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▼❛/❝❤ ✷✻✲✷✼✱ ✷✵✶✽

❉✉/❤❛♠ ❯♥✐✈❡/@✐A②✱ ❯❑

❩❡$❛ ✈❛❧✉❡# ❛♥❞ ❇❡%♥♦✉❧❧✐ ◆✉♠❜❡%#

❆ ❦❡② /❡@✉❧A ✐♥ ♥✉♠❜❡/ A❤❡♦/② ✐@ A❤❡ ❡①♣❛♥@✐♦♥ ♦❢ A❤❡ ❘✐❡♠❛♥♥

③❡A❛✲❢✉♥❝A✐♦♥ ζ(s) ✐♥A♦ A❤❡ ❊✉❧❡/ ♣/♦❞✉❝A✿

ζ(s) =
∏

p

(✶− p−s)−✶ =
∞∑

n=✶

n−s (❞❡✜♥❡❞ ❢♦/ ❘❡(s) > ✶).

❚❤❡ @❡A ♦❢ ❛/❣✉♠❡♥A@ s ❢♦/ ✇❤✐❝❤ ζ(s) ✐@ ❞❡✜♥❡❞ ✇❛@ ❡①A❡♥❞❡❞ ❜②
❘✐❡♠❛♥♥ A♦ ❛❧❧ s ∈ C✱ s 6= ✶✳ ❚❤❡ @♣❡❝✐❛❧ ✈❛❧✉❡@ ζ(✶− k) ❛A

♥❡❣❛A✐✈❡ ✐♥A❡❣❡/@ ❛/❡ /❛A✐♦♥❛❧ ♥✉♠❜❡/@✿ ζ(✶− k) = −Bk

k
, @❛A✐❢②✐♥❣

❝❡/A❛✐♥ ❑✉♠♠❡/ ❝♦♥❣/✉❡♥❝❡@ ♠♦❞pm✱ ✇❤❡/❡ Bk ❛/❡ ❇❡/♥♦✉❧❧✐

♥✉♠❜❡/@✱ ❞❡✜♥❡❞ ❜② A❤❡

∞∑

n=✵

Bnt
n

n!
=

tet

et − ✶ ;B✵

= ✶, B
✶

= −✶
✷

, B
✷

=
✶

✻

, B
✸

= B
✺

= · · · = ✵,B
✹

= − ✶

✸✵

,

B
✻

=
✶

✹✷

, B
✽

= − ✶

✸✵

,B
✶✵

=
✺

✻✻

,B
✶✷

=
✻✾✶

✷✼✸✵

, B
✶✹

= −✼
✻

, ζ(✷k) = −(✷πi)✷kB
✷k

✷(✷k)!
,

❚❤❡✐/ ❞❡♥♦♠✐♥❛A♦/@ ❛/❡ @♠❛❧❧ ❜② A❤❡ ❙②❧✈❡@A❡/✲▲✐♣@❝❤✐A③ A❤❡♦/❡♠

∀c ∈ Z ✐♠♣❧✐❡@ ck(ck − ✶)Bk

k
∈ Z (@❡❡ ✐♥ [▼✐✲❙A]),

✉@✐♥❣ A❤❡ ❦♥♦✇♥ ❢♦/♠✉❧❛ ❢♦/ A❤❡ @✉♠ ♦❢ k✲A❤ ♣♦✇❡/@ ✈✐❛ ❇❡/♥♦✉❧❧✐

♣♦❧②♥♦♠✐❛❧@ Bk(x) =
∑k

i=✵

(
k
i

)
Bix

k−i = ”(x + B)k”

Sk(N) =
N−✶∑

n=✶

nk =
✶

k + ✶

[Bk+✶

(N)− Bk+✶

] , B
✶

(x) = x−✶
✷

,B
✷

(x) = x✷−x+✶
✻

, · · ·

✷



❑✉♠♠❡$ ❝♦♥❣$✉❡♥❝❡) ❛♥❞ p✲❛❞✐❝ ✐♥.❡❣$❛.✐♦♥
❑✉❜♦$❛ ❛♥❞ ▲❡♦♣♦❧❞$ ❝♦♥-$.✉❝$❡❞ ❬❑✉▲❡✻✹❪ ❛ p✲❛❞✐❝ ✐♥$❡.♣♦❧❛$✐♦♥

♦❢ $❤❡-❡ -♣❡❝✐❛❧ ✈❛❧✉❡-✱ ❡①♣❧❛✐♥❡❞ ❜② ▼❛③✉. ✈✐❛ ❛ p✲❛❞✐❝ ♠❡❛-✉.❡ µc
♦♥ Zp ❛♥❞ ❑✉♠♠❡. ❝♦♥❣.✉❡♥❝❡- ❢♦. $❤❡ ❇❡.♥♦✉❧❧✐ ♥✉♠❜❡.-✱ -❡❡

❬❑❛✼✽❪ ✭p ✐- ❛ ♣.✐♠❡ ♥✉♠❜❡.✱ c > ✶ ❛♥ ✐♥$❡❣❡. ♣.✐♠❡ $♦ p✮✳ ❲.✐$✐♥❣

$❤❡ ♥♦.♠❛❧✐③❡❞ ✈❛❧✉❡-

ζ
(c)
(p)(−k) = (✶− pk)(✶− ck+✶)ζ(−k) =

∫

Z∗p

xkdµc(x)

♣.♦❞✉❝❡- $❤❡ ❑✉♠♠❡. ❝♦♥❣.✉❡♥❝❡- ✐♥ $❤❡ ❢♦.♠✿ ❢♦. ❛♥② ♣♦❧②♥♦♠✐❛❧

h(x) =
∑n

i=✵

αix
i
♦✈❡. Z✱

∀x ∈ Zp,
n∑

i=✵

αix
i ∈ pmZp =⇒

n∑

i=✵

αiζ
(c)
(p)(−i) ∈ pmZp,

■♥❞❡❡❞✱ ✐♥$❡❣.❛$✐♥❣ $❤❡ ❛❜♦✈❡ ♣♦❧②♥♦♠✐❛❧ h(x) ♦✈❡. µc ♣.♦❞✉❝❡- $❤❡
❝♦♥❣.✉❡♥❝❡-✳ ❚❤❡ ❡①✐-$❡♥❝❡ ♦❢ µc ✐- ❞❡❞✉❝❡❞ ❢.♦♠ $❤❡ ❛❜♦✈❡

❢♦.♠✉❧❛ ❢♦. $❤❡ -✉♠ ♦❢ k✲$❤ ♣♦✇❡.- Sk(p
r ) ❢♦. r →∞✱ .❡-$.✐❝$❡❞ $♦

♥✉♠❜❡.- n✱ ♣.✐♠❡ $♦ p✳

■♥ ♦.❞❡. $♦ ❞❡✜♥❡ -✉❝❤ ❛ ♠❡❛-✉.❡ µc ✐$ -✉✣❝❡- ❢♦. ❛♥② ❝♦♥$✐♥✉♦✉-
❢✉♥❝$✐♦♥ φ : Zp → Zp $♦ ❞❡✜♥❡ ✐$- ✐♥$❡❣.❛❧

∫
Zp
φ(x)dµc ✳

❆♣♣.♦①✐♠❛$✐♥❣ φ(x) ❜② ❛ ♣♦❧②♥♦♠✐❛❧ ✭✇❤❡♥ $❤❡ ✐♥$❡❣.❛❧ ✐- ❛❧.❡❛❞②
❞❡✜♥❡❞✮✱ ♣❛-- $♦ $❤❡ ❧✐♠✐$ ✭✇❤✐❝❤ ✐- ✇❡❧❧ ❞❡✜♥❡❞ ❞✉❡ $♦ ❑✉♠♠❡.

❝♦♥❣.✉❡♥❝❡-✮✳

✸

❑✉❜♦.❛✲▲❡♦♣♦❧❞. p✲❛❞✐❝ ③❡.❛✲❢✉♥❝.✐♦♥
❚❤❡ ❞♦♠❛✐♥ ♦❢ ❞❡✜♥✐$✐♦♥ ♦❢ p✲❛❞✐❝ ③❡$❛ ❢✉♥❝$✐♦♥- ✐- $❤❡ p✲❛❞✐❝

❛♥❛❧②$✐❝ ❣.♦✉♣ Yp = Homcont(Z
∗
p,C

∗
p) ♦❢ ❛❧❧ ❝♦♥$✐♥✉♦✉- p✲❛❞✐❝

❝❤❛.❛❝$❡.- ♦❢ $❤❡ ♣.♦✜♥✐$❡ ❣.♦✉♣ Z×p ✱ ✇❤❡.❡ Cp = Q̂p ❞❡♥♦$❡- $❤❡

❚❛$❡ ✜❡❧❞ ✭❝♦♠♣❧❡$✐♦♥ ♦❢ ❛♥ ❛❧❣❡❜.❛✐❝ ❝❧♦-✉.❡ ♦❢ $❤❡ p✲❛❞✐❝ ✜❡❧❞

Qp) ✭♦✈❡. ❝♦♠♣❧❡① ♥✉♠❜❡.- C = Homcont(R
∗
+,C

∗)✱ y .✉♥ $❤❡
❝❤❛.❛❝$❡.- t 7→ ts ✳

❉❡✜♥❡ ζp : Yp → Cp ♦♥ $❤❡ -♣❛❝❡ ❛- $❤❡ p✲❛❞✐❝ ▼❡❧❧✐♥ $.❛♥-❢♦.♠

ζp(y) =

∫
Z∗p

y(x)dµc(x)

✶− cy(c)
=

Lµc (y)

✶− cy(c)
,

✇✐$❤ ❛ -✐♥❣❧❡ -✐♠♣❧❡ ♣♦❧❡ ❛$ y = y−✶p ∈ Yp✱ ✇❤❡.❡ yp(x) = x $❤❡

✐♥❝❧✉-✐♦♥ ❝❤❛.❛❝$❡. Z∗p →֒ C∗p ❛♥❞ y(x) = χ(x)xk−✶ ✐- ❛ $②♣✐❝❛❧
❛.✐$❤♠❡$✐❝❛❧ ❝❤❛.❛❝$❡. ✭y = y−✶p ❜❡❝♦♠❡- k = ✵✱ s = ✶− k = ✶✮✳

❊①♣❧✐❝✐&❧②✿ ▼❛③✉.✬- ♠❡❛-✉.❡ ✐- ❣✐✈❡♥ ❜② µc(a+ pvZp) =
✶

c

[
ca
pv

]
+ ✶−c

✷c
= ✶

c
B
✶

({ ca
pv
})− B

✶

( a
pv
)✱ B

✶

(x) = x − ✶

✷

✱ ✭❬▲❛♥❣▼❋❪✱

❈❤✳❳■■■✮✱ ✇❡ -❡❡ $❤❡ ③❡$❛ ❞✐-$.✐❜✉$✐♦♥ µs |s=✵

(a+ (N)) = −B
✶

( a
N
)✳

❚❤❡♥ &❤❡ ❜✐♥♦♠✐❛❧ ❢♦1♠✉❧❛∫
Z
(✶+ t)zdµc =

∑∞
n=✵

tn
∫
Z

(
z

n

)
dµc ✱ ❣✐✈❡7 &❤❡ ❛♥❛❧②&✐❝✐&② ♦❢

ζp(y) ♦♥ t = y(✶+ p)− ✶ ✐♥ &❤❡ ✉♥✐& ❞✐7❝ {t ∈ Cp‖ |t|p < ✶}✳
✹



p✲❛❞✐❝ ③❡'❛ ❢✉♥❝'✐♦♥, ♦❢ ♠♦❞✉❧❛/ ❢♦/♠,

❋!♦♠ $❤❡ p✲❛❞✐❝ ③❡$❛ ❢✉♥❝$✐♦♥ ♦❢ ❑✉❜♦$❛✲▲❡♦♣♦❧❞$✱ ♦♥❡ ❡①$❡♥❞7

p✲❛❞✐❝ ③❡$❛ ❢✉♥❝$✐♦♥7 ♦❢ ✈❛!✐♦✉7 ♠♦❞✉❧❛! ❢♦!♠7 ❝♦♥7$!✉❝$❡❞✱ 7✉❝❤ ❛7

p✲❛❞✐❝ ✐♥$❡!♣♦❧❛$✐♦♥ ♦❢ $❤❡ 7♣❡❝✐❛❧ ✈❛❧✉❡7

L∆(s, χ) =

∞∑

n=✶

χ(n)τ(n)n−s , (s = ✶, ✷, · · · , ✶✶)

❢♦! $❤❡ ❘❛♠❛♥✉❥❛♥ ❢✉♥❝$✐♦♥ τ(n) ❞❡✜♥❡❞ ❜② $❤❡ ❡①♣❛♥7✐♦♥

q
∏

m≥✶

(✶− qm)✷✹ =
∑

n≥✶

τ(n)qn = q−✷✹q✷+✷✺✷q✸−✶✹✼✷q✹+ · · · ,

$✇✐7$❡❞ ❜② ❉✐!✐❝❤❧❡$ ❝❤❛!❛❝$❡!7 χ : (Z/prZ)∗ → C∗❀ ✐$ ✇❛7 ❞♦♥❡ ✐♥

$❤❡ ❡❧❧✐♣$✐❝ ❛♥❞ ❍✐❧❜❡!$ ♠♦❞✉❧❛! ❝❛7❡7 ❜② ❨✉✳■✳▼❛♥✐♥ ❛♥❞ ❇✳▼❛③✉!✱

✈✐❛ ♠♦❞✉❧❛! 7②♠❜♦❧7 ❛♥❞ p✲❛❞✐❝ ✐♥$❡❣!❛$✐♦♥✱ 7❡❡ ❬▼❛✼✸❪✱ ❬▼❛✼✻❪✮✳

■♥ $❤❡ ❙✐❡❣❡❧ ♠♦❞✉❧❛! ❝❛7❡ $❤❡ p✲❛❞✐❝ 7$❛♥❞❛!❞ ③❡$❛ ❢✉♥❝$✐♦♥7 ♦❢

❙✐❡❣❡❧ ♠♦❞✉❧❛! ❢♦!♠7 ✇❡!❡ ❝♦♥7$!✉❝$❡❞ ✐♥ ❬R❛✽✽❪✱ ❬R❛✾✶❪ ✈✐❛

❆♥❞!✐❛♥♦✈✬7 ✐❞❡♥$✐$② ✭♦❢ ❘❛♥❦✐♥✲❙❡❧❜❡!❣ $②♣❡✮✳

R❘❊❙❊◆❚ ●❖❆▲✿ ❚♦ ❞❡7❝!✐❜❡ ❛♥❛❧②$✐❝ p✲❛❞✐❝ ❝♦♥$✐♥✉❛$✐♦♥ ♦❢ $❤❡

7$❛♥❞❛!❞ ③❡$❛ ❢✉♥❝$✐♦♥ LF (s) ♦❢ ❛ ❍❡!♠✐$✐❛♥ ♠♦❞✉❧❛! ❢♦!♠
F =

∑
H A(H)qH ♦♥ $❤❡ ❍❡!♠✐$✐❛♥ ✉♣♣❡! ❤❛❧❢ ♣❧❛♥❡ Hn ♦❢ ❞❡❣!❡❡

n✱ ✇❤❡!❡ qH = ❡①♣(✷πi❚!(HZ ))✱ H !✉♥7 $❤!♦✉❣❤ ❛❧❧ 7❡♠✐✲✐♥$❡❣!❛❧

♣♦7✐$✐✈❡ ❞❡✜♥✐$❡ ❍❡!♠✐$✐❛♥ ♠❛$!✐❝❡7 ♦❢ ❞❡❣!❡❡ n✱ ✐✳❡✳ H ∈ Λn(O)✱ ✐♥
$❤❡ ✐♥$❡❣❡!7 OK ♦❢ ❛♥ ✐♠❛❣✐♥❛!② _✉❛❞!❛$✐❝ ✜❡❧❞ K = Q(

√
−DK )✳

❆♥❛❧②$✐❝ p✲❛❞✐❝ ❝♦♥$✐♥✉❛$✐♦♥ ♦❢ $❤❡✐! 7$❛♥❞❛!❞ ③❡$❛ ❢✉♥❝$✐♦♥7 ✐7

❝♦♥7$!✉❝$❡❞ ✈✐❛ p✲❛❞✐❝ ♠❡❛7✉!❡7✱ ❜♦✉♥❞❡❞ ♦! ❣!♦✇✐♥❣✳

✺

❩❡'❛✲❢✉♥❝'✐♦♥, ♦/ L✲❢✉♥❝'✐♦♥,

❚❤❡② ❛!❡ ❛$$❛❝❤❡❞ $♦ ✈❛!✐♦✉7 ♠❛$❤❡♠❛$✐❝❛❧ ♦❜❥❡❝$7 ❛7 ❝❡!$❛✐♥ ❊✉❧❡!

♣!♦❞✉❝$7✳

◮ L✲❢✉♥❝$✐♦♥7 ❧✐♥❦ 7✉❝❤ ♦❜❥❡❝$7 $♦ ❡❛❝❤ ♦$❤❡! ✭❛ ❣❡♥❡!❛❧ ❢♦!♠ ♦❢

❢✉♥❝$♦!✐❛❧✐$②✮❀

◮
❙♣❡❝✐❛❧ L✲✈❛❧✉❡7 ❛♥7✇❡! ❢✉♥❞❛♠❡♥$❛❧ _✉❡7$✐♦♥7 ❛❜♦✉$ $❤❡7❡

♦❜❥❡❝$7 ✐♥ $❤❡ ❢♦!♠ ♦❢ ❛ ♥✉♠❜❡! ✭❝♦♠♣❧❡① ♦! p✲❛❞✐❝✮✳

❈♦♠♣✉$✐♥❣ $❤❡7❡ ♥✉♠❜❡!7 ✉7❡ ✐♥$❡❣!❛$✐♦♥ $❤❡♦!② ♦❢ ❉✐!✐❝❤❧❡$✲❍❡❝❦❡

❝❤❛!❛❝$❡!7 ❛❧♦♥❣ p✲❛❞✐❝ ❛♥❞ ❝♦♠♣❧❡① ✈❛❧✉❡❞ ♠❡❛7✉!❡7✳

❚❤✐7 ❛♣♣!♦❛❝❤ ♦!✐❣✐♥❛$❡7 ✐♥ $❤❡ ❉✐!✐❝❤❧❡$ ❝❧❛77 ♥✉♠❜❡! ❢♦!♠✉❧❛

✉7✐♥❣ $❤❡ L✲✈❛❧✉❡7 ✐♥ ♦!❞❡! $♦ ❝♦♠♣✉$❡ ❝❧❛77 ♥✉♠❜❡!7 ♦❢ ❛❧❣❡❜!❛✐❝

♥✉♠❜❡! ✜❡❧❞7 $❤!♦✉❣❤ ❉✐!✐❝❤❧❡$✬7 L✲7❡!✐❡7 L(s, χ)✿ ❢♦! ❛♥ ✐♠❛❣✐♥❛!②
_✉❛❞!❛$✐❝ ✜❡❧❞ K ♦❢ ❞✐7❝!✐♠✐♥❛♥$ −D < −✹✱ χD(n) =

(
−D
n

)

hD =

√
DL(✶, χD)

✷π
= L(✵, χ) = − ✶

D

D−✶∑

a=✶

χD(a)a.

