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NON-ARCHIMEDEAN RANKIN L-FUNCTIONS
AND THEIR FUNCTIONAL EQUATIONS

A. A, PANCHISHKIN

ABSTRACT. A functional equation is established for the S-adic L-functions obtained
by non-Archimedean interpolation of the special values of the convolution of two cusp
forms on the upper half-plane.

Bibliography: 33 titles.

§1. Intreduction and statement of results

.1, Let p be a prime, and let S be a finite set of primes including p. In this article
e construct non-Archimedean Rankin L-functions which interpolate S-adically the -
ecla1 values of the convolution of two cusp forms on the complex upper half-plane,
d we also establish a functional equation which these L-functions satisfy. Let N
‘an arbitrary natural number. We consider a cusp form f of weight &k > 2 for
¢ congruence subgroup I'g(N) with Dirichlet character w mod N. We suppose that
is primitive, i.e., it is a normalized newform of some level C, dividing N; C; is
led the conductor of f. Let g be another primitive cusp form of conductor C;
d weight / < k for Ty(N) with Dirichlet character @ mod N. We set e(z} = e?™?,
d we let

f= ia (n)e(nz), {2 n)e(nz) (1.1)
n=1 n=1

be the Fourier expansions of f and g. The Rankin convolution of the modular forms
f-and g is introduced by means of the equality

D5, £ g) = Ln(2s+ 2~k — L, aw)L(s, £, &), (1.2)

where

Lis, fg)= Za{n)b(n)n“‘,

n=1
and Ly {s, wy) denotes the Dirichlet L-series with character wy, with the subscript
indicating that the factors corresponding to the prime divisors of N are omitted
from the Euler product. A classical method of Rankin and Selberg [25], [30] enables
one to construct a holomorphic continuation of the function & (s, f, g) to the whole
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complex plane and prove that it satisfies a functional equation, which in the Simplem :
case N = 1 has the form

¥(s, £,8) = (~1)F¥(k +1-1-5. g), (13

where .

(s, [ 8) = v(s)2 (s, £ &), Ly -
and y(s) = (27)"2T(s)T(s + 1 — [) denotes the I'-factor.

It later became clear that the same method can be used to establish the followip, -

algebraicity property for special values of (s, f, g) (see [26], [28], [6], and [33); i

the numbers _ _
¥(l+r £ ) eQ (L3)

are algebraic for all integers r for which 0 <r <k -~1I1—1. Here {f, f) = (f,f)cf is
the Petersson inner product, i.e., :

(£he = |

H{To(Cy)

|f (22" 2dxdy, z=x+iy,

where H/To(Cy) is a fundamental domain for the upper half-plane H modulo the
action of T'o(Cy). The integers s = /4 r in (1.5) are “critical” in the sense of Deligne -
[14]: they are precisely the values of s for which both of the functions y(s) and
y(k +1— 1 —s) do not have poles.

We propose to use an S-adic version of the Rankin-Selberg method in order'to
obtain a non-Archimédean inierpolation of the numbers (1.5). The paper is con- .
ceptually similar to Hida’s article [18], in which p-adic modular forms are used to
find a method for constructing the p-adic interpolation of half of the critical values -
(s=I1+rwith0<r<(k-1[)/2-1). We extend this result to all of the remaining -
points of the critical strip / < Re(s) < k — 1 and to a set of several primes in §. =
Our construction is more explicit in the sense that, instead of using p-adic modular
forms, we give congruences between usual modular forms, Other variants on our -
constriction are contained in [9]-{12] and [27]. :

1.2, The domain of definition of the S-adic zeta-functions is the C,-analytic Lie
group

Xs = X(Z3),
where X(G) = Homeonin(G. C}) denotes the group of p-adic characters of the topo- -
A

logical group G; C, = Q, is the Tuate field, the completion of the algebraic closure of |
the field Q, of p-adic numbers, with the p-adic absolute value | - |, normalized by

the condition that |pf, = p~'; and ZF = @5 Z is the group of units of the S-adic
completion Zg of the ring of rational integers, sec [1] and [3]. We set

U={xeZllx=1 (mod p")},

where v = 1 or 2 depending on whether p < 2 or p = 2; then we have the decompo- .
sition :
Xs =X | (Z/p"L)* % Hz;) x X(U). (1.6)
q#p
An analytic structure on the subgroup X (U) C X5 is defined by means of the isomor-
phism
e X(U)=T={teC)it-1], <1},
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nder which p(x)=x(1+p ) 1 + p¥ being a topological generator of the multi-
licative group U. An analytic function F: T — C, is defined to be the sum of a
eries Y ioq @it — 1)’, a; € C,, which converges for all ¢ € T, and then the notion
£ analyticity is extended to all of Xy using translation of the argument by elements
f the group. If we fix an imbedding i,: Q- C,, then the characters of finite or-

er ¥ € X§™ C X, which form a discrete subgroup of X tors can be identified with
1r10hIct characters (denoted by the same symbol y) whose conductor C, is divis-
ble only by primes in S. The symbol x, denotes the composition of the natural
rojection Z; — Z; with the imbedding Z% — C} and the inclusion x, € Xs. For
€ X we let S(x) be the support (the set of prime divisors) of the conductor
Recali that any bounded C p-analytw function on Xy is uniquely determined by
5 values F(xox), where xp € X5 is fixed, and x runs through all elements of X"
ith the possible exception of finitely many, in each analytic component of the de-
omposition (1.6). If u is a bounded C,-valued measure on Z7 (see §2), then the
on-Archimedean Mellin transform, defined as

