
Wave-jet resonance and abrupt transition
to equatorial superrotation

Corentin Herbert
CNRS & ENS de Lyon

February 15, 2019 — ENS de Lyon, GdT MathsInFluids

Abrupt Transition to Strong Superrotation Driven by Equatorial Wave Resonance
in an Idealized GCM

NATHAN P. ARNOLD

Department of Earth and Planetary Sciences, Harvard University, Cambridge, Massachusetts

ELI TZIPERMAN AND BRIAN FARRELL

Department of Earth and Planetary Sciences, and School of Engineering and Applied Sciences,
Harvard University, Cambridge, Massachusetts

(Manuscript received 16 May 2011, in final form 16 August 2011)

ABSTRACT

Persistent superrotation is seen in the atmospheres of other terrestrial bodies (Venus, Titan) but not in that
of present Earth, which is distinguished by equatorial easterlies. Nevertheless, superrotation has appeared in
numerical simulations of Earth’s atmosphere, from two-layer models to multilevel comprehensive GCMs.
Simulations of warm climates that generate enhanced tropical convective variability seem particularly prone
to superrotation, which has led to hypotheses that the warmer atmospheres of the early Pliocene and Eocene
may have been superrotating, and that the phenomenon may be relevant to future climate projections.

This paper considers a positive feedback leading to superrotation based on an equatorial wave resonance
that occurs in a westerly background flow. The authors present simulations with an idealized multilevel GCM
forced with a zonally varying equatorial heating, which show abrupt transitions to strongly superrotating
states. Linear shallow water theory is used to show that these transitions occur as the superrotating jet velocity
approaches the phase speed of free equatorial Rossby wave modes, leading to a resonant amplification of the
response to eddy heating and its associated equatorward momentum flux. The resonance and transition are
most prominent in simulations where the meridional temperature gradient has been reduced, and hysteresis
behavior is seen when the gradient is eliminated completely. No evidence is found in these simulations for the
midlatitude wave feedback believed to drive abrupt transitions in two-layer models, and there is only a minor
role for the axisymmetric feedback based on vertical advection by the Hadley circulation.

1. Introduction

Superrotation refers to an atmospheric circulation
with persistent zonal-mean westerly winds over the
equator. Such a state is relatively common in our solar
system, being observed in the gas giants Jupiter and
Saturn, as well as the atmospheres of Venus and Titan.
Earth’s atmosphere is also known to superrotate, but
only in the stratosphere during the westerly phase of
the quasi-biennial oscillation. It has been suggested
that superrotation may be excited in a global warming
scenario (Held 1999; Pierrehumbert 2000) and that it
may explain the Pliocene ‘‘permanent El Niño’’ in-
ferred from proxy observations (Tziperman and Farrell

2009). It is therefore of significant interest to understand
the physical mechanisms that may lead to a superrotating
state.

Hide (1969) showed that prograde (westerly) equato-
rial winds are impossible without large-scale, up-gradient
eddy transport of angular momentum, which is primarily
accomplished in Earth’s atmosphere by Rossby waves
(e.g., Held 1999). Because Rossby waves act to accelerate
their latitude of origin, superrotation must generally in-
volve an equatorial wave source. Organized tropical con-
vection can provide such a source and has been associated
with the onset of superrotation in previous studies (Lee
1999; Caballero and Huber 2010; Grabowski 2004). Su-
perrotation will occur in general when the momentum
convergence due to equatorial waves exceeds the diver-
gence due to other phenomena, particularly the seasonal
cross-equatorial flow of the Hadley cell (Kraucunas and
Hartmann 2005).
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Equatorial superrotation: a robust phenomenon

Angular momentum:
M = a cosφ(Ωa cosφ+ u)

Um = Ωa sin2 φ
cosφ
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Shallow-water equations2

[13] While our model is highly idealized, we have never-
theless selected parameters that correspond, approximately,
to the Jovian atmosphere. Rossby numbers are similar to
Jovian values, with resulting equatorial jet speeds of ap-
proximately 200 ms!1, and LD/a ranges down to 0.025. As
far as we are aware, this is the first numerical integration
with physically relevant parameters in rotating shallow
water to produce the observed sign of the equatorial jet.
(In a two-dimensional barotropic model, that is, the shallow
water model in the limit LD/a ! 1, Dunkerton and Scott
[2008] showed that superrotating and subrotating equatorial
jets emerged with roughly equal probability in an ensemble
of numerical calculations with identical physical parameters.
Similar behavior also emerges in the shallow water equations
with linear friction for LD/a ^ 1, but has until now not been
found for LD/a " 1, the regime of relevance for the giant
planets.)
[14] The spontaneous formation of the superrotating