✭❊①❛♠♣❧❡✿ ❞✐7❝(Q(
√
−✺))) = −✷✵✱ h

✷✵

= ✷❀ ✐♥ R❆❘■✴●R χ
✷✵

(n) =
❦!♦♥❡❝❦❡!✭✲✷✵✱♥✮✱ ❣♣ ❃ ✲$✉♠✭①❂✶✱✶✾✱①✯❦/♦♥❡❝❦❡/✭✲✷✵✱①✮✮✴✷✵

✪ ✷✾ ❂ ✷

❆♥♦$❤❡! ❢❛♠♦✉7 ❡①❛♠♣❧❡✿ $❤❡ ▼✐❧❧❡♥✐✉♠ ❇❙❉ ❈♦♥❥❡❝$✉!❡ ❣✐✈❡7 $❤❡

!❛♥❦ ♦❢ ❛♥ ❡❧❧✐♣$✐❝ ❝✉!✈❡ E ❛7 $❤❡ ♦!❞❡! ♦❢ L(E , s) ❛$ 7❂✶ ✭✐✳❡✳ $❤❡
!❡7✐❞✉❡ ♦❢ ✐$7 ❧♦❣❛!✐$❤♠✐❝ ❞❡!✐✈❛$✐✈❡✱ 7❡❡ ❬▼❛R❛❪✱ ❈❤✳✻✮✳

✻



❆ !❤♦$% !%♦$② ♦❢ ❝$✐%✐❝❛❧ ✈❛❧✉❡!✱ !❡❡ ❬❨❙❪

❊✉❧❡$ ❞✐'❝♦✈❡$❡❞ ζ(✷) =
π✷

✻

✱ ❛♥❞

✷ζ(✷n)

(✷πi)✷n
❂ − B

✷n

(✷n)!
∈ Q, (n ≥ ✶)✳

❚❤❡'❡ ❛$❡ ❡①❛♠♣❧❡' ♦❢ ❝$✐9✐❝❛❧ ✈❛❧✉❡' ✭✐♥ 9❤❡ '❡♥'❡ ♦❢ ❉❡❧✐❣♥❡✮✿ ❢♦$ ❛

♠♦$❡ ❣❡♥❡$❛❧ ③❡9❛ ❢✉♥❝9✐♦♥ D(s) 9❤❡ ❝$✐9✐❝❛❧ ✈❛❧✉❡' ❛$❡ ❞❡✜♥❡❞
✉'✐♥❣ ✐9' ❣❛♠♠❛ ❢❛❝9♦$ ΓD(s) '✉❝❤ 9❤❛9 9❤❡ ♣$♦❞✉❝9 ΓD(s)D(s)
'❛9✐'✜❡' ❛ '9❛♥❞❛$❞ ❢✉♥❝9✐♦♥❛❧ ❡A✉❛9✐♦♥ ✉♥❞❡$ 9❤❡ '②♠♠❡9$②

s 7→ v − s✳ ❚❤❡♥ D(n)✱ n ∈ Z ✐' ❛ ❝$✐9✐❝❛❧ ✈❛❧✉❡ ♦❢ D(s) ✐❢ ❜♦9❤
ΓD(n) ❛♥❞ ΓD(v − n) ❛$❡ ✜♥✐9❡✳

❍✉$✇✐9③ ❬❍✉$✶✽✾✾❪ '❤♦✇❡❞ ❛ '9$✐❦✐♥❣ ❛♥❛❧♦❣② 9♦ ❊✉❧❡$✬' 9❤❡♦$❡♠✿

∑′
α∈Z[i ] α

−✹m

Ω✹m
=

Hm

(✹m)!
∈ Q,Ω = ✷

∫
✶

✵

dx√
✶− x✹

= ✷.✻✷✷✵✺✼✺✺✹✷ · · ·

❢♦$ ✶ ≤ m ∈ Z✱ ✇❤❡$❡ α = a+ ib✱ a, b ∈ Z ❛$❡ ♥♦♥✲③❡$♦ ●❛✉''✐❛♥

✐♥9❡❣❡$' ❛♥❞ Hm ❛$❡ ❍✉$✇✐9③ ♥✉♠❜❡$' ✭$❡❝✉$'✐✈❡❧② ❝♦♠♣✉9❡❞✱ ❬❙❧❪✮✿

H
✶

,H
✷

, · · · = ✶

✶✵

,
✸

✶✵

,
✺✻✼

✶✸✵

,
✹✸✻✺✾

✶✼✵

,
✸✾✷✾✸✶

✶✵

, · · · ✳ ❘❡❝❛❧❧ 9❤❡ ❢♦$♠✉❧❛✿
▲❡9 ℘ ❜❡ 9❤❡ ❲❡✐❡$'9$❛'' ℘✲❢✉♥❝9✐♦♥ '❛9✐'❢②✐♥❣ ℘′✷ = ✹℘✸ − ✹℘✳

❚❤❡♥ ℘(z) =
✶

z✷
+

∞∑

n=✶

✷

✹nHnz
✹n−✷

✹n(✹n − ✷)!
✳ ❆ $❛♣✐❞ ❝♦♠♣✉9❛9✐♦♥ ♦❢ 9❤❡'❡

✈❛❧✉❡'✿ 9❛❦❡ 9❤❡ ❋♦✉$✐❡$ ❡①♣❛♥'✐♦♥ ♦❢ 9❤❡ ❊✐'❡♥'9❡✐♥ '❡$✐❡' ❛9 z = i ✱

q = e−✷π✿

G
✹m(z) =

∑

a,b

′(az + b)−✹m = ✷ζ(✹m) +
✷(✷π)✹m

(✹m − ✶)!

∑

d≥✶

d✹m−✶qd

(✶− qd)
✱

G
✹m(i)

Ω✹m
=

Hm

(✹m)!
✱ π,Ω ✕ ♣❡$✐♦❞' ♦❢ ζ(s) ❛♥❞ ♦❢ E : y✷ = ✹x✸ − ✹x ✳

✼

❆♥❛❧②%✐❝ p✲❛❞✐❝ %❤❡♦$②✿ ③❡%❛ ✈❛❧✉❡! ✈!✳ ❝♦❡✣❝✐❡♥%!
■9 ✇❛' ♠✉❝❤ ❞❡✈❡❧♦♣❡❞ ✐♥ 9❤❡ ✻✵9❤ ✐♥ ❬■✇❪✱ ❬❙❡✼✸❪ ❛♥❞ ❬❲❛❪✳

▼♦❞✉❧❛$ ♠❡9❤♦❞' ❛$❡ ❛♣♣❧✐❝❛❜❧❡ 9♦ 9❤❡ p✲❛❞✐❝ ❛♥❛❧②9✐❝ ❝♦♥9✐♥✉❛9✐♦♥

♦❢ ζ(s) ✐9'❡❧❢ 9❤$♦✉❣❤ 9❤❡ ♥♦$♠❛❧✐③❡❞ ❊✐'❡♥'9❡✐♥ '❡$✐❡'✿

(k − ✶)!

✷(✷πi)k
Gk(z) =

ζ(✶− k)

✷

+
∞∑

n=✶

∑

d |n

dk−✶qn = −Bk

✷k
+
∑

d≥✶

dk−✶qd

✶− qd
,

♠♦❞✉❧❛$ ❢♦$♠' ♦❢ ❡✈❡♥ ✇❡✐❣❤9 k ≥ ✹ ❢♦$ ❙▲

✷

(Z) ❛' ❢♦❧❧♦✇'✿

❏✳✲]✳❙❡$$❡ ♥♦9✐❝❡❞ ❬❙❡✼✸❪✱ ♣✳✷✵✻✱ 9❤❛9 9❤❡ ❝♦♥'9❛♥9 9❡$♠

ζ(✶− k)

✷

(✶−pk−✶) ❡①♣$❡''❡' ❜② σ∗k−✶(n) =
∑

d |n

dk−✶ (p 6 | d , n ≥ ✶),

9❤❡ ❤✐❣❤❡$ ❝♦❡✣❝✐❡♥9' ♦❢ 9❤❡ ♥♦$♠❛❧✐③❡❞ ❊✐'❡♥'9❡✐♥ '❡$✐❡' ♠♦❞pr ✳

■♥ 9❤✐' ✇❛② ζ∗p(✶− k) ❝❛♥ ❜❡ ❝♦♥9✐♥✉❛❧❧② ❡①9❡♥❞❡❞ 9♦ s ∈ Zp ✇✐9❤ ❛

'✐♥❣❧❡ '✐♠♣❧❡ ♣♦❧❡ ❛9 s = ✶ '9❛$9✐♥❣ ❢$♦♠ s = ✶− k ✭'❡❡ ❬❙❡✼✸❪✮✳

❚❤❡ ❍✉$✇✐9③ ♥✉♠❜❡$' ♥❛9✉$❛❧❧② ❛♣♣❡❛$ ❛' 9❤❡ ❝$✐9✐❝❛❧ ✈❛❧✉❡' ♦❢ 9❤❡

❍❡❝❦❡ L✲❢✉♥❝9✐♦♥ ♦❢ ✐❞❡❛❧ ❝❤❛$❛❝9❡$ L(s, ψ) =
∑

a

ψ(a)Na
−s
✱

ψ((α)) = αm, α ≡ ✶ ♠♦❞ (✷+ ✷i)✱ ❛❧'♦ ❞❡✜♥❡❞ ❢♦$ ❛♥② ✐♠❛❣✐♥❛$②
A✉❛❞$❛9✐❝ ✜❡❧❞ K ✱ ❛♥❞ gψ =

∑
a
ψ(a)qNa

✐' ❛ ♠♦❞✉❧❛$ ❢♦$♠ ♦❢

✇❡✐❣❤9 m + ✶✳ ■9' p✲❛❞✐❝ ❛♥❛❧②9✐❝ ❝♦♥9✐♥✉❛9✐♦♥ ♦✈❡$ m ❛♥❞ s ✇❛'

❝♦♥'9$✉❝9❡❞ ❜② ❨✉✳■✳▼❛♥✐♥ ❛♥❞ ▼✳▼✳❱✐'❤✐❦ ✭✶✾✼✹✱ ❬▼❛✲❱✐❪✮✳
✽



❈♦♠♣❧❡① ❛♥❞ p✲❛❞✐❝ ❛♥❛❧②.✐❝ ❝♦♥.✐♥✉❛.✐♦♥
❆ ❝❧❛$$✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ ❛♥❛❧②.✐❝ ❝♦♥.✐♥✉❛.✐♦♥ ✐$ ❣✐✈❡♥ ❜② .❤❡

❘✐❡♠❡♥♥ ③❡.❛ ❢✉♥❝.✐♦♥ ✇✐.❤

ζ(s) =
(✷π)s/✷

✷Γ(s/✷)

∫ ∞

✵

(θ(iy)− ✶)y (s/✷)−✶dy (❘e(s) > ✶),

.❤9♦✉❣❤ .❤❡ .❤❡.❛ ❢✉♥❝.✐♦♥ θ(z) =
∑

n∈Z e
✷πin✷z

✇❤✐❝❤ ✐$ ❛ ♠♦❞✉❧❛9

❢♦9♠ ♦❢ ✇❡✐❣❤. ✶/✷ ♦♥ .❤❡ ❝♦♠♣❧❡① ✉♣♣❡9 ❤❛❧❢ ♣❧❛♥❡ H✳

❋♦9 ❛ ❉✐9✐❝❤❧❡. L✲❢✉♥❝.✐♦♥ L(s, χ)✱ ❛♥ ✐♥.❡❣9❛❧ 9❡♣9❡$❡♥.❛.✐♦♥ ✉$❡$
■✮ .❤❡.❛ ❢✉♥❝.✐♦♥ ✇✐.❤ ❉✐9✐❝❤❧❡. ❝❤❛9❛❝.❡9 χ ♠♦❞ N

θ(z , χ) =
∑

n∈Z

χ(n)nνe✷πin
✷z , χ(−✶) = (−✶)ν , ν = ✵, ✶, ♦9

■■✮ ♠❡9♦♠♦9♣❤✐❝ ③❡.❛ ❞✐$.9✐❜✉.✐♦♥$

µs(a+ (N)) :=
∑

n≥✶
n≡a ♠♦❞ N

n−s = N−s
∑

n≥✶

(n + (
a

N
))−s ✿ !❤❡ ✐♥!❡❣'❛❧

L(s, χ) =

∫

X

χ(x)dµs(x) =
∑

a ♠♦❞ N

χ(a)µs(a+ (N)) =: µs(χ) ♦✈❡'

X = Ẑ ♦' Zp ✐, ❛ ✜♥✐!❡ ,✉♠ ♦❢ ♣❛'!✐❛❧ ,❡'✐❡,✱ =− Nk−✶Bk(
a
N
)

k
✳

✾

▼❡"❤♦❞& ♦❢ ❝♦♥&"*✉❝"✐♥❣ p✲❛❞✐❝ L✲❢✉♥❝"✐♦♥&

❖✉' ❧♦♥❣ !❡'♠ ♣✉'♣♦,❡, ❛'❡ !♦ ❞❡✜♥❡ ❛♥❞ !♦ ✉,❡ !❤❡ p✲❛❞✐❝

L✲❢✉♥❝!✐♦♥, ✐♥ ❛ ✇❛② ,✐♠✐❧❛' !♦ ❝♦♠♣❧❡① L✲❢✉♥❝!✐♦♥, ✈✐❛ !❤❡

❢♦❧❧♦✇✐♥❣ ♠❡!❤♦❞,✿

✭✶✮ ❚❛!❡✱ ●♦❞❡♠❡♥!✲❏❛❝A✉❡!❀

✭✷✮ !❤❡ ♠❡!❤♦❞ ♦❢ ❘❛♥❦✐♥✲❙❡❧❜❡'❣❀

✭✸✮ !❤❡ ♠❡!❤♦❞ ♦❢ ❊✉❧❡' ,✉❜❣'♦✉♣, ♦❢ J✐❛!❡!,❦✐✲❙❤❛♣✐'♦ ❛♥❞ !❤❡

❞♦✉❜❧✐♥❣ ♠❡!❤♦❞ ♦❢ ❘❛❧❧✐,✲❇L❝❤❡'❡' ✭✐♥!❡❣'❛❧ '❡♣'❡,❡♥!❛!✐♦♥, ♦♥ ❛

,✉❜❣'♦✉♣ ♦❢ G × G ✮❀

✭✹✮ ❙❤✐♠✉'❛✬, ♠❡!❤♦❞ ✭!❤❡ ❝♦♥✈♦❧✉!✐♦♥ ✐♥!❡❣'❛❧ ✇✐!❤ !❤❡!❛ ,❡'✐❡,✮❀

✭✺✮ ❙❤❛❤✐❞✐✬, ♠❡!❤♦❞✳

❚❤❡'❡ ❡①✐,! ❛❧'❡❛❞② ❛❞✈❛♥❝❡, ❢♦' ✭✶✮ !♦ ✭✹✮✱ ❛♥❞ ✇❡ ❛❧,♦ !'✐❡❞ !♦

❞❡✈❡❧♦♣ ✭✺✮✱ ,❡❡ ❬●▼J❙✶✹❪✳

❲❡ ✉,❡❞ !❤❡ ❊✐,❡♥,!❡✐♥ ,❡'✐❡, ❛♥❞ ❛ p✲❛❞✐❝ ✐♥!❡❣'❛❧ ♦❢ ❙❤❛❤✐❞✐✬,

!②♣❡ ❢♦' !❤❡ '❡❝✐♣'♦❝❛❧ ♦❢ ❛ ♣'♦❞✉❝! ♦❢ ❝❡'!❛✐♥ L✲❢✉♥❝!✐♦♥,✳

✶✵



❍❡"♠✐%✐❛♥ ♠♦❞✉❧❛" ❣"♦✉♣ Γn,K ❛♥❞ %❤❡ /%❛♥❞❛"❞ ③❡%❛
❢✉♥❝%✐♦♥ Z(s; ❢) ✭❞❡✜♥✐%✐♦♥/✮

▲❡" θ = θK ❜❡ "❤❡ %✉❛❞)❛"✐❝ ❝❤❛)❛❝"❡) ❛""❛❝❤❡❞ "♦ K , n′ =
[
n
✷

]
✳

Γn,K =

{
M =

(
A

C

B

D

)
∈ ●▲

✷n(OK )|MηnM
∗ = ηn

}
, ηn =

(
✵n

In

−In
✵n

)

Z(s, ❢) =

(
✷n∏

i=✶

L(✷s − i + ✶, θi−✶)

)
∑

a

λ(a)N(a)−s ,

(✈✐❛ ❍❡❝❦❡✬5 ❡✐❣❡♥✈❛❧✉❡5✿ ❢|T (a) = λ(a)❢, a ⊂ O
❑

)

=
∏

q

Zq(N(q)
−s)−✶(❛♥ ❊✉❧❡) ♣)♦❞✉❝" ♦✈❡) ♣)✐♠❡5 q ⊂ OK ,

✇✐"❤ ❞❡❣Zq(X ) = ✷n, "❤❡ ❙❛"❛❦❡ ♣❛)❛♠❡"❡)5 ti ,q, i = ✶, · · · , n),

D(s, ❢) = Z(s − ℓ

✷

+
✶

✷

, ❢) (▼♦"✐✈✐❝❛❧❧② ♥♦)♠❛❧✐③❡❞ 5"❛♥❞❛)❞ ③❡"❛ ❢✉♥❝"✐♦♥

✇✐"❤ ❛ ❢✉♥❝"✐♦♥❛❧ ❡%✉❛"✐♦♥ s 7→ ℓ− s; "❦ = ✹n)

▼❛✐♥ "❡/✉❧%✿ p✲❛❞✐❝ ✐♥"❡)♣♦❧❛"✐♦♥ ♦❢ ❛❧❧ ❝)✐"✐❝❛❧ ✈❛❧✉❡5 D(s, ❢, χ)✱
n ≤ s ≤ ℓ− n, χ ♠♦❞ pr ✳