L#(x)=#(x)=fzxxdﬂ, x € Xg, (1.7)

: gwes a bounded Cp-analytic function L,: Xg — C,.
- 1.3. For a precise statement of the results we introduce the notatlon

= Zx(”)b(n)e(nz)
n=1

or the cusp form g twisted by a Dirichlet character y € X, Using the imbedding
p:(_)' - {,, we construct an S-adic interpolation of the numbers

; (‘1’(1 +r 1, g(x)))

| P\ TE)
r=0,1,...,k—[—1 obtaining a bounded C,-analytic function on Xs. The most
“egsential assumption is that f is a p-ordinary form, i.e., that a(p) is a p-adic unit in
Cp
lip(a(p))ip = 1. (1.8)
In addition, we suppose that

(Cr.Mo)=(Co. My)=1, My=]]4a (1.9)

9€S
(Cr,Ce) =1, (1.10}

‘and we set C = CyC,. We let a(g) denote the root of the Hecke polynomial X 2
“a(q)X + w(g)g*~", for which |i,(a(qg))i, = 1 for g € S, and we let ’(g) be the other
‘toot, Then the numbers

: &(g) = wiglelg), &(q@)=w(a)'(g), qg€S (1.11)
: commde with the roots of the complex conjugate polynomial

X —alg)X +w(g)g" ' = (X - &lg)(X - &(g))

because the Hecke operator T(g) (g + C 1) acting on the space 7 (C, ) of weight k
usp forms for I'y(C) with Dirichlet character ¥ mod C is w-Hermitian. Similarly,
Af

X2 b(g)X + w(@)g'™" = (X — B(@))(X - B'{q).
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then ) L o
Blg)=wl@fla). B'a)=wl@f (@) (L11gy
are the roots of the polynomial X2 — b(q)X + w(q)g' !

We extend the definition of a(n), o’(n), f(nr), and f'(n) by multiplicativity tg all
natural numbers #. We set

oo

=3 ame(nz) € ACP) i Je(nz) € SHC. ).

n=1

From the theory of newforms (see [2] and [22]) it follows that
W (Cry =AU, giW(Ce) = Mg)g”, (L12)

where W(A) (0 _1) and A(f) and A(g) are the constants in the functional equa:”
tions of the series . . _ :

=Y a(mn~ = H[(z —a{g)g )1 - (9)g™)]",
=1

=Y b(n)n~* H[l— g )1 - B'(a)a )
n=1

If the conductor C, of the primitive Dirichlet character y is prime to Cg, then theﬁ
cusp form g(¥) € #4(C,C2, wy?) is a primitive form of conductor C;C2, and

2
Ael) = @(Cr(C) EMo)

where

= 3 ztwe (e )

umod C,

is the Gauss sum.
1.4, FUNDAMENTAL THEOREM. Under the assumptions (1.8)—(1.10), there exisis a
bounded Cy-analytic function

VX -Gy,  Y)=Yi(x:fg) (1.13)

which is uniquely dezermined'by the following condition: for all characters y € X;P“I :
and all integers ¥ with 0 < r < k—1 -1, the value ¥ (xx}, ) is given by the image under.
ip of the followmg algebraic number:

G)ACr =" Wl +r, f8°(%)

. 1.14
SC T TR e, A X (114

w(Cy)

where
An )= [ (1= x(@)e " (@)B@)g)(l - x(@)e(9)F(9)g")
gES\S(x} :

x (1—x M) @pl@e )1 - @ @B (@e" )]
(1.15)
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1.5. THEOREM (non-Archimedean functional equation). Suppose that the condi-
ons of the fundamental theorem are fulfilled, and along with W(x) consider the func-
on W(x) = Ws(x; [P, gP), obtained by replacing (f, g, o) by (f*,g?,&). Then the
:ﬁmcrional equation

\P(JC) = Af'gc(c)

Pk~ 1x (1.16)

holds for all x € X;; here
| Agg = B~ )W (COA P AE)) (1.17)

1.6. The proof of Theorems 1.4 and 1.5 makes constant use of the classical Rankin-
Selberg method, which has two essential components:
“.. 1) the Euler expansion of the convolution [25], [28]:

D(s. 1.8) H[ 1 —o(g)B(@)a~* )1 — a(@)B'(9)a ™)
(1.18)
x (1 - (@p(@a =)L - (@) (@)a )
2) the integral representation of the convolution [28], [33]: for s € C with Re(s} >

') we have

: 24m)7T() (5. f.8) = {f". 8E(z,5 — Kk + 1)), (1.19)

:where the Petersson inner product on the right contains the Eisenstein series

E(zs)=y* > wold)(Cez+d) % D|Cez +d|7%,
{c.d)EZ\{(0.0)}

which is absolutely convergent for Re(2s)+k—/ > 2 and can be analytically continued

toallseC.

Property 1} is a consequence of an ¢lementary lemma on series expansions of
rational functions: if

f:Ain =[(1 -aX)(1-a'X)]7", iB;X" =[(1-gXN){1-8'X)17",
= i=0 '
then

= i 1 - ad' BB X*?
2 AiBiX' = A= o)1 —af XVl - fX)(1 —a fX)’ (1.20)

it is obtained by applying (1.20) to all of the Euler factors in {1.18).