equatorial jet and the alternating midlatitude jets, for the
case LD/a = 0.025, is illustrated in Figure 2. Note that the
zonal jets are very robust, despite the fact that the flow is
highly turbulent, as can be seen in Figure 3, which shows
the potential vorticity q at time t = 10000 for the same
integration. Further, we have found that once the equatorial
superrotation has formed it is a robust feature. Several
integrations were carried out beginning from a preexisting
state of superrotation, but without any forcing or dissipation;
in all cases the equatorial superrotation persisted throughout
these integrations (typically for thousands of days).
[15] Despite the simplicity of our model, it is worth

remarking that it also captures another key qualitative
aspect of the circulation of the giant planets. The instanta-
neous potential vorticity field shown in Figure 3 exhibits a
mixture of zonal structures, coherent vortices and filamen-
tary turbulence, not dissimilar to the cloud-top patterns
observed on the planets (here, the potential vorticity and
cloud top fields can both be approximately considered as
quasi-conserved tracer). Despite the qualitative nature of
such a comparison, we submit that any model that purports
to capture the atmospheric circulation of the giant planets
should also be able to reproduce such features.

[16] Finally, we stress that the results presented above are
not fortuitous, isolated members of large ensembles of inte-
grations: they are entirely reproducible. In fact we have
performed dozens of integrations with various parameter
settings (varying LD, !0, tfr and trad) and have found that
equatorial superrotation emerges in every calculation in which
radiative relaxation is the dominant form of dissipation.
[17] Equatorial superrotation can be understood diagnos-

tically in terms of the mixing by turbulent eddies of the
shallow water potential vorticity q = za/h. It is consistent
with angular momentum conservation provided one recog-
nizes the role of upgradient (i.e. non-advective) potential
vorticity fluxes [McIntyre, 1982; Dunkerton and Scott,
2008]. As can be seen in Figure 3, mixing of q takes place
on either side of, but not across, the equator, resulting in a
sharp jump at the equator (visible as the white band).
Through the diagnostic relation linking the zonal mean q,
u and h, the jump at the equator will necessarily be
accompanied by a superrotating equatorial jet (seeDunkerton
and Scott [2008] for details in the barotropic case).
[18] The jump in q at the equator is associated with an

upgradient (non-advective) flux of q across the equator. In
particular, we note that the equatorial jet here is eddy-
driven, rather than forced directly by the effect of the
radiative relaxation on the zonal flow, in the sense that
the upgradient PV flux is an eddy flux of the form v0q0. This
is demonstrated in Figure 4, which shows the time averaged
potential vorticity flux v0q0. The eddy PV flux is related to
the eddy momentum flux convergence, and hence to an
acceleration of !u through the well-known Taylor identity,
another diagnostic relation, which, in the simplest case of
barotropic motion, takes the form

v0q0 ¼ ! 1

a

d

dm
u0v0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1! m2
p

" #

: ð3Þ

(Positive v0q0 coincides with the development of positive !u,
and vice versa.) Conceptually the situation is the same as

Figure 3. Instantaneous q = za/h, at t = 10000 for the
case LD/a = 0.025 (corresponding to the solid bold line in
Figure 1).

Figure 4. Time averaged v0q0. Dashed line shows !u (&4 &
10!4) at t = 10000.
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Primitive equations3

though no large coherent vortices such as the Great
Red Spot. It is possible that large vortices such as the
Great Red Spot form spontaneously but would require
longer integration times than we can achieve in our
simulation, or that deep-atmosphere dynamics not cap-
tured in our simulation are important for their forma-
tion and stability. That the zonal jets are present and
coherent at every instant, not only upon averaging, is
most clearly evident in the zonal velocity field, which
also shows the equatorial waves recognizable in the
other flow fields, as well as undulations of off-equatorial
jets (Fig. 3d). Animations (available at www.gps.caltech.
edu/;tapio/papers/) show that the equatorial waves, or-
ganized into large wave packets, exhibit retrograde phase

velocities, consistent with their being Rossby waves. The
retrograde tilt of their phase lines away from the equator
(Fig. 3d) indicates that they transport angular momen-
tum toward the equator (cf. Peixoto and Oort 1992,
chapter 11).

b. Vertical structure and angular momentum fluxes

The vertical structure of the zonal flow in the simu-
lation indicates preferential baroclinic eddy generation
in prograde off-equatorial jets and is consistent with
what is known about Jupiter’s equatorial jet in lower
layers (Fig. 4a). The speed of the prograde equatorial jet
increases with depth, for example, at the equator, from

FIG. 3. Flow fields at 0.65 bar at one instant in Jupiter simulation: (a) horizontal divergence, (b) Rossby wave source (5),
(c) relative vorticity of horizontal flow, and (d) zonal velocity. The instant shown is within the period for which the mean zonal
flow is shown in Fig. 1a.
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1P. L. Read and S. Lebonnois (2018). Annu. Rev. Earth Planet. Sci.
2R. K. Scott and L. M. Polvani (2008). Geophys. Res. Lett.
3T. Schneider and J. Liu (2009). J. Atmos. Sci.