✶✶

❚❤❡ ✐❞❡❛ ♦❢ ♠♦%✐✈✐❝ ♥♦"♠❛❧✐③❛%✐♦♥✿ ■❦❡❞❛✬/ ❧✐❢%✐♥❣ ❬■❦❡✵✽❪

❚❤❡ ●❛♠♠❛ ❢❛❝"♦) ♦❢ ■❦❡❞❛✬5 ❧✐❢"✐♥❣✱ ❞❡♥♦"❡❞ ❜② ❢✱ ♦❢ ❛♥ ❡❧❧✐♣"✐❝

♠♦❞✉❧❛) ❢♦)♠ f ❛♥❞ ✉5❡❞ ❛5 ❛ ♣❛""❡)♥✱ ❡①"❡♥❞5 "♦ ❛ ❣❡♥❡)❛❧ ✭♥♦"

♥❡❝❡55❛)✐❧② ❧✐❢"❡❞✮ ❍❡)♠✐"✐❛♥ ♠♦❞✉❧❛) ❢♦)♠ ❢ ♦❢ ❡✈❡♥ ✇❡✐❣❤" ℓ✱ ✇❤✐❝❤
❡%✉❛❧5 ✐♥ "❤❡ ❧✐❢"❡❞ ❝❛5❡ "♦ ℓ = ✷k + ✷n′✱ ✇❤❡)❡ k = (ℓ− ✷n′)/✷
= ℓ/✷− n′❂ℓ/✷− n′✱ ✇❤❡♥ "❤❡ ●❛♠♠❛ ❢❛❝"♦) ♦❢ "❤❡ 5"❛♥❞❛)❞ ③❡"❛

❢✉♥❝"✐♦♥ ✇✐"❤ "❤❡ 5②♠♠❡")② s 7→ ✶− s ❜❡❝♦♠❡5 ✭5❡❡ ♣✳✹✶✮∏n
i=✶

ΓC(s + ℓ/✷− n′ + n′ − i + (✶/✷))✷ =
∏n

i=✶

ΓC(s + ℓ/✷− i + (✶/✷))✷ =
∏n−✶

i=✵

ΓC(s + ℓ/✷− i − (✶/✷))✷✳
❚❤✐5 ●❛♠♠❛ ❢❛❝"♦) 5✉❣❣❡5"5 "❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦"✐✈✐❝ ♥♦)♠❛❧✐③❛"✐♦♥

D(s) = Z(s − (ℓ/✷) + (✶/✷)) ❢♦) ✇❤✐❝❤
ΓD(s) = ΓZ(s − (ℓ/✷) + (✶/✷))✷✱ ❛♥❞ "❤❡ L✲❢✉♥❝"✐♦♥ ❜❡❝♦♠❡5

D(s) = Z(s − (ℓ/✷) + (✶/✷)) ✇✐"❤ 5②♠♠❡")②

s 7→ ✷(ℓ/✷)− ✶+ ✶− s = ℓ− s ♦❢ ♠♦"✐✈✐❝ ✇❡✐❣❤" ℓ− ✶ ❛♥❞

ΓD(s) =
n−✶∏

i=✵

ΓC(s − i)✷, ✇✐"❤ "❤❡ 5❧♦♣❡5 ✷ · ✵, ✷ · ✶, . . . ✷ · (n − ✶)✱

✷ · (ℓ− n), · · · , ✷ · (ℓ− ✶)✱ 5♦ "❤❛" ❉❡❧✐❣♥❡✬5 ❝)✐"✐❝❛❧ ✈❛❧✉❡5 ❛)❡ ❛"

s = n, . . . , s = ℓ− n✳

✶✷



●❡♥❡#❛❧ ③❡'❛ ❢✉♥❝'✐♦♥-✿ ❝#✐'✐❝❛❧ ✈❛❧✉❡- ❛♥❞ ❝♦❡✣❝✐❡♥'-

▼♦"❡ ❣❡♥❡"❛❧ ③❡)❛ ❢✉♥❝)✐♦♥. ❛"❡ ❊✉❧❡" ♣"♦❞✉❝). ♦❢ ❞❡❣"❡❡ d

D(s, χ) =
∞∑

n=✶

χ(n)ann
−s =

∏

p

✶

Dp(χ(p)p−s)
, ΛD(s, χ) = ΓD(s)D(s, χ),

✇❤❡"❡ ❞❡❣Dp(X ) = d ❢♦" ❛❧❧ ❜✉) ✜♥✐)❡❧② ♠❛♥② p✱ ❛♥❞ Dp(✵) = ✶✳

■♥ ♠❛♥② ❝❛.❡. ❛❧❣❡❜"❛✐❝✐)② ♦❢ )❤❡ ③❡)❛ ✈❛❧✉❡. ✇❛. ♣"♦✈❡♥ ❛.

D∗(s
✵

, χ)

Ω±
D

∈ Q({χ(n), an}n), ✇❤❡"❡ D∗(s, χ) ✐. ♥♦"♠❛❧✐③❡❞ ❜② ΓD,

❛) ❝"✐)✐❝❛❧ ♣♦✐♥). s
✵

∈ Zcrit ❛. ❧✐♥❡❛" ❝♦♠❜✐♥❛)✐♦♥. ♦❢ ❝♦❡✣❝✐❡♥). an
❞✐✈✐❞✐♥❣ ♦✉) ♣❡"✐♦❞. Ω±

D
✱ ✇❤❡"❡ D∗(s

✵

, χ) = ΛD(s✵, χ) ✐❢ h
ℓ,ℓ = ✵✳

■♥ p✲❛❞✐❝ ❛♥❛❧②.✐.✱ )❤❡ ❚❛)❡ ✜❡❧❞ ✐. ✉.❡❞ Cp =
ˆ̄Qp✱ )❤❡ ❝♦♠♣❧❡)✐♦♥

♦❢ ❛♥ ❛❧❣❡❜"❛✐❝ ❝❧♦.✉"❡ Q̄p✱ ✐♥ ♣❧❛❝❡ ♦❢ C✳ ▲❡) ✉. ✜① ❡♠❜❡❞❞✐♥❣.{
ip : Q̄ →֒ Cp

i∞ : Q̄ →֒ C,
❛♥❞ )"② )♦ ❝♦♥)✐♥✉❡ ❛♥❛❧②)✐❝❛❧❧② )❤❡.❡ ③❡)❛ ✈❛❧✉❡.

)♦ s ∈ Zp✱ χ ♠♦❞ p
r
✳

✶✸

▼❛✐♥ #❡-✉❧' -'❛'❡❞ ✇✐'❤ ❍♦❞❣❡✴◆❡✇'♦♥ ♣♦❧②❣♦♥- ♦❢D(s)
❚❤❡ ❍♦❞❣❡ ♣♦❧②❣♦♥ PH(t) : [✵, d ]→ R ♦❢ )❤❡ ❢✉♥❝)✐♦♥ D(s) ❛♥❞
)❤❡ ◆❡✇)♦♥ ♣♦❧②❣♦♥ PN,p(t) : [✵, d ]→ R ❛) p ❛"❡ ♣✐❡❝❡✇✐.❡ ❧✐♥❡❛"✿

❚❤❡ ❍♦❞❣❡ ♣♦❧②❣♦♥ ♦❢ ♣✉"❡ ✇❡✐❣❤) w ❤❛. )❤❡ .❧♦♣❡. j ♦❢

lengthj = hj ,w−j ❣✐✈❡♥ ❜② ❙❡""❡✬. ●❛♠♠❛ ❢❛❝)♦". ♦❢ )❤❡ ❢✉♥❝)✐♦♥❛❧

❡I✉❛)✐♦♥ ♦❢ )❤❡ ❢♦"♠ s 7→ w + ✶− s✱ "❡❧❛)✐♥❣

ΛD(s, χ) = ΓD(s)D(s, χ) ❛♥❞ ΛDρ(w + ✶− s, χ̄)✱ ✇❤❡"❡ ρ ✐. )❤❡
❝♦♠♣❧❡① ❝♦♥❥✉❣❛)✐♦♥ ♦❢ an✱ ❛♥❞ ΓD(s) = ΓDρ(s) ❡I✉❛❧. )♦ )❤❡
♣"♦❞✉❝) ΓD(s) =

∏
j≤w

✷

Γj ,w−j(s)✱ ✇❤❡"❡

Γj ,w−j(s) =

{
ΓC(s − j)h

j,w−j
, ✐❢ j < w ,

ΓR(s − j)h
j,j
+ ΓR(s − j + ✶)h

j,j
− , ✐❢ ✷j = w , ✇❤❡"❡

ΓR(s) = π−
s
✷Γ

( s
✷

)
, ΓC(s) = ΓR(s)ΓR(s + ✶) = ✷(✷π)

−sΓ(s)✱

hj ,j = h
j ,j
+ + h

j ,j
− ✱

∑

j

hj ,w−j = d ✳

❚❤❡ ◆❡✇)♦♥ ♣♦❧②❣♦♥ ❛) p ✐. )❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ ♣♦✐♥).

(i , ♦!❞p(ai )) (i = ✵, . . . , d)❀ ✐). .❧♦♣❡. λ ❛"❡ )❤❡ p✲❛❞✐❝ ✈❛❧✉❛)✐♦♥.
♦!❞p(αi ) ♦❢ )❤❡ ✐♥✈❡".❡ "♦♦). αi ♦❢ Dp(X ) ∈ Q̄[X ] ⊂ Cp[X ]✿
lengthλ = ♯{i | ♦!❞p(αi ) = λ}✳

✶✹



p✲❛❞✐❝ ❛♥❛❧②(✐❝ ✐♥(❡*♣♦❧❛(✐♦♥ ♦❢ D(s, ❢, χ)
❚❤❡ #❡$✉❧' ❡①♣#❡$$❡$ '❤❡ ③❡'❛ ✈❛❧✉❡$ ❛$ ✐♥'❡❣#❛❧$ ✇✐'❤ #❡$♣❡❝' '♦

p✲❛❞✐❝ ▼❛③✉#✲'②♣❡ ♠❡❛$✉#❡$✳ ❚❤❡$❡ ♠❡❛$✉#❡$ ❛#❡ ❝♦♥$'#✉❝'❡❞ ❢#♦♠

'❤❡ ❋♦✉#✐❡# ❝♦❡✣❝✐❡♥'$ ♦❢ ❍❡#♠✐'✐❛♥ ♠♦❞✉❧❛# ❢♦#♠$✱ ❛♥❞ ❢#♦♠

❡✐❣❡♥✈❛❧✉❡$ ♦❢ ❍❡❝❦❡ ♦♣❡#❛'♦#$ ♦♥ '❤❡ ✉♥✐'❛#② ❣#♦✉♣✳

 !❡✲♦!❞✐♥❛!② ❝❛+❡✿ PH(t) = PN,p(t) ❛- t =
d
✷

❚❤❡ ✐♥'❡❣#❛❧✐'② ♦❢

♠❡❛$✉#❡$ ✐$ ♣#♦✈❡♥ #❡♣#❡$❡♥'✐♥❣ D∗(s, χ) = ΓD(s)D(s, χ) ❛$ ❛
❘❛♥❦✐♥✲❙❡❧❜❡#❣ '②♣❡ ✐♥'❡❣#❛❧ ❛' ❝#✐'✐❝❛❧ ♣♦✐♥'$ s = m✳ ❈♦❡✣❝✐❡♥'$

♦❢ ♠♦❞✉❧❛# ❢♦#♠$ ✐♥ '❤✐$ ✐♥'❡❣#❛❧ $❛'✐$❢② ❑✉♠♠❡#✲'②♣❡ ❝♦♥❣#✉❡♥❝❡$

❛♥❞ ♣#♦❞✉❝❡ ❝❡#'❛✐♥ ❜♦✉♥❞❡❞ ♠❡❛$✉#❡$ µD ❢#♦♠ ✐♥'❡❣#❛❧

#❡♣#❡$❡♥'❛'✐♦♥$ ❛♥❞ D❡'❡#$$♦♥ ♣#♦❞✉❝'✱ ❬❈♦✉#D❛❪✳ ❋♦# '❤❡ ❝❛$❡ ♦❢ p

✐♥❡#' ✐♥ K ✱ $❡❡ ❬❇♦✉✶✻❪✳

❆❞♠✐++✐❜❧❡ ❝❛+❡✿ h = PN(
d
✷

)− PH(
d
✷

) > ✵ ❚❤❡ ③❡'❛ ❞✐$'#✐❜✉'✐♦♥$

❛#❡ ✉♥❜♦✉♥❞❡❞✱ ❜✉' '❤❡✐# $❡K✉❡♥❝❡ ♣#♦❞✉❝❡ h✲❛❞♠✐$$✐❜❧❡ ✭❣#♦✇✐♥❣✮

♠❡❛$✉#❡$ ♦❢ ❆♠✐❝❡✲❱P❧✉✲'②♣❡✱ ❛❧❧♦✇✐♥❣ '♦ ✐♥'❡❣#❛'❡ ❛♥② ❝♦♥'✐♥✉♦✉$

❝❤❛#❛❝'❡#$ y ∈ ❍♦♠(Z∗p,C∗p) = Yp✳ ❆ ❣❡♥❡#❛❧ #❡$✉❧' ✐$ ✉$❡❞ ♦♥ '❤❡

❡①✐$'❡♥❝❡ ♦❢ h✲❛❞♠✐$$✐❜❧❡ ✭❣#♦✇✐♥❣✮ ♠❡❛$✉#❡$ ❢#♦♠ ❜✐♥♦♠✐❛❧

❝♦♥❣#✉❡♥❝❡$ ❢♦# '❤❡ ❝♦❡✣❝✐❡♥'$ ♦❢ ❍❡#♠✐'✐❛♥ ♠♦❞✉❧❛# ❢♦#♠$✳ ❚❤❡✐#

p✲❛❞✐❝ ▼❡❧❧✐♥ '#❛♥$❢♦#♠$ LD(y) =
∫
Z∗p

y(x)dµD(x)✱ LD : Yp → Cp

❣✐✈❡ p✲❛❞✐❝ ❛♥❛❧②'✐❝ ✐♥'❡#♣♦❧❛'✐♦♥ ♦❢ ❣#♦✇'❤ ❧♦❣hp(·) ♦❢ '❤❡ L✲✈❛❧✉❡$✿

'❤❡ ✈❛❧✉❡$ LD(χx
m
p ) ❛#❡ ✐♥'❡❣#❛❧$ ❣✐✈❡♥ ❜② ip

(
D∗(m, ❢, χ)

Ω
❢

)
∈ Cp✳

✶✺

❆ ❍❡*♠✐(✐❛♥ ♠♦❞✉❧❛* ❢♦*♠ ♦❢ ✇❡✐❣❤( ℓ ✇✐(❤ ❝❤❛*❛❝(❡* σ
✐$ ❛ ❤♦❧♦♠♦#♣❤✐❝ ❢✉♥❝'✐♦♥ F ♦♥ Hn (n ≥ ✷) $✉❝❤ '❤❛'
F (g〈Z 〉) = σ(g)F (Z )j(g ,Z )ℓ ❢♦# ❛♥② g ∈ Γn,K ✳ ❍❡#❡ σ ❜❡ ❛

❝❤❛#❛❝'❡# ♦❢ Γ
(n)
K ✱ '#✐✈✐❛❧ ♦♥

{(
✶n

✵

B
✶n

)}
, ❛♥❞ ❢♦# Z ∈ Hn✱ ♣✉'

g〈Z 〉 = (AZ + B)(CZ + D)−✶✱ j(g ,Z ) = ❞❡'(CZ + D)✳

❋♦✉#✐❡# ❡①♣❛♥$✐♦♥$✿ ❛ $❡♠✐✲✐♥'❡❣#❛❧ ❍❡#♠✐'✐❛♥ ♠❛'#✐① ✐$ ❛ ❍❡#♠✐'✐❛♥

♠❛'#✐① H ∈ (
√
−DK )

−✶Mn(O) ✇❤♦$❡ ❞✐❛❣♦♥❛❧ ❡♥'#✐❡$ ❛#❡ ✐♥'❡❣#❛❧✳
❉❡♥♦'❡ '❤❡ $❡' ♦❢ $❡♠✐✲✐♥'❡❣#❛❧ ❍❡#♠✐'✐❛♥ ♠❛'#✐❝❡$ ❜② Λn(O)✱
'❤❡ $✉❜$❡' ♦❢ ✐'$ ♣♦$✐'✐✈❡ ❞❡✜♥✐'❡ ❡❧❡♠❡♥'$ ✐$ Λn(O)

+
✳

❆ ❍❡#♠✐'✐❛♥ ♠♦❞✉❧❛# ❢♦#♠ F ✐$ ❝❛❧❧❡❞ ❛ ❝✉$♣ ❢♦#♠ ✐❢ ✐' ❤❛$ ❛ ❋♦✉#✐❡#

❡①♣❛♥$✐♦♥ ♦❢ '❤❡ ❢♦#♠ F (Z ) =
∑

H∈Λn(O)+

A(H)qH . ❉❡♥♦'❡ '❤❡ $♣❛❝❡

♦❢ ❝✉$♣ ❢♦#♠$ ♦❢ ✇❡✐❣❤' ℓ ✇✐'❤ ❝❤❛#❛❝'❡# σ ❜② Sℓ(Γn,K , σ)✳

✶✻



❚❤❡ #$❛♥❞❛(❞ ③❡$❛ ❢✉♥❝$✐♦♥ ♦❢ ❛ ❍❡(♠✐$✐❛♥ ♠♦❞✉❧❛( ❢♦(♠

❋✐① ❛♥ ✐♥%❡❣(❛❧ ✐❞❡❛❧ c ♦❢ OK ✳ ❉❡♥♦%❡ ❜② C ⊂ Γn,K %❤❡ ❝♦♥❣(✉❡♥❝❡

4✉❜❣(♦✉♣ ♦❢ ❧❡✈❡❧ c❀ %❤❡ ❣(♦✉♣ ✐4 ❡44❡♥%✐❛❧❧② ❛ ♣(✐♥❝✐♣❛❧ ❝♦♥❣(✉❡♥❝❡

4✉❜❣(♦✉♣❀ ✐% ✐4 ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ %❤❡ ❣(♦✉♣ Γ
✵

(N) ✐♥ %❤❡ ❡❧❧✐♣%✐❝
♠♦❞✉❧❛( ❝❛4❡✳ ❲(✐%❡ T (a) ❢♦( %❤❡ ❍❡❝❦❡ ♦♣❡(❛%♦( ❛44♦❝✐❛%❡❞ %♦ ✐%
❛4 ✐% ✐4 ❞❡✜♥❡❞ ✐♥ ❬❙❤✐✵✵❪✱ ♣❛❣❡ ✶✻✷✱ ✉4✐♥❣ %❤❡ ❛❝%✐♦♥ ♦❢ ❞♦✉❜❧❡