1.7. Plan of the paper. The functions ¥(x) in the fundamental theorem are con-
structed as non-Archimedean Mellin transforms of certain bounded C,-valued mea-
sures on the group Z7. In §2 we recall the general properties of measures and
distributions. The non-Archimedean measures in Theorem 1.4 are obtained from
complex-valued distributions which we construct in §3 directly from the definition
of the convolutions (1.2) in the form of a series. In §4 we obtain an integral repre-
sentation for these distributions using the Rankin-Selberg method. In §5 we use a
holomorphic projection operator to derive from this the algebraicity and integrality
properties of the values of these distributions which enable us to complete the proof
of the fundamental theorem and the derivation of Theorem 1.5 from the fundamen-
tal theorem. The S-adic functional equation is proved using the uniqueness property
of the functions ¥(x) and the Archimedean functional equation [6], [22].
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1.8. According to the general program described by Manin in [4] and [5], non.
Archimedean L-functions must, alongside the more traditional Archimedean {com.
plex} L-functions, correspond to objects of various sorts: automorphic forms, g].
gebraic varieties over number fields, representations of Galois groups. Relationg
between different types of L-functions give connections between these objects and
provide essentially new arithmetic identities, while the method of making the iden-
tifications is related to comparisons between the different cohomology theories for
these objects [14].

Our non-Archimedean Z-functions correspond to automorphic representations of
holomorphic type for the group GL{2) x GL(2), and the question of an arithmetic in-
terpretation of these L-functions is very interesting. The non-Archimedean Kubota.-
Leopoldt zeta-function [21] is given by a certain power series in the ring A = Z,[[T]],
and, according to the main conjecture of Iwasawa [19], which was proved by Mazur
- and Wiles [24], this scries generates the module of relations of a certain A-module of
ideal class p-groups in a tower of cyclotomic fields. Another example is given by the
non-Archimedean L-function which interpolates the special values of the symmetric
square of the L-function of an elliptic curve over the field of rational numbers. It
is conjectured that these non-Archimedean L-functions describe relations in the A-
module of Selmer p-groups of this curve in a certain tower of extensions generated by
the coordinates of points of p-primary order (see [13]}). These functions have been
constructed by the author’s method (see [10], [12], and [27]}, and they are closely
connected with the functions considered in the present article: they correspond to
certain automorphic representations of the adele group GL(3).

1.9. Additional preliminary facts and notation. Let H = {z = x + iy|y > 0} denote
the complex upper half-plane, on which the group GL; (R) of real 2 x 2 matrices with
positive determinant acts by fractional linear transformations. For any function
fiH —C, any '

(1 ) e
and any natural number X we have an action of weight k:

(fley)(z) = det £ (p(2))e, 2 + dy) ™"
For any natural number N we have the following congruence subgroups:
" To(N) = {y € SLa(Z)|c, =0 mod N},
I'(N)={yeluN)a,=d, =1 mod N},
I(N)={y € SLy(Z)]y =1, mod N}.

If T is any of these groups, then .#;(I') denotes the complex vector space of holo-
morphic modular forms of weight & for I', and %, (I") denotes the subspace of cusp
forms. If w mod N is a Dirichlet character, we set

AN y) = {f € TN S liy = w(d,)f forall y € To(N)},
Fi(N.y) = FDUN)) N (N, y).

For an arbitrary modular form h € .# (N, y) with k > | and f € 5 (N, ) one has
the Petersson inner product, defined by

(k) = / T h(z)y*—2 dx dy,
HiFg(N}

where H/T'y(NV) is a fundamental domain for the action of I'y(¥).
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Operators acting on a modular form

f =Y a(me(nz) € AN, p).
n=1

If 4 is a natural number, then

U@ =3 a(dn)e(nz) = d**=* 3 flk((l) 3)

n=1 u mod d

1V@) = fldny =i (§]) e v ),

1@ =TCR = L amena), W =i(g ).

n=l

SP AW (N) e LN W).
The Hecke operators T(d): #.(N, y) — # (N, w) for (d, N) = | can be defined by

SIT(d) =" w(d)dy ™" f|UdnV (d]dy).
d\\d

By a primitive cusp form
o0
=3 a(me(nz)
n=1

of conductor N we mean a normalized eigenfunction f € (N, w) for the Hecke
operators which is a newform, i.e., it is orthogonal to all of the images of the maps
v(d): S (N/d, w) - F(N, ) for d|N. In this case, f is uniquely determined by
the eigenvalues of the Hecke operators 7(p) (with the possible exception of a finite
 number), and then we automatically have f{T(p) = a(p)f and f|U{q) = alq)f
© respectively for all p + N and for g|N. We have the Euler product

Lis. fy=> amn= =T[(0 —alg)g™) ' ] (1 - alp)p™ + w(p)pF~'=2)7
n=i gl¥ PN _

§2. Distributions, measures, and abstract Kummer congruences

2.1. Distributions. Let R be a commutative associative ring, and let ./ be an K-
- module. We consider a profinite (i.e., compact and totally disconnected) topological
~ space Y. Then Y is a projective limit of finite sets:

Yszi (JEUZY,'—**YJ‘, i, jel, E‘Zj)s (21)

- where 7 is a directed set, the 7;; are surjective homomorphisms, and canonical pro-
. jections m;: Y — Y; are defined for all i € I. We consider the R-module Step(Y, R)
- consisting of all R-valued locally constant functions ¢: Y — R.

DEFINITION. A distribution on Y with values in the R-modules &7 is a homomor-
- phism of R-modules :
u:Step(Y, R) — 7. (2.2)

For ¢ € Step(Y, R) we use the notation

u(p) = [Y o dy = /Y () du(y).
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Any distribution # can be given by a set of functions #':Y; — &/, satisfying ty,
following finite additivity condition:

Ju(-!) x} Z 'u(f , y € Yj, X e Y['. (2.3)
x€n' (v}
To do this it suffices to set u(y) = u(di ) € &, where &, is the characteristic
function of the preimage 77 !(x).