Main questions

I What are the dynamical mechanisms at play?

I Is the transition abrupt or continuous?

Many routes to superrotation?

I Small planet radius:
J. L. Mitchell and G. K. Vallis (2010). J. Geophys. Res. S. F. Potter et al. (2014). J. Atmos. Sci.

I Slow rotation rate (and decreased Newtonian damping/friction):
J. R. Dias Pinto and J. L. Mitchell (2014). Icarus

I Warm climates:
R. Caballero and M. Huber (2010). Geophys. Res. Lett. H. Carlson and R. Caballero (2016). J. Adv. Model. Earth Syst.

I Weak meridional temperature gradient:
I. Polichtchouk and J. Y.-K. Cho (2016). Q. J. R. Meteorol. Soc.

I Non-zonal tropical heating:
M. J. Suarez and D. G. Duffy (1992). J. Atmos. Sci. R. Saravanan (1993). J. Atmos. Sci. I. Kraucunas and D. L. Hartmann (2005). J. Atmos.

Sci. N. P. Arnold et al. (2012). J. Atmos. Sci..
I Convection in Earth’s atmosphere: I. M. Dima et al. (2005). J. Atmos. Sci.

I Tidally-locked exoplanets: A. P. Showman and L. M. Polvani (2011). Astrophys. J.; S.-M. Tsai et al. (2014). Astrophys.

J.; N. J. Mayne et al. (2017). Astronomy & Astrophysics; M. Hammond and R. T. Pierrehumbert (2018). Astrophys. J.

M. J. Suarez and D. G. Duffy (1992). J. Atmos. Sci.

This transition differs from the DT 5 0 K case in two
respects. The equatorial jet is more than twice as strong
here, arguably due to the larger heating rate at the point
of bifurcation. That the transition occurs at a higher
value of Q0 (0.9 K instead of 0.4 K) would suggest a
factor of 5 (0.92/0.42) difference in momentum conver-
gence. Of course, the resonant behavior renders this
scaling inadequate across the bifurcation, and other
terms in the momentum equation may compensate the
equatorial eddy flux, but it is obvious that a larger Q0 can
account for much of the difference in postbifurcation
jet velocity.

The transition here also differs qualitatively from the
DT 5 0 K case. The postbifurcation circulation with
DT 5 0 K looked like an approximately Gaussian jet
superimposed on the basic state, but we find here that
the background flow is significantly modified. The Hadley
cell largely collapses after the transition (Fig. 7d), con-
sistent with changes seen with DT 5 0 K. More in-
teresting is the equatorward shift of the midlatitude jets,
such that they merge with the equatorial jet and produce
an atmosphere with only westerly winds above 600 mb.
This behavior was also noted by Held (1999) in a similar
model with equatorial forcing.

b. Comparing feedbacks

Although the results presented above are reminiscent
of the bifurcation in section 3, it would be premature
to conclude that the DT 5 40 K bifurcation is driven by
the same wave resonance. The presence of a Hadley

circulation and midlatitude jets brings into play the ad-
ditional feedbacks identified in previous studies. In this
section we hope to evaluate their relative contributions,
if any, to the transition to superrotation.

We first consider the feedback involving midlatitude
wave propagation identified by Saravanan (1993). Be-
cause the forced equatorial eddies have a wavenumber

FIG. 5. Zonal- and time-mean fields from the (a),(c) CAM DT 5 40 K unforced simulation and (b),(d) NCEP
reanalysis. Contour intervals are (a),(b) 5 m s21 for zonal wind and (c),(d) 10 3 109 kg s21 for the meridional
overturning streamfunction.

FIG. 6. Forcing amplitude Q0 (piecewise-constant gray shading)
and equatorial jet velocity (black line) for a CAM simulation with
a more realistic pole-to-equator temperature difference of T 5
40 K. Jet velocity for a simulation including a seasonal cycle (gray
line) with the same forcing Q0.
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Dynamical model

Full primitive equations:
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u

a cosφ
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v

a cosφ

∂(u cosφ)

∂φ
+ ω

∂u

∂p
= 2Ωv sinφ− 1

a cosφ

∂Φ

∂λ
,

∂v

∂t
+

u

a cosφ

∂v

∂λ
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v

a

∂v
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+ ω

∂v

∂p
+

u2 tanφ

a
= −2Ωu sinφ− 1

a

∂Φ
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∂t
+

u

a cosφ
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∂λ
+

v

a
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1

a cosφ
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∂λ
+

1

a cosφ

∂

∂φ
(v cosφ) +

∂ω

∂p
= 0,

∂Φ

∂p
= −RT

p
.

