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Abstract

1) Congruences and p-adic numbers. Hensel's lemma. The Tate field

2) Continuous and p-adic analytic functions. Mahler’s criterion. Newton polygons
Zeroes of analytic functions. The Weierstrass preparation theorem and its generalizations.

3) Distributions, measures, and the abstract Kummer congruences.
The Kubota and Leopoldt p-adic L-functions and the Iwasawa algebra

4) Modular forms and L-functionsy
Congruences and families of modular forms.

5) Method of canonical projection of modular distributions.
Examples of construction of p-adic L-functions
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Related topics (for discussions, not included in the text of
these materials)

6) Other approaches of constructing p-adic L-functions by
Mazur-Tate-Teitelbaum, J.Coates, P.Colmez, H.Hida ... (using modular
symbols by Manin-Mazur and their generalizations; Euler systems, work of
D.Delbourgo, T.Ochiai, L.Berger, ..., overconvergent modular symbols by
R.Pollack, G.Stevens, H.Darmon, ...)

7) Relations to the Iwasawa Theory
8) Applications of p-adic L-functions to Diophantine geometry
9) Open questions and problems in the theory of p-adic L-functions

(Basic sources: Coates 60th Birthday Volume, Bourbaki talks by P.Colmez,
J.Coates ...)
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Lecture N°1. p-adic numbers and congruences

Originally p-adic numbers were invented by Hensel as a tool of solving congruences
modulo powers of a prime number p.

Example. p = 7. Solve the congruence x> = 2 mod 7".

Solution. If n =1, put xp = £3 then x3 =2 mod 7.

If n =2, put x; = xo + 7t1, x0 = 3 then (xo + 7t1)?> =2 mod 72 gives:
9+6~7t1+72t12£2 mod72 =946 =0 mod7=1t =1
=x31=34+7-1=10.

If n =3, put x» = x1 + 7%t>, x1 = 10 then (10 + 72t2)2 =2 mod 73 gives:
100 +20-7%t, +7*t3 =2 mod 73 = tp = —2/20 mod 7= t,b =2 mod 7
=xp=3+7-1+2-72=108.

In this way we obtain a sequence xg, x1, X2, . . ., so that x, = x,41 mod p".
This is in strong analogy with approximation of a real number by rationls, for
example:

V2 = 1.414213562373095048801688724 - - -
=1+4-10714+1-1072+4-1073+2-107% +---
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p-adic numbers as a completion of rationals

The idea of extending the field QQ appears in algebraic number theory in
various different guises. For example, the embedding Q C R often gives
useful necessary conditions for the existence of solutions to Diophantine
equations over Q or Z. The important feature of R is its completeness:
every Cauchy sequence {a,},—; in R has a limit « (a sequence is called
Cauchy if for any £ > 0 we have |a, — am| < & whenever n and m are
greater than some large N = N(g)). Also, every element of R is the limit
of some Cauchy sequence {a,} 2, with a, € Q.

An analogous construction exists using the p—adic absolute value | - |, of Q:

|"lp:Q—=Rxo={x€eR |x >0}

\a/b\p — pordpb—ordpa’ |0|p _ 0,

where ordpa is the highest power of p dividing the integer a.
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This general construction of “adjoining the limits of Cauchy sequences” to
a field k with an absolute value | - | leads to a completion of k. This
completion, often denoted k, is complete, and contains k as a dense
subfield with respect to the extended absolute value | - |, [BS85], [Kob80].
As was noted at the end of §2, all absolute values of Q are equivalent
either to the usual Archimedean absolute value, or to the p—adic absolute
value. Thus any completion of Q is either R, or Qp, the field of p-adic
numbers, i.e. the completion of the field of rational numbers Q with
respect to the p-adic absolute value. Using the embeddings Q — R and
Q — Qp (for all primes p) many arithmetical problems can be simplified.
An important example is given by the following Minkowski—Hasse theorem
[BS85], Ch.1. the equation

Q(X17X2>"'7Xn)207 (21)

given by a quadratic form Q(x1, x2,...,xp) = Z,-J ajjixixj, ajj € Q has a
non—trivial solution in rational numbers, iff it is non—trivially solvable over
R and over all Qp. There are very effective tools for finding solutions in Qp,.
These tools are somewhat analogous to those for R such as the “Newton -
Raphson algorithm”, which in the p—adic case becomes Hensel's lemma.
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The simplest way to define the p—adic numbers is to consider expressions of
the type

a=amp™ + a,,,JrlpmJr1 +..., (2.2)

where a; € {0,1,....p — 1} are digits to the base p, and m € Z. It is
convenient to write down « as a sequence of digits, infinite to the left:

m—1 zeros

—— .
o = ---am+1am000...0(p), I'szoa
‘--8180-3—1"'am(p)7 if m<0.

These expressions form a field, in which algebraic operations are executed
in the same way as for natural numbers n = ag + a1p + ... a,p", written as
sequences of digits to the base p. Consequently, this field contains all the
natural numbers and hence all rational numbers.
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Expression of rational numbers as p-adic numbers
For example,

p—1_

“l= =D Dp (-1 = (P D Do)

—a0
p—1
For n € N the expression for —n = n - (—1) of type (2.2) is obtained if we
multiply the above expressions for n and for —1. Generally, for a € Q write
a=c— %, where a,c € Z, be N, 0 < a< b, i.e. a/bis a proper fraction.
Then by an elementary theorem of Euler, p#(?) — 1 = bu, u € N. Hence
a au

= ap+ app + aop2 + - =---agapap(p)-

b pelb) —1’

and au < bu=p" —1, r = ¢(b). Now let au be written to the base p as
ar—1---a0(p), then the expression of type (2.2) for av is obtained as the
sum of the expression for ¢ € N and

r digits r digits

a _ 7 NV
E — ...aoaril ...aoaril ...ao(p)‘
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For example, if p =5,

322_;:2 51.325362 c=2a=5 b=17,
so that
2232 = 324125 =35 +2-5°+4.57 + 1.5+ 2,
thus 9 A
2 = -+ 3241203241203241225).

It is easy to verify that the completion of Q with respect to the p-adic
metric | - [, can be identified with the described field of p-adic expansions
(2.2), where |a|, = p™ for « as in (2.2) with a, # 0 (see Koblitz N.
(1980)).
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It is curious to compare the expansions (2.2) infinite to the left with the
ordinary expansions of real numbers a € R, infinite to the right:

O = amam_1- -a0.a—1 - = aml0™+am_110" "+ ag+a_1107 4.,

where a; € {0,1,---,9} are digits, a,, # 0. These expansions to any
natural base lead to the same field R. Also, a given « can possess various
expressions of this type, e.g. 2.000--- =1.999 ... However, in the p-adic
case the expressions (2.2) are uniquely determined by a. This fact provides
additional comfort when calculating with p—adic numbers.
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Computation with PARI/GP (see [BBBCO])

gp > forprime(p=2,131,print("p="p,",""9/7="9/7+0(p"6)))

p=2,9/7=1 + 2 + 272 + 2°3 + 25 + 0(2°6)

p=3,9/7=3"2 + 3°3 + 2%3°5 + 0(3"6)

p=5,9/7=2 + 2%5 + 572 + 4%5°3 + 2x5°4 + 3x5°5 + 0(5°6)
p=7,9/7=2%7"-1 + 1 + 0(7°6)

p=11,9/7=6 + 9*%11 + 7*11°2 + 4%11°3 + 9%11°4 + 7*11°5 + 0(11°6)
p=13,9/7=5 + 9%13 + 3%13"2 + 9%13~3 + 3*13~4 + 9%13°5 + 0(13°6)
p=17,9/7=11 + 14x17 + 4x17°2 + 7x17°3 + 2x17°4 + 12%17°5 + 0(17°6)
p=19,9/7=4 + 8%19 + 5%*19°2 + 16%19~3 + 10%19°4 + 13x19°5 + 0(19°6)

p=23,9/7=21 + 9%23 + 16%23"2 + 19%23"3 + 9x23~4 + 16%23"~5 + 0(23°6)
P=29,9/7=22 + 20%29 + 20%29°2 + 20%29°3 + 20%29°4 + 20%29°5 + 0(29°6)
p=31,9/7=19 + 26%31 + 8x31~2 + 13%31°3 + 4x31~4 + 22*31~5 + 0(31°6)
p=37,9/7=33 + 15%37 + 26x37°2 + 31%37°3 + 15%37°4 + 26x37°5 + 0(37°6)
p=41,9/7=13 + 29%41 + 11x41°2 + 29%41-3 + 11%41-4 + 20x41-~5 + 0(41°6)
p=43,9/7=32 + 30%43 + 30%43~2 + 30%43"3 + 30%43°4 + 30%43~5 + 0(43°6)
P=47,9/7=8 + 20%47 + 13*47°2 + 40%47°3 + 26%47°4 + 33%47°5 + 0(47°6)
p=53,9/7=24 + 45x53 + 37x53"2 + 22%53°3 + 45%53~4 + 37*53°5 + 0(53°6)
p=59,9/7=35 + 50%59 + 16%59°2 + 25%59°3 + 8%59°4 + 42x59°5 + 0(5976)
p=61,9/7=10 + 26%61 + 17x61°2 + 52%61°3 + 34%61°4 + 43*%61°5 + 0(61°6)
p=67,9/7=30 + B7*67 + 4T*67°2 + 28%67°3 + B7*67°4 + 47*67°5 + 0(67°6)
P=71,9/7=52 + BO*71 + B0*71°2 + 50%71"3 + 50*71°4 + 50*71~5 + 0(71°6)
p=73,9/7=43 + 62%73 + 20%73°2 + 31%73"3 + 10%73°4 + 52x73°5 + 0(73°6)
P=79,9/7=69 + 33%79 + 56%79°2 + 67%79"3 + 33%79°4 + 56%79°5 + 0(79°6)
p=83,9/7=25 + 59%83 + 23%83°2 + 59%83"3 + 23%83°4 + 59%83°5 + 0(83"6)
p=89,9/7=14 + 38%89 + 25x89°2 + 76%89"3 + 50%89°4 + 63x89°5 + 0(89°6)
p=97,9/7=29 + 69%97 + 27x97°2 + 69%97"3 + 27*97°4 + 69x97~5 + 0(97°6)
p=101,9/7=59 + 86%101 + 28%101~2 + 43%101°3 + 14x101~4 + 72%101°5 + 0(101-6)
p=103,9/7=16 + 44%103 + 29%103~2 + 88%103°3 + 58x103~4 + 73%103°5 + 0(103"6)
p=107,9/7=93 + 45%107 + 76%107°2 + 91%107°3 + 45x107~4 + 76%107°5 + 0(107-6)
p=109,9/7=48 + 93%109 + 77*109°2 + 46%109°3 + 93x109~4 + 77%*109°5 + 0(109-6)
p=113,9/7=82 + 80%113 + 80%113~2 + 80%113~3 + 80*113~4 + 80%113-5 + 0(113-6)
p=127,9/7=92 + 90%127 + 90%127-2 + 90%127°3 + 90%127~4 + 90%127°5 + 0(127-6)
p=131,9/7=20 + 56%131 + 37%131°2 + 112%131°3 + 74x131"4 + 93%131~5 + 0(131-6)
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Topology of p-adic numbers

The field Qp is a complete metric space with the topology generated by the
“open discs™:

Uas(r)={x||x—al<r} (x, acQp, r>0)

(or “closed discs” D,(r) = {x | |x — a| < r}). From the topological point of
view, the sets U,(r) and D,(r) are both open and closed in Qp.

An important topological property of Qp, is its local compactness: all discs of
finite radius are compact. The easiest way to show this is to consider any
sequence {ay}oo of elements ay € Dy(r) and to construct a limit point. Such a
point may be found step—by—step using the p—adic digits (2.2). One knows that
the number of digits “after the point” is bounded on any finite disc. In particular,
the disc

Zp=Do(1) = {x | Ix|p <1} = {x = a0 + a1p + a2p” + -}

is a compact topological ring, whose elements are called p-adic integers. Z, is
the closure of Z in Qp. The ring Z, is local, i.e. it has only one maximal ideal
pZp = Up(1) with residue field Z,/pZ, = F,. The set of invertible elements
(units) of Zj, is

Zy =Zp\PLp = {x | [xlp =1} = {x = a + a1p + a2p” +--- | a # 0}.
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Applications of p—adic Numbers to Solving Congruences.

The first appearances of p—adic numbers, in papers by Hensel, were related
to the problem of finding solutions to congruences modulo p”. An
application of this method by his student H.Hasse to the theory of
quadratic forms has lead to an elegant reformulation of this theory, without
the use of considerations over the residue rings Z/p"Z. These
considerations are tiring because of the zero—divisors in Z/p"Z. From the
above presentation of Z, as the projective limit

limZ/p"Z

it follows that for f(x1,...,xn) € Zp[xi, ..., xn], the congruences
f(x1,...,%n) = 0(mod p")
are solvable for all n > 1 iff the equation
f(xt,...,%x5) =0

is solvable in p-adic integers. Solutions in Z, can be obtained using the
following p—adic version of the “Newton - Raphson algorithm”.
ICTP, September, 2000 12 / 56



Theorem (Hensel's Lemma)

Let f(x) € Zp[x] be a polynomial in one variable x, f'(x) € Zp[x] its
formal derivative, and suppose that for some ag € Zj the initial condition

[F(a0)/F (a0)?]p < 1 (2.3)

is satisfied.
Then there exists a unique o € Z,, such that

f(a) =0, |a—agl <1

We prove this by induction using the sequence of “successive
approximations”™:
f(an-1)

(op-1)

Taking into account the formal Taylor expansion of f(x) at x = a,—1 one
shows that this sequence is Cauchy, and its limit « has all the desired
properties (cf. [BS85], [Serre70]).

For example, if f(x) = xP~1 — 1, then any ag € {1,2,...,p — 1} satisfies
the condition |f(ap)|p < 1 At the same time

(o) = (p— l)ozg_2 # 0 mod p, hence the initial condition (2.3) is
satisfied. The root « coincides then with the uniquely defined Teichmiiller
representative of ap: o = w(ayg).
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See Chapter 3 of Koblitz N. p-adic numbers (2ed.,
Springer, 1984)

4. Q

So far we’ve been dealing only with algebraic extensions of Q,. But, as
mentioned before, this is not yet enough to give us the p-adic analogy of the
complex numbers.

Theorem 12. @, is not complete.

PrOOF. We must give an example of a Cauchy sentence {a;} in Q, such that
there cannot exist a number a € @, which is the limit of the a;.

Let b, be a primitive (p? — 1)th root of 1 in @,, ie., bP* - = 1, but
b # 1if m < p* — 1. Note that b7* - = 1if i’ > i, because 2![2" implies
p? — 1] p? — 1. (In fact, instead of 2' we could replace the exponent of p
by any increasing sequence whose ith term divides its (i + 1)th, e.g., 3!, il,
etc.) Thus, if i’ > i, b, is a power of b,.. Let

1
— N
a = Z b;p"s,
i=0

where 0 = Ny < N; < N, < --- is an increasing sequence of nonnegative
integers that will be chosen later. Note that the b;,j = 0, 1, ..., i, are the
digits in the p-adic expansion of g in the unramified extension Q,(b,), since
the b; are Teichmiiller representatives. Clearly {a;} is Cauchy.

We now choose the ¥, j > 0, by induction. Suppose we have defined N,
for j < i, so that we have our a; = J>}_, b;p". Let K = Q,(b,). In §3 we
proved that K is a Galois unramified extension of degree 2'. First note that
Q,(a;) = K, because otherwise there would be an automorphism o of K which
leaves a; fixed (see paragraph (11) in §1). But o(a,) has p-adic expansion
b0 0(b)p¥s, and o(b,) # b;, so that o(a;) # a; because they have different
p-adic expansions.

Next, by exercise 9 of §II1.1, there exists N,,; > N, such that g, does not
satisfy any congruence

@™ + an_qaf "t + -+ aya; + o = 0 (mod pYi+r)

for n < 2" and «; € Z, not all divisible by p.
This gives us our sequence {a;}.
Suppose that a € Q, were a limit of {a,}. Then a satisfies an equation

@ + oy 1@+ a + oy =0,

where we may assume that all of the «; € Z, and not all are divisible by p.
Choose i so that 2! > n. Since @ = g; (mod p":i+1), we have

nd + oy _qal "t + -+ @ + ¢ = 0 (mod pi+a),

a contradiction. This proves the theorem. O
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III  Building up Q

Note that we have actually proved that Qp*r®™ not only Q, = Q&% is
not complete.

So we now want to ““fill in the holes,” and define a new field Q to be the
completion of Q,. Strictly speaking, this means looking at equivalence classes
of Cauchy sequences of elements in @, and proceeding in exactly the same
way as how Q, was constructed from Q (or how R was constructed from Q,
or how a completion can be constructed for any metric space). Intuitively
speaking, we’re creating a new field Q by throwing in all numbers which are
convergent infinite sums of numbers in @,, for example, of the type considered
in the proof of Theorem 12.

Just as in going from Q to Q,, in going from @, to Q we can extend the
norm | |, on @, to a norm on Q be defining |x|, = lim,_, | x|,, Where {x;}
is a Cauchy sequence of elements in @, that is in the equivalence class of x
(see §1.4). As in going from Q to Q,, it is easy to see that if x # O this limit
|x|, is actually equal to |x,|, for i sufficiently large.

We also extend ord, to Q:

ord, x = —log,|x|,.

Let 4= {xeQ|[x|, <1} be the “valuation ring” of Q, let M =
{xeQ||x|, < 1} be its maximal ideal, and let 4™ = {xeQ||x|, =1} =
A — M be the set of invertible elements of A. Suppose that xe 4™, i.e.,
|x|, = 1. Since Q, is dense in Q, we can find an algebraic x' such that
x —x'eM, ie, |x — x|, < 1. Since then [x'|, = 1, it follows that x' is
integral over Z,, i.e., it satisfies a monic polynomial with coefficients in Z,,.
Reducing that polynomial modulo p, we find that the coset x + M = x" + M
is algebraic over F,, i.e., lies in some [ ,,. Now let o)(x) be the (p! — Dthroot
of 1 which is the Teichmiiller representative of x + M e [F,, and set {x) =
x/w(x). Then {x>e€ 1 + M. In other words, any xe A™ is the product of a
root of unity m(x) and an element {x)» which is in the open unit disc about 1.
(If x € Z,, has first digit a,, this simply says that x is the product of the Teich-
miiller representative of a, and an element of 1 4 pZ,,.) Finally, an arbitrary
nonzero x € Q can be written as a fractional power of p times an element
x; €Q of absolute value 1. Namely, if ord, x = r = a/b (see Exercise 1
below), then let p" denote any root of X? — p*=0. Then x = p'x, =
proxx,)<x,> for some x, of norm 1. In other words, any nonzero element of Q
is a product of a fractional power of p, a root of unity, and an element in the open
unit disc about 1.

The next theorem tells us that we are done: Q will serve as the p-adic
analogue of the complex numbers.

Theorem 13. Q is algebraically closed.

PrOOF. Let: f(X) = X"+ a, X" '+ -+ a, X + ay a, €. We must
show that f(X) has a root in Q. Foreach/ =0,1,...,n — 1, let {a,}, be a
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Exercises

sequence of elements of Q, which converge to a;. Let g(X) = X" +
@y 1, X" ' +---+a, ;X + a,, Letr,;betherootsof g(X)(i = 1,2, ...,
n). We claim that we can find i; (1 < i; < n) for j = 1,2,3, ... such that
the sequence {r;, ;} is Cauchy. Namely, suppose we have r; ; and we want to
findr,,, ;+1. Letd; = [g; — g1, = max(|a;; — a;,+1],) (Whichapproaches
0 as j —o0). Let 4, = max(l, |r;,,|,"). Clearly there is a uniform constant 4
such that 4; < A for all j (see Exercise 3 below). Then we have

I_I Iri;.i = rijsilp = Ig,”(rf,,,-)lp
i
= Igj+1(ri,.i) - g:‘(ri;..f)[p
< §,A.

Hence at least one of the |r, ; — r, ;. .|, on the leftis <V §,4. Letr;,, ;. be
any such r; ;. ;. Clearly this sequence of r, ; is Cauchy.

Now let r = lim;_ o r;,; € Q. Then f(r) = lim;_, f(r, ;) = lim;. g,(7,.;)
= 0. a

Summarizing Chapters I and III, we can say that we have constructed Q,
which is the smallest field which contains Q and is both algebraically closed
and complete with respect to | |,. (Strictly speaking, this can be seen as
follows: let Q' be any such field; since Q’ is complete, it must contain a field
isomorphic to the p-adic completion of Q, which we can call Q,; then, since
Q' contains @, and is algebraically closed, it must contain a field isomorphic
to the algebraic closure of Q,, which we can call Q,; and, since Q' contains
@, and is complete, it must contain a field isomorphic to the completion of
@,, which we call Q. Thus any field with these properties must contain a
field isomorphic to Q. The point is that both completion and algebraic
closure are unique processes up to isomorphism.)

Actually, Q should be denoted €, so as to remind us that everything we’re
doing depends on the prime number p we fixed at the start. But for brevity of
notation we shall omit the subscript p.

The field Q is a beautiful, gigantic realm, in which p-adic analysis lives.

EXERCISES

1. Prove that the possible values of | |, on @, is the set of all rational powers
of p (in the positive real numbers). What about on Q? Recall that we let the
ord, function extend to Q by defining ord, x = —log, |x|, (i.e., the power
1/p is raised to get |x|,). What is the set of all possible values of ord, on Q?
Now prove that @, and Q are not locally compact. This is one striking
difference with C, which is locally compact under the Archimedean metric
(the usual definition of distance on the complex plane).
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Lecture N°2. Continuous and analytic functions over a non-Archimedean field

Let K be a closed subfield of the Tate field C,. For a subset W C K we
consider continuous functions f : W — Cp. The standard examples of
continuous functions are provided by polynomials, by rational functions (at
points where they are finite), and also by locally constant functions. If W is
compact then for any continuous function f : W — C, and for any € > 0
there exists a polynomial h(x) € Cp[x] such that |f(x) — h(x)|, < € for all
x € W. If f(W) C L for a closed subfield L of C, then h(x) can be chosen
so that h(x) € L[x] (see [Kob80], [Wash82]).

Interesting examples of continuous p-adic functions are provided by
interpolation of functions, defined on certain subsets, such as W = Z or N
with K = Qp. Let f be any function on non-negative integers with values in
Qp or in some (complete) Qp-Banach space. In order to extend f(x) to all
X € Zp we can use the interpolation polynomials

(x) Cx(x=1) e (x—n+1)

n n!

Then we have that (%) is a polynomial of degree n of x, which for x € Z,

x > 0 gives the binomial coefficient. If x € Z, then x is close (in the p-adic
topology) to a positive integer, hence the value of (:) is also close to an
integer, therefore (X) € Zj,.
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Mahler's criterion

The classical Mahler’s interpolation theorem says that any continuous
function f : Z, — Qp can be written in the form (see [Hi91], [Wash82]);

0= (1), (34)

n=0

with a, — 0 (p-adically) for n — oco. For a function f(x) defined for x € Z,
x > 0 one can write formally

> X
f(x) = an (n)
n=0
where the coefficients can be founded from the system of linear equations
° n
(=3 on <m>

that is

o = i(—l)m-f(f) 7).

J=0

Alexei PANCHISHKIN (Grenoble) p-adic L-functions and modular forms ICTP, September,2009 15 / 56
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The series for f(x) is always reduced to a finite sum for each x € Z, x > 0.
If a, — 0 then this series is convergent for all x € Z,. As was noticed
above, the inverse statement is also valid (“Mahler’s criterion”). If
convergence of a, to zero is so fast that the series defining the coefficients
of the x-expansion of f(x) also converge, then f(x) can be extended to an
analytic function. Unfortunately, for an arbitrary sequence a, with a, — 0
the attempt to use (3.4) for continuation of f(x) out of the subset Z, in
C, may fail. However, in the sequel we mostly consider anlytic functions,
that are defined as sums of power series.

Alexei PANCHISHKIN (Grenoble) ICTP, September,2009 16 / 56



See Chapter 4 of Koblitz N. p-adic nhumbers
(2ed., Springer, 1984)

CHAPTER 1V

p-adic power series

1. Elementary functions

Recall that in a metric space whose metric comes from a non-Archimedean
norm | |, a sequence is Cauchy if and only if the difference between adjacent
terms approaches zero; and if the metric space is complete, an infinite sum
converges if and only if its general term approaches zero. So if we consider
expressions of the form

fX) =3 a.X",  a,€Q,
n=0

we can give a value >_, a,x" to f(x) whenever an x is substituted for X for
which |a,x"|, — 0.
Just as in the Archimedean case (power series over R or C), we define the
“radius of convergence”
1
"= i sunla T
lim sup|a,|}

where the terminology ““1/r = lim sup|a,|}®” means that 1/r is the least real
number such that for any C > 1/r there are only finitely many |a,|}'* greater
than C. Equivalently, 1/r is the greatest ““point of accumulation,” i.e., the
greatest real number which can occur as the limit of a subsequence of
{|a.|3"}. If, for example, lim,_, ,|a,|3™ exists, then 1/r is simply this limit.

We justify the use of the term “radius of convergence” by showing that
the series converges if | x|, < rand divergesif |x|, > r. First, if |x|, < r, then,
letting |x|, = (1 — &)r, we have: |a,x"|, = (r|a,|3™"(1 — ¢)". Since there are
only finitely many n for which |a,|;™ > 1/(r — }er), we have

. n . (I =er\» .. 1——5)"_
Jim |anx"], < }‘I‘l((l “Tor) ~amit—g) O
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1 Elementary functions

Similarly, we easily see thatif x|, > r, thena,x" does notapproachOasn — co.

What if |x|, = r? In the Archimedean case the story on the boundary of
the interval or disc of convergence can be a little complicated. For example,
log(l + x) = >7°.; (= 1)**'x"/n has radius of convergence 1. When |x| = 1,

it diverges for x = — 1 and converges (‘‘conditionally,” not ‘“absolutely ) for
other values of x (i.e., for x = 1 in the case of the reals and on the unit circle
minus the point x = —1 in the case of the complexes).

But in the non-Archimedean case there’s a single answer for all points
|x|, = r. This is because a series converges if and only if its terms approach
zero, i.e., if and only if |a,|,|x|? — 0, and this depends only on the norm |x/|,
and not on the particular value of x with a given norm—there’s no such thing
as ““‘conditional”’ convergence (3 + a, converging or diverging depending on
the choices of +°’s).

If we take the same example >, (—1)"*'X"/n, we find that |a,|, =
p°re™, and lim, . . |a,|3™ = 1. The series converges for |x|, < 1 and diverges
for |x|, > 1. If |x|, = I, then |a,x"|, = p°"%™ > I, and the series diverges
for all such x.

Now let’s introduce some notation. If R is a ring, we let R[[X]] be the ring
of formal power series in X with coefficients in R, i.e., expressions > 2 o@, X",
a, € R, which add and multiply together in the usual way. For us, R will
usually be Z, Q, Z,, Q,, or Q. We often abbreviate other sets using this
notation, for example,

1 + XR[[X]] =

def

{fe R[[X]] | constant term a, of fis 1}.
We define the ““closed disc of radius r € R about a point a € Q' to be
Dy(r) gz {xeQ|[x —al, <r},
and we define the ““open disc of radius r about a” to be
Dy(r-) z{xeQ||x —a|, <r}

We let D(r) = Do(r) and D(r~) =,
closed disc D(r) in Q, we understand r to be a possible value of | |, i.e., a
rational power of p; we always write D(r~) if there are no xe Q with
|x[, = r.)

(A word of caution. The terms “closed” and “open’’ are used only out of
analogy with the Archimedean case. From a topological point of view the
terminology is bad. Namely, the set C, = {x€ Q| |[x — a|, = ¢} is open in
the topological sense, because every point x € C, has a disc about it, for
example D,(c7), all points of which belong to C,. But then any union of C,’s
is open. Both D,(r) and D,(r "), as well as their complements, are such unions:
for example, D (r~) = U.<q C.. Hence both D,(r) and D,(r~) are simul-
taneously open and closed sets. The term for this peculiar state of affairs in Q
is “totally disconnected topological space.”)

Just to get used to the notation, we prove a trivial lemma.

Dy(r~). (Note: whenever we refer to the
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IV p-adic power series

Lemma 1. Every f(X) € Z,[[X]] converges in D(17).
PrOOF. Let f(X) = >0 a, X", a,€Z,, and let x€ D(17). Thus, |x|, < 1.
Also |a,|, < 1 for all n. Hence |a,x"|, < |x|," =0 as n — co. O

Another easy lemma is

Lemma 2. Every f(X) = 27-0a, X" € Q[[X]] which converges in an (open or
closed) disc D = D(r) or D(r~) is continuous on D.

PrOOF. Suppose |x" — x|, < 8, where & < |x|, will be chosen later. Then
|x'|, = |x|,. (We are assuming x # 0; the case x = 0 is very easy to check
separately.) We have

©
() =[], = | D (ax™ — ax™)
n=0 4
< max,|a,x" — a,x™|,
= max,(|an|,|(x — X)x""1 + x" 72" + - -
+ xx™72 4 X)),
But [x"7! 4 x"72x" + - 4+ xx"72 4 X7, < max; g <, [x" XY, =

[x|3~*. Hence
/() = S < maxy(|x — X', an],[x[571)

8
< m max,(|a.|,|x|,").
Since |a,|,|x|," is bounded as n-— oo, this |f(x) — f(x')|, is <e for suit-
able 8. O

Now let’s return to our series > 2~ (— 1)** ! X™"/n, which, as we’ve seen, has
disc of convergence D(17). That is, this series gives a function on D(1~)
taking values in €. Let’s call this function log,(1 + X'), where the subscript p
reminds us of the prime which gave us the norm on Q used to get Q, and
also remind us not to confuse this function with the classical log(l + X)
function—which has a different domain (a subset of R or C) and range
(R or C). Unfortunately, the notation log, for the ““p-adic logarithm™ is
identical to classical notation for ““log to the base p.”” From now on, we shall
assume that log, means p-adic logarithm

log,(1 + X):D(17) — Q, log,(1 + x) = Z (=D)"*1x"/n,
n=1
unless explicitly stated otherwise.

The dangers of confusing Archimedean and p-adic functions will be
illustrated below, and also in Exercises 8-10 at the end of §1.
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1 Elementary functions

Anyone who has studied differential equations (and many who haven’t)
realize that exp(x) = e* = > -, x"/n! is about the most important function
there is in classical mathematics. So let’s look at the series >7_, X"/n!
p-adically. The classical exponential series converges everywhere, thanks to
the n! in the denominator. But while big denominators are good things to
have classically, they are not so good p-adically. Namely, it’s not hard to
compute (see Exercise 14 §1.2)

Sn

n —
ord,,(n!) = ;—:—'

] (S, = sum of digits in n to base p);

|1/n!|p — p(n—Sn)/(p—l)'
Our formula for the radius of convergence r = 1/(lim sup|a,|L™) gives us
ord, r = lim inf(’—i ord, a,,) )

(where the “lim inf” of a sequence is its smallest point of accumulation). In
the case a, = 1/n!, this gives
. n—S.\.
ord, r = lim mf(—n—(—pTB),
but lim,. (= — S,)/(n(p — 1)) = —1/(p — 1). Hence >, x"/n! ‘con-
verges if |x|, < p~V®-V and diverges if |x|, > p~V*~V. What if |x|, =
p~U®-Vlie, ord, x = 1/(p — 1)? In that case

N S, n__ Sy .
ord,(a,x") p—l+p—1 o1
If, say, we choose n = p™ to be a power of p, so that S, = |, we have:

ord,(a,»x*") = 1/(p — 1), |a,»x*"|, = p~Y®~Y and hence a,x" » 0 as n—
co. Thus, >7_, X"/n! has disc of convergence D(p~'/®~V~) (the — denoting
the open disc, as usual). Let’s denote exp,(X) = 27-0 X"/n! € Q,[[X]].

Note that D(p~1®-Y-) = D(17), so that exp, converges in a smaller
disc than log,!

While it is important to avoid confusion between log and exp and log,
and exp,, we can carry over some basic properties of log and exp to the p-adic
case. For example, let’s try to get the basic property of log that log of a
product equals the sum of the logs. Note that if x e D(17) and y € D(17), then
also (1 + x)(I + y) =1+ (x+y + xy)el + D(I7). Thus, we have:

log (1 + )1 + )] = > (~1y*Xx + y + w)n

n=1

Meanwhile, we have the following relation in the ring of power series over Q
in two indeterminates (written Q[[X, Y]]):

D (=D XYn 4 (=) Y = D (= D)X+ Y+ XY)n,
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IV p-adic power series

This holds because over R or C we have log(1 + x)(1 + y) = log(l1 + x) +
log(l + y), so that the difference between the two sides of the above equality—
call it F(X, Y)—must vanish for all real values of X and Y in the interval
(=1, 1). So the coefficient of X™ Y™ in F(X, Y) must vanish for all m and n.

The argument for why F(X, Y) vanishes as a formal power series is
typical of a line of reasoning we shall often need. Suppose that an expression
involving some power series in X and Y—e.g., log(l + X), log(l + Y), and
log(l + X + Y + XY)—vanishes whenever real values in some interval are
substituted for the variables. Then when we gather together all X™ Y"-terms in
this expression, its coefficient must always be zero. Since this is a general fact
unrelated to p-adic numbers, we won’t digress to prove it carefully here.
But if you have any doubts about whether you could prove this fact, turn to
Exercise 21 below for further explanations and hints on how to prove it.

Returning to the p-adic situation, we note that if a series converges in €,
its terms can be rearranged in any order, and the resulting series converges
to the same limit. (This is easy to'check—it’s related to there being no such
thing as ‘“conditional” convergence.) Thus, log,[(1 + x)(1 + y)] = >,
(=D**Yx + y + xy)*/n can be written as 32 _,cn.x"y™ But the
“formal identity” in Q[[X, Y]] tells us that the rational numbers c,, , will be
Ounlessn = 0 or m = 0, in which case: ¢y, = €0 = (=1)"**/n(co0 = 0).
In other words, we may conclude that

Z (_l)n+1xn/n + Z (_l)n+1yn/n

log,(1 + x) + log,(1 + p).

As a corollary of this formula, take the case when 1 + xis a p™th root of 1.
Then |x|, < 1 (see Exercise 7 of §III.4), so that: p™log,(1 + x) = log,
(I + x)P™ = log, I = 0. Hence log,(1 + x) = 0.

In exactly the same way we can prove the familiar rule for exp in the p-adic
situation:if x, ye D(p~Y®~Y=) thenx + ye D(p~Y®-Y~), and exp,(x + )
= exXp, X- exp, V.

Moreover, we also find a result analogous to the Archimedean case as far
as log, and exp, being inverse functions of one another. More precisely,
suppose x € D(p~Y®-V=) Thenexp, x = 1 + >7.; x*/n!, and ord,(x"/n!) >
nf(p—1)—=m-=S8)/(p—1)=S,/(p —1)>0. Thus, exp, x — 1 € D(17).
Suppose we take

Il

log,[(1 + x)(1 + »)]

Il

Il
N8

(=D**(exp, x — N"/n

(-1)"“( i x"‘/m!)n/n.

m=1

log,(1 + exp, x — 1)

EY
]
-

3
I

I
Ms

But this series can be rearranged to get a series of the form >7_; ¢,x". And
reasoning as before, we have the following formal identity over Q[[X, Y]]:

m=
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1 Elementary functions

coming from the fact that log(exp x) = x over R or C. Hence ¢c; = 1, ¢, =0
forn > 1, and

log,(1 + exp, x — 1) = x forxe D(p~1®-1-),

To go the other way—i.e., exp,(log,(1 + x))—we have to be a little
careful, because even if x is in the region of convergence D(17) of log,(1 + X),
it is not necessarily the case that log,(1 + x) is in the region of convergence
D(p~Y®-1=) of exp, X. This is the case if x € D(p~*'®~V~), since then for
n>1:

(ord x"/n)—;>——n———ord n—;=n——-1-—ord n
p p— 1 p— 1 P p PR
which has its minima at n = 1 and n = p, where it’s zero. Thus, ord, log,
(I + x) = min, ord, x*/n > 1/(p — 1). Then everything goes through as
before, and we have:

exp,(log,(1 + x)) = | + x for xe D(p~1®-1-),

All of the facts we have proved about log, and exp, can be stated succinctly
in the following way.

Proposition. The functions log, and exp, give mutually inverse isomorphisms
between the multiplicative group of the open disc of radius p~'* =V about 1
and the additive group of the open disc of radius p='*-Y about 0.
(This means precisely the following: log, gives a one-to-one correspondence
between the two sets, under which the image of the product of two numbers
is the sum of the images, and exp, is the inverse map.)

This isomorphism is analogous to the real case, where log and exp give
mutually inverse isomorphisms between the multiplicative group of positive
real numbers and the additive group of all real numbers.

In particular, this proposition says that log, is injective on D,(p~Y®~Y=),
i.e.,, no two numbers in D,(p~**-V~) have the same log,. It’s easy to see
that D,(p~Y®-1-)is the biggest disc on which this is true: namely, a primitive
pth root { of | has [{ — 1|, = p~¥®~-V (see Exercise 7 of §111.4), and also
log, { = 0 = log, I.

We can similarly define the functions

sing: D(p~VP D7) > 0, sing X = D (= 1)"X**Q2n + 1Y
n=0

cos,: D(p~ V" D7) > Q,  cos, X = > (= 1)"X*/(2n)!.
n=0
Another function which is important in classical mathematics is the

binomial expansion By(x) = (1 + x)* = >7_pa(a — 1)---(@a—n+ 1)/n! x".
For any a € R or C, this series converges in R or C if |x| < | and diverges
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IV p-adic power series

if |x| > 1 (unless ¢ is a nonnegative integer): its behavior at |x|=11s a
little complicated. and depends on the value of a.
Now for any a € Q let’s define

Bo(X) = i ala — l)--;lga —-n+1) ¥n

n=0

B

and proceed to investigate its convergence. First of all, suppose |a|, > 1. Then
la — i|, = |al,, and the nth term has | |, equal to |a»|,"/|n!|,. Thus, for
la], > 1, the series B, ,(X) has region of convergence D((p~Y®~)/|a|,”).

Now suppose |a|, < 1. The picture becomes more complicated, and
depends on a. We won’t derive a complete answer. In any case, for any such a
we have |a — i|, < l,and so |a(a — 1)---(a — n + 1)/n!x"|, < |x"/n!],, so
that at least B, ,(X) converges on D(p~!®-1-),

We’ll soon need a more accurate result about the convergence of B, ,(X)
in the case when a € Z,. We claim that then B, ,(X) € Z,[[X]] (and, in particu-
lar, it converges on D(17) by Lemma 1). Thus, we want to show that
al@ = 1)---(a —n+ 1)/n' e Z,. Let a, be a positive integer greater than n
such that ord,(a —ay) > N (N will be chosen later). Then
aglag — 1)---(ap — n + 1)/n! = (Go)eZ < Z,. It now suffices to show
that for suitable N the difference between ag(a, — 1)--- (ag — n + 1)/n! and
a(@—1)---(@a—n+ l)/n! has | |, < 1. But this follows because the
polynomial X(X — 1)---(X — n + 1) is continuous. Thus,

B, (X)eZ,[[X])]ifaeZ,.

As an important example of the case a € Z,, suppose that a = 1/m,
me Z, ptm. Let x € D(17). Then it follows by the same argument as used to
prove log,(1 + x)(1 + y) = log,(1 + x) + log,(1 + y) that we have

[Bim ()] =1 + x.
Thus, Byn »(x) is an mth root of 1 + x in Q. (If p|m, this still holds, but now
we can only substitute values of x in D(|m|,p~*?~Y7).) So, whenever a is an
ordinary rational number we can adopt the shorthand: B, ,(X) = (I + X)%

But be careful! What about the following ““paradox”? Consider 4/3 =
(1 + 7/9)*2;in Z,; we have ord, 7/9 = 1, and so for x = 7/9and n > 1:

202 =1---(12=n+1 ,
n!

< 7-"|n, < 1.
7

Hence
>0+ g2 - =18 —-1l:=1}-=1
What’s wrong??

Well, we were sloppy when we wrote 4/3 = (I + 7/9)*/2. In both R and
Q- the number 16/9 has two square roots +4/3. In R, the series for (1 + 7/9)*/2
converges to 4/3, i.e., the positive value is favored. But in Q,, the square
root congruent to | mod 7, i.e., —4/3 = 1 — 7/3, is favored. Thus, the exact
same series of rational numbers

2212 = 1) (12 = n + 1) (T
) (5

5 n! 9
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Exercises

converges to a rational number both 7-adically and in the Archimedean
absolute value; but the rational numbers it converges to are different! This is
a counterexample to the following false ““theorem.”

Non-theorem 1. Let >°_, a, be a sum of rational numbers which converges to a

rational number in | |, and also converges to a rational number in | | . Then
the rational value of the infinite sum is the same in both metrics.

For more ““paradoxes,” see Exercises 8-10.

EXERCISES

1. Find the exact disc of convergence (specifying whether open or closed) of the
following series. In (v) and (vi), log, means the old-fashioned log to base p,
and in (vii) { is a primitive pth root of 1. [ ] means the greatest integer
function.

@ SalXt (i) TpXT W) ZpNRXT (i) 3 - 1) Xn!
(i) S prieemxn  (iv) S prXP" (vi) 3 pUofsmlXn/n

. Prove that, if > a, and > b, converge to a and b, respectively (where ay, b,, a,
b e Q), then > c,, where ¢, = >7-0 aib, -, converges to ab.

. Prove that 1 + XZ,[[X]] is a group with respect to multiplication. Let D be
an open or a closed disc in Q of some radius about 0. Prove that {fe 1 +
XQ[[X]] | fconverges on D} is closed under multiplication, but is not a group.
Prove that for fixed A, the set of f(X) = 1 + >2; a, X! such that ord, a; — Ai
is greater than O for alli = 1, 2, ... and approaches c as i — oo, is a multipli-
cative group. Next, let f;e 1 + XZ,[[X]],/=1,2,3, ... .Letf(X) = [[>,
f,(X?). Check that f(X)e 1 + XZ,[[X]]. Suppose that all of the f; converge
in the closed unit disc D(1). Does f(X) converge in D(1) (proof or counter-
example)? If all of the nonconstant coefficients of all of the f; are divisible by
p, does that change your answer (proof or counterexample)?

. Let {a,} = Q be a sequence with |a,|, bounded. Prove that

©

Z n!

Lo xx+ Dx + 2 (x +n)
converges for all x € Q not in Z,. What can you say if x € Z,,?

. Let i be a square root of —1 in Q, (actually, i lies in Q, itself unless p = 3
mod 4). Prove that: exp,(ix) = cos, x + isin, x for xe D(p~*®~"),

. Show that 2! =1 (mod p?) if and only if p divides Y 22} (—1)//j (of course,
meaning that p divides the numerator of this fraction).
. Show that the 2-adic ordinal of the rational number
2 4 2%/2 + 23/3 4 2%/4 4+ 25/5 + --- 4+ 2%n

approaches infinity as » increases. Get a good estimate for this 2-adic ordinal
in terms of n. Can you think of an entirely elementary proof (i.e., without
using p-adic analysis) of this fact, which is actually completely elementary
in its statement ?
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86

By the minimal total degree deg f of a nonzero power series f' we mean the
least « such that some r,,,.., with iy + iy + --- + i, = d is nonzero. We
can define a topology, the ** X-adic topology,” on R[[X]] by fixing some
positive real number p < | and defining the * X-adic norm” by

[flx z pie’ (|0]y is defined to be 0).

(1) Show that | |¢ makes R[[ X]] into a non-Archimedean metric space (see
the first definition in §I.1; by "*non-Archimedean,” we mean, of course, that
the third condition can be replaced by: d(x, y) < max(d(x, z), d(z, y))). Say
in words what it means for ||y to be <.

(2) Show that R[[X]] is complete with respect to | |x.

(3) Show that an infinite product of series f, € R[[ X]] converges if and
only if |f; — I|x — 0 (where 1 is the constant power series {r,, ... ;,} for
which ry o =1 and all other r; _; = 0). We will use this in §2 to see that the
horrible power series defined at the end of that section makes sense.

(4) If fe R[[X]], define f; to be the same as f but with all coefficients
Piyi, With iy + -+ + i, > d replaced by 0. Thus, f; is a polynomial in n
variables. Let g,, ..., g, € R[[X]]. Note that f,(g.(X), g2(X), ..., gu(X)) is
well-defined for every d, since it’s just a finite sum of products of power series.
Prove that {f(g,(X),..., &(X)}4=0.1.2..... is a Cauchy sequence in R[[X]] if
lgjlx < 1forj=1,...,n In that case call its limit f o g.

(5) Now let R be the field R of real numbers, and suppose that /, f,, g4, ...,
gn are as in (4), with |g,|x < 1. Further suppose that for some ¢ > 0 the
series fand all of the series g, are absolutely convergent whenever we substi-
tute X, = x,in the interval [— ¢, e]< R. Prove that the series f o g is absolutely
convergent whenever we substitute X, = x, in the (perhaps smaller) interval
[—¢, €] for some & > 0.