The following is a useful criterion for when an arbitrary set of functions u*: ¥; _,
& satisfies the finite additivity condition (2.3). For any function ¢;:¥; — R ang
any { > j, we define the functions ¢; = ¢; 07,5, ¢ = ¢;jox; € Step{Y, R). Then
the set of functions {uld: Y; - Jef 1 satisfies (2.3) if and only if, for all j € I and a1
9i:Y;— R,

the sum p(¢) = (1) = ¥, cy, 9:(¥)(¥) does not depend oni,i >
) . . o YEN (2.4)
J. for i sufficiently large;

here it is sufficient to verify (2.4) for any “basis” family of functions. For example,
fY=G= gr_r_l G; is a profinite abelian group and R is an integral domain containing
all roots of 1 of degree dividing the order of G (perhaps a transfinite cardinal),
then one need only verify (2.4) for all characters of finite order y: G — R*, singe
the orthogonality relation implies that their linear span over R ® QQ coincides with
Step(G, R @ Q) (see [23]).

2.2. Measures. If R is a topological ring, then let #(Y, R) denote the topological
module of continuous R-valued functions on Y.

DEFINITION. A measure on Y with values in a topological R-module 57 1is a con-
tinuous homomorphism of R-modules x: € (Y, R) — &

The restriction of u to the R-submodule Step(Y, R) < #(Y, R) is a distribution,
which we denote by the same symbol. We take for R a closed subring of C,, and we
let &/ be a complete normed R-module with norm | - |,». Then the condition that a
distribution (set of functions) uV: Y; — .&/ extend to an %/ -valued measure on Y is
equivalent to boundedness of ut: for some constant B> 0 andall/eland x € Y,
we have |ut(x)|y < B. The proof of this is easy using the non-Archimedean property
of the norm |-|; (see [3] and [20]). In particular, if & = R =&, = {x € Cp||x[;, £ 1}
is the ring of integers in the Tate field, then &,-valued distributions are the same as
@y-valued measures.

The most important tool in our non-Archimedean construction is the following

criterion for the existence of a measure with prescribed properties.
2.3. Abstract Kummer congruences (compare with [20], p. 258). Let {f;} be a

family of functions f; € #(Y,,) such that the C,-linear span of {f;} is everywhere
dense in #(Y,C,). Let {a;} be a family of elements ¢; € &,. Then the existence of
an &,-valued measure y with [, f; du = a; is equivalent to the following congruence

condition: for any set of elements b; € C, of which only finitely many are nonzero,

if Zb,f,(y) IS p”@p (y = Y) then Eb,‘d,’ 1S p”@’p. (2-5)

2.4. Non-Archimedean Mellin transform. Let X5 = Homgonin(Z35 , C; ) be the Cp-

analytic Lie group in §1.2, and let 4 be a bounded C,-valued measure on Zg. Then :

the non-Archimedean Mellin transform is defined by

5

Ly(X) = plx) = fxxdﬂ, (2.6)
Z N
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© which gives a bounded C,-analytic function L,: X5 — C,. In fact, boundedness

- of the function (2.6) follows from the definition, and analyticity reflects the general
~ property 1 that the integral (2.6) depends analytically on the parameter X € Xs. The
. converse is also true: any bounded C,-analytic function on Xs is the Mellin transform
. of some measure y; these measures with the convolution operation form an algebra,
- which essentially coincides with the Iwasawa algebra (see [1]-[3]).

§3. Complex-valued distributions
corresponding to convolutions of cusp forms

3.1. We first define the complex-valued distributions associated with the convolu-
tions (s, £, g) by introducing the auxiliary cusp form

=Z# o/ (d)f(dz) = Zanfg (nz), (3.1)

d{Mu . n=1

where, as before, /' = 377 a(n)e(nz) € % (Cy, w) is a primitive cusp form. The
definition (3.1) is equivalent to the following identity for the corresponding Dirichlet

 series: _
' L(s, fo) = [T (1 = a'ta)a™)L(s. ), (3.2)

gl My

=" in which

(o v]
L(s, fo)=>_aln, fo)n >,
‘From (3.1} it immediately follows that fy € S (Cr My, w) and we have the general
multiplicativity property

o a(Mn, fo) = a(M)a(n, fo) (3.3)
- for all natural numbers A with S(Af) € S. In fact, the Dirichlet series (3.2) has an
Euler product, in which the factors corresponding to primes ¢ €.5 have degree 1.

3.2, ProPOSITION. a) For every s € C there exists a complex-valued distribution Vg
on the group Zg which is uniquely given by the following condition: for an arbitrary
Dirichlet character x:Z3 — C* of conductor C,, one has the equality

(M’ Moy =25 P (CME) ™ W(s, folV(Cr), gmy ()W (CoM"))

a(M'Mp) ' n' = {f e, ’
(3.4)

Y () =

where M and M' are arbiirary natural numbers for which
MyCy|M, MGCAHM', S(M)=SM')=S§

- 8m{X) = Z x(mb(n)e(nz) € H(C,CIME, wy?),

(n, Mo) 1
8y OV (CoM")(z2) = (VCoM'2) ™ gar (1) (- 1/ CoM'z) € H(CoM' @F).  (3.5)
b) Let A(s —1, ) be the product defined in (1.15). Then, for all M and M’ as in a),
(CG)CF " Wis, £ e"()

a(Cy)? n' =L e,

ReEmARK. By the criterion (2.4), part a) follows from b), since the right side of
(3.6) does not depend on M or M'.