❝♦4❡%4 CξC ✇✐%❤ ξ = ❞✐❛❣(D̂,D)✱ (❞❡%(D)) = (α)✱ D̂ = (D∗)−✶✳

❈♦♥4✐❞❡( ❛ ♥♦♥✲③❡(♦ ❍❡(♠✐%✐❛♥ ♠♦❞✉❧❛( ❢♦(♠ ❢ ∈Mk(C , ψ) ❛♥❞
❛44✉♠❡ ❢|T (a) = λ(a)❢ ✇✐%❤ λ(a) ∈ C ❢♦( ❛❧❧ ✐♥%❡❣(❛❧ ✐❞❡❛❧4 a ∈ O✳

❚❤❡♥

Z(s, ❢) =

(
✷n∏

i=✶

Lc(✷s − i + ✶, θi−✶)

)
∑

a

λ(a)N(a)−s ,

%❤❡ 4✉♠ ✐4 ♦✈❡( ❛❧❧ ✐♥%❡❣(❛❧ ✐❞❡❛❧4 ♦❢ OK ✳

❚❤✐4 4❡(✐❡4 ❤❛4 ❛♥ ❊✉❧❡( ♣(♦❞✉❝% (❡♣(❡4❡♥%❛%✐♦♥

Z(s, ❢) =
∏

q
(Zq(N(q)

−s)−✶✱ ✇❤❡(❡ %❤❡ ♣(♦❞✉❝% ✐4 ♦✈❡( ❛❧❧ ♣(✐♠❡
✐❞❡❛❧4 ♦❢ OK ✱ Zq(X ) ✐4 %❤❡ ♥✉♠❡(❛%♦( ♦❢ %❤❡ 4❡(✐❡4∑

r≥✵ λ(q
r )X r ∈ C(X )✱ ❝♦♠♣✉%❡❞ ❜② ❙❤✐♠✉(❛ ❛4 ❢♦❧❧♦✇4✳

✶✼

❊✉❧❡( ❢❛❝$♦(# ♦❢ $❤❡ #$❛♥❞❛(❞ ③❡$❛ ❢✉♥❝$✐♦♥✱ ❬❙❤✐✵✵❪✱ ♣✳ ✶✼✶

❚❤❡ ❊✉❧❡( ❢❛❝%♦(4 Zq(X ) ✐♥ %❤❡ ❍❡(♠✐%✐❛♥ ♠♦❞✉❧❛( ❝❛4❡ ❛% %❤❡
♣(✐♠❡ ✐❞❡❛❧ q ♦❢ OK ❛(❡

✭✐✮ Zq(X ) =
n∏

i=✶

(
(✶− N(q)n−✶tq,iX )(✶− N(q)nt−✶

q,i X )
)−✶

,

✐❢ q
ρ = q ❛♥❞ q 6 | c, ✭%❤❡ ✐♥❡(% ❝❛4❡ ♦✉%4✐❞❡ ❧❡✈❡❧ c),

✭✐✐✮ Zq
✶

(X
✶

)Zq
✷

(X
✷

) =

✷n∏

i=✶

(
(✶− N(q

✶

)✷nt−✶
q
✶

q
✷

,iX✶

)(✶− N(q
✷

)−✶tq
✶

q
✷

,iX✷

)
)−✶

,

✐❢ q
✶

6= q
✷

, qρ
✶

= q
✷

❛♥❞ qi 6 | c ❢♦( i = ✶, ✷ ✭%❤❡ 4♣❧✐% ❝❛4❡ ♦✉%4✐❞❡ ❧❡✈❡❧✮ ,

✭✐✐✐✮ Zq(X ) =
n∏

i=✶

(
✶− N(q)n−✶tq,iX

)−✶
, ✐❢ qρ = q ❛♥❞ q|c ✭✐♥❡(% ❧❡✈❡❧ ❞✐✈✐4♦(4 ✮,

✭✐✈✮ Zq
✶

(X
✶

)Zq
✷

(X
✷

) =

n∏

i=✶

(
(✶− N(q

✶

)n−✶t−✶
q
✶

q
✷

,iX✶

)(✶− N(q
✷

)n−✶tq
✶

q
✷

,iX✷

)
)−✶

,

✐❢ q
✶

6= q
✷

, qi |c ❢♦( i = ✶, ✷ ✭4♣❧✐% ❧❡✈❡❧ ❞✐✈✐4♦(4✮✳

✇❤❡(❡ %❤❡ t?,i ❛❜♦✈❡ ❢♦( ? = q, q
✶

q
✷

✱ ❛(❡ %❤❡ ❙❛%❛❦❡ ♣❛(❛♠❡%❡(4 ♦❢

%❤❡ ❡✐❣❡♥❢♦(♠ ❢✳

✶✽



◆♦"✐❝❡ "❤❡ ✐♠♣♦)"❛♥" ❞②❝❤♦"♦♠② ❢♦) "❤❡ L✲❢❛❝"♦)0
✐♥ "❤❡ ❙✐❡❣❡❧ ♠♦❞✉❧❛- ❝❛/❡ ✭"❤❛" ✐/✱ ♦❢ /②♠♣❧❡❝"✐❝ "②♣❡✮ ✈/✳ "❤❡

❍❡-♠✐"❡ ♠♦❞✉❧❛- ❝❛/❡ ✭♦❢ ✉♥✐"❛-② "②♣❡✮✳ ■♥ "❤❡/❡ ❝❛/❡/ "❤❡

❝♦--❡/♣♦♣♥❞✐♥❣ ❝♦♠♣❧❡① ❝♦♠♣♦♥❡♥" ♦❢ "❤❡ ▲❛♥❣❧❛♥❞/ L✲❣-♦✉♣ ✐/

❡✐"❤❡- GSpinO(✷n + ✶)(C)✱ ✇✐"❤ "❤❡ ❊✉❧❡- ❢❛❝"♦-/ ♦❢ ❞❡❣-❡❡ ✷n + ✶

✭"❤❡ /"❛♥❞❛-❞ -❡♣-❡/❡♥"❛"✐♦♥ ♦❢ GO(✷n+ ✶)✱ -❡/♣✳ ♦❢ ❞❡❣-❡❡ ✷

n
✭"❤❡

/♣✐♥♦- -❡♣-❡/❡♥"❛"✐♦♥ ♦❢ "❤❡ L✲❣-♦✉♣✮ ✭"❤❡ /②♠♣❧❡❝"✐❝ ❝❛/❡✮✱ ♦-✱ ✐♥

"❤❡ ❍❡-♠✐"❡ ❝❛/❡✱ "❤❡ ❝♦♠♣❧❡① ❝♦♠♣♦♥❡♥" ♦❢ "❤❡ L✲❣-♦✉♣ ✐/

GL
✷n(C)× GL

✷n(C)✱ ✇✐"❤ "❤❡ ❊✉❧❡- ❢❛❝"♦-/ ♦❢ ❞❡❣-❡❡ ✹n ✭"❤❡

/"❛♥❞❛-❞ -❡♣-❡/❡♥"❛"✐♦♥ ♦❢ "❤❡ L✲❣-♦✉♣✮✱ /❡❡ ❛❧/♦ ✶✻✳✶✻✱ ♣✳✶✸✸✱ ✐♥

♣❛-"✐❝✉❧❛-✱ ❢♦-♠✉❧❛ ✭✶✻✳✶✻✳✷✮ ❛" ♣✳✶✸✹ ♦❢ ❬❙❤✐✾✼❛❪ ♦- ❬❙❤✐✾✼❜❪ ❢♦- ❛

❝♦♥❝✐/❡ ❡①♣♦/✐"✐♦♥✳

✶✾

❚❤❡ 0"❛♥❞❛)❞ ♠♦"✐✈✐❝✲♥♦)♠❛❧✐③❡❞ ③❡"❛D(s, ❢, χ)
❚❤❡ #$❛♥❞❛(❞ ③❡$❛ ❢✉♥❝$✐♦♥ ♦❢ ❢ ✐# ❞❡✜♥❡❞ ❜② ♠❡❛♥# ♦❢ $❤❡

p✲♣❛(❛♠❡$❡(# ❛# $❤❡ ❢♦❧❧♦✇✐♥❣ ❊✉❧❡( ♣(♦❞✉❝$✿

D(s, ❢, χ) =
∏

p

✷n∏

i=✶

{(
✶− χ(p)αi (p)

ps

)(
✶− χ(p)α

✹n−i (p)

ps

)}−✶
,

✇❤❡(❡ χ ✐# ❛♥ ❛(❜✐$(❛(② ❉✐(✐❝❤❧❡$ ❝❤❛(❛❝$❡(✳ ❚❤❡ p✕♣❛(❛♠❡$❡(#
α
✶

(p), . . . , α
✹n(p) ♦❢ D(s, ❢, χ) ❢♦( p ♥♦$ ❞✐✈✐❞✐♥❣ $❤❡ ❧❡✈❡❧ C ♦❢ $❤❡

❢♦(♠ ❢ ❛(❡ (❡❧❛$❡❞ $♦ $❤❡ $❤❡ ✹n ❝❤❛(❛❝$❡(✐#$✐❝ ♥✉♠❜❡(#

α
✶

(p), · · · , α
✷n(p), α✷n+✶

(p), · · · , α
✹n(p)

♦❢ $❤❡ ♣(♦❞✉❝$ ♦❢ ❛❧❧ q✲❢❛❝$♦(# Zq(Nq
(n′+ ✶

✷

)X )−✶ ❢♦( ❛❧❧ q|p✱ ✇❤✐❝❤
✐# ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣(❡❡ ✹n ♦❢ $❤❡ ✈❛(✐❛❜❧❡ X = p−s ✭❢♦( ❛❧♠♦#$ ❛❧❧

p✮ ✇✐$❤ ❝♦❡✣❝✐❡♥$# ✐♥ ❛ ♥✉♠❜❡( ✜❡❧❞ T = T (❢) ✳

❚❤❡(❡ ✐# ❛ (❡❧❛$✐♦♥ ❜❡$✇❡❡♥ $❤❡ $✇♦ ♥♦(♠❛❧✐③❛$✐♦♥#

Z(s − ℓ
✷

+ ✶

✷

, ❢) = D(s, ❢) ❡①♣❧❛✐♥❡❞ ❜❡❧♦✇✱ #❡❡ ❬❍❛✾✼❪ ❢♦( ❣❡♥❡(❛❧
③❡$❛ ❢✉♥❝$✐♦♥# Z(s, ❢) ♦❢ $②♣❡ ✐♥$(♦❞✉❝❡❞ ✐♥ ❬❙❤✐✵✵❪✱ ✉#✐♥❣
(❡♣(#❡♥$❛$✐♦♥ $❤❡♦(② ♦❢ ✉♥✐$❛(② ❣(♦✉♣# ❛♥❞ ❉❡❧✐❣♥❡✬# ♠♦$✐✈✐❝

L✲❢✉♥❝$✐♦♥#✳

✷✵



❉❡"❝$✐♣'✐♦♥ ♦❢ '❤❡ ▼❛✐♥ '❤❡♦$❡♠

▲❡" Ω
❢

❜❡ ❛ ♣❡&✐♦❞ ❛""❛❝❤❡❞ "♦ ❛♥ ❍❡&♠✐"✐❛♥ ❝✉0♣ ❡✐❣❡♥❢♦&♠ ❢✱

D(s, ❢) = Z(s − ℓ
✷

+ ✶

✷

, ❢) "❤❡ 0"❛♥❞❛&❞ ③❡"❛ ❢✉♥❝"✐♦♥✱ ❛♥❞

α
❢

= α
❢,p =


∏

q|p

n∏

i=✶

tq,i


 p−n(n+✶), h = ♦!❞p(α

❢,p),

❚❤❡ ♥✉♠❜❡& α
❢

"✉&♥0 ♦✉" "♦ ❜❡ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❆"❦✐♥✬0 "②♣❡

♦♣❡&❛"♦& Up :
∑

H AHq
H 7→

∑
H ApHq

H
♦♥ 0♦♠❡ ❢

✵

✱ ❛♥❞

h = PN(
d
✷

)− PH(
d
✷

)✳

❉❡✜♥✐'✐♦♥✳ ▲❡" M ❜❡ ❛ O✲♠♦❞✉❧❡ ♦❢ ✜♥✐"❡ &❛♥❦ ✇❤❡&❡ O ⊂ Cp✳ ❋♦&

h ≥ ✶✱ ❝♦♥0✐❞❡& "❤❡ ❢♦❧❧♦✇✐♥❣ Cp✲✈❡❝"♦& 0♣❛❝❡0 ♦❢ ❢✉♥❝"✐♦♥0 ♦♥ Z∗p ✿

Ch ⊂ Cloc−an ⊂ C✳ ❚❤❡♥

✲ ❛ ❝♦♥"✐♥✉♦✉0 ❤♦♠♦♠♦&♣❤✐0♠ µ : C→ M ✐0 ❝❛❧❧❡❞ ❛ ✭❜♦✉♥❞❡❞✮

♠❡❛0✉&❡ M✲✈❛❧✉❡❞ ♠❡❛0✉&❡ ♦♥ Z∗p✳

✲ µ : Ch → M ✐0 ❝❛❧❧❡❞ ❛♥ h ❛❞♠✐00✐❜❧❡ ♠❡❛0✉&❡ M✲✈❛❧✉❡❞ ♠❡❛0✉&❡

♦♥ Z∗p ♠❡❛0✉&❡ ✐❢ "❤❡ ❢♦❧❧♦✇✐♥❣ ❣&♦✇"❤ ❝♦♥❞✐"✐♦♥ ✐0 0❛"✐0✜❡❞

∣∣∣∣∣

∫

a+(pv )
(x − a)jdµ

∣∣∣∣∣
p

≤ p−v(h−j)

❢♦& j = ✵, ✶, ..., h− ✶✱ ❛♥❞ ❡" Yp = Homcont(Z
∗
p,C

∗
p) ❜❡ "❤❡ 0♣❛❝❡ ♦❢

❞❡✜♥✐"✐♦♥ ♦❢ p✲❛❞✐❝ ▼❡❧❧✐♥ "&❛♥0❢♦&♠

❚❤❡♦$❡♠ ✭❬❆♠✲❱❪✱ ❬▼❚❚❪✮ ❋♦& ❛♥ h✲❛❞♠✐00✐❜❧❡ ♠❡❛0✉&❡ µ✱ "❤❡
▼❡❧❧✐♥ "&❛♥0❢♦&♠ Lµ : Yp → Cp ❡①✐0"0 ❛♥❞ ❤❛0 ❣&♦✇"❤ o(❧♦❣h) ✭✇✐"❤
✐♥✜♥✐"❡❧② ♠❛♥② ③❡&♦0✮✳

✷✶

▼❛✐♥ ❚❤❡♦$❡♠✳

▲❡" ❢ ❜❡ ❛ ❍❡&♠✐"✐❛♥ ❝✉0♣ ❡✐❣❡♥❢♦&♠ ♦❢ ❞❡❣&❡❡ n ≥ ✷ ❛♥❞ ♦❢ ✇❡✐❣❤"

ℓ > ✹n+ ✷✳ ❚❤❡&❡ ❡①✐0" ❞✐0"&✐❜✉"✐♦♥0 µD,s ❢♦& s = n, · · · , ℓ− n ✇✐"❤

"❤❡ ♣&♦♣❡&"✐❡0✿

✐✮ ❢♦& ❛❧❧ ♣❛✐&0 (s, χ) 0✉❝❤ "❤❛" s ∈ Z ✇✐"❤ n ≤ s ≤ ℓ− n✱

∫

Z∗p

χdµD,s = Ap(s, χ)
D∗(s, ❢, χ)

Ω
❢

✭✉♥❞❡& "❤❡ ✐♥❝❧✉0✐♦♥ ip✮✱ ✇✐"❤ ❡❧❡♠❡♥"❛&② ❢❛❝"♦&0

Ap(s, χ) =
∏

q|p Aq(s, χ) ✐♥❝❧✉❞✐♥❣ ❛ ✜♥✐"❡ ❊✉❧❡& ♣&♦❞✉❝"✱ ❣❛✉00✐❛♥

0✉♠0✱ "❤❡ ❝♦♥❞✉❝"♦& ♦❢ χ❀ "❤❡ ✐♥"❡❣&❛❧ ✐0 ❛ ✜♥✐"❡ 0✉♠✳

✷✷



✭✐✐✮ ✐❢ ♦!❞p

(
(
∏

q|p

∏n
i=✶

tq,i )p
−n(n+✶)

)
= ✵ %❤❡♥ %❤❡ ❛❜♦✈❡

❞✐.%/✐❜✉%✐♦♥. µD,s ❛/❡ ❜♦✉♥❞❡❞ ♠❡❛.✉/❡.✱ ✇❡ .❡% µD = µD,s∗ ❛♥❞

%❤❡ ✐♥%❡❣/❛❧ ✐. ❞❡✜♥❡❞ ❢♦/ ❛❧❧ ❝♦♥%✐♥✉♦✉. ❝❤❛/❛❝%❡/.

y ∈ ❍♦♠(Z∗p,C
∗
p) =: Yp✳

❚❤❡✐/ ▼❡❧❧✐♥ %/❛♥.❢♦/♠. LµD(y) =
∫
Z∗p

ydµD✱ LµD : Yp → Cp✱

❣✐✈❡ ❜♦✉♥❞❡❞ p✲❛❞✐❝ ❛♥❛❧②%✐❝ ✐♥%❡/♣♦❧❛%✐♦♥ ♦❢ %❤❡ ❛❜♦✈❡ L✲✈❛❧✉❡. %♦

♦♥ %❤❡ Cp✲❛♥❛❧②%✐❝ ❣/♦✉♣ Yp❀ ❛♥❞ %❤❡.❡ ❞✐.%/✐❜✉%✐♦♥. ❛/❡ /❡❧❛%❡❞ ❜②✿∫

X

χdµD,s =

∫

X

χx s
∗−sdµ∗D✱ X = Z∗p✱ ✇❤❡/❡ s∗ = ℓ− n✱ s∗ = n✳

✭✐✐✐✮ ✐♥ %❤❡ ❛❞♠✐..✐❜❧❡ ❝❛.❡ ❛..✉♠❡ %❤❛%

✵ < h ≤
s∗ − s∗ + ✶

✷

=
ℓ+ ✶− ✷n

✷

✱ ✇❤❡/❡

h = ♦!❞p

(
(
∏

q|p

∏n
i=✶

tq,i )p
−n(n+✶)

)
> ✵✱ ❚❤❡♥ %❤❡/❡ ❡①✐.%

h✕❛❞♠✐..✐❜❧❡ ♠❡❛.✉/❡. µD ✇❤♦.❡ ✐♥%❡❣/❛❧.

