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Introduction

The theory of p-adic modular forms was initiated by Serre, Katz, and Dwork, who,
in the early 1970’s, attempted to define objects which would be recognizably modular
forms but which would be truly p-adic, reflecting the p-adic topology in an essential
way. Specifically, one wanted a theory where two modular forms with highly congruent
g-expansion coeflicients would be p-adically close, and where limits of modular forms
(with respect to this topology) would exist. The initial motivation for this construction
was the problem of p-adic interpolation of special values of L-functions.

The first difficulty, of course, was to find the correct definitions. Serre’s approach (see
[Se73]) was the most elementary: modular forms were identified with their g-expansions
and p-adic modular forms were considered as limits of such g-expansions. Serre showed
that such limits have “weights” (in a suitable sense), and developed the theory suffi-
ciently to be able to obtain p-adic L-functions by constructing suitable analytic families
of p-adic modular forms. His theory of analytic families of modular forms will be briefly
discussed in our third chapter. He was also the first to notice that modular forms of
level Np (and appropriate nebentypus) are of level N when considered as p-adic modular
forms, which is a crucial aspect of the p-adic theory.

Dwork’s approach was more analytic. In [Dw73], for example, he restricts himself
to p-adic analytic functions on a modular curve (i.e., p-adic modular forms of weight
zero); in the same article, he notes the importance of growth conditions and of the fact
that the U operator is completely continuous (in the sense of Serre) in the case which
he is considering.

Katz’s work brought these approaches together, showing how to define p-adic modu-
lar forms in modular terms, generalizing the results of Dwork on the U operator and of
Serre on congruences ([Ka73], [Ka75a], and [Ka76]). As defined by Katz, p-adic modu-
lar forms are clearly modular objects, i.e., they are clearly related to classifying elliptic
curves with some additional structure. This allows a much more conceptual approach
to the theory, but at the same time makes it less accessible. Using his results, Katz
was able to obtain important results on higher congruences between g-expansions of
modular forms and several interpolation theorems for L-functions and Eisenstein series.
It is this approach that we follow on foundational matters, and it will be fully described
in our first chapter.

During the preparation of this book, the author received the financial support of the Fundagio de
Amparo a Pesquisa do Estado de Sao Paulo, Brasil, of the CAPES-COFECUB project, and of the Institut
des Hautes Etudes Scientifiques in Bures-sur-Yvette, France.
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More recently, attention has once again been called to the subject of p-adic modular
forms by the work of Hida, who has used the theory, especially through his construc-
tion of the “ordinary part” of the space of p-adic modular functions, in several different
contexts (see [Hi86b], [Hi86a], etc.). Most notably, from our point of view, he has
shown how to use ordinary p-adic modular forms to construct analytic families of Ga-
lois representations. This has been considered in more detail by Mazur and Wiles in
[MWB86], and has motivated Mazur’s construction of a general theory of deformations
of Galois representations in [Ma], in relation to which several interesting results have
been obtained by Mazur and Boston.

The aim of this book is twofold. In the first place, we have tried to put together
a unified and coherent exposition of the foundations of the theory, pointing out, in
particular, the connections between the various approaches of Serre, Katz, and Hida.
In the course of so doing, we have filled in various gaps and obtained several new
results. In particular, we have obtained quite a bit of information about the action
of the U operator, especially as relates to the spaces of overconvergent forms. In the
second place, we have considered the problem of constructing deformations of residual
representations, and shown that many of these are attached (as in the classical case)
to p-adic modular forms which are eigenforms under the action of the Hecke operators,
provided the original residual representation is absolutely irreducible and attached to a
classical modular form over a finite field.

The chapters break down as follows: the first chapter is largely foundational in
nature, and most of its contents are to be found, implicitly or explicitly, in the works of
Serre and Katz. It is intended to give the reader ready access to the theory. We have
tried to give precise references for all the quoted theorems, and have frequently given
informal descriptions of their proofs.

The second chapter introduces the Hecke algebra, and, in particular, the U operator,
and considers the problem of obtaining eigenforms for the Hecke algebra by way of
studying the spectral theory of the U operator. These results are extensions of those
obtained by Katz in [Ka73] (he considers only the case of overconvergent modular forms
of weight zero). The main payoff here is the fact that there are “very few” overconvergent
eigenforms for the U operator outside the kernel of U, in the precise sense that the space
of overconvergent eigenforms for U with fixed weight k € Z and fixed valuation for the
eigenvalue of U is finite-dimensional. In fact, if one requires that the eigenvalue of U
be a unit (the “ordinary” case considered by Hida), one knows that any such eigenform
of weight & > 3 will necessarily be classical. In the non-ordinary case (i.e., when
the eigenvalue is assumed to belong to the maximal ideal of B), one does not know
any examples that are not classical modular forms. By contrast, if we do not require
overconvergence, one can produce a large number of (non-ordinary) eigenforms by a
simple construction.

The third chapter deals with constructing Galois representations; for this, we first
construct a good duality theory for the Hecke algebra (related to the one obtained by
Hida), and then use it in a crucial way to construct a “universal modular deformation”
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of a given (modular) absolutely irreducible residual representation, which defines a sub-
space of Mazur’s “universal deformation space”. We then study this “universal modular
deformation space” with a view to the natural question of determining its dimension,
and, in particular, of deciding how close it comes to filling the entire deformation space.
In this direction, we show that the Krull dimension of the modular deformation ring is
at least three, which implies that the dimension of the modular deformation space, as
a formal scheme, is at least two. One suspects that all of the deformations are in fact
modular, so that the two deformation spaces are the same; we have not been able to
show this, even in the well-understood “neat S;” case considered by Mazur and Boston,
but we have several partial results that tend to support the conjecture.

Readers who are already familiar with the theory of p-adic modular forms as for-
mulated by Katz may wish to skip all of the first chapter and the first sections of the
second, beginning to read at the point where we begin to study the U operator and its
spectral theory. Readers who are only interested in Galois representations can begin
directly with Chapter 3, and refer back as necessary.

Most of the work contained herein was done while at Harvard University and at
the Institut des Hautes Etudes Scientifiques; I would like to thank both institutions for
their hospitality, and in particular for having been able to use their computer facilities
so as to give this text the appearance it has.

My debt to the mathematical work of Barry Mazur, Nicholas M. Katz, J.-P. Serre,
and Haruzo Hida, among others, will, I hope, become abundantly clear in the text.
On a more personal level, many people have helped me on the way to the completion
of this book, which is a expanded and corrected version of my Harvard Ph.D. thesis.
Barry Mazur, who was my thesis advisor, suggested the topic, expressed interest at every
stage, and supplied crucial help at many points. David Roberts, Dinesh Thakur, Jeremy
Teitelbaum, Alan Fekete, and others of my fellow graduate students at Harvard were
always ready to discuss this and other topics, and contributed greatly to the intellectual
excitement of doing mathematics. J. F. Mestre of the Ecole Normale Superieure helped
me with the complexities of incompatible computer equipment at a critical point in the
preparation of the final version. My sons Heitor and Marcos reminded me every night
that there was more to life than mathematics, and cheered “Daddy’s big project” on
from day to day. My parents helped in many ways, both financially and personally, and
my wife contributed in more ways than one can count. I thank you all; may God bless
you all greatly.

Bures-sur-Yvette, January of 1988

Fernando Quadros Gouvéa

... TL TOLElTE, TavTa e §6fav Ocol moreiTe.
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Chapter I

p-adic Modular Forms

We begin by giving an overview of the basic theory of p-adic modular forms, following,
for the most part, the approach of Katz. First, we explain Katz’s “p-adic modular forms
with growth conditions” and how they relate to Serre’s version of the theory. Then, we
go on to discuss “generalized p-adic modular functions” (which, as the name suggests,
include all the objects defined previously). The main references for this chapter are the
foundational papers of Serre and Katz, especially {Se73], [Ka73], [Ka76], and [Ka75b].

To understand the definition of p-adic modular forms as functions of elliptic curves
with extra structure (which is what we mean by a “modular” definition), we should first
recall how to interpret classical modular forms in these terms.

Classical (meromorphic) modular forms can be interpreted as functions of triples
(E/A, w, 1), composed of an elliptic curve E over A4, a non-vanishing invariant differential
w on E and a level structure 2, obeying certain transformation laws. Equivalently, they
can be thought of as global sections of certain invertible sheaves over the moduli space
of elliptic curves with the given kind of level structure, which is of course a modular
curve. If we restrict A to be an algebra over the complex numbers, then it is easy
to see that this is equivalent to the classical theory, since the quotient of the upper
half-plane by a congruence subgroup classifies elliptic curves with a level structure. The
fact that allowing A to run over R-algebras produces the classical theory of “modular
forms defined over R” (i.e., complex modular forms whose Fourier expansion coefficients
belong to R) is known as the “g-expansion principle”. An exposition of the classical
theory in this spirit can be found in the first chapter of [Ka73]; the first appendix to
the same paper explains how this formulation relates to the classical definitions.

We wish to obtain a p-adic theory of modular forms, i.e., a theory which reflects
the p-adic topology in an essential way. This cannot be done by simply mimicking the
definition of classical modular forms as functions of elliptic curves with level structure
and differential, because the space of “classical modular forms over Z,” thus obtained
is simply the tensor product with Z, of the space of classical modular forms over Z.
To obtain a properly p-adic theory, we should take into account the p-adic topology by
allowing limits of classical forms. This can either be done directly in terms of Fourier
expansions of modular forms, or one can try to obtain a “modular” definition.
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The first approach, which is due to Serre (in [Se73]), is to identify a classical modular
form with the set of its g-expansions, and then to consider limits by using the p-adic
topology on Z,[[q]]. Oneis then able to show that whenever a sequence of classical forms
tends to a limit, their weights tend to a “p-adic weight” x, which is just a character
X : Z; — Z;. This produces an elementary theory with strong ties to the theory of
congruences between classical modular forms, which turns out to be a special case of
the “modular” theory developed by Katz in [Ka73].

To obtain a “modular” theory of p-adic modular forms, one should define them
as functions on elliptic curves, or, equivalently, as sections of bundles on a modular
curve. This is achieved by Katz’s idea of considering the rigid analytic space obtained
by deleting p-adic disks around the supersingular points in the (compactified) moduli
space M(N) of elliptic curves with a T';(N)-structure over Z,. To do this, we recall
that, for p > 5, the classical modular form E,_; is a p-adic lifting of the Hasse invariant
(this is equivalent to the well-known fact that the g-expansion of E,_, is congruent to
1 modulo p, see [Ka73, Section 2.1]), and consider regions on M(N) where E,_; is “not
too near zero”. Since we would like to remove as small a disk as possible, we will allow
the meaning of “not too near zero” to vary in terms of a parameter r, which we call the
“growth condition”. Taking r = 1 amounts to restricting ourselves to ordinary curves
(i.e., to deleting the supersingular disks completely), and the resulting theory is the same
as Serre’s. However, if 7 is not a p-adic unit, we get a smaller space of “overconvergent”
forms, which can be evaluated at curves which are “not too supersingular”. Many of
the interesting questions of the theory turn on the relation between these spaces as
one varies r. The idea of considering modular forms with growth conditions at the
supersingular points seems to be originally due to Dwork (for example, in [Dw73]); it
was first developed systematically by Katz in [Ka73].

The idea of deleting the supersingular curves (more precisely, the curves with super-
singular reduction) may sound strange at first, but is in fact quite natural in the context
of what is wanted. We would like congruences of g-expansions to reflect congruences of
the modular forms themselves, so that, for example,

E,.1(¢g) =1 (mod p)

in Z,[[q]] should imply that there exists a modular form f such that
Epoi —1=pf;

this, however, is certainly false if we allow f to be evaluated at (a lifting of) a supersin-
gular curve since the value of E,_; at any such curve must be divisible by p (because it
lifts the Hasse invariant). It turns out that omitting the supersingular disks (and pos-
sibly restricting the choice of differential on the curve) does the trick, and congruence
properties of g-expansions are then reflected in congruence properties of p-adic modular
forms. It also turns out that it is interesting to vary the radius of the omitted disk,
introducing growth conditions and making the theory richer.
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The choice of E,_; as a lifting of the Hasse invariant automatically restricts us to
primes p > 5. For p = 2 and p = 3, one must choose a different lifting of the Hasse
invariant (of higher level, since there is no lifting of level 1); one knows that such liftings
exist for p= 3 and N > 2 and for p = 2 and 3 < N < 11. This means that it is possible
to construct a theory on the same lines for p = 3 and any level N > 2 (and then obtain
alevel N = 1 theory by taking the fixed points under the usual group action); for p = 2,
however, one will only get a theory for levels divisible by some number between 3 and
11, and again try to use group actions to get the full theory. In any case, since we
will later need to restrict our theory to the case p > 7 (for the spectral theory of the
U operator), we have preferred to avoid these questions entirely by stating our results
only for primes p > 5. In [Ka73], Katz discusses these problems further, and takes the
cases p = 2 and p = 3 into account in the statements of his theorems.

I.1 Level Structures and Trivializations

In what follows, p will denote a fixed rational prime, p > 5, and N a fixed level with
(N,p) = 1. To guarantee that the moduli problems under consideration are repre-
sentable, we will often assume that N > 3 (especially when discussing forms with growth
conditions). We let B denote a “p-adic ring”, i. e., a Z,-algebra which is complete and
separated in the p-adic topology. In most cases, B will be a p-adically complete discrete
valuation ring or a quotient of such.

Let E be an elliptic curve over a p-adic ring B. We will consider, following Katz,
level structures on E of the following kind:

Definition 1.1.1 Let E be an elliptic curve over B, and let E[Np¥] denote the kernel of
multiplication by Np¥on E, considered as a group scheme over B. An arithmetic level
Np”structure, or T1(Np*)*"**h.structure, on E is an inclusion

¢ pigpe < EINp]

of finite flat group schemes over B.

It is clear that, if v > 0, the existence of such an inclusion implies that E is fiber-
by-fiber ordinary, so that we are automatically restricting our theory to such curves
whenever the level is divisible by p.

We will denote by AMM°(Np*) the moduli space of elliptic curves with an arithmetic
level Np¥ structure. When v > 0, this is an open subscheme of the moduli space
of elliptic curves with a I'y(Np*)-structure as defined by Katz and Mazur in [KM85],
which we denote by M;(Np*). This last space may be compactified by adding “cusps”
(see [KM85], [DeRa]); this produces a proper scheme which we will denote by M;(Np¥),
which contains as an (affine when v > 0) open subscheme the scheme obtained by adding
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the cusps to M°(Np”), which we denote by M(Np*). Thus we have a diagram

M°(Np”) — M;(Np”)
! !
M(Np*) — M;(Np")

Moreover, the horizontal arrows are isomorphisms outside the primes dividing Np¥; in
particular, they are isomorphisms of schemes over Z, when v = 0. (For more comments
on these moduli spaces, see [MW86].)

We will say an arithmetic level Np”structure is compatible with an arithmetic level
Np* structure if the obvious diagram of inclusions commutes.

We will also want to consider “trivialized elliptic curves over B”, which we define as
follows:

Definition 1.1.2 Let E be an elliptic curve over B. A trivialization of E is an 1somor-
phism

e:E — G,
of formal groups over B, where E denotes the formal completion of E along its zero-

section. A trivialized elliptic curve over B is an elliptic curve E over B together with a
trivialization .

It is clear that such an isomorphism can only exist when E is fiber-by-fiber ordinary;
conversely, given such an E, one can obtain a trivialization after a base change (see
[Ka75b]).

We will say that a I';(Np¥)***-structure 2 : py, — E[Np“] is compatible with a
trivialization ¢ if the induced map

~ —_— ~

I—LPVHE—*G",/

is the canonical inclusion.

It is important to notice that a trivialization ¢ determines a sequence of mutually
compatible T'y(p¥)° " -structures. In fact, since there is an equivalence between the
categories of p-divisible smooth connected commutative formal groups over B and of
connected p-divisible groups over B (see [Ta67]), giving a trivialization is equivalent to
giving such a sequence of level structures (which we might call a I';(p*™)*"**-structure),

and we will use either without further comment.

1.2 p-adic Modular Forms with Growth Conditions

In this section we define and review the basic properties of Katz’s p-adic modular forms
with growth conditions, which include as a special case Serre’s p-adic modular forms.
All of this is due to Katz in [Ka73], to which we will constantly refer for more details.
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1.2.1 Definitions

Let B be a p-adic ring and let r ¢ B; we will usually assume B is either a p-adically
complete discrete valuation ring or a quotient of such a ring. A p-adic modular form with
growth condition r will be a function on “test objects with growth condition r” with
prescribed transformation laws, by analogy with classical modular forms considered as
functions of test objects comsisting of elliptic curves with a level structure and a non-
vanishing differential. Our test objects will be elliptic curves with level structures and a
non-vanishing differential plus an extra structure which guarantees that a p-adic lifting
of the Hasse invariant of the curve is “not too near zero”.

Definition 1.2.1 Let A be a p-adically complete and separated B-algebra. A test object
of level N and growth condition r defined over B is a quadruple (E/A,w,z, Y), where E is
an elliptic curve over A, w is a nonvanishing differential on E, v is a T1(N)*"* . structure
on E, and Y € A satisfles

Y -E,'i(E,w) =1

We will sometimes refer to Y as an “r-structure” on the elliptic curve E. It clearly can
only exist when the p-adic valuation of E,_;(E,w) is smaller than the p-adic valuation
of r; for example, if » = 1, the existence of Y implies that E,_;(E,w) is a unit in A,
Furthermore, if B is flat over Z, and we fix a differential w on E, then the r-structure ¥’
is uniquely defined when it exists. Thus, requiring an r-structure restricts us to curves
which are “not too supersingular” (when r = 1, to ordinary curves).

Let k € Z be an integer; then we define:

Definition 1.2.2 [Katz] 4 p-adic modular form of weight k, level N, and growth con-
dition r defined over B is a rule f which assigns to a test object (E/4,w,1,Y) of level N
and growth condition r defined over B an element

f(E/4,w,2,Y) € A
satisfying the following conditions:
i. :f(E/A, w,1,Y) depends only on the isomorphism class of the triple (E/A,w,z,Y),
it. the formation of f(E/A,w,1,Y) commutes with base change,
it. for any A € A* we have
(B4, 20,0, NP ) = X f(B)4, 0,0, ).

We denote by F(B,k,N;r) the space of all p-adic modular forms of weight k, level
N, and growth condition r defined over B. The restriction to p-adic rings A in the
definitions implies that we have

lim F(B/p"B,k,N;7) = F(B,k,N; 7).
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We say a p-adic modular form with growth condition r is overconvergent if r is not a
unit in B.

Let f € F(B,k,N;r). Let Tate(q) be the Tate elliptic curve defined over B(’(T])) (the
p-adic completion of the ring of Laurent series with coeflicients in B), let 1, denote
its canonical arithmetic level N structure and let w,,, denote its canonical differential.
(For the definitions, see [Ka73, Appendix 1] or [DecRa, Chap. VII].) Since Tate(q) is
ordinary, E,_1(Tate(q),wean) is invertible, so that we can take

Y=r. Ep_l(Tate(q), wcan)_l

and evaluate f on the test object (Tate(g}, Weans tean, ¥} to obtain an element of B(/(\q))
{the p-adic completion of B((g))). We call

f(q) = f(Tate(Q)’ Wean, Lean Y)

the g-expansion of f, and often, as here, denote it by f(gq). We say that f is holomorphic
if

f(Ta*te(q)’wcamlv Y) € BH‘]H

for every arithmetic level N structure : on Tate(gq), and we denote the space of all such
f by M(B, k,N;7). (The reader will note that our notation differs from that of Katz in
[KaT73].) In this case we again have

lim M(B/p"B, k,N;r) = M(B, k,N;r).

One may also define the subspace of cusp forms, analogously to the classical case, by
requiring that the g-expansions at all the cusps belong to ¢B[[q]], i.e., we say that
f € M(B,k,N;r) is a cusp form if

f(Ta‘te(q)awcan»zaY) € qB[[q]]

for any level N structure 2 on the Tate curve. We then denote the space of all such by

S(B,k,N;r).

Remark: Alternatively, we can think of modular forms as global sections of the invert-
ible sheaves w®*, where w denotes the sheaf on M(N) obtained by pulling back the sheaf
of differentials on the universal elliptic curve on M(N) via the zero-section. Then we
should take as test objects triples (E/S, 1,Y), where E is an elliptic curve over a scheme
S, ¢ is an arithmetic level N structure, and Y is a global section of w®1?) satisfying
Y - E,1(E/S,1) = r (where of course we view E,_; as a global section of w®®~1). This
accounts for the need to change both Y and w in the transformation rule above. In this
approach, meromorphic modular forms are sections over M°(N), holomorphic modular
forms are sections (of a canonically defined extension of w) over M(N), and cusp forms
of weight k + 2 are sections of w®* @ Q! over M(N), where Q' denotes the sheaf of
differentials on M(N).
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1.2.2 Basic Properties

The basic properties of the modules of p-adic modular forms with growth conditions are
explored in [Ka73]. We summarize in this section those which will be useful to us later.
First, we note that when the p is nilpotent in the ring B, one can determine com-

pletely the module of (meromorphic) p-adic modular forms from the classical spaces.
We have:

Proposition 1.2.3 When p is nilpotent in B and N is prime to p, there is a canonical
tsomorphism

=0

F(B,k,N;r) = (éF(B,k+j(P— 1),N)> [(Epa —7) (11)

where F'(B,k,N) denotes the space of classical meromorphic modular forms of weight k
and level N over B.

Proof: We give an idea of the proof for the case when N > 3, in which all the
functors in question are representable; the cases N = 1,2 follows by the usual methods.

The main point is that the scheme M°(N) is affine, and that the functor “sections
of w!™? over M°(N)” is represented by the relatively affine (and hence affine) scheme

Spec O(Symm(gp‘l));

adding the condition that the section satisfy Y - E,_; = r gives the scheme

Spec G(Symm(gp'l)/(Ep_l —- 7)),

and the Leray spectral sequence does the rest, since we are looking for global sections
of certain sheaves. (This shows also that the formal scheme representing the functor
“elliptic curves over p-adic rings with level structure 2 and r-structure Y” is an affine
formal scheme.) For details, see [Ka73, Prop. 2.3.1). o

The analogous result for holomorphic forms is not true unless r is a p-adic unit, in

which case we might as well assume 7 = 1. Then we have:

Proposition 1.2.4 When p is nilpotent in B and N is prime to p, there is a canonical
tsomorphism

M(B,k,N;1) = (éM(Bak +3(p— 1),N)> /(Ep-1=1), (1.2)

where M(B,k,N) denotes the space of classical holomorphic modular forms of weight k
and level N over B.
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Proof: This is proved in passing (for N > 3, when things are representable) in
[Ka75a}. The point here is that the scheme obtained by deleting the supersingular
points in M(N) is affine (because w has positive degree, and hence is ample), and the
proof of the preceding proposition still works. When r is not a unit, the scheme obtained
is the covering of M(N) given by

SpecM(Symm(gp“l)/(Ep_l - T))’

which is not affine. (This will also follow from the results relating this space to the
space of generalized p-adic modular functions which we will consider later.) o

Remark: It is worth noting that the above theorem makes sense even for the case
k < 0, where we simply take the spaces of classical forms of negative weight to be 0.
This is also the case for the following results.

When p is not nilpotent in B, one has a properly p-adic situation. In this case, one
can give a description of M(B, k,N;7r) both as an inverse limit of classical objects and

in terms of a “basis”. First we have:

Proposition 1.2.5 Let N > 3, and suppose that k # 1 or that k =1 and N < 11. Let
B be any p-adically complete ring, and suppose that r € B s not a zero-divisor in B.
Then we have an isomorphism

M(B, k,N;7) = lim HY(M(N), P w 1) § (B/p"B)/(Bp-r — 1),
n 7=0 e

where M({N) = M,(N) denotes the compactified moduli scheme over Z, for elliptic
curves with a T';(N)**_structure and w denotes the invertible sheaf on M(N) obtained

by pulling back the sheaf of differentials on the universal elliptic curve via the zero-
section.

Proof: Once again, this is a matter of looking at the scheme classifying “test objects
with growth condition »” and then using the Leray-Serre spectral sequence; see [Ka73,
Thm. 2.5.1]. The restriction on the level when & = 1 is due to the fact that one does
not have a base-change theorem for modular forms of weight 1 and level N > 12 (see
the discussion in [Ka73]). m

We now give a more interesting description, due to Katz, of the spaces M{B, k,N;r);
essentially, we show that one may choose a “Banach basis” for M(B,k,N;r) in terms
of classical modular forms. We first note that the map of spaces of classical modular
forms

M(Zp,k + §(p— 1),N) — M(Z,k+ (G +1)(p — 1),N)
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given by multiplication by E,_; admits a (non-canonical) section (this is [Ka73, Lemma
2.6.1], which again is a cohomological calculation). Choosing such sections once and for
all for each j > 0 (a non-canonical procedure which should be thought of as analogous
to a choice of basis) we get

A(Zy, k, 5, Ny C M(Z,,k+ j{p—1),N)
such that
M(Z,,k+ j(p—1),N)=E, 1 - M(Z,,k+ (7 —1)(p—1),N) & A(Z,, k, j,N).
We also set
A(Z,,k,0,N) = M(Z,, k,N)
(which is just 0 when k is negative) and
A(B,k,j,N) = A(Z,,k,j,N) ®z, B.

Thus we have isomorphisms

J

PA(B,k,a,N) — M(B,k+j(p—1),N)

a=0 (13)
b — EE; 1,
Now let A™9(B k,N) denote the B-module of all sums
> ba, b, € A(B,k,a,N)
a=0

such that b, — 0 in the obvious sense, i.e., b, becomes more and more divisible by p in
M(B,k +a(p—1),N) as a — co. (Notice that 479'¢(B, k,N) does not depend on r, as
the notation suggests.) It is clear that A™9*( B, k,N) is naturally a p-adically complete
B-module. If B is a p-adically complete discrete valuation ring with fraction field K,
taking A9 B, k,N) as the “unit ball” defines a p-adic norm on A™#4(B,k,N) ® K
which makes this a p-adic Banach space over K.

The spaces of p-adic modular forms then turn out to be all isomorphic (but with
different isomorphisms) to A™¢*¥(B k,N), via an “expansion in terms of the chosen
basis”.

Proposition 1.2.6 Suppose that either k # 1 or N < 11. Then the inclusion, via (1.3),
of A" B k,N) in the p-adic completion of

HO(M(N), D wt+4-))

20
tnduces, for any r, an isomorphism
Am94(B k, N} —— M(B,k,N;r)
,,,aba (14)
Ez )’

S b, —_ 3
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where Y. 1°ba/ES_, is the p-adic modular form with growth condition r defined by

<Z ;;Ii) (E/A,w,%,Y) = > ba(E/4,w,2) - Y2

a>0 a>0

In particular, M(B,k,N;7) is a p-adically complete B-module.

Remark: In other words, since we have chosen Y to satisfy

Y E, .1 (Byw) =1,

~a ”

it makes sense to evaluate “r®E;%” on curves with r-structures, and, since our ring is
chosen to be p-adically complete, it makes sense to look at convergent sums of such
modular forms. Since modular forms may be multiplied by E,_;, one must use the
splitting referred to above to ensure uniqueness of the expansion. The point of the
theorem is that all p-adic modular forms with growth condition r are obtained in this
way, so that this gives a “Banach basis” {in quotes, because the “basis coefficients” will
be modular forms rather than numbers) for our space.

Proof: see [KaT3, Section 2.6]. o

The description we have just obtained has many useful corollaries, especially concerning
the relation between the spaces of overconvergent forms when one varies the growth
condition 7.

Corollary 1.2.7 Letr, = r-r, tn B. Under the hypotheses above, the canonical mapping
M(B,k,N;r,) — M(B,k,N;r;)

defined by transposition from the map of functors
(E/4,w,1,Y) — (E/g, 0,7 Y)

1s tnjective, and is given in terms of the “basis” by

Arig{d(B’ k, N) . Arigid(B, k, N)

15
E ba. [ — E 7%b,. ( )

This corollary allows us to identify the space of “overconvergent” p-adic modular
forms M(B, k,N;r) (where r is not a unit in B) as a subspace of the space M(B, k,N;1)
of (“non-overconvergent”, because defined only outside the supersingular disks) p-adic
modular forms. The description we get amounts to saying that the overconvergent forms
are those whose Laurent expansions around the omitted supersingular disks converge
especially rapidly (the “b,” should tend to zero “better than linearly”). To be precise:
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Corollary 1.2.8 Under the previous hypotheses, and assuming r is not a unit in B, let
f € M(B,k,N;1), and let
b
f= -
>

a>0

be its ezpansion. Then, for any m > 0, p™f is in the image of M(B,k,N;r) if and
only if r* divides p™b, in M(B,k + a(p — 1),N), for every a > 0, and 7%, — 0
in the same sense as above. If B is a discrete valuation ring, this is equivalent to
ord,(b,) > a-ord,(r)—m and ord,(r~%b,) — oo, where we normalize ord by ord,(p) = 1.
In particular, if K is the fraction field of B, then f € M(B,k,N;7) ® K if and only if

7%, — 0 as a — oo.

Proof: immediate from the previous corollary. D

Note in particular that
p"f € M(B,k,N;r) and f € M(B,k,N;1)

does not imply f € M(B,k,N;7), so that the natural p-adic topologies on the spaces
M(B,k,N;7)® K and M(B, k,N;1)® K are distinct. (In this statement, we are of course
assuming B is a domain and denoting its fraction field by K.) In fact,

(M(B,k,N;7)® K)n M(B,k,N;1)
is dense in M(B, k,N; 1), because it contains all finite sums of the form

> b.E%,

finite

while, as the next result shows, M(B,k,N;r) is actually a “very small” subspace of
M(B, k,N;1).

We give M(B,k,N;7) ® K the p-adic topology determined by making the B-sub-
module M(B,k,N;r) the closed unit disk; this is, so to speak, its “natural” p-adic
topology: it is the p-adic topology which makes the map induced by Proposition 1.2.6 a
linear homeomorphism of topological B-modules. With this topology, M(B,k,N;7)® K

becomes a p-adic Banach space, and we have the following very significant result:

Corollary 1.2.9 Under the hypotheses above, assume that B is a discrete valuation
ring, that B/pB 18 finite, and that r, = r-r; in B, where r is not a unit in B. Let K be the
field of fractions of B. Then the canonical map M(B,k,N;7,)@ K — M(B,k,N;7)®K
obtained as in the previous corollary is a completely continuous homomorphism of p-adic
Banach spaces.

Proof: One needs only check that the image of M(B,k,N;r,) (the unit ball in
M(B,k,N,r;) ® K) is relatively compact. Since it is contained in M(B,k,N;r;), it is
bounded, hence one need only check that its reduction modulo a power of p is a finite
set, which is clear from the expression of the inclusion in terms of the “basis”. a
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The next important property of our construction has to do with comparing the p-
adic properties of modular forms and of their g-expansions. As we remarked above, we
can only expect these properties to correspond if we exclude the supersingular curves;
in our setup, that amounts to taking r = 1. It turns out that this is also sufficient:

Proposition 1.2.10 With hypotheses as in Proposition 1.2.5, let ¢ € B be any element
which divides some power of p. For any p-adic modular form f € M(B,k,N;1), the
following are equivalent:

i. fez M(B,kN;1),

it. the g-ezpansion of f lies in z - B[q]].