Decompose into zonal mean and eddies: u = ū + u′.

I Superrotation requires positive eddy momentum flux convergence at the equator:
Fu > 0.
Wave-mean flow interaction problem

I Bistability (abrupt transition) requires a positive feedback.
It can be either the eddy momentum flux convergence itself, or the mean meridional
circulation.
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Eddy heat and momentum transport Fu,Fv and Fθ:

Fu = − 1
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It can be either the eddy momentum flux convergence itself, or the mean meridional
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ū2 tanφ

a
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If Fu = 0, angular momentum is a Lagrangian invariant:

∂

∂t
M +∇ · (Mv) = 0,

with M = a cosφ(Ωa cosφ+ u).
How to transport angular momentum up-gradient?

I Superrotation requires positive eddy momentum flux convergence at the equator:
Fu > 0.
Wave-mean flow interaction problem

I Bistability (abrupt transition) requires a positive feedback.
It can be either the eddy momentum flux convergence itself, or the mean meridional
circulation.



Dynamical model

Decompose into zonal mean and eddies: u = ū + u′.
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Linearized shallow-water equations on an equatorial beta-plane

∂tu
′ + U∂xu

′ − βyv ′ = −g∂xh′ − αu′,
∂tv
′ + U∂xv

′ + βyu′ = −g∂yh′ − αv ′,
∂th
′ + U∂xh

′ + H∂xu
′ + H∂yv

′ = Q.

Assumptions:

I Timescale separation between zonal mean and eddies. Neglect eddy-eddy
interactions.

I The forcing projects only onto the first baroclinic mode.

I No meridional shear ū(y) = U, h̄(y) = H.

I No mean meridional circulation.

I beta-plane approximation.

I Dissipative processes modelled by linear friction.

Axisymmetric shallow-water equations:

∂

∂t
ū = v(ξ + βy)− ∂

∂y
u′v ′.



Linearized shallow-water equations on an equatorial beta-plane

∂tu
′ + U∂xu

′ − βyv ′ = −g∂xh′ − αu′,
∂tv
′ + U∂xv

′ + βyu′ = −g∂yh′ − αv ′,
∂th
′ + U∂xh

′ + H∂xu
′ + H∂yv

′ = Q.

Assumptions:

I Timescale separation between zonal mean and eddies. Neglect eddy-eddy
interactions.

I The forcing projects only onto the first baroclinic mode.

I No meridional shear ū(y) = U, h̄(y) = H.

I No mean meridional circulation.

I beta-plane approximation.

I Dissipative processes modelled by linear friction.

Axisymmetric shallow-water equations:

∂

∂t
ū = v(ξ + βy)− ∂

∂y
u′v ′.



Linearized shallow-water equations on an equatorial beta-plane

∂tu
′ + U∂xu

′ − βyv ′ = −g∂xh′ − αu′,
∂tv
′ + U∂xv

′ + βyu′ = −g∂yh′ − αv ′,
∂th
′ + U∂xh

′ + H∂xu
′ + H∂yv

′ = Q.

the equator both exhibit a predominantly northwest–
southeast tilt in the Northern Hemisphere and a south-
west–northeast tilt in the Southern Hemisphere, with
diffluent easterly flow over the Indian Ocean and con-
fluent westerly flow over the central Pacific. This tilt is
responsible for the equatorward eddy flux of westerly
momentum noted in Figs. 2a and 3a.

The leading terms in the annual-mean zonal momen-
tum balance (1) are shown in Fig. 6. In the free tropo-

sphere there exists a strong compensation between the
MMC term (Fig. 6a) and the eddy momentum flux con-
vergence (Fig. 6b). The contribution from the vertical
eddy flux and mean vertical advection (not shown) are
!3 to 4 times smaller than the leading terms; including
these terms does not significantly alter the appearance
of the residual in Fig. 6c. The most significant imbal-
ances (Fig. 6c) occur outside of the region of interest in
this study: in the boreal stratosphere, where gravity

FIG. 5. Nonlinear solution of the shallow water wave equation forced by an equatorial heat
source. The geopotential height field is contoured, the wind field is represented by arrows, and
the heat source is shown in gray shades. The response bears a strong qualitative resemblance
to the observed zonal variations in the geopotential height and wind fields.