∫
Z∗p
χx spdµD ❛/❡ ❣✐✈❡♥ ❜②

ip

(
Ap(s, χ)

D∗(s, ❢, χ)

Ω
❢

)
∈ Cp ✇✐%❤ Ap(s, χ) ❛. ✐♥ ✭✐✮❀ %❤❡✐/ ▼❡❧❧✐♥

%/❛♥.❢♦/♠. LD(y) =
∫
Z∗p

ydµD✱ ❜❡❧♦♥❣ %♦ %❤❡ %②♣❡ o(❧♦❣ xhp )✳

✭✐✈✮ %❤❡ ❢✉♥❝%✐♦♥. LD ❛/❡ ❞❡%❡/♠✐♥❡❞ ❜② ✭✐✮✲✭✐✐✐✮✳

❘❡♠❛$❦&✳

✭❛✮ ■♥%❡/♣/❡%❛%✐♦♥ ♦❢ s∗✿ %❤❡ .♠❛❧❧❡.% ♦❢ %❤❡ ✧❜✐❣ .❧♦♣❡.✧ ♦❢ PH

✭❜✮ ■♥%❡/♣/❡%❛%✐♦♥ ♦❢ s∗− ✶✿ %❤❡ ❜✐❣❣❡.% ♦❢ %❤❡ ✧.♠❛❧❧ .❧♦♣❡.✧ ♦❢ PH ✳

✷✸

❊✐&❡♥&+❡✐♥ &❡$✐❡& ❛♥❞ ❝♦♥❣$✉❡♥❝❡& ✭❑❊❨ 4❖■◆❚✦✮

❚❤❡ ✭❙✐❡❣❡❧✲❍❡/♠✐%❡✮❊✐.❡♥.%❡✐♥ .❡/✐❡. E
(n)
✷ℓ (Z ) ♦❢ ✇❡✐❣❤% ✷ℓ✱

❝❤❛/❛❝%❡/ ❞❡%

−ℓ
✱ ✐. ❞❡✜♥❡❞ ❜②

E
(n)
✷ℓ (Z ) =

∑

g∈Γ
(n)
K ,∞

\Γ
(n)
K

(❞❡% g)ℓj(g ,Z )−✷ℓ. ❚❤❡ .❡/✐❡. ❝♦♥✈❡/❣❡.

❛❜.♦❧✉%❡❧② ❢♦/ ℓ > n✳ ❉❡✜♥❡ %❤❡ ♥♦/♠❛❧✐③❡❞ ❊✐.❡♥.%❡✐♥ .❡/✐❡.

E
(n)
✷ℓ (Z ) ❜② E

(n)
✷ℓ (Z ) = ✷

−n
∏n

i=✶

L(i − ✷ℓ, θi−✶) · E
(n)
✷ℓ (Z ) ■❢

H ∈ Λn(O)
+
✱ %❤❡♥ %❤❡ H✲%❤ ❋♦✉/✐❡/ ❝♦❡✣❝✐❡♥% ♦❢ E

(n)
✷ℓ (Z ) ✐.

♣♦❧②♥♦♠✐❛❧ ♦✈❡/ Z ✐♥ {pℓ−(n/✷)}p✱ ❛♥❞ ❡M✉❛❧.

|γ(H)|ℓ−(n/✷)
∏

p|γ(H)

F̃p(H, p
−ℓ+(n/✷)), γ(H) = (−DK )

[n/✷]
❞❡%H.

❍❡/❡✱ F̃p(H,X ) ✐. ❛ ❝❡/%❛✐♥ ▲❛✉/❡♥% ♣♦❧②♥♦♠✐❛❧ ✐♥ %❤❡ ✈❛/✐❛❜❧❡.

{Xp = p−s ,X−✶p }p ♦✈❡/ Z✳ ❚❤✐. ♣♦❧②♥♦♠✐❛❧ ✐. ❛ ❦❡② ♣♦✐♥% ✐♥

♣/♦✈✐♥❣ ❝♦♥❣/✉❡♥❝❡. ❢♦/ %❤❡ ♠♦❞✉❧❛/ ❢♦/♠. ✐♥ ❛ ❘❛♥❦✐♥✲❙❡❧❜❡/❣

✐♥%❡❣/❛❧✳

❆❧.♦✱ ✇❡ .❡% ✱ ❢♦/ s ∈ C ❛♥❞ ❛ ❍❡❝❦❡ ✐❞❡❛❧ ❝❤❛/❛❝%❡/ ψ ♠♦❞ c✱

E (Z , s, ℓ, ψ) =
∑

g∈C∞\C

ψ(g)(❞❡% g)ℓj(g ,Z )−✷ℓ|(❞❡% g)j(g ,Z )|−s .

✷✹



❆♥ ✐♥#❡❣&❛❧ &❡♣&❡*❡♥#❛#✐♦♥ ♦❢ ❘❛♥❦✐♥✲❙❡❧❜❡&❣ #②♣❡

❚❤❡ ✐♥%❡❣'❛❧ '❡♣'❡+❡♥%❛%✐♦♥ ♦❢ ❘❛♥❦✐♥✲❙❡❧❜❡'❣ %②♣❡ ✐♥ %❤❡ ❍❡'♠✐%✐❛♥

♠♦❞✉❧❛' ❝❛+❡✿

❚❤❡♦&❡♠ ✹✳✶ ✭❙❤✐♠✉&❛✱ ❑❧♦*✐♥✮✱ +❡❡ ❬❇♦✉✶✻❪✱ ♣✳✶✸✳

▲❡% ✵ 6= ❢ ∈Mℓ(C , ψ)) ♦❢ +❝❛❧❛' ✇❡✐❣❤% ℓ✱ ψ ♠♦❞ c✱ +✉❝❤ %❤❛%
∀a, ❢|T (a) = λ(a)❢✱ ❛♥❞ ❛++✉♠❡ %❤❛% ✷ℓ ≥ n✱ %❤❡♥ %❤❡'❡ ❡①✐+%+

T ∈ S+ ∩●▲n(K ) ❛♥❞ R ∈ ●▲n(K ) +✉❝❤ %❤❛%

Γ((s))ψ(❞❡%(T))Z(s + ✸n/✷, ❢, χ) =

Λc(s + ✸n/✷, θψχ) · C
✵

〈❢, θT(χ)❊(s̄ + n, ℓ− ℓθ, χ
ρψ)〉C ′′ ,

✇❤❡'❡ ❊(Z , s, ℓ− ℓθ, ψ)C ′′ ✐+ ❛ ♥♦'♠❛❧✐③❡❞ ❣'♦✉♣ %❤❡♦'❡%✐❝
❊✐+❡♥+%❡✐♥ +❡'✐❡+ ✇✐%❤ ❝♦♠♣♦♥❡♥%+ ❛+ ❛❜♦✈❡ ♦❢ ❧❡✈❡❧ c′′ ❞✐✈✐+✐❜❧❡ ❜② c✱

❛♥❞ ✇❡✐❣❤% ℓ− ℓθ✳ ❍❡'❡ 〈·, ·〉C ′′ ✐+ %❤❡ ♥♦'♠❛❧✐③❡❞ J❡%❡'++♦♥ ✐♥♥❡'
♣'♦❞✉❝% ❛++♦❝✐❛%❡❞ %♦ %❤❡ ❝♦♥❣'✉❡♥❝❡ +✉❜❣'♦✉♣ C ′′ ♦❢ ❧❡✈❡❧ c′′✳

Γ((s)) = (✹π)−n(s+h)Γιn(s + h), Γιn(s) = π
n(n−✶)

✷

n−✶∏

j=✵

Γ(s − j)✱

✇❤❡'❡ h = ✵ ♦' ✶, C
✵

❛ +✉❜❣'♦✉♣ ✐♥❞❡①✳

✷✺

❚❤❡ ❍♦❞❣❡ ♣♦❧②❣♦♥ ♦❢ #❤❡ ❍❡&♠✐#✐❛♥ ③❡#❛ ❢✉♥❝#✐♦♥

❙%❛'%✐♥❣ ❢'♦♠ %❤❡ ●❛♠♠❛ ❢❛❝%♦'+ ♦❢ %❤❡ +%❛♥❞❛'❞ ❍❡'♠✐%✐❛♥

L✲❢✉♥❝%✐♦♥ D(s, ❢, χ) ❧❡% ✉+ ❞❡+❝'✐❜❡ %❤❡ ❍♦❞❣❡ ♣♦❧②❣♦♥ ❢♦' F = Q✳

❚❤❡ ❡①♣❧✐❝✐% ❢♦'♠ ♦❢ %❤❡ ●❛♠♠❛ ❢❛❝%♦'+ ♦❢ %❤❡ +%❛♥❞❛'❞ ❍❡'♠✐%✐❛♥

L✲❢✉♥❝%✐♦♥ Z(s, ❢) ✇❛+ +%✉❞✐❡❞ ✐♥ ✭❝❢✳ ❬❙❤✐✵✵❪✱ ♣✳✶✼✾✱ ❬❍❛✾✼❪✱
❬❍❛✶✹❪✱ ❬❑❧❪✱ ❬❇♦✉✶✻❪✱ ❬●❡✶✻❪✮✱ ❛♥❞ %❤❛% ♦❢ D(s, ❢, χ) ❢♦❧❧♦✇+ ✇✐%❤
%❤❡ ●❛♠♠❛ ❢❛❝%♦'

ΓD(s) = L∞(s, ❢, χ) =
n−✶∏

j=✵

ΓC(s − j)✷,

✇✐%❤ %❤❡ +②♠♠❡%'② s 7→ ℓ− s.

❚❤❡+❡ ❢❛❝%♦'+ +✉❣❣❡+% %❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦'♠ ♦❢ %❤❡ ❍♦❞❣❡ ♣♦❧②❣♦♥ ♦❢

D(s, ❢, χ) ♦❢ '❛♥❦ d = ✹n ❛+ %❤❛% ♦❢ %❤❡ ❍♦❞❣❡ ♥✉♠❜❡'+ hj ,w−j

❜❡❧♦✇ ✭✐♥ %❤❡ ✐♥❝'❡❛+✐♥❣ ♦'❞❡' ♦❢ +❧♦♣❡+ j ✱ ✇✐%❤ ✇❡✐❣❤% w = ℓ− ✶✮✿

✷ · (✵, ℓ− ✶), . . . , ✷ · (n − ✶, ℓ− n),

✷ · (ℓ− n, n − ✶), . . . , ✷ · (ℓ− ✶, ✵),

❢♦❧❧♦✇✐♥❣ ❙❡''❡✬+ '❡❝✐♣❡ ❬❙❡✼✵❪✱ ♣✳✶✶✳

✷✻



●❡♦♠❡$%✐❝ ($✉❞② ✐♥ $❤❡ p✲♦%❞✐♥❛%② ❝❛(❡
❚❤✐# ❝❛#❡ ❝♦((❡#♣♦♥❞# ,♦ ,❤❡ ❝♦✐♥❝✐❞❡♥❝❡ ♦❢ ,❤❡ ❍♦❞❣❡ ♣♦❧②❣♦♥ ❛♥❞

,❤❡ ◆❡✇,♦♥ ♣♦❧②❣♦♥✱ ✐, ✇❛# ❝♦♥#✐❞❡(❡❞ ✐♥ ❬❊❍▲❙❪ ✉#✐♥❣ ♠❡,❤♦❞# ♦❢

❛❧❣❡❜(❛✐❝ ❣❡♦♠❡,(② ❛♥❞ ,❤❡ ,❤❡♦(② ♦❢ ❛❧❣❡❜(❛✐❝ ♠♦❞✉❧❛( ❢♦(♠#✱

❚❤❡#❡ ♠❡,❤♦❞# ✉#❡ ✐♥✜♥✐,❡ ❞✐♠❡♥#✐♦♥❛❧ ,♦✇❡(# ♦❢ #♣❛❝❡# ♦✈❡( Q̄

❝♦♥,❛✐♥✐♥❣ ❛✉,♦♠♦(♣❤✐❝ ❢♦(♠# ♦❢ ❛❧❧ ❧❡✈❡❧# ♦❢ ,②♣❡ Npr ✱ ❛♥❞ ,❤❡✐(

#♣❡❝✐❛❧✐③❛,✐♦♥# ❛, ❈▼✲♣♦✐♥,# ♦♥ ❙❤✐♠(❛ ✈❛(✐❡,✐❡#✳

❖♥ ,❤❡ ♦,❤❡( ❤❛♥❞✱ ,❤❡ ❝❛#❡ p ✐♥❡(, ✐♥ K ✇❛# #,✉❞✐❡❞ ✐♥ ❬❇♦✉✶✻❪✱

❜❛#❡❞ ♦♥ ♠❡,❤♦❞# ✐♥ ❬❈♦✉(H❛❪✳

❚❤❡ ♣(❡#❡♥, ♠❡,❤♦❞ ,(❡❛,# ❛❧❧ p ✉♥(❛♠✐✜❡❞ ✐♥ K ❛♥❞ ❝♦♣(✐♠❡ ,♦

,❤❡ ❧❡✈❡❧ c ♦❢ ❢❀ ✐, ✐# ❜❛#❡❞ ♦♥ ❛ ♠♦❞✉❧❛( ❝♦♥#,(✉❝,✐♦♥ ♦❢ ❛❞♠✐##✐❜❧❡

♠❡❛#✉(❡# ❛# #❡J✉❡♥❝❡# ♦❢ ③❡,❛ ❞✐#,(✐❜✉,✐♦♥# ✈✐❛ ❛♥ ✐♥,❡❣(❛❧

(❡♣(❡#❡♥,❛,✐♦♥ ♦❢ ❘❛♥❦✐♥✲❙❡❧❜❡(❣ ,②♣❡✳ ❚❤✐# ♠❡,❤♦❞ ❛❧❧♦✇# ,♦

(❡❞✉❝❡ ❝♦♥#✐❞❡(❛,✐♦♥ ,♦ ❝♦♥❣(✉❡♥❝❡# ❜❡,✇❡❡♥ ❍❡(♠✐,✐❛♥ ♠♦❞✉❧❛(

❢♦(♠# ♦❢ ✜①❡❞ ❧❡✈❡❧ cp✳

✷✼

0%♦♦❢ ♦❢ $❤❡ ▼❛✐♥ ❚❤❡♦%❡♠ ✭✐✐✮✿ ❑✉♠♠❡% ❝♦♥❣%✉❡♥❝❡(

▲❡, ✉# #❡ ,❤❡ ♥♦,❛,✐♦♥ Dalg
p (m, ❢, χ) = Ap(s, χ)

D∗(m, ❢, χ)

Ω
❢

❚❤❡ ✐♥,❡❣(❛❧✐,② ♦❢ ♠❡❛#✉(❡# ✐# ♣(♦✈❡♥ (❡♣(❡#❡♥,✐♥❣ D
alg
p (m, χ) ❛#

❘❛♥❦✐♥✲❙❡❧❜❡(❣ ,②♣❡ ✐♥,❡❣(❛❧ ❛, ❝(✐,✐❝❛❧ ♣♦✐♥,# s = m✳ ❈♦❡✣❝✐❡♥,#

♦❢ ♠♦❞✉❧❛( ❢♦(♠# ✐♥ ,❤✐# ✐♥,❡❣(❛❧ #❛,✐#❢② ❑✉♠♠❡(✲,②♣❡ ❝♦♥❣(✉❡♥❝❡#

❛♥❞ ♣(♦❞✉❝❡ ❜♦✉♥❞❡❞ ♠❡❛#✉(❡# µD ✇❤♦#❡ ❝♦♥#,(✉❝,✐♦♥ (❡❞✉❝❡# ,♦

❝♦♥❣(✉❡♥❝❡# ♦❢ ❑✉♠♠❡( ,②♣❡ ❜❡,✇❡❡♥ ,❤❡ ❋♦✉(✐❡( ❝♦❡✣❝✐❡♥,# ♦❢

♠♦❞✉❧❛( ❢♦(♠#✱ #❡❡ ❛❧#♦ ❬❇♦✉✶✻❪✳ ❙✉♣♣♦#❡ ,❤❛, ✇❡ ❛(❡ ❣✐✈❡♥

✐♥✜♥✐,❡❧② ♠❛♥② ✧❝(✐,✐❝❛❧ ♣❛✐(#✧ (sj , χj) ❛, ✇❤✐❝❤ ♦♥❡ ❤❛# ❛♥ ✐♥,❡❣(❛❧

(❡♣(❡#❡♥,❛,✐♦♥ Dalg
p (sj , ❢, χj) = Ap(s, χ)

〈❢, hj〉

Ω
❢

✇✐,❤ ❛❧❧

hj =
∑

T bj ,Tq
T ∈M ✐♥ ❛ ❝❡(,❛✐♥ ✜♥✐,❡✲❞✐♠❡♥#✐♦♥❛❧ #♣❛❝❡ M

❝♦♥,❛✐♥✐♥❣ ❢ ❛♥❞ ❞❡✜♥❡❞ ♦✈❡( Q̄✳ ❲❡ ♣(♦✈❡ ,❤❡ ❢♦❧❧♦✇✐♥❣

❑✉♠♠❡(✲,②♣❡ ❝♦♥❣(✉❡♥❝❡#✿

∀x ∈ Z∗p,
∑

j

βjχjx
kj ≡ ✵ ♠♦❞ pN =⇒

∑

j

βjD
alg
p (sj , ❢, χ) ≡ ✵ ♠♦❞ pN

βj ∈ Q̄, kj = s∗ − sj , ✇❤❡(❡ s
∗ = ℓ− n ✐♥ ♦✉( ❝❛#❡✳

❈♦♠♣✉$✐♥❣ $❤❡ 0❡$❡%((♦♥ ♣%♦❞✉❝$( ♦❢ ❛ ❣✐✈❡♥ ♠♦❞✉❧❛(

❢♦(♠ ❢(Z ) =
∑

H aHq
H ∈M∗(Q̄) ❜② ❛♥♦,❤❡( ♠♦❞✉❧❛( ❢♦(♠

h(Z ) =
∑

H bHq
H ∈M∗(Q̄) ✉#❡# ❛ ❧✐♥❡❛( ❢♦(♠ ℓ

❢

: h 7→
〈❢, h〉

〈❢, ❢〉
❞❡✜♥❡❞ ♦✈❡( ❛ #✉❜✜❡❧❞ k ⊂ Q̄.