Proof: see [Ka73, Prop. 2.7]. a

Thus, the p-adic norm on M{B, k,N; 1) is induced by the p-adic norm on Bl[g]]. (Note
that this is definitely not the case if 7 is not a unit in B; in that case, the topology induced
by the g-expansion map is weaker than the “natural” topology. M{(B,k,N;r)® K is not
complete with the g-expansion topology, since its image is dense in M(B,k,N;1) @ K .)
This shows that the spaces with growth condition 1 are the ones to consider in order to
obtain information about congruences between g-expansions. For example, the following
is an immediate consequence of Proposition 1.2.10 and Corollary 1.2.8:

Corollary 1.2.11 Let f € M(B,k,N;7); then there ezists a classical modular form
bo € M(B,k,N) such that f(q) = by(q) (mod p).

The point here is that b, has the same weight and level as f; on the other hand,
it is perfectly possible that bo(q) = 0 (mod p), in which case the result seems less
interesting.

Since Serre’s definition of p-adic modular forms is formulated in terms of limits (in
the p-adic topology of B[[¢]]) of ¢g-expansions, one would guess, after Proposition 1.2.10,
that Serre’s space will be related to our space M(B,k,N;1). This is in fact the case.
The first step is to get another description of the space of p-adic modular forms with
growth condition r = 1:

Proposition 1.2.12 Under the preceding hypotheses, given a power series f(q) € Bllq]],
the following are equivalent:

i. f(q) is the g-ezpansion of a p-adic modular form f € M(B,k,N;1),

. for every n > 1, there ezists m > 1 such that m = 0(mod p™!) and a classical
modular form g, € M(B,N,k+ m(p—1)) whose g-ezpansion is congruent to f(q)
modulo p"* in B|[q]].
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Proof: The main difficulty is to show that the reduction modulo p™ of the g-expansion of
a p-adic modular form is classical (i.e., is the reduction of the g-expansion of a classical
modular form); see [Ka73, Prop. 2.7.2]. 0

Thus, the space of p-adic modular forms (of integral weight) defined by Serre in
terms of limits of (¢-expansions of) classical modular forms (see [Se73]) coincides with
M(B, k,N;1). Of course, Serre also considers more general weights x € Hom,..,(Z), ZX).
We will consider these later, since they appear naturally in the theory of generalized
p-adic modular functions.

There are clearly relations between the various spaces of modular forms with growth
condition when one varies the weight. The simplest of these comes from the obvious
remark that E,_; is “invertible”, i.e., that E;'; € M(Z,,1 — p,1;1). Hence, we have

Corollary 1.2.13 Multiplication by E,_; gives an isomorphism

Eps
M(B,k,N;1) —— M(B,k+p—1,N;1).
The corresponding map on the “bases” is given by

A"94(B k. N) —— A"94B k+p—1,N)
(b07b13b2,"-) > (Ep_lb0+b1,bz,...).

As to the image of the subspace of overconvergent forms, we have

E,_1M(B,k,N;r) ¢ E,_;M(B,k,N)+rM(B,k+p—1,N;r)
C M(B,k+p—-1,N;r).

In particular, if M(B,k,N) =0 (for ezample, if k < 0), we get an isomorphism

ig,_,
M(B,k,N;r) AN M(B,k+p—1,N;r).

Proof: This is all immediate by considering the expansion in (I.4) and using Corol-
lary 1.2.8. o

To some extent, this result shows that the theory of modular forms of negative
integral weight is determined by the theory for positive integral weight. However, the
isomorphism is not equivariant for the action of the Hecke operators, which makes it
less interesting from the point of view of the following chapters, where we will mostly
be considering eigenforms under the Hecke operators.

I.3 Generalized p-adic Modular Functions

Generalized p-adic modular functions were first introduced by Katz in his papers [Ka75b],
[KaT77] [Ka76], and [Ka75a]. They represent a generalization of what was done before,
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and, as we shall see, they contain all the spaces we have discussed so far. The ring
of generalized p-adic modular functions is the ideal context for studying congruences
between modular forms of different weights, and also for considering universal problems,
as we shall do later with respect to Galois representations.

We begin by giving the definition and the basic properties of p-adic modular func-
tions, and define the diamond operators which act on them. Then, using the action
of the diamond operators, we define the weight and nebentypus of a p-adic modular
functions and relate the definition to the classical one. In an appendix, we explain how
Serre’s “p-adic modular forms of weight x” fit into the picture.

There are slight variations in approach among the several papers of Katz quoted
above; our approach is closest to that in [Ka76], and we usually direct the reader there
for further details, especially of proofs, most of which we only sketch. For an overview,
the reader might also check the relevant sections of [Ka75b].

1.3.1 Definition

We will define generalized p-adic modular functions as functions on trivialized elliptic
curves (see Section I.1). Recall, first, that we have defined a p-adic ring to be a ring B
that is complete and separated in the p-adic topology, so that we have

B =1limB/p"B.

We will define a p-adic modular function as something which takes values on trivialized
elliptic curves defined over such rings. More precisely, the functor from the category of
p-adic rings (with homomorphisms that are continuous in the p-adic topology) to the
category of sets given by

isomorphism classes of triples
(E/A,go,z) where E is an elliptic curve
{p-adic rings A} — over A, ¢ is a trivialization, and :
is a compatible arithmetic level Np”-
structure

is representable by a p-adic ring W(Z,, Np*). For any p-adic ring B, the same functor

restricted to B-algebras A is represented by W(B,Np*) = W®B.
To construct the ring W, we first note that, since it is a p-adic ring, we must have

W = lim W/p"W = lim W(Z/p"Z, Np"),

so that we need only specify the rings W,, = W(Z/p"Z,Np*). For this, we recall that
a trivialization may be thought of as a compatible family of T';(p*)-structures. Recall
that M(Np¥) denotes the moduli space of elliptic curves over Z, with a T'y(Np*)eith-
structure (with the cusps added, but of course still affine if v > 1), and that M°(Np*)
is the subscheme obtained by deleting the cusps. For every m > v let W,,,, denote the
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coordinate ring of the affine scheme M°(Np™) ® Z/p"Z (when v = 0 and m = 0, one
must take the coordinate ring of the affine scheme obtained by deleting the supersingular
points from M°(N)® Z/p"Z). Then we set

W, =lim W, n, (1.6)
so that
W =lim lim W, ... (1.7)

Note that this definition is independent of the exponent v, so that we have
W(Z,,Np"} = W(Z,,N).

This is also clear from the modular description of W, since the trivialization ¢ and
the requirement that the level structure be compatible with it determine I';(p*)erth-
structures for all v > 0. (For more details of the construction of W, see [KaT75b],
[KaT76], and [Ka77].) An element f € W is called a generalized p-adic modular function.

Given a trivialized elliptic curve (E/4,,1) over a p-adic ring A, and a generalized
p-adic modular function f € W, we get a value

f(E/4,0,1) € 4,

which depends only on the isomorphism class of the trivialized curve; this process com-
mutes with base change of p-adically complete Z,-algebras. The modular function f
is determined by all of its values (tautologically, since f is its value on the universal
trivialized elliptic curve over W).

We want to define when a p-adic modular function is holomorphic; once again, we
do this by considering the Tate curve. Thus, let Tate(q) be the Tate elliptic curve over

e

Z,((q)); there are canonical maps

——

@ean : Tate(q) —— G
lean i Hypr «  Tate(q)[Np”].

Then we can evaluate any f € W at (Tate(q),®canstean) to get an element f(q) €

—

Z,((q)), which we call the g-expansion of f. Mapping f to f(q) gives a homomorphism

which we call the g-expansion map. We will say that f € W is holomorphic if f(g) €
Z,([q]] (whichin fact implies that we have f{Tate(g), ,) € Z,[[q]] for any level structure
2 and any trivialization ¢), and we denote by V = V(Z,, N) the subring of W consisting
of the holomorphic generalized p-adic modular functions. Finally, we extend these
definitions to W(B,N) and V(B,N) for any p-adically complete Z,-algebra B in the
obvious way (i.e., by restricting the functor to be represented to schemes over B, or
equivalently by restricting our test objects to elliptic curves over B-algebras.)
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The ring V of holomorphic modular functions may also be constructed directly by
noting that the schemes M(Np™)®Z/p"Z are themselves affine when m > 0, and taking
V.. m to be their coordinate rings, and by taking V, ¢ to be the coordinate ring of the
affine scheme M 4(N) ® Z/p"Z obtained by deleting the supersingular points in the
scheme M(N)}® Z/p"Z. Then we get

V =lim kim V., (18)

as before. This is the approach followed in [Ka75a]. The V,,, are étale over V,,
and may also be described in terms of the characters of the étale fundamental group of
MY (N)® Z/p"Z defined by the action on the étale quotient of the kernel of p™ on the
universal elliptic curve. For more details, see Katz’s treatment in {Ka73, Chapter 4].

There is nothing special about the “weight zero” aspect of this construction (i.e.,
the fact that it uses the coordinate rings, thus the “forms of weight zero” on the
various incomplete modular curves M(Np™) ® Z/p"Z). In fact, as Katz observes in
[Ka75a], if m > 1, one can choose a nonvanishing section of w over each of the affine
curves M(Np™) ® Z/p"Z, so that we have H'(M(Np™) ® Z/p"Z,0) = H*(M(Np™) ®
Z/p"Z,w®") for any k. This allows us, so to speak, to think of the construction as
involving forms of any weight k. In fact, as we shall see, the spaces of p-adic modular
forms of weight &k are all contained in V.

Finally, we need to define the ideal of parabolic modular functions. For this, we define
VP to be the ideal of V., determined by the requirement that the g-expansions at
all the cusps (i.e., at the Tate curve with all possible arithmetic level Np™-structures)

be in ¢-(Z/p*Z)[|q]], then define

. : cusp
Voar = lim lim V0.

n m

Equivalently, we can define, for m > 1,
Vi = WP H(M(Np™) ® Z/p"Z, Q)

where Q' is the sheaf of differentials and w is the canonical nonvanishing section of w
mentioned above. Note, then, that the analogous construction for a p-adic ring B yields
Vpar(B, N) = V,,,®B, and that, by construction, Vpa.(B,Np*) is independent of v.

1.3.2 The g-expansion map

The most fundamental result about the relation between p-adic modular functions and
their g-expansions is what is known as the g-expansion principle. It captures the fact
that by excluding the supersingular curves (via the requirement of a trivialization) we
have made the p-adic properties of the modular functions correspond well to the p-adic
properties of their g-expansions. It is this result which gives the g-expansion map its
fundamental role in the theory.
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Theorem 1.3.1 Let B be a p-adic ring. The g-ezpansion map

—

W(B,N) — B((9))

is injective, and the cokernel

)

is flat over B.

Proof: The main point is to show that the g-expansion map is injective irrespective
of the ring B, and hence in particular for B/pB, whence the theorem. This property
is related to the irreducibility of the moduli space of trivialized elliptic curves; a proof
taking this approach, but using the language of algebraic stacks, can be found in [Ka75b].
(See also the proof in [Ka75a], which uses a different language.) =

Another useful result is

Proposition 1.3.2 Let B C B’ be p-adic rings. Then we have a natural inclusion
W(B,Np”) C W(B’,Np¥), satisfying: for f € W(B',Np") we have

f € W(B,Np*) <= f(q) € B{(2))

Proof: see [Ka76, Chapter 5]. =

This means that the ring over which a modular function is defined is determined by
its g-expansion coefficients, and justifies the classical approach of starting with complex
modular forms and then requiring that the g-expansion coefficients belong to various
subrings.

These two results are together known as “the g-expansion principle”, and are fun-
damental in all that follows. In intuitive terms, they mean that the situation “near
the cusps” determines what happens at all ordinary curves (since we have omitted the
supersingular disks). One should remark that they clearly remain true if we substitute
W by V everywhere.

I.3.3 Diamond operators

The diamond operators are defined by varying the level structure and the trivialization
of the given elliptic curve by the action of the natural groups. In terms of the action of
these operators, we then define the weight and the nebentypus of a generalized p-adic
modular function (when they exist!). Let V = V(Z,,N) be the ring of holomorphic
p-adic modular functions, as above. Since we are mainly interested in V (rather than
W), we define the diamond operators only for V; it is clear however, that the same
definition works in general.

Let .
G(N) =23 = (“/nz) -
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We define an action of (z,y) € G(N) on V by

(2, 9)f(E,@,2) = f(E,z 7 p,11),

where y acts on 1 by the canonical action of Z/NZ on py and 7! acts on ¢ via the
Z,-action on 'y (p*™)* " structures derived from the action of Z/pnz On fi .

(The definition, of course, thinks of V as V(Z,,N); if we think of V as V(Z,, Np*),
then we must let (z,y) act on a I';(Np¥)*"**-structure 2 by acting by y on gy and by =
on p,., preserving the compatibility between level structure and trivialization.)

There is a close connection between the diamond operators and the spaces V,, .
which we used to construct V. Let I’ = 1+ pZ, C Z} denote the subgroup of one-units,

and let I'; C T' denote its unique subgroup of index p', and let V., = lim V., =
V ®Z/p*Z. Then we have:

m

Proposition 1.8.3 The subring V,,,. C V,,, consists precisely of those elements of
V., which are fized under the action of T, via the diamond operators. In particular,

Vii=(V®Z/pZ)" = {f € VO Z/pZ|(v,1)f = f, ¥y € T}.

Proof: See {Ka75a]. This result is intuitively clear, since the action of T',, on the
trivialization does not change the arithmetic p™-structure it determines, and since V,,,,
is precisely the part of V,,  that depends only on a level p™-structure. The proof
simply makes this precise. o

The diamond operators are ring homomorphisms, i.e., we have

(z,9)(f9) = ({(z,y) ){{=,v)9)-

Thus, we may decompose V in terms of the characters of any finite subgroup (of or-
der prime to p, if we wish to avoid denominators) of G(N), and it will sometimes be
convenient to do so.

Remark: It is not possible to decompose V in terms of the characters of all of G(N) (as
Katz points out in [Ka75a]); in fact, the sum of the isotropic subspaces corresponding
to the various characters of G(N) is a proper subring of V. To see this, consider first
the special case of a character x : ZX — ZX given by x(z) = «*, for some integer £,
and suppose that f € V satisfies (z,1)f = x(z)f = z*f. Then, modulo p, f is invariant
under the subgroup of one-units I' = 14+-pZ, C Z}. 1t follows from Proposition 1.3.3 that
the reduction of f mod p belongs to V;;, which is only a small part of the reduction
of V. Since any continuous character ZX — Z} must map I' into T, this is in fact
true for any f on which the diamond operators act through such a character. Thus, the
reduction modulo p of the sum of all the isotropic subspaces corresponding to characters
Z) — Z) must be contained in the proper subring V,; of V@ F,.

It is easy to see that the diamond operators permute the trivializations on Tate(q)
transitively, and stabilize the subspace V,..(Z,, N) of parabolic modular functions.
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I.3.4 Weight and nebentypus

The diamond operators allow us to give a natural definition of the weight and nebentypus
of a generalized p-adic modular function (when they exist). Given a continuous character
x : ZY — B*, we say that a generalized p-adic modular function f € V(B,N) has
weight x (as a modular function of level N) if

(z,1)f = x(=)f,

for all z € Z,. If x(z) = z* for some k € Z, we say f is of weight k. In addition, if
k € Z and ¢ is a character of /N7, we say that f is of weight k and nebentypus ¢ (as
a modular function of level N) if

(z,y)f = z*(y)f.

Finally, whenever there is a continuous character x : G(N) — B* giving the action of
the diamond operators on a modular function f, we will say that y is the weight-and-
nebentypus character of f (because it contains the weight and the nebentypus “mixed
together”; note that when p divides the order ¢(N) of (Z/NZ)* this can be a difficulty).
As we shall see, these definitions turn out to be consistent with the usual definitions of
weight and nebentypus (for modular forms of level N).

An important special case is that of forms of weight (¢, k). In [Se73], Serre considers
continuous characters x € X = Hom(ZX,Z) ). Decomposing Z) as Z) = Z/(p—1)ZxT,
he shows that X = Z/(p — 1)Z x Z,, where, given z = (u,s) € Z} = Z/(p—1)Z x T,
an element (i,k) € Z/(p — 1)Z x Z, corresponds to the character (u,s) — X x)(z) =
u'sk € Z}. The element (1,0) corresponds then to the Teichmiller character w, and we
can rewrite the character corresponding to (7, k) as

PR
2 X(ip(z) = (w(2)) (w(m))";
when k is an integer, one can write X u(z) = (w(z))"*z* for any z € ZX, and we

will sometimes prefer to think in this way. We will say that a p-adic modular function
f € Vis a of p-adic weight (3, k) if we have (z,1)f = X(x)(z)f. As we will see ahead,
these are precisely Serre’s p-adic modular forms of weight (i, k).

As a matter of general policy, one should reserve the expression “modular form” for
modular functions which have weights, in contrast to more general modular functions
f € V. The point of the next two sections is to relate this convention to the spaces of
modular forms which we already know, both classical and p-adic.

1.3.5 Modular forms and modular functions

Given a trivialization ¢ on E/4, we can pull back the canonical invariant differential

on G, to obtain an invariant differential on E, which then extends to an invariant
differential on E. (If A is flat over Z,, ¢ is uniquely determined by the differential thus
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obtained, and one can characterize which differentials correspond to trivializations —
see [Ka76, Section 5.4] .) This allows us to define maps from spaces of modular forms
to V(B,N).

Let dt/(1 + t) denote the canonical invariant differential on G,.; the map

Boo) — (B (12) 0

defines, for each k, a homomorphism of B-modules

M(B,k,N) —— V(BN (L9)
f —— s

and hence a homomorphism of rings

P M(B,k,N) —— V(B,N), (1.10)

k=0
given by

Foo = 16 o () o)

1+t
This preserves g-expansions, so that the map (L.9) is injective (by the g¢-expansion
principle for classical modular forms). The map (1.10) is injective if and only if B is flat
over Z, (see [Ka77, 1.1]). It is clear that f € M(B,N,k) implies that f is of weight k
in the sense described above, and similarly for f of weight k and nebentypus ¢, so that
the diamond operators map the image of M (B, k,N) in V to itself. Similarly, the image
of the subspace S(B, k,N) of cusp forms is contained in V,,. and is mapped to itself by
all the diamond operators.
The situation for p-adic modular forms is analogous. Any trivialized elliptic curve

is fiber-by-fiber ordinary, so that EP_I(E/A,w) is invertible in A, for any invariant dif-
ferential w. Hence, the map

L dt A _
(E7 P> 7') _— (Ea (4 (m) » L (Ep—l(E» ¥ <m> )) 1)
defines maps
M(B,k,N;1) —— V(B,N)
f —  F
It is again clear that this map preserves g-expansions, that it maps the cusp forms into

V,ar, and that, for f € M(B, k,N;1), the image f has weight k in the sense defined above.
In fact, the p-adic modular forms of weight k and growth condition r = 1 defined above

(L11)

are precisely the generalized p-adic modular functions of weight k. More generally, for
any character
x € Hom,,,..(Z),Z}),

we have defined generalized p-adic modular functions of weight y, and these coin-
cide with Serre’s p-adic modular forms of weight x (which are defined as limits of
g-expansions). The precise result is:
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Proposition 1.3.4 Let B be a Z,-flat p-adically complete ring, and let x : Z) — Z;
be a continuous character. Then the set of f € V(B,N) of weight x coincides with the
set of “p-adic modular forms of weight x defined over B” in the sense of Serre, i.e.,
with the set of f € V(B,N) for which there exists a sequence f, of classical modular
forms defined over B, of weight k., and level N, such that

o f.(q) = f(q) in the p-adic topology of B[[q]],
¢ x(z) = z** (mod p), for allz € Z,,.

Proof: This is [Ka75a, Prop. A.1.6]. It is clear that the limit of such a sequence
will necessarily by a generalized p-adic modular function of weight x. For the converse,
one needs to construct a sequence of classical forms. The difficulty is only in showing
that each of the approximations constructed is indeed a classical modular form, that is,
that it can be computed on a test object (E,w, ) (without needing to assume the curve
is ordinary, and without having to give a trivialization). o

Taking the special case where y is of the form x(z) = z* for some k € Z, we get:

Proposition 1.3.5 Let B be a p-adically complete ring, flat over Z,. Then the map
L11 is an inclusion, and its image is precisely the set of elements of V(B,N) which are
of weight k as defined above.

Proof: This follows from the previous proposition together with Proposition 1.2.12.

Remark: One can only expect to find an approximation theorem such as Proposi-
tion 1.3.4 for forms of weight

x:Z, — B

in the case when the character x can itself be approximated by characters of the
form x(z) = z*, with k € Z. Put in other terms, x must belong to the closure in
Hom,,,.,(Z),B*) of the image of Z under the map sending k to the character X; such
that Xx(z) = z*. Since we are assuming p > 5, this closure is just Hom.,,...(Z%,Z)),
so that the proposition above is the best possible. This is what makes Serre’s p-adic
modular forms of weight x = X(; 1) of special interest. On the other hand, if we allow the
approximating classical forms to have level Np¥ with v >> 0, we can approximate any
element in V; this is a recent result of Hida which we discuss later (see section IIL.3).

One can also define inclusions of spaces of classical modular forms of level Np,
M(B,k,Np*) — V(B,Np*) = V(B,N)

and

S(B,k:,Np") — Vpaf(B7 NPU) = Vpar(B7N)7
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in a completely analogous manner, using the fact that the trivialization determines an
arithmetic I'y(p*)-structure

¢,y B

However, if f € M(B,k, Np¥), it will in general not be true that f is of weight k in
V in the sense defined above; rather, we will have (z, 1)].r = z*f only for z € Z, such
that z = 1(mod p*). For forms with nebentypus, one gets that f is an eigenform for the
diamond operators, hence has a weight x which will depend on the classical weight and
on the p-part of the nebentypus character. Precisely, we will have

(z, 1) f = s(m):ckf,

where ¢ is the “p-part” of the nebentypus character, giving the action of (Z/p*Z)*. In
particular, the image of a modular form of level Np which has a nebentypus (or even a
p-nebentypus, i.e., on which Z/(p—1)Z € Z acts through a character) will be a p-adic
modular function of some weight x.

An important special case is that of modular forms on I';(N) N I'¢(p”), the space
of which we denote by M(B,k,T1(N) N Te(p”)) C M(B,k,Np¥). This is the subspace
where the p-part of the nebentypus character is trivial (i.e., the nebentypus character
is “tame”). Omne can check easily, then, that for any f € M(B,k,T;1(N) N Ty(p*)), the
image f is of weight k in V| i.e.,

(2, 1)f = a*f,
for any z € Z) (see the formula above!), so that we get an inclusion
M(Bv ka Pl(N) n Fo(py)) “ M(B, k)N; 1)

This can be described in modular terms: recall that modular forms on I';(N) N I'o(p*)
can be viewed as functions of quadruples (E/4,w, 1, H), where (E/4, w, 1) is a test object
of level N and H is a finite flat subscheme of rank p* of E; then the inclusion map is
given by
- ., dt

f(Evtpvl) - f(E,QO (1_H
The theory of the fundamental subgroup will show that this is in fact independent of
the trivialization, as it must be. (It will also follow that f is in fact overconvergent.)

One immedijate consequence is:

)a 2y Qo—l(up"))‘

Corollary 1.3.6 Let f € M(B,k,['1(N)NTo(p*)). Then, for some j =k (mod p—1),
there exists g € M(B, j,N) such that f(q) = g(g) (mod p).

Proof: We have just shown that f € M(B,k,N;1), and we know that f(g) = f(q)
By Proposition 1.2.4, f can be written, modulo p, as a “polynomial in E;_ll”; multiplying
by a high power of E,_; then gives a classical modular form g with the desired property.
n]
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Remark: For f € M(B,k,Np*) = M(B,k,I')(Np”)), there is no analogous result
unless we require that f have a nebentypus. If f does have a nebentypus, so that
(Z/p*Z)* acts through a character ¢ = w'y), where w is the Teichmiiller character and
¥ is of p-power order, then one can find a classical modular forms as described in the
corollary, except that j will depend not only on the weight k, but also on the power
t of the Teichmiller character appearing in the nebentypus; specifically, we will have
j=1i+4+k (mod p—1). We leave further elaboration of the theory of “modular forms
mod p” when the level is itself divisible by p to the reader.

1.3.6 Divided congruences

The last property of the ring V which we wish to emphasize is that it contains a dense
subring which can be described in terms of congruences of classical modular forms. This
fact is used in [Ka75a] to determine such congruences.

Let B be a p-adically complete discrete valuation ring, and let K be its field of
fractions. We define the module of divided congruences of weight less than or equal to
k as .

Du(B,Np*) = D= {f € D M(K.5,N") | 1(a) € Bllal},
7=0
and then define the ring of divided congruences by

D(B,Np*) = D = lim Dy.
k

Note that D is much larger than the direct sum of the classical spaces M(B,k,Np*) of
modular forms defined over B. In fact, whenever we have a congruence of g-expansions

Y filg) =0 (med p™),
we have that

1
— ;e D.
mef

For example,
Bpim1 o,

We claim there is an injection D — V(B,N). To see this, let 7 € B be a uniformizer,
and let f = 3 f; € D, where f; € M(K,Np*,1). Then we have f(q) € B[[¢]], and, for
some n, 7*f € 3, M(B,i,Np"), hence 7" f € V. Then, since (7" f)(q) = =" f(q), f(q)
is a m-torsion element in the quotient B((‘Z))/v. By the flatness statement in the ¢-
expansion principle (see Theorem 1.3.1 above), it follows that there exists f € V such
that f(q) = f(q). Hence we may define

D&\_f
f— f

Note that the injectivity follows at once from the equality of the g-expansions, since B
is flat over Z,. Then we have:

(1.12)
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Proposition 1.3.7 For any v > 0, the image of D(B,Np¥) under the map « is dense
in V(B,N).

Proof: This result is the first step in Katz’s determination of the higher congruences
between modular forms in [Ka75a]. It is clearly enough to consider the case when v =0
(since increasing v only enlarges the subspace in question), and then to show that,
after reducing modulo p, the resulting map a; = o mod p is onto. One shows first the
following important fact:

Lemma 1.3.8 The map o, sends Y M(B,1,N) onto V1, with kernel equal to the ideal

generated by E,_1 — 1, and hence gives an isomorphism
ZM(B,i,N)/(Epi1 ~1) S ¢

Thus, V;; is the same as the space of “modular forms mod p” considered by Serre
and Swinnerton-Dyer. The proof of the lemma (which is found in [Ka75al]) involves
reinterpreting V;; slightly and then using the basic theory of the Hasse invariant.

To complete the proof of the proposition, Katz then constructs a sequence of gen-
erators for the Artin-Schreier extensions V; ,, — V.11, all of which are “explicitly”

given divided congruences of classical forms, proving what we want. a

In what follows we will identify D with its image in V. The fact that V possesses
a dense subspace which is a direct limit of B-modules of finite rank will be crucial in
what follows. It is clear that the diamond operators on V preserve the ring D of divided
congruences: if f € D = D(B,N) and we write f = ¥ f; with f; € M(K,N,j), we have
(z,1)f = S 27f; € D. Tt is hard to see how one could prove directly that this action
preserves congruences of g-expansions.

Remark: An important variation in the above should be noted. It is sometimes
important to exclude the constants, and define

Di(B,Np*) = {f € @ M(K, ;,Np*)| f(q) € Bllq]l}

j=1
and

D'(B,Np¥) = lim Dy (B,Np¥).
A

The ideal of D thus obtained is still dense in V, because 1 can be approximated by
suitably chosen Eisenstein series; for example, we have
lim EP”, = 1.

We will make some use of this different approach when dealing with Hecke operators
and duality theorems®.

1By analogy, one might consider the spaces

D) = {f € D M(K,j,p")| f(a) € B[]}

724
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‘We would also like to obtain similar results for the space of parabolic modular forms.
For this, we let

$¥(B,Np) = {f € G_}S(K,j,Np”) | f(g) € Bllg]]}

and
S(B,Np¥) = lim S*(B,Np").
k

Then, in the same way as before, we get an inclusion
S(B,Np") < V,0.(B,Np") = V,..(B,N).

The previous results then suggest that the image of the inclusion must be dense in

V,or(B,N). This is indeed the case.
Proposition 1.3.9 For any v > 0, the image of S(B,Np¥) is dense in Vp,.(B,N).
Proof: Let us write S = S(B,Np”) and V,,, = V,,.(B,N), leaving B and the level

understood. Since increasing the level only makes the space S larger, we may (and will)
assume that the level is N, so that S = S(B,N). We have a commutative diagram,

S — Vpll?'
! !
D - V

in which all the arrows are inclusions and the image of the second horizontal arrow is
dense.

Note that S = D M V,,,; in fact, let f € D, and write f = ¥ f;, with f; of weight <.
Then we have, for any = € Z, (z,1)f = S z'f;. If we write the g-expansion of f; as

filg) = adld) + ...,

then f € V,,, implies

Z miao(i) =0,
for all z € ZX. It then follows at once that aq(i) = 0 for all . Similarly, for (z,y)f,
consider (z;z,y)f with z; € Z}, and it then follows that all the f; are cusp forms, as
desired.

To show that S is dense in V,,,, it is sufficient to check that the map S — V,,, is
surjective modulo p. That is, we want to show that, given a parabolic modular function
f € V.., we may find a divided congruence of cusp forms g € S such that f = g
(mod p). For this, we use the explicit construction of V,,, ® B/pB as a direct limit of
submedules V47 C V,, ,, and follow point by point Katz’s proof of Proposition 1.3.7.

These are clearly contained in V, and are they dense in V for every %, for similar reasons.
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Consider first the graded ideal of the graded ring @ M (B, k,N) of classical modular

forms of level N consisting of the cusp forms,

P s(B,k,N)CS.

k=0
We know, by Lemma 1.3.8, that the image of the ring @ M(B,k,N) in V ® B/pB is
precisely the subring V;;. It is then trivial to see that the image of @2, S(B,k,N)
is precisely Vi, (Only surjectivity is a problem. For that, decompose f € V;; with
respect to the action of p,_; C ZX, say f = ¥ fi. The argument above shows that each
fi is again parabolic; multiplying enough times by E,_1, we get the weight in the range
for which the relevant base change theorem applies, and the f; may then be lifted to
classical cusp forms of weight k =¢ (mod p — 1), and the result follows.)

To conclude, recall that V;, is étale over V;;, and that we have explicit generators

(see [Ka75a]), so that we may write

Vl,n - V1,1 [d.l, CZz, - ,dn—l],

with d; € D, where tilde denotes the image in V., = V ® B/pB. Identifying V{,*
with the module of Kahler differentials Qv, , of Vi, over B/pB (via multiplication by
w®?, where w is the canonical section of w, and noting that all the curves involved are
affine}, we have an exact sequence

Vii"® Via Via Qv, /vy — 0.

Since V,, is étale over V;, the third term is zero, and hence we have a surjection
(D S(B,k,N)) [d, dy .., s ) — V2.
Passing to the limit, and since S is an ideal of D, we get a surjection
S —»V;,=V®B/pB,
which proves the proposition. 0

In what follows, we will work mostly in the ideal V,,,. of parabolic p-adic modular
functions, since it has better duality properties with respect to the Hecke operators,
which is the theme of the next chapter.