(6) Under the conditions in (5), prove that if /o g(x,, ..., x,) has value 0
for every choice of x,, ..., x, € [—¢’, £], then f> g is the zero power series
in R[[X]].

(7) As an example, let n = 3, write X, Y, Z instead of X, X5, X3, and let

fX, Y, Z) = D (=1 X i + Yi = ZY)0),
=1
&uX, Y, z) = X,
&AX, Y, Z) =Y,
gl X, Y, Z)= X+ Y + XY.
As another example, let n = 2,

f(X, Y) = (}_‘ (—1)”1)(*/[) - Y,
i=1
alX, V) = S XY,
i=1
g(X, Y) = X.

Explain how your result in (6) can be used to prove the basic facts about the
elementary p-adic power series. (Construct the fand g, for one or two more
cases.)



3 Newton polygons for polynomials

14. Prove that exp, X, (sin, X)/X, and cos, X have no zeros in their regions of
convergence, and that E,(X) has no zeros in D(17).

15. Find the coefficients up through the X* term in E,(X) for p = 2, 3.

16. Find the coefficients in E,(X) through the X?~! term. Find the coefficient of
X?. What fact from elementary number theory is reflected in the fact that the
coefficient of X7 lies in Z,?

17. Use Dwork’s lemma to give another proof that the coefficients of E,(X)
are in Z,.

18. Use Dwork’s lemma to prove: Let f(X) = exp(5o b X?"), b; € Q,. Then
f(X)el + XZ,[[X]] if and only if b,_, — pby€ pZ, for i =0,1,2, ...
(where b_, = 0).

3. Newton polygons for polynomials

Let f(X) =1+ 3 aX el + XQ[X] be a polynomial of degree n with
coefficients in Q and constant term 1. Consider the following sequence of
points in the real coordinate plane:

0, 0), (1, ord, ay), (2, ord, ay), ..., (i, ord, a), ..., (n, ord, a,).

(If a; = 0, we omit that point, or we think of it as lying “infinitely” far
above the horizontal axis.) The Newton polygon of f(X) is defined to be the
“convex hull” of this set of points, i.e., the highest convex polygonal line
joining (0, 0) with (n, ord, a,) which passes on or below all of the points
(i, ord, a;). Physically, this convex hull is constructed by taking a vertical
line through (0, 0) and rotating it about (0, 0) counterclockwise until it hits
any of the points (i, ord, a;), taking the segment joining (0, 0) to the last such
point (i}, ord, a;,) that it hits as the first segment of the Newton polygon,
then rotating the line further about (i, ord, a;,) until it hits a further point
(@i, ord, @) (i > i), taking the segment joining (i}, ord, a;)) to the last such
point (i, ord, a,,) as the second segment, then rotating the line about
(iz, ord, a;,) and so on, until you reach (n, ord, a,).

As an example, Figure 1 shows the Newton polygon for f(X) =1 +
X2 + 3X% + 3X*in Qg[X].

By the vertices of the Newton polygon we mean the points (i;, ord, a;)
where the slopes change. If a segment joins a point (i, m) to (i’, m’), its slope is
(m' — m)/(i" — i); by the “length of the slope” we mean i’ — i, i.e., the
length of the projection of the corresponding segment onto the horizontal
axis.

Lemma 4. In the above notation, let f(X) = (1 — X/oy)--- (1 — X/«,) be the
Sactorization of f(X) in terms of its roots o; € Q. Let X\; = ord, 1/o;. Then,
if Xis a slope of the Newton polygon having length I, it follows that precisely |
of the A are equal to .
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4.1

3,—1

Figure IV.1

In other words, the slopes of the Newton polygon of f(X) “are’’ (counting
multiplicity) the p-adic ordinals of the reciprocal roots of f(X).

ProoOF. We may suppose the «, to be arranged so thatA; < A; < --- < A, Say
A=A =---= X < A,,;. We first claim that the first segment of the
Newton polygon is the segment joining (0, 0) to (r, rA;). Recall that each g; is
expressed in terms of 1/ay, /ey, ..., 1/a, as (—1) times the ith symmetric
polynomial, i.e., the sum of all possible products of i of the 1/a’s. Since the
p-adic ordinal of such a product is at least i}, the same is true for a,. Thus, the
point (i, ord, a,) is on or above the point (i, iA,), i.e., on or above the line
joining (0, 0) to (r, rA,).

Now consider a,. Of the various products of r of the 1/a’s, exactly one has
p-adic ordinal ri;, namely, the product 1/(ajay---«,). All of the other
products have p-adic ordinal > rA,, since we must include at least one of the
Aits Arsgs - -5 Ap. Thus, a, is a sum of something with ordinal rA; and
something with ordinal >rA,, so, by the ‘“isosceles triangle principle,”
ord, a, = rA,.

Now suppose i > r. In the same way as before, we see that all of the
products of i of the 1/a’s have p-adic ordinal >iA,. Hence, ord, a; > iA,. If
we now think of how the Newton polygon is constructed, we see that we
have shown that its first segment is the line joining (0, 0) with (r, rA;).

The proof that, if we have A, < Aqy; = Ajp0 = -+ = Asyy < Agypyq, then
the line joining (s, A; + Ay + - + A)to(s + r, Ay + Ay + -+ - + A +rXy 1)
is a segment of the Newton polygon, is completely analogous and will be
left to the reader. O

4. Newton polygons for power series

Now let f(X) =1+ 3%, a,X' el + XQ[[X]] be a power series. Define
fX) =143 ,aX el + XQ[X] to be the nth partial sum of f(X).
In this section we suppose that f(X) is not a polynomial, i.e., infinitely many
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Figure IV.2

a; are nonzero. The Newton polygon of f(X) is defined to be the “limit” of the
Newton polygons of the f,(X). More precisely, we follow the same recipe as in
the construction of the Newton polygon of a polynomial: plot all of the points
0,0), (1, ord, a,), ..., (i,ord, @), ...;rotate the vertical line through (0, 0)
until it hits a point (i, ord, @;), then rotate it about the farthest such point it
hits, and so on. But we must be careful to notice that three things can happen:

(1) We get infinitely many segments of finite length. For example, take
f(X) =1+ 32, p”X', whose Newton polygon is a polygonal line inscribed
in the right half of the parabola y = x? (see Figure 2).

(2) At some point the line we’re rotating simultaneously hits points
(i, ord, a,) which are arbitrarily far out. In that case, the Newton polygon
has a finite number of segments, the last one being infinitely long. For example,
the Newton polygon of f(X) =1 + >2, X' is simply one infinitely long
horizontal segment.

(3) At some point the line we’re rotating has not yet hit any of the (i, ord, a,)
which are farther out, but, if we rotated it any farther at all, it would rotate
past such points, i.e., it would pass above some of the (i, ord, a,). A simple
example is f(X) = 1 + 3=, pX" In that case, when the line through (0, 0)
has rotated to the horizontal position, it can rotate no farther without passing
above some of the points (i, 1). When this happens, we let the last segment of
the Newton polygon have slope equal to the least upper bound of all possible
slopes for which it passes below all of the (i, ord, a;). In our example, the
slope is 0, and the Newton polygon consists of one infinite horizontal segment
(see Figure 3).

A degenerate case of possibility (3) occurs when the vertical line through
(0, 0) cannot be rotated at all without crossing above some points (i, ord, a;).
For example, this is what happens withf(X) = 5%, X'/p”. In that case,f (X)
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|

Figure 1V.3

is easily seen to have zero radius of convergence, i.e., f(x) diverges for any
nonzero x. In what follows we shall exclude that case from consideration and
shall suppose that f(X) has a nontrivial disc of convergence.

In the case of polynomials, the Newton polygon is useful because it
allows us to see at a glance at what radii the reciprocal roots are located. We
shall prove that the Newton polygon of a power series f(X) similarly tells
us where the zeros of f(X) lie. But first, let’s make an ad hoc study of a
particularly illustrative example.

Let

X2 X!

X
S =145+ 5 4+

1
o= —plogy(l = X).

The Newton polygon of f(X) (see Figure 4, in which p = 3) is the polygonal line
joining the points (0,0), (p — I, = 1), (p2 =1, =2),....(p) = 1, —)),...;
it is of type (1) in the list at the beginning of this section. If the power series
analogue of Lemma 4 of §3 is to hold, we would expect from looking at this
Newton polygon that f(X) has precisely p’*! — p’ roots of p-adic ordinal
('t = p).

But what are the roots of —1/X log,(1 — X)? First, if x = 1 — {, where
{is a primitive p’ * 'th root of 1, we know by Exercise 7 of §111.4 that ord, x =
1/(p’** — p’); and we know by the discussion of log, in §IV.1 that log,
(I — x) = log, £ = 0. Since there are p’*' — p’ primitive p’**th roots of 1,
this gives us all of the predicted roots. Are there any other zeros of f(X) in
D(17)?

Let x € D(17) be such a root. Then for any j, x, = | — (1 — x)*’ € D(17)
is also a root since log,(I — x,) = p’ log,(1 — x) = 0. But for j sufficiently
large, we have x, € D(p~Y®-Y=) For x,€ D(p~Y®?-Y7), we have | — x, =
exp,(log,(1 — x,)) = exp, 0 = 1. Hence (I — x)” = 1, and x must be one

Figure 1V.4

100



4 Newton polygons for power series

of the roots we already considered. Thus, the appearance of the Newton
polygon agrees with our knowledge of all of the roots of log,(1 — X).

We now proceed to prove that the Newton polygon plays the same role for
power series as for polynomials. But first we prove a much simpler result:
that the radius of convergence of a power series can be seen at a glance from
its Newton polygon.

Lemma 5. Let b be the least upper bound of all slopes of the Newton polygon of
fX)=1+32,a,X €l + XQ[[X]]. Then the radius of convergence is
p° (b may be infinite, in which case f(X) converges on all of Q).

Proor. First let |x|, < p° ie. ord,x > —b. Say ord, x = —b’, where
b" < b. Then ord,(a,x’) = ord, a; — ib’. But it is clear (see Figure 5) that,
sufficiently far out, the (i, ord, a;) lie arbitrarily far above (i, b'i), in other
words, ord,(a,x') — oo, and f(X) converges at X = x.

Figure IV.5

Now let |x|, > p° i.e., ord, x = —b" < —b. Then we find in the same
way that ord,(a;x") = ord, a; — b'i is negative for infinitely many values of i.
Thus f(x) does not converge. We conclude that f(X) has radius of conver-
gence exactly p°. O

Remark. This lemma says nothing about convergence or divergence
when |x|, = p®. It is easy to see that convergence at the radius of convergence
(““on the circumference ) can only occur in type (3) in the list at the beginning
of this section, and then if and only if the distance that (i, ord, a;) lies above
the last (infinite) segment approaches co as i—co. An example of this
behavior is the power series f(X) = 1 + 32, p'X?', whose Newton polygon
is the horizontal line extending from (0, 0). This f(X) converges when
ord, x = 0.

One final remark should be made before beginning the proof of the power
series analogue of Lemma 4. If c € Q, ord, ¢ = A, and g(X) = f(X/c), then
the Newton polygon for g is obtained from that for f by subtracting the line
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IV p-adic power series

y = Ax—the line through (0, 0) with slope A—from the Newton polygon for f.
This is because, if f(X) =1+ >aX' and g(X) =1+ 3 b X", then we
have ord, b, = ord,(a,/c') = ord, a, — Ai.

Lemma 6. Suppose that )\, is the first slope of the Newton polygon of f(X) =
I+ 3S2aXtel + XQ[[X]]. Let ceQ, ord, ¢ = XA < A,. Suppose that
f(X) converges on the closed disc D(p") (by Lemma 5, this automatically
holds if X < Ay or if the Newton polygon of [(X') has more than one segment).
Let

gX)=( —cX)f(X)el + XQ[[X]].

Ther the Newton polygon of g(X) is obtained by joining (0, 0) fo (1, X) and
then translating the Newton polygon of f(X) by | to the right and X upward.
In other words, the Newton polygon of g(X) is obtained by ** joining™ the
Newton polygon of the polynomial (1 — ¢X) to the Newton polygon of the
power series [(X). In addition, if [(X) has last slope A, and converges on
D(p’"). then g(X) also converges on D(p’'). Conversely, if g(X) converges on
D(p*). then so does f(X).

ProOF. We first reduce to the special case ¢ = 1, A = 0. Suppose the lemma
holds for that case, and we have f(X) and g(X) as in the lemma. Then f1(X) =
f(X/c) and g,(X) = (1 — X)fi(X) satisfy the conditions of the lemma with
¢, A, Ay replaced by 1,0,X; — A, respectively (see the remark immediately
preceding the statement of the lemma). Then the lemma, which we’re assum-
ing holds for /; and g,, gives us the shape of the Newton polygon of g,(X) (and
the convergence of g, on D(p”~*) when f converges on D(p*s)). Since g(X) =
g1(cX), if we again use the remark before the statement of the lemma, we
obtain the desired information about the Newton polygon of g(X). (See
Figure 6.)

Thus, it suffices to prove Lemma 6 with ¢ = [, A = 0. Let g(X) =1 +
>, b,X". Then, since g(X) = (1 — X)f(X), we have b,,, = a,,, — a, for
i > 0 (with g, = 1), and so

ord, b,,, > min(ord, a,,,, ord, a,),

with equality holdingiford, a,,, # ord, a, (by theisosceles triangle principle).
Since both (i, ord, a,) and (i, ord, a,,,) lie on or above the Newton polygon
of f(X), so does (i, ord, b,,,). If (i, ord, a,) is a vertex, then ord, a,,, >
ord, a,, and so ord, b,,, = ord, a,. This implies that the Newton polygon of
g(X) must have the shape described in the lemma as far as the last vertex of
the Newton polygon of f(X). It remains to show that, in the case when the
Newton polygon of f(X) has a final infinite slope A,, g(X) also does; and, if
f(X)converges on D(p*), then so does g(X) (and conversely). Since ord,, b; . ,
> min(ord,, a;. ;, ord, a;), it immediately follows that g(X) converges wher-
ever f(X) does. We must rule out the possibility that the Newton polygon of
g(X) has a slope 4, which is greater than 4. If the Newton polygon of g(X)
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f] &1

-

Figure IV.6

did have such a slope, then for some large i, the point (i + 1, ord, a;) would
lie below the Newton polygon of g(X). Then we would have ord, b; >
ord, a; for all j > i + 1. This first of all implies that ord, a¢;,, = ord, a;,
because a;,; = b;,; + a;; then in the same way ord, a;., = ord, a;, and
so on: ord, a; = ord, g; for all j > i. But this contradicts the assumed con-
vergence of f(X) on D(1). The converse assertion (convergence of g implies
convergence of f) is proved in the same way. O

Lemma 7. Let f(X) =1+ >2,aX' €l + XQ[[X]] have Newton polygon
with first slope A,. Suppose that f(X) converges on the closed disc D(p™),
and also suppose that the line through (0, 0) with slope A, actually passes
through a point (i, ord, a,). (Both of these conditions automatically hold if
the Newton polygon has more than one slope.) Then there exists an x for
which ord, x = —A; and f(x) = 0.

Proor. For simplicity, we first consider the case A; = 0, and then reduce the
general case to this one. In particular, ord, a; > 0 for all / and ord, a, —>
as i— 0. Let N > 1 be the greatest i for which ord, @, = 0. (Except in the
case when the Newton polygon of f(X) is only one infinite horizontal line,
this N is the length of the first segment, of slope A; = 0.) Let f,(X) =
1 + >, a,X". By Lemma 4, for n > N the polynomial f,(X) has precisely N
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IV p-adic power series

roots X, i, ..., X,y With ord, x,, = 0. Let xy = xy.;, and for n > N let
X,41 beanyof the x, .14, ..., X,1.y With |X,,,, — X,|, minimal. We claim
that {x,} is Cauchy, and that its limit x has the desired properties.

For n > N let S, denote the set of roots of f,(X) (counted with their
multiplicities). Then for n > N we have

}fn+1(xn) —fn(xn)]p = [fn+1(xn)lp (Sincefn(xn) = O)
[T _Xn

x€Sn +1 X

Il

14

Il

ﬁ |1 — Xp/Xp41.4]p (sinceifxe S,,, hasord, x < 0,
¢=71 we then have |1 — x,/x|, = 1)
= ﬁ [X¥n41.5 — Xalp (since |X,41.4]p = 1)
> [Xai1 = Xalp",
by the choice of x, ;. Thus,
%0 i1 = Xals" < [ fas1(xn) = o)y = [@ns1X2* Hp = [@nialp

Since |a, 1|, — 0 as n — oo, it follows that {x,} is Cauchy.
If x, — x € Q, we further have f(x) = lim,_ , f,(x), while

n Xt — x.
2 4T
=1 X T X
since |a,|, < land [(x' — x;)/(x — x)|, = |x'"* + x'72x, + x' " 3x,2 + - -
+ xi7!, < . Hence, f(x) = lim,_, , f,(x) = 0. This proves the lemma when
A =0.

Now the general case follows easily. Let = € Q be any number such that
ord, = = X;. Note that such a = exists, for example, take an ith root of an
a; for which (i, ord, a,) lies on the line through (0, 0) with slope A,. Now let
g(X) = f(X/=). Then g(X) satisfies the conditions of the lemma with A; = 0.
So, by what’s already been proved, there exists an x, with ord, x, = 0 and
g(xo) = 0. Letx = xo/m. Thenord, x = —A; and f(x) = f(xo/m) = g(x,) = 0.
O

!fn(x)lp = Ifn(x) '—f;t(xn)[p = IX - xnlp

< |x = X5
P

Lemma8. Let f(X)=1+ 352,aX el + XQ[[X]] converge and have
value 0 at «. Let g(X) =1 + 22, b, X' be obtained by dividing f(X) by
1 — X/a, or equivalently, by multiplying f(X) by the series 1 + X]a +
X2%a? 4 -+ 4+ X'[o! + --- . Then g(X) converges on D(|«l,).

Proor. Let f,(X) = 1 + >}, a, X'. Clearly,

b( = l/at + al/oc‘_l + ag/a‘_z + -+ ai—-l/a + a,
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so that
b = fi(e).
Hence ||, = |fi(e)|, = 0 as i — oo, because f(«) = 0. O

Theorem 14 (p-adic Weierstrass Preparation Theorem). Let f(X) =1 +
S2iaX' el + XQ[[X]] converge on D(p*). Let N be the total horizontal
length of all segments of the Newton polygon having slope < Xif this horizontal
length is finite (i.e., if the Newton polygon of f(X) does not have an infinitely
long last segment of slope X). If, on the other hand, the Newton polygon of
S(X) has last slope A, let N be the greatest i such that (i, ord, a;) lies on that
last segment (there must be a greatest such i, because f(X) converges on
D(p")). Then there exists a polynomial (X)) e 1 + XQ[X] of degree N and
a power series g(X) = 1 + 22, b;X"' which converges and is nonzero on
D(p"), such that

h(X) = f(X)-g(X).

The polynomial h(X) is uniquely determined by these properties, and its
Newton polygon coincides with the Newton polygon of f(X) out to (N,
ord, ay).

PrOOF. We use induction on N. First suppose N = 0. Then we must show
that g(X), the inverse power series of f(X), converges and is nonzero on
D(p*). This was part of Exercise 3 of §IV.1, but, since this is an important
fact, we’ll prove it here in case you skipped that exercise. As usual (see the
proofs of Lemma 6 and 7 and the remark right before the statement of
Lemma 6), we can easily reduce to the case A = 0.

Thus, suppose f(X) =1+ > a; X', ord,a; > 0, ord, a; > o0, g(X) =
1 + 2 bX'. Since f(X)g(X) = 1, we obtain

by = —(bi_1ay + by_sa, + -+ + ba_ + a)fori > 1,

from which it readily follows by induction on i that ord, b; > 0. Next, we
must show that ord, b; — co as i — co. Suppose we are given some large M.
Choose m so that i > m implies ord, ¢, > M. Let

e = min(ord, ay, ord, a,, ..., ord, a,) > 0.

We claim that i > nm implies that ord, b, > min(M, ne), from which it will
follow that ord, b, — co. We prove this claim by induction on n. It’s trivial
for n = 0. Suppose n > 1 and i > nm. We have

by =—(bi-1ay + -+ bipln + bi_minlnsr + 0+ @)

The terms b,_,a, with j > m have ord,(b;_,a,))> ord, a, > M, while the
terms with j < m have ord,(b,_,a,) > ord, b,_, + ¢ > min(M, (n — 1)e) + ¢
by the induction assumption (since i — j > (n — 1)m) and the definition of .
Hence all summands in the expression for b; have ord, > min(M, ne). This

proves the claim, and hence the theorem for N = 0.
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Now suppose N > 1, and the theorem holds for N — 1. Let A; < X be
the first slope of the Newton polygon of f(X). Using Lemma 7, we find an «
such that f(e¢) = 0 and ord, « = —A;. Let

f =i P e e Ly

=1+ >a'Xel + XQ[[X]).

By Lemma 8, fi(X) converges on D(pM). Let ¢ = 1/a, so that: f(X) =
(1 — cX)f1(X). If the Newton polygon of f1(X) had first slope A, less than A,
it would follow by Lemma 7 that f;(X) has a root with p-adic ordinal —2,’,
and then so would f(X), which it is easy to check isimpossible. Hence A;" > A,
and we have the conditions of Lemma 6 (with /1, £, A", and A, playing the roles
of f, g, A1, and A, respectively). Lemma 6 then tells us that f;(X) has the same
Newton polygon as f(X), minus the segment from (0, 0) to (1, A,). In addition,
in the case when f (and hence f;) have last slope A, because f converges on
D(p*), Lemma 6 further tells us that f; must also converge on D(p*).

Thus, f1(X) satisfies the conditions of the theorem with N replaced by
N — 1. By the induction assumption, we can find an A, (X) e 1 + XQ[X] of
degree N — 1 and a series g(X)el + XQ[[X]] which converges and is
nonzero on D(p"), such that

hi(X) = fu(X)-g(X).

Then, multiplying both sides by (I — ¢X) and setting /(X) = (1 — cX)h,(X),
we have

h(X) = f(X)-g(X),

with A(X) and g(X) having the required properties.

Finally, suppose that h(X)el + XQ[X] is another polynomial of
degree N such that h (X) = f(X)g,(X), where g,(X) converges and is non-
zero on D(p*). Since h (X)g(X) = f(X)g(X)g,(X) = h(X)g,(X). uniqueness
of h(X) follows if we prove the claim: h,g = hg, implies that h, and h have
the same zeros with the same multiplicities. This can be shown by induction
on N. For N = 1 it is obvious, because h,(x) = 0 <> h(x) = 0 for x € D(p*).
Now suppose N > 1. Without loss of generality we may assume that — A is
ord, of a root « of h(X) having minimal ord,. Since « is a root of both h(X)
and h,(X) of minimal ord ,, we can divide both sides of the equality h,(X)g(X)
= h(X)g,(X) by (I — X/x), using Lemma 8, and thereby reduce to the case
of our claim with N replaced by N — 1. This completes the proof of Theorem
14. O

Corollary. If a segment of the Newton polygon of f(X) € 1 + XQ[[X]] has finite
length N and slope A, then there are precisely N values of x counting
multiplicity for which f(x) = 0 and ord, x = —A.
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Exercises

Another consequence of Theorem 14 is that a power series which converges
everywhere factors into the (infinite) product of (I — X/r) over all of its roots
r, and, in particular, if it converges everywhere and has no zeros, it must be a
constant. (See Exercise 13 below.) This contrasts with the real or complex
case, where we have the function e* (or, more generally, e"*, where 4 is any
everywhere convergent power series). In complex analysis, the analogous
infinite product expansion of an everywhere convergent power series in terms
of its roots is more complicated than in the p-adic case; exponential factors
have to be thrown in to obtain the ‘“Weierstrass product’ of an “‘entire”
function of a complex variable.

Thus, the simple infinite product expansion that results from Theorem 14
in the p-adic case is possible thanks to the absence of an everywhere conver-
gent exponential function. So in the present context we’re lucky that exp, has
bad convergence. But in other contexts—for example, p-adic differential
equations—the absence of a nicely convergent exp makes life very compli-
cated.

EXERCISES

1. Find the Newton polygon of the following polynomials:
()1 - X+ pX? (i) 1 — X3/p? (i) 1 + X2+ pX* + p°X°©
(iv) 2P X1 v) (I — X)(1 — pX)(1 — p?X)(do thisintwo ways)
i) TIPZ, (1 = iX).

2. (a) Let f(X)e 1 + XZ,[X] have Newton polygon consisting of one segment
joining (0, 0) to the point (n, m). Show that if » and m are relatively prime,
then f(X) cannot be factored as a product of two polynomials with coefficients
in Z,.

(b) Use part (a) to give another proof of the Eisenstein irreducibility criterion
(see Exercise 14 of §1.5).

(c) Is the converse to (a) true or false, i.e., do all irreducible polynomials have
Newton polygon of this type (proof or counterexample)?

3. Let f(X)el + XZ,[X] be a polynomial of degree 2n. Suppose you know
that, whenever « is a reciprocal root of f(X), so is p/e (with the same multipli-
city). What does this tell you about the shape of the Newton polygon? Draw
all possible shapes of Newton polygons of such f(X) when n = 1, 2, 3, 4.

4. Find the Newton polygon of the following power series:
(i) 3% X7 Yp (i) 32o((pX) + XP) (i) 3200l X

(iv) 2% X! V) (1 = pXH(1 = p>X?) (vi) (1 = p*X)/(1 — pX)
(vii) [12o(1 = pX) (viii) 3720 p"/2I X"

5. Show that the slopes of the finite segments of the Newton polygon of a power
series are rational numbers, but that the slope of the infinite segment (if there
is one) need not be (give an example).

6. Show by a counterexample that Lemma 7 is false if we omit the condition

that the line through (0, 0) with slope A; pass through a point (i, ord, a,),
i > 0.
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Distributions and measures.

Let us consider a commutative associative ring R, an R-module A and a
profinite (i.e. compact and totally disconnected) topological space Y. Then
Y is a projective limit of finite sets:

Y =IlmY;
I

where | is a (partially ordered) inductive set and for i > j, i, j € | there are
surjective homomorphisms 7;; : Y; — Y; with the condition

Tjj o mjk = Wk for i > j > k. The inductivity of / means that for any

i,j € I there exists k € | with the condition k > i, k > j. By the universal
property we have that for each / € | a unique map 7; : Y — Y is defined,
which satisfies the property 7; j o m; = m; (for each i,j € /).
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Let Step(Y, R) be the R-module consisting of all R-valued locally constant
functions ¢ : Y — R.

Definition
A distribution on Y with values in a R-module A is a R-linear homomorphism

p:Step(Y,R) — A.

For ¢ € Step(Y, R) we use the notations
() = / pdp = / ey)dp(y)-
Y %

Each distribution x can be defined by a system of functions u() : Y; — A,
satisfying the following finite-additivity condition

W)= > Wx) (vev, xev). (4.5)
xewi_Jl(y)

In order to construct such a system it suffices to put
uD(x) = p(dix) €A (x € Y)),

where J;  is the characteritic function of the inverse image m;(x) C Y with
respect to the natural projection Y — Y;. For an arbitrary function
@j: Yj— R and i > j we define the functions

i

pi=wpjomij, @w=pjom, @eStep(Y,R), ¢i:Yi—=Y;—R.
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A convenient criterion of the fact that a system of functions p() : Y; — A
satisfies the finite additivity condition (4.5) (and hence is associated to
some distribution) is given by the following condition (compatibility
criterion): for all j € I, and ¢ : Yj — R the value of the sums

o) = (@) = wily)u(y), (4.6)
yey;

is independent of / for all large enough i > j. When using (4.6), it suffices
to verify the condition (4.6) for some “basic” system of functions. For
example, if

Y=G6=IlimG;

1

is a profinite abelian group, and R is a domain containing all roots of unity
of the order dividing the order of Y (which is a “supernatural number”)
then it suffices to check the condition (4.6) for all characters of finite order
X : G — R, since their R ® Q -linear span coincides with the whole ring
Step(Y, R ® Q) by the orthogonality properties for characters of a finite
group (see [Kat], [MSD74]).
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Example: Bernoulli distributions

Let M be a positive integer, f : Z — C is a periodic function with the
period M (i.e. f(x+ M) = f(x), f : Z/MZ — C). The generalized
Bernoulli number (see [BS85] ) By ¢ is defined as k! times the coefficient
by t¥ in the expansion in t of the following rational quotient

M—-1

Z f(a)te?
Mt _ 1
= e 1
that is,
fe'e) M—-1
Bk’f k f(a)teat
t=> (4.7)
k=0 a=0
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Now let us consider the profinite ring

Y =Zs = lim (Z/MZ)
M

(5(M) C S), the projective limit being taken over the set of all positive
integers M with support S(M) in a fixed finite set S of prime numbers.
Then the periodic function f : Z/MZ — C with S(M) C S may be viewed
as an element of Step(Y,C). We claim that there exists a distribution

Ey : Step(Y,C) — C which is uniquely determined by the condition

Ex(f) = By s for all f € Step(Y,C). (4.8)

In order to prove the existence of this distribution we use the above
criterion (4.6) and check that for every f € Step(Y,C) the right hand side
in (4.8) (i.e. By r) does not depend on the choice of a period M of the
function f. It follows directly from the definition (4.7); however we give
here a different proof which is based on an interpretation of the numbers
By ¢ as certain special values of L-functions.
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For a function f : Z/MZ — C let

o0

L(s,f)= Z f(n)n™*
n=1

be the corresponding L-series which is absolutely convergent for all s with
Re(s) > 1 and admits an analytic continuation over all s € C. For this series

we have that
By s

k

For example, if f =1 is the constant function with the period M = 1 then we
have that

L(1 -k, f) = — & (4.9)

_ B N Bea_ t
C(l k)_ k7 — klt _et_].’

By being the Bernoulli number. The formula (4.9) is established by means
of the contour integral discovered by Riemann. formula apparently implies
the desired independence of By ¢ on the choice of M. We note also that if
K C C is an arbitrary subfield, and f(Y) C K then we have from the
formula (4.7) that By s € K hence the distribution Ej is a K-valued
distribution on Y.
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Measures

Let R be a topological ring, and C(Y, R) be the topological module of all
R-valued functions on a profinite set Y.

Definition
A measure on Y with values in the topological R-module A is a continuous
homomorphism of R-modules

uw:C(Y,R) — A.

The restriction of 1 to the R-submodule Step(Y, R) C C(Y, R) defines a
distribution which we denote by the same letter u, and the measure p is
uniquely determined by the corresponding distribution since the R-submodule
Step(Y, R) is dense in C(Y, R). The last statement expresses the well known
fact about the uniform continuity of a continuous function over a compact
topological space.
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Now we consider any closed subring R of the Tate field C,, R C Cp, and let
A be a complete R-module with topology given by a norm |- |4 on A
compatible with the norm | - |, on C, so that the following conditions are
satisfie:

o for x € A the equality |x|4 = 0 is equivalent to x = 0,

o fora e R, x € A: |ax| 4 = |a|p|X]a.

o forall x,y € A: |x + y|a < max(|x|a,|y|a)

Then the fact that a distribution (a system of functions () : Y; — A) gives
rise to a A-valued measure on Y is equivalent to the condition that the
system u(i) is bounded, i.e. for some constant B >0 and forall i/, x € Y;
the following uniform estimate holds:

1D (x)]a < B. (4.10)
This criterion is an easy consequence of the non-Archimedean property

Ix + yla < max(|x|a, |y|a)

of the norm | - |4 (see [Ma73], [Vi76]). In particular if
A=R=0,={xeC, | |[x|p <1} isthe subring of integers in the
Tate field C,, then the set of Op-valued distributions on Y coincides with
Op-valued measures (in fact, both sets are R-algebras with multiplication
defined by convolution.
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Lecture N°3. The abstract Kummer congruences and the p-adic Mellin

transform

A useful criterion for the existence of a measure with given properties is:
Proposition (The abstract Kummer congruences)

(see [Kat]). Let {f;} be a system of continuous functions f; € C(Y,0p) in
the ring (Y, Op) of all continuous functions on the compact totally
disconnected group Y with values in the ring of integers O, of C, such
that Cp-linear span of {f;} is dense in C(Y,C,). Let also {a;} be any
system of elements a; € Op. Then the existence of an Op-valued measure
1 on Y with the property

fidp = a;
Y

is equivalent to the following congruences, for an arbitrary choice of
elements b; € C,, almost all of which vanish

Zb,—r’,-(y) € p"Op for all y € Y implies Z bjaj € p"Op. (4.11)

D

Remark

Since Cp-measures are characterised as bounded C,-valued distributions,
every Cp-measures on Y becomes a Op-valued measure after multiplication
by some non-zero constant.
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Proof of proposition 4.1. The necessity is obvious since

Zb;a,- = /(p"Opfvalued function)dy =
; 1%
= p"/(Opfvalued function)dy € p"Op.
y

In order to prove the sufficiency we need to construct a measure p from the
numbers a;. For a function f € (Y, 0,) and a positive integer n there exist
elements b; € C, such that only a finite number of b; does not vanish, and

f = bific p"C(Y,0p),

according to the density of the Cp-span of {f;} in €(Y,C,). By the
assumption (4.11) the value _; a;b; belongs to O, and is well defined
modulo p" (i.e. does not depend on the choice of b;). Following N.M. Katz
([Kat]), we denote this value by “ [, fdu mod p™ . Then we have that the
limit procedure

fdu = ||m / fdu mod p" " € I|m 0,/p"0p = Op,

gives the measure .
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Mazur's measure

Let ¢ > 1 be a positive integer coprime to

~l¢

qes

with S being a fixed set of prime numbers. Using the criterion of the
proposition 4.1 we show that the Q -valued distribution defined by the
formula

Ef(F) = Ex(F) — FEu(f),  fe(x) = F(ex), (4.12)

turns out to be a measure where Ei(f) are defined by (4.8),
f € Step(Y,Qp) and the field Q is viewed as a subfield of Cp,.

Define the generelized Bernoulli polynomials B( )( X) as

M-1
M te(a+X)t
ZB( )(x F:Zf (4.13)
a=0
and the generalized sums of powers
M—1
Sk’f(M) = Z f(a)ak
a=0
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Then the definition (4.13) formally implies that

LB~ BLD(0)] = Sy p(M), (414)

and also we see that

K
k )
B,(({\f)(X) = Z <i>B"=ka7’ =By + kBi_1,e X + -+ BosX¥.  (4.15)
i—0

The last identity can be rewritten symbolically as
Brs(X) = (Br + X).

The equality (4.14) enables us to calculate the (generalized) sums of powers in
terms of the (generalized) Bernoulli numbers. In particular this equality implies
that the Bernoulli numbers By ¢ can be obtained by the following p-adic limit
procedure (see [La76]):

. 1 L
Bis = ningo Mianka(Mpn) (a p-adic limit), (4.16)

where f is a Cp-valued function on Y = Zs. Indeed, if we replace M in (4.14)
by Mp™ with growing n and let D be the common denominator of all
coefficients of the polynomial B( )( X). Then we have from (4.15) that

1 n
z [B,((f\;’” (M) - Bif;’)(o)} =By_1./(Mp") (mod (4.17)

kDp %n).

The proof of (4.16) is accomplished by division of (4.17) by Mp" and by
application of the formula (4.14).
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Now we can directly show that the distribution E defined by (4.12) are in
fact bounded measures. If we use (4.11) and take the functions {f;} to be all
of the functions in Step(Y,0p). Let {bj} be a system of elements b; € C,
such that for all y € Y the congruence

Z bifi(y) =0 (mod p") (4.18)

holds. Set f = 3", bif; and assume (without loss of generality) that the
number n is large enough so that for all i with b; # 0 the congruence

(mod p") (4.19)

1
Br s =
k= apn

sTi

is valid in accordance with (4.16). Then we see that
Mp"—1
Bir = (Mp")~ z Z bifi(a)ak  (mod p™), (4.20)
hence we get by definition (4.12):
E(f) = Bir—c*Biy. (4.21)

Mp"—1

M) 13" b [a)at — filac)(ac)] (mod p").
i a=0
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Let ac € {0,1,---, Mp" — 1}, such that ac = ac (mod Mp"), then the map
a+— ac is well defined and acts as a permutation of the set
{0,1,---,Mp™ — 1}, hence (4.21) is equivalent to the congruence

Kk Mp"—1

E{(f) = Ber — c*Biys, = Z z bifi(a)a* (mod p"). (4.22)
a=0

Now the assumption (4.17) formally inplies that ES(f) =0 (mod p”),
completing the proof of the abstact congruences and the construction of
measures Ef.

Remark
The formula (4.21) also implies that for all f € C(Y,C,) the following holds

EF(F) = kEF(i 1) (4.23)

where x, : Y — C, € C(Y,C,) is the composition of the projection
Y — Zp and the embeddlng Zp — Cp.

Indeed if we put ac = ac + Mp"t for some t € Z then we see that
ak — (ac)k = (ac + Mp"t)k — (ac)* = kMp"t(ac)*~t (mod (Mp")?),
and we get that in (4.22):

k k
ag — (ac)* _ k—19c —a
W k(ac) W (mod Mp™).
The last congruence is equivalent to saying that the abstract Kummer
congruences (4.11) are satisfied by all functions of the type xl’,"lf,- for the
measure Ef with f; € Step(Y, Cp) establishing the identity (4.23).
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The domain of definition of the non-Archimedean zeta functions
In the classical case the set on which zeta functions are defined is the set of

complex numbers C which may be viewed equally as the set of all continuous
characters (more precisely, quasicharacters) via the following isomorphism:
C 5 Homeon(RY,C*) (4.24)
sy y)

The construction which associates to a function h(y) on R’ (with certain
growth conditions as y — oo and y — 0) the following integral

o) = [

+

(which converges probably not for all values of s) is called the Mellin transform.
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For example, if {(s) = >_,~; n~° is the Riemann zeta function, then the
function ¢(s)I'(s) is the Mellin transform of the function h(y) = 1/(1 —e™Y):

C(s)r Z ‘fv : (4.25)
0

so that the integral and the series are absolutely convergent for Re(s) > 1. For
an arbitrary function of type

[ee)

f(z) =) a(n)e* ™=

n=1

with z = x + iy € H in the upper half plane H and with the growth condition
a(n) = O(n°) (c > 0) on its Fourier coefficients, we see that the zeta function

L(s,f)= Z a(n)n—%,

n=1

essentially coincides with the Mellin transform of f(z), that is

s .y
(27r)5 s, / f(iy)y (4.26)
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Both sides of the equality (4.26) converge absolutely for Re(s) > 1+ c.
The identities (4.25) and (4.26) are immediately deduced from the well
known integral representation for the gamma-function

(s) = /OOO e’yysd—y, (4.27)

y

where 9 is a measure on the group R which is invariant under the group
translations (Haar measure). The integral (4.27) is absolutely convergent
for Re(s) > 0 and it can be interpreted as the integral of the product of an
additive character y +— e™ of the group R(*) restricted to R, and of the
multiplicative character y — y®, integration is taken with respect to the
Haar measure dy/y on the group R}.
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In the theory of the non-Archimedean integration one considers the group
Z:$ (the group of units of the S-adic completion of the ring of integers Z)

instead of the group R, and the Tate field C, = @p (the completion of
an algebraic closure of Qp) instead of the complex field C. The domain of
definition of the p-adic zeta functions is the p-adic analytic group

Xs = Homeon (23, CX) = X(Z), (4.28)

where:
X A~ X

and the symbol
X(G) = Homeon (G, (C;) (4.29)

denotes the functor of all p-adic characters of a topological group G (see
[Vi76]).
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The analytic structure of Xs

Let us consider in detail the structure of the topological group Xs. Define
U={xez; | x=1 (modp”)},

where v =1 or v = 2 according as p > 2 or p = 2. Then we have the natural
decomposition

Xs =X [ (2/p"z)* x [] 25 | x X(Up). (4.30)
qa#p
The analytic dstructure on X(Up) is defined by the following isomorphism (which
is equivalent to a special choice of a local parameter):

e:X(Up) — T={ze€C; | |z—1|, <1},

where ¢(x) = x(1 + p¥), 1 + p” being a topoplogical generator of the
multiplicative group Up = Zp. An arbitrary character x € Xs can be uniquely
represented in the form x = xox1 where o is trivial on the component U, and
X1 is trivial on the other component

z/p'z)* x ] z;-
a#p
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The character yq is called the tame component, and x1 the wild component of
the character x. We denote by the symbol x(;) the (wild) character which is
uniquely determined by the condition

X(t)(l +pY)=t

with t € Cp, [t]p, < 1.
In some cases it is convenient to use another local coordinate s which is
analogous to the classical argument s of the Dirichlet series:

Op — Xs
s — X(5)7

where x() is given by x(9)((1+ p*)®) = (1 + p¥)** = exp(as log(1 + p¥)).
The character x(%) is defined only for such s for which the series exp is
p-adically convergent (i.e. for |s|, < p*~1/(P=1))_ In this domain of values
of the argument we have that t = (1 + p”)® — 1. But, for example, for
(14 t)P" =1 there is certainly no such value of s (because t # 1), so that
the s-coordonate parametrizes a smaller neighborhood of the trivial
character than the t-coordinate (which parametrizes all wild characters)
(see [Ma73], [Man76]).
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p-adic analytic functions on Xs

Recall that an analytic function F: T — C,

(T={ze€C; | [z—1], <1}),is defined as the sum of a series of the type
Sisp ai(t — 1) (a; € Cp), which is assumed to be absolutely convergent for all
t € T. The notion of an analytic function is then obviously extended to the

whole group Xs by shifts. The function

F(t) = i ai(t—1)

i=0

is bounded on T iff all its coefficients a; are universally bounded. This last
fact can be easily deduced for example from the basic properties of the
Newton polygon of the series F(t) (see [Kob80], [Vi76]). If we apply to
these series the Weierstrass preparation theorem (see [Kob80], [Man71]),
we see that in this case the function F has only a finite number of zeroes
on T (if it is not identically zero).
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In particular, consider the torsion subgroup X C Xs. This subgroup is
discrete in Xs and its elements x € X' can be obviously identified with
primitive Dirichlet characters Y mod M such that the support

S(x) = S(M) of the conductor of x is containded in S. This identification
is provided by a fixed embedding denoted

Ip Q- C,
if we note that each character xy € X' can be factored through some
finite factor group (Z/MZ)*:
X:ZE — (Z/MZ)* - Q" &k,

and the smallest number M with the above condition is the conductor of
X € X&rs.

The symbol x, will denote the composition of the natural projection

Zs — 7 and of the natural embedding Z; — CJ, so that x, € Xs and
all integers k can be considered as the characters x,’§ Ly — yk
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Let us consider a bounded Cp-analytic function F on Xs. The above
statement about zeroes of bounded Cp-analytic functions implies now that
the function F is uniquely determined by its values F(xox)., where xo is a
fixed character and x runs through all elements x € X with possible
exclusion of a finite number of characters in each analyticity component of
the decomposition (4.30). This condition is satisfied, for example, by the
set of characters x € X with the S-complete conductor (i.e. such that
S(x) = S). and even for a smaller set of characters, for example for the set
obtained by imposing the additional assumption that the character x? is
not trivial (see [Ma73], [Man76], [Vi76]).
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p-adic Mellin transform

Let 1 be a (bounded) Cp-valued measure on Zg. Then the non-Archimedean
Mellin transform of the measure i is defined by

L) =) = [ xdn, - (x € Xs), (4.31)

S

which represents a bounded Cp-analytic function
L,: Xs — C,. (4.32)

Indeed, the boundedness of the function L, is obvious since all characters
x € Xs take values in Op and p also is bounded. The analyticity of this
function expresses a general property of the integral (4.31), namely that it
depends analytically on the parameter x € Xs. However, we give below a
pure algebraic proof of this fact which is based on a description of the
Iwasawa algebra. This description will also imply that every bounded
Cp-analytic function on Xs is the Mellin transform of a certain measure f.
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The Iwasawa algebra
Let O be a closed subring in O, ={z € C, | |z], <1},

G=ImG;, (i€l),
a profinite group. Then the canonical homomorphism G; R G;j induces a
homomorphism of the corresponding group rings

O[Gi] «— O[Gj].
Then the completed group ring O[[G]] is defined as the projective limit
of[cl] =limO[[Gi]], (7€)

Let us consider also the set Dist(G, O) of all O-valued distributions on G
which itself is an O-module and a ring with respect to multiplication given
by the convolution of distributions, which is defined in terms of families of
functions o

i ud): G — o,
(see the previous section) as follows:
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We noticed above that the theorem 4 would imply a description of Cp,-analytic
bounded functions on Xs in terms of measures. Indeed, these functions are
defined on analyticity components of the decomposition (4.30) as certain power
series with p-adically bounded coefficients, that is, power series, whose
coefficients belong to O, after multiplication by some constant from C;.
Formulas for coefficients of these series can be also deduced from the proof of
the theorem. However, we give a more direct computation of these coefficients
in terms of the corresponding measures. Let us consider the component aU, of
the set Zg where

ac(z/p’z) x [[Z;.

q#

and let p15(x) = p(ax) be the corresponding measure on U, defined by
restriction of . to the subset al, C Z¢.
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Consider the isomorphism U, = Z,, given by:

y =7 (x €Zp,y € Up),

with some choice of the generator  of U, (for example, we can take
v =14 p"”). Let u, be the corresponding measure on Z,. Then this measure
is uniquely determined by values of the integrals

/ ,, () dristx) = o (4.36)

X

) since the Cp-span of the family

1

(O}

is dense in C(Zp, Op) according to Mahler’s interpolation theorem for
continuous functions on Z,). Indeed, from the basic properties of the
interpolation polynomials it follows that

with the interpolation polynomials (

Zb,- ()I() =0 (modp") (forallxe€Z,)=>b;=0 (mod p").