✷✽



❆❞♠✐$$✐❜❧❡ ❍❡)♠✐*✐❛♥ ❝❛$❡

▲❡" ❢ ∈ Sk(C ;ψ) ❜❡ ❛ ❍❡❝❦❡ ❡✐❣❡♥❢♦-♠ ❢♦- "❤❡ ❝♦♥❣-✉❡♥❝❡

1✉❜❣-♦✉♣ C ♦❢ ❧❡✈❡❧ c✳ ▲❡" p ❜❡ ❛ ♣-✐♠❡ ♦❢ K ♣-✐♠❡ "♦ c✱ ✇❤✐❝❤ ✐1

✐♥❡-" ♦✈❡- F ✳ ❚❤❡♥ ✇❡ 1❛② "❤❛" ❢ ✐1 ♣-❡✲♦-❞✐♥❛-② ❛" p ✐❢ "❤❡-❡ ❡①✐1"1

❛♥ ❡✐❣❡♥❢♦-♠ ✵ 6= ❢

✵

∈M{p} ⊂ Sk(Cp, ψ) ✇✐"❤ ❙❛"❛❦❡ ♣❛-❛♠❡"❡-1

tp,i 1✉❝❤ "❤❛"

∥∥∥∥∥

(

n
∏

i=✶

tp,i

)

N(p)−
n(n+✶)

✷

∥

∥

∥

∥

∥

p

= ✶,

✇❤❡-❡ ‖‖p "❤❡ ♥♦-♠❛❧✐③❡❞ ❛❜1♦❧✉"❡ ✈❛❧✉❡ ❛" p✳

❚❤❡ ❛❞♠✐11✐❜❧❡ ❝❛1❡ ❝♦--❡1♣♦♥❞1 "♦

∥

∥

∥

∥

∥

∥





∏

q|p

n
∏

i=✶

tq,i



 p−n(n+✶)

∥

∥

∥

∥

∥

∥

p

= p−h ❢♦- ❛ ♣♦1✐"✐✈❡ h > ✵.

❆♥ ✐♥"❡-♣-❡"❛"✐♦♥ ♦❢ h ❛! "❤❡ ❞✐✛❡(❡♥❝❡ h = PN,p(d/✷)− PH(d/✷)
❝♦♠❡! ❢(♦♠ "❤❡ ❛❜♦✈❡ ❡①♣❧✐❝✐" (❡❧❛"✐♦♥!✳

✷✾

❊①✐#$❡♥❝❡ ♦❢ h✲❛❞♠✐##✐❜❧❡ ♠❡❛#✉1❡#
♦❢ ❆♠✐❝❡✲❱8❧✉✲"②♣❡ ❣✐✈❡! ❛♥ ✉♥❜♦✉♥❞❡❞ p✲❛❞✐❝ ❛♥❛❧②"✐❝

✐♥"❡(♣♦❧❛"✐♦♥ ♦❢ "❤❡ L✲✈❛❧✉❡! ♦❢ ❣(♦✇"❤ ❧♦❣

h
p(·)✱ ✉!✐♥❣ "❤❡ ▼❡❧❧✐♥

"(❛♥!❢♦(♠ ♦❢ "❤❡ ❝♦♥!"(✉❝"❡❞ ♠❡❛!✉(❡!✳ ❚❤✐! ❝♦♥❞✐"✐♦♥ !❛②! "❤❛"

"❤❡ ♣(♦❞✉❝"

∏n
i=✶

tp,i ✐! ♥♦♥③❡(♦ ❛♥❞ ❞✐✈✐!✐❜❧❡ ❜② ❛ ❝❡("❛✐♥ ♣♦✇❡( ♦❢

p ✐♥ O✿

♦!❞p





∏

q|p

(

n
∏

i=✶

tq,i

)

p−n(n+✶)



 = h.

❲❡ ✉!❡ ❛♥ ❡❛!② ❝♦♥❞✐"✐♦♥ ♦❢ ❛❞♠✐!!✐❜✐❧✐"② ♦❢ ❛ !❡C✉❡♥❝❡ ♦❢ ♠♦❞✉❧❛(

❞✐!"(✐❜✉"✐♦♥! Φj ♦♥ X = OK ⊗ Zp ✇✐"❤ ✈❛❧✉❡! ✐♥ O[[q]] ❛! ✐♥
❚❤❡♦(❡♠ ✹✳✽ ♦❢ ❬❈♦✉(H❛❪ ❛♥❞ ❝❤❡❝❦ ❝♦♥❣(✉❡♥❝❡! ♦❢ "❤❡ "②♣❡

Uκv
(

j
∑

j ′=✵

(

j

j ′

)

(−a✵p)
j−j ′Φj ′(a+ (pv )

)

∈ CpvjO[[q]]

❢♦( ❛❧❧ j = ✵, ✶, . . . ,κh − ✶✳ ❍❡(❡ s = j ′ + s∗✱ Φj ′(a+ (pv )) ❛
❝❡("❛✐♥ ❝♦♥✈♦❧✉"✐♦♥✱ ✐✳❡✳

Φj ′(χ) = θ(χ) · ❊(s, χ)

♦❢ ❛ ❍❡(♠✐"✐❛♥ "❤❡"❛ !❡(✐❡! θ(χ) ❛♥❞ ❛♥ ❊✐!❡♥!"❡✐♥ !❡(✐❡! ❊(s, χ)
✇✐"❤ ❛♥② ❉✐(✐❝❤❧❡" ❝❤❛(❛❝"❡( χ ♠♦❞ pr ✳ ❲❡ ✉!❡ ❛ ❣❡♥❡(❛❧ !✉✣❝✐❡♥"

❝♦♥❞✐"✐♦♥ ♦❢ ❛❞♠✐!!✐❜✐❧✐"② ♦❢ ❛ !❡C✉❡♥❝❡ ♦❢ ♠♦❞✉❧❛( ❞✐!"(✐❜✉"✐♦♥! Φj

♦♥ X = Zp ✇✐"❤ ✈❛❧✉❡! ✐♥ O[[q]] ❛! ✐♥ ❚❤❡♦(❡♠ ✹✳✽ ♦❢ ❬❈♦✉(H❛❪✳

✸✵



 !♦♦❢ ♦❢ $❤❡ ▼❛✐♥ ❚❤❡♦!❡♠ ✭✐✐✐✮✿ ✭❛❞♠✐11✐❜❧❡ ❝❛1❡✮

❯!✐♥❣ ❛ ❘❛♥❦✐♥✲❙❡❧❜❡-❣ ✐♥.❡❣-❛❧ -❡♣-❡!❡♥.❛.✐♦♥ ❢♦- Dalg (s, ❢, χ) ❛♥❞
❛♥ ❡✐❣❡♥❢✉♥❝.✐♦♥ ❢

✵

♦❢ ❆.❦✐♥✬! ♦♣❡-❛.♦- U(p) ♦❢ ❡✐❣❡♥✈❛❧✉❡ α
❢

♦♥ ❢

✵

.❤❡ ❘❛♥❦✐♥✲❙❡❧❜❡-❣ ✐♥.❡❣-❛❧ ♦❢ Fs,χ := θ(χ) · ❊(s, χ) ❣✐✈❡!

Dalg (s, ❢, χ) =
〈❢
✵

, θ(χ) · ❊(s, χ)〉

〈❢, ❢〉
✭.❤❡ :❡.❡-!!♦♥ ♣-♦❞✉❝. ♦♥ G = GU(ηn))

= α−v
❢

〈❢
✵

,U(pv )(θ(χ) · ❊(s, χ))〉

〈❢, ❢〉
= α−v

❢

〈f
✵

,U(pv )(Fs,χ)〉

〈❢, ❢〉
.

▼♦❞✐❝❛.✐♦♥ ✐♥ .❤❡ ❛❞♠✐!!✐❜❧❡ ❝❛!❡✿ ✐♥!.❡❛❞ ♦❢ ❑✉♠♠❡- ❝♦♥❣-✉❡♥❝❡!✱

.♦ ❡!.✐♠❛.❡ p✲❛❞✐❝❛❧❧② .❤❡ ✐♥.❡❣-❛❧! ♦❢ .❡!. ❢✉♥❝.✐♦♥!✿ M = pv ✿
∫

a+(M)
(x − a)jdDalg :=

j
∑

j ′=✵

(

j

j ′

)

(−a)j−j
′

∫

a+(M)
x j
′

dDalg
✱ ✉!✐♥❣

.❤❡ ♦-.❤♦❣♦♥❛❧✐.② ♦❢ ❝❤❛-❛❝.❡-! ❛♥❞ .❤❡ !❡A✉❡♥❝❡ ♦❢ ③❡.❛

❞✐!.-✐❜✉.✐♦♥!

∫

a+(M)
x jdDalg =

✶

♯(O/MO)×

∑

χ ♠♦❞ M

χ−✶(a)

∫

X

χ(x)x jdDalg ,

∫

X
χdDalg

s−+j = Dalg (s∗ − j , f , χ) =:
∫

X
χ(x)x jdDalg

✳

✸✶

❈♦♥❣!✉❡♥❝❡1 ❜❡$✇❡❡♥ $❤❡ ❝♦❡✣❝✐❡♥$1 ♦❢ $❤❡ ❍❡!♠✐$✐❛♥

♠♦❞✉❧❛! ❢♦!♠1

■♥ ♦-❞❡- .♦ ✐♥.❡❣-❛.❡ ❛♥② ❧♦❝❛❧❧②✲❛♥❛❧②.✐❝ ❢✉♥❝.✐♦♥ ♦♥ X ✱ ✐. !✉✣❝❡!

.♦ ❝❤❡❝❦ .❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐♥♦♠✐❛❧ ❝♦♥❣-✉❡♥❝❡! ❢♦- .❤❡ ❝♦❡✣❝✐❡♥.! ♦❢

.❤❡ ❍❡-♠✐.✐❛♥ ♠♦❞✉❧❛- ❢♦-♠ Fs∗−j ,χ =
∑

ξ v(ξ, s
∗ − j , χ)qξ : ❢♦-

v ≫ ✵✱ ❛♥❞ ❛ ❝♦♥!.❛♥. C

✶

♯(O/MO)×

j
∑

j ′=✵

(

j

j ′

)

(−a)j−j
′
∑

χ ♠♦❞ M

χ−✶(a)v(pvξ, s∗ − j ′, χ)qξ

∈ CpvjO[[q]] ✭❚❤✐! ✐! ❛ A✉❛!✐♠♦❞✉❧❛- ❢♦-♠ ✐❢ j ′ 6= s∗)

❚❤❡ -❡!✉❧.✐♥❣ ♠❡❛!✉-❡ µD ❛❧❧♦✇! .♦ ✐♥.❡❣-❛.❡ ❛❧❧ ❝♦♥.✐♥✉♦✉!

❝❤❛-❛❝.❡-! ✐♥ Yp = ❍♦♠cont(X ,C
∗
p)✱ ✐♥❝❧✉❞✐♥❣ ❍❡❝❦❡ ❝❤❛-❛❝.❡-!✱ ❛!

.❤❡② ❛-❡ ❛❧✇❛②! ❧♦❝❛❧❧② ❛♥❛❧②.✐❝✳

■.! p✲❛❞✐❝ ▼❡❧❧✐♥ .-❛♥!❢♦-♠ LµD ✐! ❛♥ ❛♥❛❧②.✐❝ ❢✉♥❝.✐♦♥ ♦♥ Yp ♦❢ .❤❡

❧♦❣❛-✐.❤♠✐❝ ❣-♦✇.❤ O(❧♦❣h)✱ h = ♦#❞p(α)✳

✸✷



 !♦♦❢ ♦❢ $❤❡ ♠❛✐♥ ❝♦♥❣!✉❡♥❝❡.

❚❤✉# $❤❡ &❡$❡'##♦♥ ♣'♦❞✉❝$ ✐♥ ℓ
❢

❝❛♥ ❜❡ ❡①♣'❡##❡❞ $❤'♦✉❣❤ $❤❡

❋♦✉'✐❡' ❝♦❡✛❝✐❡♥$# ♦❢ h ✐♥ $❤❡ ❝❛#❡ ✇❤❡♥ $❤❡'❡ ✐# ❛ ✜♥✐$❡ ❜❛#✐# ♦❢

$❤❡ ❞✉❛❧ #♣❛❝❡ ❝♦♥#✐#$✐♥❣ ♦❢ ❝❡'$❛✐♥ ❋♦✉'✐❡' ❝♦❡✛❝✐❡♥$#✿

ℓTi : h 7→ bTi (i = ✶, . . . , n)✳ ■$ ❢♦❧❧♦✇# $❤❛$ ℓ
❢

(h) =
∑

i γibTi ✱ ✇❤❡'❡
γi ∈ k ✳

❯#✐♥❣ $❤❡ ❡①♣'❡##✐♦♥ ❢♦' ℓf (hj) =
∑

i γi ,jbj ,Ti ✱ $❤❡ ❛❜♦✈❡
❝♦♥❣'✉❡♥❝❡# '❡❞✉❝❡ $♦

∑

i ,j

γi ,jβjbj ,Ti ≡ ✵ ♠♦❞ pN .

❚❤❡ ❧❛#$ ❝♦♥❣'✉❡♥❝❡ ✐# ❞♦♥❡ ❜② ❛♥ ❡❧❡♠❡♥$❛'② ❝❤❡❝❦ ♦♥ $❤❡ ❋♦✉'✐❡'

❝♦❡✣❝✐❡♥$# bj ,Ti ✳

❚❤❡ ❛❜#$'❛❝$ ❑✉♠♠❡' ❝♦♥❣'✉❡♥❝❡# ❛'❡ ❝❤❡❝❦❡❞ ❢♦' ❛ ❢❛♠✐❧② ♦❢ $❡#$

❡❧❡♠❡♥$#✳

■♥ $❤❡ ❛❞♠✐##✐❜❧❡ ❝❛#❡ ✐$ #✉✣❝❡# $♦ ❝❤❡❝❦ ❜✐♥♦♠✐❛❧ ❝♦♥❣'✉❡♥❝❡# ❢♦'

$❤❡ ❋♦✉'✐❡' ❝♦❡✣❝✐❡♥$# ❛# ❛❜♦✈❡ ✐♥ ♣❧❛❝❡ ♦❢ ❑✉♠♠❡' ❝♦♥❣'✉❡♥❝❡#✳

✸✸

❆♣♣❡♥❞✐① ❆✳ ❘❡✇!✐$✐♥❣ $❤❡ ❧♦❝❛❧ ❢❛❝$♦! ❛$ p ✇✐$❤ ❝❤❛!❛❝$❡! θ
◆♦$✐❝❡ $❤❛$ ✐❢ θ ✐# $❤❡ F✉❛❞'❛$✐❝ ❝❤❛'❛❝$❡' ❛$$❛❝❤❡❞ $♦ K/Q $❤❡♥

(✶−αpX )(✶−αpθ(p)X ) =











(✶− αpX )
✷

✐❢ θ(p) = ✶, pr = q
✶

q
✷

,N(qi ) = p

(✶− α✷pX
✷), ✐❢ θ(p) = −✶, pr = q,N(q) = p✷,

(✶− αpX ) ✐❢ θ(p) = ✵, pr = q✷,N(q) = p.

❚❤✉#✱ ✐❢ X = p−s ✱ X ✷ = p−✷s ✱ N(q) = p✱ Zq(X )
−✶

=











∏

✷n
i=✶

(✶− N(q
✶

)✷nt−✶
q
✶

q
✷

,iX )(✶− N(q
✷

)−✶tq
✶

q
✷

,iX ), ✐❢ θ(p) = ✶,
∏n

i=✶

(✶− N(q)n−✶tq,iX
✷)(✶− N(q)nt−✶

q,i X
✷), ✐❢ θ(p) = −✶,

∏n
i=✶

(✶− N(q)n−✶tq,iX )(✶− N(q)nt−✶
q,i X ), ✐❢ θ(p) = ✵.

=











∏n
i=✶

(✶− γp,iX )
✷

∏n
i=✶

(✶− δp,iX )
✷

✐❢ θ(p) = ✶, ✐✳❡✳ pr = q
✶

q
✷

,
∏n

i=✶

(✶− α✷p,iX
✷)
∏n

i=✶

(✶− β✷p,iX
✷), ✐❢ θ(p) = −✶, ✐✳❡✳ pr = q,

∏n
i=✶

(✶− α′p,iX )
∏n

i=✶

(✶− β′p,iX ) ✐❢ θ(p) = ✵, ✐✳❡✳ pr = q✷,

✇❤❡'❡ α′p,i = pn−✶tq,i ✱ β
′
p,ip

nt−✶
q,i ✱ γp,i = p✷nt−✶

q
✶

q
✷

,i ✱ p
−✶tq

✶

q
✷

,i ✳ ■$

❢♦❧❧♦✇# $❤❛$

∏

q|p Zq(N(q)
−n−(✶/✷)X ) = X ✹n + · · ·

✸✹



❆♣♣❡♥❞✐① ❆ ✭❝♦♥*✐♥✉❡❞✮✳❘❡❧❛*✐♦♥1 ❜❡*✇❡❡♥ αi(p) ❛♥❞ ti ,q
✇❡"❡ #$✉❞✐❡❞ ❛♥❞ ❡①♣❧❛✐♥❡❞ ❜② ▼✳❍❛""✐# ❬❍❛✾✼❪ ❢♦" ❣❡♥❡"❛❧

❍❡"♠✐$✐❛♥ ③❡$❛ ❢✉♥❝$✐♦♥# Z(s, ❢) ♦❢ $②♣❡ ✐♥$"♦❞✉❝❡❞ ✐♥ ❬❙❤✐✵✵❪✱
✉#✐♥❣ "❡♣"#❡♥$❛$✐♦♥ $❤❡♦"② ♦❢ ✉♥✐$❛"② ❣"♦✉♣# ❛♥❞ ❉❡❧✐❣♥❡✬# ❛♣♣"♦❛❝❤

$♦ L✲❢✉♥❝$✐♦♥#✱ #❡❡ ❬❉❡✼✾❪✱ ✐♥ $❡"♠# ♦❢ ❛ n✲❞✐♠❡♥#✐♦♥❛❧ ●❛❧♦✐#

"❡♣"❡#❡♥$❛$✐♦♥# ρλ : ●❛❧(K̄/K ) −→ ●▲(M
❢,λ) ∼= ●▲n(Eλ) ♦✈❡" ❛

❝♦♠♣❧❡$✐♦♥ Eλ ♦❢ ❛ ♥✉♠❜❡" ✜❡❧❞ E ❝♦♥$❛✐♥✐♥❣ K ❛♥❞ $❤❡ ❍❡❝❦❡

❡✐❣❡♥✈❛❧✉❡# ♦❢ ❛ ✈❡❝$♦"✲✈❛❧✉❡❞ ❍❡"♠✐$✐❛♥ ♠♦❞✉❧❛" ❢♦"♠ ❢✿

Z(s − n′ −
✶

✷

, ❢) = D(s, ❢) = L(s,M
❢,λ ⊠M(ψ))

❢♦" ❛♥ ❛❧❣❡❜"❛✐❝ ❍❡❝❦❡ ✐❞❡❛❧ ❝❤❛"❛❝$❡" ψ ❛# ❛❜♦✈❡ ♦❢ $❤❡ ✐♥✜♥✐$②

$②♣❡ mψ✱ #❡❡ ❬●❍✶✻❪✱ ♣✳✷✵✳ ❍❡"❡ $❤❡ #②♠❜♦❧ L(s,M
❢,λ ⊠M(ψ))