¥ () =

S, Als =1 2)- (3.6)
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3.3. To prove part b), we simplify the right side of (3.4), where, by the definition

(1.3),
' W(s, folV(Cr), gag, (W (Co M)
= Qa5 + 1 = DLagc(2s +2 — k — 1, yoF) (3.7)

x L(s, folV (Cy), guo ()| W (CoM")).
We define the numbers A{n) and B(n) to be the coefficients in the Dirichlet series

Y Amn = L(s, fo), - (3.8)
n=1
Y B(m)n~* = L(s, ga, ()| W (C MGCE)). (3.8a)
n=1
Then, by the multiplicativity property (3.3),
A(nMy) = a(M)A(n) for S(M;) CS. (3.9

We set M’ = M,C2M;. From the definition (3.5) it then follows that
2, COIW (CoM'y = (M Cr Y gag, ()| W (Co MECHV (M1 Cp)

- (Mle)miB(n)e(Ml Cynz). (3-10)

n=1
Taking (3.9) and (3.10) into account, we transform the convolution in (3.7) to the
form

L(s, folV(Cr), gar, GOV (CoM'))

= (M, Cp)?S A(nC;YB(nM{' CFns

=1

= (M, C)2> " A(nM)B(n)(CrMin) ™ | (3.11)

n=1

= (M, C)PP=5a(M)L(s, fo, a1, (X)W (Ce MG CE))
a(M') MUEECT

T a(MyCE)  (MyC2Yis

This property suffices for the proof of a): if we substitute (3.11) in (3.4), we see that
{3.4) does not depend on M or M'. In order to obtain the more precise formula
(3.6), it is enough to establish the following equality:

(s, fo, g ()W (CoMGCE))
= a(Mo)? M5 A(s - L )A(g(xNWs. £ 87 (D)),

L{s, fo, &, COIW (Ce MECY)).

(3.12)

where _
gUOIW(C,C) = Mg(x))8" (X).
A(g(x)) = o(Cx(Ce)Gx)*Cy ' Alg) (3.13)

is the constant in the functional equation for g(y) € F(CyCiwx?).
3.4. To derive (3.12} we use the properties of the Mobius function u{n):

0, ifn=1,
%Md):{l, ifn> 1,
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Consequently, |
My = Z x(n)b(n)e(nz)
(H,anu%:l
=2 “(d)ix(dn)b(dn)e(dn) (3.14)
d\My n=1
=3 wdg(DIUdV ().
d\My

We now express the operators U(d) in terms of the Hecke operators: for prime
4.4 1 Cg, we have

gONT (@) = g(IU(a) + wx* (@)~ g(OIV (9) = x(a)b(a)g (1), (3.15)

gV =gt x@bla) - xz(q)w(tIJfl"lV(cI)}
| gld
= g(x) }:,u(dl)w(dod{-‘b(ddrl)xudl)V(an)] ,
| dild

since 4 is square-free and (d, Cy) = 1. From (3.14) and (3.15) it now follows that

g(x)= Y, w(dpd)old)d] bdd; " )x(dd)g(x)|V (dd)). (3.16)
d\|d|My

We apply the involution #(C, C%) to the function (3.16), where we use the following
obvious commutation property of maitrix operators: for natural numbers 4, A* and
B with A'|B we have

glV(AYW (AB) = AP A~ g|W(B)V (A} A"). . {3.17}
If in (3.17) we substitute A = MJ, A' =dd|, and B = CgC,%, we obtain
(x)]V(dd,)W(CgM&Cf) = Mé(ddl)_!g(x)lw(cgcf)V(Moz(ddt)—1)

. . B , _ {3.18)
= My(ddy) " A(g(x)) 8" (M)|V (Mg(ddy)
by (3.13). Substituting {3.18) in (3.16), we have
gMu(x)lW(CgMc?Cz) = M{A(g(x))
x Y wld)uld)old)d! b(ddy Yy(ddy)(ddy ) g? (DI (MG (ddy) ™Y (3.19)
d\|d\My '
We apply (3.19] to prove (3.12):
L{s. fo. gMo(x)iW(C Mozcz))
= M{A(g(0)) Y. mdud)od)d] ™ bldd x(dd)dd)™ (3,0

dlldlMO
x L{s, fo. g” DIV (Mg (dd)™1)).
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xamination of the Dirichlet series coefficients in (3.20) shows that
L(s, fo. 8" \V (Mg(ddr) ™))
= (M§(dd1)™" Y L(s, folU(Mg (dd1)™"). 8° (D)) (3.21)
= a(Mg(dd)) ™" (MG (ddy)~" ) L(s, fo. £° (X)),
30 the convolution (3.12) is reduced to the form
(s, fo. 8a, (X)W (CeMGCY))
= Mg 5 a(Mo)* Alg(x))¥(s. fo, 8 (X)) (3.22)

x 3 wldu(d)e(d)dy™ x(dda(dd) ™ ddiy ' b(ddy ).
di|d| My

it is not hard to find the Euler factors of this Dirichlet series, using the properties.