We can now apply the abstract Kummer congruences (see proposition 4.1),
which imply that for arbitrary choice of numbers a; € O, there exists a
measure with the property (4.36).
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Coefficients of power series and the lwasawa isomorphism

We state that the Mellin transform L,,, of the measure 1, is given by the
power series F,(t) with coefficients as in (4.36), that is

/UP X(0)(y)dp(ay) = i </ZP (T) dui,(x)) (t — 1) (4.37)

i=0

for all wild characters of the form x(;), x(1)(7) = t, [t — 1|, < L. It suffices
to show that (4.37) is valid for all characters of the type y — y™, where
m is a positive integer. In order to do this we use the binomial expansion

va=(1+<7m—wJY::§3(j)(wﬂ—lr,

i=0
which implies that
m mx — X m i
| omantan = [ amaieo =3 ([ (5)asea ) m -y,
up Zp o \JZp \!

establishing (4.37).
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Example: Mazur's measure and the non-Archimedean
Kubota-Leopoldt zeta function

Let us first consider a positive integer ¢ € Zg NZ, ¢ > 1 coprime to all primes
in S. Then for each complex number s € C there exists a complex distribution
ps on Gs = Zg which is uniquely determined by the following condition

ps(x) = (1 =x7H()e™ ) Lam (=5, X), (4.38)

where Mo = [[,cs g- Moreover, the right hand side of (4.38) is holomorphic
for all s € C including s = —1. If s is an integer and s > 0 then according to
criterion of proposition 4.1 the right hand side of (4.38) belongs to the field

Qx)cQ**cQ

generated by values of the character .
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Thus we get a distribution with values in Q. If we now apply to (4.38)
the fixed embedding i, : Q — C, we get a C,-valued distribution

() = ip(u§) which turns out to be an O,-measure in view of proposition
4.1, and the following equality holds

10g) = ip(1f (X))-

This identity relates the special values of the Dirichlet L-functions at
different non-positive points. The function

Lx) = (1 cx(0) ™) T Lolx)  (x e Xs) (4.39)

is well defined and it is holomorphic on Xs with the exception of a simple
pole at the point x = x, € Xs. This function is called the
non-Archimedean zeta-function of Kubota-Leopoldt. The corresponding
measure 1(%) will be called the S-adic Mazur measure.
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Lecture N°4. Method of canonical projection of modular distributions.

© Modular forms, L-functions and congruences between modular forms

@ A traditional method of p-adic interpolation. and the method of
canonical projection of modular distributions

© The use of the Eisenstein series and of the Rankin-Selberg method
The Eisenstein measure by N.M.Katz, ... Convolutions of Eisenstein
distributions with other distributions

@ Examples of construction of p-adic L-functions

© Families of modular forms and [-functions.

Alexei PANCHISHKIN (Grenoble) p-adic L-functions and modular forms ICTP, September,2009 47 / 56



Modular forms as a tool in arithmetic

We view modular forms as: where g = exp(2miz),
1) g-power series z € H, and define
> L-function
f= Za,,q" € C[[q]] and as o0
n=0 L(f,s,x) =) x(n)a,n—°
2) holomorphic functions HZ:; !
on the upper half plane for a Dirichlet character
H={zeC|Im z>0} X : (Z/NZ)* — C* (its Mellin transform)

A famous example: the Ramanujan function 7(n)
The function A (of the variable z) _ _
is defined by the formal expansion :8; _ ;;2-(3_)(4_) :2:1'1472
A= r)e (m)7(n) = 7(mn)
- qu:lgl — 9 )3 for (n,m) =1,
is a cusp form of weight k = 12 for all ori
for the group I = SLy(Z)). oraf pnmes p .
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Classical modular forms

are introduced as certain holomorphic functions on the upper half plane

H={z€ C| Im z > 0}, which can be regarded as a homogeneous space
for the group G(R) = GLo(R):

H = GLy(R)/0(2) - Z, (4.40)

where Z = {(’62) |x € R*} is the center of G(R) and O(2) is the
orthogonal group. The group GLJ (R) of matrices v = (‘: Z‘*) with

Y
positive determinant acts on H by fractional linear transformations; on
cosets (4.40) this action transforms into the natural action by group shifts.
Let I' be a subgroup of finite index in the modular group SL»(Z).
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Definition of a modular form

A holomorphic function f : H — C is called a modular form of (integral)
weight k with respect to I iff the conditions a) and b) are satisfied:

@ a) Automorphy condition
f((ayz + by)/(cyz + d)) = (62 + dv)kf(z) (4.41)

for all elements v € T;

@ b) Regularity at cusps: f is regular at cusps z € Q U joco (the cusps can
be viewed as fixed points of parabolic elements of I'); this means that for
each element o = (i Z) € SLy(Z) the function (cz 4 d)~*f (zﬂg)

admits a Fourier expansion over non-negative powers of g'/N = e(z/N)
for a natural number N. One writes traditionally

q = e(z) = exp(2miz).

A modular form
oo

f(z) = a(n)e(nz/N)

n=0
is called a cusp form if f vanishes at all cusps (i.e. if the above Fourier
expansion contains only positive powers of g'/"), see [La76], [Ma-Pa05]

Alexei PANCHISHKIN (Grenoble) p-adic L-functions and modular forms ICTP, September,2009 50 / 56



The complex vector space of all modular (resp. cusp) forms of weight k with
respect to I is denoted by M (") (resp. Sk(I)).

A basic fact from the theory of modular forms is that the spaces of modular
forms are finite dimensional. Also, one has M (F)M;(I") C My44(T). The
direct sum

o0
M() = €D M(r)
k=0
turns out to be a graded algebra over C with a finite number of generators.
An example of a modular form with respect to SLy(Z) of weight k > 4 is

given by the Eisenstein series

G(2)= 3 (my +maz) " (4.42)

my,m€Z

(prime denoting (my1, m2) # (0,0)). For these series the automorphy
condition (4.41) can be deduced straight from the definition. One has
Gk(z) = 0 for odd k and
C20mi)k | Br
G2 = G131 | 2k +;ak,1(n)e(nz) : (4.43)

where o _1(n) = >4, d*" and By is the k™ Bernoulli number.
The graded algebra M(SL2(Z)) is isomorphic to the polynomial ring of the
(independent) variables G4 and Gg.
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Examples

Recall that By denote the Bernoullli numbers defined by the development

X = xk
e —1 ZBkﬂ
k=0

(Numerical table:

1 1
By =1, Bl——E, Bz—g, B3 = Bs
5 691 7
Bg = 66 Bz = 2730 Bia = &
One has
()=~ Gy = B B S (e
T PTG |k T e

Ei(z) =1+ 240iag(n)q“ € My(SL(2, 7)),

n=1

Eo(z) = 1504 05(n)q” € Ms(SL(2, Z)).
n=1

Eg(z) =1+ 480iay(n)q" € Mg(SL(2, 7)),
n=1

Eio(z) =1-264  0o(n)q" € Mio(SL(2, Z)),

n=1

65520
Ep(z) =1+ ool ;011(")‘7" € M12(SL(2.2)),

Eia(z) =1-24> 013(n)q" € M1a(SL(2, Z)).

n=1

Proof see in [Serre70].
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Fast computation of the RamanUJan function:

00 k-
Put hy := Zde lgn = Z ci — : The classical fact is that A = (E} — E2)/1728
n=1 d|n d=1

where E4 =1+ 240/74 and E5 =1- 504h6.

Computing with PARI-GP see [BBBCO], The PARI/GP number theory system),
http://pari.math.u-bordeaux.fr
e 1 e dk—lqd
— -1l n _
I S

n=1 d|n d=1

gp > h6=sum(d=1,20,d~5*q~d/(1-q~d)+0(q~20))
gp > hé=sum(d=1,20,d"3*q"~d/(1-q~d)+0(q"20)
gp > Delta=((1+240%h4)"~3-(1-504*h6)~2) /1728

q - 24%q~2 + 252%q~3 - 1472xq~4 + 4830%q~5 - 6048%q~6 - 16744x%q~7
+ 84480*q~8 - 113643*q~9 - 115920%q~10 + 534612%q~11

- 370944xq~12 - 577738%q~13 + 401856%q~14 + 1217160*q~15

+ 987136%q~16 - 6905934*q~17+ 2727432%q~18 + 10661420%q~19

+ 0(q~20)
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Congruence of Ramanujan
7'(n)EZa'11 mod 691 :
d|n

gp > (Delta-h12)/691
%10 = -3%q~2 - 256%q~3 - 6075%q~4 - 70656*q~5 - 525300%q~6
- 2861568%q~7 - 12437115%q~8 - 45414400%q~9
- 144788634*q~10 - 412896000%q~11 - 1075797268%q~12
- 2593575936%q~13 - 5863302600%q~14 - 12517805568*q~15
- 256471460475%q~16 - 49597544448%q~17
- 93053764671*%q~18 - 168582124800%q~19 + 0(q~20)

More programs of computing 7(n) (see [Sloane])

PROGRAM

(MAGMA) M12:=ModularForms(GammaO(1), 12); t1:=Basis(M12)[2];
PowerSeries(t1[1], 100); Coefficients($1);

(PARI) a(n)=if(n<1, 0, polcoeff (x*eta(x+x*0(x"n))~24, n))

(PARI) {tau(n)=if(n<1l, 0, polcoeff (x*(sum(i=1, (sqrtint(8*n-7)+1)\2,
(-1)~ix(2#i-1)*x~((i72-1)/2), 0(x™n)))"8, n));}
gp > tau(6911)
%3 = -615012709514736031488
gp > ##
*kok last result computed in 3,735 ms.
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see A. A. Panchishkin, A new method of constructing p-adic
L-functions associated with modular forms, Moscow
Mathematical Journal, 2 (2002), Number 2, 1-16

2 ALEXEI PANCHISHKIN

Let C, = @p denote the completion of an algebraic closure of the field
Q, of p-adic numbers. Fix a positive integer IV, a Dirichlet character
1®ymod N and consider the commutative profinite group

Y = Yy, = lim(Z/Np™Z)*

and its group X = Hom (Y, C,’) of (continuouos) p-adic characters

(this is a Cp-analytic Lie group analogous to Hom e, (R, C*) = C (by
— (y — y*)). The group X is isomorphic to a finite union of discs

U={z€C, | |z|, <1}.

The p-adic L-function L : X — C, is a meromorphis function on X

coming from a p-adic measure on Y.

1. TRADITIONAL METHOD

of constructing these functions is from the special critical values of
complex L-functions (which are often algebraic, after a suitable nor-
malisation). Let us fix an embedding i, : Q — C, in order to consider
algebraic numbers as p-adic numbers.

Example 1.1. The Riemann zeta function.

()= [[ a=1)" Zns $)> 1), C1—k)=——=.

[ primes

where B, are the Bernoulli numbers given by

0
eBt:ZBntn _ t€t
n! et —1°

n=0

Put for ¢ > 1 coprime to p
(k) = (1= ph)(1 = FH)¢ (k)

THEOREM 1.2 (Kummer). For any polynomial h(z) = Y i ;2" €
Zy|z) over Z, such that v € Z, => h(z) € p™Z, one has

ZO" ; —i) € p"Z, (1.1)
This property expresses the fact that the numbers C((;g(—k) depend

continuously on k in the p-adic sense:

Corollary 1.3. Let ki, ky € N*, ky = ko (mod(p — 1)p™~1), then

¢9(=k1) = () (~k2) (modp™)
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Indeed, it suffices to take h(z) = 2% — k2.

Proof of Theorem 1.1 is implied by the well-known formula:

SUN) = St = = [Bra(N) - Bl (1.2)

S
I
—

in which By(x) = (v + B)* = Zf:o (l:) B;z*~% is the Bernoulli polyno-
mial.

Definition 1.4. a) Let A be a normed topological ring containing Z,
as a closed subring and let h be a positive integer. Consider the A-
submodule C"(Y, A) of all locally polynomial functions of degre < h on
Y (of the variable y, : Y — L, the canonical projection); in particular,
the A-submodule C1(Y, A) consists of locally constant functions on Y
with values in A. If A = C, then

Yh>1CMY,A) cC ™Y, A) ={p:Y — A| ¢ locally analytic} C C(Y, A),

where C(Y,A) ={p:Y — A| ¢ continuous}.

b) A distribution ® on'Y with values in a normed A-module V is an
A-linear map ® : C'(Y,A) =V, ¢ — [, ¢ dp.

¢) A measure ® : C1(Y, A) — V is a bounded distribution: |®(p)|, <
Cle|, where C does not depend on ¢.

d) Let h € N*. An h-admissible measure on Y with values in 'V is
an A-linear map ® : Ch(Y, A) — V with the following growth condition:
forallt=0,1,...,h—1,

/ (yp — ap)td&) =0 (pm(h_t)) )
a+(Np™)

p

for m — oo.

If A = C, then according to [AV] and [Vi76], such a map ® can
be uniquely extended to the A-module C'°¢~22(Y, A) of locally analytic
functions onY" of the parameter y, : Y — Z.

THEOREM 1.5 (Mazur). There exists a unique (bounded) measure p'®
on L, with values in Z, such that

k) _ O
/Zxdy = ¢ (=k), k>0

»
Remark. Theorem 1.2 is equivalent to Theorem 1.5 (by integration of
h against ().

In the present paper we construct p-adic distributions on Y with
values in C, starting from distributions with values in spaces of modular
forms.
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The p-adic L-function of Kubota-Leopoldt is the meromorphic function
L,: X — Cj given by

[, xdu®
I = YT
() 1—z(c)c’
(with a single simple pole at x = ¢, '), and the function (1.3) is
independent of a choice of ¢: for all Dirichlet characters y mod p™,
X :Z, —>@X — C, one has

Ly(xyy) = (1 = x(0)p*) L(—k, x) € ip(Q™).

In general every distribution on Y with values in Z, defines a p-adic
L-function (the non-Archimedian Mellin transform of p):

L,:X—C, pz)= / z(y) du.
Y

reX (1.3)

If D(s,x) = >_,>1 x(n)c,n™° is an arithmeticaly defined complex L-
function twisted with a Dirichlet character x with the property D*(—k, x) €
Q for an infinite set of couples k, x (and with a normalization D* (s, x)
obtained by multiplying D(s, y) with certain elementary factors), one
constructs usualy the corresponding p-adic L-function L = L, start-
ing from the algebraic special values D*(—k, x) in such a way that

L,m(xy,'.f)Znyﬁdupzip(D*(—k,x)),

and the existence of such a measure is equivalent to generalized Kum-
mer congruences for the special values D*(—k, x). Formulas for these
values could be quite complicated and one uses various methods in
order to obtain such congruences (like the formulas of type (1.2) in
the proof of the Theorem 1). For modular forms one uses geometric
tools like modular symbols, continuous fractions, the Rankin-Selberg
method etc., (voir [Man73|, [Ra52|, [Man-Pa|, [PLNM]).

We propose a new method which produces a family of p-adic mea-
sures starting from a distribution ® on Y with values in a suitable
vector space M = |J,,~o M(Np™) of modular forms; this family of
p-adic measures p, ¢ is parametrized by non-zero eigenvalues a €
C, # 0, of the operator U of Atkin-Lehner on M, and by a primitive
cusp eigenform f with an associated eigenvalue o # 0 (on an easy
modification fy of f as an eigenfunction). One says that a primitive
cusp eigenform f = >, a(n, fle(nz) € S(I'o(N),v) C M (where
(e(nz) = exp(2minz))) is associated to an eigenvalue « if there exists a
cusp form fo = foo = D ,5; a(n, fo)e(nz) such that fy | U = afy and
fo | T(¢) = a(f) f, for all prime numbers £ { Np)

In the ordinary case |a|, = 1 a construction of such measures could
be obtained from Hida’s idempotent e = lim, .o, U(p)" (see Hida
[Hi93]) acting on p-adic modular forms; the image of e is contained in
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a subspace M4 C M of finite dimension (“the ordinary part of M”)
which is known to be generated by certain classical modular forms.
One obtains ji4.0 s = {;(e®) for a suitable linear form ¢; € M°4*. In
a more general case when « # 0 one could imitate this method using
instead of M9 the primary (characteristic) subspace M* C M of U
(which is also of finite dimension).

2. DISTRIBUTIONS WITH VALUES IN MODULAR FORMS

Let A be an algebraic extension K of Q, or its ring of integers
Ok. Let us fix an embedding i, : Q — C, and let M, (T1(N); A),
M (To(N)1p; A) be the submodules of A[[g]] generated by the g-expansions
f = 0a(f)g" € Mp(T1(Np™),Q) of classical modular forms
with algebraic Fourier coefficients a,(f) € Q in i '(A). One puts
M = UpsoM(Np™), where M(Np™) = M(T'1(Np™); A), and S =
Um>0S(Np™) the A-submodule of cusp forms.

Examples of distributions with values in M.

Let @ : C*(Y,C,) — M be a distribution on Y with values in M.

a) Eisenstein distributions. For a complex number s € C and a, bmod N
put (by analytic continuation):

Eyn(z,s;a,b) = Z(cz—l—d)_z|cz+d|_25 (0 # (¢,d) = (a,b) mod N) .

Starting from this series , one obtains the following Eisenstein distri-
butions: put s =—r, 0 <r </¢—1,

NE2=1D( —7)
(=2m1) =2 (—4my)"

E,on(a,b):= Z e(—ax/N)E;n(Nz, —r;x,b)

amod N

=cen(a,) +(my) "y sgnd d” W (Andd'y,  —r, )
0<dd’,d=a,d’=bmod N
e(dd'z) € M, o(N), where r' = max(r,{ —r —1),

Wiy, t=r, =) = i(—l)ﬂ‘ (T) FW——T)W |

= J) Tl —r—j)
C(Sa a, N) = Z n*,
nEa?IESdN)
(—4my)’T(l+s) ./ b
- 2N =0 =250, N
Fren(0:0) = R g o(F)o-t-2sam|_

D((+2s—1) (a _ ” .
gyt () (€0 25 = B0 N) 4 (C1 (e 25 =150,

S=—T

These series are in general nearly holomorphic modular forms (see Sec-
tion 7) in spaces M, o(N?), where ' = max(r,{ —r — 1) but in certain
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cases they are holomorphic, e.g. £ >3, 7 =0 or r = — 1) and these
series produce distributions on Y x Y with values in M:

E.o((a+ (Np™) x (b+ (Np™)) := E,gnpm(a,b) € M(N?*p*™).

b) Partial modular forms. For any f =" - an(f)q" € My(T1(Np™)
one puts -

Op(a+ (Np™) = Y an(f)g" € Mp(Np™)

n>0
n=a( mod p")

¢) Partial theta series (also with a spherical polynomial), see |Hi85].

Remarks. i) For any Dirichlet character y mod p™ viewed as a function
on Y with values in i,(Q), the integral

/Yx(y) db; = 0;(x) = Y x(n)an(f)g" € My(N*p*™)

n>0

coincides then with the twisted modular form f,.

ii) The distributions a), b), ¢) are bounded (after a regularisation of
the constant term in a)) with respect to the p-adic norm on M =
Upm My, (1 (Np™), A) C Allg]] given by |g|, = sup, |a(n,g)|, for g =
S o a(n, )" € My(T1(N), A) ).

iii) Starting from distributions a), b), ¢) one can construct many other
distributions, for example, using the operation of convolution on Y (as
in |Hi85|, where the case of the convolution of a theta distribution with
an Eisenstein distribution was considered).

However we need distributions g with scalar values (in Z, or in C,)
which we construct starting from distributions ® with values in M.
This will be done in two steps:

The first step is the passage from M to a certain finite-dimensional
part M° C M; one uses a suitable projector 7 : M — M?° such that
one can keep track of denominators when the level of modular forms
grows.

The second step is to apply a suitable linear form to the distribution
7(®P) in order to obtain the special values of the L-functions as certain
p-adic integrals against the measure ().

3. FIRST STEP: PROJECTORS ON FINITE DIMENSIONAL SUBSPACES

The first idea would be to use the trace operator
Y= Y fher
YELo(Np™)\I'o(N)
One obtains after a normalisation a projector
m(f) = [Fo(N) : To(Np™)] ' Try™" f

which is well defined but which introduces inacceptable denominators.
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The second idea is to use the operator U = U, of Atkin-Lehner
which acts on M and on S by g | U = > .,a(pn,g)q", where g =
>0 a(n,9)q" € M C Allg]], a(n, g) € A.

Let o € C, be a non-zero eigenvalue of U = U, on M, associated to a
primitive cusp eigenform f = )" _, a(n, f)e(nz) € Sp(I'o(N),¢) C M.

In the ordinary case |a|, = 1 there exists a p-adic construction of a
projector 7 given by Hida’s idempotent e = lim, ., U(p)" acting on p-
adic modular forms, whoses image is in the finite dimensional subspace
MO C M (“the ordinary part of M”). Then one gets oo 5 = {f(e®)
with a suitable p-adic linear form ¢; € M°rd*,

4. A NEW CONSTRUCTION

It provides a rather simple method which attaches to a distribution
® on Y with values in a suitable vector space

M = mgo./\/l(Np )

of modular forms, a family p, ¢ ¢ of p-adic measures on Y parametrized
by non-zero eigenvalues a associated with primitive cusp eigenforms
f. This construction does not use any p-adic limit procedure and in
fact it uses only standard linear algebra considerations in the finite
dimensional primary (characteristic) subspace of the eigenvalue a.

Definition 4.1. a) For an a € A put M@ = Ker(U — al) the A-
submodule of M of eigenfunctions of the A-linear operator U (of the
eigenvalue o).

b) Put M® = U,>1 Ker(U — o) the a-primary (characteristic )
A-submodule of M.

¢) Put M(Np™) = MNM(Np™), M (Np™) = MOAM(Np™).

Proposition 4.2. Let A= Q,. Define Ny = Np, then U™(M(Nop™)) C
M(Np).

Proof follows from a known formula [Se73]|,
Um — pm(k/2—1)WNOpm Tr%gpm WN(”

where g, Wn(2) = (VNz)Fg(=1/Nz) : M(N) — M(N) the main
involution of level N (over the complex numbers).

Proposition 4.3. Let A = @p and let o be a non-zero element of A;
hence

a) (U)™ : M*(Nop™)——=M(Nop™) is an invertible Q,-linear op-
erator.

b) The Q,-vector subspace M(Nop™) = M(Ny) is independent of
m.
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¢) Let wom » M(Nop™) — M (Nop™) the canonical projector onto
the a-primary subspace of U (of the kernel Ker my m = ﬂnZI Im(U —
al)" = ®praMP(Nop™)), then the following diagram is commutative

M(Nop™) —2% M (Nop™)

e[ e

M(No) TR M*(No)

Proof. Due to the reduction theory of endomorphisms in a finite dimen-
sional subspace over a field K, the projector m,,, onto the a-primary
subspace (J,,», Ker(U — al)" has the kernel (., Im(U — al)" and it
can be expressed as a polynomial of U with coefficients in K, hence
Ta,m commutes with U. On the other hand, the restriction of 7,,,, on
M(Ny) coincides with m, o : M(Ng) — M(Ny) because its image is

| Kex(U = )" n M(No) = | Ker(U [ o) —d)",
n>1 n>1

and the kernel is

() Im(U = )" N M(Ng) = () Im(U sy —ad)"

n>1 n>1

5. DISTRIBUTIONS WITH VALUES IN p-ADIC MODULAR FORMS

Let g = ano a(n,g)g" € My(I'1(N), A) then |g|, = sup, |a(n, g)|,
is a well-defined p-adic norm on

M = UM (T (Np™), A) C Al[q]].

Let us denote by M the completion of M in A[[q]] with respect to this
norm. Let V' be a normed A-module.

THEOREM 5.1. Let o« # 0 be a non-zero eigenvalue of the operator
U on the A-module M. The a-primary part ®* of a distribution on

Y with values in M is given by [, o®* := (Ua)_mﬂap((fygo d®) |
Um> € M for all p € C1(Y, A) and for all p™ sufficiently large so that

[y @ d® is a finite linear combination in M(Nop™)).

Put ®(a+(Np™)) = [y Xat(npm)dP where Xoi(npm) denotes the char-
acteristic function of an open subset a+(Np™) C Y ; hence there exists
m’ € N such that

®(a + (Np™)) = D(X(at(vpm)) € M(Np™ ),
and the a-primary part ®* of ® is defined by

O (a+ (Np™)) = (U*)™" | mao(®(a + (Np™) | U™|. (5.1)
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6. MAIN THEOREMS

Let ® be a bounded distribution with values in M and « an eigen-
value of U on M.

THEOREM 6.1. If ||, = 1 then ®* is a bounded distribution on'Y with
values in M® (an A-module of finite rank).

THEOREM 6.2. Suppose that for allm € N* and fort =0,1,... hxx—1
/ y, d® € M(Nop™™) (with h = [ord, o] 4+ 1) (6.1)
a+(Nop™)

for a suitable non-negative integer s« (the condition of the modularity
of a suitable level). Then there exists an hx-admissible distribution ®°
on Y with values in M such that for all m’' sufficiently large (with
m' > sem) and for allt =0,1,...,hsc — 1 one has

/ y;dfi)a = (Ua)_m/ﬂ-a,() ((/ y;dq)) | Um’) .
a+(Nop™) a+(Nop™)

Remark. If A = @p then the condition of the theorem 4 is equivalent to
[y xyhd® € M(Nop™) for all Dirichlet characters x mod Nop™ (with
values in A) because

1
t -1 t
Yy dd=——— X (a)/xy dd.
/a+(Nopm) ©(Nop™) Z y P

Xmod Nop™

Proof of Theorem 6.1. 1t suffices to show that for a constant C' > 0
and for all the open subsets of type a + (Np™) C Y one has [®*(a +
(Np™))|, < C. By our assumption there exists m’ € N such that

®(a+ (Np™)) = D (X(arvpm)) € M(Np™ 1),

then the a-primary part ®* of ® is given by (5.1):
% (a+ (Np™) = (U™ [mao(@(a+ (Np™) | U]

On the a-primary subspace M* C M one has U* = al + Z for
a nilpotent p-integral operator Z: for all g = }_ ja(n,g)¢" € M,
91U =2 s00(pn,9)q" g | Ulp < lglp and [g | Z], < |g]p-

Next all the functions ®*(a+(Np™)) = o™ (a(U*) ™)™ [Ta0(P(a + (Np™)) | U™]
are bounded because |a™!|, =1 and

n—1 —m

(U™ = (0 'U) ™ =I+a™'2)™" =) ( . >a—fzj.
A J
7=0

(6.2)
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Proof of Theorem 6.2. Let ord,« > 0 and let h = [ord, a] + 1. Hence
one has to bound

/ (yp—ap)t AP = oz_m”(oz(Uo‘)_l)m” {7?0470 (/ (yp — ap)t d@) | UO‘} )
CL+(N0pm) 0«+(N0pm)

The norms of the operators

(@ (U )™ = (07107 mzz( “Yaiz

are uniformly bounded by C; > 0 as n = dim M does not depend on
m. Hence for all t =0,1,..., hsc — 1 one has

[ ) @] < ool Maxeos i [~ a2,
Nop p

< Cl' 02|pm’t—ordpa.% _ 0(pm(h;f—t))7 h> OI‘deé

as m — oo (because |®[, < C and |al;™ = p™ ot ).

7. NEARLY HOLOMORPHIC p-ADIC MODULAR FORMS OF TYPE r > 0

Let us specialize us now to the case when A is either an algebraic
extension K of Q, or the ring Ok of integers of K. Fix an embedding
(P Q— @p = C,. Let r be a non-negative integer and ¢,w two vari-
ables (over the complex numbers ¢ = e(z2) = €™, w = 4wy = 47 Im(2),
z € C). In the ring A[[¢]][w™!] let us consider the A[[g]]-submodules

P’/‘(A> - {g = Z;:O wijgj with 95 = ZnZO CL(jv n’g)qn € AHQ]]} Con-
sider also for any positive integer a the complex vector spaces of nearly
holomorphic functions (see [Hi85]) @, = {Z;:o Im(47z) "7 g;(z) with

95 = ano CL(j, n,g)e(nz/a)} and put QT - UaElQr,a-

THEOREM 7.1. a) The A-module M, (T1(N),A) C Alq]]lw™] of
modular forms of type r > 0 and of weight k > 1 for I'1(N) is generated
by the series g € M, with algebraic coefficients a(j,n, g) € i,(Q) such
that the correspondent complex series (denoted also g)

= Zlm(éhrz Zz a(j,n,g))e(nz) € Qpa
=0

n>0

satisfy to two conditions: Yy € T'1(N), glgy = g and ¥y € SLs(Z),
9lky € Q.

b) Put M, = M, (N, p) = Up>oM, . (Np™), where M, ,(Np™) =
M, (T (Np™), A).



A NEW METHOD OF CONSTRUCTING p-ADIC L-FUNCTIONS 11

8. EXAMPLE: REAL ANALYTIC FISENSTEIN SERIES OF WEIGHT
>0

(see [Ka76])| For s € C and a,bmod N define (as in Section 2) the
Eisenstein series:

Eyn(z,s;a,b) = Z(cz—i—d)_g]czjtdr% (0 # (¢,d) = (a,b) mod N) .

Starting from this series one obtains the following Eisenstein distri-

bution with values in nearly holomorphic forms (for all s = —r with
0<r<(—-1):
N0 — )
E, b)) = _ —ax/N)E, n(Nz,—r;x,b
oo = it e I o
=¢eron(a,b) + (dmy)™" Z sgnd- d“2 W (dndd'y, € — v, —7)
0<dd’,d=a
d’=bmod N
(8.1)

ce(dd'z) € M 4(N?),

where ' = max(r,{ —r — 1),

Wy, b—r, —r) = Z(_l)j (7‘) FF(K—_T)yT—j , C(s;a,N) = Z n=*,

=0 J (6 —-—r—= ]) n>1
n=a(mod N)
_ (—Amy)T(l+s) b '
gr,é,N(aab> - F(£+2S> 6(N>C<1_€_2Sa a, N) —

N

§=

+2s—1) a ' os '
(4ﬂy)g+s_1r(8>5(—) (€025 = 150, N) 4+ (=) 2¢(0 + 25— 1; -0, V)]

9. DISTRIBUTIONS WITH VALUES IN NEARLY HOLOMORPHIC p-ADIC
MODULAR FORMS OF TYPE r > 0

Let g = Z;:0 w™ D onz0 ()1, 9)q" € Moy, C Allgl][w™]). Put |g], =
sup,, ; [a(j,n, g)|p- One has a p-adic norm on M,..
Let a be an eigenvalue of U on M, ., g|U™ = pm*/2=D % o g/( ' ) =

0 pTYL
—m Z+u
p Zumodpmg(pm)7

k
z+u Im z m i mi Cm n
Im< )= = glU™ =) " wp™ Y a(j,p"n, g)q
=0

P p
(an integral operator on ﬂr,k).

Definition 9.1. a) ./\/lffz) = Ker(U — o),
b) My, = Un21 Ker(U — al)",
c) MR (Np™) = M, (Np™) N M3,
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THEOREM 9.2. a) For allm > 1 the A-module M) (Nop™) = M3, (No)
s of finite rank and it does not depend on m. o
b) The following diagram is commutative (for A =Q,)

Mo (Nop™) =27 M2 (Nop™)

Uml l?(U"‘)m

M(No) Mz (No)

Ta,0

(Tam 1S the projector onto the a-primary subspace with the kernel
N1 (U — al)" N M, x(No) (equal to the direct sum of all the other
primary subspaces; Tom = Ram(U) with a suitable polynomial R, ., €
Alx] see Proposition 4.3).

Definition 9.3. Let o € A be a non-zero eigenvalue of the operator U

on M, and @ : C(Y, A) — M, a distribution. The a-primary part
o CH(Y, A) — M2y of @ is given by

B(9) = U [raolU™(B()] € M,
for all m sufficiently large (avec ®(p) € M, (Nop™)).

The definition is independent of the choice of m (assumed sufficiently
large) by Prop. 9.2, b).

THEOREM 9.4. Let |a|, =1 and ® a bounded distribution with values in
the A-module M, i, of p-adic nearly holomorphic modular forms. Then
the distribution ® defined in 9.3 is also bounded.

Proof. 1t is identical to that of Theorem 6.1 (in which the holomorphic
case was treated).

10. h-ADMISSIBLE DISTRIBUTIONS.

Let ®; : C(Y,A) — M, be a family of distributions (non nec-
essarily bounded, j = 0,1,...,r7*, r* > 1). For any open subset
a+ (Np™) CY put @;(a+ (Np™)) = @;(Xarvpm))-

THEOREM 10.1. Let 0 < ||, < 1 and h = [ord, o] + 1. Suppose that
there exists »x € N* such that for all j = 0,1,..., hsc — 1 and for all
m > 1 one has ®j(a + (Nop™)) € M, (Nop™*) (the level condition).
Suppose next that for t =0,1,... hx —1 and for all a+ (Np™) C Y
one has

¢
t _ m m -m
o3 (5) eyt Dl < Cll = (10
=0
with a suitable constant C' > 0 (t@e divisibility condition). Then there
exists an hx-admissible measure * : C"*(Y, A) — M2, C M, such
that [, (nopm) Y942 = @5 (a + (Nop™)) (for j=0,1,... hx—1).
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Proof. Tt suffices to verify the condition of growth (1.1 d)) for ®§(a +
(Nop™)) € M, (Nop™*). One has U = ol + Z, Z" = 0 on My, (No),
n = rka M (Nop™; A).

On the other hand by the conditions of the theorem we have

t

/a+(Nopm)(yp —ay)'d®" = Z (;) (—ap) 5 (a + (Nop™))

Jj=0

Rl (Z ({)canriasia <Nopm>>)] .

J=0

The operators a1 (U®) ™% = 3" (7"*) (o Z)" are uniformly bounded

(]

by a constant C; > 0 hence the condition (10.1) implies

/ (Yp — ap)td(i)a
a+(Nop™)
—sordpo

when m — oo because |a|, = |p|”¥*®, ord,a < h, |p™|,
O(pmzh).

< C-Cyilal;™p™ [, = o(pm =)
P

11. THE SECOND STEP: APPLICATION OF A SUITABLE LINEAR
FORM

Let o € Q C C be a non-zero eigenvalue of U on M, (C) associated
with a primitive cusp eigenform f € Si(I'g(N), ) and let fy = fo.. be
a corresponding eigenfunction (fo|U = afy), let us define f© = fJ|Wy,,

f(l]) = ZnZl an(fO)qn7 WNO = (?\foi(l))'

Proposition 11.1. o) U* = VVJQOIUVVN0 in the hermitian vector space
S, x(T'1(No), C), the adjoint operator with respect to the Petersson scalar
product.

b) One has f°|U* = af°, and for all "good" prime numbers | ¥ Np
one has T;f° = a;(f) f°.

¢) The linear form Lo = g — (f°¢g) on M, (T1(Ny),C) van-
ishes on Kermao, where mao @ M, i (I'1(No),C) — M7 (I'1(No), C)
(the projector onto the a-primary subspace with the kernel Ker m, o =
Im(U — ol)") hence

(% 9) = (" man(g)).
d) If g € M(Np™, Q) = M(Nop™, Q) et a # 0, one has
(9% =a™™ (%9 | U™)
where
9" = (U") " mapolg | U™) € M*(Np)
is the a-primary part of g.
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e) One puts
(%, a7™g|U™) N,
L e = )
4 (g) <f07 f0>N0
hence Lo : M(Np™; Q) — Q (the linear form Lo, sur M, ,(T'1(Np), C)

is defined over Q) and there exists a unique A-linear form lio €

M3, (No)* such that

<f07 a_mUm(g)>No
<f07 f0>N0

iy (Lralg™) =
(Vg with coefficients in i, *(A)).

Proof of Proposition 11.1 a) See [Miy|, Th. 4.5.5.
b) By definition, fO|U* = f§' | W, W, UWny = aff | Wiy = af°.
¢) For any function

g1=(U—al)"g € Kermao=Im(U — al)"

one has
(f* ) = (f*,(U—al)"g) = (U —al)f°,(U —al)"g) = 0
hence for g = g — ma0(g) we get
(f°.9) = (f° ma0(9) +(g—9")) = (£ Ta0(9)) + ([ 91) = (f*, Ta0(9))
d) Let us use directly the equality (U*)™f° = a™f° of b):
a™ - (f0 %) = ((U)" ', U " ma0(g | U™)) =
(f* Taolg | U™)) = (f*9 | U™)

by ¢) because g|U™ € M(Np). B
e) Note that L;.(fo) = 1, fo € M(Np;Q); consider the complex
vector space

Ker L;o = (f°)* = {g € M(Np;C) | (f°g) =0}

which admits a Q-rational basis because it is stable by the action of all
"good" Hecke operators T; (11 Np):

(f°.9) = 0= (f"Tig) = (I f*,9) =0
and one obtains such a basis by the diagonalisation of the action of all
the 7} (a commutative family of normal operators) and e) follows.

12. RELATIONS TO THE L-FUNCTIONS: CONVOLUTIONS OF THE
EISENSTEIN DISTRIBUTIONS

Let ¢ mod N be an auxiliary Dirichlet character £ : Y — A*,
YRZE Y = lim Y,

Ynpm = (Z/Np™Z)*. Consider two Eisenstein distributions
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Eoe.npm(§:0) = 2 acvy,m §(@) Eoe(a, b; Np™) €

Mojg ifEZ?)OI‘f#l
Ml,ﬂ leZ 17€: 1727

E, o npm(a) = ZbeYNpm E, o npm(a,b) € My, r’ = max(r,{ —r — 1).

Proposition 12.1. Let x,v : Y — A* be two Dirichlet characters
mod Np™,
a) Let f € Si(N,v), k > 2, define

Qj(a)Nym = Z VE(Y) Bok-1-5(6,ya)Ej1y5(y)

yEYNpm

(a twisted convolution, j = 0,...,k — 2). Hence for any Dirichlet
character x mod Np™ one has

D;(x) = Eoe—1-5(& X) Ej145 (¥EX);
b) the special values of the function L¢(s,x) = > ,~1 x(n)an(f)n™?
with a primitive Dirichlet character x mod Np™ (m > 1) admit the
following integral representation

(7,,(0) np = FLUT 1)3(211 Z_—)j1+,k§)Lf<j 1%,

(where G(x) is the Gauss sum of x, t € Q is an explicitly given ele-
mentary constant independent of j and x);

c) the distributions ®; satisfy the conditions of Theorem 6 and they
produce an h-admissible measure (compare with [Vi76]) which interpo-
lates the normalised critical values

a"GO)T( + DL(j + LX) Ly(k — 1,€)
(_QWi)j+k<f7 f>

where (f, f) denotes the normalized Petersson product.

Proof of Proposition 12.1 a) This is a general property of multiplicative
convolutions.
b) Implied from the Rankin-Selberg method for the convolution

o0

D(s,f,9) = Ln(2s+2 —1, @Da) Z anbpn=?,

n=1
where £ is an auxiliary non-trivial Dirichlet character £ and the numbers

bo=011xe(m) = Y X(E(n/d)d!

d|n,d>0

are Fourier coefficients of a certain Eisenstein series g = Y~ b, exp(27minz)

of weight [ (and of Dirichlet character x¢) if x¢(—1) = (—1)! so that

Ly(s) = ann_s =L(s—1+1,%)L(s,¢)
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and we know by Rankin’s lemma (see [Rab2|, or a general lemma
of Shimura [Shi76], Lemma 1 (generalized Rankin’s lemma), see also
[Shi77], [Hi85], [Man-Pal) that D(s, f,g) can be expressed through
Li(s =1+ 1,%)Ls(s,€). In order to get the integral representation
of b), we evaluate then the function Ly(s — 1+ 1,%)Ls(s,€) at points
s=k—1,andputl=k—j—1, where 1 <[ <k-—1).

c¢) One checks coefficient-by-coefficient that the distributions ®; sat-
isfy the level condition and the divisibility condition of Theorem 6 with
» = 2. Then one directly applies Theorem 6 and proposition 11.1 ¢),
d) in order to obtain the desired h-admissible measure jif, in the form

ffa = Lra(P?).
13. APPLICATION TO TRIPLE PRODUCTS
Consider the vector space
M =[] My(Ty(Np™))®*
m2>0

and let L(f ® g® h, s) be the triple L-function attached to f®g®h €
Si(T1(V))®? associated with an ordinary eigenvalue a7, hence

fo® go ® ho € Si(T1(Np))®*

is an eigenfunction of U®3 on S (T'1(Np))®3, and f° ® ¢° ® A" is an
eigenfunction of (U*)®3. Let us use the restriction to the diagonal
O = FE}(z1,22,23) € My(T1(Np))®® of the Siegel-Eisenstein distri-
bution (see [Plsr]) viewed as a formal Fourier series. One obtains a
distribution on Y with values in M.

o (g0 k)
lf®g®h,a5“/(q)) =1p ((fo’ f0><90’ go><h07 h0>)

THEOREM 13.1. (a work in progress with Siegfried Bocherer)| The dis-
tribution lggen.asy(®) on Y with values in M is bounded and the
integrals lrogen,asy (P)(X1 ® X2 ® x3) on the characters x1 @ x2 ® X3
coincide with the special values L*( fy, ® gy, @Ry, So), where the normal-
isation of L* involves Gauss sums, Petersson scalar products , powers

of m, afy.

Proof. The existence of l;ggen.q8,(P) follows from the existence of ®
using Theorem 3, and the equality is implied by the integral formula
of Garrett-Harris [GaHal, see also [LBP], [PTr].
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On p-adic families of L-functions

L Introduction

A motivation: why study L-values attached to modular

forms?

A popular proceedure in number theory is the following:
Compute f via

Construct a generating modular forms,
function £ = 3"7° 5 anq" for example A number
€ C[[q]] of an arithmetical =~~~ ~ .
. (solution)
function n — a,, Z p(n)q"”
for example a, = p(n) (A/q) 120
Example 1 [Chand70]:
(Hardy-Ramanujan) f f
[RpS— Good bases, Values
p(n) = EI;T finite dimensions, of L-functions,
+O(emV2/3(n=1723) 3, many relations periods,
An =V =1/28, and identities congruences, ...
Other examples: Birch and Swinnerton-Dyer conjecture, ... L-values

attached to modular forms

2]
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LStatement of the problem of Coleman-Mazur

Statement of the problem of Coleman-Mazur
This talk is about the paper [PaTV] by A.P., Two variable p-adic L
functions attached to eigenfamilies of positive slope, Invent. Math. v. 154,
N3 (2003), pp. 551 - 615, and about some further developments.

The Tate field C,,

Fix a prime p, and let C, = @p
be the Tate field

(the completion of the field

of p-adic numbers)

We fix an embedding
Ip Q- Cp. and view
algebraic numbers as
p-adic numbers via ip.

A primitive cusp eigenform f
f=f = Z anq" € 8(To(N),1)),a primitive cusp eigenform
n>1 f = fx of weight kK > 2
(where ¢ = e(z) = exp(2miz), for To(N) with a
Im(z) > 0) Dirichlet character ¢» (mod N).