FIG. 4. The 150-hPa annual-mean geopotential height (contours) and wind (arrows); super-
imposed (color) is the tropical annual-mean precipitation (mm day"1). The contour interval
for the geopotential height is 100 m (gray lines); additional contours (black) at 10 m are
inserted in the tropical belt. The contour succession is (. . . 14 100, 14 200, 14 210, 14 220, . . .)
m, with the first black contour at the separation between gray and black contours representing
the 14 210-m line. The wind arrows are plotted only up to 23° in both hemispheres.
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This is surprising, as the timescale for orbital circularization is sig-
nificantly shorter than the ages of these systems14,15. This eccentricity
is too small to have been detected by radial velocity measurements4,6.
The observed delay is moderately inconsistent with the timing of the
16-mm eclipse3, which occurs 29 6 65 s later than predicted6.

Atmosphere models allow us some insight into the factors that
control the day–night temperature contrast. The response of a planet
to stellar irradiation depends on a comparison between the radiative
timescale (over which starlight absorption and infrared emission
alter the temperature) and the advection timescale (over which air
parcels travel between day and night sides)16–18. If the radiative time is
much shorter than the advection time, the hot dayside reradiates the
absorbed stellar flux and the nightside remains cold. If the radiative
time greatly exceeds the advection time, however, then efficient ther-
mal homogenization occurs. Radiative transfer models of highly irra-
diated giant planets17–21 predict that the bulk of absorption of stellar
flux and emission of thermal flux occurs at pressures from tens of
millibars to several bars, where the predicted radiative timescales18

range from 104 s to 105 s. Advection times are less well constrained,
but estimates of wind speeds16,22–26 (hundreds to thousands of m s21)
suggest advection times of ,105 s. Thus, current models suggest that
the radiative timescale is comparable to the advective timescale, and
temperature differences could reach 1,000 K. In contrast, the small
flux variation that we observe implies that the timescale for altering

the temperature by radiation modestly exceeds the timescale for
homogenizing the temperature between the day and night sides.

It is possible that the observed planetary flux emerges from deeper
in the atmosphere than expected, where the radiative timescales are
longer. In the 8-mm band, models suggest that H2O dominates
the opacity, with additional contributions from CH4 and collision-
induced absorption of H2. Silicate cloud opacity is not expected at
these temperatures27. If the radiative time constants are as small as
expected18, then supersonic wind speeds exceeding ,10 km s21 (,4
times the sound speed) would be necessary to transport energy to the
nightside. The times of minimum and maximum flux also provide
information on the planet’s meteorology. Our observation that the
minimum and maximum do not occur at phases of 0 and 0.5, respect-
ively, indicates advection of the temperature pattern by atmospheric
winds16,22–26,28. The existence of a flux minimum and maximum on a
single hemisphere suggests a complex pattern not yet captured in
current circulation models.

In contrast to the 8-mm phase variation for HD 189733b presented
here, the 24-mm variation reported7 for the non-transiting planet u
Andromedae b was quite large. The reasons for the differing results
are not immediately clear, although the sparse data sampling and
unknown radius for uAnd b mean that the uncertainty in the inferred
day–night contrast is much larger. A higher opacity at 24 mm and a
lower surface gravity for u And b could lead to a photospheric pres-
sure two times smaller, but this difference is probably insufficient to
explain the discrepancy. The dayside of u And b receives 50% more
flux from its star, but it is unclear how this would affect the day–night
temperature contrast. Secondary eclipse depths for several planets
have been in good agreement with the predictions from simple
one-dimensional models17,19–21 that assume a uniform day–night
temperature, consistent with our conclusions for HD 189733b.
Taken together, these results argue for atmospheres that are very dark
at visible wavelengths, probably absorbing 90% or more of the incid-
ent stellar flux, and at the same time able to transport much of this
energy to the nightside.
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Figure 3 | Brightness estimates for 12 longitudinal strips on the surface of
the planet. Data are shown as a colour map (a) and in graphical form (b); see
below for details. We assume that the planet is tidally locked, and we
approximate it as being edge-on with no limb-darkening, so that the
brightness of the ith slice is Fi(sinwi,2 2 sinwi,1) where 2p/2 # wi,1, wi,2 #p/2
are the edges of the visible portion of each slice, and Fi is the flux from a slice
when it is closest to us. We bin the light curve into 32 bins with 4,000 data
points each, excising the data during the eclipses. We define our goodness-
of-fit parameter as x2zl