) and (1.20) of the convolution, from which it follows that

2 So. 87 (0) = ¥(s. £.87(X) [[10 - T BY(@)a™)(1 - @' BN @) ™)) (3.23)
q€8

dition, from the definition of the Hecke polynomial

1-b(g)X + w(g)g'~' X2 = (1 - B(g)X )1 - B'(g)X)

ave d;M u(d)u(d)eo(d)d\~ b(dd] VYa(ddy)™ x(dd)(ddy )~
: - [T1(1 = (2™ B) (@) )(1 = (2™ B)(@)4° )]

bining (3.22)-(;.I ;44) we obtain (3.12). This completes the proof of Proposition

(3.24)

t4. Archimedean integral representation for the distributions

|. We shall prove an S-adic analog of the following classical integral formula of
in (see (1.19)): for F € # (N, w) and G € .#(N, w) we have

(s, F,G) =2"'T(s + | - Drn~*(F?,GE(s — k + 1)), (4.1}

Fo(z) = F(—3) € (N,
E(s)=E(z,s)=E(z,5:k - |, yw, N)
=1*> 'y (n)(mNz + n)~k-H-12l

Eisenstein series of weight & —/ > 0, and in (4.2) we have adopted the notation
sl = z=k|z|=* for k € Z and 5 € C (sec [14]); here the prime after the summation
ol indicates summation over all {0,0) # (m, n) € Z2.

yplying (4.1) in the case when

F = folV(Cr) € F(MyCF w) € F(CoCr, w),
G = g (W (CoM') € F(CoM' B T?) C H(CoCr M, BT).
ansform the definition of the distributions (3.4) by means of the equality

W(s, folV(Cr), gas ()W (CoM"))
=27 T (s + 1 - Ha™(F?,GE(s — k + D)) c,c, m»

(4.2)

(43)

(4.4)

s
for

th
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wher¢
E(s} = Ez,5;k — Lyowy?, CGC,M")

is in the vector space z/}z(_](C()CfM ", Wwyx?), which consists of C*°-madylar forms
for To(CoCr M) with character Wwy?. If we set

K(s)=G E(s) € 4(CoCs M', W), (4.5)
then the formula for the values of the distribution (3.4) takes the form
WO () = (M Moy~ "a(M M)~ € (C)

Fp,K(S+1-—k))CC M (46)
x A ‘12“I‘s+1—lﬂ‘3{ thd iy

(g) ( ) T e,

4.2. We define the trace operator Tt #(NM', %) — #.(N, %) by the equality

YETG (VM \Ta( V)

where the set of representatives of the right cosets To(NM/)\I'o(N) is chosen, for
example, in the form {(u},v ?)Iu mod M'}. We apply the operator (4.7) to (4.6) with
N = GCy; as a result,

(F?, K(s)) coepmr = (F2 K Trac ™ Vee (4.8)

since
Fe %(C@Cf, W)

We use the following identity from [6] for explicit computations:

KT = MK R\W (NM)YUM YW (N), (4.9)

_ 1
KIUM') =M%= 3 K (0 1,;,) . (4.10)
u mod M’ k
The identity (4.9) follows immediately from the matrix equality

1 0y _ Nl 0 -1 1 —u 0 -1
(uN 1)"(NM) (NM' 0)(0 M')(N 0)'
We apply (4.9) in (4.8) with N = (4C;, obtaining

(FPLK())cocpar = M'F2 KN () UMW (GCr)) e (4.11)

in which

where .

K'(s) = K(s)IW (CoCyr M) € 4 (CoCr M, y)
is a function whose Fourier coefficients can be computed completely explicitly for
special values of s (more precisely, for / -k < 5 €0, s € Z). In fact, we first note
that, by definition,

g, QOVW (CoM "YW (CoCr M) = (= 1)/ CFgasy (OIV (C), (4.12)

and we set E'(z,5} = E(z,5){}W(CoC;M’). The Fourier expansion of the Eisenstein
series will be computed in §4.5, after which we obtain the Fourier expansion of the
function

K'(s) = (=1)'CPam(0)IV(Cr) E'(z,5). (4.13)
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4.3, We now give a general result about Fourier expansions of Fisenstein serieg
in terms of the Whittaker functions W(y,«, §), which for y > 0 and o, 8 € C,
Re(B) > 0, are defined by the integral

W(y,a ) =F(ﬂ)‘l/0w(u+ D yf—te= v gy (4.14)

and for arbitrary a, f# € C are defined by analytic continuation and the functiona]
equation _
W(y,ap)y=y" Wy 1-41-a).

If r is a nonnegative integer, then
r
R | F r(a) r—i
W(y.a, r)—g( 1) (i)r(a—i)y i (4.15)
Suppose that N and m are integers, s € C, N > 1,- and ¢:Z/NZ x Z/NZ — C is
an arbitrary function. Then for m + 2Re(s) > 2 one can define the Eisenstein series

E(z,s;m, @)=Y o(n, m)(ny +mpz) "%, (4.16)

which can be analyticaily continued in 5 € C and satisfy a certain functional equation;
here it is possible for #1 to be negative. In order to write out the Fourier expansion
of the functions (4.16), we define a partial Fourier transform P, (n, n2) of ¢(c, d) by

the formula :
(Pp)(ni,m)= Y o(a, nye(an [N), (4.17)

a mod N

which has inverse given by
(P~ ‘ca)(nl n)=N"1 3" olame(-an /N). (4.17a)
amod ¥

For an arbitrary function h: Z/NZ — C we set
Aoy (%) = B(x) + (=1Y"h(-x),  L(s.h) = Z'h(n)n".