On p-adic families of L-functions

LStatement of the problem of Coleman-Mazur

The special values of the [-function attached to f at

s=1,---,k—1:
where 1 — a,X + (p)p*—1X2

Ls) = S x(mann s, = (L 0pX)(1 — aX)
n>1 is the Hecke polynomial
(x are Dirichlet characters) ap and aj, are called

the Satake parameters of f

Periods of f Following a known theorem of Shimura [Sh59] and Manin
[Ma73], there exist two non-zero complex constants ¢ (f),c™(f) € C*
(the periods of f) such that for all s =1,--- ,k —1 and for all Dirichlet
characters y of fixed parity, (—1)=5x(—1) = %1, the normalized special
values are algebraic numbers:

(2im)*T(s)Le(s. ) _ 0. (2.1)

L*(f,s,x) = =)
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LStatement of the problem of Coleman-Mazur

A family of slope ¢ > 0 of cusp eigenforms f; of weight
k > 2 containing f

1) the Fourier coefficients a,(k) of f
- and the Satake p-parameter o (k)

iven by certain
ko f— " are given by
Tk Z an(k)q p-adic analytic functions k — a,(k)

o n=1
€ Q[q] € Cylal for (n, p) =1 y
2) the slope is constant and positive:
ord(ap(k)) =0 >0

A model example of a p-adic family (not cusp and o = 0): Eisenstein series
the Fourier coefficients a,(k)
and one of the Satake p-parameters
=) dl i =E
an ; kTR (k) =1
In are p-adic analytic functions,
and ordp(ap(k)) = ordp(1) =0



On p-adic families of L-functions

LStatement of the problem of Coleman-Mazur

The existence of families of slope o > 0: R.Coleman,
[CoPB]

. and a program in PARI for computing

He gave an example with o . .
such families is contained in [CST98]

a7 = r(7) = -7-2392,0 = 1 (see also the Web-page of W.Stein,
! ’ " http://modular.fas.harvard.edu/ )
The Problem, see [Co-Ma] R. Coleman, B. Mazur, The eigencurve.
Galois representations in arithmetic algebraic geometry, (Durham,
1996), London Math. Soc. Lecture Note Ser., 254, at p.6

o0
Given a p-adic analytic family k — f;, = Z an(k)q" € Q[q] of positive
n=1
slope o > 0, to construct a two-variable p-adic L-function interpolating
L*(fk7 S, X) on (57 k)
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LStatement of the problem of Coleman-Mazur

Known cases:

treated in [Am-Ve] by Y. Amice, J. Vélu,
o One-variable case in [Vi76] by M.M. Visik, and in
(k = k is fixed, o > 0), [MTT] by

B. Mazur; J. Tate; J. Teitelbaum
e 0 =0 (H.Hida) . .
(“ordinary families™) (see in [Hi93])
they correspond to powers of a

e Special values of L-functions N
grossen-character A

Z;tiihledl\;:nﬁn::cejsl\/fl—k M.Vishik of an imaginary quadratic field K
o - 1 N. ata splitting prime p,
[Ma-Vl] = Z A (a)q : (resp. to grossencharacters
aCOk
and of N.M.Katz, [Kat]), of type A\O .
which are are certain of the idéle class group A} /K
ordinary families (in the sense of Weil [We56],)
Y of a CM-field K.
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LStatement of the problem of Coleman-Mazur

Motivation comes from the conjecture of Birch and
Swinnerton-Dyer, see in [Colm03]

For a cusp eigenform f = f,, corresponding to an elliptic curve E by Wiles [Wi], we
consider a family containing f.

54

One can try to approach k =2,s =1

from the other direction, taking k — 2
instead of s — 1, this leads to a formul T
linking the derivative over s at s =1 = E
of the p-adic L-function with the panes

derivative over k at k =2 H =
of the p-adic analytic function g
ap(k), see in [CSTO8): =

pr(1) = Lo(F)Lp r(1)

. dap(k
with L,(f) = -2 ;IE

(6 54

j@i- i|2|::|:g|

k=2 The validity of this formula
needs the existence of
our two variable L-function!
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LStatement of the problem of Coleman-Mazur

Our method

is a combination of the Rankin-Selberg method, the theory of p-adic integration
with values in p-adic Banach algebras A and the spectral theory of Atkin’s
U-operator: U = U, : A[q] — A[q] defined by:

D anq" | = apna” € Alql.

n>1 n>1

Here A = A(B) is a certain p-adic Banach algebra of functions on an open
analytic subspace B C X of the weight space X = Homeone( Y, (C;). This is an
analytic space over C,, which consists of all continuous characters of the
profinite group Y = (Z/NZ)* x Zj,

The classical analogue of the weight space is the whole complex plane

C = Homeont (R, C*), s — (y — y*).

The weights k correspond to certain points in B C X. Any series

f =3 .51 29" € Alq] produces a family of g-expansions

{f = ev(f) = Zevk(a,,)q € Cplql}, which can be classical modular forms
n>1

in Q[q].
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LStatement of the problem of Coleman-Mazur

1) We construct first an analytic function L, : X — A = A(B) as the Mellin
transform

Lu(x) = /Yx(y) du(y) (where x € X = Homeont (Y, Cp), x = x(y)),

4 is a certain measure with values in A, on the profinite group Y.
2) For each s € B C X, there is the evaluation homomorphism

evs : A(B) — Cp; we obtain L,(x,s) by evaluation of an A-valued

integral:

Lu(x,s) = evs(Lu(x)) = evs (/Y xd,u) (xe X, Lulx)eA).

This gives a p-adic analytic L-function in two variables
(x,s) EXxBCXxX:

(x,8) — Lu(x,s).

3) We check an equality relating the algebraic numbers L (s, x)
(s=1,---,k —1) with the values L,(x, k) at certain points x € X (more
precisely, at x = y - yl’,‘).

0]
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p-adic integration and the p-adic weight space

p-adic integration and the p-adic weight space

Consider the group
Y = im(Z/Np"Z)* = (Z/NZ)* x Z}

and th:—: group of p-adic characters
X=Xy= Homcont(yuc;) 2 Xv}’,',’:
where

x mod Np"Z: (Z/Np*Z)* — C;
Yo:Y = 1]

(‘a profinite group with
a projection y, : Y — Z)

(the p-adic weight space,
which is a Cp-analytic group)
(a Dirichlet character)

(the canonical projection,

a p-adic character of Y)

The analytic structure on X = Xy = Homcont(Y,(le) over C,, is given by the

decomposition:

X = Hom((Z/NpZ)*,C,) x Homeont (T, C)

where Y = (Z/NpZ)* x I, T = (14 pZp)*, is a procyclic group of generator
v =1+ p, and we see that X is a finite cover of the p-adic unit disc:

X —Homeon (I, Cp) = U =
[teCyllt—1lp <1} = {xiinmt] tEW).
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Lp—adic integration and the p-adic weight space

Distributions with values in Banach modules: notation
is a point in the weight space X = Hommm(Y,(C;f)
(k, ) =y:¢ € X  (we write simply k for (k,))

A (a p-adic Banach algebra)
v (an A-module)
C(Y,A) (the A-Banach algebra

U of continuous functions on Y')
Qloc—const('y A1) (the A-algebra
of locally constant functions on Y )

Definition
a) A distribution D on Y with values in V is an A-linear form
D eloc=comst(y A) -V, o D(p) :/ ©dD.
%

b) A measure u on Y with values in V is a continuous A-linear form

piC(Y,A) =V, vH/wdu-
Y

The integral / wdp can be defined for any continuous function ¢, and any

Y
bounded distribution 1, using the Riemann sums.
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[

p-adic integration and the p-adic weight space

Admissible measures of Amice-Vélu
A more delicate notion of an h-admissible measure was introduced in
[Am-Ve] by Y. Amice, J. Vélu (see also [MTT], [Vi76]):
Definition
a) Forhe N, h > 1 let P"(Y,A) denote the A-module of locally

polynomial functions of degree < h of the variable
Yp: Y — Zy — A, in particular,

TI(Y,.A) — eloc—const(yv‘A)

(the A-submodule of locally constant functions). Let also denote
glec=an('y' | A) the A-module of locally analytic functions, so that

PLY,A) C PI(Y, A) c @locman(y A) c e(Y,A).
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[

p-adic integration and the p-adic weight space

Admissible measures of Amice-Vélu (continued)

b) Let V' be a normed A-module with the norm |- |, v. For a given
positive integer h an h-admissible measure on Y with values in V is an
A-module homomorphism

d:Ph(Y,A) =V

such that for fixed a € Y and for v — oo the following growth
condition s satisfied:
= o(p~"(""M) (32)

/ (vp — 3p)" d
a+(Np) p,V

for all K =0,1,...,h— 1,8, :=yp(a)

The condition (3.2) allows to integrate only the locally-analytic
functions: there exists a unique extension of ® to €€=a(y A) — V
(via the embedding Ph(Y,A) C €c=an(Y A)). The integral is
defined using generalized Riemann sums: take the beginning of the
Taylor expansion of a locally-analytic function ¢ € €¢=2"(Y A) (of
order h — 1) instead of just values of a function ¢.
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Lp—aclic integration and the p-adic weight space

The p-adic Mellin transform and two variable p-adic analytic

functions

Any h-admissible measure fi on Y with values in a p-adic Banach
algebra A can be caracterized by the logarithmic growth o(Iogh(-))
of its Mellin transform Lj(x) (see [Am-Ve], [Vi76], [HaH]):

Lj: X — A, defined by L;(x) :/ x(y)dfi(y),
Y

where x € X, Lz(x) € A, X C €lc=an(y A)*
Key property of h-admissible measures ji: its Mellin transform L is
analytic with values in A.

Then we obtain the function £,(x, s) by evaluation at (s,1)): this is
a p-adic analytic function in two variables (x,s) € X x B C X x X:

Li(x,s) =evs(Ly) (xe X, Li(x) € A).
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Lp—adic integration and the p-adic weight space

Example ([Am-Ve], [MTT], [Vi76])

For a primitive cusp eigenform f = f, = > 1 anq" € Sx(To(N), ) of
weight k > 2 for To(N) with a Dirichlet character ¢» and positive slope

o = ordy(«) define the integer h = [0] + 1 (where 0 < k — 1, and
1—apX +1(p)p*1X? = (1 — apX)(1 — o, X) as above).

Then there exists an h-admissible Cp-valued measure fi = fi ¢(y) on Y
such that for all couples (j, x) with 0 < j < k — 2, and for any nontrivial
primitive Dirichlet character x mod p¥ satisfying x¢(—1) = (—1)k—17,
there is the following equality (in Cp):

[xwsidn=i, (i G0 150) (=e0d). 63

where G(x) is the Gauss sum of the character x mod p*, and L¥(1 + j, X)
is given by a choice of periods (2.1). In other words, the complex L-values
(3.3) attached to f coincide with the values Lj(x y3) of the p-adic Mellin
transform of fi.
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LCoIeman's families

Coleman’'s families: notation

The proof of the existence of families of slope o > 0 by R.Coleman, [CoPB], uses the
following ideas: let us consider

[K:Qp] < o0 — a finite extension of Q, contaning
all the Fourier coefficients
ip(an) of

A=Ak (B) - the K-Banach algebra
of rigid-analytic functions

evg :A— K — the evaluation map

defined for all (k,v) € B
(a neigbourhood around (k,v) € X).

M(N; A)f - a Banach A-module of overconvergent
= U M(va,w;A)T families of modular forms:

v>1 this module is generated by some
c Aldl g =2 nlobng" € Alq]

such that evk(g) € K[q]
are classical cusp eigenforms for all k
with (k, %) in a neighbourhood

B of (k,v) € X.
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L Coleman’s families

Coleman proved:

e The operator U acts as = there exists

a completely continuous operator the Fredholm determinant
on each A-submodule M(Np¥; A)T Py(T)
C Afgq] (i.e. Uis a limit =det(ld — T -U) € A[T]
of finite-dimensional operators)

such that evk(g) € K[q]

are classical cusp eigenforms

for all k such that (k, )

is in a neigbourhood

B around (k,¢) € X

(see in [CoPB])

e there is a version

of the Riesz theory:

for any inverse root o € A*
of Py(T) there exists

an eigenfunction g, Ug = ag
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L Coleman’s families

Definition

a) A function g € M(Np*; A)t C A[q] is called Coleman’s family if
Ug = ag, and the functions evi(g) € K|q] are cusp eigenforms for all
k such that (k, 1)) is in a neigbourhood B around (k, ) in the p-adic
weight space X, and ord,(a(k)) = o > 0 is constant and positive,
where a(k) = evi(a) € K Nip(Q)

b) Let f € Q[q] denote the primitive cusp eigenform attached to
evk(g) € Klq]. Then the family {fy} of classical primitive cusp forms
is also called Coleman’s family.

Remark

Hida's families correspond to o = 0, they were constructed in [Hi86]
(see also [Hi93]).

There exist analogues of Hida's families in the Siegel modular case.
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L Main results

Recall that by [Rab52], [Za77] and [Sh77], the numbers

Lf(l +Ja>_()1-f(k - 175)

T e Fen are algebraic for all j € Z with 0 < j < k — 2,

x&(—1) = (—1)k=1J (here (fx, fi)np denotes the Petersson scalar product.

Main Theorem
Consider a nonzero analytic function o = a(s) € A* defined in a neigbourhood
B of (k,v) € X, and consider Coleman’s family

f= {fk =y an(k)q“} € Aldl

n=1

with coefficients in the algebra A = A(B), where a € A* is the corresponding
eigenvalue of U. Suppose that the slope ordp(a) = o > 0 is fixed for all

a = a(k) with (k,) in B, and define the integer h = [o] + 1.

Then there exists an h-admissible measure [i = i, ¢ with values in A on the
group Y, determind by the following property:
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L Main results

Main theorem (continued)

for all couples (j,x) with 0 <j < k —2, k > 20 + 2, any primitive
Dirichlet character xy mod p satisfying x&(—1) = (—1)k17/, the
following equality holds:

eu ([ xtrvion) =i (R EeW i 0 470.) - 64

where G(x) is the Gauss sums of x mod p¥, and R, € Q* is an
elementary factor coming from an explicit choice of periods c* ().
The choice of periods: fix two Dirichlet characters £ mod p of
different parity then

(—2im)k =1 (£, fk>NE , where £(—1) = £(—1)k"1. (5.5)

(f) = M(k— 1)Ly (k—1,€)
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L Main results

A key ingredient in our construction
is the use of a linear form

zoz(k) : Mk(Np7¢7@) - @a

such that a(k) € Q%, Lok (Uph) = alyk)(h) for all h € My(Np,1,Q), and
1 — apX +1(p)pk1X2 = (1 — a(k)X)(L — a(k)'X) for a primitive cusp

eigenform f = Zanq" € 8x(Fo(N), v, Q) of weight k > 2 for Io(N) with a

Dirichlet character 1 (mod N). One can define such linear form by
_ (f0, h)

Lo h— o) where

fo is an eigenfunction of Up: fo|Up = a(k)fy, and

f0 is the corresponding eigenfunction of Uy: fO|Uy = a(k)f°,
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L Main results

LEigenfunctions of Up and of U;.

Functions fy and °

Recall that for any primitive cusp eigenform £ = > an(f)q",
there is an eigenfunction of U = U, with the eigenvalue

a= af,l) € Q (U(f) = afy) given by

fo=> ang"—a' > ang”" = a(fy, n)q" € 8(Fo(Np), 1, Q), and

n>1 n>1 n>1

© =), (g o) =X, < Srolp). 0. 0

n>1

is an eigenfunction of the adjoint operator U, is explicitely
computed in [Go-Ro].
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L Main results

LEigenfunctions of Up and of U;

The answer to the question of Coleman—Mazur

is given by the function (5.6) of the following theorem:

Theorem
Under the assumptions and notations of Theorem 5.2 there exists a
unique p-adic analytic function on X x B (of two variables x,s),

Lof(1,2,6f): X xB—Cp (5.6)

such that

i) for any fixed (s,v) € B, the function L, ¢(x,s;&, f) of the variable
x is Cp-analytic and has the logarithmic growth o(Iogh(x)),

ii) for each couple (x,j) with0 < j < k —2, k > 20 + 2 and any
primitive Dirichlet character x mod p¥ € X' with values in K*
satisfying v > 2, x£(—1) = (—1)k~17, the special value

Lxyh, k&, f) is given by the image under i, of the algebraic number

PTG 1+ (1 4 } ), where G(x) is the G fx mod p"

- (k) fk( +J,X), where G(x) is the Gauss sums of x mod p",
P

and R, € Q* is an elementary factor given by the explicit choice of

periods c*(f;), as in (5.5).
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Construction of the admissible measure fi

Recall the Definition 3.2: an h-admissible measure on a profinite group
Y with values in an A-module V is an A-module homomorphism

i PhY, A=V,

satisfying a certain growth condition (3.2).

This means that /i is given by a sequence {y;} of certain distributions
on Y, in such a way that for j =0,1,--- ,h— 1 and for all compact
open subsets U C Y one has

/Uy,’;dﬂ = 15i(V). (6.7)
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Recall: the growth condition (3.2)

is needed in order to define an h-admissible measure ji out of a
sequence {y;} of distributions on Y, in such a way that

/ny;dﬁ = (V)

for j=0,1,--- ,h—1 and for all compact open subsets U C Y.
This condition has the form: for t =0,1,--- ;h—1

/ (}’p - ap)td/:‘
a+(Np¥)

= 20 (j)(—ap)t*j‘uj(a + (Np"))| = 0(pv(h7t)) for v — oo.

p

(6.8)

p

In this condition the elements 1;(a + (Np“)) belong to a p-adic

Banach algebra A.
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We construct the sequence i out of products of Eisenstein series:

15 = la(ma(®})), (=01, h—1),h=[0] +1.

> ®; is a sequence of modular distributions on Y with values in a
certain A-module M = Mpy(1); A) of modular forms with
coefficients in A (it has infinite rank):

Mu (9 A) = [ M(Np*, 9 A),
v>0

(our modular forms ®;(x) are products of certain families of
classical Eisenstein series in A[q])

> T, is the canonical projector onto the characteristic A-submodule
M = M*(A) of Atkin’s operator U (Zn>0 b,,q"> =3 >0 bpng”
(Key point: the A-module M*(A) is locally free of finite rank)

> (o € Hom4(M?*, A) is a A-linear form (given by the Petersson

O h
scalar product with h € M?, as in Section 3: h+— (F, h) ,
(f0, fo)
normalized by the equality ¢,(g) =1 for Coleman’s eigenfunction

g ="fhe M~
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Main congruence: criterion of admissibility

Theorem
Let 0 < |a|p < 1 and suppose that the following conditions are
satisfied: for all r =0,1,---,h — 1 with h = [ordpa] + 1, and v > 1,

®,(a+ (Np)) € M(Np¥)T  (the level condition) (6.9)

and the following p-adic congruence holds: for allt =0,1,--- h—1

)

t

vy <:>(—ap)t_’<b,(a + (Np¥)) = 0 mod p*t (6.10)

r=0
(the divisibility condition)

Consider the linear form 5“(5a+(,vpv)y,;) = ma(Pr(a+ (Np")) (defined
on local monomials of degree r =0,1,--- h—1).
Then ®* is an h-admissible measure: ® : Ph(Y Q) — M* c M
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Proof uses the commutative diagram:

MNP,y A)F 2% M (Npv ;A
Uv lz Uv
M(Np, b A —  M(Np,h; AT = ME(NpY 2, A).

Ta,0

The existence of the projectors 7,,, comes from Coleman’s Theorem
A.4.3 [CoPB].

On the right: M®(Np¥*1, ;. A)" does not depend on v (a version of
Hida's Control Theorem), and U acts on the locally free A-module
M*(Np“ 1, A)f via the matrix:

ey *
0 « *

where o € A*
0 0
0 0 - «

= U" is an isomorphism over Frac(A),
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One controls the denominators
of the modular forms of all levels v by the relation:

Tav(h) = U "mao(U"h) =: mo(h) (6.11)

The equality (6.11) can be used as the definition of m,. The growth

condition (3.2) for 7, (®,) is deduced from the congruences (6.10) between
modular forms, using the relation (6.11).

Recall: then we obtain the function L, (x, s) by evaluation at (s,1)): this is
a p-adic analytic function in two variables (x,s) € X x B C X x X:

La(x,s) = evs(Li) (x€X, La(x) € A).|
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Modular Eisenstein distributions ®;

Consider again two auxiliary Dirichlet characters {¢ mod p, {(—1) = £1,
and use the method of Rankin-Selberg for the convolution

D(s,f,g) =Ln(2s +2 — k — 1,16x) > _ anbpn™*, where (7.12)

n=1

by =0)_158(n) = Y X(d)é(n/d)d",

d|n,d>0

are the Fourier coefficients of an Eisenstein series g = > /% byq" of
weight / (and of Dirichlet character ¥¢) if xy¢(—1) = (—1)/, so that

oo

Lg(s) = ban~* = L(s — 1+ 1,X)L(s, ).

n=1
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Rankin's lemma (cf. [Rab2]) gives
D(s,f,g) =Ln(2s+2—k—1,¥€x) > anbpn™* (7.13)

n=1

= Lf(S — I+ 1)5()Lf(53 g)a

and evaluation at s = k — 1 is expressed through the Rankin-Selberg
integral of f with the product of two Eisenstein series of weights
k—1—jand1+:

(f, Ex—1-j(& X) Erj(EX)) Np -

One defines the modular distributions ®; on the group
Y = lim(Z/Np"Z)* in such a way that the modular form

®;(x) IS Alg] is the product of these Eisenstein series with variable
coefficients in A:

evic(D(X)) = (—1Y Ex_1-(& x) Erj (¥€x) =: ;4 (X).
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Main congruence
Explicitely, the Fourier coefficients of ®; (for j =0,..., k —2) are given by

®j(a+ (NpY)) (7.14)

= Z wg(b)z Z Aj(n1,ab)Bj(na, b)q" € Alq], where
b mod Npv

n>0 ni+na=n

Aj(ny, ab)(k) = 3 E(ch)sgn (dh)dy > (7.15)
(Yl o p

Bi(m, b)(k) = > sgn(d2)(m/dy)Y for ny>0.
domb e N

(Note that the last series has constant coefficients). One verifies
coefficient-by-coefficient that the consructed modular distributions ®;
] satisfy the level condition and the divisibility condition (6.9), (6.10):
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Main congruence (continued)
03 (£) - ap)T0yta+ () (7.16)

j=0
o/t L .
=3 (.)(—ap)f—f > > (~1YAi(m,ab)Bj(ny, b)q"
Jj=0 J n>0 ni+n2=p¥n
éO(modp“’).
Let us fix n; et np with ny + ny = p¥n, di|m and da|ny with

(n1/d1) = ab mod Np" et d» = b mod Np¥, and write only the terms
which depend on j:

S ot () =2 (o () o

t
=df2d;t (7ad2 + (3—1)) =0 mod p*".

The congruence (7.17) is then satisfied because p { d» and

a0 = modp”
a d1d270p.
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Algebraic A-linear form /£, : M(A)l — A

Let us describe a linear form £, on the locally free module
Mp(h; A)® = mo(Mu(1); A)) of finite rank.

Let use a basis {g'} of M¥(A)T over the field of fractions Frac(A), such
that g! = g is fixed Coleman'’s eigenvector as above, and g’ are
eigenfunctions of all Hecke operators T}, (/1 Np).

Define £, (h) = x1, where h =", x;g',x € A

(the first coordinate of h € M(A)f. An explicit evaluation in terms of the
Peterson product shows:

evk(ﬁa(h)) = fa(k)(hk), where hy = evk(h) S Mk(N,’l/))

The R.H.S. can be computed for classical modular forms hy through the
(normalized) Petersson scalar product, moreover, ¢,(g) = 1.
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Proof of Main Theorem

6]

Take the admissible measure fi, := anf(&)a), with ® constructed
by the admissibility criterium of Theorem 6.1 out of products of
Eisenstein series ®; and the linear form ¢, ¢ (the Petersson product
over A). Let us compute the integrals

eu ([ 0 dfes) = enltalma(®00) = (0.16)
(LU~ 700 U" ;1))
O, UY®; k(x))

= La(k) (Ta(k)Pik(X)) = O‘(k)_v< (2, (fi)o)

for primitive Dirichlet characters x mod pY, using the relation
(6.11): ma(h) = U™Vma0(U"h), where o
Dk = evie(®)) = (=1 Ex—1-(&, X) Ex1j (¥Ex).
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Proof of Main Theorem (continued)

The value of the p-adic integral (9.18) can be computed using the
Rankin—-Selberg convolution:

Li(s—1+1,0)Ls(5,8) = Lu(25+2— k= 1,9€X) Y an(k)ban ™",

n=1

where by = 0;_; ¢ #(n) = > gn.d>0 X(d)é(n/d)d'1, are the
Fourier coefficients of an Eisenstein series g = Y °; bpq" of
weight | with character ¥¢) (if x¢(—1) = (—1)/).
Puts=k—-1,1=k—-1—j,j=0,---k—2with kK > 2+, into
(9.19):

(9.19)

Lfk(l +J7)_<)Lfk(k - 175) = LN(]- +Jawa) Zan(k)bnn_k+1.

n=1
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Proof of Main Theorem (continued)

Using this equality, the R.H.S. of (9.18): is then computed using
the Rankin-Selberg integral in the form:

eu(lalmal &000) = - 2 g1 (14 7.5),

(—21.7T)k71<7(k, fk>
Mk —1)Ls (k—1,8)

where ¢ () =

G(x) denotes the Gauss sum of the character x mod p¥, and

ty € Q* is an explicit elementary constant. Then one applies
directly theorem 6.1 (the admissibility criterion) with > = 1, and
the congruences (7.16) in order to obtain the required h-admissibles
measures [i = jif o in the form pf , = gﬂa(qﬂ)a) (given by the
sequence of the distributions ®% = 7, (®;)).
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Conclusion

After having an admissible measure ® with values in modular
forms over the algebra A, we then construct the required
h-admissibles measures fi = fif o in the form fir , = Ea(éo‘), as
explained above.

Indeed, we obtain the function in question £,(x,s) by evaluation at
s = (s,%) € B: this is a p-adic analytic function in two variables
(x,8) X xBCXxX:

Li(x,s) =evs(Lp)(x) (xe€ X, seB, Ly(x)eA).

Here A = A(B) denote again the Banach algebra A and B is an
affinoid neighbourhood around s = (s,v) € B (with a given
Dirichlet character 1) mod N).
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A further development: Garrett's triple products

Our data: three primitive cusp eigenforms

fi(2) = anjq” € 8k (Nj, ¢), (j =1,2,3) (10.20)

n=1

of weights ki, ko, k3, of conductors Ny, Np, N3, and of nebentypus
characters 1) mod Nj, N := LCM(Ny, N>, N3).

Let p be a prime, p { N. We view f; € Q[q] &, Cplq] via a fixed
embedding Q &, Cp, Cp = @p is Tate's field.

Let x denote a variable Dirichlet character mod NpY,v > 0.

We view k; as a variable weight in the weight space

X = Xnpv = Homeont (Y, C}), Y = (Z/NZ)* x Z5 5 (y0,Yp)-

The space X is a p-adic analytic space first used in Serre’s [Se2] Formes
modulaires et fonctions zéta p-adiques. Denote by (k, x) € X the

homomorphism (yo, yp) — x(¥0)Xx(yp mod p")y,’,‘. We write simply k; for
the couple (kj, ¥;) € X.
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A four variable p-adic L function

attached to Garrett's triple product of three Coleman’s families
oo
ki — {’?,k,- =y an,j(kj)q”}
n=1

of cusp eigenforms of three constant slopes o; = ord,(« (1 )(k )) > 0 where

O‘Eu)(kl) af}(k ) are the Satake parameters given as inverse roots of the

Hecke p—polynomial
. 1 2

—ap X = wi(p)P X2 = (1 o (p)X)(1 ~ o )(p)X).
We assume that ord,(«a f”)(k )) < ordp(a Ew)(k ).
This extends a previous result: (see [PaTV], where a two variable p-adic
L-function was constructed interpolating on all k a function
(k,s) — L*(fy,s,x) (s=1,--- ,k —1) for such a family.
We use the theory of p-adic integration with values in spaces of nearly
holomorphic modular forms (in the sense of Shimura, see [Sh2000]).
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Generalities on triple products

The triple product with a Dirichlet character y is defined as the following
complex L-function (an Euler product of degree eight):

Lhohohsx)=]]L(hehHHR)x(P)P ) (10.21)
ptN
where L((A ® h ® ), X) ! = (10.22)
(1) (1) (1)
@ 0 « 0 « 0
det ( 1g — X 8’1 el 2ol 8 e
apq po ap3
_ H(l D)o 1240 x)

1 1 1 1 2 2 2
=(1 N E,% alx)(1 - allal)a@)x)-. . (1 - aPlaB)al?)x),

product taken over all 8 maps n: {1,2,3} — {1,2}.
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Critical values and functional equation

We use the corresponding normalized L function (see [De79], [Co],
[Co-PeRi]), which has the form:

ANA®AKR®KB, s X)= (10.23)
Fe(s)Te(s — ks +1)c(s — ke +1)lc(s — ki +1)L(Hh ® L ® £, 5, X),

where 'c(s) = 2(27)~°I'(s).

The Gamma-factor determines the critical values

s=ky, -, ka+ ks — 2 of A(s), which we explicitely evaluate (like
2

in the classical formula ((2) = %) A functional equation of A(s)

has the form:
st—ki+k +k3—2—s.
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Statement of the problem

Given three p-adic analytic families f; of slope o; > 0, to construct a
four-variable p-adic L-function attached to Garrett's triple product of these
families

We show that this function interpolates the special values
(s, ki, ko, ko) — Nk @ Bk, ® f3 k35S, X)

at critical points s = ky,--- , ko + ks — 2 for balanced weights
ki < ko + k3 — 2; we prove that these values are algebraic numbers afters
dividing by certain “periods”.

However, our construction uses directly modular forms, and not the
L-values in question.

A comparison of special values of two functions is done after the
construction.
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Introduction.

Ce travail est consacré a I’étude de certaines bases normales d’espaces
de Banach p-adiques constitués de fonctions continues ou analytiques.

\

On sait [15] que toute fonction a valeurs p-adiques, continue sur

I'anneau Z, des entiers p-adiques est la somme d’une sériez a,1<fl>,
nxo
uniformément convergente sur Z,. Les coefficients de cette série se
calculent par interpolation & partir des valeurs prises par la fonction
sur la suite des entiers naturels. Nous généralisons ici ce résultat : les
ensembles de définition des fonctions étudiées sont des compacts suffi-
samment réguliers, les suites permettant l'interpolation des fonctions
continues sont les suites que nous appelons trés bien réparties.

Le chapitre I rassemble des résultats valables dans des espaces
métriques compacts totalement discontinus dont la métrique satisfait
a une condition de régularité [condition (D) du paragraphe 1]. Ces résul-
tats s’appliquent & une famille trés large de compacts d’un corps local :
on obtient alors, d’une part les propriétés d’interpolation des fonctions
continues qui font I’objet du chapitre II, d’autre part des bases normales
des espaces de fonctions analytiques que nous construisons au chapitre II1I.

Les théorémes 2 et 3 du chapitre III permettent de caractériser les
fonctions localement analytiques parmi les fonctions continues et de
déterminer a l'aide de la série d’interpolation le plus petit rayon de
convergence des séries de Taylor d’une fonction localement analytique (').

(*) Theése Sc. math., Paris, 1963.
() Une partie de ces résultats figure dans [1], [2] et [3].
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Enfin, au chapitre IV, nous appliquons certains des résultats précé-
dents a l'interpolation des sommes de séries de Laurent et 4 des prolon-
gements continus de l’exponentielle.

NoTATIONS :

p est un nombre premier, Q, le complété p-adique du corps Q des
nombres rationnels, et Z, est ’anneau de valuation de Q,;

K désigne un corps local & valuation discréte, A est I’anneau de valua-

tion de K et m I'idéal maximal de A. Le corps des reste f = A /m est
fini; ¢ = p” est son cardinal. De plus, K est complet.

Nous notons v (x) (resp. |z |) la valuation (resp. valeur absolue) d’un
élément x de K. Si K est de caractéristique o, v prolonge la valuation
normalisée de Q, : v(p) =1 et |x| = p~),

CHAPITRE 1.

Suites trés bien réparties.

1. Systémes projectifs réguliers.
1.1. Définitions.

Considérons un systéme projectif dénombrable d’ensembles finis cons-
titué par :

(a) une suite d’ensembles finis (M,)neN;

(b) des applications ¢, de M, dans M;, définies pour k <n et telles
que pour k <n <m, on ait

Ch,m = Qx,no Pn,me

Soient M la limite projective de ce systéme et pr; la projection cano-
nique de M dans M;.

La limite projective des topologies discretes des M, munit M d’une
structure d’espace compact totalement discontinu métrisable (ultra-
métrique).

Soit «€ M : les ensembles

Vi(@) = pri' (pre(=))

forment un systéme fondamental de voisinages ouverts et fermés de .
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DErFiNITION. — Nous dirons que les données (a) et (b) définissent un
systéme projectif régulier si elles satisfont aux conditions suivantes :
PR 0. M, est réduit a un élément;
PR 1. Les projections ¢, sont surjectives;
PR 2. Il existe une suite d’entiers naturels q,>>1, définis pour n>1
et tels que, quel que soit « € M,_,, on ait
Card { ¢4 ,(#)} =g

La condition PR 0 n’est introduite que pour la commodité des notations.
La condition PR 1 restreint les ensembles M, a leur partie « efficace »
dans la définition de M : le systéme { M,, 91} est, en effet, équivalent
au systéme

M, = pr.(M),

Py = Qtn | M,
qui satisfait 4 PR 1.

Nous allons montrer comment PR 2 caractérise certains aspects de

la structure de M. Soit v(z, y) la fonction & valeurs entiéres, définie
sur M XM par

v y)=sup (k|n@ =n(@)| si zF£y,
v(x, ) =+ oo.
Cette « valuation » satisfait & I'inégalité ultramétrique :
v(z, z) > inf (v(z, y), v(y, 2)).
Soient ® un nombre réel, o <w <1, et
do (x, §) = wrl@),
la distance d,, induit la topologie naturelle de M, et les voisinages V()
définis plus haut sont les boules
do(x, 2) Z k.

On déduit immédiatement de PR 2 la propriété :

(D) Pour k>.1, il existe un entier q:>1 lel que toute boule V;_,(o)
soit réunion disjointe de qi boules Vi(a;) (i =1, ..., Q).

DEriNITION. — Soit M un ensemble muni d’une fonction a valeurs
entiéres définie sur M X M, notée v(x, y) et satisfaisant, quels que soient x, y
et z dans M a :

v(z, y) = v(y, )

V@, Y) =t S y==1

v(z, 2) > inf (v(z, ), vy, 2)).

Nous dirons que la fonction v est une valuation sur M, ou que M est
valué par v.
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Il est immédiat qu’étant donné w, o <w <1, la fonction
dy(x, §) = @'

est une distance ultramétrique sur M. De plus, si M est compact pour
la topologie définie par cette distance, toute boule Vi(2) = {x|v(z, @) > k}
est, quel que soit k> o, réunion finie de boules V,.,(3). Nous dirons
alors que M est un compact valué.

Soit M un compact valué, tel que les boules associées a la valuation »
satisfassent a la propriété (D). Nous lui associerons :

— la relation d’équivalence m;, définie pour k> o, par
zmy < Vi@) = Vi(y);
— le quotient M; de M par =;, et la projection canonique pr; de M

sur M;;
— Tapplication 9, de M, sur M;, définie pour k <n par

@r,n(2) = pri(pr;' («)) pour o€M,.

Le systéme (M, ¢k,,) est alors un systéme projectif régulier, que nous
associerons canoniquement a la valuation v, et dont la limite projective
est isomorphe a M.

DEFINITION. — Nous appellerons compact valué régulier, un compact
valué dont les boules satisfont & la condition (D).

1.2. Exemples.

1.2.1. Soient Ay, ..., A,, ... des ensembles finis non vides et ¢, le
cardinal de A,.

Les produits M,= A, X ... x A, (M, réduit & un élément), munis des
projections canoniques de M, sur M;, définies pour k < n par

@1y ooy ) > @1y v ey T) (x:€A)),
forment un systéme projectif régulier.

Réciproquement, tout systéme projectif réqulier est isomorphe a un tel
systéme.

1.2.2. Soit (G., 9,4) un systéme projectif de groupes finis, c’est-
a-dire un systeme de données (a) et (b) satisfaisant de plus a :

(¢) G, est un groupe et ¢, un homomorphisme de groupes.
Supposons que ce systéme satisfasse 8 PRO et PR 1, ce qui est

loisible, quitte & le remplacer par un systéme équivalent. Alors il satis-
fait a PR 2.

En effet, le noyau H, de ¢,_,, est un sous-groupe distingué de G,,
donc chaque ¢3!, , () est une classemodule H,et a Card H, = ¢, éléments.
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Réciproquement, soit G un groupe compact totalement discon-
tinu muni d’une distance d invariante par translation a gauche. Les
boules de centre I’élément neutre sont des sous-groupes de G,
Hy=GoH,>...5H,>..., et G s’identifie canoniquement a la
limite projective des espaces homogénes G/H,, dont on vérifie aisément
qu’ils forment un systéme projectif régulier. On peut ici associer a la
distance d une valuation canonique, en choisissant pour les sous-groupes H,
toutes les boules centrées a 1’élément neutre, et en ordonnant la suite H,
par inclusion stricte : avec ces conventions, un groupe compact totalement
discontinu muni d’une distance invariante a gauche est un compact

- valué régulier.

1.2.3. Soit a une suite de nombres entiers positifs,
a=(a, QG ..., Ap, ...) (a.>1).

Soient by=1, b= a,...a,, et A, 'anneau Z/b,Z.
Les anneaux A, munis des homomorphismes canoniques ¢, de A4,
sur A;, définis, pour k < n, par 'isomorphisme

Akg Arl/ak+1 LRI anAn;

forment un systeme projectif régulier d’anneaux. La limite projective Z,
de ce systéme est un anneau topologique compact dans lequel Z est dense
(cf. par exemple [9]).

En particulier, si p = (p, p, ..., p, -..), 'anneau Z, est I’anneau des
entiers p-adiques.

De plus, comme il résulte de 1.2. 1, un compact valué régulier, auxquels

sont associés les entiers qi, ..., ¢, ..., est homéomorphe a I'anneau Z,,
ot a=(q1, -+«s Qus --.)
1.2.4. Soient K un corps local et « = {«, ..., a¢;} un systeme de

représentants de f = 4 /m.
A une suite (P;);~; de parties non vides de o, on peut associer le

compact M :
M:{xlx:Zaiﬂ'i, diEPi},

i,

Le systéme projectif « naturel » de M induit par la structure canonique
de limite projective de K est alors un systéme projectif régulier. Nous
indiquerons au paragraphe 2.4 comment nous normaliserons le systéme
projectif associé 4 un tel compact. En particulier, 'anneau de valua-
tion A (ou une boule quelconque de K) sont de tels compacts pour
lesquels ¢, = ¢q pour n>1.

La circonférence unité U de K, ensemble des éléments inversibles
de A : U= 2 x{ x| =1 ( est aussi un tel compact pour lequel

G=q—1 et g.=q pourn>o.
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1.3. Mesure.

Soit M un compact valué régulier. Les mesures j1; définies sur M; par
(lz))= 5
P - Nk

forment un systéme projectif de mesures [5] qui définit sur M une forme

linéaire telle que p(Vi(2)) = N—I— En particulier, si M est un groupe,
k

- est sa mesure de Haar.

Soit ¢ (M) I'espace des fonctions continues sur M et 4 valeurs complexes
muni de la norme de la convergence uniforme : p. définit sur € (M) une
mesure de norme 1.

2. Suites trés bien réparties.

Dans ce paragraphe, ainsi qu’aux paragraphes 4 et 5 de ce chapitre,
M est un compact valué régulier de valuation v, ¢, ..., . sont les entiers
définis par la condition (D), N,= ¢, ...¢q. - est la mesure ci-dessus
définie; enfin, (M., ¢x,.) est le systéme projectif régulier canoniquement
associé a v. '

2.1. Définitions.

Soit u une suite a valeurs dans un ensemble X. Nous noterons u; la
valeur u (i) de la suite u au point i€ N et S,(u) 'ensemble des n premiéres
valeurs de u

Sa(u) = {ug, Uy ouvy ity } [So(u) =9].

DErinitioN F. — Soient F un ensemble fini, N son cardinal, u une
suite a valeurs dans F. Pour x€ F et n> 1, posons

vu(x, n) = Card {u—'(x)n[o, ..., n—1]}.

Nous dirons que u est bien répartie dans F si, quels que soient t€F
el n>1,

n . . n
v(z, n)> [N’] <partle entiére de N') .

DeriNiTion BRh. — Soient M un compact valué régulier et h un
entier > 1 : une suite u a valeurs dans M est bien répartie d’'ordre h
dans M si, pour i = h, pr;o u est bien répartie dans M,.

DEriniTION TBR. — Une suite u a valeurs dans M y est trés bien
répartie si elle est bien répartie d’ordre h, quel que soit h>1.





124 Y. AMICE.
Pour e €M, k>1 et n>1, nous poserons
vu(a, n, k) = Card { u="(Vi(2))n[o, n —1]}
(si u est injectif, on a aussi
vu(a, n, k) = Card { Vi(2)n S, (u)}).

En général, une seule suite u interviendra : nous écrirons S, et v (o, n, k)
pour S,(u) et v.(a, n, k).

ProposiTiON 1. — La suite u est bien répartie d’ordre h dans M si et
seulement si elle satisfait a I'une des quatre conditions équivalentes ci-dessous :

BRh 1. — Quels que soient n>1 et 1=k Zh,

sgg» {v(a, n, k)—algfl{ v(a, n, k)} L.
BRh 2. — Quels que soient a€ M, m>1 et 1=k <h,
v (o, MmNy, k) = m.
BRh 3. — Quels que soient a€ M, n>1 ef 1=k h,

v (2 n, k)é[l—vn—k]-

BRh 4. — Quels que soient a€ M, n>>1 ef 1=k h,

v(a, n, k) < [nl;kl] + 1.

Remarquons tout d’abord que v(«, n, k) = vprpon (pre(a), n) : I'équi-
valence de la définition BRh et de la condition BRh 3 en résulte immé-
diatement.

==3

Nous allons montrer que 2"y :;22, ce qui démontrera la propo-

—
sition.

=1 o _[n].
2:>3. Soient n>1, k-~het m= [Nk]
Alors mN;< n < (m + 1) N;; donc, quel que soit « €M,

v (o, mNy, k) = v (2, n, k) =< v (o, (m + 1) N, k).

Or, v(2, mN, k) = m et v(a, (m 4+ 1) N}, k) = m +1, dou

[]—G;]év(a, n, k=14 [NLkJ,

ce qui démontre 1 et 3.
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1=4. Soient n>1 et kh, et soit £ = inf v(«, n, k), alors
xeM
supv(a, n, k) <7 +1.
ael

Soient «, ..., ay, des représentants de M; :

Donc
Nt Zn =Ny +1)
et
n
1
T [ Nk] =L+1
. [ n ‘n—1 . e .
Si I:N—L] = [—/._]’ la condition 4 est satisfaite. Sinon, n = mNy,
on a ;= m : alors sup v(«, n, k) = m 4 1 entraine

ceM
N
Zv (@, n k) >m+14+ (Nr—1)m=n-+1,
i=1
ce qui est absurde. Donc 4 est démontré.

3=2. En effet, d’aprées 3, v(a, mN;, k)>m, ce qui entraine,
comme nous venons de le montrer, v(x, mN, k) = m.

4—2. En effet, d’aprés 4, v(a, mN, k) Zm et s’il existe un @;
tel que v(o; mN;, k) < m—1, on obtient
Nk

n :Zv(a,-, nk)y=m—i+m(Ny—1)=n—r,

i=1
ce qui est absurde.

CoroLLAIRE 1. — Une suite u est bien répartie d’ordre h dans M si el
seulement si, pour m > o, chacune des suites u'™ : n ~»> u,, v, satisfait a
l'une des conditions BRh 1, 2, 3, 4.

En effet, si u est bien répartie d’ordre h,

N/l
N

vy (e, MmNy, k) = m==> pour kh,

Vym ((Z, n, k) = ‘J‘.,((Z, mN/L+ n, k)_m JN\QL’
k
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n mN;,-+n N, .  es
| = — __= (m)
Or, [ NI:] [ N, ] myy - ce qul montre que u" satisfait aux
conditions BRh 1, 2, 3, 4.
Réciproquement, ul® = u.
ReEMARQUE. — Compte tenu de la notation €, introduite au para-

graphe 2.2, la proposition 3 admet 1’énoncé équivalent suivant :

Une suite u est bien répartie d’ordre k dans M si et seulement si,
pour m> o, la suite finie U, = { Wuv, .., Umsn— | Satisfait a Zy,.
On en déduit aisément le critére de trés bonne répartition suivant :
CoROLLAIRE 2. — Une suile u est trés bien répartie dans M si et seulement

si, quels que soient m > o et k> 1, I’ensemble des valeurs u,, ott n = j + mN;,
0 £ j < N; forme un systéme de représentants de M,.

2.2. Construction de suites trés bien réparties.

Désormais, nous supposons que M n’est pas fini (et conservons les
notations du paragraphe 2).

Etant donnée une suite finie S,= {u,, us, ..., Un— }, nous dirons
qu’elle satisfait a <, si

) - {Ikégjlé"l - lNL]év(a,j,k)é1+[j;I].
weM ’ 3 k

11 est clair qu’une suite u est trés bien répartie si et seulement si S, (u)
satisfait a <, quel que soit n > 1.