1.3.7 Appendix: p-adic modular forms of weight x

We are now able to tie together all the aspects of the theory to give a coherent account
of the theory of p-adic modular forms of weight x. These were first defined by Serre in
[Se73] as limits of g-expansions. We begin by recalling the definition.

Definition 1.3.10 Let x € Hom,,,,,(ZX,Z)) be a continuous character. We say f(q) €
Bl[q]] is a Serre p-adic modular form of weight x and level N defined over B if there
ezists a sequence of classical modular forms f, of weight k,,, level N, and defined over

B such that:
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i. falg) — f(g) in the p-adic topology of Bf[q]],
ii. x(z) =z* (mod p") for allz € ZX.

We have seen above that the continuous characters y € Homcon,,(Z;,Z;) can be
indexed by pairs (¢,k) € (Z/(p—1)Z) x Z,,, via the decomposition ZX = (Z/(p—1)Z) xT;
recall that the correspondence is given by the formula

Kl = ()

where the second factor makes sense for any k € Z, because z/w(z) € I is a one-unit.
Thus, it is clear that, for any X = X(;x) as above, there exists a sequence k, as in the
definition above, so that

Ximylz) = zhn (mod p™).

It is useful to note that this condition determines k, modulo p*~!(p — 1), and that we
may chose the k, to be increasing with n in the definition above (by multiplying the f,
by appropriate Eisenstein series).

Serre p-adic modular forms are, by definition, a kind of g-expansion; we have already
obtained a modular interpretation, in Proposition 1.3.4, which we repeat here:

Proposition 1.3.11 A series f(q) € B[[q]] is a Serre p-adic modular form of weight
X = X(ixy if and only if it is the q-expansion of a p-adic modular function f € V which
is of weight x, that is, which satisfies the transformation law {z,1)f = x(z)f, for any
z € Z).

We denote the space of p-adic modular forms of weight X = X(;x) of level N defined
over B by

M(B,x,N;1) = M(B, (i, k), N; 1).

One sees immediately that, just as in the case of integral weight, we have
M(B, X(i,x), N;1) = im M(B/p" B, X(ix), N;1) = lim M(B/p"B, k,,N;1),

where the k, form an approximating sequence to the character y, as above. This shows
that we have indeed obtained a modular interpretation, i.e., that p-adic modular forms
of weight X(;x) can be evaluated on elliptic curves with differential and level structure
defined over a p-adic ring (by evaluating the reduction modulo p™ on the reduction of
the given curve, and then taking the limit). The author does not know if this is true
for p-adic modular functions which are of weight y € Homwm,(Z;,Bx), which cannot
necessarily be approximated by classical modular forms as above.

Since we do know when a modular form of integral weight is overconvergent, the
expression of M(B,(z,k),N;1) as an inverse limit allows us to define overconvergent
p-adic modular forms of weight (7,k):
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Definition 1.3.12 For any r € B and any character
X(ik) € Homcuntt(Z: ) Z:),
we define the space of p-adic modular forms of weight X(ix) and growth condition r by:

M(B, X (i k), N;r) = lim M(B/p"B, k., N; 1),

where k, is a sequence of integers satisfying X(ix)(z) = z** (mod p™).
Since for every n there are maps
M(B/p"B,kn,N;r) —— M(B/p"B, k., N;1),
taking the inverse limit gives a map
M(B, X(i k), N;7) —— M(B, X(;), N; 1).

It is not clear that this map is an inclusion, because the maps modulo p* are not
injective. (In the case of integral weight, we showed the injectivity as a consequence of
the existence of the expansion (1.4) and of the description of the map in terms of that
expansion.) This suggests the following two questions, which we have not been able to
settle:

Question L1 Let the spaces M(B, X(i.x), N; ) and the maps
M(B, X(i k), N5 7) — M(B, X(ix), N5 1)

be defined as above. Are the maps o inclusions? In other words, can we think of
overconvergent forms of weight (i,k) (as defined above) as a certain kind of p-adic
modular forms of weight (1,k)?

Question L.2 Is there an analogue of the expansion (1.4) for forms of weight (i,k)? If
so, does it provide a criterion for deciding if a given form is overconvergent?

A negative answer to the first question would be very surprising; in fact, it would
indicate that our definition is wrong.

A clue as to what is true is given by the fact that one may use Eisenstein series to
relate different spaces of modular forms of weight X(; x) and growth condition 1 to each
other. In [Se73], Serre has constructed Eisenstein series Efy ;> of p-adic weight (0,7),
satisfying Ef, y =1 (mod p). Then multiplication by Efok—s) gives an isomorphism

M(B,i,N;1) —— M(B, X(:., N; 1)

(which does not commute with the Hecke action to be defined in the next chapter). In

the special case in which k is a positive integer, the Eisenstein series Ef ,_;) is actually
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a classical modular form of weight k — i, level Np, and nebentypus w*~*, so that the
isomorphism maps the space of modular forms of weight ¢ on I';y(N)NTo(p) to the space
of modular forms of weight k, level Np, and nebentypus w'~* (which is precisely the space
of modular forms of level Np which have p-adic weight (¢, k)). A similar statement could
be made for forms of level Np¥ with the appropriate nebentypus characters, so that we
may say that the isomorphism we have obtained preserves the classical subspaces (in
the case when k € Z). It is not immediately clear what is the image of the space of
overconvergent forms under this isomorphism, the difficulty being to decide whether the
Eisenstein series in question is “overconvergent” i.e., whether it can be evaluated at a
“not too supersingular” curve. This question, however, seems more accessible than the
preceding ones.

The central role played by overconvergence in the spectral theory of the U operator
(see the next chapter) makes it very interesting to obtain an analogue of the theory
for all of the space V, i.e., to define “overconvergent p-adic modular functions” as
a certain subspace of V and extend the other aspects of the theory (especially the
corollary measuring the size of the image of the overconvergent spaces in the full space).
Answering the questions raised in this section would be a step in that direction.

Remark (for specialists): There is one subtle distinction between the theories of
Serre and Katz that we have deliberately avoided above, having to do with the definition
of a classical modular form over a finite field k. For Katz, such a thing is a function on
elliptic curves over k (plus extra structure), or, equivalently, a section of an invertible
sheaf defined over the modular curve corresponding to the situation (base-changed to
k). Serre, on the other hand, defines a modular form over k to be the reduction of
a classical modular form over a discrete valuation ring with residue field k. These
definitions are known to be equivalent, ezcept in the case when the weight is 1 and the
level is greater than or equal to 12, in which case one simply does not know. This is
the reason for restricting our results in the case of weight one. Note, however, that the
difficulty disappears if we comsider all weights together, since it is easy to see that any
modular form of weight 1 over k will always have the same g-expansion as the reduction
of some modular form of weight p = 1+ (p — 1) (just multiply by E,_; and note that
the reduction map for modular forms of weight greater than one is onto).



Chapter II

The Hecke and U Operators

In this chapter we define p-adic versions of the classical Hecke operators. For the oper-
ators T, with £ 3 p, this is quite easy, and may be done either by imitating the classical
definition in terms of subgroups of order £ of elliptic curves or by simple extending the
classical operators by continuity. The remaining case is more interesting. We define the
Frobenius endomorphism, which corresponds to the “V,” operator of Atkin and Lehner,
and show that we may obtain a p-adic version of the U operator essentially as its trace.
We then study the properties of these operators, especially with regard to their action
on the spaces of modular forms with growth conditions, and study the spectral theory
of the U operator acting on the spaces of p-adic modular forms with integral weight.
This produces a number of interesting results, notably that U is a completely contin-
uous operator on the spaces M(B,k,N;r) ® K of overconvergent modular forms. As a
consequence, once sees that, apart from the kernel of U, there are few overconvergent
eigenforms for U. This allows us, for example to consider the characteristic power series
of the U operator (which turns out not to depend on r). This connects nicely with the
results obtained recently by Hida in the case when the eigenvalue is a unit (which im-
plies overconvergence, as we will point out). By contrast, if we relax the requirement of
overconvergence, we obtain a very large number of eigenforms for U, giving the theory
a completely different aspect in that case.

II.1 Hecke Operators

The goal of this section is to define Hecke operators T, on the ring V of generalized
p-adic modular functions. One can do this either by giving an intrinsic modular defini-
tion or by noticing that one can define Hecke operators on D from the classical Hecke
operators by an inverse limit procedure. Since each of these methods gives important
information about the Hecke operators, we will sketch both. In general, the inverse
limit definition is more useful whenever we want to pass from classical results to results
about p-adic modular functions, while the modular definition is better when we want
to study questions of overconvergence.
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I1.1.1 Direct definition

Let E be an elliptic curve over a p-adic ring A, v be a trivialization, and 2 a T'; (Np*)erith
structure on E. Let £ be a rational prime, £ # p, not dividing N. For any subgroup H

of order £ in E, we can consider the quotient curve E/H; let ® denote the canonical
projection

n

E—_')E/I‘L

and let # denote the dual isogeny. Since £ does not divide Np*, both = and # induce
isomorphisms between the kernels of multiplication by Np*in E and in the quotient
curve, so that we may define a level structure ' on E/H by ¢/ = 77 lo1.

E
" /
N
En

In the same way, we can define a trivialization ¢’ = por™" (this makes sense because
7 induces an isomorphism on the formal group over Z,, since (£,p) = 1).

¢

-

E

Emn
Then we define, for f € V,

1
(T f)E,p,2) = 5 Z f(E/IH) ‘Pl,l,)'
¢ H—E
#H=¢
One can determine the effect of the T, on g-expansions by computing directly in
terms of the Tate curve. If we take f € V, and assume that f(q) = X anq", one gets
that

(Tef)a) = ¥ o™ + 56D,

where ((£,£) f)(¢*) denotes the image of the g-expansion of (£, £) f under the base change

g — ¢% as in the classical case. If f has weight £k € Z and nebentypus ¢, we have
(£,0)f = e(£)€* £, so that we get

(Tef) (@) = D aneg™ + ()£ £(4),
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which is exactly the classical formula for the Hecke operators. Thus, we have indeed
extended the classical Hecke operators to act on p-adic modular functions.

Since the Hecke and the diamond operators clearly commute, the Hecke operators
preserve the space of forms of weight k, so that we get operators on M(B,k,N;1); to
check that these preserve also the spaces of overconvergent forms, it is best to define

them directly. So, for f € M(B, k,N;r), we define T,f by

(th)(E> w5, Y) = ¢+ Z f(E/H> 7w, 7'/, ir*Y),
H—E
#H=t
where 7 : E — E/H is the canonical projection, 7 is the dual isogeny, and ' is as above.
One can then check immediately that this coincides with the operator induced by T, as
defined above.

To define Hecke operators T, with £ dividing N (but different from p), we follow an
analogous procedure, but sum only over those subgroups of order £ not contained in the
image in E of the given level N structure. One checks immediately that the given level
structure on E induces canonically a level structure the quotient by such subgroups.
We thus obtain operators T, on V for £|N, whose effect on g-expansions corresponds to
that of the “U,” operators of Atkin-Lehner theory: if f = 3 a,g™, then

(Tef)(q) = 2 aemg™

Finally, we would like to define an operator corresponding to the prime p, which
should extend the classical U operator (and not the classical T,). Doing this in modular
terms is slightly more subtle than the preceding; we shall do it later in this chapter,
defining U in terms of the trace of an operator Frob which extends the classical V
operator of Atkin-Lehner theory. This will allow us to see how U acts on the spaces
of overconvergent forms. Simply to define the U operator on the full ring V is much
simpler, and will be done in the next section by the inverse limit procedure explained
below. On g-expansions, this acts as expected: if f(q) = ¥ ang™, then

(UF)g) =D anpq™

We define the Hecke algebra T of V to be the completion of the commutative
subalgebra of the space of Z,-linear endomorphisms of V generated by the T, (for all
£ # p), by the U operator, and by the diamond operators, where we give Endz, (V)
the compact-open topology. The action of the diamond operators then makes T an
algebra over the profinite group ring Z,[[G(N)}]], and in particular over the algebras
A = Z,[[Z}]] and its subalgebra determined by the action of the one-units, the Iwasawa
algebra A = Z,[[[']]. Since the Hecke operators defined above clearly preserve the ideal
of parabolic forms, we may define an associated Hecke algebra as above; it is a quotient
of T (via the restriction map), and we denote it by T',.

As in the classical case, the inclusion of the operators T, with £ dividing N and of
U complicates the structure of the Hecke algebra (making it non-semisimple). Thus, as
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in the classical situation, we will sometimes wish to consider a restricted Hecke algebra
T*, which will be the completion of the algebra of endomorphisms of V generated by
the diamond operators and the T, with £ not dividing Np. It is thus a closed subalgebra
of T. The analogous restricted Hecke algebra for the space of parabolic p-adic modular
functions will be denoted T}. As we will see, it is essential to consider the full Hecke
algebra to obtain duality theorems, but also essential to consider only the restricted
Hecke algebra when studying the Galois representations attached to modular forms.

I1.1.2 Hecke operators on divided congruences

In this section, we show that the action of the Hecke operators on V may also be
obtained in terms of the dense submodule D' = D/(B,Np*) of divided congruences of
modular forms of level Np” (where, for this construction, we must assume v > 1, in
order to have an action of U). We first note that, the operators T, for £ # p and U
act on classical modular forms of weight 7 > 1 and level Np¥ and preserve congruences
of modular forms over Z,, so that they act on the spaces D;,. We define the Hecke
algebra of D}, denoted by H}, as the Z,-algebra of endomorphisms of D}, generated by
the endomorphisms induced by the T,, by U, and by the diamond operators. As before,
we also define H}!, by excluding the operator U and the T, with £|N. Then it is clear
that we have restriction maps

L 7
and

rg—

whenever j < k, and the inverse limits
T = lim M,
k

and
N
k

are p-adically complete algebras of continuous endomorphisms of D', which are uniformly
continuous in the g-expansion topology (i.e., the topology induced from V). Since D’ is
dense in V, the actions of T and T* extend to V, and the action thus obtained coincides
with the one we defined before (because it does so on the dense subspace D’—check on
g-expansions). Thus, we can obtain the Hecke operators on V directly from the classical
definition.

Remark: There is no special reason for using the space D’ rather than D, other than
the fact that later, when we consider the duality between spaces of modular functions
and their corresponding Hecke algebras, we will need to exclude the constants. The
construction here, of course, gives the same result whether we use D or D'.
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Obtaining the Frob operator on V (which corresponds to the classical V operator) is
a little more difficult because it does not preserve the level when acting on the classical
spaces. Still, one need only consider the operator

Frob: D'(B,Np*) —— D'(B, Np**) =V,

take the limit, and extend by continuity to an endomorphism of V. In the following
sections, we show how to interpret both this endomorphism and the U operator in
modular terms, by giving an intrinsic definition, which avoids the description of V as
the p-adic completion of an direct limit of classical spaces.

In the same way, by taking S instead of D', we may define the parabolic Hecke algebra
Ty and its restricted version T} as the inverse limit of the classical Hecke algebras on
the spaces of divided congruences of cusp forms. In what follows, we will mainly be
working with these algebras rather than with T.

Since To(B,Np*) is defined to be the closure (in the compact-open topology) of
the algebra of endomorphisms of V,,.(B,Np“) generated by the Hecke and diamond
operators, and since Vp,.(B,Np”) = V,,.(B,N), we have To(B,Np*) = To(B,N), and
of course similarly for T (if one thinks of the Hecke algebras as inverse limits, this
should be taken as the definition of To(B,N), because we want an action of U and not
of T,). Note that the definition of T, T*, T,, and T} as inverse limits of compact Z,-
algebras implies that they are compact topological Z,-algebras when given the inverse
limit topology. We will show in Chapter III that this topology can be defined intrinsically
(rather than in terms of the representation as an inverse limit); in fact, it turns out to
be precisely the compact-open topology we considered in the preceding section. The
reason this is the correct topology to consider (rather than, say the p-adic topology)
is that it is the one for which the classical duality between modular forms and Hecke
operators can be extended to the p-adic situation, as we will see in the next chapter.

II.2 The Frobenius Operator

In the theory of classical modular forms, one considers an operator, usually denoted
“V”, whose effect on g-expansions is

Z anq" — Z a.q"™.

This maps classical modular forms of level N to modular forms of level Np. Since
modular forms of level Np¥ are p-adically of level N, it is reasonable to attempt to
define a p-adic version of this operator, which should then map the ring V to itself.
Following Katz, we call this the Frobenius operator, and denote it by Frob. It is an
endomorphism of V, and its existence is in some sense characteristic of the p-adic theory,
in the sense that only p-adically does it preserve the level. As we shall see, it is quite
interesting to analyze its action on the spaces of modular forms with growth condition.

We define the Frobenius operator on the ring V by using the fact that the trivial-
ization determines a canonical subgroup of order p in E.
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Definition I1.2.1 Let (E/4, ¢,¢) be a trivialized elliptic curve with an arithmetic level
N structure. The fundamental subgroup of E is the A-sub-group scheme H C E which
eztends the subgroup ¢~'(u,) of the formal completion of E.

Thus, given a trivialized curve (E, ¢, 1), we can consider the quotient E/ff of E by its
fundamental subgroup. Let 7 denote the canonical projection. Since p does not divide
N, m and the dual isogeny # induce isomorphisms between the kernel of multiplication
by N in E and in Ef, so that we may define a level N structure on EAT by o/ = #7lot.

The picture is:
/

KN
Eg

Furthermore, the dual isogeny 7 is étale, and hence induces an isomorphism on the
formal completions, so that we may define a trivialization ¢’ of E/f by ¢’ = @oir. Thus:

E

¢

A

i
We have then defined a map of functors

(E,¢,2) — (B, ¢,2),
which defines a map, the Frobenius endomorphism of W,

Frob: W ——— W,
by transposition: for f €¢ W,
(Frob £)(Ey07) = (B, o' 1),

An easy computation with the Tate curve shows that, on g-expansions, we have

(Frob f)(q) = (%),

where “f(¢P)” denotes the image of f(q) € B@)) under the map q — ¢7.
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Some of the properties of Frob follow immediately from the definition and the effect
on g-expansions. For example, the fact that Frob acts via ¢ + ¢* on g-expansions implies
that the Frobenius endomorphism Frob : W — W generalizes the “V,, operator” of
classical Atkin-Lehner theory; in particular, if f € M(B,k,N) C V, we have Frob(f) €
M(B,k,Ti(N)NTo(p)) C M(B,k,Np), and analogously for higher levels. It also follows
at once that Frob preserves the subrings V and V.. Finally, note that when B = F,
we have Frob(f) = f? (this also follows from the base change properties of modular
functions), so that when B = Z, we have a lifting of the p-power endomorphism of
VoF,.

It is clear from the definition that the endomorphism Frob commutes with the di-
amond operators, and hence that it preserves weights. Therefore, Frob defines an en-
domorphism of M(B,k,N;1) for every integer k, and in fact of M(B, x,N;1) for any
character x : Z) — Z). It is not clear, however, what effect it has on overconvergent
forms. Given the way we have defined it, this amounts to asking whether one can com-
pute Frob f on a supersingular curve, and hence whether there is still a fundamental
subgroup when the curve is “not too supersingular”. It turns our that such a subgroup
does exist for some supersingular curves. This is a result due to Lubin, which we now
quote. To make the statements of the following theorems simpler, we here think of

modular forms as sections of line bundles, so that ¥ should be thought of as a section
of w®(1~?). Then we have:

Theorem II1.2.2 Let B be a complete discrete valuation ring with residue characteristic
p and generic characteristic 0, and let r € B satisfy ord(r) < p/(p + 1), where ord 1s
normalized by ord(p) = 1. To every test object (E/4,1,Y) of level N and growth condition
r we may attach a finite flat subgroup scheme H C E of rank p, called the fundamental
subgroup of E, satisfying:

o H depends only on the isomorphism class of (E/A,Y),

o the formation of H commutes with arbitrary base change of p-adically complete
B-algebras,

o ifp/r =0in A, H is the kernel of the Frobenius map E — E®),
o if E/4 is the Tate curve Tate(q) over (A/p"A)((q)), the fundamental subgroup H

is the image of the canonical inclusion p, — Tate(q).

Proof: The proof is a step-by-step construction of the fundamental subgroup, first as
a formal subscheme of the formal group of E, which one then shows is a subgroup and
extends to E. This requires a delicate analysis of the structure of the formal group of
the curve. See [Ka73, Thm. 3.1], where both this and the following result are attributed
to Lubin. O

Given that the fundamental subgroup exists, one must still check that it is possible
to give the quotient curve an r-structure, i.e., one must check whether the quotient
curve is more or less supersingular than the one we started with. It turns out that it is
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only possible to give the quotient curve an r?P-structure, so that the valuation of a lifting
of the Hasse invariant is multiplied by p in the passage from the curve to its quotient
by the fundamental subgroup.

Theorem I1.2.3 Under the previous hypotheses on B, suppose that ord(r) < 1/(p+1).
Then there is one and only one way to attach to a test object (E/4,1,Y) of level N and
growth condition r a test object (E’/ ,v,Y") of level N and growth condition P, where
E'=Em
ll = ‘;r"lol
Y By (E),0) = 17
such that

e Y/ depends only on the isomorphism class of (E/A,Y),

o the formation of Y' commutes with arbitrary base change of p-adically complete
B-algebras,

e ifp/r=01in A, then Y’ is the inverse 1mage Y?) of ¥ on E(® = E'.
Proof: See [Ka73, Thm. 3.2]. D

Since the quotient by fundamental subgroup is defined under the hypotheses of
the theorems above, we can define the Frobenius homomorphism; however, because
the quotient curve is more supersingular than the initial one, it does not follow that
the homomorphism we obtain defines an endomorphism of the space of overconvergent
forms. In fact, what we have is the following:

Theorem IL.2.4 Suppose N > 3, p /N, and that either k # 1 or N < 11. Letr €
A satisfy ord(r) < 1/(p + 1). For any f € M(B,k,N;r?), the element Frob(f) €
M(B, k,N;1) defined by

Frob(f)(E/4,w,%Y) = f(E'/4, #(w),?, " - Y"),
(with the notation of the previous theorem) satisfies

(Frob f)(q) = f(¢"),

so that the map thus defined coincides with that induced by the Frobenius endomorphism
of W. Furthermore, we have

Frob(f) - (E,_1)* € M(B, pk,N; ),

or, equivalently,

r* Frob(f) € M(B, k,N; 7).
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Proof: For all but the last statement, see [Ka73, Thm. 3.3]; the equivalence of the
last two statements is clear by Corollary 1.2.8. The decrease in overconvergence (from
r? to r) is, of course, due to the fact that the quotient curve is more supersingular;
the non-integrality is due to the fact that the pull-back of a non-vanishing differential
along the quotient map (or along the dual isogeny) is not non-vanishing (because both
isogenies are of degree p). o

Thus, the Frobenius endomorphism defined above preserves the space of p-adic mo-
dular forms with growth condition 1, but, except in the case of weight zero, maps over-
convergent forms to (less) overconvergent forms only up to multiplication by a power
of r. In particular, if K denotes the field of fractions of B, Frob is a bounded linear
homomorphism of p-adic Banach spaces from M(B, k,N;r?) ® K to M(B,k,N;r)® K,
but does not map M(B, k,N;r?) to M(B,k,N;r), unless k£ = 0.

The fact that the fundamental subgroup is defined allows to say a little more about
the inclusion of classical forms into the space of p-adic modular forms discussed in
Section 1.3.5.

Corollary II.2.5 Suppose N > 3, p /N. Let f € M(B,k,I'1(N)NTy(p)), and let f be
its image in M(B,k,N;1). Suppose that r € B satisfies ord(r) < p/(p +1). Then we
have

f € M(B,k,N;r).
In other words, the inclusion
M(B,k,Ty(N)NTo(p)) — M(B,k,N;1)
factors through the subspace M(B,k,N;r), for any r € B of sufficiently small valuation.

Proof: Simply define

f(Eywﬂ’Y) = f(an, Z,H),

where H is the fundamental subgroup. o

Remarks: 1) This is false if N < 3 (put together Corollary 1.2.11 with the classical
g-expansion principle!).

2) In particular, it follows that if we have
f € M(B,k,N) C M(B,k,N;r) and ord(r) < p/(p+ 1),

then Frob(f) € M(B, k, N;r), since classical forms of level N, which are clearly overcon-
vergent, are mapped to classical forms on I'}(N) N T'y(p), which are overconvergent to
some degree (measured by the inequality on ord(r)). As we have seen, this is not true
for all overconvergent forms.
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Of course, we also have inclusions
M(B,k,T1(N)n To(p¥)) C M(B, k,N;1),

as described in Section 1.3.5; given the preceding results, it is natural to ask whether
the image is contained in some space of overconvergent forms. For this, all one needs
is to define fundamental subgroups of order p” for every v. For the case of trivialized
curves, this is of course immediate:

Definition I1.2.6 Let (E/4,¢,?) be a trivialized elliptic curve with an arithmetic level
N structure. The fundamental subgroup of order p” of E ts the A-sub-group scheme
H, C E which extends the subgroup ¢™*(p,.) of the formal completion of E.

This is, in fact, exactly the subgroup we used to define the inclusion of M(B, k, T';(N)N
T'o(p¥)) in V. For ordinary curves, there is also essentially no difficulty. Let F be the
Frobenius map E — E(®) in characteristic p; the kernel of F™ has an étale dual, which
can therefore be lifted uniquely, and we take the fundamental subgroup of order p" to
be the dual of this unique lifting. To obtain the result on overconvergence, we need
fundamental subgroups for “not too supersingular” curves; for this, we simply iterate
the construction of the fundamental subgroup of order p.

Theorem IL.2.7 Let B be a complete discrete valuation ring with residue characteristic
p and generic characteristic 0, and let r € B have

1
ord(r) < ————
") < Ty
where ord is normalized by ord(p) = 1. To every test object (E/4,1, Y) of level N and
growth condition r we may attach a finite flat subgroup scheme H, C E of rank p¥, called

the fundamental subgroup of order p* of E, satisfying:

o H, depends only on the isomorphism class of (E/4,Y),

o the formation of H, commutes with arbitrary base change of p-adically complete
B-algebras,

¢ ifp-7""" =0 in A, H, is the kernel of the v™ iterate of the Frobenius map
P .
E — E®),
o if E/4 is the Tate curve Tate(q) over (A/p"A)((q)), the fundamental subgroup H,
is the image of the canonical inclusion p, — Tate(q).

Proof: We use induction on v. The case v = 1 is precisely Theorem I1.2.2. For
v > 2, assume that we are given a test object (E/4,w,,Y), with growth condition r

such that
1 1

d(r) < < .
or ("') p,,_z(p_+_ 1) = P+1
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By Theorem 11.2.2, E has a fundamental subgroup H;; we consider the quotient E' =
EM,. By Theorem 11.2.3, we get a test object (E’,w’,#,Y”), with growth condition r?.

Since
1

< —_———

e +1)
we get, by induction, a fundamental subgroup H' C E’ of order v — 1. Let E” = B/,
and let f, be the composite map

ord(r?) = p ord(r)

fu:E——E —— FE".

Then define H, = ker(f,), which clearly has the required properties (by induction from
the case ¥ = 1). One should note that, in the case r = 1, the fundamental subgroup
is simply the dual of the unique lifting of the étale dual of the kernel of the iterated
Frobenius map, or equivalently, the kernel of multiplication by p in the formal group
of E. o

We may read this theorem as saying that an ordinary curve over Z, comes canonically
equipped with a coherent sequence of subgroups of order p” (one might call this a T'e(p™)-
structure). For a (lifting of a) supersingular curve, a part of that sequence might still
exist, depending in some sense on “how supersingular” the curve is, the measure being
given by the valuation of E,_;(E,w) (which coincides with the valuation of any other
lifting of the Hasse invariant in the range in question; it is interesting to note that the
sequence of fundamental subgroups disappears completely exactly when ord(E,_;) is
close to 1, which is also the point at which the p-adic valuation will begin to depend on
the choice of the lifting). Dividing by the fundamental subgroup of order p makes the
curve “more supersingular”, i.e., increases ord(E,_1), and correspondingly shortens the
sequence of fundamental subgroups.

Corollary I1.2.8 Let N > 3, p /N. The canonical inclusion
M(B,k,Np*) =V

induces inclustons

M(B,k,T1(N)NTy(p¥)) — M(B, k,N; ),

for any r satisfying ord(r) < 1/p*~*(p + 1).

Proof: Set f(E,w,z,Y) = f(E,w,, H,). o

In particular, we have shown that any classical modular form (i.e., any element of
M(B, k,Np*) for some positive k € Z and some v) which is p-adically of integral weight
(i.e.,isin M(B,k,N;1)) is an overconvergent p-adic modular form, because having p-adic
weight k& implies that it belongs to

M(B, k,T1(N) N To(p"));
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of course, the degree of overconvergence will decrease as v increases. Note in particular
that Frob is integral on M(B,k,N;1) and maps classical modular forms on I';(N) N
[o(p”) to classical modular forms on T';(N) N Ty(p**?), so that, if f € M(B,k,N;r) is
classical (hence, since the p-part of its nebentypus must be trivial, is a modular form
on I'1(N) N To(p*) for some v}, Frob f will be overconvergent (without multiplying by a
power of p, but for a different r):

M(B,k,N;r?) @ K —y M(B, k,N;7) @ K

u U
M(B,k,T3y(N)NTo(p")) ——  M(B,k,Ty(N) N To(p"*))

where we must have ord(r) < 1/p* '(p + 1), as above, to make the inclusions true.

Our final result in this chapter is what will allow us later to give the modular
definition of the U operator; it extends a result of Katz in [Ka73] from M(B,0,N;1) to
W.

Proposition I1.2.9 Let B be a p-adically complete discrete valuation ring, and let W =
W(B,N). Then the endomorphism Frob: W — W is locally free of rank p.

Proof: It is clearly enough to prove the theorem for B = Z,, since the general result
then follows by base change. It is also clear, since W is p-adically complete, that the
result for W = W(Z,,N) follows from the analogous result for W/pW = W(F,,N) =
W (in the notation of Section 1.3). Thus, we want to prove that Frob : W; — W,
is locally free of rank p. We may suppose N > 3, since the cases of N = 1,2 will then
follow by looking at fixed subrings under the action of the appropriate finite groups.

Recall that Wy = lim W, ,,, where W ,, is the coordinate ring of the (affine) moduli

scheme M°(Np™) ® F,, of elliptic curves over F, with a T';(Np™)* ***-structure, when
m > 0, and W, is the scheme obtained by deleting the supersingular points from
M°(N)Q®F,.

As noted above, the Frobenius endomorphism induces f — f? on Wy, and hence
on each W, .. Since the p-power morphism is locally free of rank p on the coordinate
ring of any affine curve, Frob : W, ,, — W, .. is locally free of rank p. Hence we have
commutative squares

Frob
Wl|m+1 — Wl,m+1
Frob

w,, —— W,

in which the horizontal arrows are locally free of rank p. The vertical arrows, on the
other hand, are known to be étale of rank p when m > 1 (in fact, they are Artin-Schreier
extensions—see [Ka73]). By counting ranks it follows that the squares are cartesian,
and hence (see, for example, [EGA, I1V.8.2]) that we can pass to the limit to get that
Frob : W; — W is locally free of rank p, as desired. 0
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In the following section, we will use this result to define the U operator in terms of
the trace of the Frobenius endomorphism.