❞❡♥♦$❡# $❤❡ ❘❛♥❦✐♥✲❙❡❧❜❡"❣ $②♣❡ ❝♦♥✈♦❧✉$✐♦♥ ✭✐$ ❝♦""❡#♣♦♥❞# $♦

$❡♥#♦" ♣"♦❞✉❝$ ♦❢ ●❛❧♦✐# "❡♣"❡#❡♥$❛$✐♦♥#✮✳ ◆♦$✐❝❡ $❤❛$ L(s,M
❢,λ) ✐#

♦❢ ❞❡❣"❡❡ ✷n✱ ❛♥❞ L(s,M
❢,λ ⊠M(ψ)) ✐# ♦❢ ❞❡❣"❡❡ ✹n ❜❡❝❛✉#❡

L(s, ψ) = L(s,R(ψ)) ✐# ♦❢ ❞❡❣"❡❡ ✷✳
▼♦"❡♦✈❡"✱ ▼✳❍❛""✐# #✉❣❣❡#$❡❞ ❛ ❣❡♥❡"❛❧ ❞❡#❝"✐♣$✐♦♥ ♦❢ D(s) ✇✐$❤
❣✐✈❡♥ ●❛♠♠❛ ❢❛❝$♦"# ❛♥❞ ❛♥❛❧②$✐❝ ♣"♦♣❡"$✐❡# ❛# #♦♠❡ D(s, ❢) #♦♠❡
✉♥❞❡" ♥❛$✉"❛❧ ❝♦♥❞✐$✐♦♥# ♦♥ ●❛♠♠❛ ❢❛❝$♦"#✱ ❣✐✈✐♥❣ ❤✐❣❤❡" ✈❡"#✐♦♥#

♦❢ ❙❤✐♠✉"❛✲❚❛♥✐②❛♠❛✲❲❡✐❧ ❝♦♥❥❡❝$✉"❡ ✭✐✳❡✳ ❤✐❣❤❡" ❲✐❧❡#✬ ♠♦❞✉❧❛"✐$②

$❤❡♦"❡♠✮✳ ❚❤✐# ❝❛♥ ❜❡ #$❛$❡❞ ❛❧#♦ ♦✈❡" ❛ $♦$❛❧❧② "❡❛❧ ✜❡❧❞ F

✭✐♥#$❡❛❞ ♦❢ Q✮✱ ❛♥❞ ✐$# S✉❛❞"❛$✐❝ $♦$❛❧❧② ✐♠❛❣✐♥❛"② ❡①$❡♥#✐♦♥ K ✱ #❡❡

❬●❍✶✻❪✱ ❬T❛✾✹❪✳

✸✺

❆♣♣❡♥❞✐① ❇✳ ❙❤✐♠✉8❛✬1 ❚❤❡♦8❡♠✿ ❛❧❣❡❜8❛✐❝✐*② ♦❢ ❝8✐*✐❝❛❧

✈❛❧✉❡1 ✐♥ ❈❛1❡1 ❙♣ ❛♥❞ ❯❚✱ ♣✳✷✸✹ ♦❢ ❬❙❤✐✵✵❪

▲❡$ ❢ ∈ V(Q̄) ❜❡ ❛ ♥♦♥ ③❡"♦ ❛"✐$❤♠❡$✐❝❛❧ ❛✉$♦♠♦"♣❤✐❝ ❢♦"♠ ♦❢ $②♣❡

❙♣ ♦" ❯❚✳ ▲❡$ χ ❜❡ ❛ ❍❡❝❦❡ ❝❤❛"❛❝$❡" ♦❢ K #✉❝❤ $❤❛$

χ
❛

(x) = xℓ
❛

|x
❛

|−ℓ ✇✐$❤ ℓ ∈ Z❛

✱ ❛♥❞ ❧❡$ σ
✵

∈ ✷−✶Z✳ ❆##✉♠❡✱ ✐♥ $❤❡
♥♦$❛$✐♦♥# ♦❢ ❈❤❛♣$❡" ✼ ♦❢ ❬❙❤✐✵✵❪ ♦♥ $❤❡ ✇❡✐❣❤$# kv , µv , ℓv ✱ $❤❛$

❈❛%❡ ❙♣ ✷n + ✶− kv + µv ≤ ✷σ
✵

≤ kv − µv ,

✇❤❡"❡ µv = ✵ ✐❢ [kv ]− lv ∈ ✷Z

❛♥❞ µv = ✶ ✐❢ [kv ]− lv 6∈ ✷Z; σ✵ − kv + µv

❢♦" ❡✈❡"② v ∈ ❛ ✐❢ σ
✵

> n ❛♥❞

σ
✵

− ✶− kv + µv ∈ ✷Z ❢♦" ❡✈❡"② v ∈ ❛ ✐❢ σ
✵

≤ n.

❈❛%❡ ❯❚ ✹n − (✷kvρ + ℓv ) ≤ ✷σ
✵

≤ mv − |kv − kvρ − ℓv |

❛♥❞ ✷σ
✵

− ℓv ∈ ✷Z ❢♦" ❡✈❡"② v ∈ ❛.

✸✻



❆♣♣❡♥❞✐① ❇✳ ❙❤✐♠✉-❛✬0 ❚❤❡♦-❡♠ ✭❝♦♥5✐♥✉❡❞✮

❋✉"#❤❡" ❡①❝❧✉❞❡ #❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛1❡1

✭❆✮ ❈❛%❡ ❙♣ σ
✵

= n + ✶,F = Q ❛♥❞ χ✷ = ✶;

✭❇✮ ❈❛%❡ ❙♣ σ
✵

= n + (✸/✷),F = Q;χ✷ = ✶ ❛♥❞ [k]− ℓ ∈ ✷Z

✭❈✮ ❈❛%❡ ❙♣ σ
✵

= ✵, c = g ❛♥❞ χ = ✶;

✭❉✮ ❈❛%❡ ❙♣ ✵ < σ
✵

≤ n, c = g, χ✷ = ✶ ❛♥❞ #❤❡ ❝♦♥❞✉❝#♦" ♦❢ χ ✐1 g;

✭❊✮ ❈❛%❡ ❯❚ ✷σ
✵

= ✷n + ✶,F = Q, χ
✶

= θ, ❛♥❞ kv − kvρ = ℓv ;

✭❋✮ ❈❛%❡ ❯❚ ✵ ≤ ✷σ
✵

< ✷n, c = g, χ
✶

= θ✷σ✵ ❛♥❞ #❤❡ ❝♦♥❞✉❝#♦" ♦❢ χ ✐1 r

❚❤❡♥

Z(σ
✵

, ❢, χ)/〈❢, ❢〉 ∈ πn|m|+dεQ̄,

✇❤❡"❡ d = [F : Q]✱ |m| =
∑

v∈❛mv ✱ ❛♥❞

ε =











(n + ✶)σ
✵

− n✷ − n, ❈❛1❡ ❙♣, k ∈ Z❛, ❛♥❞ σ
✵

> n
✵

),

nσ
✵

− n✷, ❈❛1❡ ❙♣, k 6∈ Z❛, ♦"σ
✵

≤ n
✵

),

✷nσ
✵

− ✷n✷ + n ❈❛1❡ ❯❚

◆♦#✐❝❡ #❤❛# πn|m|+dε ∈ Z ✐♥ ❛❧❧ ❝❛1❡1❀ ✐❢ k 6∈ Z❛

✱ #❤❡ ❛❜♦✈❡ ♣❛"✐#②

❝♦♥❞✐#✐♦♥ ♦♥ σ
✵

1❤♦✇1 #❤❛# σ
✵

+ kv ∈ Z✱ 1♦ #❤❛# n|m|+ dε ∈ Z✳
✸✼

❆♣♣❡♥❞✐① ❈✳ ❊①❛♠♣❧❡0 ♦❢ ❍❡-♠✐5✐❛♥ ❝✉0♣ ❢♦-♠0

❚❤❡ ❍❡-♠✐5✐❛♥ ■❦❡❞❛ ❧✐❢5✱ ❬■❦❡✵✽❪✳ ❆11✉♠❡ n = ✷n′ ❡✈❡♥✳

▲❡# f (τ) =
∞
∑

N=✶

a(N)qN ∈ S
✷k+✶

(Γ
✵

(DK ), χ) ❜❡ ❛ ♣"✐♠✐#✐✈❡ ❢♦"♠✱

✇❤♦1❡ L✲❢✉♥❝#✐♦♥ ✐1 ❣✐✈❡♥ ❜②

L(f , s) =
∏

p 6 |DK

(✶− a(p)p−s + θ(p)p✷k−✷s)−✶
∏

p|DK

(✶− a(p)p−s)−✶.

❋♦" ❡❛❝❤ ♣"✐♠❡ p 6 | DK ✱ ❞❡✜♥❡ #❤❡ ❙❛#❛❦❡ ♣❛"❛♠❡#❡"

{αp, βp} = {αp, θ(p)α
−✶
p } ❜②

(✶− a(p)X + θ(p)p✷kX ✷) = (✶− pkαpX )(✶− pkβpX )

❋♦" p|DK ✱ ✇❡ ♣✉# αp = p−ka(p)✳ H✉#

A(H) = |γ(H)|k
∏

p|γ(H)

F̃p(H;αp),H ∈ Λn(O)
+

F (H) =
∑

H∈Λn(❖)+

A(H)qH ,Z ∈ H
✷n.

✸✽



❆♣♣❡♥❞✐① ❈ ✭❝♦♥+✐♥✉❡❞✮✳❚❤❡ ✜23+ +❤❡♦2❡♠ ✭❡✈❡♥ ❝❛3❡✮

❚❤❡♦2❡♠ ✺✳✶ ✭❈❛3❡ ❊✮ ♦❢ ❬■❦❡✵✽❪ ❆!!✉♠❡ %❤❛% n = ✷n′ ✐!

❡✈❡♥✳ ▲❡% f (τ)✱ A(H) ❛♥❞ F (Z ) ❜❡ ❛! ❛❜♦✈❡✳ ❚❤❡♥ ✇❡ ❤❛✈❡

F ∈ S
✷k+✷n′(Γ

(n)
K , ❞❡%−k−n

′

).

■♥ %❤❡ ❝❛!❡ ✇❤❡♥ n ✐! ♦❞❞✱ ❝♦♥!✐❞❡6 ❛ !✐♠✐❧❛6 ❧✐❢%✐♥❣ ❢♦6 ❛ ♥♦6♠❛❧✐③❡❞

❍❡❝❦❡ ❡✐❣❡♥❢♦6♠ n = ✷n′ + ✶ ✐! ♦❞❞✳ ▲❡% f (τ) =

∞
∑

N=✶

a(N)qN

∈ S
✷k(❙▲✷(Z)) ❜❡ ❛ ♣6✐♠✐%✐✈❡ ❢♦6♠✱ ✇❤♦!❡ L✲❢✉♥❝%✐♦♥ ✐! ❣✐✈❡♥ ❜②

L(f , s) =
∏

p

(✶− a(p)p−s + p✷k−✶−✷s)−✶.

❋♦6 ❡❛❝❤ ♣6✐♠❡ p✱ ❞❡✜♥❡ %❤❡ ❙❛%❛❦❡ ♣❛6❛♠❡%❡6 {αp, α
−✶
p } ❜②

(✶− a(p)X + p✷k−✶X ✷) = (✶− pk−(✶/✷)αpX )(✶− pk−(✶/✷)α−✶X ).

D✉%

A(H) = |γ(H)|k−(✶/✷)
∏

p|γ(H)

F̃p(H;αp),H ∈ Λn(O)
+

F (H) =
∑

H∈Λn(❖)+

A(H)qH ,Z ∈ Hn.

✸✾

❆♣♣❡♥❞✐① ❈ ✭❝♦♥+✐♥✉❡❞✮✳ ❚❤❡ 3❡❝♦♥❞ +❤❡♦2❡♠ ✭♦❞❞ ❝❛3❡✮

❚❤❡♦2❡♠ ✺✳✷ ✭❈❛3❡ ❖✮ ♦❢ ❬■❦❡✵✽❪✳ ❆!!✉♠❡ %❤❛% n = ✷n′ + ✶

✐! ♦❞❞✳ ▲❡% f (τ)✱ A(H) ❛♥❞ F (Z ) ❜❡ ❛! ❛❜♦✈❡✳ ❚❤❡♥ ✇❡ ❤❛✈❡

F ∈ S
✷k+✷n′(Γ

(n)
K , ❞❡%−k−n

′

).

❚❤❡ ❧✐❢% Lift(n)(f ) ♦❢ f ✐! ❛ ❝♦♠♠♦♥ ❍❡❝❦❡ ❡✐❣❡♥❢♦6♠ ♦❢ ❛❧❧ ❍❡❝❦❡

♦♣❡6❛%♦6! ♦❢ %❤❡ ✉♥✐%❛6② ❣6♦✉♣✱ ✐❢ ✐% ✐! ♥♦% ✐❞❡♥%✐❝❛❧❧② ③❡6♦ ✭❚❤❡♦6❡♠

✶✸✳✻✮✳

❚❤❡♦2❡♠ ✶✽✳✶ ♦❢ ❬■❦❡✵✽❪✳ ▲❡% n✱ n′✱ ❛♥❞ f ❜❡ ❛! ✐♥ ❚❤❡♦6❡♠

✺✳✶ ♦6 ❛! ✐♥ ❚❤❡♦6❡♠ ✺✳✷✳ ❆!!✉♠❡ %❤❛% Lift(n)(f ) 6= ✵✳ ▲❡%

L(s, Lift(n)(f ), st) ❜❡ %❤❡ L✲❢✉♥❝%✐♦♥ ♦❢ Lift(n)(❢) ❛!!♦❝✐❛%❡❞ %♦
st : LG→ ●▲

✹n(C)✳ ❚❤❡♥ ✉♣ '♦ ❜❛❞ ❊✉❧❡. ❢❛❝'♦.1✱

L(s, Lift(n)(f ), st) ✐1 ❡4✉❛❧ '♦

n
∏

i=✶

L(s + k + n′ − i +
✶

✷

, f )L(s + k + n′ − i +
✶

✷

, f , θ).

▼♦.❡♦✈❡.✱ '❤❡ ✹n ❝❤❛.❝'❡.✐1'✐❝ .♦♦'1 ♦❢ L(s, Lift(n)(f ), st) ❣✐✈❡♥ ❛1

❢♦❧❧♦✇1✿ ❢♦. i = ✶, · · · , n

αpp
−k−n′+i− ✶

✷ , α−✶p p−k−n
′+i− ✶

✷ , θ(p)αpp
−k−n′+i− ✶

✷ , θ(p)α−✶p p−k−n
′+i− ✶

✷

✹✵



❋✉♥❝$✐♦♥❛❧ ❡*✉❛$✐♦♥ ♦❢ $❤❡ ❧✐❢$ ✭$❤❛♥❦/ $♦ ❙❤♦ ❚❛❦❡♠♦3✐✦✮

❚❤❡#❡ ❛#❡ %✇♦ ❝❛)❡) ❬■❦❡✵✽❪✿ %❤❡ ❡✈❡♥ ❝❛)❡ ✭❊✮ ❛♥❞ %❤❡ ♦❞❞ ❝❛)❡ ✭❖✮✿























f ∈ S
✷k+✶

(Γ
✵

(D), θ),F = Lift(n)(f ) (E )

(%❤❡ ❧✐❢% ✐) ♦❢ ❡✈❡♥ ❞❡❣#❡❡ n = ✷n′ ❛♥❞ ♦❢ ✇❡✐❣❤% ✷k + ✷n′)

f ∈ S
✷k(❙▲(Z)),F = Lift(n)(f ) (O)

(%❤❡ ❧✐❢% ✐) ♦❢ ♦❞❞ ❞❡❣#❡❡ n = ✷n′ + ✶ ❛♥❞ ♦❢ ✇❡✐❣❤% ✷k + ✷n′).

❚❤❡♥✱ ✉♣ %♦ ❜❛❞ ❊✉❧❡# ❢❛❝%♦#)✱ %❤❡ )%❛♥❞❛#❞ L✲❢✉♥❝%✐♦♥ ♦❢

F = Lift(n)(f ) ✐) ❣✐✈❡♥ ❜②
∏n

i=✶

L(s + k + n′ − i + ✶

✷

, f )L(s + k + n′ − i + ✶

✷

, f , θ)

=































































∏

✷n′

i=✶

L(s + k + n′ − i + ✶

✷

, f )L(s + k + n′ − i + ✶

✷

, f , θ) (E )
∏n′

i=✶

L(t(s, i), f )L(t(s, ✷n′ + ✶− i), f )

L(t(s, i), f , θ)L(t(s, ✷n′ + ✶− i), f , θ)
∏

✷n′+✶

i=✶

L(s + k + n′ − i + ✶

✷

, f )

×L(s + k + n′ − i + ✶

✷

, f , θ) (O)

= L(s + k − ✶

✷

, f )L(s + k − ✶

✷

, f , θ)
∏n′

i=✶

L(t(s, i), f )L(t(s, ✷n′ + ✷− i), f )

L(t(s, i), f , θ)L(t(s, ✷n′ + ✷− i), f , θ)

✇❤❡#❡ t(s, i) = s + k + n′ − i + ✶

✷

✳

✹✶

❚❤❡ ●❛♠♠❛ ❢❛❝$♦3 ΓZ(s) ♦❢ ■❦❡❞❛✬/ ❧✐❢$
■♥ %❤❡ ❡✈❡♥ ❝❛)❡ )✐♥❝❡ (✷k + ✶)− t(s, i) ❂ t(✶− s, ✷n′ + ✶− i)✱
✉)✐♥❣ %❤❡ ❍❡❝❦❡ ❢✉♥❝%✐♦♥❛❧ ❡G✉❛%✐♦♥ ✐♥ %❤❡ )②♠♠❡%#✐❝ %❡#♠) ♦❢ %❤❡

♣#♦❞✉❝%✱ ❣✐✈❡) %❤❡ ❢✉♥❝%✐♦♥❛❧ ❡G✉❛%✐♦♥ ♦❢ %❤❡ )%❛♥❞❛#❞ L ❢✉♥❝%✐♦♥ ♦❢

%❤❡ ❢♦#♠ s 7→ ✶− s✱ ❛♥❞ %❤❡ ❣❛♠♠❛ ❢❛❝%♦# ✐) ❣✐✈❡♥ ❜②

n
∏

i=✶

ΓC(s + k + n′ − i + ✶/✷)✷ = ΓD(s + n′ +
✶

✷

).