ProrositioN 2. — Soit S,= {u,, ..., U | salisfaisant a <, :
pour que S, .= S,V {u,} satisfase a T, il faut et il suffit que,
pour k>1,

n
v(Un, 0, k) = [M]
Cette condition est nécessaire : soit en effet k.1,

.(frH—i = V(H,L,n—l"l, k)él—}_[n_l_zvlk_l].

or, v(tn n, k) = v(u, n + 1, k) —1, d'out

v(Uns 0, k) = lNLAJ

Réciproquement, supposons que, pour k>-1, on ait

n

v(Un, n, k) = [m]
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Fixons k, et soit ae M :
v(2,n, k) sioadg Vi(u),

v(e, n+1, k) = i 1+ I:i] si a€ Vi (w),

Ny
alors
. [n+1} [ n- .
— ou blen[ N ]_‘mi donc quel que soit a€ M,
‘n-1 n’
[ N, ]é)('}(,n—f—l, k)él+[mJ

et ,., est satisfaite;

. n-+i1 n .
— ou bien [ N, ]~ 1+ [—Ml, dans ce cas on a encore, quel que

soit a e M,
v(e, n +1, k) =1+ [Ni]
k

Montrons qu’on a aussi

v(a,n—}—l,k);[n;r:}:m

Soient «,, ..., 2\, des représentants de M;, et supposons par exemple
que u,€ V(). Alors

vz, n k)=m—i,
donc

N
Eu (2 n, k) =n—(m—1) = m (N;—1).
Or, pour tout i, v (a; n, k) < m, donc, pour i = 2, ..., Nz,

v(a; n, k) =m=v(a, n+1,k)
et
v(a, n 41, k)=m.
C. Q. F.D.
ProrosiTioN 3. — Soit S, = {u, uy, ..., Up_1} Satisfaisant a <,
el posons

n—1

vn(x) = 2 v (x, u).

i=0
Les propriétés suivantes sont équivalentes :
(i) va(x) = inf v.(y);
yeMm

@) 0@ =X 7 |

kx>t
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Gi) pour tout k1, v (&, 1) = 57 |
N;
(iv) la suite S,v { x| satisfait a 2,...
De plus, U'ensemble E, des éléments x satisfaisant a U'une de ces propriétés
est ouvert ef compact, et sin =n,+ n N, +...+ nNy+. .., 0 Z n; <qivr,
~+®
E)= ( — "_>
e E)=11(— 5
Jj=0
L’équivalence de (iii) et (iv) a fait I'objet de la proposition 2 et n’est
citée ici que pour mémoire.
L’équivalence de (ii) et (iii) résulte de <, par l'intermédiaire de la
remarque suivante :
Le nombre des indices j—<n-—i1 tels que v(x, u;) =k est
v(z, n, k) —v(z, n, k -+ 1), donc

@

v, () =ik(u @, n, k) —»(z, n, k+1)) =D (@ n, K.

k=1 k=1
Alors
T, = 0, (X)> 2 [NL] quel que soit €M,
k>1 k
et
v,z($)=Z[Nik] < quel que soit k1, v (, n, k)=[Nik].

kx>1
L’équivalence de (i) et (iii) résultera du fait que
. n
mow=3[x)
k>1

ce que nous allons montrer en étudiant I'ensemble E, des éléments x
satisfaisant a (iii).
Soit h défini par N, n = N, alors
n=n0+n1N1+...+nhN/l (Oén[<qi+1)-

Quel que soit x € M,

n n
[N—i]év(a, n, 1) <1+ [ﬁl]y
donc, parmi les N, disques disjoints V,(e;) recouvrant M, il y en a n,

2—] pointsde S, et N;,— n, qui en contiennent [i] .

qui contiennent 1 - [ N, N,
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L’ensemble &,,= % T

v(z, n, 1) = [Nlji est réunion de N,—n,
1
disques V,(2;) dont chacun contient

ni+n.q.+...+4 n,q....q, points de S,.

Soit, pour k1, &= { z

v (z, n, h) = [Nlh] pour tout h =k ;

Alors, &4 4p= &t pour k> h 4 1 et
En == m 6k,n = 6h—H,n-
a1
Soit j < h, et supposons que &, , soit réunion disjointe de
(91— n0) (@2—m). . .(¢j—n;~) disques V()
dont chacun contient
, []%] =n;4+Nj1qje1+...+Niqj1...qn points de S,
(ce qui est vrai pour j = 1), alors pour «€8&;,, V,;(«) est réunion de
q;+1 boules V;. (a;) parmi lesquelles

— n; contiennent 1 4+ [Ni] points de S,, et
7

. n
— ¢j1— n; en contiennent [T\f] =N+ Nje+...FNiQjs2. . . Qe
U

Donc V;(®)N &1z, est réunion disjointe de ¢;..—n; boules V.. (x),
quel que soit «€&;,, ce qui montre que E,= &, est réunion de
(91— ny). . . (qr+1— n;) disques V.4 (2;); c’est donc un ensemble ouvert
et compact, dont la mesure est

+o
we) =1 (=3
j=0

En particulier, E, n’est pas vide, ce qui montre I’équivalence de (i)
et (iii),

CoroLLAIRE 1. — Pour que u soit trés bien répartie dans M, il faut
et il suffit que pour n>1,

vn(Un) =2 [%]

CoROLLAIRE 2. — Pour que u soit trés bien répartie dans M, il faut
et il suffit que pour n>.1,

v, (u,) = inf v,(z).
x€eM
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ProposiTiON 3 bis. — Si pour tout j N, on a
—+w® .
inf 0;(2) =% | L
1125 0;(z) _2-‘ [Nk:l’
k=1

alors Sy, satisfait a 2 y,.

Supposons, que S, ne satisfasse pas 2.y, : il existe alors n€[1, ..., N/,
zeM et ke€(1, h] tels que

) vz, n, k)<[%]-

Soit n, le plus petit des n ainsi définis, et soit k, le plus petit entier tel
qu’il existe x satisfaisant & (1) pour n = n,. Alors n, est un multiple

. -no—I. o ny
de Ny, sinon, [—W] = [m] et

v(, N, k)<[£;] = v(z, no—l,k)<[n°NTI],

0

n, ne serait donc pas minimal.
Alors, pour j <<k, et quel que soit z€ M,

. no|_ n

ce qui entraine que
o ng,
v (T, Ny, j) = -
( o ]) N/
De plus, il existe x, € V;, (x,) et tel que
] (xl, no, ko ++ I)é [Nno ]

ko+1

sinon, on aurait en sommant sur les disques V.. recouvrant V;, (z.,)

—K—;)I; >v (-1:0, Iy, ko) é(qkn—kl) ( I+ [NI::+1 J >’

ce qui est absurde.

Finalement, il existe donc .t —1€ Vit (Ti=t,—1), - .., T1 € Vi, (To) et
tel que v (Ti—t,—1, No, j) SOIt :
. N n; .
— égal a [N’:] pour j < ki;

— strictement inférieur a [ JGD ]pour Jj=k
ko

— inférieur ou égal a [%}—] pour j > k.
J
‘i n, fee ) )
Alors v, (Vier—1) < X, N | et la proposition est démontrée.
7

j=1
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REMARQUES.
1. Une suite trés bien répartie est injective.

2. Soit Sy, = {u,, ..., uy,_, | satisfaisant & <, : Sy, est un systéme
de représentants de M;. Réciproquement, tout systéme de représentants
de M, peut étre indexé de facon a constituer une suite Sy, satisfaisant
a Ty,

3. Soit A>~1 : la condition (iii), pour n = N,, se réduit a : il

existe j << Ny, tel que v (z, u;) = h. L’ensemble Ey, est de mesure 1 — 7
h+1

4. Etant donnés x, et y, distincts, on peut construire une suite
trés bien répartie u telle que :
— U= Yo;
— 1l existe n, avec u,= yo;
—1ZjZn—1 = (X, u;) <V (Lo, Yo).

Soient, en effet, k = v (zy, Yyo) et Sx,= {Zo, Uy, ..., Uy,_, | satisfaisant
a 2 y,. Alors y, € Ey,, d’apres laremarque 3, Sy,1= { %o, Us, .+.s Ny Jo) |
satisfaisant & Py,.., et pour j=_n—1,

v (@, uj) Zk—1<< 0 (T0, Yo) = k.

5. Soient plus généralement S,= {u,, ..., u.—,} satisfaisant a <,
et £, ..., %, ... des éléments de M deux a deux distincts n’appar-
tenant pas a S,, on peut alors construire une suite trés bien répartie u
telle que : ‘

— Sp= Su(u);
— il existe i, < i,<...<i,<..., avec u(i;) = x,. Soient, en effet,

k,= sup v(zi, uy) et X={z,...,%, ...}
j<£n—1

On peut construire u,, sy ..., Uy, de telle sorte que
Ny

Sy, = { Uoy -y ul\,hﬂ';
satisfasse 4 2y, et Sy, NX =0, car X étant de mesure nulle, pour
n=j<N;_, on a n(E;)77o0 et I'on peut choisir u;€E; et u;¢&X.
Alors z, € Ey,, d’aprés la remarque 3, et I'on peut prendre i, = N,,.
La démonstration se poursuit par récurrence sur s.
En particulier, étant donnée une suite injective », on peut construire
une suite u trés bien répartie telle que v soit une suite extraite de u.

6. Soit S une partie dense de M : on peut construire une suite treés
bien répartie dans M, a valeurs dans S.
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2.3. Exemples de suites trés bien réparties.

2.3.1. — La suite des entiers naturels est trés bien répartie dans
lUanneau Z, construit dans I'exemple 1.2.3. En particulier, la suite des
entiers naturels est trés bien répartie dans I'anneau Z, des entiers
p-adiques.

2.3.2. — Reprenant les notations de 1.2.4, supposons de plus qu’il
existe une infinité d’indices i tels que Card P;> 1 et que chaque P;
soit indexé :

=i a; : 1
P; B oo % i |

Soit n =ny+ N, +...+mNi+...(0 <L n,< i) : la suite

n~>u —ninza 1
n= n;
i>0

est trés bien répartie dans M comme on le voit immédiatement en appli-
quant le corollaire 2 de la proposition 3.

2.3.3. — Soient (M, :9:.) et (M, ¢} ,) deux systémes projectifs
réguliers.
Posons
Rn =M, xM In,
(Pk,":(cpk,m CP/k,n)'
Le systéme (Rn, $r,.) est un systéme projectif régulier auquel sont
associés les entiers r, = ¢,.¢,.
La limite projective R de ce systéme est canoniquement isomorphe au

produit M x M’ des limites projectives de M, et M,.
Soient u et u’ deux suites trés bien réparties dans M et M'.

Pour n>. o, posons

n=ny+mnri+...+n;ry... 1, (oL n; < i),
o=Zm; <q,
oL m; <,
mn)=m,+mq +...+myq, ... q.
m'(n)=my,+m,q,+...+myq,...q,

n=m;+ q:m;j, avec {

Alors, la suite v a valeur dans R définie par
U(n) :(u’" (n)s ulln’(n.))
est trés bien répartie dans R : nous poserons v = (u, u’).

2.3.4. — Soient K une extension non ramifiée de Q,, s le degré de K
et A T'anneau de valuation de K. A est isomorphe a Z;. Utilisons la
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construction précédente a partir de la suite des entiers naturels :
soit (w;, ..., w;) une base du Z,-module A et posons, pour n>. o,

n:Znipi_ (o£Ln;<p)
ixo
et, pour j=o, ..., 8—1,

m;(n) = Do ap'

i~o0
. < e
La suite n ~+Zm,- (n) w;,1 est trés bien répartie dans A.
j=0
2.3.5. — Soit G un groupe profini (compact totalement discontinu

métrisable). Supposons que G soit monogéne (ou monothétique, cf. [7]) :
il existe un générateur « de G, tel que le groupe cyclique engendré par «
soit dense dans G.

A une suite décroissante de sous-groupes ouverts H;, dont l'inter-
section est réduite a I'élément neutre, on peut associer biunivoquement
un systéme projectif régulier de groupes cycliques G/H;= G;, dont. G
est la limite projective, ce qui munit G d’une structure de compact
valué régulier. Chaque G; est engendré par I'image de «, et il est immé-
diat que la suite n ~> a” est trés bien répartie dans G.

Donc n ~> o est trés bien répartie dans G pour toute valuation inva-
riante de G.

En particulier, soient K un corps local et « € K, notons («) I’adhérence
du groupe cyclique ("), ez.

Si |a|31, (2) est discret.

Si @ =1, («) est un compact régulier de K (cf. définition, § 2.4)
et n~>a" y est trés bien répartie, donc :

Soit « € K, pour qu’il existe un compact M de K dans lequel a" soit
équirépartie, il faut et il suffit que |« | = 1. Alors M est un compact régqulier
de K (éventuellement discret si o est d’ordre fini dans K*) et n~>a" y est
trés bien répartie.

Soit a€Q,(p#Z2) :

(a) pour que n~3 a™ soit trés bien répartie dans 1 pZ, il faut ef il
suffit que v(x—1) =13

(b) pour que n ~» a” soil trés bien répartie dans la circonférence unité
U=2,—pZ, de Q,, il faut et il suffit que :

_ Z \
— a soit un générateur de<—> et
! ®)’

— (P t—1)=1.

BULL. SOC. MATH. — T, 92, FASC. 2. 9
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2.4. Enoncés particuliers aux corps locaux.

DErFiNiTION. — Soient K un corps local e M un compact de K, dont
le diamétre est inférieur ou égal & 1, nous dirons que M est un compact
régulier de K si la valuation a valeurs entiéres,

v(x, y) = @v(y—x)

induite sur M par la valuation de K satisfait a la condition (D).

Il est naturel de dire qu'un compact de diamétre supérieur a 1 est un
compact régulier de K si ses homothétiques de diamétre 1 sont des
compacts réguliers de K. Cependant, pour éviter d’alourdir les notations,
nous nous restreindrons dans le chapitre II & des compacts de diamétre
inférieur ou égal a 1, et dans le chapitre III & ceux de diamétre 1, la
traduction des énoncés en diamétre quelconque étant immeédiate.

Dans ce paragraphe, M est donc un compact régulier de K, au sens
de la définition donnée ci-dessus. Nous supposerons de plus que M
n’est pas discret.

A une suite u a valeurs dans M, nous associerons la suite des poly-
némes P,(X), définis pour n>. o par

P,X)=X—u)(X—u) ... X—tp).
Si u est injective, nous définirons de méme

. (X——Uo) (X—HI) e (X—llnﬁ1) _ P,l(X)
Q"(X) - (un—— 110) (un— U[) . e (un— unfl) B Pn(un).

Avec ces notations, la fonction v,(x) définie plus haut est

I
vn(2) = () v (Pr(X)).
Les lemmes ci-dessous, qui seront utilisés ultérieurement, sont la tra-
duction de la proposition 3 et de ses corollaires 1 et 2, en termes de
polyndmes et valeurs absolues :

Lemme 1. — Soit S, = {u,, ..., U} salisfaisant a <,, alors
N 5 n
p, = Ay U A= — |-
sup [P,@=Infn  on =Y & |
kx>t
LemMmE 2. — Soit S,= {u,, ..., W, } satisfaisant a %, alors S,V { u,}

satisfait a %, si et seulement si

| Pn(ur) | = sup [ P(@) .
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LeEmMME 3. — Pour que u soit irés bien répartie dans M, il faut et il
suffit que, pour n> o,
sup | Qu(@) | =1.
xeM

Il existe une réciproque au lemme 3, que J.-P. SERRE m’a signalée
dans le cas des coefficients binomiaux (§ 7, exemple) : elle ne sera pas
utilisée ultérieurement, en voici cependant une démonstration sommaire.

Soient Q le complété de la fermeture algébrique de Q,, M un compact
réqulier d’une extension finie K de Q,, et u une suite trés bien répartie
dans M, alors

{er I | Qn(x) | <21 pour fout néo} = M.
Le lemme 3 permet d’affirmer que M est contenu dans l’ensemble
ci-dessus défini. Soit x€ L, & M; posons p = sup v(x—y), ¢ est fini.
yeu
Soit h=inf {neN|p < nwv(rn)}. Alors

Np—1
p(Py, (@) = Y, v@@—u)),
j=0
donc
/h—1
U(P,\,.(x))é(2k< > x>>v<n)+ >oooe
k=1 v(x—uj=*kv (%) vix—uj)>h—1)v(x)

Or, pour k= h—1,

v Ny [ N,
d 1é[Nk] [Nm]'

v(x—zzi):ku(ﬁ)

et
> e=p
v(z‘—ui)>(h—1)u(7:)

D’ou

h—1 V

N'| <V
vPr@ =Y | 1|+ —@—nv.

k=1

soit

(P, @) _4< )y [ﬁj) p() + o —ho () <o(Pay ).

k>1

Alors | Qn,(x) | > 1, ce qui démontre la propriété.
De plus, les polynoémes Q, ont la propriété suivante :

LEmME 4. — Soit u trés bien répartie dans M el soit n << N,, alors

zeVi(@) = |0.(x)—0Qu(a)] <1.
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En effet, si |Q.(a)| =1, a€ E,, donc
v(a, n, h) =[]%] =o.

Alors, pour z€ Vi(a), |t—a|<|7|.|]a—u,;|, quel que soit j <n, et
r—u;

=|7l
a—u;

—1

Qn(2)
Q- (a)

Z|m|, ce qui, avec | Q,(a)| =1, donne

| Q@) — Qn(a) | <1.

Si | Qn(a)| <1, il n’existe aucun x€ V,(a) et tel que | Q.(x)| =1, car la
premiére partie de la démonstration entrainerait | Q.(a) | = 1. Donc pour
tout z€ V,(a),

[Qn(@)| <1, etaussi [Qu(@)—Qu(®)| <1
D’ou le lemme.

Donc,

—1I

3. Isométries de M.

DEFINITION. — Soit M un compact valué régulier : une isométrie
de M est une application g de M dans lui-méme telle que, quels que soient x
el y dans M,

v(9(x), 9¥) = v(z, Y)-

Une isométrie est une bijection : en effet, si ay, ..., 2y, sont des repré-
sentants de M;, g¢(2) (=1, ..., N;) sont aussi des représentants
de M;, donc ¢ induit une permutation de M;, ceci quel que soit k, et ¢
est bijective.

L’ensemble G des isométries de M est un sous-groupe du groupe des
permutations de M.

Soient 1 I'application identique et g€ G, posons
v(g, 1) = sup (v(9()), ).
rEM

Ceci définit sur G une valuation qui induit la topologie de la conver-
gence uniforme, et G est un compact valué régulier : explicitons le
systéme projectif régulier associé. :

Soit &, le groupe des permutations de M.

Si ge G et pr,(z) = pra(y), pr.(9(x)) = pr.(9(y)), donc g définit une
permutation g, de M, : soit @, ’homomorphisme g ~>m,(9) = g. de G
dans S,.

Posons

Gr=Tn(G) et Qru=Tpom;';
alors le systéme (Gn, 9:.) est le systéme projectif régulier associé au
groupe valué G.
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Les groupes G, sont d’ailleurs caractérisés par les propriétés suivantes :

— Go=Gy;

— soit c€G, ¢

c€G, & 901,0°000;", ,€Gri.

Dans le cas ou M, est un produit A,X...XA, (exemple 1.2.1),
le groupe G, est le produit complet des groupes symétriques de A,...A,
(cf, par exemple, [12], [13] et [14]).

Nous allons montrer que les suites trés bien réparties permettent de
caractériser les isométries de M.

ProposiTiON 4. — Soient U l'ensemble des suites trés bien réparties
dans M et g une application de M dans lui-méme. Alors

geG < {(ueU=gouelU].
Si g€ G, il est clair que go UCU.
Réciproquement, d’aprés le corollaire 1, proposition 3,

uel < v,(u,,):Z[%{] pour n>-1.

A>1

Soient ge M,

n—1

ueU, u=goU et v, (%) —-—2 v(x, u;).

j=0
Nous allons montrer que si g¢ G, on peut construire ue U de telle sorte
que gou=u'¢U.
Soit, pour xe M,
Ax={ylv(9(@), ) #Zv(z y) |-
Si g& G, il existe x, tel que A,, soit non vide. Soit y,€ 4., et tel que

v(Zo, Yo) = k= inf v(x, y).
ye”xo

On peut construire (remarque 4, § 2.2) une suite u€ U et telle que

Uy = yO,
Un; = Lo,
v (Zo, U;) < 0(Zo, Yo) pour 1=j <N

Alors, pour 1=j < N, u;¢A,, Donc

Do), 9(u) = X, 0@ u)).

Donc vy, (g(x0)) 7 vn(20), et u'=goug U.
C. Q. F. D.
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4. Approximation des intégrales.

4.1. Notations.
Soient E une partie de M et u une suite & valeurs dans M, posons
- vg(n)=Card {u"(E)n(o, n—1(}
[alors vy, (n) = v(2, n, k)].

Equirépartition. — Nous dirons qu’une suite u est équirépartie
dans M si elle satisfait & I'une des conditions équivalentes suivantes :

E, : Pour tout fermé E dont la frontiére est de mesure nulle,

lim vg(n)/n = p.(E).
n>+w

E. : Pour toute feC(M) (espace des fonctions continues sur M a

valeurs complexes)
n—1
. I
Jlim. < = f(u/)> = p(f)-
j=0

La démonstration classique de ’équivalence de E, et E, dans un groupe
compact (cf., par exemple, [7]) reste valable ici. On peut d’ailleurs aussi
utiliser un isomorphisme de M sur un anneau Z,.

Modules de continuité. — Soit ¢ une application décroissante de N
dans R+, tendant vers zéro a I'infini. Nous noterons A, I'ensemble des
fonctions de ¢(M) admettant le module de continuité o :

Ag={fecM)|v@, y) =k < |f@)—fH)|=9K) .

Enfin, pour toute fe¢ (M) et tout n> 1, nous poserons

n—1

PAEEESN{CH

j=0
4.2. Approximation.
ProrosiTioN 5. — Une suite u est irés bien répartie dans M si, et
seulement si, quel que soit le module de continuité o,
feA,
k=il = | BNy — (| <@,
n>xrt

Soit u trés bien répartie : I’ensemble S, n,(u) est réunion disjointe
de n systémes de représentants de M;. Soient S, ..., S, ces systémes et
soit f;(x) la fonction constante par morceaux, définie pouri =1, ..., n, par

fi@@) = f(u)) pour z€ Vi(u;) et u;eS.
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Sifeds, |f(x)—fi(x)| <L o(k), quel que soit x€ M, donc
() — e (f) [ = 2 ().

Or
Y (finNy =" <§<N~ E ‘f(u;)>> = ,,<§ H(fz‘)>-
D’ou - e -

| S nNy—pp| = — o).

N () — ()

Réciproquement, soit u une suite satisfaisant aux inégalités d’approxi-
mation de 1’énoncé et soit k> 1 fixé.

Posons
o(n)=1 pour n <k,

o(n)=o0 pour n>k;
I'ensemble A, associé a ce module de continuité ¢ contient, quel que
soit 2 € M, la fonction caractéristique y. de Vi(«). Or,

N\ 1
D (2 1N = o= v(3, nNi, K)

et
H()’ ) = -
L% Nk,

I'hypothése d’approximation entraine donc

! ‘J(:Z, nNk, k)——
k

—~o(k) =
AN Z9(k)=o,

X
N;
soit

v(2, nNy, k) = n, quels que soient a€M, n>1 et kx1;

autrement dit, u est trés bien répartie dans M.

CoarPiTRE II.

Interpolation des fonctions continues.

5. Propriétés de certains espaces de Banach.

Soit E un espace de Banach sur K, c’est-a-dire un espace vectoriel sur K,
normé, ultramétrique et complet; nous supposerons parfois que la norme
sur E satisfait & la condition :

(N) yeE, y#o = il existe heK tel que |)y|=r1;
(|y| désigne la norme d’un élément y de E).
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On dit qu'une famille (e;);c, d’éléments de E est une base normale
(ou orthonormale) de E si elle satisfait a :

(B) Tout yeE est, de fagon unique, somme d’une série

y=Xue

iel
o €K, |yi|—~o quand i~ +, et |y| =su11)|yi|.
i€

On sait qu’un espace satisfaisant a la condition (N) admet au moins
une base normale ([8], [16], cf. par exemple [22]).

Etant donné un espace E satisfaisant a (N), nous poserons
E,=|zeE||z| <1,
E - Eo /7T Eo.

Si z€ E,, nous noterons Z son image dans E.

On sait ([22], lemme 1) qu’alors, pour qu’une famille (e;);e soit une
base normale de E, il faut et il suffit qu’elle satisfasse a la condition (Q)
(quotient) :

Q) 1°Viel, e€Ey;
20 (&):cs est une base (algébrique) du ¥-espace vectoriel E.

Exemples.

1. Soient X un espace topologique compact et ¢(X, K) I'espace
des fonctions continues sur X et a valeurs dans K, muni de la norme de
la convergence uniforme : ¢(X, K) est un espace de Banach sur K
satisfaisant a la condition (N).

L’espace ¢(X, K) associé est I'espace des fonctions continues sur X
et a4 valeurs dans ¥, c’est-a-dire des fonctions localement constantes
sur X et a valeurs dans f.

2. Soient E un espace de Banach sur K, X un espace topologique
compact, et ¢(X, E) I’espace des fonctions continues sur X a valeurs
dans E, muni de la norme de la convergence uniforme : ¢(X, E) est un
espace de Banach sur K; de plus, il satisfait & (N) si E y satisfait.

3. Les espaces de fonctions analytiques que nous étudierons au
chapitre III sont également de ce type.

Dans ce chapitre, nous étudions des espaces (X, E), ou X est un
produit fini de compacts réguliers de K et E un espace de Banach sur K
[ne satisfaisant pas nécessairement a (N)].

Le paragraphe 6 est consacré aux espaces C(M, K), ou M est un
compact régulier de K : au paragraphe 7 les énoncés sont généralisés au
cas des espaces €(X, LK), grace aux propriétés générales ci-dessous.
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Nous noterons E® F le produit tensoriel complété (ou topologique)
de deux espaces de Banach sur K, tel qu’il est défini dans ([22], § 4).
Nous aurons essentiellement a utiliser les propriétés suivantes de E Q) F,
qui se déduisent immédiatement de la proposition 6 de [22] :
PTT 1. — Soient E et F deux espaces de Banach sur K, F satisfaisant
a (N).
Soit (f;),es une base normale de F, alors tout élément ze EQ F est,
de fagon unique, somme d’une série

Y A
2= X2
jeJs
PTT 2. — Soient E et F deux espaces de Banach sur K satisfaisant
a (N), (e)ier et (f;);es des bases normales de E et F. Alors (e; " Pijeixs
est une base normale de EQ F, qui satisfait donc a la condition (N).

CoNSEQUENCE : Avec les hypothéses de PTT 2, soit (a; ;) e~
une famille de scalaires, |a;;|—o0 quand (i,j)— +«. L’élément

z= 2 a;, ;e:Q f; associé admet, d’aprés PTT 1, deux représentations
(i) €<t
Y A . ' AN
z=2x,~®f/ et z=2‘ei®yi.
jEJ iel
Ces trois représentations de z sont liées par les relations
W
$1=2‘ai./et et inZQi,/f/’
iel jed
avec
|z;| =supla,;[ et  [g]=supa,;.
: i€l JEJ

ProrositioN 6. — Soient X un espace compact, E un espace de Banach
sur K, (9:;);e: une base normale de ¢(X, K).

(a) Toute fec (X, E) s’écrit de fagon unique comme somme d’une série,

f=2cp,-ez-, ou ec€kE, |e;|>o quand i—,
iel
|f]=sup|eil.
iel

(b) L’application ¢ & e—ge de (X, K)Q E dans (X, E) définit
un isomorphisme canonique de ¢ (X, E), avec ¢(X, K) & E.

(a) f(x) est compact, donc f peut étre uniformément approchée par
des applications a4 valeurs dans un sous-espace de dimension finie de E.
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Or, soit E, un sous-espace de E de dimension finie, on sait [19], qu’il
est somme directe (avec sa norme) de sous-espace de dimension 1,
donc (a) y est vraie. L’existence de la série en résulte, I'unicité est une
conséquence de 1'égalité

|fl=sup|el
i€l

(b) 11 est clair que 2 ®e->oe est un homomorphisme, (a) et PTT 1
montrent que c’est un isomorphisme.

CoroLLAIRE 1. — Toute famille (¢,);e; satisfaisant aux conditions (a)
de la proposition 6 pour un espace E de dimension au moins égale a 1
est une base normale de ¢ (X, K).

Il suffit, en effet, de choisir un élément a€ E, de telle sorte que Ka
soit un facteur direct de E, et d’identifier ¢(X, K) avec ¢(X, Ka)
muni de la norme |fa|/ a|.

CorOLLAIRE 2. — Soient X et Y deux espaces compacts, E = (X, K)
et F =¢(Y, K), et soient (a;);c1 ef (B));es des bases normales de E et F
respectivement, alors la famille (2:3,).jei1<s est une base normale
de ¢(XXY, K).

On sait en effet, [4], que ¢(XXxY, K)=¢(X, ¢(Y, K)). Donc,
d’aprés la proposition 6,

e(XxY, K)=c(X, K)® (Y, K),

ce qui donne le corollaire, en appliquant PTT 2.

Réciproquement, on voit facilement que deux familles («.).e: et (3,);es
d’éléments de E et F, telles que («;3/);;er<s soit une base normale
de ¢(Xx Y, K), et qu'il existe i, et j,eJ, avec |a;|>1et|B;|>1,
sont des bases normales de E et F respectivement.

6. Interpolation sur un compact régulier d’'un corps local.

6.1. Notations.

Soit M un compact régulier d’un corps local K : dans ce paragraphe,
nous noterons E I'espace ¢(M, K).
Etant donnée une suite injective u & valeurs dans M, nous associerons
a toute fonction f définie sur M et 4 valeurs dans K la suite f,.(X) de
ses polynémes d’interpolation sur u, définie par
fn(X)eK[X|]
(1) dgfr<n,
fo(u) = f(uy) pour j=o, ..., n.
La suite u est supposée injective, de facon a ce que ces conditions défi-
nissent effectivement les polyndmes f..
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Les polynémes f, s’expriment par les formules usuelles (Newton).

f1(X) = D @ Qu(X),
0]:1 k=0
X—uw).. (X— 11,1—1) _ P, (X)
U —uy). . . (wo—u,—) ~ P,(up)

0.(X)= (notations du § 2.2.4).

Les coefficients a; se calculent par exemple en remarquant que la
formule d’interpolation de Lagrange s’écrit

f’l(X) = <§ (_x____%@> pP,, (X);

ce qui donne, en identifiant les valeurs des termes de plus haut degré,

o (S ) e

Nous dirons que la suite u est une suife d’inferpolation pour les fonctions
continues sur M a valeurs entiéres si :
(SI) 10 quelle que soit fe E, |f-—f.|— o quand n— 4
20 |f|Z1=|fn| <1 pour n>o.

Lorsque 1° est satisfaite, la série Z a,Q,(x) converge uniformément
n>o0
sur M, autrement dit : toute fonction continue sur M y est limite uniforme
de la suite de ses polyndmes d’interpolation sur u.

La condition 2° exprime que les polyndmes d’interpolation d’une fonc-
tion 4 valeurs entiéres sont eux-mémes a valeurs entiéres; de plus, si elle
est satisfaite, les polynomes (Q.),~, constituent une base du A-module
des polynomes & valeurs entiéres.

6.2. Un théoréme d’interpolation.

Théoréme 1. — Les quatre propriétés suivantes sont équivalentes :

(a) u est une suile d’interpolation pour les fonctions continues sur M
et a valeurs entiéres (condition SI);

(b) | Q| =1 pour tout n> o;

(c) u est trés bien répartie dans M;

(d) (Qn)nen est une base normale de E = ¢(M, K).

(d) = (a) a peu prés trivialement.
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Soit, en effet, f =2 a, Q. la décomposition de f sur la base Q,, et soit

n>0

f1(X) = a.Qu.

k=0

On a Q.(u;) = o pour j < n, donc, pour j = n,

J
) =Y, @ Q) =1 ().
k=0
Le polyn(‘)ine f. satisfait aux conditions (1) et il est le polyndme f, d’inter-
polation de f défini par ces conditions.
Alors, |a,|—>o=|f—f.|—>o0, et la condition SI, 1° est satisfaite.
De plus,
Ifl=supla.| = [f.l<If;
neEN

donc la condition SI, 20 est satisfaite.

(@)= (b). En effet, Q.(u,) =1, donc |Q,|>1. Soit n fixé > o
et soit ¢ la fonction caractéristique d’un disque de centre u, ne conte-
nant aucun u; tel que j <n : ¢ est continue, et son (n + 1)-iéme poly-
noéme d’interpolation est ¢,(X) = Q.(X). La condition SI, 20 entraine
donc | Q.| <1,

(b) = (c). En effet, le lemme 3 (chap. I, § 2.2.4) peut s’énoncer
«(B) = () ».

(¢) = (d). Nous allons montrer que (Q.).en satisfait a la condi-
tion (Q).

Soit E, le sous-espace de E constitué des fonctions a valeurs dans ¥,
constantes sur toute boule V; : E est réunion des E;, comme il résulte
des remarques faites au paragraphe 5, exemple 1.

Soient «, ..., ay, des représentants de M, et soit y;, la fonction
caractéristique de V(%) : (xi1)i=1,...,n, est une base de E;.

De plus, si u est trés bien répartie, uy, ..., ux,—, sont des représentants
de M;, et 'on peut choisir «;= u;_..

Avec ces notations, on a le lemme suivant :

LEMME 5. — (Q0)i—o, .., n,—1 est une basede E; et, pouri = o, ..., N;—1,

Np—1

Q=%+ X, Q)%

j=i+1

Il résulte immédiatement du lemme 5 que (Q.).en satisfait & la condi-

tion (Q).
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De plus, il suffit de montrer les égalités du lemme 5, pour en déduire

que (Q:)i=o,n,—1 est une base de E), puisqu’en effet, la matrice & coeffi-
cients dans ¥ représentant les Q; sur la base X;, de E, est alors une
matrice triangulaire dont la diagonale est constituée d’éléments égaux
4 1. Or le lemme 4 du chapitre I (§ 2.2.4) montre que, pour n <Ny,
Q. est dans E;, donc

Np—1
- N
0= Q)i
j=0
de plus, pour j <1, Q:(u;—) = o, ce qui démontre le lemme et acheve
la démonstration du théoreme 1.

CoroLLAIRE 1. — Soient u une suite irés bien répartie dans le compact
réqulier M du corps local K et E un espace de Banach sur K. Toute fonc-
tion fe¢(M, E) admet une décomposition unique :

X—up)...(X—up)
(Un—0). . . (Un—Un)

f=2a0n oi QuX)=

nxo
a,€E et |a,|— o quand n—o; de plus, f = suk)[anl.
neN

Il suffit en effet d’appliquer le (a) de la proposition 6 & la base
normale (Q.).ev de C(M, K).

COROLLAIRE 2. — Avec les hypothéses du corollaire 1, soit f une fonction
définie sur (u,).en et a valeurs dans E; posons

ar = Py(us) <2 f%) )

Pour que f soit prolongeable en une fonction confinue sur M et a valeurs
dans E, il faut et il suffit que | ax|— o quand k —c.

On peut déduire de ces résultats des énoncés sur les « polynémes a
valeurs entiéres » dans un corps de nombres analogues a ceux
de [10], [17], [18] : nous ne les donnons pas ici, car ils sont sensiblement
équivalents aux résultats cités, et d’un caractére algébrique assez
étranger a ce travail.

7. Application aux fonctions de plusieurs variables.

Soit R= K, < K, <...x K, oule corpsdesrestes ; de K; a p"i éléments,
et soit K une extension finie commune de K,, ..., K,. Un compact M
de R sera dit régulier si

M=M'x...xXMs,
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ol M‘ est un compact régulier de K, (M! est donc aussi un compact
régulier de K).

Soient u’ une suite injective a valeurs dans M; et (Q’).ex les poly-
nomes associés a u’.

Si n=(n,...,n)eN’ et z=(,...,2,)€EM, nous poserons

0n(®) = Qu. (1) - . O, ().
Avec ces notations, on a la proposition suivante :

ProrosITION 7. — Pour que (Q»).en: S0it une base normale de ¢(M, K),
il faut et il suffit que pour i =1, ..., s, u’ soit trés bien répartie dans M.

Pour s=1, la proposition 7 est I’équivalence « (¢) < (d) » du
théoréme 1.

De plus, quelles que soient les suites injectives v}, ona pouri =1, ..., s
et n> o0, |Q4]>=1 : le corollaire 2 de la proposition 6, avec sa réci-
proque, donne donc la proposition 7 par récurrence sur s. On en déduit
immédiatement le corollaire suivant :

CorOLLAIRE 1. — Soient (vY), i =1, ..., s des suiles lrés bien réparties
dans les compacts réquliers M! des corps locaux K, et E un espace de
Banach sur une extension finie commune K des K;. Toute fonction continue
feeMtx ... xM:, E) admet une décomposition unique :

f:Ea,ZQ,l(x), ou n=(n,...,n), T=(Ty, ..., Ts)
neN*
et

Qn () =H ((CC:— HE,) — (x[i_— ulni:o ’

um_uo) e (uui_ un,——l)
=1
a,€E et |a,|— o quand n -« ; de plus, |f| = sup | a.|.
nEN®
COROLLAIRE 2. — Auvec les hypothéses du corollaire 1, soit f une fonction

définie surHu‘(N) et a valeurs dans E; posons

i=1

g = P"1(u111 an(unx)z Z P f(ul‘y ey ,ll)s

w1 (W)« - Pns+1(u/i).

a/z,,.
Ji=0
Pour que f soit prolongeable en une fonction continue sur M'X ... XM~
el a valeurs dans E, il faut et il suffit que |a,,.. .|—o quand
(ny, ..., ng) =+ o.
Le corollaire 2 sera démontré si nous prouvons que les coefficients

,,,,, », associés a une fonction continue par le corollaire 1 sont donnés
par la formule du corollaire 2.

.....
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Pour s =1, nous ’avons déja montré, la démonstration par récurrence
sur s se fait immédiatement par le méme procédé.

Exemple. — Comme nous I'avons déja remarqué, la suite des entiers
naturels est trés bien répartie dans Z, : les polynomes Q, associés sont
les coefficients binomiaux

<x‘) _ m(:z:—l)...l(x—-n + 1)

n n

Les « coefficients d’interpolation » a, d’une fonction f définie sur les

entiers naturels sont
1 [ I
a= X3 ) 1w,

k=0

car ici, P,(u,)=n! et P,.(u;)=j!(—1)"7(n—j)!. On retrouve
donc les théorémes 1 et 2 de [15] comme cas particulier du théoréme 1.
Plus généralement, soient (comme en 2.3.4) K une extension non
ramifiée de Q,, s =[K; Q,], A 'anneau de valuation de K et o, ..., o,
une « base d’entiers » de A, c’est-a-dire une base du Z,-module A.

Tout x€ A s’écrit donc de facon unique
T=Xw +...+ L0 ou x;€Z,.

Appliquons les résultats du paragraphe 7 4 A = Z;, avec la suite
des entiers naturels comme suite u‘ dans chaque Z,. On obtient immé-
diatement :

Soit x =z, @, +. ..+ z;0, la décomposition d’un entier x de K sur la
base w,, ..., ws de A. Toute fonction f continue sur A et a valeurs dans
un espace de Banach E sur K admet une décomposition unique

f@= an<ﬁi><i>

(g, .o ,ng) 20
telle que

—y,,...n,€E, |y, .. .,n,|->0 quand (ni, ..., n)—>wx

Iﬂ = sup |an,,...,nJa

(g, ..., ns)EN®
ny ng
N [ n n, . .
R 2 .. Z (— 1) <j:> - (j >f(]1w1 4.t jewy)
\ Bl

J1=0 Js=0

[ou n—j=n4+...+n,—G +...+j)l

Remarquons que la série ci-dessus n’est pas la série d’interpolation
sur la « suite trés bien répartie produit » définie au paragraphe 2.3.4,
dont T'expression est sensiblement moins simple.
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CuapriTreE II1.

Fonctions analytiques.

8. Fonctions analytiques : définitions et notations.

Soient a€ K et R> o, nous noterons D, » (ou D) le disque de centre a
et de rayon R

D=|zeK||lz—a|<R}|.
Nous supposerons toujours R choisi de telle sorte qu’il existe pe K,

avec |p| = R.

Définition AS. — Une fonction feC (D, K) est strictement analytique
sur D s’il existe une série entiére

FoX) €KX ¢)
convergente pour | X|-Z R, et telle que pour x€ D,
f@) =Fu@x—a).

Nous noterons A (D) I'espace des fonctions strictement analytiques
sur D. Soit fe A (D) et soit

fo) = Y anXrfpr

nxo0
la série de Taylor de f au point a: |a,|-> o quand n—« et I'application
f—|f|=sup|a
n>o0
définit une norme sur A (D) (norme de la convergence uniforme sur le
disque de centre a et de rayon R de la cloture algébrique de K) satis-
faisant a la condition (N). Les fonctions x—><g> constituent une base

normale « naturelle » de cet espace.

Définition AL. Soit M une partie de K, une fonction f € (M, K)
est localement analytique sur M si :

quel que soit xe M, il existe un disque D.>x et de rayon non nul tel
que la restriction de f a D..n M soit prolongeable en une fonction analytique
stricte sur D..

(*) Rappelons que K [[X]] désigne ’anneau des séries entiéres formelles a coeffi-
cients dans K.





INTERPOLATION p-ADIQUE. 149

Supposons que M soit un compact, et soit f localement analytique
sur M; I’ensemble des D,, ou x parcourt M constitue un recouvrement

ouvert de M dont on peut extraire un recouvrement fini ; D., ..., DIN }
Soit R; le rayon de D,,, posons

.....

f est alors prolongeable en une fonction strictement analytique sur tout
disque de rayon |7 |* rencontrant M.

Définition ALh. — Soit M un compact de K : une fonction localement
analytique sur M est analytique d’ordre h sur M si, quel que soit x
dans M, on peut choisir un disque D, associé a x par la définition AL,
dont le rayon soit au moins égal a |7 |* Nous noterons A,(M) Uespace des
fonctions analytiques d’ordre h sur M.

REMARQUES :

— Toute fonction localement analytique sur M (compact) y est
analytique d’au moins un ordre h,. L’ensemble des fonctions localement

analytiques sur M est U Ar(M), h, pouvant étre choisi arbitrairement

. h>hy
puisque

An(M)C Aper (M).

— Une fonction strictement analytique sur un disque D de rayon |« |
y est analytique de tous ordres h > h,.

DeériNiTiION Ch. — Un compact M de K est cerclé d’ordre h s’il est
réunion de disques de rayon | |~

Soit M un compact de K et soit M, le plus petit compact cerclé
d’ordre h contenant M : M, est la réunion des disques de rayon | |
rencontrant M.

SifeAr(M), fadmet au moins un prolongement f € Ai(M,) (en général
ce prolongement n’est pas unique).

ProrosiTioN 8. — Si M n’a pas de points isolés, la restriction f—»f
ci-dessus définie est une bijection de A, (M) sur A, (My).

Nous avons déja remarqué que cette restriction est surjective. Il reste
a montrer que le prolongement f—>f est unique, c’est-a-dire que
f=o :f =o.

Soit D un disque de rayon |7 |* rencontrant M : Card (D nM) n’est
pas fini, donc si f=o, f a une infinité de zéros dans D. Or on
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sait ([20], [21]) qu’une fonction non nulle strictement analytique sur un
disque fermé n’y a qu'un nombre fini de zéros, d’ou la proposition ().

Nous supposerons dans ce paragraphe et au paragraphe 9 que h est
un entier fixé et M un compact cerclé d’ordre h : ces résultats seront
appliqués a un compact régulier non discret, qui est sans points isolés,
et les espaces A, (M) et Ax(M3) sont alors isomorphes, la norme sur A, (M)
étant définie par cet isomorphisme et la définition ci-dessous.

DErFINITION : NORME DE A;(M). — Soient M un compact cerclé
d’ordre h, Dy, ..., Dy des disques disjoints de rayon | |* recouvrant M.
A fe A,(M) nous associerons :

— fi=f|D; et |f|; la norme de f; dans A(D));

— | f| = sup | fl;, qui sera la norme de f dans A,(M). Ceci munit A, (M)

d’une structure d’espace de Banach satisfaisant a la condition (N).
N
A,(M) s’identifie algébriquement & la somme directe ZA(D,-)
i=1
et la norme ci-dessus définie est la norme naturelle d’'une somme directe
d’espaces de Banach.
Lorsque exceptionnellement plusieurs espaces A;(M) correspondant a

des valeurs différentes de h interviendront, nous noterons |f|, la norme
de A, (M).

9. Bases d'un espace A,(M). Interpolation.

M désigne dans ce paragraphe un compact régulier de K, cerclé d’ordre h
(h est fixé), et de diamétre 1. Cette derniére convention est destinée a
alléger les notations : on passe au diametre quelconque par homothétie.

Les entiers Ny=1, ..., N, sont associés a la valuation
I
v(, y) = e) v({y—2)
induite sur M par la valuation de K (*).

Ce paragraphe est essentiellement consacré a la démonstration du

Théoréme 2. — Soit u une suite a valeurs dans un compact M défini
comme ci-dessus. Posons

Pu(X) =(X—u) ... (X—Un_y).