P
12
i~1 Fi{Fi{1ð Þ2, where x2 is the goodness of fit

for the light curve, and the second term is a linear regularizing term that
enforces small variations in adjacent slices for large l and allows a unique
solution for Fi for a given value of l. We optimize this function using a 1,000-
step Markov Chain Monte Carlo method to determine the planetary flux
profile and corresponding uncertainties. We chose a value for l that
produced a reasonable compromise between the quality of the fit and the
smoothness of the final brightness map. We varied both the size of the bins
and the number of longitudinal slices, and our resulting slice fluxes are
robust. The brightness values in b are given as the ratio of the flux from an
individual slice viewed face-on to the total flux of the star, with 61s errors.
Panel a shows a Mollweide projection of this brightness distribution, with an
additional sinusoidal dependence on latitude included (note that the data
provide no latitude information). This plot uses a linear scale, with the
brightest points in white and the darkest points in black.
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Q = Q0 cos(kx)e−y2/2.
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Matsuno-Gill response

Matsuno-Gill computation4:

SW equations, stationary response to tropical heating Q0 cos(kx)e−y2/2.
Kelvin mode:

uK = φK =
−Q0γK

2α(1 + γ2
K )

[γK cos(kx) + sin(kx)]e−y2/4, vK = 0.

Rossby mode:

uR =
−Q0γR

6α(1 + γ2
R)

[γR cos(kx) + sin(kx)](y 2 − 3)e−y2/4,

vR =

{
−4Q0γR

3α(1 + γ2
R)

[(Uk + γRα) cos(kx) + (α− UkγR) sin(kx)] + Q0 cos(kx)

}
ye−y2/4,

φR =
−Q0γR

6α(1 + γ2
R)

[γR cos(kx) + sin(kx)](y 2 + 1)e−y2/4,

with α the Rayleigh friction and γX = α/k(cX + U), cX the phase speed:

cR = − β

k2 + (2n + 1)β/
√
gH

, cK =
√

gH.

4N. P. Arnold et al. (2012). J. Atmos. Sci.



Matsuno-Gill response

Matsuno-Gill response:
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General Circulation Model simulations:

departures from the zonal mean (e.g., u9 5 u 2 u). The
agreement between CAM and theory appears to be quite
good; the theory captures qualitative shifts in phase tilt
and amplitude across the bifurcation.

The analytical solutions can be used to calculate a
zonal-mean eddy momentum flux convergence on the
equator 2›y(u9y9)jeqtr as a function of U. The resulting
dependence is shown in Fig. 4a, along with a similar
curve derived from a CAM simulation in which Q0 was
increased slowly and continuously (0.03 K day21 yr21),
to allow the zonal wind and eddy fluxes to be in quasi-
equilibrium with the forcing. Both curves indicate a max-
imum eddy flux when the mean flow nears 16 m s21, the
phase speed of the n 5 1 Rossby wave for the equivalent
depth of 250 m used here. Although there is a relative
phase shift between u and y associated with changes in U,
most of the change in momentum transport is due to the
amplification of the wave fields.

To evaluate the accuracy with which this theory re-
produces the behavior seen in CAM, we run a series of
simulations in which we vary k and cf. If the resonance is
indeed determined by the zonal wind speed relative to
the forcing, then we expect the velocity at which mo-
mentum convergence is maximized to be Ue 5 2cR 1 cf.
Figure 4b summarizes the velocity of maximum eddy
momentum convergence in this set of CAM simulations.

The simulated U is plotted against the expected value of
Ue, with the Rossby wave phase speed given by

cR 5
2b

k2 1 (2n 1 1)b/
ffiffiffiffiffiffiffi
gH
p ,

where we use n 5 1 and H 5 250 m for all cases. The
agreement with theory is again quite good, leading us
to conclude that the shallow water theory does indeed
capture the essential mechanism of the feedback and
bifurcation. Two points, from k 5 4, cf 5 0 and k 5 6,
cf 5 0, lie more than two standard deviations from the
theoretical curve. It is unclear why, since they are both
near the center of the model parameter space sampled
here, but we take a moment to speculate why the theo-
retical solution might break down. First, the jet produced
in the GCM is not uniform, but roughly Gaussian in
meridional and vertical extent. The resulting shear may
distort the wave field, and also modify the background
vorticity gradient on which the waves propagate. This, in
turn, leads to a change in the free wave velocity and
shifts the resonance location. Second, the Phlips and Gill
solution assumes small U and k, but the dropped terms
are not strictly negligible in all cases shown here. Finally,
the eddy velocities can exceed 5 m s21, suggesting that
nonlinearities may be significant.