4.4, PROPOSITION. Ifsisan integer Jor which m +5 > 0, s <0, then one has the
Sfollowing Fourier expansion.
N™ 2 (m + 5)
(—2mi)ym+2s(—4my)-s
_ {—AnyyT(m+s)
~ E(m+2s) _
I'(m+2s-1)
WL(m +25—-1, P@(, 0)(m)}

+ (4 y)* Z sgn(d)d™ =~ Pp(d, d"\W (4ndd'y, m + s, s)e(dd’ z).
dd' >0

E{(Nz,s;m, @)

L(1 - m — 25, Pe(-,0))

(4.18)
+

The proof of the proposition is based on a classical computation of Hecke {17], a
version of which is contained in Katz’s paper [20]. It follows rather easily from the
Fourier expansion. of the function ‘

F(zy=> (z+n)™(z+n)? (zeH). (4.19)
nel
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Namely,
F(2)= ta(y,, Be(nx),
nel
where the coefficients ¢,(y, o, #) are given by the relations (sée [31])
notB-le- 2y o)~ W (4rny, a, B), n>0,
PPRm) T (v, @, B) = § |njet A le I T(B) W (4zinly, B.a),  n <0,

F(o)~'T(B)"'T(a + B — Y(4ny)' =4, n=0,

which at the same time give an analytic continuation of the function F(z) = IF{z; e, ff)
to all (a, B) € C?, whereas (4.19) converges only for Re(a + #) > 1. We omit the
details of the proof of (4.18).

4.5. We apply the result in Proposition 4.4 to the Eisenstein series in §4.2:

E(z,s)=E(z,5;m, x,N),  E'(z,8) = (VNz)""E{~{Nz)"},s).
For convenience we introduce the normalized Eisenstein series

N2 (m + 5)
(=2mi)ym+2s(—4m)-
_ I{m +75)

C(=2miyms(—dpy) -

where @a{n|, n3) = x(n2) and the series

E(z.s;m,02) =Y z(e)ez +dy1l

depends on the character y but not on N, Then in (4.18) we have that Pp,(d,d") =
~ Ny(d") or 0 depending on whether or not 4 is divisible by N. As a result, we obtain
the expansion

G*(z,5) = SE'(z,5) (420
4.20

E(z,sym, 92),

G (z,5) = (4ny)e(s.m, x)
+(4nyy 3 sen(d)d™ )y (&YW (dndd' y, m + 5, 5)e(dd'z).  (4-21)
dd’ >0

4.6. We apply (4.20) to (4.13) with s equal to s—k + 1 and m equal to k —/. Then
in (4.20) we have that s + misequalto s —/+ 1, m+ 2sisequal to 2s + 2 — k — [,
and

E’(Z,S —k+ 1) — (CngM')'(25+2_k_I)’/2(w~I)S’IHik_!
x 2=l s — [+ 171G (z, 5 — k + 1).

Combining this with (4.6), (4.11), and (4.13), we obtain the following Archimedean
integral representation for the distributions:

Y00 = v(MO(f, N/ (FP K (s =k + DIUM W (CoCrlce, (4.23)

(4.22)

in which we have set
K*(s) = (-1 CT(Ce)Cp° gas, ()IV(C )G (2. 5),

, (4.24)
G (z,5) =G (z,8,k - Lywg, CoCrM'),

and
,P(Mt) — I-*k+[2kmx'*1CJ;—[Cg‘(k—!)ﬂa(MrMo)Mé(/?.—lA(g)fl (425)
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a p-integral algebraic number. It follows from the Fourier expansion {4.21) that

r integers s with [ — k < 5 <0 we have

o
K)=)_ > dlm,nyys)enz),
n=1 Cn|+ny=n
(1. Mg)=1

1ere for (n, My) > 1 the Fourier coefficients are given by

d(ny, ny;y,8) = (1Y C°7(Ce)Cg * x (m)b{ny)

(4.26)

x (4my) Y wwx{d)sgn(d)d> - lI/T/'(é!ﬂ‘mgy s—1+ks)

nzzdd’

We now state the basic result of the section.

(4.27)

4,7. PROPOSITION, In the above notation, for s € Z with 1 < s < k — 1 one has the

pality

L (1) = WML NGV (CH), Ko (s =k + DIF(CoCrl ey »

t which, forseZ with 1 +1 -k <s<0
Ru(sy=Y, . dn,nys x)e(nz) € %(CoCy, W)
r=) Cnj+n=M'n
' a cusp form with algebraic Fourier coefficients given by
d{n, nys, x) = (1) CrA(C)C x () b(ny)

x D wap(d)sen(d)d> 1 P, n),
ny=dd’

Ps(xjy) =i(_1)i (‘— ) F(k——l+s}1"(k—— I — l) - ’y

nd

pars Tk —1+s—iT(k - 1}
=xT+yQ{xy) €Zlx,y]  (-520)
- a polynomial with integer coefficients.
The proposition is proved using the holomorphic projection operator
L M CoCr,w) — F2(CoCro ),
hich is defmed by the condition
(h, #OL (K)o, = (B, K)eyc;

(4.28)

(4.29)

(4.30)

(4.31)

or all i € 5 (CoCr, w). We apply the general integral formula for the action of the

perator #7.F (see [16] and [32]) to the function
Raupr(s) = HEL(K*(5)|U(M")).
ere this function takes the form: for n € N, Cnl +nm=Mn

(4mp)*!

—2any ,k—2
r(k_l f d{nl a2y, S) y dy

d(ny, R8s, x) =

(4.32)
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The proof of the proposition is completed by integrating in (4.32), taking (4.27)
and (4.15) into account, and also using the standard integral representation for the
I-function.