(*) h étant fixé, la conclusion de la proposition reste vraie en supposant seulement
que M n’a pas de points «isolés d’ordre h», ¢’est-a-dire que tout disque de rayon 4 [~ |*
rencontrant M le rencontre en une infinité de points.

(*) Lorsque M sera seulement régulier de diametre 1, au paragraphe 10, les
entiers N, ..., N, associés & M seraient aussi ceux associés & M,, ce qui permet
de faire ici sans inconvénient ’hypothése « cerclé d’ordre h ».
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(a) Pour qu’il existe des constantes s, telles que (Py[sn)n~.0 S0it une base
normale de A, (M), il faut et il suffit que u soit bien répartie d’ordre h
dans M;

h _
— 1w ol = o
(b) Alors |sa = |7 [ on }""_ZI:N;!J

k=1

La démonstration nécessite plusieurs lemmes, et de nombreuses
notations : nous appellerons E I'espace A;(M).

Nous noterons «,, ..., ay, des représentants de M [n*M,etD,, ...,Dy,
les disques de centres a; et de rayon |7 |* : D;= Vj(a)).

Si f€E, f: est la restriction de f & D,, f est 'image de f dans E et f;
la restriction de f & D, c’est-a-dire 'image de f; dans A (D,). L’indice i
désigne toujours un entier compris entre 1 et Nj.

Le lemme 6 fournit une base « naturelle » de E, et des sous-

espaces Ey, ..., En, ... dont E est réunion.

Les lemmes 7 et 8 donnent des évaluations des normes | P,| et |P,|;
compte tenu de la répartition de u.

Les lemmes 9 et 10 permettent d’affirmer qu’« il suffit que u soit bien
répartie d’ordre h », les lemmes 11, 12 et 13 montrent que cette condition
est nécessaire.

LeMME 6. — Soient (Ym,:(Z))mxo . les fonctions
i=1,...,Np
r—o\" .
i) = <————ﬂh > si zeD,,
o si x¢D..

Alors (m,)mxo N est une base normale de E.
i=1,...,Np
En effet, i étant fixé, ()m,)m~0 st une base normale de I'image cano-
N
nique. de A(D;) dans la somme directe E =ZA(D,-).
j=t

Nous noterons E,, le sous-espace de E engendré par (yr)i=,.. n

(=0, .0.,1

Alors E,, est de dimension(m + 1) Ny sur k, E,.., D E,., et E = U En.

mx0

Lemme 7. — Soit P,(X)=X—uy) ...(X—u,—1), associé a une

suite u :
A

| Pali=|m iy, ol Apa= v (e 1, K.

k=1
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n

Posons P, (a; + ©"Y) =2ai Y’. On a, par définition, | P,|;= sup |a;|,

J=0,...,

j=0
et T'on sait ([17] ou [18]) que

~sup |a;|=sup )
J=0,...,n YEA

n
2 ay"
j=0

ol & désigne I'anneau de valuation du complété de la fermeture algé-
brique de K. Par conséquent,

| Pnli= sup | P, (x)].
a

rEL+ T

Or, pour x€«; 4 n’ @,

IT e—wi= [I la—uwi=i=p,

lx—uj|>7), loa;—uj|>mh
ou
h=1
do= ¥ k(» (s 1, K)—v (2, 1, k + 1))
k=1

(les indices j des u; sont dans [o, ..., n—1]).

IPnIz-=Ifrl"*xeilir;ha< Il @—w >

eV i)

u1§<;,’£a‘)
Or le corps résiduel de @ est infini : on peut donc choisir x de telle
sorte que

Donc

reo;+ A,
uje Vi(e) = v(@x—u;)=ho(m).

1l @—uw)

UEVp(%;)
<n

Donc

sup — I T | hv(ag,ny ) et | PnIi —_ | T ’)~I+I‘V(°‘i: 71,71)’

x€x; +7mh@

ce qui démontre le lemme.
NotaTions. — Nous associerons a la suite u :
— les entiers p,= i?f bnis
— les polynémes R,(X) = n— " P,(X).
Alors, par définition des R, et compte tenu du lemme 7, on a

| Rp| =1,
I Rn|i= I &= ;\n,i: Hne
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LeMmME 8 :

|Roi=1 = dg(Rn:) = v(a n, h).
En effet, soit

< X —a; \*
R0 = ¥, n( 252
k=0
Alors | R,i=1< sup |ri|=1. Soit m =v(«;, n, h) : m est le nombre
j=0,...,n -
des zéros de Z r Y* situés dans Q.
k=o
Le lemme s’en déduit en considérant le polygone de Newton de ce
polyndme, ou ce qui revient au méme, en remarquant qu’il existe”deux
polyndémes
S(Y) = So + 31 Y “'— “ e + 31)1_1 'Ym.—l + YMEA[Y]
et
T(Y)Zto+7TT1(Y), ou It0[=l et Tl(Y)EA[Y],

et tels que

DrVi= S(Y) T(Y).

k=0

Il suffit alors d’effectuer le produit ST pour constater que |r,|=1
et j > m=|r;| <1, ce qui démontre le lemme.

LeMmMmE 9. — Soit u bien répartie d’ordre h dans M; alors, pour m > o :
(a) n <(m + I) N,= —En eEm;

h
.
@ p=2[ 5 |
=1
©) { Ru}ncimsnn, est une base de E,.

Démontrons le lemme par récurrence sur M.
Pour m = o, nous considérons des valeurs de n < N,.

Or, si u est bien répartie d’ordre h, Sy, satisfait a la condition Z,. Donc

+® h
. n .
£2f1< Z v(z, n, k)> =E [T\Tk] = 1nf<2 v(a, N, k)>,

[N k=1

puisque ’ensemble E, construit dans la proposition 3 est alors réunion
de disques de rayon | |~





154 Y. AMICE.

Donc, pour n < Ny, yn=z [1%] De plus, pour n < N,, il existe i
k=1 '
tel que v(«; n, h) = o, et
v(@, n, h)y>o0 = l>p  donc Rni=o,

ce qui démontre (a).

11 reste & montrer que R, ..., Ry,_: constituent une base de E,:
soit i; la permutation de [1, ..., N;] définie par D;>u; ..

La matrice exprimant R, ..., Ry,—: sur les x,; rangés dans
Pordre iy, is, ..., iy, est triangulaire et a des unités sur la diagonale, car

|P;(uy)| =| Pyl et |Pj(u)| <|P;| pourk <j.

Ce qui achéve de démontrer le lemme pour m = o.

Cas général. — Nous dirons_que N, éléments de E,, sont une « base
supplémentaire 4 E,_, » si la réunion de ces éléments et d’une base

de E,._, est une base de E,.

Posons R n,+; = R}'Run, (=0, ..., Ny—1) et notons p?, 37, .
les constantes attachées aux polync‘)mes R’ : les polynémes R7' sont
associés a la suite u™, u™(j) = Wnn,1)s dont on sait (corollaire 2 de
la proposition 3) qu’elle est bien répartie d’ordre h.

Donc les R” sont dans E,, ils en constituent une base, et

=314

D’autre part, quel que soit i et pour kZh,

v(a;, mNy, k) =m%>

donc, quel que soit i,
N mN,;
)‘”‘Nh '—Zm % Z[ ]J IJ‘mN,,-

Donc, pour n=mN,+j, o<Lj <N, et k=h,
Nh

v(a;, n, k) = -l— vm (ay, j, k),

n[—EmNh +P’I —;[—l%].
=1
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De plus, quel que soit i,
v(%, MmNy, h) =m,

donc R, y,€E, et Ry, est de degré m quel que soit i.

Alors, pour n <(m-41)Ns, R, est le produit de R,n,€E, par
un élément de E,, c’est-a-dire une fonction constante sur les disques D;,
donc R,€E,.

De plus, en remarquant que ym,; X %o:= 0 Lm,; (OU 0; ;=0 si {:2£]
et 1 si i = j), on voit que les composantes des R,(mN,-n <(m + 1) N;)
sur les ¥,,; forment, comme celles des 1_%}" une matrice triangulaire dont

la diagonale est constituée d’unités (car Ry, a toutes ses composantes
non nulles sur les %) : les fonctions (R, n,, ..., Rmsyny—1) forment
donc une « base supplémentaire a2 E,,_, », ce qui démontre le lemme par
récurrence sur m.

LemME 10. — Si u est bien répartie d’ordre h dans M, les polynémes

h

Py(x)=n""Py(X), ou M=E[ﬁ",:]

k=1
forment une base normale de E.

En effet, cela résulte immédiatement du lemme 9 et de la condition (Q).

LeMME 11. — Soit (S;).s0 une suite de polynémes tels que
dgSi=n,  S.=—X'4....

Si (Sp)nso est une base normale de E, alors
h
= )"f } )\"= iil'
| 82| = |7 |*= ol E[N"

En effet, soit (R.),~0 la base normale de E associée 4 une suite u bien
répartie d’ordre h.

Posons R,= %X"-{—. .., alors |r,| =|m [*. Soit (a,,)i~, la matrice
n >0

exprimant (S.).~o sur la base (Rn).xo : elle est triangulaire et doit étre
a coefficients entiers et inversible pour que (S,).~, soit une base normale,
donc pour n> o, | @y, | =1, d’oll

[$n| = ol = |,
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LemmE 12. — Pour qu’il existe des constantes s, telles que (P[sn)nx,
soit une base normale de E, il est nécessaire que, quel que soit n> o,

h

|P| =% ol AFZ[%].

k=1
Soit, en effet, | P,| = |7 [*,, ol p,lzirtlf hnis St Sy = (Pr/Sn)nsno est
une base normale, | S,| =1, donc nécessairement
|$n| = | Py| = |7 |, or P(X)=X"+...,
et 'on obtient le lemme 12 en appliquant le lemme 11.

LemMmE 13. — Un polynéme de degré << N, a méme norme dans A;(M)
que dans C (M, K).

Soit, en effet, u une suite bien répartie d’ordre h, Q. et R, les polyndmes
associés : pour n < Ny,

"“V[M] E[Nn] o) V(P @)

Donc R,= ¢,Q,, ou ¢, est une unité. Soit alors P un polyndéme de
degré < N,

Np—1 Np—1
P = ) a. Ry = 2 b}le
j=0

et .
|Plh=sup|al,  |Plc=sup|b;]
v 7
[ot |P|. désigne la norme de P dans ¢(M, K)], or ax= ;bk, d’olt
e

le lemme.
LemME 14. — Pour qu’on ait, quel que soit n>> o,

h

|Pa =, ave 1= [%]

k=1
il faut que u soit bien répartie d’ordre h.
. yoas n
Nous allons montrer le lemme par récurrence sur I'entier m = [JV J
h

Soit d’abord m = o, alors o—<n << N;. Donc, d’aprés le lemme 13,
il est nécessaire que pour n < N, on ait

+w»

int 0,) = Z[ J=2[%)

k=1
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D’aprés la proposition 3 bis, ceci entraine que Sx,= {u, ..., uy,_,}
satisfait 4 Zu,. Soit maintenant m > o, posons, comme au lemme 9,
n=lez+js Oéj <Nh et P/L:PmN;,XP(jm) ol P(jm) est le « pOly-
nome P; » associé a la suite u : j ~> mN;, -+ j. Alors quel que soit o,

h h
3 (@ mNi, By =m P, N
k=1 k=1 k
donc

13
SN, L
hng=m Y 1+ 2,

k=1
et I’on doit avoir

h
iIilf )\(;Zli):Z [KJ’—L] pour o=j < N;
k=1

nous venons de montrer que ceci entraine {u{", ..., u¥t_,} satisfait
a Zy,. Ceci étant vrai quel que soit m, u est bien répartie d’ordre h et
le lemme est démontré.

Le théoréme est donc démontré, en voici trois corollaires :

CoroLLAIRE 1. — Soienf u une suite a valeurs dans M et

Pu(X) = (X —uw). .. (X—t,_).

Pour h>1, soit R, x(X) = s—I—P” un polynéme proportionnel a P, ayant
Jh

une norme égale a 1 dans A,(M) :

(a) « u est bien répartie d’ordre h, dans M » < « pour fout h =h,,
(Ry,1)n=o est une base normale de A,(M) »;

(D) « u est trés bien répartie dans M » < (Ry,1)nx0 est une base normale
de A;(M), quel que soit h > o;
(c) si u est bien répartie d’ordre h dans M, on a

O (Sn,n) = ”(ﬁ)i [1%]

CoROLLAIRE 2. — Soient u une suite trés bien répartie dans M et (a,), o

une suife de scalaires : la sériez a, P, (X) représente une fonction analytique
n>o

d’ordre h sur M si et seulement si

h
"(an)+v(7f)2[ﬁn;]—>+oo quand n—> -+ oo,
k=1
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CoROLLAIRE 3. — Soit M un compact réqulier de K, alors, pour h>o;
(@) L’injection canonique de A,(M) dans A,..(M) est complétement
continue;

(b) L’injection canonique de A,(M) dans ¢(M, K) est complétement
continue.

En effet, reprenons les notations du corollaire 1 et soient (R, )nso
et (R.i1,4)nx0 les bases normales de A, (M) et A, (M) associées 4 une
suite u trés bien répartie dans M : la matrice représentant 1'opérateur

S . . s
d’injection sur ces bases est diagonale et les coefficients a,, ,= ~="*' de

Sn,h
cette diagonale tendent vers zéro quand n tend vers l'infini, d’out le (a).
De plus, I'injection de A.(M) dans ¢(M, K) se factorise en

Au(M) — Ay (M)~ (M, K),

la seconde injection ci-dessus est évidemment continue, le produit est
donc complétement continu, d’ou le (b).

10. Rayon de convergence.

Soit f une fonction localement analytique sur M : a tout x€ M, asso-
cions le rayon de convergence p.(f) de la série de Taylor de f en x.
M étant compact,

p(f) = inf o.(f)

z€
est non nul, comme nous I’avons remarqué au paragraphe 8.

Le corollaire 2 du théoréme 2 nous permet, étant donnée une fonc-
tion continue f dont on connait la série d’interpolation sur une suite trés
bien répartie u, de déterminer le plus petit entier h tel que f soit analy-
tique d’ordre h sur M, c’est-a-dire I’entier h tel que

7> p(f)=|m|"

Nous allons maintenant préciser la valeur de p(f) a 'aide de cette méme
série d’interpolation. De plus, nous pourrons dire si les séries de Taylor
de f convergent ou non sur les circonférences |x—y|=p pour xeM
et ye Q. Il nous faut pour cela fixer quelques notations :

Définitions. — Soit f(X) =E a.X, une série entiére el soit p son
nxo0
rayon de convergence, nous appellerons « rayon d’analyticité de f »
lun des couples :
— (p, +) (aussi noté p*) si | a,|p"—o;
— (p, —) (aussi noté p—) sinon.
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[Si p est une puissance rationnelle de p, le rayon d’analyticité (p, +)
correspond & la convergence dans un « disque fermé » de rayon p de la
fermeture algébrique et (p, —) & la convergence dans le « disque ouvert ».
Si p n’est pas une puissance rationnelle de p, la circonférence |z| =p
de la fermeture algébrique est vide, et la distinction entre p* et p— ne
correspond plus & un domaine de convergence : elle précise cependant
I'ordre de croissance des | a,|.]

Les couples (p, ©)€ R X[+, —] sont ordonnés de facon évidente :
(p, &) < (9, ) si pLp' ou e <L¢' lorsque p =p'.

Si « est un nombre réel, et (p, ¢) un couple, nous noterons «C(p, ¢)

si (4, ) = (0, 9).

Soit f une fonction localement analylique sur le compact M, et soient p.
le rayon de convergence de la série de Taylor f.. de f en x€ M et (0, ) Son
rayon d’analyticité. Alors, nous dirons que :

pu(f) = inf p, est le rayon de convergence de f sur M ef que
xEM
(pas €) (f) = inf (pa, c2) est le rayon d’analyticité de f sur M,
xEM

Théoréme 3. — Soit u une suite frés bien répartie dans un compact
régulier M de K. A une suite de scalaires (an)»x0 nous associerons la série

fX) =Y aPu(X), ot Pu(X)=X—u)... (X—t).

n>o0

Posons
I I .
= +...4+ <+ =0); = lim o,
w=§N t-tTRx (Go=0) o = lim o,
(éventuellement ¢ = + ) ef Y =1lim %a,.) (éventuellement y = — ).

(a) La série f définit une fonction localement analytique sur M
si et seulement si

Yy+ov(@>o (y>—owsicg =+ ).

b)) Y +v@on>o0 = [feA(M).

) vy+ov(ma<o = [f&Ar(M).

(d) Si v+ v(mw)o> o, soit hy Uentier défini par

T4+ o@or>0>y+4v(™)or1 (ho=o0siy>o0).
Posons
m =N, (Y + l)(ﬂ') c/’o)’
alors
p()=Imlex|plm=p
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est le rayon de convergence de f et son rayon d’analyticité est

pt siv(a)—ny—>-+ quand n—+ «,
o~ sinon.

(a), (b) et (c) se déduisent immédiatement des corollaires précédents

car, si
h

%n1=0(a) + v<ﬂ>§ [ﬂ

nous savons, d’aprés le corollaire 2 du théoréme 1, que

feAw(M) < ouu—>+o  quand n-—>+ o,
Or,

13
n
(n—r) a/,—hé; [m] Z nay.
v =1

Donc
feAd,(M) < now(n)+ v(a,)—>+ =,
ce qui donne (a), (b) et (c).

Soient K' une extension finie de K et ©' son uniformisante : M est un
compact régulier de K’ et si f est localement analytique sur M, il existe '
tel que f soit analytique d’ordre h' sur le compact M}, cerclé d’ordre h’
défini par M dans K'. Nous désignerons provisoirement par A,(M)x

I’espace A;,(M) défini au paragraphe 8 : c’est I'espace des fonctions dont
le rayon d’analyticité sur M est supérieur ou égal a |x |-

Plus précisément, si h, est défini comme en (d) dans I’énoncé,
(It =20 u)> (17" +)
et f est analytique d’ordre h' sur K’ si et seulement si
s D) (17", +)-
Soit k), le plus petit ordre d’analyticité de f dans M relativement a K

I T |h‘,—1> ] ﬂllhéé | T |Iz,,.

Posons
a=|m'M|n": 1ZLa <|m|
Notons | | la norme d’un élément de An(M)k : on a, d’aprés le
lemme 7,

|Pn|,= a7/ V] ¢ IPnl’
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done, f€ Aw(M)x équivaut a
(@) + W (F)on, + (h},u(n’)—hov(n))Nn;D >t oo,
Soit, en posant m = N, (v + v(r)o4,),

‘ Loga
feAuM) = m-+ Tog|p] > o0
et
Loga
+Log|pl = fedA,M).

Soit encore,
L] +) s 9ulf)}

{ <LI;;jP | + m) n+ (v(a,)—ny) Ny~ -+ ¢-

D’oul
sup {o | (|7 oo, +)< (s u(D | =pl™,
soit
:|7r|h]p[_m et t=4 < I)(an)—ny—>+oo’
ce qui démontre (d).
Appliquons le théoréme 3 au cas ou M =2, K=Q, et u,=n,
nous obtenons le corollaire 1 et le corollaire 2.

CoRrOLLAIRE 1. — Soit (an)nx0 une suite de nombres de Q,, et soit

©) f(X)=2l1n.n!<}n<>-

n>o0

(a) La série (1) représente une fonction continue sur Z, si et seule-
ment si
v(a,) +v(n!l)—>+ quand n-—>-+o.

(b) La série (1) représente une fonction localement analytique sur Z,
si et seulement si
v(an) 1

lim — .
T p—1

(c) La série (1) représente une fonction analytique d’ordre h sur Z, si
el seulement si

U(an)+ l‘)—i—l<l—171h>—>+ <,

(d) Soit h le plus petit entier tel que
m,= p" (hm (@) + p—1< _p_h>>

I
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soit positif ou nul, alors le rayon de convergence de f esl
e(f) =|p|—mr=prrt,

et son rayon d’analyticité est :

v(an)

— (p"+— "+ si v(a,) —n lim —— ©;
— (p™—="y~ sinon.
11 suffit, en effet, de remarquer qu’ici N, = p’,

I I I I I
=ptotpm(mR) ¢ o

COROLLAIRE 2. — Sozt (br)n~o une suite de nombres de Q, tendant
vers zéro lorsque n— -+, et soit

f@=>Y, b(ﬁ)

nxo0

la fonction continue sur Z, associée.

(a) La fonction f est localement analytique sur Z, si et seulement si

hmv_(_bi)>
- n

(b) La fonction f est analytique d’ordre h sur Z, si et seulement si
v(bn) — <[;] >—>—|—oo quand n-—+ oo,

(c) Soit h le plus petit entier tel que

— o e V0R) I
m/l_p.<h_m n p/l(p___l) éo’
alors A
() =pm
et le rayon d’analyticité de f est
(p—"%* si v(bn)—n li_m——v(rl:") —+ quand n— - o
et '
(p™—"~ sinon.
COROLLAIRE 3. — Soit (bn)n~o une suite de nombres de Q, tendant

vers zéro lorsque n— + oo, et soit f(x) =2 b, <ﬁ> la fonction continue

., n>o0
associee.
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(a) f est localement analytique sur Z, si et seulement si

1
Tim | ba|* <1.

(b) f est analytique d’ordre h sur Z, si et seulement si

o/ (]t

(c) Soit h le plus petit entier tel que f soit analytique d’ordre h alors

9(f)=lp!"><I/m{’bn/[pﬂh]lﬁ ¢).

11. Une base particuliére.

Soient ay, . .., ay,_; une suite finie satisfaisant a <y, : 1a suite définie par

= o pour i <Ny
U= U;_n, pour i N,

est trés bien répartie d’ordre h dans M.
En reprenant les notations du théoréme 2, la base normale de A,(M)
(Rr)n~o associé & u satisfait a la relation
Riyn,= Ry, Ri.

Notons R le polynéme Ry, et soit n=mN,+r, o=Zr <N, on a
alors
R,= R"R,.

De plus, nous avons montré au lemme 13 que des polynémes de degré
strictement inférieur 4 N, ont méme norme dans ¢(M, K) que
dans A,(M).

Notons | f|c la norme de fe¢ (M, K) dans ¢(M, K), et | g|» la norme

de g€ A, (M) dans An(M).
On a alors la proposition suivante :

Proposition 9. — Soit {ay, ..., ay,} salisfaisant a %y, posons

R(X) = ﬂ*lNh(X-—ao). (X —ay, ),
ou

1‘\~h=N;,<N‘—1 .ot ﬁ})

(®) Ce résultat est analogue a celui de [11] que J. HiLy a montré par des méthodes
tout a fait différentes.
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Toute fonction fe€A,(M) admet une représentation unique de la forme

.
f= 2‘ fm. Rm,
mxo0

ol :

(a) fm est un polynéme de degré inférieur ou égal @ N;,—r;

(®) [frl = sup |fulp=sup |fule;

m>0 m>0
k
(¢) De plus, si Fk=2fm R™ et si g™ (a;) désigne la dérivée m*™ de g

m=0

au point a;, on a, pour m>-o,
fm (@) = () () — Fi32, () [R ()™

En effet, (a) et (b) sont des applications immédiates du théoréme 2
et du lemme 13.

Remarquons qu’une série convergente dans A, (M) peut y étre « dérivée
terme a terme » puisque, si f€ A,(M), |f'|»< || et que, par conséquent,
si F; est une suite telle que |f— Fi|,— o0 quand k—+ o, il en est
de méme pour |f'— F' |

Or, il est immédiat que pour ¢ <m, (R™)\?(a;) = o, donc f— F; est
nulle aux points «;, ainsi que ses k premiéres dérivées, en particulier on a

@ () = Fi&, (o) + (fr R (),
or
(Fe R0 () = fr(e:) (R (%))
d’ou le (¢).

(X—a,»)’ P

Oy vo. N/———I
ml ’ ’ (2 ’

+ %
CoroLLAIRE 1. — Soient fx,(X) =2 A,
m=0

les séries de Taylor d’une fonction f € A,(M) aux points a,.
On a, avec les notations de la proposition 9,

Np—1

fm (X) == 2 bm,kRk (X)’

k=0

k
| 0 (a)— i, (2))
bm L= L k+ < f g /; ! : z '
= g B () <§ Rt ) R 7))

Cette formule résulte immédiatement de I'interpolation des valeurs f,,, («;)
données au (c) de la proposition 9.

ol
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12. Fonctions analytiques de plusieurs variables.
12.1. Notations.

Nous utiliserons des notations classiques analogues a celles de ([20], § 9).

X =(Xy ..., X,) est un ensemble de s indéterminées.

K [[X]] est 'anneau des séries formelles entiéres & s indéterminées et
a coefficients dans K.

Soient
a=(ay ..., a,)€ K>,
R=(Ry, ..., R)eRy,
choisi de telle sorte que pour tout i, il existe p;€ K, avec |p;| = R..

Le disque (ou polydisque) D de centre a et de rayon R est
D= g = (T, ..., T)EK"®

Ixi—ailéRi, i=1, ey S}.

— RZR < RZR,,i=1,...,S;

— R<R < Ri<R;,i=1,...,s etil existe i, tel que R, < Rj;

— n=(n, ..., n)eN’ et X» désigne le monome X% ... X?.

Si R=(R,, ..., R) et p;eK et est tel que |p;| = R, nous noterons
X__Xi X
e

Alors V’espace A (D) des fonctions strictement analytiques sur D s’iden-
tifie aux fonctions sommes, pour X €D, des séries

< X—a\" \
f:Z‘a,L ; sy ol |a)—>o quandn->oo,
nEN*
u’on muni I
’on munit de la norme

f—1fl= sup | al.
neEN

Ceci étant posé, les espaces A,(M) (ou M =M, X ... XM, se défi-
nissent exactement comme pour une variable, h désignant évidemment
un multi-indice (hy, ..., ).

Alors
Ar(M) ~ A, (M) @ An, (M) Q.. e@ Ay (M),

comme il résulte immédiatement de PTT 1 et 2.

Etant données s suites u! & valeurs dans M, nous noterons u = (ui,...,w’)
I’application de N* dans M

n=(n, ..., n)—>W, ..., us).

BULL. SOC. MATH. — T. 92, FASC. 2. 11
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Nous supposerons que M est régulier et nous dirons que u est bien
répartie d’ordre h dans M si u’ est bien répartie d’ordre h; dans M,.
Nous noterons P,(X) = P, (X)) ... P, (X.)).
12.2. Théoréme 2 bis. — Soit u = (u!, ..., u’) pour qu’il existe des
constantes s, € K et telles que <%> N soit une base normale de A, (M)
neEN*

n

il faut et il suffit que u soit bien répartie d’ordre h dans M.

Alors
s o _
3 N n;
S,L|=|7l'|"", ou )‘n,...,n‘!: Zl—J .
e . 1 lel
i=

k=1

Ce théoréme se déduit du théoréme 2 moyennant les remarques
suivantes :

— La condition est suffisante, car
A~ A, (M) & .. & A4, (M)
et 'on applique PTT 2;

: i\
— La condition est nécessaire, car la suite <%) définie par
k /Jk>0
=P, on n,=(0,...,0,ko,...,0)
et
Sk = Sn; i (k étant la i®™® composante de n; ;)

est nécessairement une base normale de A;,(M;) qui s’identifie au sous-

espace
Ai=18...0 Ap(M) R...®1 de A,(M).

12.3. Fonctions analytiques a valeurs dans un espace de Banach.

Soit E un espace de Banach [satisfaisant ou non a la condition (N)]
et soit E[[X]] I'espace vectoriel des séries entieres formelles a coeffi-
cients dans E, [X = (X, ..., X)), s fixé].

Soient D, le disque de centre O et de rayon 1= (1, ..., 1) et E (D)
I’espace des fonctions strictement analytiques sur D, a valeurs dans E,
c’est-a-dire des fonctions qui sont somme sur D d’une série appartenant
a E[[X]] et convergeant sur D.

Alors E(D,) = E @ A[D,), d’aprés PTT 1.

Supposons que E soit de dimension au moins égale a 1.

Pour z€ E, x = o, posons

»(z) — 0871

= Tog|p| et v(0) =+ .





INTERPOLATION p-ADIQUE. 167

Avec ces conventions, les théorémes 2, 3 et 2 bis et les corollaires 1 et 2
restent valables, leur démonstration commune se réduisant a l’identi-
fication de E,(M), espace des fonctions analytiques d’ordre h sur M
et a valeurs dans E, avec E&® A,(M). Il est clair que chaque fois que
le terme « base normale de A, () » intervient, il faut le remplacer par
« tel que toute f € E;(M) soit de facon unique, etc. » comme en PTT 1.

CuariTre IV.

Applications.

13. Sommes de séries de Laurent.

Dans tout ce paragraphe U désigne la circonférence unité de Q,
et p un nombre premier différent de 2.

Nous avons montré (§ 2.3.5) qu'étant donné «€ U, la suite n—> a*
est trés bien répartie dans U a la condition nécessaire et suffisante que

— o soit un générateur de (Z/(p))*;

— v(ePrt—1)=1.

Nous désignerons ici par « un élément satisfaisant a ces conditions.
Il résulte immédiatement du théoréme 1 que toute fonction continue
sur U peut étre représentée de facon unique comme somme d’une série

(1) f(x):an(I—x)<1—§>...(I—a—f_—l>,

n>o0
ol
[ bp(1—a®) (1—a™ 1) ... (1—a)|—>o.

Parmi les fonctions continues sur U, le théoréme 3 nous permet de
caractériser celles qui sont localement analytiques et de déterminer leur
rayon d’analyticité.

Nous allons caractériser les séries (1) dont la somme est développable

en série de Laurent convergente sur U : une condition nécessaire pour
une telle fonction est d’avoir un rayon d’analyticité 1—, autrement dit,

Jim 200 _
- n

La proposition 10 nous fournira cette caractérisation.

13.1. Définitions.

Soit #* I'anneau des séries formelles restreintes, a coefficients dans Q,
(on passe aux espaces de Banach des séries a coefficients dans un espace
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de Banach, par produit tensoriel topologique) : £ est 'anneau des séries

1) =Y a.x,

nez
ol |a,|—o quand n—> o, muni de la norme

|| = sup | a|
n€Z

qui en fait un espace de Banach sur Q,, satisfaisant & la condition (N).
Soit fe £, f définit une fonction continue sur U

+ o
.
x—>z a,x";
—=

on a donc une injection canonique de £ dans ¢(U, Q,), soit L I'image
de £ par cette injection.

Si f €L, nous noterons :

[flr la norme de I'image réciproque de f dans £°;
|fle la norme de f dans ¢ (U, Q).

L’espace £ est somme directe des deux espaces
rr={f(X)eL|an=0 pour n <o},
r~—={f(X)e~L|an=o0 pour n>oj.

Nous noterons L+ (resp. L—) l'image de £+ (resp. £7) dans ¢(U)
et si f€L, nous poserons

f=f++f, ou freL* et f-eL-,

cette décomposition étant d’ailleurs unique.

13.2. Proposition 10. — Soit (a.),~. une suite tendant vers zéro,
nous lui associerons les fonctions
(1) f@=X% f@el
n>1

0 e@=sXaT=PE0), s@ee, Q).

n>1
Alors :
(a) La série d’interpolation de f sur la suite o™ est

@ f@=(g)e—a(i—2)... (=),

k>0
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(b) La correspondance entre f el ¢ définie par ces formules est un iso-
morphisme isoméirique de L~ sur ¢(U, Q).

Nous allons d’abord montrer que les formules (1) et (2) définissent un
isomorphisme isométrique de L- sur ¢(U, Q,) : il suffit pour cela de
montrer que I’ensemble des polyndémes

x—a)...(x—o"?) (1)

(1—a)...(1—oa"1) -

est une base normale de ¢(U, Q,) : en effet, s’il en est ainsi, les appli-
cations f— (@n)nx0 [T€SP. @ = (@n)nx.0] SONt des isomorphismes isométriques
de L~ [resp. (U, Q,)] sur I'espace des suites tendant vers zéro.

Or, les polynomes (A, (x) /T).~1 constituent la base normale de ¢(U, Q,)
associée a la suite u,= a"*! (visiblement trés bien répartie dans U);
de plus, dans ¢(U, Q,), la multiplication par la fonction « x—x » est
un isomorphisme isométrique de ¢(U, Q,) sur lui-méme, et transforme
une base normale en base normale. Il reste donc a montrer que f et ¢
sont liées par la formule (3).

Soient (dn,#)»x0, les coefficients définis par
h>1

I (R

/
n>o0

A.(x) ==

(3) sera démontré si nous prouvons que, quelle que soit la suite (a:)ix:
tendant vers zéro, et quel que soit n <1,

] <ai”> :2 dn,ka/;.

kx>1

Or ceci résulte de ce que d, r= Ak<$>, ce qui se voit par exemple en
remarquant que l'identité

I I

a?-—lz(l—x)<%+...—l—;k> pour k>,

entraine que
I
dn, 1= o d/l—i,l (n N I)s

dn,k: 'alk‘dn—l,k"l‘ dn,k—l (nél, ké 2)’

ce qui avec d, =1 pour tout k> 1, détermine les coefficients d, : :

n

or il est immédiat que d, = Ax (a—l> satisfait & ces relations, ce qui

démontre la proposition.
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CoroLLAIRE 1. — Pour que la fonction
[ @ =2bn(1—x)<1—— o). <I—%>
nx0 ’

appartienne a L, il faut et il suffit quil existe une fonction continue
eec(U, Q,) telle que
el

Alors les coefficients de la série de Laurent dont f est la somme

f@) =Y anz
n>1
sont définis par

o) — @—a)...@—a")
? (@) _an_" G—a)...(1—a")

nxo0

CoROLLAIRE 2. — Pour que la fonction
x x
f@=Y b,l(x—x)(l——&) <1— F1>
n>o0

appartienne a L, il faut et il suffit qu’il existe une fonction confinue
eec(U, Q,) telle que

bn—-cg<;1;l>l—>o quand n—+ .

En effet, si ¢ est associée 4 f— par la proposition 9, les coefficients

n

1 s .
bp—o <&—> sont associés & f+, donc tendent vers zéro.

Nous savons caractériser les fonctions de L+; cependant, la propriété
suivante fournit une correspondance entre fonctions de L+ assez analogue
a Tisomorphisme de L~ sur € défini par la proposition 10.

PropositioN 11. — Soient (a.).~o une suite tendant vers zéro,

f(x =Z a,z" la fonction de L+ associée, el (bn).xo la suile des coefficients
nxo

d’interpolation de f

f(x)=2bn(1—x) 1——2) <1_%>

n>0

La fonction L (x) € L* associée a la suite (bp)nxo,

(@) =Y b

n>o0
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,o. . . . I
a pour série d’interpolation sur la suite — :
all

¢ (@) =Ea"(1_x)(1—d$) .o (—ari).

n>o0

La correspondance f<>{ ainsi définie est un isomorphisme isomélrique
de L+ sur lui-méme.

Cette proposition se démontre par un calcul trés élémentaire :
si (€a,1)r~0 sont les coefficients définis par
n>o

x
xn:Ec,,,k(I—x) e <I— F)s
/
k>0
alors on montre par récurrence que
(a*—1) ... (22— k1)

(1—a)...(1—2a)

Il en résulte que |cn x| <"1, puisque c’est, & une puissance de a prés,
la valeur en un point de U du polynéme Q; associé a la suite o”.

Cn, k=

On a donc
bkzzcn,kanzzcn,kan
nxo n>k
et
n
. O
Y@ =Y bt =Y ap| D cni )

N} n>o0 k=0

avec

26;:,1;:[:/": (1—2)(1—ax) ... (1—a"1x),

k=0

d’ou la proposition.
14. Limites uniformes de séries de Laurent.
Etant donnée une série d’interpolation

0 @ =X b= (1= 2 ) (1= )

i
n>o

nous venons de montrer que b,=¢ <o%>, ou 9ec (U, Q,) équivaut
a fe L—. En particulier,

fel~ = sup|b|=|¢le=Iflw
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Réciproquement, quelles sont les fonctions données par la série (1) et
telles que | b, | soit borné ?

ProrosiTiON 12. — Soit L, la boule unité de L : L,= (feL] |f|L41 ~

et soit L, son adhérence dans € (U, Q,), ¢’est-a-dire I'ensemble des foncttons
continues sur U qui y sont limites uniformes de sommes de séries de Laurent.

Une fonction f donnée par la série (1) appartient a L, si et seulement si
sup | b, | <L 1.
nxo0

CoroLLAIRE. — Toute fonction de L, a sur U un rayon d’analyticité

au moins égal a 1~.

Notons L (resp. L;) la boule unité de L* (resp. L) et L} (resp. L;)
I’adhérence dans ¢ de L} (resp. L3).

LemMme 15. — Si la fonction f donnée par (1) dppartient a Ly, alors
sup | b, | < 1.
n>o0

Soit f donnée par (1) et soit (fx) une suite d’éléments 'de iL;. Notons ¢
la fonction continue associée a f: par la proposition 10.

Alors

.z
fo@ = Hm( D= (1255
Si feL;, on peut choisir la suite f; de telle sorte que |f—f:|.—> o
quand k — + . Or,
(bn—‘?L< >>([_._a”) (I-.a) ¢
>0

| f—fkle= sup
nx
I
bn_cpl.<;‘n>

“(a )l

Réciproquement, soit f donné par (1) avec siplbﬂ[éy. On peut
n>o

Pour un indice n fixé, on a donc

|0k le=|frlnLa, donc et ainsi | b, < 1.

choisir une suite de fonctions ¢;(x)€c (U, Q,) et telle que
— [9rle=15
I .
— (Dk<a]> = b, pour j =o, ..., k; par exemple, en prenant pour ¢,

une fonction constante par morceaux, ou un polynéme.





INTERPOLATION p-ADIQUE. 173

Soit fi (x) € L; associée a ¢; par la proposition 10 :

@ =Xu( ) a—a ... (1=

On a alors

b= 5 ) G—a) .. =)
b=l 5 ) =) ... =)

If——fklu=§1§§

= Su
n>k p

soit

[f[—felo=l(t—ef) ... 1—a) |
Donc |f— frlc — o, et feLs.
LEMME 16. — L} = L;.
Soit, en effet, fi une suite d’éléments de L,
[i@ =X bus—) ... (1— {é)
n>o0
o b,;— o quand n— + « et

sup | box| =|frle 1.

n>o

Supposons que cette suite converge dans € vers une fonction fe¢ (U, Q,),
alors

f@) :-Z b.(1—2x) ... <1— %)

et, exactement comme au lemme 15,

| bp— bpx|—o0 quand k— + oo, donc sup|b,|< 1.

n>o

Réciproquement, sisup | b.| < 1, soit
nx=o

x
fu@) =3 bi1—a) ... (‘—F>
k>0
alors f,€Lj et |f—f.|—>o0 quand n— + .

Nous allons résumer ci-dessous les renseignements que nous avons
obtenus sur une fonction continue sur U, donnée par sa série d’inter-
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polation, en remarquant que les constantes associées 2 un compact M
qui interviennent dans le théoréme 3 sont ici

I I
C”/L—ﬁ1 +...+Rr—h

_ 1 T I __pr _
P Tpe—n T T = (1)—1)“(I p">’

S

(p—1)
ProposiTION 13. — Soit (bn)a~.o une suite et soit
x x
@ =X 00— (1—5) - (1—%)-
n>o

@ fee(U, Q) = b (a"—1) ... (x—1)| >0
(b) f €eL* < | b.| o, alors |f|L:Slip| b.|;

(c) b,l=c?<$>’ onvecC(U,Q,) < feL-, alrs|flr=|9|e;
@ v(b)>o0 < feL,;

im0 o P
(@ lim == > — 0

0 SOlt im U(bu) ‘(pﬁl)z el soit h déﬁm par

& flocalement analytique sur U;

—(TEW(:‘—I%>4”'< — r)( F>

Posons m = (p—1) p~'y +

(p"—1), le rayon de convergence

(p)

de f sur U estp = p~"p™ et son rayon d’analyticité est :

p*siv(b,) + ny—+ = ;

p~ sinon.

De plus, si nous notons @,— (U) I'espace des fonctions ayant un rayon
d’analyticité au moins égal & 1—, nous avons les injections canoniques

suivantes, celles dont on sait qu’elles sont complétement continues
sont notées « cc » :

Ao (U) = Ly~

>L0—> a,—(U)—A.(U) 5 ]A>/L1(U) Se U, Q,).
Lg/
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15. Logarithme.

Comme au paragraphe 14, nous nous plagons dans Q,, ol p Z 2.
Soit o une unité de Z, : cherchons & définir sur la circonférence unité U
de Q,, un logarithme a base «, c’est-a-dire une fonction L, (z) satisfaisant a

L [ L@ee(U,Q),
| Ly(e") =n quel que soit n> o

ProrosiTioN 14. — Les conditions L définissent le logarithme a base o
si el seulement si (27),~, est trés bien répartie dans U, alors

(1) Lx(x)=2T-_I—a,l(l-—x)<1—g>...(1_%>.

n>1

Plus généralement, si a€ U, ar—'5~1 et si () est U'adhérence du groupe

cyclique engendré par =, la série (1) converge dans ¢((), Q,) et définit

la représentation continue L, du groupe multiplicatif (x) sur le groupe
additif Z, telle que L,(x) =1. '

Montrons d’abord que, quel que soit a€ U, "' 41, la série (1) est
telle que
L,(@") =n,
c’est-a-dire que

at—1

zaT_—I(I——a'H) oo (1— ok =n, pour n>.1.
k=1

. o—1
Pour n=1, on a ev1demmenta =1; de plus,
—1I

n n—1

N o1 . a—'—1 5 —k
2‘ o (1—a). .. (I__an~~l\+1)__2 _F(I_an ... (1— ant)

k=1 k=1
n—1

=2 ank(1—an=1) (1—an*+) L (1—ar ) .. (1—a) =1.

k=1

La fonction définie sur («”),~, par L.(2") = n a donc comme coeffi-
cients d’interpolation sur cette suite, avec les notations du corollaire 2
du théoreme 1 (§ 6.2)

a,= (1—oa"1) ... (1—a).

Donc

v(a,,)g[p—f:] et | a.|—o.
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Or nous avons montré au paragraphe 2.3.5 que " est trés bien répartie
dans () : ceci démontre que la série (1) converge dans €((z), Q,), sa

somme définissant évidemment la représentation continue de (x) sur Z,
puisque c’est une fonction continue représentant le semi-groupe (2%),~
sur N.

En particulier, soit { une racine (p — 1)-iéme de I'unité : pour tout «
tel que {€(a), on a nécessairement

Log.(¢) = o, puisque (p—1)Log.({) = Log.(1) = o.

De plus, toute représentation continue ¢ de U sur Z, est telle que
I'ensemble ¢—!(o) soit I’ensemble des racines 'de I’équation X»—' =1 :
cherchons & prolonger & U le logarithme usuel, défini sur 1+ pZ, par

Log X =2 (— 1) (XT—I)H .
n>1

On sait que ce logarithme est tel que
p?l
Log(exp p) = Log < > m) =p.
n>o
Soit { une racine primitive (p —r1)-iéme de 1 et soit o= expp :
la fonction L, (x) définie ci-dessus satisfait ‘alors pour tout xre1+pZ, a

L, (x) = %Logm,

Puisqu’elle satisfait a cette 'relation sur I'ensemble {o(”="" |, qui
est dense dans 1+ pZ,. De plus, tout prolongement continu sur U de
la fonction Log z est de ce type, et nous avons le corollaire :

CoroLLAIRE 1. — Tout prolongement continu sur U de la représentation
de 1+ pZ, sur pZ, définie par la série logarithme est une fonction

@ =X 60— (i— 2 ) (1= 25 ) o

0 /
nxi1

et une ftelle série !définit un prolongement du logarithme si o,= expp,
ou ¢ est une racine primitive (p — 1)-iéme de 1.

Remarquons qu’un tel logarithme a, d’aprés le (f) de la proposition 14,
un rayon d’analyticité 1— comme on peut s’y attendre compte tenu des
propriétés de translation du logarithme.

16. Exponentielle.
16.1. Fonction a®.

Soit « une unité de Q (complété de la cloture algébrique de Q,) :
cherchons a prolonger en une fonction continue sur Z, ’application n — «”.
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Si une telle fonction «* existe, on a nécessairement
“'LZEa"<n) avec |a,|—>o

n>o

a, :2 (—_1)'1—k<2> ok = (@ —1)n.

k>0

et

Donc une fonction continue o sur Z, existe si et seulement si
v (2 —1) > o. En appliquant le corollaire 2 du théoréme 3 nous obtenons
la proposition :

ProposiTioN 15. — Pour que Uapplication n— o de Z, dans Q soit
prolongeable en une fonction a* continue sur Z,, il faut et il suffit que
v (2*—1)> 0, on a alors

z
@ = (a—1y (7 );
n>1

(b) o~ est localement analytique sur Z,;
(¢) Si h est le plus petit entier tel que v(a—x)éﬁ, le rayon

l .
p—1
On retrouve ici le résultat classique sur les unités distinguées : a™ est

I
p—1
(Remarquons que o n’est pas supposé algébrique sur Q,.)

d’analyticité de o~ sur Z, est (p"), o m = p*v(x—1) —

analytique stricte sur Z, si v(x—1) > (cf., par exemple, [6]).

