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EXERCISE SHEET 3
DECOMPOSITION INTO PRODUCT OF PRIME IDEALS

Exercise 1. [The quadratic case]

Let d # 0,1 be a squarefree integer and K = Q(v/d). As the case d # 1 mod 4
has been done in class, we assume here that d =1 mod 4.

(a) Give an element o € K such that Z[a] = Ok. What is its minimal polynomial
P over Q7

(b) For every prime number p, determine the factorisation of P modulo p. Deduce
the factorisation of pOg as a product of prime ideals of Ok.

(c) What are the prime numbers who ramify in Ok 7 Split in O 7 Are inert in
Ok ?

Exercise 2. [Sum and product of ideals]

Let A be a Dedekind ring and I, J two (nonzero) ideals of A.

(a) Prove that for every nonzero prime ideal p of A, the power of p appearing in
the decomposition of I is exactly the maximal integer n such that I C p™.

(b) Give the decompositions of I.J,I1NJ and I+ J in terms of the decompositions
of I and J.

(c¢) Deduce that IJ = (I + J)INJ.

Exercise 3. [Resultant and discriminant]
Let A be a commutative ring and

of respective degrees m and n. The resultant of P, (@), denoted by Res(P, @), is the
determinant of the (m + n)-matrix

- 0 .. 0 b, 0 ---0
Um_1 G ' D by
QA1 0 0
Gy by by,
ag am-1 bo
0 ' 0 by
ag : by b
0 0 ao 0 0 b




Prove that this is the determinant of (S, T") — PS+QT from A, _1[X]x A,,—1[X]
to Apn—1]X] for well-chosen bases of these spaces.
(a) Prove that if ¢ : A — B is a ring morphism,

Res(o(P), ¢(Q)) = ¢(Res(P, Q))

for the induced morphism ¢ : A[X] — B[X] (acting term by term), if deg p(P) =m
and deg ¢(Q) = n. What happens if deg o(P) = m but degp(Q) <n ?

(b) We assume here that A is an integral domain and fix K = Frac A. Prove
that Res(P; Q) is the determinant of the multiplication by @ in the K-vector space
K[X]/(P). Deduce that for every nonconstant P,Q, R € A[X],

Res(P,QR) = Res(P, Q) Res(P, R),

and that if

P=a][(X -a), Q=0b]](X-8),
i—1 j=1
then

Res(P, Q) = a"b™ H H(Oﬁ — B;)-
i=1 j=1
When is it zero ?
(¢) For a number field K = Q(«) such that Ox = Z[a], it P € Z[X] is the
minimal polynomial of a over QQ, prove that

disc K = £ Res(P, P').

(d) Deduce that a prime number p is ramified in Ok if and only if p divides
disc K (it is actually true even if Ok is not monogenous).

Exercise 4. [Valuations on Dedekind rings|

Let A be a Dedeking ring and K = Frac A.

For every nonzero prime p ideal of A and every nonzero a € A, define v,(a) as
the power of p appearing in the decomposition of aA.

(a) Prove that for every nonzero a,b € A with a+b # 0, v,(a+b) > min(vy(a), v,(b))
and vy(ab) = vy(a) + vy (b).

(b) Deduce that v, extends to a group morphism from K* to Z. One also define
by convention v,(0) = +o0.

(c) For the prime number p below p (i.e. pNZ = pZ), what is v,(p) 7

(d) Prove the approximation lemma: for every distincts nonzero prime ideals
p1, - ,p. of A, every zq,--- ,x, € A and every nq,...,n, € N there exists v € A
such that vy, (z — x;) > n; for all i € {1,--- ,r}.

(e) Prove that for every z € K, x belongs to A if and only if v,(z) > 0 for every
nonzero prime ideal p of A.



Exercise 5. [Dedekind rings and factorization]

Let A be an integral domain.

(a) Assume that every nonzero ideal of A has a unique decomposition into a prod-
uct of maximal ideals of A. Prove that every nonzero prime ideal of A is maximal,
and that A is noetherian.

(b) Using the previous exercise on valuations (which only needs the decomposition
exhibited as before), prove that A is integrally closed by arguing on the p-adic
valuations of an element of Frac A integral over A. We have thus proved that A is a
Dedekind domain.

(c) Assume here that A is both a Dedekind domain and a unique factorization
domain. Prove that every nonzero prime ideal p of A contains some irreducible
element z, of A, and prove that necessarily (z,) = p. Deduce that A is a principal
ideal domain.