FIG. 3. Equilibrium eddy response (a),(c) before and (b),(d) after the bifurcation, with Q0 5 0.3 K day21, showing
(a),(b) CAM 200-mb fields and (c),(d) shallow water solutions. Contours indicate geopotential height, shading in-
dicates heating (QCAM and QSW), and vectors indicate the wind field. Contour interval is 0.6 m before transition and
3 m after, showing that the wave amplitude is increased by a factor of 5.

632 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S VOLUME 69

N. P. Arnold et al. (2012). J. Atmos. Sci.



Matsuno-Gill response

Let us compute the eddy momentum flux convergence:

− ∂y 〈(u′R + u′K )v ′R〉

=
Q2

0γ
2
R

36ε(1 + γ2
R)

{
[(y 2 − 3)2 − 6] + 3γK

γK (1 + γ2
R) + 4kcR/εγR(γR − γK )

γ2
R(1 + γ2

K )
(y 2 − 1)

}
e−y2/2,

=
Q2

0 εe
−y2/2

36[ε2 + k2(U + cR)2]

{
[(y 2 − 3)2 − 6] + 3

ε2 + k2(U + cR)2 + 4k2cR(cK − cR)

ε2 + k2(U + cK )2
(y 2 − 1)

}
e−y2/2,

= F (U, y),
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Bistability in the shallow-water model (analytical)
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5. The resonance in more realistic background
states

a. Increasing DT

Having demonstrated that the resonance occurs in the
idealized configuration with DT 5 0 K, we now turn to
more Earth-like simulations with the pole-to-equator

temperature difference set to DT 5 40 K. While this
meridional temperature gradient is still less than on mod-
ern Earth, these simulations now include an equinoctial
Hadley circulation and significant baroclinic eddy activity.
Our goal is to demonstrate that the wave resonance and
bifurcation are possible in a fully 3D atmosphere with
a vigorous basic-state circulation. The zonal-mean zonal
wind and meridional mass streamfunction from a run
without asymmetric heating are shown in Fig. 5, along
with climatological fields from the National Centers for
Environmental Prediction (NCEP) reanalysis product
(Kalnay et al. 1996). The strength of the midlatitude jets
is comparable between our idealized CAM simulation
and the reanalysis, although the jets in the idealized
simulation extend to unrealistic altitudes. This is an ar-
tifact of the prescribed restoring temperature being
uniform in the stratosphere. The Hadley cells are also
significantly weaker in CAM because of the lack of off-
equatorial peak heating associated with a seasonal cycle,
which is known to strengthen the winter hemisphere cell
(e.g., Lindzen and Hou 1988). Despite these deficien-
cies, we believe this basic state is sufficiently realistic to
make our point.

On top of this basic state we prescribe an equatorial
heating crudely based on the MJO, with k 5 1 and cf 5
5 m s21. The results are qualitatively similar if we use
the stationary heating with k 5 2 from section 3, but
a lower wavenumber proves to be advantageous, as we
show in the next section.

We increase the heating rate in the stepwise manner
described in section 3, generating the time series shown
in Fig. 6. For Q0 , 0.5 K day21 there is little change in
the upper tropospheric winds, which remain easterly,
even at values of Q0 that triggered strong superrotation
when DT was set to 0 K. The eddy momentum conver-
gence rises according to the Q2

0 scaling but is weaker than
in the DT 5 0 K case, presumably because the equatorial
eddy field is modified by baroclinic wave propagation in
a way that reduces the velocity covariance.

At Q0 5 0.6 K day21 the mean wind become weakly
westerly and the eddy momentum convergence begins
to rise faster than the Q2

0 scaling. This departure from
linearity is expected as the mean wind approaches the
resonance velocity. Increases in the eddy momentum
convergence are still relatively small, however, and are
quickly offset by a negative feedback involving mo-
mentum advection by the mean circulation 2v›pu,
which prevents a runaway acceleration. This trend
continues until Q0 5 0.9 K day21 (compared with Q0 5
0.4 K day21 for DT 5 0 K), at which point the jet jumps
from roughly 8 to 50 m s21 and eventually settles to
a statistical equilibrium of 45 m s21 (compared with
24 m s21 for DT 5 0 K).

FIG. 4. (top) Equatorial momentum flux convergence as a func-
tion of jet velocity, in CAM with DT 5 0 K (thick line) and in
shallow water theory (thin line). (bottom) Instantaneous jet ve-
locity in CAM simulations at time of maximum eddy momentum
convergence, plotted against the resonant velocity predicted by
shallow water theory for the appropriate k and cf.
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∂

∂t
ū = v(ξ + βy)− ∂

∂y
u′v ′ − εū

Approximate condition for bistability induced by the resonance: ε/k � cR .
On Earth, kcR/ε ≈ 10 with ε ≈ 0.1 day-1.
Speculations on favorable regimes:

I Rapidly rotating planet, i.e. small Rossby number (non-monotonic dependence)

I Large Reynolds number



Bistability in the axisymmetric primitive equations (numerics)
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Follow-up questions

Some criticism...