■♥ %❤❡ ♦❞❞ ❝❛)❡ ✇❤❡♥ f ∈ S
✷k(SL✷(Z))✱ %❤❡ ❧✐❢% ✐) ♦❢ ❞❡❣#❡❡

n = ✷n′ + ✶ ❛♥❞ ♦❢ ✇❡✐❣❤% ✷k + ✷n′✳ ❇② ✷k − t(s, i) ❂
t(✶− s, ✷n + ✷− i)✱ %❤❡ )%❛♥❞❛#❞ L ❢✉♥❝%✐♦♥) ❤❛) ❢✉♥❝%✐♦♥❛❧

❡G✉❛%✐♦♥ ♦❢ %❤❡ ❢♦#♠ s 7→ ✶− s ❛♥❞ %❤❡ ❣❛♠♠❛ ❢❛❝%♦# ✐) %❤❡ )❛♠❡✳

❍❡♥❝❡ %❤❡ ●❛♠♠❛ ❢❛❝%♦# ♦❢ ■❦❡❞❛✬) ❧✐❢%✐♥❣✱ ❞❡♥♦%❡❞ ❜② ❢✱ ♦❢ ❛♥

❡❧❧✐♣%✐❝ ♠♦❞✉❧❛# ❢♦#♠ f ❛♥❞ ✉)❡❞ ❛) ❛ ♣❛%%❡#♥✱ ❡①%❡♥❞) %♦ ❛ ❣❡♥❡#❛❧

✭♥♦% ♥❡❝❡))❛#✐❧② ❧✐❢%❡❞✮ ❍❡#♠✐%✐❛♥ ♠♦❞✉❧❛# ❢♦#♠ ❢ ♦❢ ❡✈❡♥ ✇❡✐❣❤% ℓ✱
✇❤✐❝❤ ❡G✉❛❧) ✐♥ %❤❡ ❧✐❢%❡❞ ❝❛)❡ %♦ ℓ = ✷k + ✷n′✱ ✇❤❡#❡

k = (ℓ− ✷n′)/✷ = ℓ/✷− n′❂ℓ/✷− n′✱ ✇❤❡♥ %❤❡ ●❛♠♠❛ ❢❛❝%♦# ♦❢

%❤❡ )%❛♥❞❛#❞ ③❡%❛ ❢✉♥❝%✐♦♥ ✇✐%❤ %❤❡ )②♠♠❡%#② s 7→ ✶− s ❜❡❝♦♠❡)

✭)❡❡ ♣✳✹✶✮

∏n
i=✶

ΓC(s + ℓ/✷− n′ + n′ − i + (✶/✷))✷ =
∏n

i=✶

ΓC(s + ℓ/✷− i + (✶/✷))✷ =
∏n−✶

i=✵

ΓC(s + ℓ/✷− i − (✶/✷))✷✳
✹✷



❚❤❛♥❦% ❢♦( ②♦✉( ❛++❡♥+✐♦♥✦

▼❛♥② $❤❛♥❦' $♦ ❆$❤❛♥❛'✐♦' ❇❖❯●❆◆■❙ ❢♦3 ❤✐' ✐♥✈✐$❛$✐♦♥ $♦ ❛

$✇♦ ❞❛②' ✇♦3❦'❤♦♣ ❡♥$✐$❧❡❞ ✧❆3✐$❤♠❡$✐❝ ♦❢ ❛✉$♦♠♦3♣❤✐❝ ❢♦3♠'

❛♥❞ '♣❡❝✐❛❧ ▲✲✈❛❧✉❡'✧ ❛$ ❉✉3❤❛♠ ❯♥✐✈❡3'✐$②✱ ♦♥ ▼♦♥❞❛② ✷✻$❤

❛♥❞ ❚✉❡'❞❛② ✷✼$❤ ♦❢ ▼❛3❝❤ ✷✵✶✽✱ $♦ ❙✐❡❣❢3✐❡❞ ❇♦❡❝❤❡3❡3

✭▼❛♥♥❤❡✐♠✮✱ ❙❤♦ ❚❛❦❡♠♦3✐ ✭▼L■▼✮ ❛♥❞ ❊♠♠❛♥✉❡❧ ❘♦②❡3

✭❯♥✐✈❡3'✐$② ❈❧❡3♠♦♥$ ❆✉✈❡3❣♥❡✮ ❢♦3 ✈❛❧✉❛❜❧❡ ❞✐'❝✉''✐♦♥' ❛♥❞

♦❜'❡3✈❛$✐♦♥'✳

✹✸

❘❡❢❡3❡♥❝❡'

❆♠✐❝❡✱ ❨✳ ❛♥❞ ❱,❧✉✱ ❏✳✱ ❉✐"#$✐❜✉#✐♦♥" p✲❛❞✐,✉❡" ❛""♦❝✐/❡" ❛✉①

"/$✐❡" ❞❡ ❍❡❝❦❡✱ ❏♦✉1♥,❡2 ❆1✐3❤♠,3✐5✉❡2 ❞❡ ❇♦1❞❡❛✉① ✭❈♦♥❢✳

❯♥✐✈✳ ❇♦1❞❡❛✉①✱ ✶✾✼✹✮✱ ❆23,1✐25✉❡ ♥♦✳ ✷✹✴✷✺✱ ❙♦❝✳ ▼❛3❤✳

❋1❛♥❝❡✱ H❛1✐2 ✶✾✼✺✱ ♣♣✳ ✶✶✾✲✶✸✶

❇L❝❤❡1❡1✱ ❙✳✱ 3❜❡$ ❞✐❡ ❋✉♥❦#✐♦♥❛❧❣❧❡✐❝❤✉♥❣ ❛✉#♦♠♦$♣❤❡$

L✕❋✉♥❦#✐♦♥❡♥ ③✉$ ❙✐❡❣❡❧"❝❤❡$ ▼♦❞✉❧❣$✉♣♣❡✳ ❏✳ 1❡✐♥❡ ❛♥❣❡✇✳

▼❛3❤✳ ✸✻✷ ✭✶✾✽✺✮ ✶✹✻✲✶✻✽

❇♦❡❝❤❡1❡1✱ ❙✳✱ ◆❛❣❛♦❦❛✱ ❙✳ ✱ ❖♥ p✲❛❞✐❝ ♣$♦♣❡$#✐❡" ♦❢ ❙✐❡❣❡❧

♠♦❞✉❧❛$ ❢♦$♠"✱ ✐♥✿ ❆✉3♦♠♦1♣❤✐❝ ❋♦1♠2✳ ❘❡2❡❛1❝❤ ✐♥ ◆✉♠❜❡1

❚❤❡♦1② ❢1♦♠ ❖♠❛♥✳ ❙♣1✐♥❣❡1 H1♦❝❡❡❞✐♥❣2 ✐♥ ▼❛3❤❡♠❛3✐❝2 ❛♥❞

❙3❛3✐23✐❝2 ✶✶✺✳ ❙♣1✐♥❣❡1 ✷✵✶✹✳

❇L❝❤❡1❡1✱ ❙✳✱ H❛♥❝❤✐2❤❦✐♥✱ ❆✳❆✳✱ ❍✐❣❤❡$ ❚✇✐"#" ❛♥❞ ❍✐❣❤❡$

●❛✉"" ❙✉♠" ❱✐❡3♥❛♠ ❏♦✉1♥❛❧ ♦❢ ▼❛3❤❡♠❛3✐❝2 ✸✾✿✸ ✭✷✵✶✶✮

✸✵✾✲✸✷✻

✹✹



❇!❝❤❡%❡%✱ ❙✳✱ ❛♥❞ ❙❝❤♠✐❞.✱ ❈✳✲●✳✱ p✲❛❞✐❝ ♠❡❛'✉)❡' ❛**❛❝❤❡❞ *♦

❙✐❡❣❡❧ ♠♦❞✉❧❛) ❢♦)♠'✱ ❆♥♥✳ ■♥4.✳ ❋♦✉%✐❡% ✺✵✱ ◆

◦
✺✱ ✶✸✼✺✲✶✹✹✸

✭✷✵✵✵✮✳

❇♦✉❣❛♥✐4 ❚✳ ◆♦♥✲❛❜❡❧✐❛♥ ♣✲❛❞✐❝ ▲✲❢✉♥❝*✐♦♥' ❛♥❞ ❊✐'❡♥'*❡✐♥

'❡)✐❡' ♦❢ ✉♥✐*❛)② ❣)♦✉♣'❀ *❤❡ ❈▼ ♠❡*❤♦❞✱ ❆♥♥✳ ■♥4.✳ ❋♦✉%✐❡%

✭●%❡♥♦❜❧❡✮✱ ✻✹ ♥♦✳ ✷ ✭✷✵✶✹✮✱ ♣✳ ✼✾✸✲✽✾✶✳

❇♦✉❣❛♥✐4 ❚✳ ♣✲❛❞✐❝ ▼❡❛'✉)❡' ❢♦) ❍❡)♠✐*✐❛♥ ▼♦❞✉❧❛) ❋♦)♠' ❛♥❞

*❤❡ ❘❛♥❦✐♥✲❙❡❧❜❡)❣ ▼❡*❤♦❞✳ ✐♥ ❊❧❧✐♣.✐❝ ❈✉%✈❡4✱ ▼♦❞✉❧❛% ❋♦%♠4

❛♥❞ ■✇❛4❛✇❛ ❚❤❡♦%② ✲ ❈♦♥❢❡%❡♥❝❡ ✐♥ ❤♦♥♦✉% ♦❢ .❤❡ ✼✵.❤

❜✐%.❤❞❛② ♦❢ ❏♦❤♥ ❈♦❛.❡4✱ ♣♣ ✸✸✲✽✻

❈❛%❧✐.③✱ ▲✳ ✱ ❚❤❡ ❝♦❡✣❝✐❡♥*' ♦❢ *❤❡ ❧❡♠♥✐'❝❛*❡ ❢✉♥❝*✐♦♥✱ ▼❛.❤✳

❈♦♠♣✳✱ ✶✻ ✭✶✾✻✷✮✱ ✹✼✺✲✹✼✽✳

❈♦✉%.✐❡✉✱▼✳✱ R❛♥❝❤✐4❤❦✐♥ ✱❆✳❆✳✱ ◆♦♥✲❆)❝❤✐♠❡❞❡❛♥ L✲❋✉♥❝*✐♦♥'

❛♥❞ ❆)✐*❤♠❡*✐❝❛❧ ❙✐❡❣❡❧ ▼♦❞✉❧❛) ❋♦)♠'✱ ▲❡❝.✉%❡ ◆♦.❡4 ✐♥

▼❛.❤❡♠❛.✐❝4 ✶✹✼✶✱ ❙♣%✐♥❣❡%✲❱❡%❧❛❣✱ ✷✵✵✹ ✭✷♥❞ ❛✉❣♠❡♥.❡❞ ❡❞✳✮

❈♦❛.❡4 ✱ ❏✳ ❛♥❞ ❲✐❧❡4✱ ❆✳✱ ❖♥ *❤❡ ❝♦♥❥❡❝*✉)❡ ♦❢ ❇✐)❝❤ ❛♥❞

❙✇✐♥♥❡)*♦♥✲❉②❡)✱ ■♥✈❡♥.✐♦♥❡4 ♠❛.❤✳ ✸✾✱ ✷✷✸✲✷✺✶

✹✺

❈♦❤❡♥✱ ❍✳ ❈♦♠♣✉*✐♥❣ ▲ ✲❋✉♥❝*✐♦♥'✿ ❆ ❙✉)✈❡②✳ ❏♦✉%♥❛❧ ❞❡

.❤X♦%✐❡ ❞❡4 ♥♦♠❜%❡4 ❞❡ ❇♦%❞❡❛✉①✱ ❚♦♠❡ ✷✼ ✭✷✵✶✺✮ ♥♦✳ ✸ ✱ ♣✳

✻✾✾✲✼✷✻

❉❡❧✐❣♥❡ R✳✱ ❱❛❧❡✉)' ❞❡ ❢♦♥❝*✐♦♥' L ❡* ♣K)✐♦❞❡' ❞✬✐♥*K❣)❛❧❡'✱

R%♦❝✳❙②♠♣♦4✳R✉%❡ ▼❛.❤✳ ✈♦❧✳ ✺✺✳ ❆♠❡%✳ ▼❛.❤✳ ❙♦❝✳✱

R%♦✈✐❞❡♥❝❡✱ ❘■✱ ✶✾✼✾ ✱ ✸✶✸✲✸✹✻✳

❊✐4❝❤❡♥✱ ❊❧❧❡♥ ❊✳✱ p✲❛❞✐❝ ❉✐✛❡)❡♥*✐❛❧ ❖♣❡)❛*♦)' ♦♥ ❆✉*♦♠♦)♣❤✐❝

❋♦)♠' ♦♥ ❯♥✐*❛)② ●)♦✉♣'✳ ❆♥♥❛❧❡4 ❞❡ ❧✬■♥4.✐.✉. ❋♦✉%✐❡% ✻✷✱

◆♦✳✶ ✭✷✵✶✷✮ ✶✼✼✲✷✹✸✳

❊✐4❝❤❡♥ ❊❧❧❡♥ ❊✳✱ ❍❛%%✐4✱ ▼✐❝❤❛❡❧✱ ▲✐✱ ❏✐❛♥✲❙❤✉✱ ❙❦✐♥♥❡%✱

❈❤%✐4.♦♣❤❡% ▼✳✱ ♣✲❛❞✐❝ ▲✲❢✉♥❝*✐♦♥' ❢♦) ✉♥✐*❛)② ❣)♦✉♣'✱

❛!❳✐✈✿✶✻✵✷✳✵✶✼✼✻✈✸ ❬♠❛/❤✳◆❚❪

❊✐❝❤❧❡%✱ ▼✳✱ ❩❛❣✐❡%✱ ❉✳✱ ❚❤❡ *❤❡♦)② ♦❢ ❏❛❝♦❜✐ ❢♦)♠'✱ R%♦❣%❡44 ✐♥

▼❛.❤❡♠❛.✐❝4✱ ✈♦❧✳ ✺✺ ✭❇✐%❦❤^✉4❡%✱ ❇♦4.♦♥✱ ▼❆✱ ✶✾✽✺✮✳

■❦❡❞❛✱ ❚✳✱ ❖♥ *❤❡ ❧✐❢*✐♥❣ ♦❢ ❡❧❧✐♣*✐❝ ❝✉'♣ ❢♦)♠' *♦ ❙✐❡❣❡❧ ❝✉'♣

❢♦)♠' ♦❢ ❞❡❣)❡❡ ✷n✱ ❆♥♥✳ ♦❢ ▼❛.❤✳ ✭✷✮ ✶✺✹ ✭✷✵✵✶✮✱ ✻✹✶✲✻✽✶✳

✹✻



■❦❡❞❛✱ ❚✳✱ ❖♥ "❤❡ ❧✐❢"✐♥❣ ♦❢ ❍❡+♠✐"✐❛♥ ♠♦❞✉❧❛+ ❢♦+♠0✱

❈♦♠♣♦,✐.✐♦ ▼❛.❤✳ ✶✹✹✱ ✶✶✵✼✲✶✶✺✹✱ ✭✷✵✵✽✮

❑✳ ■✇❛,❛✇❛✱ ▲❡❝"✉+❡0 ♦♥ p✲❆❞✐❝ L✲❋✉♥❝"✐♦♥0✱ ❆♥♥✳ ♦❢ ▼❛.❤✳

❙.✉❞✐❡,✱ ◆

◦
✼✹✳ CD✐♥❝❡.♦♥ ❯♥✐✈✳ CD❡,, ✭✶✾✼✷✮✳

C❛♥❝❤✐,❤❦✐♥✱ ❙✳✱ ❆♥❛❧②"✐❝ ❝♦♥0"+✉❝"✐♦♥0 ♦❢ p✲❛❞✐❝ L✲❢✉♥❝"✐♦♥0

❛♥❞ ❊✐0❡♥0"❡✐♥ 0❡+✐❡0✳ ❚D❛✈❛✉① ❞✉ ❈♦❧❧♦K✉❡ ✧❆✉.♦♠♦D♣❤✐❝

❋♦D♠, ❛♥❞ ❘❡❧❛.❡❞ ●❡♦♠❡.D②✱ ❆,,❡,,✐♥❣ .❤❡ ▲❡❣❛❝② ♦❢

■✳■✳C✐❛.❡.,❦✐✲❙❤❛♣✐D♦ ✭✷✸✲✷✼ ❆♣D✐❧✱ ✷✵✶✷✱ ❨❛❧❡ ❯♥✐✈❡D,✐.② ✐♥ ◆❡✇

❍❛✈❡♥✱ ❈❚✮✧✱ ✸✹✺✲✸✼✹✱ ✷✵✶✹

●❡❧❜❛D.✱ ❙✳✱ ▼✐❧❧❡D✱ ❙✳❉✱ C❛♥❝❤✐,❤❦✐♥✱ ❙✳✱ ❛♥❞ ❙❤❛❤✐❞✐✱ ❋✳✱ ❆

p✲❛❞✐❝ ✐♥"❡❣+❛❧ ❢♦+ "❤❡ +❡❝✐♣+♦❝❛❧ ♦❢ L✲❢✉♥❝"✐♦♥0✳ ❚D❛✈❛✉① ❞✉

❈♦❧❧♦K✉❡ ✧❆✉.♦♠♦D♣❤✐❝ ❋♦D♠, ❛♥❞ ❘❡❧❛.❡❞ ●❡♦♠❡.D②✱

❆,,❡,,✐♥❣ .❤❡ ▲❡❣❛❝② ♦❢ ■✳■✳ C✐❛.❡.,❦✐✲❙❤❛♣✐D♦✧ ✭✷✸ ✲ ✷✼ ❆♣D✐❧✱

✷✵✶✷✱ ❨❛❧❡ ❯♥✐✈❡D,✐.② ✐♥ ◆❡✇ ❍❛✈❡♥✱ ❈❚✮✱ ❈♦♥.❡♠♣♦D❛D②

▼❛.❤❡♠❛.✐❝,✱ ✸✹✺✲✸✼✹ ✭❛✈❡❝ ❙.❡♣❤❡♥ ●❡❧❜❛D.✱ ❙.❡♣❤❡♥ ❉✳

▼✐❧❧❡D✱ ❛♥❞ ❋D❡②❞♦♦♥ ❙❤❛❤✐❞✐✮✱ ✺✸✲✻✽✱ ✷✵✶✹✳

✹✼

●❡❧❜❛D.✱ ❙✳✱ ❛♥❞ ❙❤❛❤✐❞✐✱ ❋✳✱ ❆♥❛❧②"✐❝ :+♦♣❡+"✐❡0 ♦❢

❆✉"♦♠♦+♣❤✐❝ L✲❢✉♥❝"✐♦♥0✱ ❆❝❛❞❡♠✐❝ CD❡,,✱ ◆❡✇ ❨♦D❦✱ ✶✾✽✽✳

●❡❧❜❛D. ❙✳✱C✐❛.❡.,❦✐✲❙❤❛♣✐D♦ ■✳■✳✱ ❘❛❧❧✐, ❙✳ ❊①♣❧✐❝✐" ❝♦♥0"+✉❝"✐♦♥0
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