I1.3 The U Operator

In this section we define the U operator on generalized p-adic modular functions, show
that it preserves the spaces of p-adic modular forms of weight k, and study its action
on overconvergent forms. To begin with, we show that, after tensoring with the field
of fractions K, the U operator in fact improves overconvergence. We then show that U
induces a bounded linear endomorphism of the p-adic Banach space of modular forms
with growth condition r, for any = such that ord(r) < p/(p+1). For r in the appropriate
range, one even has that U is “almost integral”, in the sense that its norm is equal to
one in a topology equivalent to the standard p-adic topology.

We then go on to consider eigenforms for the U operator. The shape of the theory
then depends in a fundamental way on whether we look at the full space of p-adic
modular forms of weight k or at the spaces of overconvergent forms. On the full space,
we show that one can produce an infinite number of eigenforms with eigenvalue X for
every element A in the maximal ideal of B. By contrast, the fact that the U operator
improves overconvergence implies that it is a completely continuous operator on the
p-adic Banach space of overconvergent modular forms (in the sense of Serre; see [Se62)).
One can then study its spectral theory. This allows us to define “slope « eigenspaces” for
U which generalize (the integral weight case of) Hida’s space of “ordinary p-adic modular
forms”. This will also show that there are few eigenforms for U outside its kernel, in
the precise sense that if we fix the weight of f and the valuation of A, one gets only a
finite dimensional space of overconvergent forms of the given weight with eigenvalues of
the given valuation. In contrast, it is clear that, even in the overconvergent case, ker(U)
is quite large (in fact, infinite-dimensional), because of the Frobenius endomorphism:
given any f € M(B, k,N;r), we have f — FrobUf € ker(U).

To get a complete generalization of Hida’s theory, one would need to extend the
spectral theory to the full space V ® K; given our results about non-overconvergent
eigenforms, such an extension is clearly impossible. (From this point of view, Hida’s
theory turns on the fact that ordinary eigenforms are necessarily overconvergent.) It
might be possible, however, to extend his results to a dense subspace of V® K consisting
of “overconvergent” modular functions. The possibility of obtaining such a theory seems
to be related to the question of how the theory for overconvergent p-adic modular forms
of weight & varies with the weight. In the last part of this section, we obtain some
preliminary results and make some conjectures as to what should be the case.

II.3.1 Definition

To define the U operator, we start with the Frobenius endomorphism Frob: V — V|

which, as was shown in the last section, is locally free of rank p. Therefore, there exists
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a trace homomorphism

TTFrob 'V — V,

defined by
(Treeonf ) (E/As p50) = > F(E1,01,1),
(Ero1,u)—(Ep)
where the sum is taken over the triples (E, ¢1,2) which map (by quotient by the
fundamental subgroup) to the given triple (E,¢,1). An easy calculation (essentially
done in [Ka73, pp.22-23]) then shows that if f(¢q) = 3 a,.¢™ then we have

(Treenf)(g) = P anpg™ € pBllqll.

By the ¢g-expansion principle, it follows that “:;TTFmb f” is well defined, so:

Definition I1.3.1 Let f € V=V (B,N). We define Uf € V to be the unique element
of V satisfying

P (Uf)g) = (Treeanf)(9)-

This defines a linear operator U: V — V, which acts on g-expansions by

u
Zanq" — Zanpqna

and satisfies the relation U(Frob(f) - g) = fU(g) (check on g-expansions). Following
Monsky in [Mons71], we call operators with this property Dwork operators'. In partic-
ular, setting ¢ = 1, we have U{Frob f) = f for any f € V; we will later explore the
consequences of this property.

Remark: Since the operator U we have just defined coincides with the classical one
on g-expansions, the two also coincide on classical forms, and in particular on divided
congruences. By continuity, it follows that the U operator defined above coincides with
the one obtained by an inverse limit procedure in Section II1.1.2.

I1.3.2 U and overconvergence

Since the U operator commutes with the diamond operators (because the Frobenius
endomorphism does), U must preserve weights, and therefore maps the space of p-adic
modular forms of weight & and growth condition r = 1 to itself (since this is just the
space of generalized p-adic modular functions of weight k). More generally, U preserves
the spaces of modular forms of weight x (and growth condition » = 1). It is not,

1The relevance of this property is not completely clear. In [Mons71], Monsky showed that any Dwork
operator on a “weakly complete, weakly finitely generated” space was automatically a “nuclear operator”,
i.e., had a spectral theory. The result is proved by constructing subspaces that are somehow analogous
to the spaces of overconvergent forms (i.e., defined by requiring that power-series coefficients converge
to zero “better than linearly”). Though Monsky’s result cannot be applied directly to our situation, his
proof served as a guide at many points.
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however, at all clear that U preserves the space of overconvergent forms (and in fact
it is false without qualification). The goal of this section is to try to understand the
action of U on the various spaces of overconvergent forms. The difficulties are the same
as for Frob: first, the question of the existence of the fundamental subgroup, and second
(for the case where the weight is not zero), the problem of pulling back a non-vanishing
differential via an isogeny of degree p.

We want to determine to what extent U preserves overconvergence; since Frob only
had good properties with respect to overconvergence up to tensoring with the fraction
field K of B, we expect the same sort of behavior in the current case. The first crucial
result is due to Katz.

Proposition IL.3.2 Suppose N > 3 and p /N. Then, for any r € B such that ord(r) <
1/(p+1), the homomorphism

Frob: M(B,0,N;7?) @ K —— M(B,0,N;7) ® K
s finite and étale of rank p.

Proof: This is [Ka73, Theorem 3.10.1]. For » = 1, it is an immediate consequence
of Proposition 11.2.9 above. For ord(r) > 0, the proof is more difficult, and involves
interpreting the K -algebras in question as the coordinate algebras of the (aflinoid)
rigid analytic spaces classifying elliptic curves over K satisfying 1 > |E,_;| > [r?| and
12> |Ep_1| > |r|, respectively, and doing a delicate study of the kernel of multiplication
by p in the formal group of a “not too supersingular” curve (we quote one of the results
of this analysis, which is due to Lubin, in Theorem I1.3.5 below). 0

Given this result, we see that we can define T'rg.,}, as the trace map on global sections
of w®* defined by the finite étale map Frob. Thus,

Trron(M(B, k,N;7) @ K) C M(B,k,N;77) @ K,
so that we have:

Corollary I1.3.3 Suppose N > 3 and p /N. Then, for any integer k and any r € B
such that ord(r) < 1/(p+ 1), we have

U(M(B,k,N;7)® K) C M(B,k,N;r?) ® K.

We interpret this as saying that, up to tensoring with K, the operator U improves
overconvergence. It is not immediately clear, however, that giving M(B,k,N;7) @ K
and M(B,k,N;7?) ® K their “natural” p-adic topologies (in which M(B,k,N;r) and
M(B, k,N;r?) are the closed unit balls) makes the linear map U : M(B,k,N;r) @ K —»
M(B,k,N,7?) ® K a bounded map. (Recall that the g-expansion topology is strictly
weaker than the “natural” topology, as we remarked above.) The case of weight zero
has been dealt with by Katz:
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Lemma I1.3.4 For any r € B with ord(r) < 1/(p+ 1), we have
U(M(B,0,N;r)) C p~'M(B,0,N;r?).

Proof: This is Lemma 3.11.4 of [Ka73], and of course a special case of the general result
below. ]

Thus, the linear map
U:M(B,0,N;7) @ K — M(B,0,N;r*) @ K

is bounded, and hence a continuous linear map of p-adic Banach spaces. The situation
for weight k # 0 is more complicated, since then Frob is already not integral. We deal
with this by looking a little more carefully at the Frobenius map in characteristic zero,
or equivalently, on the moduli spaces of “not too supersingular” curves. The result we
need is due to Lubin. Let £2 be the completion of the algebraic closure of K, and let B,
be its ring of integers. Let E/B,, be a supersingular elliptic curve over By, and let T
be a parameter for the formal group of E, normalized by [(](T) = ¢T for every (p—1)*
root of unity ¢ in Z,. Multiplication by p in the formal group is given by

2 .
) = 5T 4 a5 001 5
i=2

with ord(a) > 0 (because E is supersingular), ord(¢;) > 1 for i # 1(modp), and ord(c,) =
0 (because the formal group is of height 2). Note that since a = E,_;(E,w) (mod p)
for any nonvanishing differential w on E, we have that, if ord(a) < 1, then ord(a) =
ord(E,_1(E,w)). We want to determine the curves (if any) that are mapped to E by
quotient by their fundamental group.

Theorem I1.3.5 Let 0 < ord(a) < p/(1+ p), so that the canonical subgroup Ho C E is
defined, and let Hy, H,, ..., H, be the other finite flat subgroup schemes of rank p of E.
Then there ezist precisely p curves E( having ord(a'?) < 1/(1 + p) such that

E —_ E(‘)/IIO(E(,L))’
where Ho(E(™) denotes the fundamental subgroup of ). These are precisely the curves
E® = Efp,
1=1,2,...,p. Furthermore, we have

ord(a) = lord(a,).
r

Proof: This follows from a careful analysis of the kernel of multiplication by p in the
formal group of E. See [Ka73, Thm. 3.10.7], where several other cases are examined,
shedding some light on the question of the existence of the fundamental group. o
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Since it is sufficient to prove U is bounded after tensoring with a large extension of
B (e.g., because the conditions in Corollary 1.2.8 are independent of the ring B), we may
work over B, and apply the previous result to deal with the question of which curves
are mapped to a given curve by quotient by their fundamental group. To deal with the
problem of pulling back the differential, we use the theory of the Hasse invariant and
the fact that it is congruent modulo p to E,_;.

Proposition 11.3.6 Let N > 3, p /N, and assume that either k # 1 or N < 11. Let
f € M(Bw,k,N;7), for any r € B such that ord(r) < 1/(p +1). Then Trponf €
M(Bax, k, N; 77).

Proof: We want to define the value of T'rp.,f on any test object (E/Boo,w, 1,Y) of
level N and growth condition r¥; our strategy is to compute formally and hope for the
best. Thus, formally, we would have

(T"'Frobf)(vaa 7‘7Y) = Z f(Elawlyllalq),

where the sum is over the (E;,wq,, Y1) which map to (E,w,:, Y) by division by the
fundamental subgroup. The point of the proof is to show that we can give a sense to
the expression inside the summation above. We do this by an argument similar to that
in the proof of Theorem 3.3 in [Ka73, p.46].

As a first step, we determine explicitly the triples
(El,wlazh}/l)

lying over the given triple (E,w,:,Y). It is clear from the Theorem I1.3.5 that the only
possibilities are triples of the form (E;,w;, 7 01,Y7), where E; = E/}L., and w; and Y]
must be correctly chosen. Let m; : E; — E be the projection on the quotient by the
fundamental group. The main difficulty is that, since neither 7; nor its dual are étale
when E is supersingular, we do not know if the pullback of a non-vanishing differential is
still non-vanishing (and it will usually not be so). In any case, we may choose X; € By,
so that 77w = A,w;, where w; is a non-vanishing differential on E;. Note then that if we
write #fw; = Aw we have A;A = p.

Since ord(r) < 1/(p+1), r; = p/r has ord(r;) > p/(p + 1) and hence is divisible by
TP; set v, = ri/r?, and note that ord(r;) > 0. By Theorem I11.2.2, E mod r, B is the
Frobenius transform (E;)?) of E;, so that we may choose ); above so that w reduces
modulo r; to w,(p) on (E;)®). Then, as Katz shows in [Ka73, p.54], if Y’ - E,_1(E;, w)),
we must have

Y
- 1-— T'2Y )
Since we are working over B, we can solve for Y’ by choosing the unique solution of

Yy

the above equation satisfying Y'- E,_1(E;,w;) = 7.
Since we have #*7*w = pw, we must have, formally,
1 1

.1
W = —Tw=—-Aw; = —w;,
p P A
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d
an -
Y, = Wil
Hence, formally, we have
1 1
f(Eiywi,u, Y1) = f(E, Xw,-,iro 1, )‘p—1Y,)

= Akf(Eia wi, T o, YI)

_( N
= \gomay) EEeeniony?).

This is of course only a formal computation because A is not a unit in By ; however, the
last term ¢s well-defined and independent of the choices made because E,_; is a lifting
of the Hasse invariant, hence differs from A by multiplication by a unit of B, (since
ord(E,—1(E;, w;)) < 1, all liftings of the Hasse invariant have the same valuation), and
this unit can be interpreted without ambiguity by “reduction to the universal case”, in
which B is flat over Z,. One can then check without difficulty that this transforms as
expected when we multiply w by a unit in Bs. Thus, we obtain a well-defined value
for T'rprobf, which coincides with the previous one when the curve is not supersingular
(because then all of our computations make sense!). This proves the proposition. o

Hence we have:
Corollary I1.3.7 Under the hypotheses of Proposition I11.3.6, the map
U:M(B,k,N;r)® K —— M(B,k,N,7") @ K
s a bounded homomorphism of p-adic Banach spaces.

For the rest of this section, we assume that k£ # 1 or that N < 11, so that we are in
the situation where Proposition I1.3.6 holds. Then, if ord(r) < 1/(p+1), the U operator
induces a bounded linear map

M(B,k,N;r) ® K ——s M(B, k,N;r?) ® K.

In fact, we know that
U(M(B, k,N;r)) C M(B, k,N; r?),
Yy

so that [|[U|| < p. Finally, since we have M(B,k,N;r?) — M(B,k,N;r), it is clear
that we can consider U as a continuous linear endomorphism of the Banach space
M(B,k,N;7) ® K. In fact, we can do better than this, by considering the composition

M(B, k,N;r*) @ K < M(B,k,N;7)® K —— M(B,k,N;*) ® K,

which shows that U defines a continnous linear endomorphism of the Banach space
M(B,k,N;r?) ® K. Finally, given any r, € B with ord(r;) < p/(p + 1), we may
assume (since overconvergence properties can be detected by the congruence conditions
of Corollary 1.2.8, which are independent of the base ring) that 7, = r? for some r € B,
and apply the preceding observation. Hence we have:
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Corollary I1.3.8 Under the above hypotheses, and if r € B with ord(r) < p/(p + 1),
the U operator induces a continuous linear endomorphism of the p-adic Banach space

M(B,k,N;m) @ K.

We have seen that U is integral (i.e., |U|] £ 1) on V (and hence on the spaces of
forms with growth condition r = 1). This is not true in general. However, for r in the
appropriate range, it is almost true, in the sense that there there is an equivalent p-adic
metric on the space M(B,k,N;r) ® K for which U is of norm one. Let

Li(r) = M(B,k,N;7) + U(M(B, k,N; 7)),

Then, since
U(M(B, k,N;7)) C ~M(B, k,N; ),
P
we have

1
M(B7kaN;T) C Lk(r) C _M(B’k’N;T)’
P

so that taking Li(r)} as the unit ball defines a p-adic topology on the Banach space
M(B, k,N;r) ® K which is equivalent to the canonical one. Then we have the following
result, which generalizes a result of Dwork to the case of weight k& # 0 {the case of
weight zero is [Ka73, Lemma 3.11.7]):

Proposition I1.3.9 With hypotheses and definitions as above, assume that p > 7 and

2p
3(p—1)

Then we have U(Ly(r)) C Li(r), so that, in the p-adic norm defined by Li(r) we have
U]l < 1.

p

< ord(r) < —.
p+1

Proof: As pointed out above, we may as well assume that r = r{, for r; satisfying

2 1
— < ord(r;) < ——.
3(p—1) pt+1

(The hypothesis p > 7 is needed for this inequality to be possible.)

It is sufficient to prove that f € M(B,k,N;r) implies U2(f) € Li(r). The proof,
which is essentially the same as that given by Katz, amounts to using Corollary 1.2.8
repeatedly to determine overconvergence. Thus, let f € M(B,k,N;r); by Proposi-
tion 1.2.6, we may write

’I"b1 7’2b2
fobot by g
°"E,, EL,

Since by € M(B,k,N) is classical,

U(bo) € M(B,k,I'1(N) N To(p)) C M(B,k,N;7),
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so that U?(bg) € Li(r), and we need not worry about the first term. Next, note that

P rpi
) =ord(=) =i(p—1)ord(r;) —1>0
P'I‘i) or (PT{) i(p yord(r,) ,

ord(

for any 7 > 2, so that we may write

'I'b1

E, .

f=bo+ +r-9

with ¢ € mM(B, k,N;r;), where m denotes the maximal ideal of B (just factor out p),
so that U(p- g) = pU(g) € M(B, k,N;r) and hence U%(p- g) € Li(r). Hence, it remains
to show that

. Tbl
U L .
(E,,_;) € Li(r)
Writing
Tbl bel p—1 lel
= — —

and noting that

lel 1
U € -M(B,k,N,rD),
(Ep—l) P ( y vy ) 1)
we can write
rby -1 b
U = PP7U(—
(Ep—l) 1 (Ep.‘l)
p—1 pri 2pps
™ ; 10 Ty by >
= b + + + .-
p ( 0 Ep~1 Ez——l
p—1 Py
— Tl <b6+L)+p.h,
p IEp—l
where, since
,,.ip+p—1
ord( - ) =({+1)(p—1)ord(r;) —2>0
P

for ¢ > 2, we have h € mM(B, k,N;r;). Then, as before, U(p-h) € Li(r), and it remains
to show that
by

U | b L .
(0+Ep—1)€ k(r)

r7by
E,
and hence on g-expansions), and the g-expansion of p - h is divisible by p, and hence
also divisible by ». Hence, r must divide the g-expansion of

(g ) o ()
P ‘ Ep P Ep s ’

Now, the g-expansion of U(

) is divisible by r = r} (because U is integral on V,
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and therefore also the g-expansion of

p—1
1

p (bé)EP—l + beg))

which is classical of weight £ + p — 1. By the g-expansion principle for classical forms,
there exists a classical modular form & of weight k + p — 1 (and level N) such that

p—1
!

" (b6E,—1 + r{b}) = r7b) = rby,

and so

p—1 Py "
&1 s r1by ) b}
by + = € M(B,k,N;r).
p ( 0 Ep_l Ep_l ( )

Then clearly

p—1 P "
U <7’1 (bé) + T1b1 )> - U < T‘bl > c Lk(T),
p Ep p—1

proving our claim. o

A closer look at the proof will reveal that we have also proved two congruence
properties, namely:

Corollary I1.3.10 Under the above hypotheses, write
r%b

f = 2 - )

25

and let m denote the mazimal ideal of B. Then we have

U(f) = Ulbs) + V() (mod m)
and, for some by € M(B,k+p—1,N),
2 by
U*(f) = U(E _1) (mod m).

Proof: The first statement is clear from the proof of Proposition 11.3.9, as is the
fact that

1
b}

U*(f) = U*(bo) + Ul

) (mod m),

p—1

for some b] € M(B,k + p — 1,N). Then, noting that U(by) € M(B,k,N;r) (because b,
is classical), and applying the first statement to U(by) yields the second statement at
once. o

Note that these results show that Li(r) is a U-stable B-lattice

Li(r) c M(B,k,N;7)® K
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and that the action of U on Li(r) ® B/m is determined by its action on the classical
space

M(B,k—{—p~1,N)®B/m;

for example, the unit eigenvalues of U acting on Li(r) will be congruent to unit eigen-
values of U acting on the space of classical modular forms of weight &+ p — 1 and level
N (in fact, Hida has shown in [Hi86b] that for k > 3 any f € M(B, k,N;1) having a unit
eigenvalue under U is necessarily a classical modular form of weight k and level N).

It is interesting that one can prove integrality results for the U operator for ord(r) = 0
(i.e., for r = 1) and for

————3(pi ) < ord(r) < ;f_—l—,

which are, so to speak, the “opposite ends” of the range of » for which U gives an
endomorphism of M(B,k,N;r). It seems that some integrality result must be possible
in all cases in that range; we will later look at another part of the range to estimate the
Newton polygon of the characteristic power series of U.

11.3.3 U and Frobenius

The point of this section is to exploit to the fullest the identity U(Frobf) = f and
its variants. The most important consequence, from the point of view of the rest of
this chapter, will be to show that the spectral theory of the U operator is dramatically
different in the overconvergent and the non-overconvergent cases. Specifically, we will
see in the next section that the U operator is completely continuous on the p-adic Banach
spaces of overconvergent modular forms, so that its eigenvalues form a sequence tending
to zero. By contrast, we show in this section that every element of the maximal ideal of
the completion of the ring of integers of a separable closure of Q, is an eigenvalue for
the U operator acting on the full space of p-adic modular forms of weight k.

We begin with a simple consequence of the expressions of U and Frob on g-expansions:

Proposition I1.3.11 Let B be a p-adic ring, and N an integer prime to p. The se-

quence

0 — V(B,N) B2 v(B,N) % v(B,N) - V(B,N) — 0

1s ezact.

Proof: We check exactness at each step:

a) Frob is injective, since, for f(q) = ¥ ang™, (Frob(f))(q) = ¥ @ng™ = 0 implies @, = 0
for all », and hence f = 0 by the g-expansion principle.

b) First, (1 — FroboU)(Frob( f)) = Frob(f)— Frob(U(Frob(f))) = Frob(f)—Frob(f) = 0.
Conversely, if (1 — FroboU)(f) = 0, then f = Frob(U(f)).

¢) First, U(f — Frob(U(f))) = U(f) — U(f) = 0. Conversely, if U(f) = 0, then
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Frob(U(f)) = 0, so that f = (1 — FroboU)(f).
d) Finally U is surjective because f = U(Frob(f)). o

Of course, since, with the usual hypotheses on B and N, both U and Frob preserve

the space of modular forms of weight &, we also have:

Corollary I1.3.12 Let B be a p-adically complete discrete valuation ring, let N > 3,
p [N, and assume that either k # 1 or N < 11. Then we have an ezact sequence:

Frob 1-FrobeU U
0 — M(B,k,N;1) — M(B,k,N;1) —— M(B,k,N;1) — M(B,k,N;1) — 0.

A version with the spaces M(B,k,N;r) ® K of overconvergent modular forms of
weight k also follows, with the obvious caution as to the degree of overconvergence at
each step, as in the previous section. For this section, we concentrate on the larger
space, and we fix the above hypotheses on B, N and k.

We should note in particular that the operator (1 — FroboU) is in fact idempotent.
Thus, we get:

Corollary IL.3.13 With the hypotheses above, we have a direct sum decomposition:
M(B,k,N;1) = image(Frob) & ker(U).
Furthermore,
ker U = image(1 — FroboU) = M(B, k,N;1) /image(Frob) )
so that the kernel of U is infinite-dimensional.

Since the operator (1 — FroboU) maps the space M(B,k,N;r)® K to itself (provided
ord(r) < p/(p + 1)), the analogous result also holds in the overconvergent case.

To sum up, given any p-adic modular form f € M{(B,k,N;1), one can produce an
eigenform for the U operator (with eigenvalue 0) simply by taking fo = (1 — FroboU)(f).
One should note, also, that the g-expansions of f and f; agree “outside p”, i.e., if a,(g)
denotes the coefficient of g™ in the g-expansion of g, we have a,(f) = a,(fo) whenever
p /n. In particular, if f is an eigenform for the Hecke operators T, for £ # p, then so is

fo, and the eigenvalues are the same.

In fact, one can go much further than this, by the following construction. Let
fo € M(B, k,N;1) be such that U(f,) = 0. Take any A € B such that ord()) > 0, and
consider the p-adic modular form

fr = fo+ AFrob(fs) + A*Frob’(fo) + ... + A"Frob™(fo) + . ..

Note, first, that since A — 0, the series clearly converges and defines an element of

M(B, k,N;1). Furthermore,
Ufx = Ufo+ AU(Frobfy) + A*U(Frob’fo) + ...
= 0+ Afo+ MFrobfy + ...
= Afa
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Thus, given any fo € ker(U) and any A in the maximal ideal of B, we have con-
structed a p-adic modular form fi € ker(U - A); furthermore, fo and fy clearly have the
same g-expansion coefficients “outside of p”. Thus, we have proved:

Proposition IL1.3.14 With the hypotheses above, for any A in the mazimal ideal of B,
there is a bicontinuous bijection

ker(U) ——— ker(U —A)
fo — fa-

Furthermore, we also have a,(fo) = a.(f») whenever p fn. Thus, if f; is an eigen-
form for the Hecke operators T, with £ # p, then so is fi, and with the same eigenvalues.

Remarks:

1) If we look at the above construction from the point of view of g-expansions, it may
be interpreted in very naive terms. Suppose we wish to construct the g-expansion of an
eigenform for the U operator with eigenvalue A. Then we might proceed as follows:

i. fix the a, with p /n arbitrarily (this corresponds to choosing an fo);

ii. when p|n but p? [n, set a, = Aan)p;

ili. when p?|n but p* [ n, set a, = Ma,p = Aa

n/p;
iv. in general, if n = p*m and p fm, set a, = A am.

Notice that this makes perfect sense for any A in B. The point of the above discus-
sion, then, is that if we begin with a p-adic modular form fo € ker(U) and if A is in
the maximal ideal of B, then the resulting ¢-expansion is in fact the ¢g-expansion of a
p-adic modular form. If A is a unit in B, this is not necessarily the case, as we shall see
shortly. (Specifically, what we shall show is that for each fixed weight there are only a
finite number of pairs (fy, A} for which A is a unit in B and the g-expansion we have
just constructed is the g-expansion of a p-adic modular form.)

2) The fact that the Frobenius endomorphism maps the space M(B,k,N;7?) ® K to
M(B,k,N;7) ® K (i.e., it reduces overconvergence) shows that even if we start with
an overconvergent p-adic modular form f,, we cannot guarantee that f, will be also
overconvergent. In fact, what is true, as will follow from the results in the next section,
is that for each fixed weight there is only a denumerable set of pairs (fo, A) for which
A # 0 and the above construction produces the g-expansion of an overconvergent mo-
dular form, and the possible values of A form a sequence tending to zero. (It would be
quite interesting to obtain an a priori criterion for determining whether a pair (fo, A) is
of this kind, if one exists!)
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To summarize, one might say that to consider the spectral theory of the U operator
on the full space M(B,k,N;1) produces very little information, except for the ordinary
part, i.e., the spectral theory for eigenvalues which are units in B. In the next section,
we consider the spectral theory of U acting on the space of overconvergent forms, and
show that this is in fact much more interesting.

I1.3.4 Spectral theory: the overconvergent case

In this section we study the spectral theory of the U operator acting on overconvergent
forms of integral weight k. The fundamental result is that the U operator acting on
spaces of overconvergent p-adic modular forms is a completely continuous operator (so
that there is a spectral theory to study). This turns out to follow immediately from the
fact that U improves overconvergence.

Proposition I1.3.15 Let N > 3, p /N, and assume that either k # 1 or N < 11. Let B
be a p-adically complete discrete valuation ring such that B/pB is finite, and let r € B
satisfy 0 < ord(r) < p/(p+1). Then the operator

U:M(B,k,N;»)® K —— M(B,k,N;7)® K
138 completely continuous.

Proof: As before, write » = rf. Then U, considered as an endomorphism of
M(B, k,N;r) ® K, factors as

M(B,k,N;7) ® K < M(B,k,Nir) @ K —— M(B,k,N;r) @ K.

By Corollary 1.2.9 the inclusion is a completely continuous homomorphism of p-adic
Banach spaces, and the corollary follows. a

1t follows that the U operator has all the properties of completely continuous oper-
ators on p-adic Banach spaces; since many of these are crucial to our theory, we will
discuss them in more detail. The reference for all of our statements is the paper [Se62]
of Serre (see also the remarks in Monsky’s paper [Mons71]). The first important re-
sult is that there is a spectral theory completely analogous to the classical one. Let
g(X) € K[X] be a polynomial with g(0) # 0; then we have

M(B,k,N;r) ® K = M(g) ® F(9),

where g(U) is bijective and bicontinuous on F(g) and ¢(U)™ annihilates M (g) for some
n. Of course, the most common example is g(X) = X — X, where ) is an eigenvalue
of U, in which case M(g) = M()) is the generalized eigenspace corresponding to the
eigenvalue A, The point of extending this to polynomials is that it allows us to consider
the case when the eigenvalues do not belong to the field K, by taking g(X) to be the
minimal polynomial.
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In fact, we can even extend this to sets of polynomials (essentially by using the fact
that K[X] is noetherian): let $ C K[X] be a set of polynomials, and assume that the
roots in K of the polynomials in S are bounded away from 0 (so that in particular § is

disjoint from the ideal X - K[X]); then M(S) = ) M(g) is finite-dimensional over K,
g€eS
and we have a direct sum decomposition

M(B,k,N;r) ® K = M(S) ® F(S).

Using the existence of the spectral decomposition, we can then define the trace and
the characteristic power series of the operator U. For any S as above, define Trs(U") =
trace(U™|M(S)) and Ps(t) = det(1 — tU|M(S)). Noting that the family of such S form
a directed set under inclusion, we can view the maps § — Trg(U™) and S — Ps(t) as
nets in K and in K ({t]], respectively, where we give K|[t]] the topology of coeflicientwise
convergence. Then the limits Tr(U™) = limg Trs(U™) and P(¢) = limg Ps(t) both exist.
The resulting power series P(t) is the p-adic analogue the Fredholm determinant det(1—
tU) (in the sense of Serre in [Se62]; note, however, that the construction given above is
different from Serre’s, and goes through whenever there is a spectral theory; when the
operator in question is completely continuous, it is equivalent to Serre’s construction).
Hence, in particular, A # 0 is as eigenvalue of U if and only if P(A~?) = 0 and the
dimension of the generalized eigenspace corresponding to A is precisely the multiplicity
of A7! as a root of P(t).

The next important remark is that the power series P(t¢) defines a p-adic entire
function. To be specific, we have

P(t) = exp(— i(@)) =1-Tr(Ult+...= Zc,'ti,
with
hmcﬁc-ir(—ci—) = o0,

so that P(t) is entire. Hence, we may write

P(t) =TJ(1 = At),

3

with A; — 0 where ); € K (the algebraic closure of K) are the eigenvalues of U. In the
same way, we may define, following Serre, the Fredholm resolvent

P(t)  det(1 —1U)
1—-tU 1—tU ’

F(t,U) =

as a formal power series whose coeflicients are polynomials in U, and which again is
“entire”, in the sense that, for every u € K, the series F'(u,U) converges in the norm
topology for operators. This allows us to show:
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Lemma I1.3.16 Given g as in (1), let v, be the inverse of g(U) on the subspace F(g),
i.e., the function defined by v¥,|M(g) = 0 and ¢¥4|F(g) = (g(U)|F(g))?, let m, be the
“projection onto F(g)” (which is given by 470g(U)" for n sufficiently large), let A be the
subalgebra of the algebra of continuous endomorphisms of M(B,k,N;7) ® K generated
by the identity and U, and let A be its closure in the norm topology. Then 1, € A and
T, € A

Proof: This is implicit in [Se62], as is noted by Monsky in [Mons71]. The statements
for 7, and for 7, are equivalent, and we will concentrate on the projection .

Consider first the case where g(X) = X — . Let h denote the multiplicity of A~! as
a root of P(t), and let A denote the operator on formal power series defined by

14
= da

A*H(1)
Then Serre shows that m, is the A" power of the operator given by
(APPOA))TH1 = ATTU)ARMF(A T, U),

where F(t,U) denotes the Fredholm resolvent, as above. Since all the power series
involved are entire, this gives a power series in U which converges in the norm topology
(since U is essentially integral, this just means that the coefficients tend to zero!). This
proves the assertion for the projection onto F(g), when g(X) = X — A. The general
case then follows by writing g(U) = A —U; for some A € K and a completely continuous
operator U;. The assertion for 7, is proved similarly; we refer the reader to Serre’s
paper for the details. D

Corollary I1.3.17 For any g as above, the operators e, and 1, commute with the Hecke
operators T, on M(B,k,N;7)® K.