16.2. Prolongement de l’exponentielle a Q,.

Si Ton choisit pour « la valeur «,= expp, la fonction «* ci-dessus
définie coincide avec exp px, ol exp x est défini pour x € pZ, par

ex N L

PT= 2 i

Nous cherchons a construire une fonction continue sur Q,, prolon-
geant I’exponentielle ci-dessus et qui définisse une représentation multi-
plicative dans & du groupe additif de Q,.

Nous allons construire une suite de fonctions (¢)),=; 4 valeurs dans Q
telles que

¢y est continue sur la boule By = p'—Z,;
9o (r) = expz pour x€B, = pZ,;

ou| Br—r = 931 3

9z +y) = 9() (Y)-

(@)
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Il est clair que si une telle suite est définie, la fonction ¢ définie
sur Q, par ¢ | B, = ¢;, est un prolongement de la représentation expo-
nentielle; d’autre part, tout prolongement ¢ de la représentation expo-
nentielle définit canoniquement une suite : ¢ = ¢ | B;.

Une condition nécessaire pour que (¢3) satisfasse a (®) est que, quel
que soit 2 >1, on ait
A [92(' )] = 9t (p°7).

Toute suite (¢1).n0 satisfaisant a (®) est donc telle que la suite des
nombres

a=uo(p"), satisfasse & e,=expp et e =e_..

Réciproquement, si (e)i~o désigne une suite de nombres distincts et
tels que
e, = expp,

e{) = e).—l,
alors e{lz e et v(e—1)= I% [car léquation (1+ X)"*=e, est une
équation d’Eisenstein]. Soit K, l'extension de Q, par e, : K; est tota-
lement ramifiée sur Q, et [Ky : Q,] = p*.
SizeB,, x = pt~—*y,ou y€Z, et les conditions (®) imposent
o (@) = e,
ou e est la fonction définie a la proposition 15.
De plus, €] a sur Z, le rayon d’analyticité (p™")~, ou
1 1

e Lo = 1—
R T = T T

bl

soit
5 I
m,—>»=1—»i— ;
p—I1

le rayon d’analyticité de o) sur B; est donc
(P ),

comme on pouvait aussi le remarquer compte tenu de la construction
de ¢» « par translation ». Nous résumerons cette construction par la

ProrosiTioN 16. — Soit Q,—= K, CcK,C ... CQ une suite d’extensions
de Q, telles que K soit engendrée (sur Q,) par une racine e, de I’équation
Xr*=exp p. La série

91 () =2 (e>\——1)”<pl;x>

n>0
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définit une représentation continue de la boule B, = p'—*Z, de Q,, dans 2,

1 _
@, prolonge Uexponentielle el ¢, admet le rayon d’analyticité (p —/’_—7>
sur B;.

Soit ¢ la représentation de Q, définie par une suite K;; cherchons
maintenant & caractériser les sous groupes fermés ¢(Q,) de L, associés
a différentes suites K.

Soit d’abord Vi = ¢3(By): Vi est un sous-groupe ouvert et fermé
de K,. Notons m I'idéal maximal de I'anneau de valuation A; de K :
m; = (en—1) Ay. Alors Vi C 141y, mais V21 +m) comme on le voit
m,

A
5

par exemple en prenant I'image de V, dans 1+

Quel que soit a €1 -+ pZ,, 'équation X7* = « a une racine dans V; :
en effet, si Loga =3, B€pZ,, p*f€B) et

o.(p Y =0, (B) =2

De plus, la seule racine de I'équation X?* = « qui soit dans 1 + m;
est dans V.

Donc V) est exactement le sous-groupe de 1-my constitué des
racines p’-ieme des éléments de U.

Un sous-groupe multiplicalif V de Q¥ est 'image de Q, par une appli-
cation exponentielle si et seulement si :

(a) quels que soient a€ U ef A1, Péquation X" = o a dans V une
racine et une seule;

(b) quel que soit yeV, v(y—1)> o et il existe un entier n fel
que yr"€Q,.

Nous venons en effet de montrer que si ¢ est une application expo-
nentielle de Q, dans 2, ¢(Q,) satisfait & ces conditions.

Réciproquement, si V satisfait aux conditions ci-dessus, on peut
construire une suite ¢; et une suite K;, comme a la proposition 16,
en choisissant pour e, la racine de I’équation X?* = expp qui est dans V.
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An Interpolation Series for Continuous Functions

of a p-adic Variable.

Meinem Lehrer C. L. Siegel zu seinem 60. Geburtstag gewidmet.
By K. Mahler in Manchester.

The theory of analytic functions of a p-adic variable (i. e. of functions defined by
power series) is much simpler than that of complex analytic funktions and offers few
surprises. On the other hand, the behaviour of continuous functions of a p-adic variable is
quite distinct from that of real continuous functions, and many basic theorems of real
analysis have no p-adic analogues. Thus there is no simple analogue to the mean value

theorem of differential calculus, even for polynomials like (:) ; there exist infinitely many

linearly independent non-constant functions the derivative of which vanishes identically;
and if a series f(2) = ¥ f,(x) converges and the derived series g(z) =3 f,(x) converges
uniformly, g(x) still need not be the derivative of f(x); etc.

The main paper on the subject is that by J. Dieudonné, Sur les fonctions continues
p-adiques, Bull. Sci. Math. (2) 68 (1944), 79—95. I mention, in particular, his p-adic
analogue to Weierstrass’s theorem on the approximation of continuous functions by
polynomials, and his existence theorem for differential equations. Most of his paper deals
with the more general class of p-adic valued continuous functions on compact totally
discontinuous spaces and falls outside the subject of this note.

I had already become interested in the subject before I learned of his paper. Earlier
this year, J. F. Koksma (who then also did not know of Dieudonné’s work) suggested to
me that there should be a p-adic analogue to Weierstrass’s approximation theorem. The
solution which I obtained finally proved to be very different from that by Dieudonné.

There is no great loss of generality in restricting oneself to functions f(z) on the set /
of all p-adic integers. The subset J of the non-negative integers is dense on /. Hence a
continuous function f(z) on I is already determined by its values on J, hence also by the
numbers

= 3 (— 1)k(Z)f(n_ K (=012, ...

k=0
I prove that {a,} is a p-adic null sequence, and that

fm=§%m

n=0 n
for all z € 1. Thus f(x) can be approximated by means of polynomials.

I further study conditions for the a, under which f(z) is differentiable at a point,

or has a continuous derivative everywhere on I. Thus, by way of example, ¥ p’(xr) is
r=0 p
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continuous, but nowhere differentiable, on I (an entirely different example was given
by Dieudonné); and 3 p" (p’ m 1) has a continuous derivative for z &= — 1, but is not
r=0 -

differentiable at + =—1. Two problems on differentiation are stated which I have not
succeeded in solving; they seem well worth of further study. I conclude the paper with
a result on a special infinite system of linear equations.

1. Throughout this paper, p is a fixed prime; R is the field of all p-adic numbers;
|z |, is the p-adic value normed such that |p |, =1/p; I = {z; |z |, < 1} is the ring
of all p-adic integers; and J is the subset of all non-negative rational integers. Thus J
lies everywhere dense in I.

Limits both of real and of p-adic numbers will occur, but it will in each case be clear
from the context which kind of limit is meant.

All functions f(x) will be defined for all x € I and have values in R. We shall mainly
be concerned with functions that are continuous at all points of 7, or that have a con-
tinuous derivative on I.

2. With each function f(z) we associate the infinite sequence of coefficients
i n
An 22(“—1)k(k)f(n_k) (n:O,ll,Za"")
k=0
and the formal interpolation series
%k — - z
*(x) w’,ﬁan (n)
These coefficients @, are the successive differences at z =0 of the sequence
{£(0), f(1), f(2), ...}, and they may also be defined by the recursive formulae
f*(n) =f(n) (n=071727"')7
_ in which f*(r) reduces to a finite sum.
8. Lemma 1. The series f*(z) = 3 a, (i) converges for all x € I if and only if

n=0

lim a, = 0.

n—-w

Proof. (a) The condition is necessary because e. g. the series

1) = 5 (— Dra,

n=0

does not converge unless its terms T a, tend to zero.

(b) Assume that lim @, = 0. For every = ¢ I select a y ¢ J such that

Then (n _y_ k) is a positive integer, hence

i(n—?{—k)‘éi (k=0,1,2,...,n).
P

Further (:c —g y) =1, and

.o n)

=\ _@—y)(zr—y—1)- - (z—y—k+1) z—y —
(k )_ - = (k =1,2,.
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where 2, denotes a p-adic integer; therefore also

| — |
(” y)1g1 k=01,2,...n).
k »
The identity

implies then that

and so

giving the convergence of f*(x).
This proof shows, moreover, that f*(x) converges uniformly for x ¢ I, hence that

its sum is a continuous function because the terms are polynomials and therefore con-
tinuous.

Lemma 2. Let lim a, =0. Then f*(z) =f(z) if x ¢ 1.

Proof. Both f(x) and f*(z) are continuous on I, and they are equal when x € J.
Since J is dense in I, every x € I is the limit of a sequence {y,} of elements of J. Then

f*(yn) =f(?/n) (n=1a2v3’)1
and so, by continuity,

f*(x) = hm f*(yn) = lim f(ya) = f(2).

4. Theorem 1. Let f(x) be continuous on I. Then
lim a, = 0, and therefore f(z) = ¥ a, (i) if zel.
n—0 n=0

Proof. As a continuous function on a compact set, f(z) is both bounded and uniformly
continuous on I. As we may, if necessary, multiply f(z) by a power of p, there is no
restriction in assuming that -
|[f(x) |, =1if zel.

Further, if s is any positive integer, there is a second positive integer ¢ =t(s) such that
|[f@)—f@) [ =p~ it z,y€l, |[z—y|, =p~.

In the remainder of the proof z and y may be restricted to the set J. For every
x € J there is a unique integer g(z) € J satisfying

|f(z) —g(2) [, =p~, 0 < g(a) = pr—1.
This function g(z) on J is periodic,
g(x) =g(y) it 2,y € J, z = y(mod p’).
For the congruence is equivalent to |z—y |, < p~*, and so
|8(2) —g(¥) | = | @(2) — £(2) + (H(2) —1®) + ((9) —&@) |o
=< max (| g(2) — /(2) lps [F(®) —1(9) |os |F(®) —2(y]s) <P,

whence g(x) = g(y) because distinct values of this function are, by definition, incongruent
(mod p*).

Journul fiir Mathewatik, Bd. 199, Heft 1/2. 4
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In analogy to a, define now
b= 2 (— 1) (Z)g(n-—k) (n=0,1,2 ...

so that b, is a rational integer. Evidently
|@n—bu|p < p~° (n=0,1,2,...).
Next let w be a fixed primitive pt-th root of unity; thus

pi-1 ¢ 3 = t
wn __ JP¢f m =0 (mod p?),
Lo _{0 it m =0 (mod pt).
Further put
pt-1
Am=p—t2w—mng(n) (m=07172""apt—_1)'
n=0
Then, conversely,
pt-1 pt 1 pt-1 po1 pt-1
2 Amw — p 2 2 wmn—mrg(r) __ p—-t Zg(") Zwm(n—-f)___ g( )
m=0 m=0 r=0 r=0 m=-0

ifrn =0,1,2,..., pt—1. Here g(n) is periodic in n with the period pt, and so is the sum
on the left-hand side. Hence

-1

gn) =3 An wm"forallneJ

m=0

whence

n pl-1 n
bn =3 (»--— ’1) (k) 2 Am W™=k =3 Am P (__ 1)Ic (Z) ™k
k=0

k=0 m=0 m=0

and finally

pt-1

bp= 3 n(w™—1)* for all n¢ J.
m=0
Let now K be the cyclotomic field generated by w, and let o be the ring of all alge-
braic integers in K. Not only w, but also the quotients
wm™—1

BT S BTAE H + 1 (m =0, 1, 2,... pt— 'l)

o —1

and the produects
pi-1
p _Zw—""‘g(n) (m 207 1)27"'7pt"_‘1)
n=0 - .
are elements of . The expression for 4, implies therefore that
pt(w —1)="b, €0 if neJ.

It is well-known that the two principal ideals (p) and (w —1) in o satisfy the
relation

(p) = (0 — 1)
which expresses (p) as the power of a prime ideal. Put
N=[np ™ Pp—1)7]

where, as usual, [a] is the integral part of a. Then p¥ is a divisor of (w — 1)*. The rational
numbers p ~* b, are therefore algebraic integers and so are rational integers. Hence

|n [p = P77,
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whence
[balp = p~*if nZp=(p—1) (s + 1), = n, say,
because N = s + t if n = n,,.
On combining this with the earlier inequality for a, — b, we obtain the result that
|@n |p = | (@n—bn) + bu |, = max (| an—bn |p, |bn|p) = p~* if 0 = n,.

Here s may be arbitrarily large, and r, depends only on s because ¢ is a function of s.
Therefore

lim @, = 0,
n—»o0

giving the assertion.

5. Lemma 3. Let f(x) be continuous on I, and let x, y € I. Then all series

g y _
aﬂ(y) —kian+k (k) (n ——0, 1, 2, ..)

converge, and further

lima,(y) =0, f(z+y) =§)an(y) (i)
<1.

Proof. The convergence of a,(y) follows from lim a,,; = 0, since i(y)
»

k—o k

Next {a,(y)} forms a null sequence because

|an(y) |» = ma;( | @nik [p—~0 as n— oco.

h 1,y

Finally
. -] x+y . «© m x y
et = 2on (") = 2en 2 () (. 2)
=23

(n) 2 () =2 () Zeor (7) = 2t ()

Here the reordering of the terms is allowed since we are dealing with p-adic series, and
since {a,} is a null sequence.

6. We next establish necessary and sufficient conditions, in terms of the coefficients
a,, for the existence of a derivative of f(x). The proof will be based on the following
Tauberian theorem.

Theorem 2. Let {a,} be a p-adic null sequence. If the p-adic limit
. °oa, (x—1
A= lim — ( )
12| =0 n2=71 n \n—1
extended over all elements x = 0 of J exists, then

. PR T a1 W
() limSr—0; i) 2= 3 (T ) = 2 (0

The proof of the assertion (i) is rather long and involved and is indirect. It will
be carried out in several steps.

7. As a first step assume that A exists, but that |
lim sup In
n—>0

= o0,
P

4*
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There are then infinitely many integers n,, n,, ns, . . . such that
O<n <n,<nmg <---,
anr#=0 forr=1,2,3,...,

. Q!
lim|--" = oo.
rs0 | Mg

Since, by hypothesis,
lim |a, |, =1lim |a,

n—raw r—»

|p = _0’
necessarily
lim |n, |, = 0.
The sequence {n,} may be replaced by any infinite subsequence. Hence there is
no loss of generality in further assuming that
. Gn g
O T e =1,2,. . —1 (r=1,2,3,...).
GO IR G
In the limit defining 4 we may allow x to tend to zero over the sequence {n,}; thus
. Ma, (n,—1 . fan, "V an (n,—1
2=1 N = i o .

Here, by the construction of =,

L@y (Rp—1\i _ an,
- | C M =1.92. ... —
n (n _1) \p<\ n. (n 17 ’ y Ny 1)
and therefore
la
| 2], =lim " = oo,
7> n, Jp

contrary to hypothesis. ,
8. As a second step, assume that A exists and that {%‘ is a bounded sequence, but

not a null sequence. As we may multiply the coefficients a, by a fixed power of p and
may further change finitely many of these coefficients arbitrarily, without affecting the
assertion, there is no loss of generality in assuming that

| |
| n |

Ian|p§1,;"'n p§1 (n=1’2a37"')’

|

. a

lim sup || = 1.
n ol

n—»co
The existence of the limit 2 now implies that there is a positive integer s such that
o, . ,
! z_a_'i(x 1)——1 g%if zel, 0<|z|, =p-,

a1 B \n—1 »

and this inequality remains valid if s is increased. We satisfy the condition for x by
putting :
z = p*(& + 1) where ¢ J.

Next, since {a,} is a null sequence, evidently
lim 2 = 0.

n—>o

»’tn
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Therefore, on increasing s, if necessary, there is also no loss of generality in further
assuming that
 Qn

1.
[ < 8 > 8,
= p_plfp Yn,nz=p

Hence, by || 1

(x~—1) | =<1, the inequality for A implies that

x— * g, (z—1 R
i R

*ln

M) where M

9. We introduce now a simple congruence for binomial coefficients ( N

is a positive and /N a non-negative integer. Let
M=go+gp~+ - +&p, N=ho+hup+-+hp

be the representations of M and N, respectively, to the basis p; here the digits g; and 4;
assume only the values 0,1, ..., p—1. It is easily proved that

()= ) ) ) tmoar

1) where x = p*(é + 1) and & € J, and either

n < p'—1, or n = p* and p* | n. In the second case n may be written as

We apply this formula to(

n = ps(v 4 1), where »¢ J.

Then z — 1 has the representation
e—1={p—=D+@—=Dp+ - +E—=UDp}+&p + gap*+ - +ap;
and n-— 1 has in the first case the representation

n—Al={he+hp+-+hypt}+0-p+0-pH4---40-p,
and in the second case the representation
n—1={p—0+@—Up+ + @D} + hp’ + heap™ + - + hep.
Here gs, 811 - - - &) Bay By« « oy Bs_yj Rsy Royq, - . ., By are again certain digits 0, 1, . . ., p—1.

From the congruence above it follows at once that for n < ps—1

L B e L et

n—14
and for n = p*(» + 1)
z— 1\ _ (8)\ (811 (gr (
() = (B) () -+ () = () amoa
for in the second case & and » allow the representations
&= gsP* + ey P 4 - -0 grpf, Y= hsp' -+ hs+1P‘+1 + - .- -+ krp'-

=1, we thus obtain the formulae

. a
Since i =
n

! 4

"y 4(”:1) ’El 2 %2 1 o(a)

n=1 r
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and
z . &
= fl(x 1)= zav(5)+o(x).
r=0 v

Here the sign
1(R) = (— bt htes e,
depends only on n and not on z. Further we have put
- =% if n=ps(v+1),
and we denote by o(z) and o(z) two p-adic functlons of z such that
1 1
le(x) | =5 | () |n :<:;;

10. The estimate for A takes now the form
p5-1

(n)—+ Q(W)—f—z%(g)-{—o(x)—zg g% if £eJ
b

or :
E_
2 Ky u+ 7(§).
y=0
Here 1 denotes the new constant
-1

p=1—3 x(n)

n=1

and 7(£) is a p-adic function of & such that
1
[ (&) lp = ;)‘

Hence, on putting successively & = 0, 1 2 ., we obtain the infinite system of
equations '

“0=#+T(O)a 060+0C1=ﬂ+1(1), 0‘0+20‘1+0‘2=M+T(2)7
xo+30,+ 30+ ag=p+1(3),. ..
and deduce at once that

|

<1ﬁ¢=Lz&“H
j2

b =
On the other hand, it was assumed that

Ay

<1if pstn, n=pe,
» :

=1.

lim sup | =

n-—>0 i

Hence there are infinitely many suffixes n for Whl(}h

pln and | 22

=1,
»

and so there exist also infinitely many suffixes » satisfying

| o lp—'f L :

contrary to what has just been proved.

Thus the hypothesis at the beginning of § 8 likewise leads to a contradiction. This
proves the assertion (i) of Theorem 2.
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11. Instead of the assertion (ii) of Theorem 2 we prove now a slightly stronger
result.
Lemma 4. Let{ - }be a p-adic null sequence. Then the limit
7 = lim z;“_"(’”—i)

z—0 n=1 n—1
extended over all x ¢ I exists and is equal to
- a
=3 (— 1=
| Ty
Proof. Let s be any given positive integer. There exists a positive integer IV such

that ‘ “—’:

= p—if n > N, hence
?

2l < peand| 3 El(x—-i) < p~;
{n=Nt+1 ip ln-nt1 B \n—1] 1y
here both series converge as their terms tend to zero.
The finite sum
zlf a, (z—1
ney n \n—1
is a polynomial in x, hence is a continuous function, and 80
N N N
x—1 a, { —1 a
h Gn — el = ——{yn-1 7%
in 25 () = 25 ) = g e

Therefore a positive integer t = t(s) exists such that

e

}nlnn n o,

Speif |z, =< pt.

On combining these estimates, we find that

g oo (21 o L On .
Gn e Ame - )
nin(n--i) né;( 1) "y p:pslflx‘p_g:pt.

Since s may be arbitrarily large and ¢ depends only on s, the assertion follows at once.

12, Theorem 3. Let f(x) 2 an( )be continuous on I, and let a,(y) be defined as

in Lemma 3. The function f(x) is dszerentmble at a point y € I if, and only if,

and then

! — o n—1 aﬂ(y)
HORSICVE S

n=1

Proof. By Lemma 3, {a,(y)} is a null sequence, and

e+ ) = Z e (7).

Therefore

fety—iy) 1 2 (¥) (n) 5 oY) (x—i)

z x,,=1 ey o \n—1)°

The assertion follows therefore immediately from the definition of the derivative and

from Theorem 2 and Lemma 4. @
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13. Theorem 4. Let f(z) = X a, (:z) be continuous on I. If the derivative f'(z) exists
7n=0

and ts continuous for all x ¢ I, then

(i) all series a, = 3 (— 1)+ le;‘-:f»" (n=0,1,2,...) converge;
k=1

(ii) the sequence {a,} is a null sequence; and

(i) f@0=2a,(r)if wel.

Proof. Assume, first, that f'(y) exists for all y ¢ /. By Theorem 3, the sequence

-3 ()

is a null sequence. As this holds for each ¥ = 0, 1, 2, . . ., the simpler sequences

{a1+n Qgin  Qgqn }
oo

1 ' 27 3
are likewise null sequences when n = 0,1, 2,.... The series a, therefore all converge,
and f'(y) is given by

© Yy
o) =20 BB~z (V) itye.
k=1 k n=0 \I

Hence the formal interpolation series

ok — ca (*

@) = Za 7).
which for z ¢ J reduces to a finite sum, satisfies the equations

f**(x) = f'(z) if ze¢J.

Secondly, let f'(x) exist and be continuous for all x ¢ /. By Theorem 1, f (z) can
then be developed into a convergent interpolation series, and this must be exactly the
series f**(x) because f**(x) coincides with f' () for x ¢ J. Therefore, again by Theorem 1,
the assertions (ii) and (iii) follow at once.

14. By way of example, let us consider two special functions. First, let

f(z) :z«,.p'(x) = zo,‘oa,, (:’;) where a, ___{p if n=p,

r .
r—0 P s 0 otherwise.

7

Hence

@ =Zan ()= 2 (, ",

p'zn
and so, in particular,
ap(2) (x)i (o )+ (e ) I+ a
s T T = 8 s 842 ’ s =14 (),
p. ﬁp pr__ps +P p'+l—-P p p+ —p + s()
where

|
}a,(z)!p:}; (s=0,1,2,...).
an (%)

_—Therefore {—-~ r} is not a null sequence, and so, by Theorem 3, f' (z) does not exist.

Thus while f{xz) evidently is continuous, it ig nowhere differentiable on 1.
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In his paper, Dieudonné constructed already a function of the same kind by an
entirely different method. Let x = gy + g;p + g,p%* + - -+ be the p-adic development
of 2 € I; the digits g, gy, g5, - . - assume only the values 0, 1, . . ., p — 1. Then the function
f(z) defined by

f(x) =g + gip+gp*+ -
is continuous but non-differentiable on I provided that p = 3.
15. As a second example take

I x e x _fprifn=p—1,
) = <Pr— 1) =2 (n) where G _{0 otherwise,

n=0
so that
ol x
ww= 20,7y
p'zn+l
First let * = — 1. Evidently
. —1
an(_— 1) = 2P ( r _1) = ("_ 1)p—n—1 Py pr,
r p—n r
p'=ntl p'zn+1
and therefore ‘
aps(—1) —— p
Ll — % —_ L
P il 1—p
Hence {inﬁ;jl} is not a null sequence, and f'(— 1) does not exist.
Assume next that © &= —1. Then af"—,(bi)— may be written as
an(z) 1 ,p’—-n(x—{—l)
D Lt SRR g .
n x4+ 1 ot n p—n

Here the summation extends over all suffixes r = s + 1 where s is the integer defined
by p* < n < ps*t1. Now it is obvious that

PR iz,

p

and ( ;, i i) is a p-adic integer. Therefore it follows from the series that
\ ‘ an(x) i - p"(8+1) 1
P < . Ko <
b lz+ 1), nlz41],

and hence {“,'_',’.(lf)_} is a null sequence; thus f'(x) exists. It is not difficult to show that

f'(z) is in fact continuous if z == —1.

One can also easily verify that all series @/, converge, but that {a}} ist not a null
sequence.

16. I have not succeeded in solving the following problems which deserve further

study?).
Problem A. Let {a,} be a null sequence, so that f(z) = 3 au (i) is continuous on I.
n=0

Further assume that, (i) all series

o
’ a
=X (— 1) (r=0,1,2,..)
k=1

1) I, W. §. Cassels has just shown, by means of a very beautiful counter-example, that both problems A
and B have negative answers. The problem of finding necessary and sufficient conditions, in terms of the ay, for
the continuity of f'(z) remains therefore still open. (16 November, 1956)

Journal fiir Mathematfk. Bd. 199. Heft 1/2. b
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converge, and (ii) {a,} is a null sequence. Does this hypothesis imply that ' (x) exists and is
continuous on I?

Problem B. Let {a,} satisfy the same hypothesis as in Problem A. Is it true that then

limn |a, |, =0?

If this limit is zero, then the conditions (i) and (ii) are satisfied, and f(z)= 3 a, (z)
n=0

has a continuous derivative on I, as is proved without difficulty.

17. I conclude this paper with an application of a theorem by Dieudonné and
Theorem 4 to a special infinite system of linear equations.

In his paper, Dieudonné established a general existence theorem for differential
equations in the p-adic field. The simplest case of this theorem states:

If g(z) ts continuous on I, then for every ¢ > 0 there exists a function f(x) continuous
and continuously differentiable on I which is such that '(z) = g(x) and |f(z) |, < & for
all xe¢l.

For write again x as a p-adic series x = g, + g;p + g.p% + -+ and put

T =g+ &P+ "+ gnap"
Further let s be any fixed positive integer. The sequence of functions

n—1

fa(®) = X (Trax — 2i) 8(21) + (£ — Zu) g(2n) (n=s,s+1,s+2...)

k=s
can then be shown to tend to a limit function f(x) with the required properties, provided s
exceeds a certain bound which depends only on ¢ and the given function g(z).
With the help of this theorem, we show the

Theorem 5. Let {a,} be any null sequence, and let € be an arbitrary positive constant.
There exists a second null sequence {a,} such that

z(-i)k-l%—"—: 4, |anlp<e (n=0,1,2...).
k=1

Proof. The function g(x) = 3 a, (z) is continuous on [. Let f(z) be the function of
Dieudonné satisfying f'(z) = g(x) and |f(z) |, <e&for z ¢ I. This function can itself
be expanded into an interpolation series f(z) = X a, (Z) with coefficients a, that likewise

=0

form a null sequence. Since

n

tn = 2 (— 1% (}) 1n — B,

k=0
these coefficients satisfy the inequalities | a, |, < £. Since further f(x) has the continuous
derivative g(z), it follows from Theorem 4 that the coefficients a, also satisfy the linear
equations of Theorem 5.
The result so proved suggests that theré may be an interesting general theory of
infinite systems of linear equations in infinitely many p-adic unknowns.

Eingegangen 6. Dezember 1956.
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CHAPTER 1I

p-adic interpolation of the Riemann
zeta-function

This chapter is logically independent of the following chapters, and is pre-
sented at this point in the middle of our ascent to Q as a plateau in the level
of abstraction—namely, everything in this chapter still takes place in the
fields Q, Q,, and R.

The Riemann {-function is defined as a function of real numbers greater
than 1 by

= 1
HOF ’Zl el

It is easy to see (by comparison with the integral f:’ (dx/x*) = 1/(s — 1) for
fixed s > 1) that this sum converges when s > 1.

Let p be any prime number. The purpose of this chapter is to show that
the numbers {(2k) for k = 1,2, 3, ... have a ‘“p-adic continuity property.”
More precisely, consider the set of numbers

FK) = (1 = p=3) S k), where o, = (—1y 2D,

as 2k runs through all positive even integers in the same congruence class
mod(p — 1). It turns out that f(2k) is always a rational number. Moreover,
if two such values of 2k are close p-adically (i.e., their difference is divisible
by a high power of p), then we shall see that the corresponding f(2k) are also
p-adically close. (We must also assume that 2k is not divisible by p — 1.)
This means that the function f can be extended in a unique way from integers
to p-adic integers so that the resulting function is a continuous function of a
p-adic variable with values in Q,. (“Continuous function’ means, as in the
real case, that whenever a sequence of p-adic integers {x,} approaches x

p-adically, {f(x,)} approaches f(x) p-adically.)

21





II p-adic interpolation of the Riemann zeta-function

This is what is meant by p-adic “interpolation.”” The process is analogous
to the classical procedure for, say, defining the function f(x) = a* (where a
is a fixed positive real number): first define f(x) for fractional x; then prove
that nearby fractional values of x give nearby values of &*; and, finally,
define a* for x irrational to be the limit of «*» for any sequence of rational
numbers x, which approach x.

Notice that a function f on the set S of, for example, positive even integers
can be extended in at most one way to a continuous function on Z, (assume
p # 2). This is because S is “dense’ in Z,—any x € Z, can be written as a
limit of positive even integers x,. If f is to be continuous, we must have
f(x) = lim, ., f(x,). In the real case, while the rational numbers are dense
in R, the set .S is not. It makes no sense to talk of ‘“the” continuous real-
valued function which interpolates a function on the positive even integers;
there are always infinitely many such functions. (However, there might be a
unique real-valued continuous interpolating function which has additional
convenient properties: for example, the gamma-function I'(x + 1) inter-
polates k ! when x = k is a nonnegative integer, it satisfies I'(x + 1) = xI'(x)
for all real x, and its logarithm is a convex function for x > 0; the gamma-
function is uniquely characterized by these properties.)

1. A formula for {(2k)

The kth Bernoulli number B, is defined as k! times the kth coefficient in the
Taylor series for

t 1
et — 1 T+ t20+ 3V + 34 + -+ Y/ (n + D! + -

= O Bu¥k!.
k=0

The first few B, are:

Bo=1, B, =-1/2, By=1/6, By=0,
B, =—1/30, B;=0, Bs=1/42, . . ..

We now derive the formula:

{(2k) = (= 1)knk 3_2@ _Bu fork =1,2,3
2k — 1)! 2k P

Recall the definition of the ‘hyperbolic sine,” abbreviated sinh (and
pronounced ‘““sinch™):

. ex —e %
sinh x = >
It is equal to its Taylor series
. x3 x5 x2k+1
smhx—x+ﬁ+§+...+(2k—+l)!+...,

22





1 A formula for {(2k)

obtained by averaging the series for e* and —e~*. Note that this Taylor
series is the same as that for sin x, except without the alternation of sign.

Proposition. For all real numbers x, the infinite product

X :,[:‘[1 (1 + ;1—2)
converges and equals sinh(mx).

Proor. Convergence of the infinite product is immediate from the logarithm

test:
,.Zl log(l + n—z)

We start by deriving the infinite product for sin x.

< z = < oo forall x.
n=1n

Lemma. Let n = 2k + 1 be a positive odd integer. Then we can write
sin(nx) = P, (sin x)
cos(nx) = cos x Q,_, (sin x)
where P, (respectively Q, _,) is a polynomial of degree at most n (respectively
n — 1) with integer coefficients.

PROOF OF LEMMA. We use induction on k. The lemma is trivial for K = 0
(i.e., n = 1). Suppose it holds for k — 1. Then
sin[(2k + 1)x] = sin[(2k — 1)x + 2x]
sin(2k — 1)x cos 2x + cos(2k — 1)x sin 2x
Py _; (sin x)(1 — 2sin? x)
+ cos xQy _ 2 (sin X)2 sin x cos x,

Il

which is of the required form Py ., (sin x). The proof that cos(2k + 1)x =
cos x Qg (sin x) is completely similar, and will be left to the reader. O

We now return to the proof of the proposition. Notice that, if we set
x = 0 in sin nx = P, (sin x), we find that P, has constant term zero. Next,
we take the derivative with respect to x of both sides of sin nx = P, (sin x):

n cos nx = P,'(sin x) cos x.

Setting x = 0 here gives: n = P,'(0), i.e., the first coefficient of P, is n. Thus,
we may write:

sin nx ~ .
—— =P =1 i in2
e 2x(SIn X) + a; sin x + a, sin? x +
+ agsin* x  (n= 2k + 1),
where the g; are rational numbers. Note that for x = +(=/n), ..., +(k=/n),

the left-hand side vanishes. But the 2k values y = +sin(w/n), +sin(2n/n), ...,
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+ sin(kw/n) are distinct numbers at which the polynomial P,,(y) vanishes.
Since P, has degree 2k and constant term 1, we must have:

Pt = (1= s 1= =) (1 = s (!~ =5z
(1~ o) (1~ =)

:ﬁ 1 — .
sin? rm/n

r=1

Thus

. K )
sinnx 5 . sin? x

T - = Po(sin x) = 1 — '—)
nsin x 2x(sin x) g ( sin? ro/n

Replacing x by 7x/n gives:

. X -

sinmx sin?(wx/n)

n sin(wx/n) E (1 Sinz(vrr/n))
Now take the limit of both sides as n = 2k + 1 — co. The left-hand side
approaches (sin wx)/mx. For r small relative to n the rth term in the product
approaches 1 — ((mx/n)/(7r/n))? = 1 — (x?/r?). It then follows that the
product converges to [ [, (1 — (x?/r?). (The rigorous justification is
straightforward, and will be left as an exercise below.)
We conclude:

= x? sin(mx) m2x?  wix* xS nB8xB
H]__2= =l-Sr+=s 5 to5 —
Aol n mX 3! 5! 7! 9!
using the Taylor series for sine. But
sinh(mx) I+ m2x? + mixt + 78 x8 + m8x8 +
X 3! 51 7! 9!

If we multiply out the infinite product for sin(7x)/(wx), we get a minus sign
precisely in those terms having an odd number of x?/n? terms, i.e., precisely
for the terms in the Taylor series for sin(7x)/(wx) having a minus sign. Thus,
changing the sign in the infinite product has the effect of changing all of the
—’s to +'s on the right, and we have the desired product expansion of the
proposition. (For a ““better”” way of thinking of this last step, see Exercise 3
below.) O

We are now ready to prove:

Theorem 4.

2k 22’(—1 B2
U2k) = (= 1) k=11 (—’2‘]5)
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1 A formula for {(2k)

ProoF. First take the logarithm of both sides of

. & x2
sinh(7rx) = nx Lll (1 + F)
(for x > 0). On the left we get

log sinh(mx) = log[(e™* — e~*¥)/2] = log[(e™*/2)(1 — e~*™)]
= log(l — e™?™) + =x — log 2.

On the right we get (for 0 < x < 1)
@ 2k
Z _1)k+1k o

by the Taylor series for log(l + x). Since this double series is absolutely
convergent for 0 < x < 1, we can interchange the order of summation and
obtain the equality:

u[\/]s

log 7+ log x + log(1 + x2%/n?) = log = + log x +
g

n=1

log(l — e~ 2™) 4+ =x — log 2

< x% 1
log = + log x +k=zl [(-—1)““—k— z ——;}

=1

@© 2k
= logm + logx + > (=1)* i‘,-; £(2k).
k=1

We now take the derivative of both sides with respect to x. On the right
we may differentiate term-by-term, since the resulting series is uniformly
convergentin 0 < x < 1 — ¢ for any ¢ > 0. Thus,

2"e —-2nx

_1 < _1)e+1y42k-1
e T =5 H2 2 (SN,
Multiplying through by x and then substituting x/2 for x gives:
_1)k+1
X 4 Z (=D 1IEK) o

enx — 1 22k 1

The left-hand side gives: (7x)/2 + >2-, Bi(wx)*/k!. Comparing coefficients
of even powers of x gives: #2*B,,[(2k)! = ((—1)¥*+1/22¥-1){(2k), which gives
us the theorem. OJ

As examples, we have
‘l'f4 m
2y=—= = 50 Y0 =55

The arrangement of the formula for {(2k) in the statement of Theorem 4
was deliberate. We think of the (— B,,/2k) as the ‘““interesting” part, and the
(—1)kn?k22k=1/(2k — 1)! as a nuisance factor. It is the interesting part that
we end up interpolating p-adically. Some justification for taking (— By, /2k)
rather than the whole mess will be given later (§7). For now, let’s remark that
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II p-adic interpolation of the Riemann zeta-function

at least the 7%* factor has to be discarded when we interpolate the values
p-adically, since transcendental real numbers cannot be considered p-adically
in any reasonable way. (What could “p-adic ordinal” mean for them ?)

2. p-adic interpolation of the
function f(s) = a&*

This section will eventually play a role in the subsequent logical development.

It is included at this time as a ““dry run”’ in order to motivate certain features

of the later p-adic interpolation which may otherwise seem somewhat

idiosyncratic.

As mentioned before, if @ is a fixed positive real number, the function
f(s) = a*is defined as a continuous function of a real variable by first defining
it on the set of rational numbers s, and then “interpolating” or ‘‘extending
by continuity” to real numbers, each of which can be written as the limit of
a sequence of rational numbers.

Now suppose that @ = n is a fixed positive integer. Consider n as an
element in Q,. For every nonnegative integer s, the integer n* belongs to Z,,.
Now the nonnegative integers are dense in Z, in the same way as Q is dense
in R. In other words, every p-adic integer is the limit of a sequence of non-
negative integers (for example, the partial sums in its p-adic expansion). So
we might try to extend f(s) = n° by continuity from nonnegative integers s to
all p-adic integers s.

To do this, we must ask if n* and »* are close whenever the two non-
negative integers s and s’ are close, for example, when s = s + p" for some
large N. A couple of examples show that this is not always the case:

() n=p,s=0:|n"—n"|, =1 —p*|, = 1 no matter what N is.

(2) 1 < n < p: by Fermat’s Little Theorem (see §I11.1, especially the first
paragraph of the proof of Theorem 9), we have n = »n” (mod p), and so
n=n"=n’=n’=...=n" (mod p); hence n® — n°**" = n3(1 — n*")
= n(1 — n) (mod p); thus |r* — n*|, = 1 no matter what N is.

But the situation is not as bad as these examples make it seem. Let’s
choose n so that n = 1 (mod p), say n = 1 + mp. Let |s" — s|, < 1/p", so
that s’ = s + s"p" for some s” € Z. Then we have (say s’ > s)
ns¢lp = Inslpll - ns,_s|p = Il - ns'_s}p = ]1 -+ mp)s”lev'

But expanding

Ine

s"pN(s"pY — 1)
2
shows that each term in 1 — (1 + mp)**" has at least p¥ *1. Thus,

1

N+1
P

(1 + mp)™™ =1 + (sp¥)ymp + (mp)? + - + (mp)y™"
| = n¥|, < [p"*Y, =

In other words, if ' — sis divisible by p", then n°* — n* is divisible by p~ *1.
Thus, if n = 1 (mod p), it makes sense to define f(s) = n® for any p-adic
integer s to be the p-adic integer which is the limit of #* as s, runs through any
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2 p-adic interpolation of the function f(s) = a*

sequence of nonnegative integers which approach s (for example, the partial
sums of the p-adic expansion of s). Then f(s) is a continuous function
from Z, to Z,,.

We can do a little better—allowing any » not divisible by p—if we’re
willing to insist that s and s’ be congruent modulo (p — 1), as well as modulo
a high power of p. That is, we fix some s,€{0,1,2,3, ..., p — 2}, and,
instead of considering n° for all nonnegative integers s, we consider n° for all
nonnegative integers s congruent to our fixed s, modulo (p — 1). Letting
s =5 + (p — 1)s;, we are looking at n%*®~1s1 for s, any nonnegative
integer. We can do this because then

n = nso(np—l)sl’

and for every n not divisible by p we have n?~! = 1 (mod p). Thus, we are in
the situation of the last paragraph with n*~! in place of n and s, in place of
s (and a constant factor n® thrown in).

Another way of expressing this function is as follows. Let S, be the set of
nonnegative integers congruent to s, mod (p — 1). S,, is a dense subset of Z,,
(Exercise 7 below). The function f: S, — Z, defined by f(s) = n® can be
extended by continuity to a function f: Z, — Z,,. Notice that the function f
depends on s, as well as on n.

If n = 0 (mod p), we are out of luck. This is because n* — 0 p-adically for
ary increasing sequence of nonnegative integers. And if s € Z, is not itself a
nonnegative integer, any sequence of nonnegative integers which approach s
p-adically must include arbitrarily large integers. It follows that the zero
function is the only possible candidate for n®, and that’s absurd.

One final remark: the above discussion applies word-for-word to the
function 1/n* (Exercise 8 below).

Now let’s look at the Riemann zeta-function

®

== (>0

n=1

The naive way to try to interpolate {(s) p-adically would be to interpolate
each term individually and then add the result. This won’t work, because
even the terms which can be interpolated—those for which ptn—form an
infinite sum which diverges in Z,. However, let’s forget that for a moment
and look at the terms one-by-one.

The first thing we’ll want to do is get rid of the terms 1/n* with n divisible
by p. We do this as follows:

1 < 1 < 1 < 1
W= 2 5% 2 5= 2 5%t 2 7w

1 < 1
€)= T=a7p) , 2
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II p-adic interpolation of the Riemann zeta-function

It is this last sum
o 1
rOa > e (1- %)

which we will be dealing with later. This process is known as ‘““taking out
the p-Euler factor.” The reason is that {(s) has a famous expansion (see
Exercise 1 below)

1
s p— e ———— =
) Drll_nlsql - (/g
The factor 1/[1 — (1/¢°)] corresponding to the prime ¢ is called the “g-Euler
factor.” Thus, multiplying {(s) by [1 — (1/p)] amounts to removing the

p-Euler factor:

1
* = _—
£s) prirl;Iqatpl - (1/g°)

The second thing we’ll want to do when interpolating {(s) is fix s, €
10, 1,2, ..., p — 2} and only let s vary over nonnegative integers s € S, =
{s]|s=s,(modp — 1)}

It will turn out that the numbers (— By, /2k) arrived at in §1, when multi-
plied by (1 — p~1), can be interpolated for 2k € Sy, (25,€{0,2,4,...,p — 3}).
Note that we are not multiplying by [I — (1/p?*)], as you might expect, but
rather by the Euler term with 2k replaced by | — 2k: 1 — (I/p*~2%%) =
1 — p% 1. The reason why this replacement 2k <> 1 — 2k is natural will be
discussed in §7. (We’ll see that the ‘““interesting factor” — B,,/2k in {(2k)
actually equals {(1 — 2k); {(x) and {(1 — x) are connected by a *‘functional
equation.”)

More precisely, we will show that, if 2k, 2k’ € Sy, (where 2k, €{2,4, ...,
p — 3}; there’s a slight complication when k, = 0), and if & = k' (mod p"),
then (see §6)

(I = p™ 7)(= Byi/2k) = (I — p* ~1)(— Bai/2k") (mod p¥*1).
These congruences were first discovered by Kummer a century ago, but their

interpretation in terms of p-adic interpolation of the Riemann {-function was
only discovered in 1964 by Kubota and Leopoldt.

EXERCISES

1. Prove that

Us)y= 11 N fors > 1.

primesq (1 - q_s)
2. Prove that

k (1 = sin%*(=x/n)/ sin?(=r/n))

Ijl 1 = x?*r?)

—1 asn=2k+1—w,
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. Use the relationship ¢'* = cos x + isin x for e to a complex power to show
that sinh x = —isin ix. Give another argument for how the infinite product
for sinh x follows from the infinite product for sin x.

. Prove that B, = 0 if k is an odd number greater than 1.

. Use the formula for {(2k), along with Stirling’s asymptotic formula n! ~
V/2mn n"e~™ (where ~ means that the ratio of the two sides —1 as n — ) to
find an asymptotic estimate for the usual Archimedean absolute value of Byy.

. Use the discussion of »° in §2 to compute the following through the p*-place:
(i) 11*/6°% in Qs (ii) V1/10 in Q4 (iii) (—6)2++7+372+73+ in Q..

. Prove that for any fixed s € {0, 1, ..., p — 2), the set of npnnegative integers
congruent to s, modulo (p — 1) is dense in Z,, i.e., any number in Z, can be
approximated by such numbers.

. What happens to the discussion in §2 if we take n € Z, instead of taking n to
be a positive integer ? What happens if we replace the function f(s) = n® by
f(s) = 1/n*? Note that this is the same as replacing ‘“‘nonnegative integer’’ by
‘“nonpositive integer”’ when defining the dense subset of Z, from which we
extend f.