§5. Algebraicity, integrality, and congruences for the distributions

5,1. We now specialize the general definition of the distribution in (3.4) to the
case s =1 +r, where 0 < r < k — [ — 1, it then follows from Proposition 4.7 that

W70 = v (MY NIGHE? Kap(r =k + 1+ DIW(CoCrlae,

5.1
= (MWL LY HAFPIW(CoCr), Kp (r =k + 1+ D)o, 5

and all of the numbers (5.1) are algebraic. In fact, the cusp form K. (r —k +141)
in §4.7 with algebraic Fourier coeflicients can be decomposed with respect to an
orthogonal basis of the vector space %4 (CoC/, w) such that one of the basis vectors

is the cusp form f'|W(Co) = C}2FP|W(CyCy). Here one must take into account
that the inner products (f, )¢, and {(F?|W(CoCy), FPIW(CoCr))cyc, differ only by
an algebraic factor [29]. This fact can be established using the Euler products

L(s, [}, L(s, FPIW(CCr)), (5.2)

which differ from one another only in a finite number of Euler factors; at the same -
time the corresponding inner products can be interpreted in terms of the special
values of (5.2) at the point s = k — 1. This also implies that the linear functional

LK (f fle (Fp KIW{(GCrhleye, (5.3)

on the complex vector space .#4{CoCy, ) is defined over Q. i.e., for a finite set of
natural numbers »; € N and fixed algebraic coefficients &(#;) € Q we have

Z(K) = Zf(nf)a(m,K), (5.4)

in which, by definition, K(z) = }_ - a(n, K)e(nz).

5.2. We now apply our fixed embedding i,: Q — C, to the algebraic numbers (5.1),
as a result obtaining the C,-valued distributions / p(‘}’S,,Jr,) We set ¥ = 1,(¥s)).
We note that, if we use the defmition of the functional (5.3), the formulas {5.1) for
the distributions take the form

W (X)) = W MO)F K (r —k +1+ 1)), (5.5)

where M’ is a sufficiently large natural number which is chosen depending on x, y(M’)
was defined in (4.25), and we have the property |i,(y(M'))|, = | by our assumption
that the cusp form f is p-ordinary (see (1.8)):

Hplalghl,=1 (@eS8),  |ipla(M),=1

5.3. Propesition. a) The C,-valued distributions i,(¥s,.,} on L3 are bounded for
all integersr=10,1,..., k—-I-1.
b) The following S-adic equality holds:

[ asats= [ xdi(s). (5.6)
Z z$

Proposition 5.3 is proved using the abstract Kummer congruences in §2.3. Here
we make use of the set of functions on Z>S‘ of the form yxi, where y € X9,
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1,...,k—{—1. For any finite set of characters ¥y € X" we choose a common
of M and a sufficiently large M’ so that the integral formula (5.5), coming
roposition 4.7, holds for each of these characters. We now use the description

of the linear functions %, As a result we find that proving the abstract Kum.
mgruences for the numbers i, (‘I‘gﬁr (%)) is equivalent to proving the following
iences for the Fourier coefficients (4.29):

dim.myr—k+1+1,%)  Crn+m=Mn
(4.29) and (4.30), along with the equality Cyny + np = M'n, it follows that
Pyny, ny = k=717 = (dd"ye- 17177 (mod M),
x1(n) = X(=Cr)x(m) = 2(—Cr)x{dd").
zquently, we have the congruences
Lanr—k+l+1, 0
=7(-C)=C)"* 2 b(ny) Y T T sgn(d)x(d)d” (mod M),

m=dd’

5.7
w remains only to note that the abstract Kummer congruences are obviously
led for the expressions on the right in (5.7). Since we have considered the
tions yxj with r = 0,1,...,k — [ — 1 simultaneously, both parts of Proposition
mmediately foliow. ' '
4., The non-Archimedean Rankin L-functions in the fundamental theorem can
be constructed as the non-Archimedean Mellin transforms of the measure Wg =
5.1). These functions are bounded C,-analytic functions on Xg which are uniquely
mined by the special values Ws(xx,). These values are given in Propositions
) and 5.3b):

4m r r; - | ‘Pl o i
15 (P(xxp)) = o(CHG) L a(C) 2 4(r 1) (nﬂu{ﬁg .

e A(r, x) is the product in (1.15). Theorem 1.4 is proved.

5. To prove the S-adic functional equation (1.16), we use the Archimedean func-

1 equation for the convolutions: if f € #(Cy, w) and g € &(C,, w) are prim-
cusp forms and (Cr, Cg) = 1, then for any primitive Dirichlet character x
C, we have (see [22])

Vs, [, 87(X)) = By(s)¥(k +1 =1 =5, f7, (%)), (3.9)
e (Cs, Cy) ={(Cq, Cy) = 1, and
By(s) = (CrCeCY 72 (=1Va(Cr )y (Cy)

4
x PC Cowal C) SE- AV AT
X

e A(f) and A(g) are the constants in the functional equations {1.12). In (5.9) we
set 5 = [+r, and we compare the values of the functions ¥(x) and W(x*—/='x~1)

e points x = xx.. Here we take into account that the product A(r,x) =
f

v; /. g, @) does not change if we replace (f, g, «, 8, x, r)by (f7. g% &, B, 7. k—1-
). As a result we find that the functional equation (1.16) holds for these special -
s, and it remains once again to use the fact that bounded Cp-analytic functions -
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are uniquely determined by their values at the points x = xxy,. With this observation
the proof of Theorem 1.5 is complete.
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