Thus, we obtain:

Corollary I1.3.18 Let p > 7, N > 3, and assume k £ 1 or N < 11. Let g(X) be a
polynomial with nonzero independent term, and let r be as in Proposition II.3.9.
Then we have a decomposition

M(B,k,N;r)® K = M(g) ® F(g)

such that g(U) is nilpotent on M(g) and invertible with continuous inverse on F(g).
The space M(g) is finite-dimensional, independent of r such that ord(r) < p/(p + 1),
and consists of the overconvergent modular forms of weight k on which g{U) is nilpotent.

The characteristic power series P(t) of the U operator and the spaces M(S) are
independent of r with 0 < ord(r) < p/{p+ 1). Moreover, P(t) has integral coefficients,
i.e., P(t) € B[[t]], so that the eigenvalues of U are all integral. Finally, for each o > 0,
the set of eigenvalues A satisfying 0 < ord(N\) < o 1s finite.
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Proof: The existence of the decomposition is, of course, an immediate consequence
of the fact that U is completely continuous. To show that M(g) is independent of r for
any g as above, note that, since g(0) # 0, g(U)*(f) =0, f € M(B,k,N;r) ® K implies
that f belongs to the span of Uf, Uf, etc., and hence that f € M(B,k,N;r?)® K; by
the same argument we get f € M(B,k,N;r”’)® K, and so on until we have 1/(p+1) <
ord(r?") < p/(p+1). It follows immediately that the same is true for any of the spaces
M(S), and hence that it is true for the characteristic power series P(t).

That P(¢) € B[[t]] now follows immediately by choosing the appropriate r and
applying Proposition I1.3.9. Finally, the last statement is a standard property of p-adic
entire functions. =

It is useful to note that we may compute the characteristic power series P(t) € B[[t]]
of U on any space M(B,k,N;r) ® K for any r satisfying 0 < ord(r) < p/(p+ 1), and
call it the characteristic power series of U, since it is independent of the choice of r. We
will later make use of this liberty in choosing r to obtain further information about the
characteristic power series.

An interesting special case of the spaces M(S) is the following: for each a > 0 let
{M1,Azy--.,2,} be the set of eigenvalues of the U operator satisfying ord(};) = « (which
is finite, as we have seen above), and let

ga = JI(X = ).

1

Then M(®) = M(g,) is the space of all generalized eigenforms for U corresponding to
eigenvalues of valuation o, which we call the “slope « eigenspace” of M(B, k,N;1) ® K;
we have obtained, for each «, a direct sum decomposition

M(B,k,N;1)® K = M® g F(®,

We denote the projection on M(® by e,; as we have seen, e, € T ® K. Finally, we
know that M(® is finite-dimensional and contained in the space M(B,k.N;7) @ K of
modular forms with growth condition r, for any r satisfying ord(r) < p/(p + 1).

Similarly, one may define subspaces M(S%) (respectively, M{<®)) corresponding to the
generalized eigenforms with eigenvalues of valuation less than or equal to « (respectively,
less than @), which are also finite-dimensional (again because P(t) is entire), and for
which we have continuous projections and direct sum decompositions as before.

It is clear, from the results of the preceding section, that one cannot extend these
results to the full space M(B,k,N;1)® K. In fact, we have shown that the spectrum of
U on this space contains the maximal ideal of B, so that the situation is dramatically
different from what happens in the overconvergent case. It is interesting, in any case, to
consider the largest subspace of M(B,k,N;1) on which U still acts “reasonably”. This
should be the union of all the overconvergent spaces, and that is essentially how we will
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define it. However, we have to be a little careful, because we have assumed B to be a
discrete valuation ring and also that r € B, so that we cannot make r tend to 1 unless
we consider extensions of B.

Definition II.3.19 Let B and N be as above. For any f € M(B,k,N;1), we say f
is overconvergent if there exist a positive integer m, a finite eztension B, of B, and
an element r in the mazimal ideal of B, such that p™f € M(B,k,N;7). We denote
the set of such f by MY(B,k,N;1), and give it the p-adic topology induced by that of
M(B, k,N;1).

We know that M!(B,k,N;1) is a dense subspace of M(B,k,N;1), since it contains
all the finite sums
> bE % .

The dagger notation is intended to recall the “weakly complete” spaces of Washnitzer
and Monsky (see [MoWa68]); the analogy is that in both cases one considers the elements
which can be written as power series with coeflicients that tend to zero “better than
linearly”. To see this in our situation, one uses Corollary [.2.8, which shows that
f € M(B, k,N;1) will be overconvergent (with this definition) if and only if, when we
write it as
f=2 bE",

there exists some rational number « such that ord(b,) — aax — o0 as a — oo.

The interest of the space M(B, k,N;1) is that the projections e, are still defined on
it, since any overconvergent form is contained in some space M(B,k,N;r) ® K. They
are, however, not continuous in the g-expansion topology when o # 0 (because otherwise
they would extend to the full space of p-adic modular forms). Thus, U is a “nuclear
operator” on MY(B,k,N;1) ® K, i.e., it has a spectral theory:

Corollary I1.3.20 Let p > 7, N > 3, and assume k # 1 or N < 11. Let g(X) be a
polynomial with nonzero independent term.
Then we have a decomposition

MY(B,k,N;1)® K = M(g) ® F'(g)

such that g(U) is nilpotent on M(g) and invertible on F'(g). The space M(g) is finite-
dimensional, coincides with the space M(g) in Corollary I1.3.18, and consists of the
overconvergent modular forms of weight k on which g(U) is nilpotent.

The characteristic power series P(t) of the U operator and the spaces M(S) coincide
with those in Corollary I1.5.18. Finally, for each o > 0, the set of eigenvalues A
satisfying 0 < ord(A) < a is finite.

Proof: This is all immediate from Corollary I1.3.18 together with the fact that the
characteristic power series is independent of r; see [Mons71] for a general statement on
unions of nuclear spaces. m]
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I1.3.5 Spectral theory: the ordinary case

The part of the spectral theory of U dealing with those eigenvalues which are units in
the p-adic ring B is especially easy to understand. This seems to have been first noticed
by Hida, who went on to construct a rich and powerful theory about this situation. In
this section, we wish only to point out the most elementary fact about the ordinary
case: that the ordinary projection ey does extend to the full space M(B,k,N;1). The
full implications of this are drawn out in Hida’s theory, the first steps of which we trace
in an appendix to this chapter.
We use the notations introduced above; in particular,

eo : MI(B,k,N;1)® K —— M'(B,k,N;1) @ K

is the projection on the unit-root eigenspace, i.e., on the subspace generated by all

generalized eigenforms whose eigenvalues are p-adic units, and M(® = eoM!(B, k,N;1).

We refer to ep as the “ordinary projection” and to M(® as the “ordinary subspace”.
To show that ey extends to M(B, k,N; 1), we will in fact show a much stronger result,

namely, that one can define an operator ¢, on all of V(B,N) which restricts to e, on

M!(B, k,N;1). We do this, following Hida, by using the description of V(B,N) as the

closure of the space of divided congruences D(B,Np) = lim Di(B,Np). To define e as

k

an operator on D(B,Np), it is sufficient to define it on each D,(B,Np) in a coherent
way; it will then extend to all of V(B,N) by continuity (because it is an endomorphism
of D(B,Np), and not merely of D(B,Np) ® K). However,

D«(B,Np) ® K = @ M(B,i,Np) ® K c P M!(B,:,N;1)® K,
i<k i<k
and we already know that eq is defined on this last space. Furthermore, after finite base-
change, D(B,Np) ® K has a basis {f;} which consists of eigenforms for the U operator
(because p /N), and the action of f; on this basis is simply given by eof; = fi if the
eigenvalue of U on f; is a unit, and eof; = 0 otherwise. Thus, ey maps Di(B,Np) ® K
to itself.

It remains to show that egDi(B,Np) C Di(B,Np); to see this, order the basis {f;}
so that epf; = fifor 1 <1 < randeyf; =0forr+1 < 1: < m. Suppose we have
f € Di(B,Np); then we can write

f= > afi

1<i<m

with o; € K, and we know that

> aifi(q) € Blld]l.
1<i<m
What we need to show is that this implies that in fact

Y~ eifiq) € Bllq]).

1<i<r
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To see this we note that U acts integrally on g-expansions, and that we have U™ f; = A7 f;,
with A; a unit if 1 < ¢ < r and in the maximal ideal otherwise. If we choose n large
enough, we may assume that, first, o;A? —a; € B for 1 < 7 < r, and second, that
a; A € B for the other . Thus,

(eof)(q) = Z oifi(q) = (U™ f)q) — Z (Afey — i) fi(q) — Z ;! fi(q) € Bl[q]].

1<i<r 1<i<r r+1<i<m

Thus we have shown:

Lemma I1.3.21 [Hida] The operator eq induced on Di(B,Np) ® K from the operator
eo on @MI(B,4,N;1) ® K satisfies

eoDi(B,Np) C Di(B,N).

It is clear, then, that one can go to the inverse limit to get eo : D(B,N) — D(B,N),
and then extend by continuity to e : V(B,N) — V(B,N). In fact, the proof actually
shows that eg restricted to Di(B,N) can be expressed as a limit of powers of the U
operator, and hence that in fact e; € T(B,N), and in particular that eq commutes with
the diamond operators, and hence preserve weights. Hence, finally, we may restrict to

eo : M(B,k,N;1) — M(B, k,N;1),

which by construction extends the eo defined on the overconvergent space.
Thus we get:

Proposition I1.3.22 Let p > 7, N > 3, and assume k # 1 or N < 11. Then we have
a decomposition

M(B,k,N;1) = ecM(B,k,N;1) & (1 — e)M(B, k,N; 1).
The space egM(B,k,N; 1) is finite-dimensional and we have
eoM(B, k,N;1) C M(B,k,N;r) ® K

for any r with ord(r) < p/(p+1). In particular, any ordinary eigenform is overconver-
gent.

Proof: All we need is to note that e, extends to M(B,k,N;1), and that, since MO
is finite-dimensional, it is closed (with respect to any topology). o

In fact, Hida has shown much more; for example, for k > 3 any ordinary eigenform
isin fact classical, rather than merely overconvergent. Furthermore, he has obtained a
quite precise understanding of the Hecke algebra in the ordinary case. See the appendix
for more information.
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I1.3.6 The characteristic power series

The characteristic power series of the U operator on the space of overconvergent p-adic
modular forms of weight k is an intrinsically interesting object, and we would like to
understand it better. In [KaT73], for example, Katz relates the reduction modulo p of
this characteristic power series to the L-function of a certain algebraic variety.

In this section, we give somewhat explicit estimates for the coefficients of the char-
acteristic power series. These give, for example, a lower bound for its Newton polygon,
and imply several interesting results about congruences of modular forms.

Let us fix an integral weight £ € Z, and denote by P(t) the characteristic power
series of U acting on M'(B,k,N;1) ® K. In order to be able to use the full strength of
the spectral theory, it is better to work with spaces of overconvergent forms; we may do
this, since, as discussed above, P(t) is also the characteristic power series for U acting
on any space

M(B,k,N;r")® K,

where r € B is any element satisfying ord(r) < 1/(p + 1), which we interpreted as the
composition

M(B,k,N;r?) ® K — M(B,k,N;7) ® K -~ M(B,k,N;r*)® K,

where u is the map induced by the U operator on the full space. To obtain our estimates,
we will in fact prefer to change our space (and our operator) slightly. We may continue
the sequence of maps above:

M(B,k,N;*) ® K <5 M(B, k,N;r) ® K —“+M(B, k,N;7?) @ K <>M(B,k,N;r) ® K

where we denote the inclusion by ¢; we have defined the U operator to be uoi. Note,
however, that

det(1 — t(uot)) = det(1 — t(iou))

(see [Se62]), so that P(t) is also the characteristic polynomial of the operator
tou : M(B,k,N;r) @ K —— M(B,k,N;7)® K,

which we will also denote by U. (This is, of course, also the operator induced by the U
operator on the full space!) This is the operator we will work with for our estimates.

We use a method suggested by Dwork in [Dw73]: using the “basis” for the space
of p-adic modular forms constructed in Section 1.2.2, we construct an explicit Banach
basis for M(B,k,N;7) ® K, and estimate the matrix coeflicients of U with respect to
this basis. Asin Lemma 11.3.9, the chosen basis defines a topology on M(B,k,N;7)® K
which is equivalent to the p-adic topology but with respect to which U is integral, i.e.,
o) =1.

Let B be a finite extension of Z,, and suppose the level N and the weight k are fixed.
Since the characteristic power series is independent of r (in the correct range), we may
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assume (provided p > 7) that
56)2_—1) < ord(r) < 1%

For each i, choose a basis {b;;, 1 < j < m;} of the space A(B,k,i,N) (defined in
Section 1.2.2) which remains a basis after reduction modulo the maximal ideal® (for
example, by choosing any lifting of a basis of M(k, k,N; 1), where k is the residue field
of B). We may assume that such bases have in fact been chosen consistently for all &
and ¢, in the obvious sense (i.e., multiplication by E,_; sends basis elements to basis
elements). Then, for each m, the set

{E77':;11<j <my, 0<i<m}

is a basis for the space M(B,k + m(p — 1),N) of classical modular forms of weight
k 4+ m(p — 1), so that we have:
> m; =rankg M(B,k + m(p —1),N) = dim M(K,k + m(p — 1),N),
0<i<m
which determines the dimensions m;. (Note that the m; are bounded independent of i.)
Then, after Proposition 1.2.6, we consider the Banach basis of M(B,k,N;r) ® K given
by

ei; = biE i>0,1<j<m,

This is clearly an orthonormal basis with respect to the standard p-adic topology on
our space.

We want to modify the basis e;; to obtain a basis defining an equivalent topology
for which the U operator is integral. To see how this can be done, we first look at the
ij3 write

U(ei.j) = Z u:,’;et,u

with u}} € K. To estimate u;'%, recall that we have

matrix of U with respect to the basis e

1
U(ei,j) € ;M(B’ k,N’ ,rp),
so that we can write it in the form

1
Ues) = SXE

t(p—1)
= S (T enbi,) B

P
rt(p—l)
= Lt s€tay

2Such a basis is called an orthonormal basis, since, if = = Y- z;bi;, we have
ll=ll = sup|z;l,
i

where || - [| is the p-adic norm on our space and | - | is the valuation norm on B (normalized, as usual, by
|p| = 1/p)-
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so that we get
ord(u?) = ord(r**~V) — ord(p) + ord(z.,)
> t(p—1)ord(r) -1

2 2t 23

>t(p-—1)3(T_T)—1 F-1="=3

Thus, we already have ord(u::;) > 0 whenever t > 2, and we need only modify our basis
slightly to deal with the non-integrality of the other coeflicients.

Define
1 e
s€; ifi=0
1 ap »
€. =4{ —e;; ifi=
€i; Ryt f 1,
€i; if 7 Z 2

where we extend the ring B if necessary. Let 'if '/ denote the matrix of U with respect
to this basis. Then it is easy to see that

0 ft=0,1<s<mg
ord(%7) > { (p~1)ord(r) —2/3 >0 ift=1,1<s<m
t{p—1ord(r) —1>(2t—-3)/3 ift>2,1<s<my

This, together with [Se62, Prop. 7], gives the following estimate for the coefficients of
the characteristic power series: let

P(t) = cat®

be the characteristic power series of U on M(B, k,N;7) ® K; then we have

my +3mg+5ma+ ...+ (2(8 — 1) — 3)me_y
b]

d(c,) >
ord(c,) > 3

where t is chosen so that
mgtmy+myt+...+tmuy2>2n>metm+ ...+ my .
For a more precise statement, let
d; = mo+ my + -+ + m; = rankg, M(Z,,k +i(p — 1),N).
Then we can say:

Corollary I1.3.23 Assume p > 7, N > 3, and either k # 1 or N < 11. Let P(t) =
Y. cat™ be the characteristic power series of U; then we have:
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i. if 0 <n <dy, ord(c,) > 0,

. lfdl < nS dg,
n—d1

3

ord(c,) > >0

i, if dy < n <ds,
ord(c,) > met3(n—di) s
3 3
. ifds<n<d,

my + 3mg + 5(n — dj) S M2 + 3mgy
3 - 3

ord(c,) >
v. etc.

Proof: The result in [Se62] is that ord(c,) is bounded by the sum of the bounds on
the first n matrix coeflicients, so that it is simply a matter of determining which are the
first n estimates, in terms of the indices (¢,s). Since the estimates depend only on the
index %, this amounts to comparing n to the dimensions d;. D

We can restate our result in terms of Newton polygons, which makes it much easier
to grasp:

Corollary I1.3.24 The Newton polygon of P(t) lies above the polygon

. dl dz dJ
which has

. slope 0 for 0 <z < d;
ti. slope 1/3 ford; <z < d,
1. slope 1 =3/3 for d; <z < ds
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. slope 5/3 for ds < = < d4

v. ele.

As an application of this analysis, consider the following problem: it follows from
the work of Jochnowitz (see [Jo82b]) that any eigenform for the U operator which is
“ordinary”, i.e., has unit eigenvalue, must be congruent (modulo the maximal ideal of B)
to a classical modular form of weight at most p+ 1; is it possible to give a similar bound
when the eigenvalue is of valuation a? (Note that the point here is the bound on the
weight, since any p-adic modular form will be congruent to some classical modular form,
almost by definition.) It turns out that our analysis gives just such a bound. Our result
will be weaker than that of Jochnowitz, however, on two counts: first, her result applies
to generalized eigenforms, i.e., to any f in the slope zero eigenspace denoted above by
M©® | and second, because any modular form which is congruent to an ordinary form
must itself be ordinary, and this is unfortunately not the case for forms of higher slope.

Thus, let f be an eigenform for the U operator, of slope «, so that we have U(f) = Af,
and ord(A) = a. As we have shown above, f must be overconvergent, so we may assume
f € M(B, k,N;r), with r as above. Write f in terms of the first basis constructed above,
so that

f=2"Fiseis
Then, with notations as above, we have:
ptp—1)

A fijei; =M =Uf -

2o fiid

i(p—1
pi )f' ...
LR A
p

zt,aet,:

Equating the valuations of the coefficients, we get
ord(A) +ord(f;;) = i(p—1)ord(r) —1+ord(f;;)

> i(p—1)ord(r) —1

> 21 — 3.
3
Hence, if
t> g(ord(x\) +1),
we get
ord(A) + ord(f;;) > ord(A) + 1 — 1 = ord(A),

so that

ord(fi;) > 0.
Let

() = [ 3@+ 1)),
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where |-| is the greatest integer function. Then, recalling that ord(A) = a, we conclude
that

f= gE;—nl(a) + h,
where g is a classical modular form of weight k + n(a)(p — 1) and h € mM(B, k,N;r) is
congruent to zero modulo the maximal ideal m of B. Hence, we have shown:

Proposition IL.3.25 Let f € M(B,k,N;r) satisfy Uf = Af, with ord(A) = «, and let

n(a) =[S+ 1))

Then there exists a classical modular form g of level N and weight k + n{a)(p—1) such

that
E—n(a)

gE, (mod m)

f

i

in M(B,k,N;r).

Note that congruence modulo mM(B,k,N;r) is a much stronger fact than congru-
ence in g-expansion.

This result can be improved in several ways; for example, one should remark that
the proof will go through if we simply assume that

Uf =Xf (mod pl*/ ™).
This allows us to show:

Corollary I1.3.26 There exists a constant C{a), depending on a but not on k or N,
such that for k > C(a) any eigenform f € M(B,k,N;7) satisfying Uf = Af with

ord(A) = «a is congruent modulo m to a classical eigenform of the same weight k.

For the case a = 0, the bound obtained in this way is C'(0) = p — 1, which is of
course far weaker than that obtained Jochnowitz, which is C(0) = 3. As Hida shows
in [Hi86b], Jochnowitz’s bound implies that any ordinary eigenform of sufficiently high
weight 45 classical. The same would follow in the general case if we could show that
the classical eigenform whose existence is asserted is also of slope a. Such a result, if
true, would be closely connected with the questions of interpolation discussed in the
next section.

I1.3.7 Varying the weight

From the point of view of the general theory of p-adic modular functions, we would like
to “put together” the projections e, for varying weights in order to get a projection
defined on some subspace of V[1/p] = V(Z,,N) ® Q, (the subspace of p-adic modular
functions that are “overconvergent”, in some sense). For this, one needs to analyze the
dependence of P(t) and of the projections e, on the weight k and the parameter r. (Of
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course, P(t) does not depend on r, but the norm of e, might very well do so.) What
one expects is that both these constructions should vary analytically with the weight,
at least within a restricted domain. In the case of e,, we would at least like to obtain
a uniform bound for the norm when r is fixed and the weight varies. No results of this
kind are known, except in the case a = 0, which has been considered above. In the
general case, such results turn out to be quite elusive, and we will limit ourselves, in
this section, to formulating a few conjectures and pointing out their importance.

Let P,(t) denote the characteristic power series of the U operator on the space
MY(B,k,N;1) ® K, obtained as above. Then we have

Pt =TT - 2P,

where the /\Sk) are the eigenvalues of U on MY(B,k,N;1) ® K, so that we know that
the /\Ek) are all integral and form a sequence tending to zero. Hence, to determine
P,(t) (mod p™), it is enough to know the eigenvalues of valuation less than n, together
with their multiplicities. However, since reducing modulo p” may introduce extraneous
eigenvalues, this is a quite subtle problem, and we will offer only a few remarks about
it and hints as to how one might proceed.

The first natural conjecture is that the characteristic power series varies continuously
as one varies the weight. This amounts to the following conjecture:

Conjecture IL1 Suppose k; = ki + ip" (p — 1). Then we have Py (1) = Pi,(t)
(mod p™).

To see that this is indeed plausible, note that if k = k;+ip™ }(p—1) for some i € Z,
. . . ip—1 . . .
multiplication by El?;  gives an isomorphism
ipn—t

E‘D_1
MY(B, ky,N;1) —— MY(B, ks, N;1)

which is U-equivariant mod p™ (because the g-expansion of E‘;:l is congruent to 1 mod
p"). This suggests that the characteristic power series will then be necessarily congruent
modulo p", but does not furnish a proof.
The continuity of the map k ~+ Pi(t) would already be a significant result. For
example, let
M c Mi(B,k,N;1) @ K

denote the slope o subspace of the space of overconvergent p-adic modular forms of
weight k. If we assume that Conjecture I.1 is true, it follows, by considering Newton
polygons and their interpretation in terms of the number {counting multiplicity) of roots
of a certain valuation, and hence of the dimension of the slope « eigenspaces, that the
map

ki~ d(k,a) = dim M

is locally constant. By compactness, it follows that it is uniformly locally constant, so
that we would get:
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Conjecture II.2 For every a > 0, there exists a positive integer m{a) € Z such that,
whenever ky = ky  (mod p™)(p — 1)), we have d(ki,a) = d(k;, a).

Once again, this is known if « = 0, in which case we can take m(a) = 0 (see the
appendix to this chapter). In general, we suspect that m(«) and a should have the
same order of magnitude, but we have no real evidence for a conjecture.

Given the conjecture that the characteristic power series varies continuously with
the weight, one may go further and ask if it is not in fact analytic (especially given
Hida’s theory of the ordinary part). We suspect that this is not the case. We will,
however, formulate (very tentatively) a conjecture as to what is in fact the case. With
notations as above, let

PP =TI a-x"y

ord(A{M)<a

be the “slope at most a” part of the characteristic power series. Note that each P,Ea)(t)
is a polynomial and that
lim P{®)(t) = P(2).

Then it seems reasonable to make the following guess:
Conjecture I1.3 The map k +— P,Ea)(t) is locally analytic.

In addition, one would expect “locally” to depend on e in such a way that the limit
P(t) is not itself analytic. For @ = 0, one would expect that, for each j, 0 < j < p—1,
there exists PJ(O) € A[t] specializing to P,go)(t) for each k = ;7 (mod p— 1). That this is
in fact the case follows easily from Hida’s theory of the ordinary projection.

The other important question in relation to variation with the weight has to do with
the projections e, to the slope o part, which we defined above. The question is whether
the e, “compile well” as one varies the weight. For this to make sense, one must fix the
parameter 7.

Conjecture I1.4 The projections
eo : M(B,k,N;7)® K ——— M(B,k,N;r) @ K

are bounded independent of k, i.e., there ezists C(a,7) € R such that we have ||eq] <

C(ea,r) for any weight k, where we take the operator norm with respect to the p-adic

topology on M(B,k,N;r)® K.

It is easy to see, for example, that |eo]] < 1 independent of k, even in the g¢-
expansion topology; this is what makes Hida’s theory work. It is also easy to see that
the projections are not integral when a > 0. Of course, we have shown that they are
bounded for each k, but our proof does not seem to provide either explicit bounds or
estimates on how the bound varies with k. This remains an interesting open question.
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II.4 Appendix: Hida’s theory of the ordinary part

In this appendix, we give a short introduction to Hida’s theory of the ordinary part.
The crucial fact here, as we have already pointed out, is that we have |leo|| < 1 in the
g-expansion topology, so that in fact we have a projection on V(B,N):

Proposition I1.4.1 There ezists an idempotent eq € T(Z,,N) giving a projection e :
V(B,N) —» V(B,N) whick induces the projection on the part of slope zero in each of
the subspaces M1(B,k,N;1).

Cutting everything down by e, defines the ordinary part:
Definition I1.4.2 The ordinary part of V is the subring
VT = ey V;

the ordinary Hecke algebra T is the corresponding Hecke algebra, so that T4 = ¢,T.
Analogously, we define V"4 B,N) and T°"%B,N).

The diamond operators make T°"¢ a A-algebra, where
A = Z,[(Z;)]
is the completed group ring. Splitting A into a sum of local rings gives

A= @ A(i)v

where (Z/pZ)* C Z) acts via the i-th power of the Teichmiller character on A¢;). Let
T, =T @p A(iy be the corresponding decomposition of the ordinary Hecke algebra.
The first crucial result is then the following:

Theorem I1.4.3 [Hida] With the above definitions, we have:
i. T;=T(Z,,N) is a finite flat A-algebra of rank r(i) given by
(i) = rankg,eoM(Z,, k,N) = dimp, eoM (Fp, k,N),

for any k satisfying k > 3 and k=1 (mod p—1);
it. for any k > 3, the ordinary subspace

M = egM(Z,, k,N;1) C M(Z,, k,N; 1)

consists of ordinary projections of classical modular forms of weight k and level
N, 1.e.,
MY C eoM(Zyp, k,N) C M(Zyp, k,T1(N) N To(p)).
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Proof: See [Hi86b], but note that, given the duality theory developed in the next
chapter (or Hida’s analogous results), this follows easily from the work of Jochnowitz
referred to above (see [Jo82b]). |

This theorem is the starting point of Hida’s work, which connects to it in several
different ways. In [Hi86b], Hida has investigated the structure of the Hecke algebra
T;, relating it to the existence of congruences between systems of eigenforms and to
Iwasawa theory. In [Hi86a], he uses this to construct families of Galois representations,
which we discuss ahead. We refer to Hida’s papers (for example, [Hi86b] and [Hi86a])
for more details.



Chapter III

Galois Representations

The focus of this chapter is the construction of Galois representations associated to
p-adic modular forms. Specifically, we shall be interested the problem of studying the
“deformations of a residual Galois representation” as considered by Mazur in [Mal.
Thus, we will begin with an absolutely irreducible Galois representation defined over a
finite field, which we will assume to be attached, as in the work of Deligne and Serre,
to a modular form defined over that field. We will then consider its liftings to complete
noetherian overrings. In [Ma], Mazur constructed a universal lifting of this kind, and
studied its properties in some detail. We will show that, under the assumption that the
residual representation is attached to a modular form, a good portion of the liftings he
obtains are in fact attached to p-adic modular forms.

The fact that one can attach p-adic representations to p-adic modular forms was
first noticed by Hida, who, in [Hi86b] and [Hi86a], constructed analytic families of such
representations attached to analytic families of ordinary p-adic modular forms; he also
showed how to obtain a large number of such analytic families. This was further studied,
still in the ordinary case, by Mazur and Wiles in [MW86], who constructed what may
be called “the universal ordinary modular deformation”, i.e., a family of deformations of
a representation (which is assumed absolutely irreducible and attached to an ordinary
modular form) which parametrizes all possible deformations attached to ordinary p-adic
modular forms.

In this chapter, we continue in the spirit of these results, by constructing the univer-
sal modular deformation of the given (modular, absolutely irreducible) residual Galois
representation, parametrizing all the deformations that are attached to p-adic modular
forms of the given level. As in the case of Hida’s work, the crucial step is to obtain a good
theory of the duality between spaces of modular forms and their Hecke algebras, and we
devote the first section of this chapter to constructing such a theory. We then outline
a recent result of Hida which we feel should be better known, and proceed to consider
the problem of constructing modular deformations of a given residual representation.
Finally, we obtain an estimate on the dimension of the space of modular deformations,
and consider its relation to the full space of deformations of the given residual repre-
sentation. We conclude by formulating several questions that arise naturally from the
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theory as it is known at this point.

II1.1 Duality Theorems

Our first goal is to study the duality between spaces of modular forms and their Hecke
algebras. Our goal is to identify V as a certain space of functions on the Hecke algebra
T, and similarly, V,,,, as a certain space of functions on the corresponding Hecke algebra
To. This works perfectly well in the case of parabolic modular functions, but is a little
more complicated in the general case because of the presence of the constants in V.
The result is obtained by starting from V. Miller’s results in the finite-dimensional case,
and using the inverse limit technique of the section on Hecke operators. These results
are similar to results obtained by Hida in [Hi86b], except that Hida’s results give a
Pontryagin duality while ours give a duality of topological Z,-modules. In particular,
we show that there is a bijection between (normalized) eigenforms in V,,, and continuous
Z,-algebra homomorphisms from T, to p-adic rings.

ITI.1.1 Classical duality

To fix notation, let Hi(B,Np¥) denote the Hecke algebra corresponding to the space
Dw(B,Np*) of divided congruences of classical modular forms of weight at most k. We
can define a bilinear form

Hi(B,Np¥) x D¢(B,Np*) —— B

(T,f) — al(Tf)’

(IIL1)

where a,(T f) denotes the coefficient of ¢ in the g-expansion of Tf. If welet S¥(B,Np*) C
Dw(B, Np*) denote the subspace of divided congruences of cusp forms , and let hy(B,Np*)
denote the corresponding Hecke algebra, then (IIL.1) clearly induces a bilinear form

hi(B,Np*) x S¥(B,Np*) —— B.
Similarly, we get a bilinear form
‘H,(B,Np”) x Di(B,Np*) —— B,

where the primes have the same meaning as above, i.e., if K is the fraction field of B,
then

ke
DL(K’ pr) = @ M(Ka 7:, Npu)v

Di(B,Np*) = {f € Di(K,Np")|f(q) € Z,[[q]},}

and Hj is the corresponding Hecke algebra. Then we have the following result:
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Theorem IIL1.1 Let K be a finite extension of Q,, and let Ok be its ring of integers.
Assume B is either K or Ok, and let

mi(Oxk,Np*) = (K + Di(Ok, Np))/K.