. Let x be the function on the positive integers defined by:
1, ifn =1 (mod4);

x(n) = ¢ —1, ifn =3 (mod4);
0, if2|n.
Define LX(S) ) Z:’=1 (x(n)/ns) =1 - (]/3s) + (1/55) _ (1/73) 4 ... Prove

that L,(s) converges absolutely if s > 1 and conditionally if s > 0. Find
L,(1). Find an Euler product for L,(s) and for L,*(s) = Snz1.pm (x()/n%). (1t

turns out that there is a formula similar to Theorem 4 for L,(2k + 1) (i.e., for
positive odd rather than even integers) with B, replaced by

B ! times the coefficient of " in —. e (o=t )
w55, ! times the coefficient of 1™ in —— — ——— = +e-,)-

Note: Exercise 9 is a special case of the following situation. Let N be a
positive integer. Let (Z/NZ)* be the multiplicative group of integers prime
to N modulo N. Let x:(Z/NZ)* — C* be a group homomorphism from
(Z/NZ)* to the multiplicative group of nonzero complex numbers. (It is easy
to see that the image of x can only contain roots of 1 in C.) Suppose that y is
“primitive,” which means that there is no M dividing N, 1 < M < N, such
that the value of xy on elements of (Z/NZ)* only depends on their value
modulo M. Consider x as a function on all positive integers n by letting
x(n) equal x(n modulo N) if n is prime to N and x(n) = 0 if » and N have a
common factor greater than 1. y is called a *character of conductor N.”
Now define

LGs) = 2 x’(:),

def
n
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II p-adic interpolation of the Riemann zeta-function

It can then be shown that a formula similar to Theorem 4 holds with B,
replaced by
x(a)te‘“

-1

B,.» = n! times the coefficient of 7" in Z

The formula gives L, of even integers if x(—1) = 1 and L, of odd integers if
x(—1) = —1. (See Iwasawa, Lectures on p-adic L-functions.)
In addition, we have the formula

T(x)
S Z X(a)logsm—, ify(—1) = 1;
W’;/(2X) Z x(a)-a, ifx(=1) = —

where the bar over y denotes the complex conjugate character: ¥(a) = )—(Z;),
and where

T(X) = Z x(a)ez”“’ IN
(this is known as a ““ Gauss sum ). (For a proof, see Borevich and Shafarevich,
Number Theory, p. 332-336.)

10. Use the formula for L,(1) in the above note to check the value for L,(1) in
Exercise 9 and to prove that:

1 1 1 1 1 1 1 1 1
@i-3%3-35t3 5 R Tt WTT W
T
-5
(b)__1_1+1+1_L_L+_1_+L_L_L+__+
1 3 5 7 9 11 13 15 17 19 21 23
_ log(1 + v2)
W2

3. p-adic distributions

The metric space @, has a ““basis of open sets” consisting of all sets of the
form a + p¥Z, = {xe Q, | |x — a|, < (1/p¥)} for ae Q, and N e Z. This
means that any open subset of @, is a union of open subsets of this type.
We shall sometimes abbreviate a + p¥Z, as a + (p"), and in this chapter
we shall call a set of this type an “interval” (in other contexts we often call
such a set a ‘“‘disc”). Notice that all intervals are closed as well as open,
since the complement of a + (pV) is the union over all @’ € @, such that
a’ ¢ a + (p") of the open sets a’ + (pV).

Recall that Z, is sequentially compact: every sequence of p-adic integers
has a convergent subsequence (see Exercise 19 of §1.5). The same is easily
seen to be true for any interval or finite union of intervals. In a metric space X,

30





3 p-adic distributions

the property of sequential compactness of a set S < X is equivalent to the
following property, called ““compactness”: every time S is contained in a
union of sets, it is contained in a union of finitely many of those open sets
(““every open covering has a finite subcovering’’). (See Simmons, Introduction
to Topology and Modern Analysis, §24, for this equivalence; this book is also
a good standard reference for other concepts from general topology.) It then
follows (see Exercise 1 below) that an open subset of Q, is compact if and
only if it is a finite union of intervals. It is this type of open set, which we call
a ‘““compact-open,” that repeatedly occurs in this section.

Definition. Let X and Y be two topological spaces. A map f: X — Y is
called locally constant if every point x € X has a neighborhood U such
that f(U) is a single element of Y.

It is trivial to see that a locally constant function is continuous.

The concept of a locally constant function is not very useful in classical
situations, because there usually aren’t any, except for constants. This is the
case whenever X is connected, for example R or C.

But for us X will be a compact-open subset of Q, (usually Z, or Z,* =
{x€Z,| |x|, = 1}). Then X has many nontrivial locally constant functions.
In fact, /1 X — Q, is locally constant precisely when f'is a finite linear com-
bination of characteristic functions of compact-open sets (see Exercise 4
below).

Locally constant functions play the same role for p-adic X that step-
functions play when X = R in defining integrals by means of Riemann
sums.

Now let X be a compact-open subset of Q,, such as Z, or Z,*.

Definition. A p-adic distribution p on X is a Q,-linear vector space homo-
morphism from the @ ,-vector space of locally constant functions on X to
Q,. If f: X — Q, is locally constant, instead of writing u(f) for the value
of u at f, we usually write ff;u.

Equivalent definition (see Exercise 4 below). A p-adic distribution x on X is
an additive map from the set of compact-opens in X to @Q,; this means that
if U © X s the disjoint union of compact-open sets U,, U,, ..., U,, then

w(U) = w(Uy) + w(Up) + - + w(U,).

By ‘“‘equivalent definition,” we mean that any p in the second sense
“extends” uniquely to a p in the first sense, and any p in the first sense
“restricts” to a u in the second sense. More precisely, if we have a distribution
w in the sense of the first definition, we get a distribution (also denoted p) in
the sense of the second definition by letting

wU) = J(characteristic function of U)y,
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for every compact-open U. If we have a distribution p in the sense of the
second definition, we get a distribution in the sense of the first definition by
first letting

f(characteristic function of U)u = w(U),

and then defining pr for locally constant f by writing f as a linear combina-
tion of characteristic functions.

Proposition. Every map p from the set of intervals contained in X to Q, for
which
p-1

pa+ (pY) = > wla + bp¥ + (p¥*1)

b=0

whenever a + (pV) < X, extends uniquely to a p-adic distribution on X.

PRrOOF. Every compact-open U < X can be written as a finite disjoint union
of intervals: U = |J I, (see Exercise 1). We then define w(U) = > u(l).

(This is the only possible value of w(U) if u is to be additive.) To check that
w(U) does not depend on the partitioning of U into intervals, we first note
that any two partitions U = |J I, and U = |J /" of U into a disjoint union of
intervals have a common subpartition (‘' finer” than both) which is of the
form I, =\, I;, where, if I, = a + (p¥), then the /,’s run through all
intervals a’ + (p"') for some fixed N’ > N and for variable a’ which are
=a (mod p"). Then, by repeated application of the equality in the statement
of the proposition, we have:

W) = i+ () = 3 et ot () = 3 )

Hence 5; u(l,) = >, ; n(1,,). Thus, >, u(1) = 2, n(l;'), because both sides equal
the sum over the common subpartition. It is now clear that p is additive.
Namely, if U is a disjoint union of U,, we write each U, as a disjoint union of
intervals I;,, so that U = U, ; 1,;, and

MUY = 2 wlly) = 2. 2 wh) = 2, Uy, O

i,1
We now give some simple examples of p-adic distributions.
(1) The Haar distribution pya.,. Define
. 1
#Haar(a + (ph)) def ;E'

This extends to a distribution on Z, by the proposition, since

rcl P 1
Z /J'Haar(a + pr + (pN+1)) = Z N+l . N
b=0 b=op p

= .“'Haar(a + (pN))
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This is the unique distribution (up to a constant multiple) which is ““transla-
tion invariant,” meaning that for all a € Z, we have pyga(@ + U) = pygaa(U),
wherea + U = {x€Z,|x —ac U}.

(2) The Dirac distribution p, concentrated at « € Z, (« is fixed). Define

;La(U)dj{

It is trivial to check that p, is additive. Note that ffya = f(«) for locally
constant f.

(3) The Mazur distribution ppaq..- First, without loss of generality, when
we write a + (p¥) we may assume that a is a rational integer between 0 and
pY — 1. Assuming this, we define

1, ifaeU,;
0, otherwise.

a 1
:‘"Mazur(a + (PN)) def 171 - i

We postpone the verification that uy,,,, has the additivity property in the
proposition, since this will come as a special case of a more general result in
the next section.

Notice one important difference between the distributions pg.,, and
Umazur @and classical measures. In these two p-adic examples, as the interval
being measured ‘‘shrinks” (i.e., as N — o0), its measure in terms of u
increases as a number in Q,, namely:

1

Y
P

p
and, if p t a (and if N > 1 in the case p = 2), then

N

|#Haar(a + (pN))Ip = =p";

a 1

|P'Mazur(a + (PN))],, = ;7_1\7 3 ) =pr-

We’ll deal with this peculiarity later.

EXERCISES

1. Give a direct proof that Z,, is compact (i.e., that any open covering of Z, has a
finite subcovering). Then prove that an open set in Z, is compact if and only if
it can be written as a finite disjoint union of intervals. Note that any interval
can be written as a disjoint union of p ““equally long” subintervals: a + (p") =
UZzda + bp™ + (p"*1). Prove that any partition of an interval into a disjoint
union of subintervals can be obtained by applying this process a finite number
of times.

2. Give an example of a noncompact open subset of Z,,.

3. Let U be an open subset of a topological space X. Show that the characteristic
function f: X — Z defined by

F) = {l, if xe U,

0, otherwise,
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is locally constant if X = Z, and U is a compact-open but is not locally
constant for any open set U if X = R (unless U is R itself or the empty set).

4. Let X be a compact-open subset of Q,. Show that f: X — Q,, is locally constant
if and only if it is a finite linear combination with coefficients in Q, of charac-
teristic functions of compact-opens in X. Then prove that the two definitions
of a distribution on X are equivalent.

5. If ae Q,, |al, = 1, show that ppaar(cU) = ppaar(U) for all compact-open U,
where U denotes {ax|x € U}.

6. Let /:Z, — Q, be the locally constant function defined by: f(x) = the first
digit in the p-adic expansion of x. Find _ffp when: (1) p = the Dirac distribu-
tion Mas (2) K = HMHaar; (3) K = KMazur-

7. Let u be the function of intervals a + (p") which is defined as follows ([ ] =
greatest integer function):

p~ W21 if the first [N/2] digits in a corresponding to odd
w@ + (pY)) = powers of p vanish;
0, otherwise.

Prove that u extends to a distribution on Z,,.

8. Discuss how one could go about making up examples of p-adic distributions
on Z, with various growth rates(i.e., rates of growth of maxo <4 <p¥|u(a + (p™)|»
as N increases).

4. Bernoulli distributions

We first define the Bernoulli polynomials B,(x). Consider the function in
two variables ¢ and x

et (& 5\ [ = (xt)*
1= (250 (2 5)

k=

In this product, we collect the terms with ¢*, obtaining for each k a poly-
nomial in x, and we define B,(x) to be k! times this polynomial:

text x tk
et _ 1 - kzo Bk(x) Iﬁ.
The first few Bernoulli polynomials are:

By(x) = 1, Bi(x) = x — 1, By(x) = x> — x + ¢,
By(x) = x* — 3x% + 1x,....

Throughout this section, when we write a + (p") we will assume that
0 < a < p¥ — 1. Fix a nonnegative integer k. We define a map pp, on
intervals a + (p") by

pasa + () = P B (&)
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Proposition. p; , extends to a distribution on Z, (called the “kth Bernoulli
distribution”).

PRrROOF. By the proposition in §3, we must show that
p—1
meila + (p") = Z meila + bpY + (pV*h).
b=0
The right-hand side equals
PN+ 0= pil Bk(a -:+biDN) ,
v=0 p
so, multiplying by p~¥*~1 and setting « = a/p"*?*, we must show that
-1 b
Bi(pa) = p*=t > Bk(a + —)'
b=0 4

The right-hand side is, by the definition of B,(x), equal to k! times the coeffi-
cient of t* in

=1 ., (a+b/p)t k—14pat P—1 k—14pat t
e te _prle z Ptip — Pt te*t f 1 ,
¢ t — Ip __
o € — 1 e -1 4 e —1 e 1

by summing the geometric progression >223 €, This expression equals

PR 3 g ey W2
i=0

\I/ 2
etr — 1 Jj!

again by the definition of B,(x). Hence, k! times the coefficient of ¢* is simply

PB)(3)" = B,

as desired. O

The first few B,(x) give us the following distributions:
peola + (p¥) = p~V, ie, KB,0 = MHaars

a a 1 .
NB.l(a + (PN)) = Bl(?q) = p—N - i, 1.€., p,1 = MMazur,

2
2@ + (pY) = PN(‘:W - 1% + é)
and so on.

It can be shown that the Bernoulli polynomials are the only polynomials
(up to a constant multiple) that can be used to define distributions in this way.
We shall not need this fact, and so will not prove it. But it should be noticed
that the Bernoulli polynomials B,(x) have appeared in an important and
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II p-adic interpolation of the Riemann zeta-function

unique role in p-adic integration. This will turn out to be related to the
appearance of the Bernoulli numbers B, (which are the constant terms in
the B,(x); see Exercise 1 below) in the formula for {(2k).

5. Measures and integration

Definition. A p-adic distribution . on X is a measure if its values on compact-
open U < X are bounded by some constant Be R, i.e.,

|w(U)|, < B for all compact-open U < X.

The Dirac distribution p, for fixed « € Z, is a measure, but none of the
Bernoulli distributions are measures. There is a standard method, called
“regularization,” for turning Bernoulli distributions into measures. We first
introduce some notation. If « € Z,,, we let {«}y be the rational integer between
0 and p¥ — 1 which is = « (mod p¥). If p is a distribution and « € Q,, we let
ap denote the distribution whose value on any compact-open is « times the
value of p: (eu)(U) = «-(n(U)). Finally, if U = Q, is a compact-open set
and « € Q,, « # 0, weletaU = {x€Q, | x/ae U}. Itis trivial to check that the
sum of two distributions (or measures) is a distribution (resp. measure), any
scalar multiple «p of a distribution (or measure) p is a distribution (resp.
measure), and, if « € Z,* and if pn is a distribution (or measure) on Z,, then
the function u’ defined by p'(U) = p(aU) is a distribution (resp. measure)
on Z,.

Now let « be any rational integer not equal to 1 and not divisible by p.
Let pp . ,—or, more briefly, u, ,—be the “regularized” Bernoulli distribution
on Z, defined by

te.o(U) = ppi(U) — a™ ¥ pp i(al).

We will soon show that p, , is a measure. In any case, it’s clearly a distribu-
tion by the remarks in the last paragraph.

We easily compute an explicit formula when £ = 0 or 1. For & =0,
KB.0 = Kmaar, and it is easy to see that po (U) = 0 for all U (see Exercise 5 of
§3). If k = 1, we have

e+ () = 5 - 3 -1 - )

Y [3)

(where [ ] means the greatest integer function)

_ Heal | (V) = 1,
B a[p”] T2

Proposition. |u; (U)|, < 1 for all compact-open U < Z,,.

PRrOOF. Notice that («™* — 1)/2 € Z,, since /e € Z,and 1/2 € Z, unless p = 2.
If p =2, then «=! — 1 = 0 (mod 2), and we’re still OK. Since [«a/p"] € Z,
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5 Measures and integration

it follows by the above formula that p, (a + (p¥)) € Z,. Then, since every
compact-open U is a finite disjoint union of intervals /;, we may conclude that
],U-l.cz(U)|p = max L“'l,a(li)lp <L D

Thus, p, , is a measure—the first interesting example of a p-adic measure
that we’ve come across. In fact, we’ll soon see that p, . plays a fundamental
role in p-adic integration, almost as fundamental as the role played by “dx”
in real integration.

We next prove a key congruence that relates p, o, to p; .. The proof of
this congruence at first looks unpleasantly computational, but it becomes
more transparent if we think of an analogous situation in real calculus.

Suppose that in taking integrals such as _ff(\%?)dx we want to make the
change of variables x > x*, i.e., to evaluate ff(x)d(x“). The simple rule is:
d(x*)/dx = kx*~'. Actually, d(x¥) can be thought of as a ‘““measure” p, on
the real number line, which is defined by letting w,([a, b]) = b* — a*; then
i, 1s the usual concept of length. The relation d(x¥)/dx = kx*~! actually
means

: /"k([a’ b]) — k-1
im (@, 8] ~

Thus, in the Riemann sums > f(x;)u () in the limit as the I’s all become
smaller we may replace p,(/;) by kx*~1u,(J;) and get 'l‘f(x)kx"‘1 dx.

The actual proof that lim,_,, we([a, b])/ui([a, b]) = ka*~* uses the binomial
expansion for (@ + h)* (where h = b — a)—actually, only the first two terms
a* + kha*~* really matter. Similarly, in the p-adic case, when we show that
pr.e(l) ~ ka*~u, (1) if I'is a small interval containing a, we also use the
binomial expansion. Thus, Theorem 5 should be thought of as analogous to
the theorem that (d/dx)(x*) = kx*~! from real calculus. (Forget about the d,
on both sides of the congruence in Theorem 5; all it means is that, when we
divide both sides by d,, we must replace p¥ by p~ ~ °*%%, where ord, d, is just
a constant which doesn’t matter for large N.)

Theorem 5. Let d, be the least common denominator of the coefficients of B,/(x).
Thus: dy, = 2,d, = 6,d; = 2, etc. Then

i, (@ + (pY)) = dikd*~py o(a + (p")) (mod p").

Proor. By Exercise 1 below, the polynomial B,(x) starts out

k
Box"+kle“‘1-+-~--=x"——§x"‘1+~-~.

Now

depiola + () = dkp”‘k‘“(B*(z%) - “B({O%}))

The polynomial d,B,(x) has integral coefficients and degree k. Hence we
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II p-adic interpolation of the Riemann zeta-function

need only consider the leading two terms d.x* — di(k/2)x*~1 of d,B(x),
since our x has denominator p¥, so that the denominators in the lower terms
of d,.B,(x) will be canceled by p¥*~ with at least p" left over. We also note
that

«a = {aa}y (mod pv),
and

—N] ([ ] = greatest integer function).

Hence

a* aty\*
i@ + (5) = dip b &5 - oo(12h)

k{ a*? apy\*!
T
a* _ . faa aal\k
_ dk(;)Tv — akpNe 1)(? _ [E‘—’])
k _ B _[aa aa|\k-1
_ §(ak L g pNGe 1)(;)_N, _ [FV]) ))
K K ok
= dk(;'_N — a_k(ap‘; — ka""lak“l[;-—g])

— g(ak—l — a—k(ak—lak—l))) (mOd pN)

I|ca [Ja — 1
k-1f2]%4
dika (a[p”] t - )

dcka*~uy o(a + (pY)). OJ

Il

Il

Corollary. u, ., is ameasure for allk = 1,2,3, ... andanyoc € Z,a ¢ pZ,« # 1.

ProOOF. We must show that pu, (¢ + (pV)) is bounded. But by Theorem 5,

N
eal@ + (P, < max ( 5—\ ke oo + (p”))lp)

< max(

| .

e+ L)

But |p;.«(a + (p"))], < 1, and d, is fixed. O
What is the purpose of going to all this fuss to modify (‘“‘regularize”)

Bernoulli distributions to get measures ? The answer is that for an unbounded
distribution g, ff[t is defined by definition as long as f is locally constant,
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S Measures and integration

but you run into problems if you try to use limits of Riemann sums to extend
integration to continuous functions f.

For example, let 4 = pyqar, and take the simple function f: Z, — Z, given
by f(x) = x. Let’s form the Riemann sums. Given a function f, for any N we
divide up Z, into |J2%3! (@ + (pV)), we let x, y be an arbitrary point in the
ath interval, and we define the Nth Riemann sum of f corresponding to

{xa,v} as
pN -1

SN.(Xa,N)(f) det Z S(xo, (@ + (pY)).

In our example, this sum equals

a=0 ' p

For example, if we simply choose x, y = a, we obtain

pN-1 (p¥ =1 N N _
N _x pYy _p¥ -1
P2 A 2 2
This sum has a limit in Q, as N — co, namely —1/2. But if, instead of x, y =

aca + (p"), we change one of the x, y to a + aop” € a + (p") for each N,
where q, is some fixed p-adic integer, we then obtain

PN -1 N 1
p‘”( 2 a+t aop") =L + ao,
a=0 2

whose limit is @, — 4. Thus, the Riemann sums do not have a limit which is
independent of the choice of points in the intervals.

A “measure” p is not much good, and has no right to be called a measure,
if you can’t integrate continuous functions with respect to it. (This is a slight
exaggeration—see Exercises 8-10 below.) Now we show that bounded
distributions earn their name of “measure”.

Recall that X is a compact-open subset of Q,, such as Z, or Z,*. (For
simplicity, let X < Z,.)

Theorem 6. Let p be a p-adic measure on X, and let - X — Q,, be a continuous
Sfunction. Then the Riemann sums

SN xam) &5 Z N S(xa,wu@ + (p"))

O0<a<p
a+(pN)ycXx

(where the sum is taken over all a for which a + (p) < X, and x, y is
chosen in a + (p%)) converge to a limit in Q, as N — co which does not
depend on the choice of {x, y}.

ProoOF. Suppose that p(U) < B for all compact-open U < X. We first
estimate for M > N

ISN.(xa.N) - SM.(xn,u)lp'
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II p-adic interpolation of the Riemann zeta-function

By writing X as a finite union of intervals, we can choose N large enough so
that every a + (p") is either < X or disjoint from X. We rewrite Sy (4, ,) as
follows, using the additivity of w:

> flxanm@ + (p™)

ey
(where a denotes the least nonnegative residue of a mod p"). We further
assume that N is large enough so that |f(x) — f(»)|, < ¢ whenever x = y
(mod p%). (Note that continuity implies uniform continuity, since X is
compact; this is an easy exercise, or else see Simmons’ book.) Then

ISx.txe) = Stttvanols = | 2 (f(Xan) = [(xa))ila + (p™))
a+(pM)£A;( ?
< max(|f(xa,lv) _f(xa.M)|p' |P~(a + (pM))|p)

< &B,

since x; y = X, » (mod pV). Since ¢ is arbitrary and B is fixed, the Riemann
sums have a limit.
It follows similarly that this limit is independent of {x, y}. Namely,

ISN,(xa,N) - SN,(x',,,N)‘p = Z (f(xa.N) —f(XZJ.N)),“(a + (p")
SN x i
< maxy(| f(xq,x) = f(xa. )5 [1(a + (pY)]5)
< eB. O

Definition. If /: X — Q, is a continuous function and u is a measure on X, we
define ffp to be the limit of the Riemann sums, the existence of which was
just proved. (Note that, if fis locally constant, this definition agrees with
the earlier meaning of ffy.)

The following simple but important facts follow immediately from this
definition.

Proposition. If /- X — Q,, is a continuous function such that | f(x)|, < A for all
x€ X, and if W(U) < B for all compact-open U < X, then

[ 7

Corollary. Iff, g: X — Q, are two continuous functions such that | f(x) — g(x)|,
< eforall xe X, and if W(U) < B for all compact-open U < X, then

Hf#—fg#

< A-B.
P

< ¢B.

P
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Exercises

EXERCISES

1.

10.

Show that Bi(x) = S¥.o (F)Bx*~!, and, in particular, Bx(0) = B,. Further
show that

1 ifk=0
! ’ and that -2 Bu(x) = kBi_1().

1
fo Bi(x) dx = 0 otherwise, dx

. Prove that no distribution u (except for the identically zero distribution) has

the property that
max |u(a + (pV)|, >0 as N —oo.

O0sa<pN

. What is pup k(Zp)? up.(pZp)? pp(Z,)?

. Prove that a p-adic distribution p is a measure if and only if for some a € Z,

the distribution a-u takes values in Z,. Prove that the set of measures on X
is a Q,-vector space.

. Express px,o(Z,) and py,o(Z, ) in terms of o and k. Find flp * furqif f(x) =

2h=o aix'.

. Let pbe an odd prime. Foranya = 0, 1, ..., p* — 1, let S, denote the sum of

the p-adic digits in a. Show that u(a + (p")) = (— 1)%= gives a measure on Z,,
and that [ fu = 0 for any odd function f (i.e., for which f(—x) = —f(x)).

. Letp > 2, f(x) = l/x,and @ = 1 + p. Prove that [7,* fu1.« = —1 (mod p).

. A distribution © on X is called ‘“boundedly increasing” if maxXo<q<p¥

|[pVu(a + (pM))|, — 0as N — o, i.e., u “‘increases strictly slower than puaar.”
Prove that Theorem 6 holds for u if we assume that /= X — Q, satisfies the
Lipschitz condition: there exists an A € R such that for all x, ye X

[f(X) = fOD)], < Alx = yl,.

(This concept was introduced by Manin and applied by him to p-adic inter-
polation of certain Hecke series.)

. Let u be the distribution defined in Exercise 7 of §3. Check that u is boundedly

increasing. Let /: Z, — Z, be the function f(x) = x. Evaluate ffp, which we
know is well defined by the previous problem.

Let r be a positive real number. A function f: Z, — Q, is called (by Mazur)
“of type r” if there exists A € R such that for all x, x" € Z, we have

[f(x) = f(xN)], < Alx — x'|,".

Note that any such function is continuous. If » > 1, then fis Lipschitz (see
Exercise 8). Now let u be a p-adic distribution on Z, such that for some
positive s € R

p~™ max |u(@ +(p"))], >0 asN¥N— .
Osa<py

Prove the analogue of Theorem 6 for such a u and functions of type » when-
ever r > s.
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6. The p-adic {-function as a Mellin-Mazur
transform

If X is a compact-open subset of Z,, any measure p on Z, can be restricted to
X. This means we define a measure u* on X by setting u*(U) = p(U) when-
ever U is a compact-open in X. In terms of integrating functions, we have

ffp* = ff- (characteristic function of X)u.

We shall use the notation J‘xff‘ for this restricted integral ff,u*.
We said that what we want to interpolate is — B,/k. We have the simple
relationship

f I kox = usn(Z,) = By

(see Exercise 3 of §5). Hence we want to interpolate the numbers
‘(l/k)." 1#3,1:-

For different k are the distributions ujp, related to each other in any
straightforward way? Not quite, but the regularized measure p, , is related
to u;,, by Theorem 5. More precisely, we have the following corollary of
Theorems 5 and 6:

Proposition. Let f: Z,— Z, be the function f(x) = x*~! (k a fixed positive
integer). Let X be a compact-open subset of Z,. Then

f ll“k,a = kJ‘ f/-"l,a-
X X

Proor. By Theorem 5, we have

pro@ + (pY)) = ka*~py ola + (pY)) (mod pV~ords).

Now, assuming that N is large enough so that X is a union of intervals of the
form a + (p%), we have

[ te= 3 a0

0sa<pN
a+(pN)cXx
ka“~uy (@ + (p")) (mod p* ~ordsde)

0sa<pN
a+(pN)cXx

ko > f@pda+ (pY).

0sa<pN
a+(pN)cXx

Taking the limit as N — » gives [y 1p, = k [x fity , O

If we replace f by x*~! in our notation, treating x as a ‘‘variable of inte-
gration,” we may write this proposition as

f llLL}C,a = kJ xk_llul.a"
X X
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6 The p-adic {-function as a Mellin-Mazur transform

The right-hand side looks much better than the left hand side from the
standpoint of p-adic interpolation, since instead of k appearing mysteriously
in the subscript of p, it appears in the exponent. And we know from §2 what
the story is for interpolating the integrand x*~! for any fixed x (see also
Exercise 8 of §2). Namely, we’re in business as long as x # 0 (mod p). To
make all of our x’s in the domain of integration have this property, we must
take X = Z,".

Thus, we claim that the expression jz,," x*¥~1u, , can be interpolated. To
do this, we combine the results of §2 with the corollary at the end of §5. That
corollary tells us that if | f(x) — x*~|, < ¢ for xe Z,*, then

’j " Srie — f « X7y g
Z, Z,

(recall that |u, o(U)|, < 1 for all compact-open U). Choose for f the function
x*¥ =1 where k' = k (mod p — 1) and k' = k (mod p¥) (writing this as one
congruence: k' = k (mod (p — 1)p")). By §2, we have:

<e
14

ka'—l _ xk—llp <

x
_W forer,, .

Thus,

b4

k-1 k-1
f < X Hi1,a —f X X Hi1,a
Zp Zp

We conclude that, for any fixed s,€{0, 1,2, ..., p — 2}, by letting £ run
through S,, = {positive integers congruent to s, (mod p — 1)}, we can
extend the function of k given by fz,' x*~1u, . to a continuous function of
p-adic integers s:

N+1
p

+s(p-1)-1
x xso H1,a-
Zp

But we have strayed a little from our original numbers —(l/k)f lpp,.. We
just saw that we can interpolate

1
f X T =g | e
Zp Zp

Let’s relate these two numbers:

1 1 )
E fsz 1,U~k,a = ]; l"'k.ar(Zp )

(1 — a™¥)(1 — p*~1)B, (see Exercise 5 of §5)

x| —

1
=@ =00 = (=g [, )
Zp
The term 1 — p*~! made its appearance because we had to restrict our

integration from Z, to Z,*. This is the phenomenon predicted at the end of
§2: because we can not interpolate #»° when p|n, we must remove a “p-Euler
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factor” from the {-function before it can be interpolated. So we will inter-
polate the numbers (1 — p*~!)(— B,/k):

B 1
k- k) . © k-1
(=-r )( k) ok — ljlp" X e

One slight embarrassment, which we warned of in §2, is that the Euler term
is 1 — p*~! and not 1 — p~* as you might think it should be from the
heuristic discussion in §2. It’s as though, instead of {(k), we were really
interpolating “{(1 — k) (we haven’t yet defined what this means for
positive k). So we define our p-adic {-function to have the value (1 — p*~1)-
(— By/k) at the integer 1 — k, not at k itself.

Definition. If k is a positive integer, let
L(1 — k) & (1 = p*= 1) (= By/k),

so that, by the preceding paragraph,

1
Xy o
a"‘ _ lepK K1,a

Note that the expression on the right does not depend on «, ie.,if B Z,
PHBB # Lithen(B~% = 1)} [ L x* My p = (e % = D" [, . x* 1y g, since
both equal (1 — p*~)(— B,/k). This equality—this independence of a«—can
also be proved directly (see Exercise 1). We shall use this independence of «
later, when we define {,(s) for p-adic s.

But we first derive some classical number theoretic facts about Bernoulli
numbers. These facts were considered to be elegant but mysterious oddities
until their connection with the Kubota-Leopoldt {, and Mazur’s measure
i1, revealed them as natural outcomes of basic ““calculus-type” considera-
tions (namely, the corollary at the end of §5, which says, roughly speaking,
that when two functions are close together on an interval, so are their
integrals).

L1 — k) =

Theorem 7. (Kummer for (1) and (2), Clausen and von Staudt for (3)).
(1) If p — 14k, then |B,/k|, < 1.
2) If p — Yk and if k = k' (mod(p — 1)p"), then
(1= =) 2 = (1~ p*=) 2% (mod p¥*).
(3) If p — 1|k and k is even (or k = 1, p = 2), then
pB, = —1 (mod p).

PrROOF. We assume p > 2, and leave the proof of (3) when p = 2 as an exer-
cise (Exercise 6 below).
We need a fact which will be proved at the beginning of the next chapter
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(at the end of §II1.1): There exists an ¢ € {2, 3, ..., p — 1} such that «®~1is
the lowest positive power of « which is congruent to 1 modulo p. Put another
way, the multiplicative group of nonzero residue classes of Z mopulo p is
cyclic of order p — 1, i.e., there’s a generator « €{2, 3, ..., p — 1} such that
the least positive residues of «, «?, o3, ..., ! exhaust {1,2,3, ...,p — 1}

In the proof of parts (1) and (2), we choose our ‘“measure regularizer” «
to be such a generatorin{2, 3, ..., p — 1}. This means that, since p — 1{(—k),
we have « =% # 1 (mod p), so that («™* — 1)~ e Z,*.

To prove (1), we write (assuming k > 1; if Kk =1 and p > 2, then
|B/1], = [=1/2], = 1):

[Bkly = (1 = DI = p0l[ el

k-1
f x X .u'l,a
Zyp

<1,

P

by the proposition at the end of §5 (with 4 = B = 1), since |p, (U)|, < 1
for all compact-open sets U < Z,* and |x*~!|, < 1forall xeZ,*.
To prove (2), we rewrite the desired congruence as

1 1 -
xk°1}L1,a = — J‘Z . Xk lﬂl,a (mod p¥+1).

a k—1] z,"

Notice that, if for a, b, ¢, d € Z, we have a = ¢ (mod p") and b = d (mod p"),
then we also have ab = cb = cd (mod p*). Thus, since a = («™% — 1)71,
b= fly‘ Xy oy c=(@ ¥ = 1)1 and d = fz,‘ x¥ 1y, . are in Z,, it
suffices to prove that (¢ * —1)"!=(¢™¥ — 1)"* (mod p¥*?) and
prX Xkt o, = J'Z’! x¥ =1y, o (mod p¥*1). The first reduces to of = o
(mod p¥*1), and the second reduces (using the corollary at the end of §5,
with B =1 and ¢ = p~V~1) to showing that x*~! = x*¥ -1 (mod p"*?) for
all x € Z,*. But this all follows from the discussion in §2.

Finally, we prove the Clausen-von Staudt congruence. For this let « =
1 + p. Recall that we are proving it for p > 2. We have

—k
PB. = —kp(= B = Ly (L= p) [ e

First take the first of the three terms on the right. If we let d = ord, k, then
a ¥ —1=(1+p)*—1=—kp(modp?*?),
so that

- _—kp
Next, since k must be >2, we have (1 — p¥~!)~! = | (mod p). Thus,

pB. = J. x*“lpy . (mod p).
z,*
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Again using the corollary at the end of §5, this time with f(x) = x*~! and
g(x) = 1/x, we obtain

pBo= [ | x . (modp)
P
But by Exercise 7 of §5, this latter integral is congruent to —1 (mod p). [J
We now return to p-adic interpolation.

Definition. Fix s,€{0,1,2, ...,p — 2}. For seZ,(s # 0 if s, = 0), we
define
1

- +(p-1)s—1
Lrso(8) def o~ (ot (P-Ds) _ | x’o H1,a

Zp*
It should by now be clear that this definition makes sense, namely,
oGt ®-D — ¢=S(¢P71)"S and xS*® Vsl forany xeZ,*

are defined for p-adic s by taking any sequence {k;} of positive integers
which approach s p-adically. Another way to define {, ;(s) is as follows:
—limlq—»s(l - psoﬂpVl)k‘_l)Bsoﬂp—l)k,/(SO + (P - l)k,).

We now see that if k is a positive integer congruent to s; (mod p — 1), i.e.,
k = 5o + (p — ko, then we have: {(1 — k) = {, ; (ko). We think of the
{p.5, as p-adic *“branches” of {,, one for each congruence class mod p — 1.
(But note that the odd congruence classes—s, = 1,3, ..., p — 2—give us
the zero function, since for such s, always B, -1, = 0; so we are only
interested in even s,.)

In the definition of {, ,, we excluded the case s = 0 when s, = 0. This is
because in that case ¢~ ®o*®-19 = ] and the denominator vanishes. If we
write {(1 — k) = {, ,,(ko), where k = s, + (p — 1)k,, then this excluded
case corresponds to {,(1). Thus, the p-adic zeta-function, like the Archimedean
Riemann zeta-function, has a “pole” at 1.

Theorem 8. For fixed p and fixed s,, {, () is a continuous function of s which
does not depend on the choice of « € Z, pta, o« # 1, which appears in its
definition.

Proor. It is clear that §2 and the corollary at the end of §5 imply that the
integral is a continuous function of s. The factor 1/(«™®o*® =19 — ) is a
continuous function as long as we don’t allow s = 0 when s, = 0, because
a”G*®-D9 js g continuous function by §2. So {, (s) is also continuous.

It remains to show that {, . (s) does not depend on o. Let 8 € Z, ptB,
B # 1. The two functions

1

+(p-Ds-1
- o
o Got®-D® _ ] x F1,a

Z,"
and
1

—— +(p-1)s-1
B=Got@-Dw _ | xo H1,8

z,”
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7 A brief survey (no proofs)

agree whenever s, + (p — 1)s = k is an integer greater than 0, i.e., whenever
s is a nonnegative integer (s > 0 if 5, = 0), since in that case both functions
equal (1 — p*~1)(— B,/k). But the nonnegative integers are dense in Z,, so
that any two continuous functions which agree there are equal. Therefore,
taking S instead of « does not effect the function. ]

Theorem 8 gives us our p-adic interpolation of the ‘‘interesting factor”
— Byi/2k in {(2k). But a few things remain to be explained: (1) the terminology
““Mazur-Mellin transform™ in the title of this section; and (2) the mysterious
switch from k to 1 — k. In addition, something should be said about (3)
deeper analogues with classical (-functions and L-functions, and (4) a
connection with modular forms. Since these four topics will take us beyond
the scope of what we intend to prove in this book, they are gathered together
in a section which surveys some basic relevant facts without attempting any
proofs. References for proofs and further discussion of (1)—(4) are: (1) Manin,
“Periods of cusp forms, and p-adic Hecke series,” §8; (2) Iwasawa, Lectures
on p-adic L-functions, §1 and appendix; (3) Iwasawa, Lectures on p-adic
L-functions, especially §5, and Borevich and Shafarevich, Number Theory,
p. 332-336; (4) Serre, “Formes modulaires et fonctions zéta p-adiques,”
in Springer Lectures Notes in Mathematics 350.

7. A brief survey (no proofs)

(1) For s > 1, {(s) can be expressed as an integral

~ 0

1 _, dx
), T

where I'(s) is the gamma-function, which satisfies I'(s + 1) = sI'(s), ['(1) = 1,
so that, in particular, I'(k) = (k — 1)! for positive integers k. (See Exercise 4
below for the case s = k.) The integral is what is known as a Mellin transform.
For a function f(x) defined on the positive reals, the function

g(s) = f x*=1(x) dx,

whenever it exists, is called the Mellin transform of f(x) (or of f(x) dx).
Thus, I'(s){(s) is the Mellin transform of dx/(e* — 1), which exists for s > 1
(see Exercise 4 below).

In §6, we showed that the function which p-adically interpolates (1 — p*~1)
(— By/k) is essentially (except for the 1/(a~* — 1) factor and the s, business)

-1
N x* M1, a5
Zp

where p, , is the regularized Mazur measure. Thus, the p-adic {-function
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II p-adic interpolation of the Riemann zeta-function

can be thought of, in analogy to the classical case, as the ‘‘p-adic Mazur-
Mellin transform™ of the regularized Mazur measure p, ,.

(2) If we consider

©)= >

for s complex, with real part > 1, this sum still converges and defines a
“complex analytic” function of s. By the technique of ‘“‘analytic continua-
tion,” {(s) can be extended onto the entire complex plane except for the point
s = 1 (where its behavior is like the function 1/(s — 1)). A very basic pro-
perty of {(s) is that it satisfies a ‘‘functional equation’’ which relates its

value at s to its value at 1 — 5. Namely,

(-5 =

2 cos(ms[2)['(s)

@2m)

Let’s let s = 2k be a positive even integer. Then

2cosmk 2k — 1)!

{1~ 24) =

(2m)*

£(2k)

_ 2(= D2k — D! (=1t (

2m)%* 2k — 1)

_ By
2%k

On the other hand, if s is an odd integer greater than 1, the right-hand side
of the functional equation vanishes because cos(ms/2) = 0 (we need s > 1 in
order for {(s) to be finite). Hence {(1 — s) vanishes, and so there too

{(1 — k) = — By/k, but all this says is that 0 = 0.

Table of {(1 — k) = — B, /k

1 —k {1 — k)

-1 —1/12

-3 1/120

-5 —1/252

-7 1/240

-9 —1/132
—11 691/32760
—13 —1/12
—15 3617/8160
—-17 —43867/14364
—19 174611/6600
~21 —77683/276
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7 A brief survey (no proofs)

So what we were ‘“‘really” interpolating was the Riemann {-function at
negative odd integers. We can now summarize the relationship between {, and
{ in the following simple way, using the definition of {,:

(1 —k)=( —p( —k) fork=23,4,....

If we're a little sloppy (forgetting that everything will diverge), we can
write: C(l - k) = Hprlmesq 1/(1 - qk-l)’

Hl-k= J] 1d-g¢"Y=0-p Ul -k,

primesq, q#p

so the appearance of the (1 — p*~?!) factor makes heuristic sense from this
devil-may-care point of view.

In the same tack, we can derive the formula {(1 — k) = — B,/k in a com-
pletely straightforward way:

W-Rg Y o= >t

Since (d/dt)c~te™|,., = n*~1, we may write

[}
-

{1 -k

I

Ms
I~
ST
S~
=

|
"

2

ISTEN

ISYEN

IS

IS

Il
—— — —— I~ —

&

73R a=m e

I
a~!§u

(3) Connections between {, and { go deeper. An important example
requires us to consider the generalization of { to functions of the form

= x(n
L(s) = Z X’Es ) s> 0,
n=1

where x is a “character” (see Exercises 9-10 of §2). As long as y is not the
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II p-adic interpolation of the Riemann zeta-function

“trivial” character (equal to 1 for all n), this function L,(s) converges when
s = 1:>%., (x(n)/n), and can be computed explicitly. The result is:

Ll) = "X) 4 -(a) log(l — e2me/N),

where N is the conductor of y and 7(x) = >¥={ x(a)e?™*¥ (this formula
easily reduces to those given in Exercises 9-10 of §2).

In a manner very similar to the construction of J,, it is possible to inter-
polate L (1 — k) by *“p-adic L-functions” L, ,. Amazingly, it turns out that
L, (1) equals the following expression:

(1= M2) 2075 s 10g, 1 — ez,
a=1

in which “log,™ is the " p-adic logarithm,” which is a p-adic function of a
p-adic variable (see §IV.1 and §IV.2), and all of the roots of unity that
occur - namely, ¢2™ " and the values of y —are considered as elements of
an algebraic extension of @, (see §111.2-3). Here (1 — (x(p)/p)) should be
thought of as the p-Euler factor (for the {-function, y = 1, and the Euler
factor in {(1), if {(1) were finite, would be (1 — (1/p)); see also Exercise 9 of
§2 concerning Euler products for L,). The rest of the expression for L, (1)
is the same as L ,(1). except that the classical log is replaced by its p-adic
analogue log,,.

(4) Very important in the study of elliptic curves and of modular forms
(see Chapter VII of Serre, A Course in Arithmetic) are the Eisenstein series
Ey, k = 2, which are functions defined on all complex numbers z with
positive imaginary part by:

1B <
Eyl(z) = 2;: + Z gk - 1(n)€*2,

where
on(n) = Z dam.
din

The series should be thought of as a * Fourier series’—i.e., a series in powers
of e2™*—with constant term equal to ${(1 — 2k).

It turns out that Eisenstein series can be p-adically interpolated. One hint
of this is that we can interpolate each nth coefficient as long as ptn. Namely,
that coefficient o, _,(n) is a finite sum of functions d%*-1, all of which can
be interpolated, by §2, since ptd. Then interpolating {(I — 2k) can be thought
of as “‘getting the constant coefficient too.” Vague as this all may seem, it is
actually possible to derive the results in this chapter using the theory of p-adic
modular forms. For details, see Serre’s paper mentioned before, and papers
by N. Katz on p-adic Eisenstein measures and p-adic interpolation of Eisen-
stein series (see Bibliography).
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Exercises

EXERCISES

1.

Using the relationship between pt1,q, pik,q, and up, x, give a direct proof (without
mentioning Bernoulli numbers) that

1
;-k—_—lfz K
P

does not depend on a.

. Check the Kummer congruences from the table of {(1 — k) when p = 5,

k =2, k" =22, N = 1. Check in the table that the congruences fail when
p — 1|k. Use the Kummer congruences and the first few values of By to compute
the following through the p2-place:

(l) B102 in Qs (ll) Bzge in @7 (lll) B592 in Q7-

. Use Theorem 7 and Exercise 20 of §1.2 to prove the following version of the

theorem of Clausen and von Staudt: (B, + 3 1) e Z, for any even k (or k = 1), where
the summation is taken over all p for which p — 1|k.

. Show that [ x*~'dx/(e* — 1) exists when s > 1. By writing 1/(e* — 1) =

e */(1 — e~ %) = >7-1e™ "%, prove that:

[ ® xk—l

dx = (k — D! {(k) fork =2,3,4,...

Jo e —1

(justify your computations).

. Prove that

@ k-1
f X dx=(k— )1 = 21-9(k) fork =2,3,4,....
o € + 1

Show that the function

! T dx
TG =29 ) e +1 7
which you just showed equals {(s) for s = k = 2,3,4, ..., exists and is

continuous as a function of s fors > 0, s # 1.

6. Prove the Clausen-von Staudt theorem when p = 2.
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