸✽✮

"❤❡ ✜①❡❞ ❡♠❜❡❞❞✐♥❣ ✐

♣

: Q →֒ C
♣

✇❡ ❣❡" ❛ C
♣

✲✈❛❧✉❡❞ ❞✐$"&✐❜✉"✐♦♥

µ(❝) = ✐

♣

(µ❝
✵

) ✇❤✐❝❤ "✉&♥$ ♦✉" "♦ ❜❡ ❛♥ O
♣

✲♠❡❛$✉&❡ ✐♥ ✈✐❡✇ ♦❢ ♣&♦♣♦$✐"✐♦♥

✹✳✶✱ ❛♥❞ "❤❡ ❢♦❧❧♦✇✐♥❣ ❡;✉❛❧✐"② ❤♦❧❞$

µ(❝)(χ① &
♣

) = ✐

♣

(µ❝
&

(χ)).

❚❤✐$ ✐❞❡♥"✐"② &❡❧❛"❡$ "❤❡ $♣❡❝✐❛❧ ✈❛❧✉❡$ ♦❢ "❤❡ ❉✐&✐❝❤❧❡" ▲✲❢✉♥❝"✐♦♥$ ❛"

❞✐✛❡&❡♥" ♥♦♥✲♣♦$✐"✐✈❡ ♣♦✐♥"$✳ ❚❤❡ ❢✉♥❝"✐♦♥

▲(①) =
(

✶− ❝

−✶
①(❝)−✶

)−✶
▲µ(❝)(①) (① ∈ ❳

❙

) ✭✹✳✸✾✮

✐$ ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ✐" ✐$ ❤♦❧♦♠♦&♣❤✐❝ ♦♥ ❳

❙

✇✐"❤ "❤❡ ❡①❝❡♣"✐♦♥ ♦❢ ❛ $✐♠♣❧❡

♣♦❧❡ ❛" "❤❡ ♣♦✐♥" ① = ①

♣

∈ ❳

❙
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