Then the pairing (II1.1) induces perfect pairings of B-modules

H;c(K, Npu) X D;(K, va) _ K
Hi(Ok,Np¥) x mi(Ok,Np*) —— Ok
hi(B,Np*) x S¥(B,Np*) —— B.

Proof: This is [Hi86b, Proposition 2.1], where the result is attributed to V. Miller.

One should note that Hida shows also that H}(Og,Np”) (which is defined as the
Hecke algebra corresponding to Dj(Og,Np”)) “is” the Hecke algebra corresponding to
mi(Ok, Np¥) (the subalgebra of the ring of endomorphisms generated by the Hecke and
diamond operators); this follows from the (obvious) fact that

k
mk(OK,Np") ® K= DL((’)K,NPV) ® K= D;C(K,Npu) = @M(K, ‘L,Npu)

=1

In particular, we have, setting S* = S*(Z,, Np*) and hy = hi(Z,, Np¥), we get
S* = Homg, (hx, Z,)

(homomorphisms of Z,-modules), and it is easy to see that a cusp form f € S* corre-
sponds to a homomorphism of Z,-algebras if and only if it is a normalized eigenform,
that is, if and only if it is a simultaneous eigenform for all the Hecke and diamond
operators and has a;(f) = 1. Conversely, every algebra homomorphism h, — Z, cor-
responds to a normalized eigenform (so that given a system of eigenvalues in Z,, there
is a unique normalized eigenform belonging to it).

We would like to extend this to other p-adic rings B. For this, note that, since hy is
Z,-free,

S*@ B= Homg, (he, Z,) ® B = Homg,(hs, B).

We will use this fact later, when we pass to the limit situation.

IT1.1.2 Duality for parabolic p-adic modular functions

Given the pairing on the finite-dimensional case, one may attempt to pass to the limit
in order to obtain results for generalized p-adic modular functions. We consider first
the case of parabolic modular functions, which is clearly simpler (because, as we saw
above, the constants are a problem: for any constant b € B and any T € T, we have
(T,b) — 0 under the pairing II1.1)
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Assume first that B = Og as above, so that we have a perfect pairing
hi(B,Np*) x S¥(B,Np*) —— B.

The hy form an inverse system of Z,-algebras, while the S* form a direct system of
Z,-modules. Going to the limit, we get a pairing

lim hy(B, Np*) x lim S¥(B,Np¥) = To(B,N) x S(B,Np*) —— B,
k k
which gives maps
To(B,N) —— Homp(S(B,Np*), B) — Homp( V. (B,Np*), B),

and
S(B,Np*) —— Homp(To(B,N), B).

It is clear that the first map, being the inverse limit of the maps
h(B,Np*) — Hompg(S*(B,Np*), B),

is, as indicated, an isomorphism; the second isomorphism is immediate since S is p-
adically dense in V.. As to the map

S —— Hompg(T,, B),
we know only that it is injective, since it is the direct limit of the maps
$*¥(B,Np’) —— Homp(hi(B,Np*), B).

It therefore identifies S with a submodule of Hompg(To(B, Np*), B), which is easily seen
to be the submodule of all the B-module homomorphisms f : Ty — B which factor
through the projection Tq — hy for some k (since S is just the union of the Sk);
any such homomorphism will be continuous if we give Ty its inverse limit topology
(which makes it compact) and B its p-adic topology. Let us denote this submodule
by Hom}**(Tq, B); it clearly depends on the particular representation of Ty as an
inverse limit (as does S). The p-adic topology on S corresponds to the topology of
uniform convergence on Hom%*(Ty, B) (i.e., to the sup norm induced by the p-adic
norm on B). Since V,,, is the p-adic completion of S, taking completions induces an
identification between V,,, and the completion of Hom}*'(To, B); this last is contained
in the submodule Homg,,ne,(To, B) of continuous B-module homomorphisms (where Ty
is given the inverse limit topology and B the p-adic topology), which is complete (with
the topology of uniform convergence). Thus, we have obtained an inclusion Vp,, —

Homg,.on..(To, B), mapping a parabolic modular function f to the homomorphism ¢;
defined by ¢4(T) = a,(Tf).
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Proposition II1.1.2 Let B = Ok be the ring of integers in a finite eztension K of Q,,
and let To(B,N) have the inverse limit topology, B and V,,.(B,N) the p-adic topology,
and Homg ,.,(To(B,N), B) the topology of uniform convergence. Then the mapping

par(B N) — HOmB conta(TO(B N) B)
defined by f — ¢4 is an isomorphism of topelogical B-modules.

Proof: 1t suffices, after the above discussion, to show that any continuous homo-
morphism ¢ : Ty — B can be approximated by homomorphisms which factor through
one of the h;. Given ¢, consider its reduction mod p",

¢y : To —— B/p"B.

Since B/p"B is (finite and) discrete, it is clear that ¢, factors through some hy, giving
a map ¥, : hy — B/p"B, which can then be lifted to a map ¥, : hy — B, because h;
is a free B-module. Then it is clear that ¢, — ¢, and we are done. 0

The restriction to the case when B = Ok in the above result can be removed
without too much trouble by using the fact that, for any p-adic ring B, Vpe,.(B,N) =
Vper(Z,, N)®B, which reduces everything to the case of Z,. More generally, we can
restrict to algebras over the Witt ring W(k) of a finite field k, and get a general duality
statement. Recall that we say an parabolic eigenform for the Hecke algebra T, is
normalized if the coeflicient a; of ¢ in its g-expansion is equal to 1. Then we have:

Corollary II1.1.3 Let k be a finite field, and let W(k) be its ring of Witt vectors. For
any p-adically complete W (k)-algebra B (with the p-adic topology), we have

Viar(B, N) = Homyy (k) cones(To(W(k), N), B)
(continuous homomorphisms of W(k)-modules), via the map f — ¢;. Moreover, ¢;
18 a homomorphism of W(k)-algebras if and only if f € V,e(B,N) ts a normalized
simultaneous eigenform for the Hecke and diamond operators. In particular, given any

etgenform for Ty, there exists a normalized eigenform with the same system of eigen-
values.

Proof: For the first assertion,

Voar(B,N) = lim Vi, (W(K),N) ® B/p"B

= lim S(W(k),N)® B/p"B
= lim Homy k), con.(To(W(k),N), Z,) ® B/p"B

= lim Hom{;?k)(To(W(k),N), Z,)® B/p"B
= lim Hom{j5, (To(W (K),N), B/5"B)

N), B/p"B)

o(W
= hm HomW(k) comes To(W (k),
= HomW(k) conis(To(W(k),N), B).
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The second assertion is immediate from the definition of ¢, and the third is clear, since
any eigenform defines an algebra homomorphism

To(W(k),N) — B

(its system of eigenvalues). o

In most situations, it will be sufficient with the case W(k) = Z,, which is the most
general. In the theory of deformations of Galois representations, however, we will want
to base-change to W(k).

In particular, the Corollary applies to classical cuspforms. Hence, for any k& and v, a
classical cuspform f of level Np¥, weight k, and defined over B, determines a continuous
homomorphism ¢ of Z,-modules To — B. If f is a normalized eigenform for T,
(hence in particular has a nebentypus), then ¢; is an algebra homomorphism whose
restriction to G(N) is the character determined by the weight and nebentypus'.

Remark: The reference to the various topologies in the statement of this general du-
ality result should be carefully noted. A parabolic generalized p-adic modular function
defined over a p-adic ring B may be identified with a continuous Z,-module homomor-
phism Tq — B, provided one gives Ty its inverse limit topology (of which we give a
more 1ntrm31c description below) and B its p-adic topology. For example, the identity
map Ty 4, Ty does not correspond to a modular function (because the p-adic topology
is strictly finer than the inverse limit topology); in other words, there is no “universal”
parabolic modular function. This leads to the definition of a family of modular functions
in the next section.

Since the inverse limit topology on T, appears in such a central manner in the
discussion above, one would like to be able to give an intrinsic characterization of it,
independent of the particular description of Ty as an inverse limit of finite Z,-algebras
(of which there are many, since one may work with level Np¥ for any v > 1, and see also
section II1.3). This is indeed possible, at least when B = O for some finite extension

K/Q,.

Proposition II1.1.4 Let B = Ok for some finite ezxtension K/Q,. Under the isomor-
phism
To(B,N) —— Homg,(Vper, B),

the inverse limit topology of To(B,N) corresponds to the compact-open topology on
Homgz (V,a,, B) (where V. and B are given their p-adic topologies).

!In the preceding chapter, we recalled Hida’s theory of the ordinary part eTg of the Hecke algebra,
which is a direct summand of Ty, and corresponds to the “unit-root eigenspace” for the U operator. It is
immediate, then, that if the eigenform f satisfies Uf = A f with X a p-adic unit, then $; factors through
the ordinary algebra €To.
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Proof: The inverse limit topology is generated by open sets of the form
{T € To| Tf € U, Vf € S*},

where U runs over the open subsets of B and k runs over the integers, which are open
in the compact-open topology (because the S*, being free of finite rank over Z,, are
compact in the p-adic topology). Hence, it is clear that the compact-open topology is
finer than the inverse limit topology.

-For the converse, we want to show that sets of the form
{T € T, | T(K) C U},

(K C Vpar compact, Y C B open) are open in the inverse limit topology. It is clearly
enough to consider the case where K is a compact submodule of V,,, and U/ = p"B.
Since K is compact in the p-adic topology and Z,-free, it must be Z,-free of finite rank;
let (fi,...,f,) be a basis. Since S is dense in V,,., one may choose (g;,..., g.) such that
gi € S* (for some fixed, sufficiently large k) and ¢; = f; (mod p*) with v > n. Then it
is clear that

{TIT(K)Ccp"B} = {T|Tf;ep"B,i=1,...,r}
{T|Tg;i€p"B,i=1,...,7},

which is clearly open in the inverse limit topology (it is the inverse image under the
canonical projection of an open subset of hy). Thus, the two topologies are equal. O

I11.1.3 The non-parabolic case

To get analogous results for the full ring of p-adic modular functions (not necessarily
parabolic), one must somehow get around the fact that the constants in V will neces-
sarily pair to zero in the pairing (II1.1). This turns out not to be too difficult, and since
we will not use it later, we will only sketch the results.

Let K be a finite extension of Q,,, and let B = Og. We have already seen that we
have the perfect pairing

Hy(B,N) x my(B,N) —— B,

where my, is defined as above, rather than a pairing for D}, since it is clear that a sum of
modular forms over K (the field of fractions of B) that has integral g-expansion except
for its a¢ term will define a map H} — B. Note that

mi(B,N) = {f € Di(K,N)|f(q) € K + ¢B[[q]l},

so that going to mi(B, N) gives precisely the desired space.
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It is again possible to pass to the limit situation. Since we have the obvious maps
my(B,N) = mgy1(B,N), we may consider the limit, and define

Moo (B, N) = li_l?n my (B, N).

Then note that

Du(B,N)+K D(B,N)+K
K - K

moo(B,N) = lim

so that my(B,N) is not a completely mysterious space. (It may also be described as
in the preceding paragraph, as the space of sums of modular forms over K which have
integral g-expansion except possibly for the first coefficient.)

As before, we get a pairing

T(B,N) X my(B,N) —— B,

which, as before, gives a duality between T(B,N) with its inverse image topology and
Too(B,N), where the bar indicates the p-adic completion. (We have here used the fact
that
D’ = lim Dy,
k

is dense in V, and hence that its Hecke algebra is the full Hecke algebra, as noted
above.) The only difficulty, then, is to determine the relation between V and the p-
adic completion of my,. The elements of M are limits of sequences f; € my(B,N) of
modular forms whose ¢g-expansions are integral except perhaps for the a¢ term, and the
p-adic norm is the p-adic norm on ¢-expansions shorn of their aq term, i.e., if f = ¥ a,.q",
with a, p-integral for n > 1, then we set

I£ll = sup|anl,
n>1

where | - | denotes the p-adic norm on B. Giving my(B,N) this topology, we have a

continuous surjective Hecke-equivariant map

D(B,N)+ K —— my(B,N),
which extends by continuity to a map

V(B,N)+ K —— m,{B,N).

We claim this is still onto. Let [f] denote the image in my, of f € D+ K; it is clear that
IIFH < 11 f]l, where of course we use the correct norm in each space. However, one can
make a canonical choice of the lifting f by requiring f(q) € ¢B][q]] (which, since the
constants belong to K, can always be done!), in which case we will have ||f]|| = ||[f]Il-
Note also that such a lifting f will belong to D, and not only to D + K. Thus, given a
Cauchy sequence in my,, we can lift it to a Cauchy sequence in D, whose limit will be
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mapped to the limit of the given sequence, so that the map on completions is onto. The
kernel consists precisely of the constants K C V + K, so that we get an exact sequence
of Hecke-equivariant Z,-algebra homomorphisms

0 — K — V(B,N)+ K — M(B,N) — 0.
To summarize, we have shown:

Proposition III.1.5 Let K be a finite extension of Q,, and let B = Og. Then the
pairing

V(B,N)x T(B,N) —— B
(£,T) = ai(TS)

induces tsomorphisms

T(B,N) = Homg(V,(B,N), B)

{continuous homomorphisms of B-modules) and
V,(B,N) ¥ Homg,_,...(T(B,N), B),
where we give T(B,N) the inverse limit topology, and where

V(B,N)+ K

VI(B,N) = K

Thus a contimious B-module homomorphism T(B,N) — B determines a unique
element of V;(B,N); however, in general there is no canonical Hecke-equivariant way
to determine a lifting to V(B,N). If the map is a B-algebra homomorphism, the cor-
responding element of V,(B,N) is an eigenform (up to constants), and hence has a
well-defined weight. Provided the weight is not zero (i.e., provided G(N) is not mapped
to 1), we can then choose canonically a constant term in the g-expansion, so that such
a map corresponds to a well-defined eigenform in V(B,N){1/p] which has g-expansion
f(g) € K + ¢B[[q]]. The example of

1
f = ;Ep—l

shows that it is not possible, in general, to assume that the resulting eigenform is in
V(B,N) itself.

Applying the preceding proposition to the case B = Z, and using an inverse limit
argument analogous to that in the proof of Corollary I11.1.3, we get an analogous result.
Recall that T = T(Z,, N), and give T its inverse limit topology; then:

Corollary II1.1.8 For any p-adic ring B with the p-adic topology, we have
VI(B7 N) = HomzP,contn(T7 B)
f
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(continuous homomorphisms of Z,-modules), where

¢5(T) = ay(Tf)
and
V(B,N)+ K
e .
Moreover, ¢ is an algebra homomorphism if and only if f € Vi(B,N) is a normalized

V,(B,N) =

stmultaneous eigenform for the Hecke and diamond operators (up to constants). In this
case, f € Vi(B,N) may be canonically lifted to an eigenform f € V(B,N)[1/p]| whose
g-expansion satisfies f(q) € K + ¢B|[q]], provided ¢;,(G(N}) # 1, i.e., provided f is not
of weight zero.

In what follows, we will usually prefer to consider only the case of parabolic modular
functions, since the duality theory is then much simpler, but will occasionally mention
the general case.

II1.2 Families of Modular Forms

As we have observed in the preceding section, the general duality between parabolic
p-adic modular functions and the Hecke algebra T, is complicated by the necessity of
keeping the topologies involved straight. The point of this section is to introduce a
concept that alleviates the problem somewhat. As before, everything makes sense (and
is true) for p-adically complete algebras over the Witt ring of a finite field; we will
consider only the case k = F, (so that W(k) = Z,), and leave the extension to the
reader.

The concept of an “analytic family of p-adic modular forms” was first introduced by
Serre in [Se73]. He considered there the Iwasawa algebra A = Z,[[T']] (the completed
group ring with coefficients in Z, of the pro-p-group I' = 1 + pZ, C Z)), given the
inverse limit topology, with which it is a compact Z,-algebra. Recall that choosing a
topological generator v of I' defines an isomorphism of topological Z,-algebras

Z,[r)] —— ZT]
<‘y) — 1+ T,

where Z,[[T]] is given the (p, T)-adic topology, and where we use angular brackets to
distinguish elements of the group I' from elements of Z, (so that (y) — v is a nonzero
element of the group ring). Then Serre defined an analytic family of modular forms to
be a formal ¢g-expansion

F(g)= Ao+ A1g+ A4 + ...

where A; € A, such that, for every k € Z, and for a fixed i € Z/(p — 1)Z, the image of
F(q) under the map A — Z, defined by (v) — +* is a p-adic modular form of weight
(4,k), i.e., belongs to M(Z,, x(ix), N;1). To get a family of cusp forms, of course, we
would require Ag = 0 and that each specialization be a cusp form.
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To translate this definition to our situation (in the cuspidal case), note that T,
is naturally an algebra over the algebra A = Z,[[ZX]] topologically generated by the
diamond operators (z,1) for z € Z,. Note that A = A[Z/(p — 1)Z] is just a group ring
over A, which (because p {(p — 1)) we may decompose according to the powers of the
Teichmiller character (which are the characters of Z/(p — 1)Z); we write

A= P Aw
imod(p—1)

Then it is clear that an analytic family of p-adic modular forms in the sense above is
a map T¢ — A(;) which, when composed with the canonical maps A — Z, given by
(7) — v*, gives continuous maps Ty — Z,. This amounts to a map To — A(;) which
is continuous when we give A its inverse limit topology. Thus, an analytic family of p-
adic modular forms is not necessarily a generalized p-adic modular function defined over
A, though it defines p-adic modular forms by “specialization to weight k£” for every k.
(The distinction may be understood as follows: a generalized p-adic modular function
defined over A can be evaluated at any trivialized elliptic curve defined over any p-
adically complete A-algebra; a map Ty — A does not determine such a rule. Consider,
for example, a trivialized curve defined over A @ F, = F,[[T]].)

Given this re-interpretation of Serre’s definition, it is clear that we may extend it as
follows.

Definition ITL.2.1 Let B be a p-adically complete topological Z,-algebra. A B-valued
family of parabolic p-adic modular functions is a continuous Z,-module horomorphism
f: Ty — B. Given any continuous map ¢ : B — B to a p-adic ring B (where
we give B the p-adic topology), we denote by £, the modular function defined over B
corresponding to the composite hornomorphism ¢of; we call f, the “specialization via ¢”
(sometimes “to weight ¢”) of the family f. Finally, we say f is a family of eigenforms
if every specialization £, is a simultaneous eigenfunction for the Hecke, diamond, and
U operators (and hence for the action of Ty).

Remarks:

i. Of course, if the map fis continuous when we give B the p-adic topology, then we
simply obtain a parabolic modular function defined over B. This makes B-valued
families of modular functions a generalization of modular functions defined over

B.

ii. In many cases, the family f is determined by the set of all its specializations (for
example, when B=A); when that is true, we will sometimes confuse the family f
with the set {f, : x € Homeone(Z),2Z))} of its specializations.

iii. A family of parabolic modular functions has a g-expansion; simply define

f(q) =D £(Ta)g™

n>1
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iv. The “universal family” of parabolic modular functions is simply the identity map
To —_— To.

The most interesting case of the above will be when B is a A-algebra, in which case
one can consider, for each x € Homeont,(Z), Z; ), the map

¢x : B —— B, = B/p B,

where P, B denotes the ideal generated by the elements (z,1) — x(z) € A. If these maps
are continuous when we give the quotient the p-adic topology, we call them “special-
ization to weight x”, and write f, for the corresponding specializations of a family of
modular forms f. Note that we then have f, € M(B,, x,N;1). For example, if B = A,
we have B, = Z, for all x, and we recover Serre’s situation.

Remark: There is one important aspect in which the above definition is weaker than
Serre’s: the restriction to parabolic modular functions. In fact, the best-known example
of an analytic family, Serre’s Eisenstein family G,, is not parabolic. The problem, of
course, is the fact that the duality between modular functions and Hecke operators gets
complicated in the non-parabolic case. In particular, it is not clear that a family of
eigenforms f : T — A in our sense determines a family of eigenforms in Serre’s sense,
i.e., that there is a well-defined 4¢3 € A which is the constant term in the g-expansion of
f. In fact, this is not always true; given the duality theorems, the most we can expect
is an element of the fraction field of A. Serre has shown (in [Se73]) that we have two
cases. First, suppose 1 is not divisible by p — 1. Then, given modular functions Fj of
p-adic weight (i,k), they are the specializations of an analytic family of modular forms
(“with values in A”) if and only if there are elements 4; € A, ¢ > 1, such that A4;
specializes~(via 7 — ~*) to the 't coefficient of the g-expansion of F} for each k. (In
other words, if the coefficients a(F}), as(Fi),... are specializations of elements of A,
then so is the first coefficient ao(Fi).) This avoids the difficulties with the integrality of
the zero-th coefficient, and shows that in this case an analytic family of (non-parabolic)
p-adic modular forms with values in A is a continuous map T — A. In the case when
1 =0 (mod p—1), however, the Eisenstein family already shows that this cannot be the
case; in this case Serre shows that if a1(Fi), @2(Fi),... are specializations of elements
of A, then ao(Fi) will be a specialization of an element of the fraction field of A of the

form
c

ot

with ¢ € A. In any case, we may identify “analytic families of modular forms with values
in A” with maps T — A, provided we allow the zero-th coeficient in the “analytic
family” to belong to the fraction field of A. This extends to families with values in A,
for trivial reasons, but it is not clear what happens for more general rings.

We should note the following obvious lemma:
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Lemma II1.2.2 Let B be a A-algebra, and assume that the intersection of all the ideals
P.,B of B is zero. Then a family of parabolic modular forms £ : Ty — B with values
in B is a family of eigenforms if and only if the map f is a continuous Z,-algebra
homomorphism.

Proof: clear. o

Analytic families with values in A can be detected, as Serre showed in [Se73], by
congruence properties. Since A is just a sum of copies of A, the same holds for families
with values in A. We refer to Serre’s paper for the precise statements: see [Se73, Section
4.4].

Finally, we note that one can use Serre’s Eisenstein family to construct any number
of examples of A-valued families of modular forms. For this, let f be a cusp form of
p-adic weight (¢,ko), and let E,, with k¥ € Z, denote (the specializations of) Serre’s
analytic family of Eisenstein series of weight (0,k). Recall that E; = 1. Then it is
clear (say, from congruence properties) that setting fy = f - Ex_j, defines a family of
modular forms with values in A, whose specialization to weight &, is precisely f. We
describe this last fact by saying that fis a “spreading-out” (over A) of the modular form
f. Thus, this construction not only provides examples of families of modular forms but
also shows that one can spread out any modular form to an analytic family containing it.
Unfortunately, the resulting family has few good properties, because the specializations
of f are not eigenforms for the Hecke algebra, except in very special cases. (For example,
in the “rank one” case of Hida’s theory of the ordinary part, we can get a family of
eigenforms by taking the ordinary part of f.) We will later show one way of obtaining a
family of eigenforms by twisting a classical modular form by wild characters. Finding
other methods for generating families of eigenforms would have significant corollaries for
the deformation theory of Galois representations discussed ahead, and is an important
open problem.

ITI.3 Changing the Level

As we have seen above, the ring V of generalized p-adic modular functions may be
realized as the closure of a union of Z,-modules of finite rank, by way of divided con-
gruences. In this section, we give another description of V in the same spirit, this time
taking classical modular forms of constant weight but varying level. The advantage
of this description is that it does not necessitate the consideration of congruences of
classical forms, so that theorems about classical modular forms over Z, can be more
easily applied to the situation.

Let us fix a weight k > 2. We begin by recalling (see Section 1.3.5) that we have
defined canonical inclusions

M(B,k,Np*) — V(B,N),
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and by noting that these submodules of V form a direct system via the canonical
inclusions

M(B,k,Np*) — M(B,k,Np**!).

(Note that all of these maps preserve g-expansions.) Thus, if we set

M(B,k,Np=) = lim M(B, k,Np),

we get a g-expansion preserving inclusion
M(B,k,Np®) — V(B,N).

Similarly, by restricting to cusp forms, we may define S(B, k,Np™) and get a canonical
inclusion preserving g-expansions,

S(B,k,Np®) — V,e.(B,N).

We are interested in considering the closure of the image (which is, by the g-expansion
principle, the p-adic completion of S(B,k,Np>®)); let us denote it by S(B,k,Np®). It
is clear that the proofs given in Section IIL.1 allow us to show:

Proposition I11.3.1 Let B be a p-adic ring, and let

hi(B,Np™) = lim h(B, k,Np*),

where h(B,k,Np”) denotes the Hecke algebra corresponding to the space S(B,k,Np*) of
cusp forms of weight k and level Np¥. Let hi(B,Np™) the inverse limit topology induced
by the p-adic topology on the h(B,k,Np*). Then the map f + ¢; defined as above gives
an isomorphism

S(B,k,Np®) — Homg,,..ne(hi(Zp, Np®), B).

Proof: Clear; note that the assumption k& > 2 avoids all questions about base change.

In fact, we have shown nothing new, because of the following result, which was stated
without proof in [Hi86a], and whose proof is to appear in a forthcoming paper.

Theorem I11.3.2 [Hida] Let k > 2 and let B be p-adic ring. Then the image of
S(B,k,Np™) under the canonical inclusion is dense in V,,.(B,N). Equivalently, the
surjection

To(B,N) — hy(B,Np™)

defined by the canonical inclusion is an isomorphism.
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Proof: The equivalence of the two statements follows from (II1.1.3) and the preced-
ing proposition (and one may even restrict to the case B=Z,).

Step 1: We note, first, that Hida has shown ([Hi86a]) that there are Hecke-invariant
inclusions

M(B,k,Np*)® B/p"B — M(B,k +1,Np™)® B/p"B,

given by multiplication by the appropriate Eisenstein series. These induce Hecke-
invariant inclusions

S(B,k,Np®) — S(B,k + 1,Np*).
Since the Hecke actions extend naturally by continuity to the p-adic completions we get
surjections

hk+1(B, Np®) —» hk(B’ Npm)‘
Thus we get a diagram of surjections,

h'k+1(B, Npoo)

l

hk(B’ NPOO)

h'2(B) Npm)

and it follows that it is enough to prove that the map
To(B,N) —» hy(B,Np™)

is an isomorphism, or equivalently, that the image of S(B,2,Np™) is dense in V,,.
Step 2: The crucial step in the proof is the following result of Hida ([Hi]):

Theorem IIL.3.3 [Hida] The maps hi(B,Np™) — hi_1(B,Np™) are all isomor-
phisms.

Hida proves this by studying the representation of the Hecke algebras in question
on the parabolic cohomology of congruence subgroups of SLy(Z), and by invoking a
result of Shimura and Ohta. (The result is stated by Shimura in [Shi68] and proved, in
the quaternionic case, by Ohta in [Oht82]; using recent results of Harder, one sees that
Ohta’s proof applies without change in our situation.) We refer the reader to Hida’s
forthcoming paper.

Step 3: The full result now follows easily. Note, first, that Hida’s theorem implies
that the maps Si(B,Np®) — Si1(B,Np™) are isomorphisms. Reducing mod p", we
get that the maps

Sx(B/p"B,Np®) — Si41(B/p"B,Np™)
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are isomorphisms, so that we have the following:

Corollary I11.3.4 Letn > 1. Fiz ky € Z, kg > 2. Then, for any k > 2 and any
classical modular form f of weight k and level Np”, there ezists u > v and a classical
modular form g of weight ko and level Np* such that f = g (mod p™).

Now, to conclude the proof, we need to show that the map
To — he(B,Np™)

is an isomorphism (for any fixed k). Since we know it is surjective, we need only show
that it is injective. To see this, for each

X E Homco*nta(z;( ? Z: )’

let P, be the ideal of A = Z,[[ZX]] generated by

{{z,1) — x(z) : = € 2.

Then it is clear from the duality theorems that Ty/ P, T is dual to the space S(B, x, N;1)
of p-adic cusp forms of weight x (because this space is precisely the subspace of V,,,
consisting of forms satisfying (z,1) f = x(z)f). We want to look at the map

To/P,To — hy(B,Np>®)/ P hy(B,Np™®).
Dualizing, we get the inclusion
S(B,Np*)NS(B,x,N;1) — S(B, x,N;1).

We claim that this is a surjection. Given f € S(B,x,N;1), we can find a sequence of
classical cusp forms f,, € S(B,k,,N) such that

(@) = falg) (meod p"),

so that f, — f in the g-expansion topology. By the corollary, we can find g, €
S(B, k,Np*™) such that g.(¢) = f.(¢) (mod p™), and then we get that g, — f, so
that f € Si(B,Np™), proving our claim.

Dualizing again, we see that the map

To/P,To —— hi(B,Np=)/P,hi(B,Np™)
is an isomorphism (for any x). It follows that the map
Ty — hk(B> Npoo)
is injective: if T is in the kernel, then T € P, T, for all x; since the divided congruences
of p-adic cusp forms are dense in V,

pary We have | P, Ty = 0, so that T' = 0. This proves
the theorem. m]
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II1.4 Deformations of Residual Eigenforms

In [Ma], Mazur has considered the problem of studying the deformations, in a sense to
be defined below, of representations of the absolute Galois group of the field of rational
numbers in GLy(k), where k is a finite field, which he calls a “residual representation”.
It is well known that some representations of this kind may be obtained from modular
forms, and it is an interesting question whether it is true that the deformations of a
residual representation arising from a modular form are in some sense modular. In this
and the following section, we consider modular deformations of a residual representation,
i.e., those arising from modular forms, and show that one can construct a universal mo-
dular representation which corresponds to a family of p-adic modular functions which
are eigenforms for the Hecke algebra. We begin, in this section, by considering deforma-
tions of “residual eigenforms”, i.e., p-adic modular functions defined over a finite field
k which are eigenforms for the Hecke algebra. For technical reasons, we restrict the
discussion to parabolic modular functions.

Definition II1.4.1 Let B be a p-adic ring. A Katz eigenform defined over B is a
parabolic generalized modular function which is an eigenform for the Hecke algebra and
which is normalized in the sense that the coefficient of q¢ in f(q) is equal to 1; we
denote the corresponding homomorphism To — B by ¢s. This homomorphism induces
characters x : ZY — B> and ¢ : (Z/NZ)* — B*, which we call, respectively, the
weight and the nebentypus of f.

Note that the weight and nebentypus of an eigenform as defined here coincide with
the classical weight and nebentypus for classical eigenforms of level N, but not for
classical eigenforms of level Np¥; in the latter case, € is the “prime to p” part of the
nebentypus character. If we need to refer to both terminologies, we will call what we
have just defined the “p-adic weight” and “p-adic nebentypus”.

Definition ITI.4.2 A residual eigenform is a Katz eigenform f defined over a finite
field k. Its weight is then necessarily a power of the “Teichmiller” character Z) —
FY < k* (i.e., the character induced by the canonical map Z, — F,).

If f is a residual eigenform, it follows from Proposition 1.3.3 that we have f € Vi,
and hence (because it has a weight) that f is the reduction of a classical modular form
of level N defined over W(k) (the Witt ring of k) — see [Ka75a]. It then follows from
a lemma of Serre and Deligne (see ahead) that f is in fact the reduction of a classical
eigenform of level N defined over some (totally ramified) extension of W(k).

Definition II1.4.3 A deformation of a residual eigenform f defined over a finite field
k is a Katz eigenform f defined over an artinian local W(k)-algebra A with residue field
k such that f — f under the residue map. More generally, one may take A to be a
complete noetherian local W(k)-algebra with residue field k whose quotients by powers
of the mazimal ideal are artinian.
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Typically, we will be looking at deformations to W(k)-algebras A which are either
finite extensions of W (k) or their quotients, and at families of such. We will later need
to modify this notion somewhat, in order to adjust it to the situation of deformations
of Galois representations.

I11.4.1 Universal deformations

Fix a residual eigenform f € V(k,N) over a finite field k. Let C denote the category
of artinian local Z,-algebras A with residue field k, and let ¢ denote the category of
complete noetherian local W(k)-algebras B with residue field k such that B/m™ is an
object of C for any power of the maximal ideal m C B.

Consider the functor F : ¢ — Set defined by

F(A) = {deformations of f defined over A}

il

{‘P € Homz,,—alg(TO,A) |¢ = (Pf}

i

{¥ € Homy4)_o1(To(W(k),N), 4) |7 = ¢5}

where HomW(k)_dg denotes continuous homomorphisms of W(k)-algebras (note: A is
given the p-adic topology), and ¥ denotes the composition of ¢ with the residue map
A — k. We want to study the representability of this functor.

Since f is an eigenform, it corresponds to a continuous algebra homomorphism
% : To — k; we denote the kernel of this homomorphism by m. Let R denote the
localization of Ty at m, with the induced topology. Then every continuous ¢ : Ty — 4
lifting @ factors through the canonical map Ty — R. This suggests that R will
represent our functor; the first difficulty is that R is not complete, so that we need
to pass to its completion, which we denote by R. Then, of course, for any p-adic
ring B (complete local noetherian with residue field k), given a continuous algebra
homomorphism Ty — B lifting &, we get a continuous algebra homomorphism R —»
B, which then extends to the completion, giving a continuous algebra homomorphism
R — B. The converse, however, is not true (unless k = F,), because any conjugate
of f under the Galois group Gal(k/ F,) will determine the same maximal ideal m, and
hence the same completion R. In other words, R actually represents the functor

G(A) = |J  {deformations of f* defined over A}.
s€Gal(k/F)

We prefer to separate the several Galois conjugates; this can be done by base-changing
to the Witt ring W (k). Thus, let m now denote the kernel of the map To(W (k),N) — k
corresponding to f, and let R(f) denote the completion of To(W(k),N) at m. Then
clearly the deformations of f to B correspond precisely to maps R(f) — B, and we
get:
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Proposition II1.4.4 For any residual parabolic eigenform f € V(k,N), there ezists
a complete local W(k)-algebra R(f) and a family of parabolic modular functions f :
To(W(k),N) — R(f) which is universal for the deformations of f; that is, so that for
every deformation f defined over a p-adic ring B, there ezists a continuous homomor-
phism o : R(F) — B such that f is the specialization of f via «.

Remark: In general, the universal family f is not a modular function defined over
R(f) (because the map To(W(k),N) — R(f) is not continuous if we give R(f) the
p-adic topology), so that the functor is not, in the strict sense, representable, in the
sense that there is no “universal deformation” (to be precise, the universal deformation
is not a modular form, but rather a family of modular forms).

It is interesting to ask if R(f) is noetherian. This is equivalent to asking if the
“tangent space?” of R(f) is finite-dimensional, i.e., that

F(k[e]) = Homaigesras (R(F), k[e])
is a finite-dimensional k-vector space, where k[e] = k + ke with €? = 0. For example, if
Uf = 0, one can obtain a (not very interesting) deformation to k[e] by g = f + e Frob f;
this satisfies Ug = €g and has the same eigenvalues as f for the rest of the Hecke algebra.
This shows that the dimension of the tangent space is always at least one. Is it finite?
We have not been able to answer this in the general situation.

I11.4.2 Deformations outside Np

In the next section, we will relate deformations of residual eigenforms and deformations
of residual Galois representations. From this point of view, the deformations considered
above are not the right thing to consider. The problem is that the representation
attached to a modular form depends only on its eigenvalues for the T, with £ /Np, i.e.,
on the eigenvalues for the action of the restricted Hecke algebra T}. Thus, if two Katz
eigenforms have the same q-expansion coeflicients a,, whenever n is prime to Np, they
will determine the same representation. This shows that we should look for deformations
up to a weaker notion of equality.

Definition I11.4.5 Let B be a p-adic ring. We say two Katz eigenforms f and g defined
over B are equal outside Np if we have a,(f) = a.(g) whenever (n,Np) =1, where an(h)
denotes the coefficient of ¢ in the g-ezpansion of h.

Since Katz eigenforms are by definition normalized, this is equivalent to requiring
that the eigenvalues under T, be the same for £ such that (£,Np) = 1.

Definition II1.4.6 Given a residual eigenform f, we say that a Katz eigenform g de-

fined over B is a deformation of f outside Np if an(g) reduces to an(f) whenever
(n,Np)=1.

%In the sense of Schlessinger in [Sch68]; this is actually the “reduced Zariski tangent space”, that is,
the Zariski tangent space of R(f)/pR(f).
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We may reinterpret these definitions in terms of our duality theorems: we have
T C To, and we say that two algebra homomorphisms T4 — B are equal outside Np
if their restrictions to the subalgebra T} coincide. Then, of course, two Katz eigenforms
are equal outside Np if and only if the corresponding algebra homomorphisms are.
Similarly, if we denote the homomorphism corresponding to f by @ : Ty — k and its
restriction to T§ by @, we say a homomorphism ¢ : Ty — B is a deformation of
outside Np if its restriction to T} reduces to ™.

Definition II1.4.7 We say a parabolic p-adic modular function f € V is an eigenform
outside Np if it is an eigenform for the action of the restricted Hecke algebra T}. If
f ts normalized by a,(f) = 1 and if we denote the continuous map associated to f by
¢ : To — B, this is equivalent to requiring that the restriction ¢* of ¢ to T} be an
algebra homomorphism

If we wish to consider deformations of a residual eigenform f outside Np, we must of
course identify all the maps To — B which have the same restriction to T§. This just
amounts to considering algebra homomorphisms T; — B, since it is easy to see that
any such may be extended to a Z,-module homomorphism Ty — B, by considering
the classical case 2.

Let us then consider deformations of f as an eigenform outside Np, i.e., modular
functions f reducing to f outside Np which are eigenforms under T}, up to equality
outside Np. Equivalently, the question is to describe the continuous algebra homomor-
phisms T5(W(k),N) — B lifting the restriction @* of  to T{(W(k),N). Let m* be
the kernel of B”. It is clear that this situation is completely analogous to the preceding
one, so that the functor F' defined by

F(B) = {homomorphisms Tj — B lifting $*}

is represented by the completion of Tj5(W(k),N) at the ideal m* = ker(p™*). We will
denote this ring by R = R(f). Note that the base-change to W (k) is again crucial in
order to avoid the problem of conjugation by Gal(k/F,). Thus, we have:

Proposition IIL.4.8 For any residual parabolic eigenform f € V(k,N), there ezists a
complete local W(k)-algebra R(f) and a map

f: Ty(W(k),N) — R(f)

3In the classical case, any algebra homomorphism from the restricted Hecke algebra to a p-adic ring
atises by restriction (not only from a Z,-module homomorphism, but) from an algebra homomorphism
from the full Hecke algebra to B (as we remark below, this follows from Atkin-Lehner theory). To put
it another way, given a classical modular form which is an eigenform for the action of T}, one can find
an eigenform for all of Ty which “has the same g-expansion outside Np”. It is interesting to ask if this
is still true in the p-adic case. The author does not know the answer except for the case N = 1, in which
the construction in Section I1.3.3 shows that there exists an algebra homomorphism T — T} mapping
U to 0, so that the answer is yes.
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which is universal for the deformations outside Np of f; that is, so that for every
f € V(B,N) which is an eigenform outside Np and whose reduction modulo the mazimal
ideal is equal to f outside Np, there exists a continuous homomorphism « : R(f) — B
such that the map ¢% : T§ —— B defined by f is obtained by ¢} = aof.

The ring R = R( f) will have an important role in what follows, especially in relation
to constructing modular deformations of a residual representation, and we will need to
recall one way to construct it.

For this, recall that T}(W(k),N) is given as an inverse limit of Hecke algebras of
finite rank; for any v > 1,

T3(W(k), N) = lim hj(W (k),Np*),

where as above hj(W(k),Np”) denotes the restricted Hecke algebra corresponding to
the space S/ (W(k),Np“) of divided congruences of cuspforms of level Np” and weight
less than or equal to j defined over W(k). Since the topology on Ti5(W(k),N) is the
inverse limit topology, and k is discrete, the map ©* necessarily factors through some
hj(W(k),Np”), and hence also through any h;(W(k),Np) for any i > j; let m(j) denote
the kernel of the homomorphism h}(W(k),Np*) —— k corresponding to $*, for each j for
which it exists. Since these 7 form an indexing set that is cofinal with the original one,
we may as well take the inverse limit only over such j, without changing anything. We
clearly have m* = lim m(j) and that, after localizing, a W(k)-algebra homomorphism
j

R——R= ll_Ip (R3(Zp, Np*))m(s)»

7

where R denotes the localization of Tj(W(k),N) at the maximal ideal m* and
(Wi (Zpy Np*))m(s)

denotes the localization of h’(Z,, Np”) at the maximal ideal m(j).

Lemma II1.4.9 The inverse limit

R = lim (h}(Z5, Np*))nis)

2

is the completion of R = (Tg(W(k),N))m+ with respect to the topology induced by the
tnverse limit topology on T5(W(k),N).

Proof: This is easy to see, since the kernels of the maps
(Te(W (k), N))me —— (h5(W(k), NP*))m(s)

are clearly a basis of neighborhoods of zero in the induced topology. See also [EGA,
01.7.6]. [}
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To summarize what has been accomplished in this section, given a residual eigenform
f, consider the corresponding algebra homomorphism @ : To(W(k),N) — k and its
restriction * to T§(W(k),N); then we may identify the three sets

{eigenforms outside Np defined over B deforming f outside Np}/n.,

where we set f ~ g if they are equal outside Np,
{W(k)-algebra homomorphisms ¢* : T§(W(k),N) — B lifting 7},

and

Homa,g(R(f), B).

This allows us to think of the formal spectrum of R = R(f) as the space of eigenforms
outside Np deforming f. The point of the next section is to identify this last set with the
set of modular representations into GL,(B) deforming the representation associated to
f- We will do this directly by constructing a representation associated to the “universal”
object of the second set given by T(W(k),N) — R, which of course corresponds to
the identity map of R in the third set. Before we do so, we need to recall a little of the
classical theory of the restricted versus the unrestricted Hecke algebra.

I11.4.3 Some classical results

In the classical situation, the Atkin-Lehner theory of “newforms” tells us that one
can find a basis of §(Q,, j,Np) (where the bar denotes algebraic closure) composed of
“newforms” f; and of “packages of oldforms”

{Valg:)}

where g; is a newform of level N; dividing Np, d runs over the divisors of Np/N;, and
V4 denotes the map

S(Qp’]?Np/d) - S(Qp,]’ Np)

given on g-expansions by ¢ — ¢%. (If d # p, V4 gives a map V(B,N/d) — V(B,N);
of course, if d = p, V; is just Frob.) The newforms f; are eigenforms for T} “with
multiplicity one”, and are hence eigenforms for all of Ty. As to the rest, every form
in each “package” is an eigenform for T},
scalars). It is not always possible to diagonalize the action of Ty on each package of

with the same eigenvalues (i.e., T} acts as

oldforms (though it is hard to come by an example!), but there is always at least one
form in the space generated by the package which is an eigenform for Ty (simply because
every matrix has at least one eigenvalue).

Let us call the basis we have been describing the Atkin-Lehner basis of S(Q-p, k,Np);
assume such a basis has been chosen for each weight k. Taking a direct sum, we get a
basis of

$%(Q,, Np) = D 5(Q,, 1, Np).

i<k
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Then, if we denote the Hecke algebra of $*(Q,, Np) by hi(Q,, Np) and the corresponding
restricted Hecke algebra by hi(Q,, Np), the choice of an Atkin-Lehner basis for each
weight defines inclusions

hk(Qpa NP) — @Kl 57 @Mﬂj(Kj)

and
+(Qp, Np) — @Ki ® @Ki’

where, in each sum, 7 runs over the newforms, j runs over the packages of oldforms, n; is
the number of forms in the j** package of oldforms, and K; and K are finite extensions
of Q,. The image of hi(Q,, Np) is a commutative subalgebra of @ K; ® @ M,..(K;),
which may or may not be contained (up to conjugation) in @ K; ® B(K;)™, depending
on whether the action of T, may be diagonalized. It is interesting to consider the images
of hy(Z,,Np) and of h}(Z,, Np) under these inclusions. In fact, there is very little that
is known beyond the (obvious) fact that these are orders in the images of the Hecke
algebras over Q,, so that, for example, the image of hj(Z,, Np) is contained in a product
of discrete valuation rings. This is the fact we will use later. One should note that,
though we have stated everything for Hecke algebras over Z, and Q,, the shape of the
theory is the same for Hecke algebras over W (k) and its field of fractions (just tensor).

II1.5 Deformations of Galois Representations

We now go on to consider Galois representations and their deformations. As in the
preceding chapter, we let k denote a finite field, and let C and C be the categories
defined above. Let G denote the absolute Galois group Gal(Q/Q) of the field of rational
numbers.

Let B be a p-adic ring. We consider Galois representations “defined over B”, i.e.,
representations

p: G —— GLy(B).

We will always assume p to be semisimple and unramified outside Np. For any £ f Np, let
®, denote a Frobenius element for £ in G; since p is unramified outside Np, trace(p(®,))
and det(p(®,)) are well defined. We will say a given Galois representation is modular
of tame level N if there exists a Katz eigenform f € V(B,N) defined over B with
g-expansion f(¢) = 3 a:¢' (recall that by definition a; = 1) such that:

trace(p(®,)) = ar and det(p(P,)) = %x((f, 8)),

where of course x denotes the character of G(N) corresponding to f (its “weight and
nebentypus” character). We say that the representation p is attached to the eigenform
f (though it would be more precise to say it is attached to the system of eigenvalues
outside Np corresponding to f). We will say a representation defined over R. is a family
of modular representations if it is attached, in the same sense as above, to a family of
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eigenforms f. In this case it is clear that every specialization R — A will define a
modular representation attached to the corresponding specialization of f.

A residual modular representation will be a modular representation defined over a
finite field k. Since any residual Katz eigenform f must be an eigenform for the diamond
operators, we have f € V1, and hence we know that f is a “modular form mod p” in the
sense of Serre and Swinnerton-Dyer, i.e., that it is the reduction of a classical modular
form of level N and some weight j. (Since residual eigenforms lift to classical eigenforms
(see ahead), we know that a residual modular representation will be unramified outside
Np.)

It is reasonable to look for modular representations because of the following well-
known theorem (whose proof unfortunately is not, as far as this writer is aware, available
in complete form anywhere in the literature):

Theorem IIL5.1 Let f be a classical modular form of level Np¥ and weight j > 2
which is an eigenform under the action of the restricted Hecke algebra. Let x denote the
character describing the action of the diamond operators, and, for each £ [Np, let a; be
the eigenvalue corresponding to the Hecke operator T,. Let K be a finite extension of Q
containing the a; and the values of x. Let P be a place of K, of residual characteristic
p, and let Kp be the completion of K at P. Then there ezists a continuous linear
semni-simple representation

ps 19 = Gal(Q/Q) —— GLy(K>p),

which is unramified outside Np and satisfies

trace(ps(®,)) = ar and det(ps(®,)) = %X((Z,Z)),

for all £ | Np, where as above &, denotes a Frobenius element for £.

Proof: This is Theorem 6.1 of [DS74], where one may also find remarks on the
extent to which proofs have been published. One should note that, since G is compact,
it is always possible to modify p; so that the image of G is contained in the ring of
integers of Kp. o

This shows that, at least for classical eigenforms f defined over valuation rings, one
can find a representation p attached to f. To get the same result for classical residual

eigenforms f, one uses a lifting lemma:

Lemma IIL.5.2 Let H be an arbitrary commutative algebra, R be a discrete valuation
ring, and write RH for R@z H. Let A and B be RH-modules, and let f : A — B be a
surjective RH-module homomorphism. Let ® : H — R be any map, and assume that
there ezists v € B such that Tv = ®(T)v for any T € H. Let Q be a prime ideal in the
support of Rv. Then there exists a discrete valuation ring R' of finite type over R and
amap ¥V :H — R’ such that:
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i. there exists w € AQg R' such that Tw = U(T)w for any T € H, and

. ¥(T) = ®(T) (mod Q') for all T € H, where Q' is the unique prime ideal of R’
for which Q'N R = Q.

Proof: This is [AS86, Prop. 1.2.2], and it is a generalization of [DS74, Lemma 6.11],
which treats the case where 4 is a free R-module of finite rank and B is its reduction
modulo the maximal ideal. ]

To apply this to our situation, take A = M(R,k,N), B = M(R,k,N)® k =
M(R,k,N) (provided k # 1), and let H be the Hecke algebra corresponding to A.
We get:

Corollary IT1.5.3 Let R be a discrete valuation ring, and let m C R be its mazimal
tdeal. Suppose a classical modular form f € M(R,k,N) 1s an “normalized eigenform
modulo m”, i. e., that a;(f) =1 (mod m) and that, for any T € H, we have

Tf=Arf (modm).

Then there exists a classical modular form g € M(R,k,N) which is an eigenform for
the Hecke algebra and which satisfies g = f (mod m).

Proof: The lemma says that one may find an eigenform g satisfying Tg = prg with
pr = At (mod m). By the classical theory, we may assume g to be normalized, in
which case a congruence of eigenvalues implies a congruence of g-expansions, and we
are done. O

Note that the fact that the modular forms in question are classical is crucial to this
result, since we need to work with R-modules of finite rank.
Now, using the preceding theorem, we get:

Proposition IIL.5.4 Given a residual (normalized) eigenform f € V(k,N), there ez-
ists a residual Galois representation p unramified outside Np attached to it.

Proof: Since any residual eigenform is necessarily classical of level N, this follows
immediately from Lemma III.5.2 and Theorem IIL.5.1. (See [DS74, Theorem 6.7].) «

We will frequently write f for the residual eigenform and 7 for the residual repre-
sentation under consideration, to emphasize that these objects are defined over k. In
what follows, A will always denote an object of the category C, hence in particular a
noetherian local W(k)-algebra with residue field k.

We now want to consider deformations of a residual modular representation 7 of
(tame) level N and defined over k, which we will take as fixed. Since every representation
coming into consideration will then be unramified outside Np, let us redefine G to be the
Galais group of the maximal extension of Q unramified outside Np (i.e., the quotient of
Gal(Q/Q) through which our representations factor).
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We follow Mazur’s definitions in [Ma], saying that two continuous homomorphisms
G — GLy(A) are strictly equivalent if they differ by conjugation by an element of
GL;(A) which is in the kernel of the (residue) map GLy(A4) — GL,(k), and defining a
representation to be a strict equivalence class of continuous homomorphisms, which we
will nevertheless denote by p: § — GL;(A).

We will say a Galois representation p : G — GLy(A4) is a deformation to A of a given
residual representation p if any homomorphism G — GL(4) in the strict equivalence
class corresponding to p reduces to 7 under the canonical map GL,(A) — GL,(k).
(Clearly, this condition depends only on the strict equivalence class, and not on the
specific homomorphism.) With these definitions Mazur has shown that if 7 is absolutely
irreducible, there exists a complete noetherian local ring R with residue field k (so an
object of é) and a representation p — GL,('R) which is a universal deformation of p,
i.e., such that any deformation of 5 defined over a ring A inC is obtained via a (unique)
map R — A. (For the construction in much greater generality, and many results about
the ring R, see [Ma).)

The point of this section is to construct a universal family of modular deformations

of an absolutely irreducible residual representation p, i.e., a representation
p: G — GLZ(R)7

where R is some complete noetherian local topological Z,-algebra in C, such that any
modular deformation of 7 defined over a ring A4 in C is obtained via a (unique) map
R — A. We will show that we may take R equal to the ring

R = R(f) = lim (h}(W (), Np))ms)

considered in the previous section, which is the completion of the localization of the
restricted Hecke algebra T3(W(k),N) at the maximal ideal corresponding to the residual
eigenform attached to p.

We will construct our representation by using the classical representations, Proposi-
tion I11.3.2, and a result on representations due to Mazur (in [Ma]). Let 7 be a residual
modular representation, and let f be the associated residual eigenform. In everything
that follows, we assume the residual representation p to be absolutely irreducible.

We will now construct a representation of G defined over the inverse limit R, by
constructing a representation defined over each of the localized restricted Hecke algebras
at finite levels. As we saw above, the classical theory of newforms implies that we have
an inclusion

RSV (k), Np))misy — [1 O,
where the O; are complete discrete valuation rings (with residue field k). (Localizing
simply chooses some of the valuation rings obtained above, so that the residue fields are

all the same and the residue maps all induce 7*.) Composing with the projections, we
get W(k)-algebra homomorphisms

(h3(W(k),Np))m(jy — O,
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which by (II1.1.3) and Atkin-Lehner theory (as above) correspond to normalized classical
eigenforms of weight less than or equal to j (since a divided congruence which is an
eigenform for the diamond operators must be a classical modular form of some weight),
and hence to Galois representations § —— GL3(0;). Taking the product, we get a
Galois representation

p(j) : 6 —— GLy(J] 0)),
which satisfies, for £ [ Np,

trace(p(j)(®4)) = ¢ and det(p(j)(@l))z%(l,é),

where t; denotes the image of T, in (R}(W(k),Np))m(;),
sentation we have constructed actually take values in the subalgebra (hj(W(k), Np))m(;)
of [TO;. It is at this point that we use Mazur’s result.

so that the traces of the repre-

Theorem IIL5.5 Let A’ C A be an inclusion of complete semi-local noetherian W(k)-
algebras, with A’ local. Let A = ] A; be the factorization of A into a product of local
rings, and assume that A’ and all the A; have residue field k. Letr : G — GL2(A) be
a continuous homomorphism such that the induced residual representations ¥; : § —
GLy(A;) — GLy(k) are all equivalent and absolutely irreducible. Let H be the image of
one of the T;, and suppose that H'(H,Ad)) = 0, where AdY denotes the k-vector space
M,(k)? of two-by-two matrices of trace zero over k, endowed with the adjoint action of
H.

Suppose the traces of r(g) lie in A’ for all g € G. Then there ezists a continuous
homomorphism 1’ : G — GL,(A’) such that the representation in GLy(A) induced by
the inclusion A' C A 1is A-equivalent tor.

Proof: This is [Ma, §9 ,Cor. 1]. o

Theorem IIL.5.6 Suppose that p > 7. Let p be an absolutely irreducible modular
residual representation defined over k and of tame level N, and fiz notations as above.
Let R denote the inverse limit of the localizations of the restricted Hecke algebras at
finite levels at the mazimal ideals corresponding to the residual eigenform associated to
p:

R = lim (h}(W (), Np))m(

n

Then there exists a deformation

p:G —— GL,y,(R)
of p to R, satisfying
1
£
for any £ not dividing Np, i.e., which is a family of modular representations of tame

level N attached to the family of eigenforms (outside Np) defined by the canonical ho-
momorphism Ty — R.

trace(p(®,)) =T, and det(p(®,)) = ={¢,¥4)
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Proof: Given what we have already done, it is only necessary to note that the
hypothesis on H*(H, Ad}) is satisfied when p # 5 (see [CPS]). This gives representations
into GL2((h;(W(k),Np))m(;)) for all sufficiently large j. Taking the inverse limit then
gives p; the properties of traces and determinants follow at once from those of the p(j),
and we are done. m|

Corollary IIL5.7 Under the hypotheses of the Theorem, the ring R = R(f) is noethe-

rian.

Proof: 1t is clearly a quotient of Mazur’s ring R which gives the universal (modular
or not) deformation of 5, and which is noetherian by construction. o

Corollary II1.5.8 Letf be a residual eigenform whose associated Galois representation
is absolutely irreducible, let A be a p-adic ring with residue field k, and let f € V,,.(B,N)
be any eigenform outside Np over A which reduces to f outside Np. Let x be the weight-
and-nebentypus character of f (i.e., the character giving the action of G(N)). Then
there exists a representation

pr: G — GLy(4)

attached to f, i.e., satisfying, for each £ /Np,

trace(ps(®y)) = ar and det(py(®,)) = %x((l, ).

Proof: The eigenform f corresponds to a continuous homomorphism Tj; — 4,
which determines a continuous homomorphism R — A mapping T, to a; and (£, £) to
x((£,£)). Composing this map with p gives the desired representation. (Note that this
result was previously only known for classical eigenforms.) a

Conversely, if a Galois representation deforming an absolutely irreducible residual
representation p to a p-adic ring A is attached to an eigenform f € Vp,.(B,N), then it
is (up to strict equivalence) perforce obtained from p via the map R — A4 induced by
the map T5(W(k),N) — A corresponding to the eigenform. Thus, p is the universal
family of (level N) modular deformations of 5. We call the ring R the universal (level
N) modular deformation ring of 7; when the dependence on 5 or on f must be made
explicit, we will write R = R(p) = R(f).

Caveat: It is important to note that this construction is strongly dependent on the
“tame level”. It takes account of all deformations arising from modular forms of level
Np* for any v, but it does not cover those arising, say, from modular forms of level NZp
(which are still unramified outside Np!). The whole question of the effect of changing
the level on our construction is a difficult one, and we will remark further on questions
of this type in the conclusion of this chapter.
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If we denote Mazur’s universal deformation ring by R = R(p), it follows that we
have a tautological epimorphism

R(p) — R(p).

One suspects that this is in fact an isomorphism, i.e., that every deformation of a
modular residual representation is modular. We want, in the next section, to obtain in-
formation about the modular deformation space and its relation to the total deformation
space.

III.6 The modular deformation space

In [Ma], Mazur has examined in some detail the structure of the space of deformations of
a residual representation. His approach is to view a representation defined over a p-adic
ring B (deforming a given residual representation) as a B-valued point in the formal
scheme Spf(R(p)). The problem then gets translated into studying the geometry of
that formal scheme. The surjection R(p) — R(p) should then be viewed as defining
the closed formal subscheme Spi(R(p)) of modular deformations of the given residual
representations, and one would like to obtain more information about this space and its

inclusion in the space of all deformations.

II1.6.1 Changing the weight

The first thing to note is that, even staying within the theory of classical modular forms,
there are many deformations of any given residual representation. Let f be a residual
eigenform, and let 7 be the attached representation. Assume that f is p-adically of
weight k, with 0 < k < p— 1, i.e., that it transforms under (Z/pZ)* via the k** power
of the Teichmiiller character. Then we know (Lemma III.5.2 and the fact that residual
eigenforms are necessarily classical) that there exists a classical eigenform f; of level N
and weight : = k (mod p — 1) lifting f; choose one such with minimal 3.

For each m > 0, we may consider f as the reduction of the modular form fERy,
which is of weight j = i + m(p — 1). Hence, by the lifting lemma (IIL.5.3), f can be
lifted to an eigenform of weight 7, level N, and defined over some extension of B, for
each such j. Thus, we have shown:

Proposition II1.8.1 Suppose f is a residual eigenform which is the reduction of a
classical modular g; € M(B,i,N) (not necessarily an eigenform). Then, for each j
satisfying j = 1 (mod p — 1) and j > 1, there exists a finite extension B; of B and a
classical eigenform f; € M(B;,j,N) which reduces to f outside Np.

Of course, to each such f; one can associate a representation p;, which will be a
deformation of the representation 7 attached to f. This should be viewed as saying that
one can vary the deformation “in the direction of the weight”.
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In fact, one can improve this result a little if one is willing to change the level.
Recall, first, that there exists an Eisenstein series E € M(B,1,Np) (i.e., of weight one
on I';(Np)) satisfying

E(¢) =1 (mod p).
Hence, if f; is a lifting to weight 7 and level Np, v > 1 we may multiply by E to get a
form of weight ¢ 4+ 1 and level Np which still reduces to f. Applying Corollary II1.5.3
once again gives:

Proposition II1.6.2 Let f be a residual eigenform, and assume that there ezists a
classical modular form g; € M(B,i,Np) reducing to f. Then, for every j > i, there
exists a finite extension B; of B and an eigenform f; € M(Bj, j,Np) which reduces to

7.

The p-part of the nebentypus of f; is determined by the reduction f, so that we
know the precise p-adic weight of any deformation to classical forms of level Np: if f is
of p-adic weight k, i.e., if we have

<:Z:, 1>f = wk(x)f
in V ® k), then f; must have p-adic weight (k, 7), i.e.,
( 3 g

w(z)

In classical terms, the p-part of the nebentypus of a lifting of weight j must be w*=7.

(211155 = () )j = o i(a)ed,

Remark: It is of course possible to state a similar proposition for level Np”, but it
is not clear that anything new would be gained. In other words, the forms of which we
would be asserting the existence could simply be the f; € M(B', 7, Np) (thought of as
of level Np” via the canonical inclusion). To get things which are indeed of higher level,
we will need another method, which is the theme of the next subsection.

I11.6.2 Twisting

In the classical theory of modular forms, one encounters the operation of “twisting by a
Dirichlet character”. If x is a character modulo M taking values in a discrete valuation
ring B and f is a modular form of level N with g-expansion f(q) = 3. ang™, this produces
a modular form f* of level NM? whose g-expansion is

X(q) =Y x(n)ang™,

where of course we extend x to all of Z in the usual way. (We will recall the definition
of fX below.) We will be interested in the case when M is a power of p, in which case
x may simply be thought of as a character of finite order of Z),1e,x:2, — B
factoring through a quotient (Z/p¥Z)* (which we extend to all of Z, by setting it equal
to zero on pZ,).
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Let Z) = (Z/pZ)* x T be the usual decomposition of ZX. We will say that the
character x is wild if it is trivial on (Z/pZ)*, i.e., if it is of order a power of p. In that
case, its values will we p-power roots of unity in B, and hence will be congruent to 1
modulo the maximal ideal m of B, so that we will have fX(q) = f(¢) (mod m). Since
twisting by a character transforms eigenforms into eigenforms, this will give us a new
source of deformations of a residual eigenform.

The point of this section is to recall the definition in modular terms of the operation
of twisting by a character, and show that it can in fact be extended to any character
of Z%,

of finite order. By the g-expansion principle, we may extend our ring as necessary, so

of finite or infinite order. Let us first consider the classical case of a character

that we may as well take B to be the completion of the ring of integers in a separable
closure of Q,. A trivial check on g-expansions then allows us to determine over which
ring our forms turn out to be defined.

Let x be a character of Z) factoring through (Z/p"Z)*, and let f € V(B,N). To
define the twist fX € V(B,N), we must specify its value on a trivialized elliptic curve
with an arithmetic level N structure. Let E/B be an elliptic curve, ¢ : E—G,, be a
trivialization, and 1 : gy <= E be an arithmetic level N structure. Then ¢! determines
(by restriction) an inclusion p,. < E, and we consider the quotient E; = E/¢™(p,),
with its induced trivialization ¢, (if # : E — E; is the projection, ¢; = @o7, which is
an isomorphism of formal groups because 7 is étale). The image of E[p"] (the kernel of
p" in E) in E, is canonically isomorphic to the constant group scheme Z/p*Z (via the
Weil pairing), so that we have an isomorphism

Ei[p"] & ppm x Z/p"Z,
i.e., what Katz calls an arithmetic I'(p™) structure on E; (see [Ka76, 2.3} for more
details).
Suppose now that H C E; is an étale subgroup of order p*. Then we may use the
isomorphism above to associate to H a p"-th root of unity (g (in such a way that we
associate 1 to the subgroup Z/p"Z). Then we define:

Definition IT1.6.3 Let f € V(B,N), and let x be a character of ZY factoring through
(Z/p"Z)*. Then we define the twist of f by x by

fX(E,gD,’L) = P Z Z X CHzf El/Ha‘pHﬂH)’

zmodp™ HCE|
#H=p"
H ttale

where B, is as above, and where ¢y and 1y are induced from ¢ and 1 in the obvious way.

This defines f* as an element of V[}l’]; to show that it is in fact in V, we need only
show that its g-expansion has integral coefficients. So we must evaluate fX on the Tate
curve. Let E = Tate(q), and let ¢ and + be the canonical trivialization and level N

structure. Then we have E; = Tate(g?), and the isomorphism obtained above is:

Moo X Z[p"l —— El[Pn]
(C,J) = ¢q’,
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where of course we think of Tate(q?) as the quotient of G, by ¢?Z. The étale subgroups
of order p" are then H; =< (*q> (the group generated by (*q), where ( is a generator
of p1,n, and we simply have (u; = (*. Then it is easy to see that i/, = Tate(q), via
the map ¢ > ('q, and this isomorphism is compatible with the canonical trivialization
and level N structure. Hence, if f{¢) = 5 a.q™, we have:

PEe) = = Y x@) By, o)

n

p zmodp™ HCE
#H=p"
H éetale

X2 XM@Y (Mang"

1

n
p rmodp™ imodp™
1

= =3 Y x(z) Y " e

n
P s rmodp™ imodp™

= Z x(n)ang™.

n

This shows:

Proposition II1.6.4 Let f € V(B,N), and let x : ZY — B* be a character of finite
order, which we eztend to Z, by setting it equal to zero on pZ,. Assume f has g-
ezpansion f(q) = Y a,q"; then there ezists a p-adic modular function fX € V(B,N)
whose g-ezpansion is given by

X(q) =3 x(n)a.q™

Thus, we have defined, for each character of finite order y of Z} with values in B,
a B-linear endomorphism

V(B,N) —— V(B,N)
f = fx

It is immediately clear that we always have U fX = 0 by construction; we will show ahead
that whenever f is an eigenform, so is fX. First, however, we would like to extend this
construction to more general characters, i.e., we would like to show that there exists
a twist f* for any character ZY — B. We do this by noting that the definition of
f = fX can be interpreted as the integral of the character x with respect to a certain
measure on Z, taking values in the space Endz,(V(Z,,N)).

With notations as above, we define a measure u on Z, as follows: for each a € Z,
and each n > 0, consider the endomorphism u(a,n) of V defined by

(u(a,n)f)(E,so,1)=£; Y o By, o a)-

Then p(a,n)f is clearly an element of V[Il—’]; to check that it is in fact in 'V, we need
only compute the effect on g-expansions. This is completely analogous to the preceding
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calculation, and we get: if f(g) = ¥ ang™, then

(e, n)f)g)= 3 aaq™

n=e (mod p")

This shows:

Lemma IIL.6.5 Let f € V = V(Z,,N); then

i. for any a € Z, and any n > 0, p(a,n)f € V, and

1. we have

wam)f= ¥ ubn+1)f.

bmodpntl
b=a (mod p™)

Proof: Given the above computation, the first statement follows immediately from
the g-expansion principle. It is enough to check the second statement on g-expansions,
in which case it is obvious. o

Thus, for each f € V, the assignment
a+p"Z, — pla,n)f
defines a V-valued measure on Z,; varying f we get that the assignment
a+p'Z, — p(a,n)

defines a Endz (V)-valued measure, which we will denote simply by p. Of course, for
any p-adic ring B, we may think of 4 as taking values in Endg(V(B,N)). Then it is
clear that, for any character x : Z] — B* of finite order, extended to Z, by setting it

equal to zero on pZ,, we have
fx= ( / xdu) £,

so that the operation of “twisting by x” is the integral of x with respect to our measure
p. This allows us to extend the idea of twisting by a character to any character x of

Z;‘:

Definition ITI.6.8 Let x : ZX — B> be any homomorphism, and let f € V(B,N).
Then we define the “twist of f by x”, denoted fX, by

= (/zrxdu> 5

where as before we extend x to Z, by x(pZ,) = 0.
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Of course it is just as easy to twist by any function: given a continuous function

fo = (/Zpadu) f,

and sometimes refer to this as “the twist of f by o”.

o :Z, — B we write

We would now like to understand the effect of twisting by a character on Katz
eigenforms (or on eigenforms outside Np). As we have already remarked, it is clear
(from the g-expansions, for example) that we will have U(fX) = 0 for any f. However,
this is simply an artifact of our construction (to be precise, it is a consequence of
extending x by zero to Z,), and the effect of the Hecke and diamond operators requires
analysis. We cousider first the case of a character of finite order.

Lemma IIL.6.7 Let x : Z7 — B> be a character of finite order, factoring through
(Z/p"Z)*. Then we have, for any f € V(B,N):

(Ly)(£¥) = (Ly) )%, (111.2)
for any y € (Z/NZ)*,
(¥, H(f¥) = X(y)2(<y) 1>f)X7 (HI3)
for any y € Z7,
U(fX)y=o0, (111.4)
and
T F%) = x(O(Tf )% (1IL.5)
for any prime £ # p.
Proof: Since the definition of twisting by x doesn’t involve the level N structure
1: py — E in any way, the first equation is obvious.
For the second equation, recall that the action of the diamond operator (y,1) is
given by
(<y7 DI)E,p,1) = f(E1 y—l({’,"')a
where we use the canonical action of ZX on Gn. Let, as above, E; = E/¢™'(u,). Then
we need to compare the assignment H — (}; induced by ¢ to that induced by y~¢. The
twisting by y~! affects this in two ways: the inclusion #, — E, gets twisted by y~!, and
so does the Weil pairing on E[p], and hence the identification E[p]/¢~*(p,) = Z/pZ.

The net effect is changing (4 to (ﬁ_z. To conclude, we simply calculate, using the
multiplicativity of x:
B W) By = fXE v

= I%Z EH: X("’)(C{z)—z]‘(El/H, ¥y o)

= x(y)zl% > ; Xy~ ?2)¢a? (3, 1) F)(Er/H, 0,2)

= x(¥)*((y, 1) )XE, ¢,12).
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Hence, we get (y,1)(f*) = x(y)*({y,1)f)X, as desired. Putting the first two equations
together, we get, in particular, that, for any £ / Np,

(600 = x(O* ({6, O f ).

To get the equation for the action of T,, we may either work as above or compute
directly on g-expansions; we use the latter. Given any modular function g € V(B,N),
we write a,(g) for the coeflicient of ¢” in the g-expansion of g. Then we know that, if

L[N, .
a’"(Tlg) = anl(g) + Zan/l(<£, Z)y),

where we make the convention that a,/,(g) = 0 if £ does not divide n; if ¢{|N, the equation
becomes

an(Teg) = ane9)-
Recall that, for x of finite order,

an(fX) = x(n)an(f).

The case when ¢|N then follows immediately. For the other case,

an(TofX)

Il

and %) + gand{6,(F)
= e )+ Jam (60 )
= X(nOel ) + x(Oand((6,0)%)

= X()X(Oanl ) + XX/ Oy (£,0)1)

= X(Ox(n) (anz(f) + gand(t em)
X(Oan((TF))

By the g-expansion principle, it follows that T,(fX) = x(£)(T,f)%, and we are done. O

If we examine the calculations above, it is clear that we have only used the fact that
X : Z, — B is a (locally constant) multiplicative function. Let a : Z, — B be any
multiplicative function, so that a(zy) = a(z)a(y) for any z,y € Z,. If we approximate
a by locally constant functions a,,, these will satisfy

an(zy) = an(2)an(y) (mod p)

for some v(n), so that the calculations above all go through after changing some of the
equalities to congruences. Taking the limit, we get:

Corollary IIL.6.8 Let o : Z, — B be any continuous multiplicative function, and let
f € V(B,N) with g-ezpansion f(q) = ¥ ang™. Then:
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i. (f*)q) = Za(r)ang™,

(L) = (1L,)f)% for any y € (Z/NZ)*,
i (1)) = ol (1)), for any y € B2,
. U() = a(p)(Uf)* and

v. T,(f*) = a(&)(T,f)*, for any prime £ # p.

o,
-~

N

?

<

?

In particular, we get:

Corollary IIL.6.9 Let x : ZY — B* be any character, extended to Z, by x(pZ,) =0,
and let f € V(B,N) be a Katz eigenform with weight-and-nebentypus character ¢ :
G(N) — B* and with T,f = A\ f for any prime £ # p. Then f* is a Katz eigenform
with weight-and-nebentypus character ex?, satisfying UfX = 0 and T,(f*) = x(£) A f*.

For some special functions « : Z, — B, the operation of twisting by a turns out to
be a well-known operator on modular functions. For a first example, let x : Z% — ZX
be the trivial character: x(z) = 1 for all ¢ € Z}. Let f € V have g-expansion
f(q) = 2 anq™. Then

fX(q)= 3 ang” = (f — Frob(Uf))(q),

(ﬂ,p):l

so that twisting by the trivial character is the same as 1 —FroboU. For a more interesting
example, let a : Z, — Z, be the identity function. Then we get

d
£2(g) = X _mang" = 9@1‘(9)’

so that twisting by the identity is the same as the “q%” operator considered by Serre
(in [Se73]) and Katz (in [Ka76]). Since a is multiplicative, it follows from the lemma
that q% “is of p-adic weight 27, i.e., sends modular forms of weight {7, k) to forms of
weight (¢ + 2,k 4 2), which is a result obtained by Katz in [KaT76].

111.6.3 Families of twists, and an estimate for the Krull dimen-
sion of the modular deformation ring

We can now use the twisting process defined above to produce one-parameter families
of deformations of a residual eigenform (or, equivalently, of a modular residual defor-
mation). If we begin with a Katz eigenform f with weight-and-nebentypus character
£ : Z; — B, then twisting by a character x : ZY — B* produces another Katz
eigenform fX, with weight-and-nebentypus character ex?. In particular, if x is wild, i.e.,
if x() is a one-unit in B* for all z € ZX, then we will have fX = f (mod m), where m
is the maximal ideal of B. Thus, if f is a deformation of a residual eigenform f, we have
constructed a family of deformations of f indexed by the wild characters zZ; — B%,



I11.6. The modular deformation space 107

where of course we may vary B. In what follows, we will always assume B to be a finite
extension of Z,,.

To actually construct a family of functions (as defined above) recall the identifica-
tions of V(B,N) with Homg, .....(To(W(k),N), B) (Section IIL1) and of Ap = B|[T']]
with the space of B-valued measures on I' (see, e.g., [Se73]). Let Ap = B[[Z)]] =
Ag[(Z/pZ)*), which we of course can identify with the space of B-valued measures on
Z. Given a Katz eigenform f € V(B,N), consider the V(B, N)-valued measure on Z
given by (the restriction of) u(f). For each T € T, evaluation at T gives a B-valued
measure on ZX, hence an element of Ap. This defines a continuous homomorphism
T To(W(k),N) — Ap, and hence a family of modular forms. In explicit terms, 7
can be described as follows: if

¢f : To — B

is the canonical homomorphism corresponding to f, we have:

i (L)) = 6A((L ),
ii. 7}((3/71)) = d)f((y,l))(y’l)z»
iii. 7,(U) =0, and

iv. Tf(T[) = d’f(Tt)(Z,l)-

Then, for any character x, f* is just the specialization of the family 7; via x (and,
in fact, the result that 74 is a continuous homomorphism follows at once from this fact,
which is obvious from the g-expansions). If f is a deformation of a residual eigenform
f, and if we restrict to wild characters, which of course are trivial on (Z/pZ)* C Zx, we
get a continuous homomorphism To(W(k),N) — Ap, i.e., a family of modular forms,
all of which reduce to f outside Np (because x(z) = 1 (mod p) for all z. Thus, we
get a continuous homomorphism 7}* : T§(W(k),N) — Ap which defines a continuous
homomorphism R — Ap (because every fX reduces to f). Since Ag = B[[T]], this
should be thought of as a one-dimensional analytic family of deformations of f.

To summarize:

Proposition II11.6.10 Given any residual eigenform f of level N, and given any Katz
eigenform f € V(B,N) reducing to f modulo the mazimal ideal of B, there ezists a
one-dimenstonal analytic family of deformations

‘rf* :R— Ap
giving the twists of f by wild characters of Z).

In terms of representations, if 7 is the residual representation attached to f, we
get, by composing the universal modular deformation p : G — GL2(R) we get, for
every modular deformation p;, : § — GLy(B), a one-dimensional analytic family of
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deformations § —» GL,(Ag), whose specialization under any character x : ' — B*
is simply the twist of p, by the one dimensional representation of G given by x in the
obvious way. (See Mazur’s paper [Ma] for more on twisting representations.) Thus we
have shown that any twist of a modular deformation of f by a wild character (i.e., a
character of T') is again a modular deformation of f. We will use this to show that the
Krull dimension of the universal modular deformation ring is at least 3. For this, we
need two easily-proved facts:

Lemma II1.6.11 Let f € V(B,N) be a deformation of a residual eigenform f, and let
‘rf* :Rp = RQB — Ap be the map induced by the family of twists of f defined above.

Then 7}* i8 a continuous surjective homomorphism of Z,-algebras.

Proof: Everything but surjectivity has already been noted. To get surjectivity, it is
enough to check that, for any v € T, the element (v) is in the image (where, as above,
we use angular brackets to distinguish elements of I' from themselves as elements of ZX).
But, since 2 is invertible in Z, and so is the image v under the character corresponding
to f, this is immediate from the formula Tf*((y,l)) = ¢¢({y,1)){y,1)? above. In fact,
this shows that the composite map Ag — Rpg — Ap is already surjective. o

Lemma II1.6.12 Let f € V(B,N) be a deformation of a residual eigenform f, and
assume f s classical, i.e., f € M(B,k,e,Np*) for some v and appropriate nebentypus
€. Then

i. the twist of f by any character of finite order is again classical; specifically, if
x : ZY — B* factors through (Z/p"Z)*, we have fX € M(B,k, ex?,Np**+?")

i. the twist of f by any character x : ZX — B> of infinite order is not a classical
modular form.

Proof: The first claim, is, of course, well-known, and obvious from the definitions.
For the second claim, we must use considerations of p-adic Hodge structure of the
corresponding representations. One knows that, in the classical case, the p-adic Hodge
twists (in the sense of [MW86]) of a representation attached to a classical form of weight
k whose reduction is absolutely irreducible are (0,k — 1) (see [MW86]); twisting by the
character y — 7 gives a representation with twists (7, j + k — 1), which is therefore not
classical. o

Then we get:

Proposition II1.6.13 The Krull dimension of the universal modular deformation space
R = R(f) = R(p) is at least three.

Proof: Let k be the least weight for which there is a classical lift f; of level N.
Then for each j > k, 7 = k& (mod p — 1), there exists a classical lift f; of weight 7 and
level N. Then, for each such j, we have obtained a continuous surjective homomorphism
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7}* : R — Ap, (where we Bj is a finite extension of Z,). Since the dimension of Ap; is
two, we need only prove that the kernel of one (and hence of any) of these maps is not
a minimal prime ideal of R. However, the preceding corollary shows that these ideals
are all distinct; since R is noetherian, they cannot be minimal primes (because there is
only a finite number of such), and we are done. o

It would be interesting to get a more precise estimate of the Krull dimension of the
modular deformation ring. For example, Mazur and Boston have considered the case of
a residual representation

5:G —— S5 C GLy(F,),

where 53 is the symmetric group on three letters. Under some additional hypotheses,
they show that the universal deformation space R(p) has Krull dimension four (in fact,
that it is a power-series ring in three variables over Z,). Is the modular deformation
ring also of dimension four in this case?

I11.6.4 The ordinary case

In the case where the residual representation is attached to an ordinary modular form,
one can consider the “universal ordinary deformation”, i.e., the universal deformation
associated to ordinary modular forms. Using the work of Hida in [Hi86a], Mazur and
Wiles (in [MW86]) constructed the universal ordinary deformation (under some restric-
tive hypotheses) and determined several of its properties, especially with respect to the
image of the decomposition group at p. In this section, we summarize these results and
point out their relation to our larger deformation space.

For simplicity, and to agree with the situation in [MW86], let us assume that the
level N = 1. Let f € Vpa(k,1) be an ordinary residual parabolic eigenform, and let 5
be the attached residual representation. By duality, f corresponds to a map Ty — k,
which necessarily factors through the ordinary Hecke algebra T3™® = €T In fact, we
can say more; a residual eigenform has a weight x : Z — k, which, as we remarked
above, must be a power of the Teichmiiller character: ¥ = w'. Then it is clear that the
map ¢7 : Tg — k corresponding to f must in fact factor through the summand T; of
T3 ¥ defined in the Appendix to the last chapter. The various Hecke algebras and the
map defined by f fit together like this:

TyCTo 5T — T, — k.

Let m*, m, m°¢, and m denote the kernels of #7 in each of the Hecke algebras.

The construction of Mazur and Wiles requires a hypothesis on the weight i. Hence
assume, for the remainder of this section, that 1 # 2. In terms of the representation 7,
this means that det(p) is not the cyclotomic character.

In this situation, Mazur and Wiles construct a representation

P4 G —— GLy(R),
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where R denotes the completion of the Hecke algebra T; at the maximal ideal m, which
gives the universal ordinary deformation of the representation attached to f, in the
same sense as before: any representation deforming p which is attached to an ordinary
p-adic modular form is obtained from p°¢ via the induced map from R to the ring
of definition of the attached modular form. They then obtain theorems about the
action the decomposition and the inertia groups at p, including a description of the
p-adic Hodge twists of the specializations. We refer to [MW86] for further details. One
should note that Mazur and Wiles have also obtained a necessary condition, in terms
of the action of the inertia group at p, representation to be attached to an ordinary
modular form. This condition is conjectured to be sufficient, in which case it would
give representation-theoretic description of the ordinary deformation space. See the
discussion in [MW86] and [Ma] for more details.

We would like to compare the universal ordinary deformation to the universal mo-
dular deformation we constructed before. It is clear, from the universal property of the
constructions, that there must exist a map R — R so that p°'¢ is the representation
obtained from p via this map; it is also clear (compare the traces of the Frobenii) that
this map must be the map induced by the canonical maps

TS — To — T,'
by completion at the maximal ideal. From the analysis in [MWB86], we can show:

Proposition I11.6.14 Let f be an ordinary residual eigenform of p-adic weight i # 1
and level N = 1. Let R = R(f) be the universal modular deformation ring and let
R = R(f) = (T:)m be the completion of the i*" component of the ordinary Hecke algebra
at the ideal corresponding to f. Consider the map R — R induced from the composition
of the inclusion with the projection on T;. Then R is at most a quadratic eztension of

the image of R.

Proof: Since we are assuming N = 1, it is clear that R is generated over the image
of R by (the image in the completion of) the U operator. To see that U is quadratic
over the image of R, we show that for some unit A € A, the element U + AU"? € R
belongs to the image of R. (Note that U is invertible in R, by definition of the ordinary
part.) This, however, follows at once from the results in [MW86, §8] mentioned above:
let o be an element of the decomposition group at p mapping modulo the inertia group
to a generator of Z = Gal(F,/F,); then we have

trace(p” (o)) = U + AU,
where ) is some unit of A; therefore, for any such o,
trace(p(c)) — U + AU € R,

so that U + AU™? is in the image of R, as desired. a
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Since R is a flat A-algebra of finite rank (see Section I1.4), its Krull dimension is
two. Taking all possible twists gives a map

R —— R[[A]l,

as in the preceding section (because a twist of an ordinary modular form is never
ordinary). This last ring has Krull dimension three, so that we need to study the
kernel T = ker(7°"?); if this is not contained in a minimal prime ideal of R, it will
follow that the dimension of R is at least four. In the example worked out by Mazur
and Boston (“neat S3 extensions”), this would suffice to show that every deformation
is modular.

We have not been able to prove that the dimension of the modular deformation
space is at least four. In any case, 1t is easy to see that the modular deformation space
is always strictly larger than the ordinary deformation space, by showing that there
exist deformations of the representation 7 attached f which are modular, but whose
corresponding modular forms are neither ordinary nor twists of ordinary modular forms.
Assume k > 3,k =1 (mod p—1). Then f can be lifted to a classical modular form of
weight k£ which can be assumed to be an eigenform and is necessarily ordinary (because
it is congruent to f). For deforming the representation, however, all we need is to find
a lift that is congruent to f outside Np; we will show that if the weight is high enough,
one can always find a deformation outside Np which is not ordinary, but is classical of
level N, so that it is certainly not a twist of a classical modular form.

Let f be any lift of f to an (ordinary) eigenform of weight k£ and level N. Assume
for simplicity that k = F, and therefore that f is defined over some totally ramified
extension B of Z,. Consider the modular form

a1 =E]_(BE_ f — (Tf)?) € M(B, pk + j(p — 1),N).

It is clear that the reduction of ¢; is an eigenform (since it is congruent, modulo the

maximal ideal of B, to f — Frob(Uf)); thus, by Lemma II1.5.2, there must exist an

eigenform g € M{B,pk + j(p — 1),N) (possibly after base-change) which is congruent

to g1. Then g will be a deformation of f outside Np, it will be classical of weight

pk+j(p—1) and level N, and it will not be ordinary. Hence the representation attached

to g will not be obtained by specializing the universal ordinary representation p°™.
Thus, we have shown:

Proposition II1.6.15 Let f be an ordinary residual eigenform defined over k. Suppose
there exists a classical eigenform f of weight ko and level N defined over a W(k)-algebra
B reducing to f modulo the mazimal ideal, and hence ordinary: T,f # 0 (mod m).
Then, for any weight k > pko, k = ko (mod p — 1), there ezists a classical eigenform g
of weight k and level N defined over a finite extension B’ of B (which will depend on
k) whose reduction modulo the mazimal ideal is equal to f outside Np but which is not
ordinary: Tpg =0 (mod m).



112 Chapter III. Galois Representations

Remark: To be absolutely precise, f itself is not ordinary, because it is not an eigenform
under the U operator. However, its ordinary projection eyf is nonzero and equal to f
outside p, while epg = 0. The point is simply that for each large enough weight, there
is always at least one ordinary and one non-ordinary deformation which is not the twist
of any ordinary deformation.

Corollary ITL1.6.16 If the residual representation p is attached to an ordinary residual
eigenform f, the modular deformation space of B is strictly larger than the ordinary
deformation space, even if we add all the twists of ordinary deformations.

Since the Krull dimension of the ordinary-plus-twists deformation ring is three, one
is led to ask:

Question ITL.1 Suppose that the residual modular representation p is attached to an
ordinary modular form. Is the Krull dimension of the universal modular deformation
ring always greater than or equal to four?

At least in the case when f is ordinary, the preceding discussion suggests that the
answer may be yes; in the “neat S;” case considered by Mazur and Boston, this would
imply that every deformation of the residual representation in question is attached to a
p-adic modular form.

I11.7 Further Questions

This final section collects some of the questions which seem to arise in relation to the
topics we have discussed in this book, and that may suggest paths for further research.
When appropriate, we have suggested what we suspect will be the answer, but we have
not dignified these suspicions by calling them conjectures, since for the most part there
is little evidence one way or the other. We use the notations and conventions defined
above, giving references only when necessary.

To begin with, there are several questions associated to the subject of Chapter II:
the U operator and its eigenforms. As we saw, there exists, for each o > 0 a “slope «
projection”

ea : MY(B,k,N;1)® K —— MY(B,k,N;1) ® K,

defining a splitting
MY(B,k,N;1) @ K = M® @ F(*),

where M(®) is the “slope a eigenspace”, i.e., the finite-dimensional subspace spanned
by the generalized eigenforms for the U operators corresponding to eigenvalues with
valuation a. As we have seen, e, is a continuous linear endomorphism of the p-adic
Banach space M(B,k,N;7) ® K (which is given the p-adic topology for which the B-
module M(B, k,N;r) is the closed unit ball), but it is not continuous on M*(B,k,N;1)®
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K when this is given the ¢g-expansion topology (except when o = 0). The first important
question, then, which we have already mentioned above, is whether for fixed r the norm
of e, is bounded independent of the weight k.

Question IIL.2 Let () denote the slope o projection on M(B,k,N;7)Q K. Does there
ezist a bound C(a,r) (independent of k) so that |je,]| < Ca,r)? If s0, can we take
Cla)=p~?

As we remarked in Chapter II, the answer to both questions is yes when o = 0; we
conjectured above (Conjecture I1.4) that the bound C(e,r) always exists, but we have
no idea whether it is plausible that C(a,r) = p* in general.

Closely related are the following two questions:

Question ITL.3 Suppose f € MY(B,k,N;1) satisfies eof = f; so that in particular we
have f € M(B,k,N;7)® K for any r such that ord(r) < p/(p+1). If k is large enough,
do we in fact have f € M(B,k,N)® K = M(K,k,N)? In other words, is it true that
any overconvergent modular form of slope o and sufficiently high weight is necessarily
a classical modular form?

If @ = 0, the answer is yes, and “sufficiently high” is £ > 3, as was shown by Hida
(see Section 11.4 above). If f is an eigenform, we already know that f must be congruent
to a classical modular form; if we can show that this classical modular form must also
be of slope «, this would answer the question affirmatively in the case of eigenforms.

Finally, we have:

Question III.4 Let Pi(t) denote the characteristic power series of the U operator
acting on MY(B,k,N;1) ® K. Is it true that if k; = k; (mod p™ Y (p — 1)) then
Py (t) = P, (t) (mod p™)? If so, is the variation in fact locally analytic in k¢

Above, we conjectured that the answer to the first part of this question is “yes”,
but made a guess that the answer to the second question is “no”, unless we consider
truncations of the full characteristic power series at the various slopes.

Going on to questions suggested by the work in this chapter, the most natural and
important question has already been stated:

Question IIL.5 Let p be a residual Galois representation attached to a residual eigen-
form f. Is it true that every deformation of f is attached to a p-adic modular form
reducing to f?

Less ambitiously, one could ask

Question II1.6 Let 7 be a residual Galois representation attached to a residual eigen-
form f. What is the Krull dimension of the modular deformation ring R(f)?
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We have shown that this Krull dimension is at least three, and we have given an
argument that suggests that when f is ordinary (i.e., of slope 0) this dimension should
in fact be at least four. It is not clear to what extent this dimension will depend on f
(rather than, say, only on its weight and level).

Another category of question relating to the construction of the Galois representa-
tions attached to the various deformations of a residual eigenform has to do with the
relation between representation-theoretic properties of the representation deforming p
and the properties of the modular form attached to it. For example, Mazur and Wiles
have shown that any representation attached to an ordinary modular form must satisfy
a certain condition on the action of an inertia group at p (see [MW86]).

Question IIL7 Let p be an absolutely irreducible residual representation attached to a
residual eigenform f. Let p be any modular deformation, and let f be the p-adic modular
form attached to it. Can one find a condition on p that will hold if and only if f is
overconvergent? Is it true that f is ordinary if and only if p satisfies the condition of
Mazur and Wiles?

There are several other crucial questions about the modular deformation space which
have been touched upon only lightly in this chapter; they have to do with the dependence
of our construction on the level. As we pointed out above, we have always assumed that
the level N of our modular forms was fixed beforehand, and that all modular forms under
consideration were (p-adically) of level N. (Recall that this includes classical modular
forms of level Np¥ for every v; in general, we may always assume that all levels are
prime to p, since introducing powers of p does not alter the spaces of p-adic modular
forms in question.) In fact, there are two possible ways to vary the level: adding new
prime divisors to the level or not.

To begin with, let N; be a number prime to p, and let N be the product of its prime
divisors (this is sometimes called the radical of N;). It is clear that we have an inclu-
sion V(B,N) — V(B,N;), and hence that we have an epimorphism of Hecke algebras
T(B,N,;) — T(B,N); localizing and completing at the maximal ideal corresponding
to some eigenform f € V(k,N), we get a map between the modular deformation ring of
level N; and the modular deformation ring of level N:

RM(f) —— RO(f).

Note that these are both deformation rings for the representation associated to f, since
“unramified outside Np” and “unramified outside N;p” are synonymous.

Question ITIL.8 What is the relation between these two rings of deformations outside
Np? Do they have the same Krull dimension? Can they be distinguished representation-
theoretically, say, by a finer ezamination of the ramification at the primes dividing N ?

We may, of course, take the inverse limit over all N; with the same prime divisors,
and get a deformation of the representation associated to f to an even larger ring

R)(f) = lim R™(f).
N
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Question ITL.9 What are the properties of this larger deformation ring R(®)}(F)? In
particular, what ts its Krull dimension? Is it equal to Mazur’s full deformation ring?
Is it equal to the modular deformation ring of level Ny if Ny is sufficiently large?

In the case where N|M and there are primes dividing M which do not divide M, the
situation is even more interesting. If we consider a residual eigenform f € V(B,N),
we may think of it as being of level N, in which case we will look for representations
unramified outside Np, or of level M, in which case we will look for representations
unramified outside Mp, which form a larger space. Hence we get a map of deformation
spaces

RM(F) — RM(F),

which we may think of as defining the space of deformations unramified outside Np as
a subscheme of the space of deformations unramified outside Mp.

Question IIL.10 What is the relation between the spaces RM(F) and R™M(F)# Do
they have the same Krull dimension?

Even more interesting is the following situation: suppose p is a residual Galois
representation unramified outside Np and which is known to be attached to a residual
eigenform of level Mp, for some M as above. Then we can consider three deformation
spaces: first, Mazur’s deformation ring R™M)(5) of 7 considered as unramified outside
Mp (so we look for deformations deforming 7 which are unramified outside Mp), second,
the ring R(M)(ﬁ), corresponding to (level M) modular deformations, and third, the ring
RWM(5), corresponding to deformations (modular or not) which are unramified outside
Np. We have a diagram of surjections:

RM(7)
RM(p)
R™(5)

We can interpret this as defining two subspaces of the space of deformations unram-
ified outside Mp: the subspace of level M modular deformations and the subspace of
deformations unramified outside Np.

Question IIL.11 What is the intersection of these two subspaces? In particular, is
it always non-empty? In other words, does the eristence of deformations unramified
outside Np imply the ezistence of modular deformations which are of level N ?

Making N precise is of course crucial here. If this is done correctly, an affirmative

answer is of course expected, since the problem can be reworded as a part of a well-
known conjecture due to Serre:
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Conjecture III.1 Suppose p is a residual representation attached to a residual eigen-
form f of (weight k and) squarefree level M, and suppose that 7 is in fact unramified at
some prime £ dividing M. Then there ezists a residual eigenform of (possibly different
weight and) level N = M/£ to which p is attached. Put in other words, if f is the reduc-
tion of a classical modular form of level M whose attached representation is unramified
outside M/{, then there ezists a classical modular form of level M/£ (but possibly of
different weight) which also reduces to f.

Serre’s conjecture, of course, goes on to define precisely the minimal possible weight
for the lifting. It seems to us that the “level part” of the conjecture should be accessible
by p-adic methods (the “weight part” is probably not). One might attempt, for example,
to prove it first in the ordinary case.
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