How robust is bistability?

How general is the resonance mechanism?

I Forcing with a traveling wave

I Broadband diabatic heating

I Vertical structure

I Background shear

I Fully turbulent background state
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Bistability in the von Karman experiment

Experimental Evidence of a Phase Transition in a Closed Turbulent Flow

P.-P. Cortet, A. Chiffaudel, F. Daviaud, and B. Dubrulle
CEA, IRAMIS, SPEC, CNRS URA 2464, Groupe Instabilités et Turbulence, 91191 Gif-sur-Yvette, France

(Received 3 May 2010; published 19 November 2010)

We experimentally study the susceptibility to symmetry breaking of a closed turbulent von Kármán

swirling flow from Re ¼ 150 to Re ’ 106. We report a divergence of this susceptibility at an intermediate

Reynolds number Re ¼ Re! ’ 90 000 which gives experimental evidence that such a highly space and

time fluctuating system can undergo a ‘‘phase transition.’’ This transition is furthermore associated with a

peak in the amplitude of fluctuations of the instantaneous flow symmetry corresponding to intermittencies

between spontaneously symmetry breaking metastable states.

DOI: 10.1103/PhysRevLett.105.214501 PACS numbers: 47.20.Ky, 47.27.Cn

Phase transitions are ubiquitous in physical systems and
are generally associated with symmetry breaking. For ex-
ample, ferromagnetic systems are well known to undergo a
phase transition from paramagnetism to ferromagnetism at
the Curie temperature Tc. This transition is associated with
a symmetry breaking from the disordered paramagnetic—
associated with a zero magnetization—toward the ordered
ferromagnetic phase—associated with a finite magnetiza-
tion [1]. In the vicinity of Tc, a singular behavior charac-
terized by critical exponents is observed, e.g., for the
magnetic susceptibility to an external field. In the context
of fluid dynamics, symmetry breaking also governs the
transition to turbulence, that usually proceeds, as the
Reynolds number Re increases, through a sequence of
bifurcations breaking successively the various symmetries
allowed by the Navier-Stokes equations coupled to the
boundary conditions [2]. Finally, at large Reynolds num-
ber, when the fully developed turbulent regime is reached,
it is commonly admitted that all the broken symmetries are
restored in a statistical sense, the statistical properties of
the flow not depending anymore on Re [3]. However,
recent experimental studies of turbulent flows have dis-
turbed this vision raising intriguing features such as finite
lifetime turbulence [4]—questioning the stability of the
turbulent regime—and the possible existence of turbulent
transitions [5–11]. Consequently, despite the fact that tur-
bulent flows are intrinsically out-of-equilibrium systems,
one may wonder whether the observed transitions can be
interpreted in terms of phase transitions with a symmetry-
breaking or susceptibility divergence signature. In this
Letter, we introduce a susceptibility to symmetry breaking
in a von Kármán turbulent flow and investigate its evolu-
tion as Re increases from 150 to 106 using stereoscopic
particle image velocimetry (PIV). We observe a divergence
of susceptibility at a critical Reynolds number Re ¼ Re! ’
90 000, which sets the threshold for a possible turbulent
‘‘phase transition.’’ Moreover, this divergence is associated
with a peak in the amplitude of the fluctuations of the flow
instantaneous symmetry.

Our experimental setup consists of a Plexiglas cylinder
of radius R ¼ 100 mm filled up with either water or water-
glycerol mixtures. The fluid is mechanically stirred by a
pair of coaxial impellers rotating in opposite directions
(Fig. 1). The impellers are flat disks of radius 0:925R, fitted
with 16 radial blades of height 0:2R and curvature radius
0:4625R. The disks’ inner surfaces are 1:8R apart setting
the axial distance between impellers from blades to blades
to 1:4R. The impellers rotate, with the convex face of the
blades pushing the fluid forward, driven by two indepen-
dent brushless 1.8 kW motors. The rotation frequencies f1
and f2 can be varied independently from 1 to 12 Hz.
Velocity measurements are performed with a stereoscopic
PIV system provided by DANTEC Dynamics. The data
provide the radial ur, axial uz, and azimuthal u’ velocity
components in a meridian plane on a 95" 66 points grid
with 2.08 mm spatial resolution through time series of 400
to 27 000 fields regularly sampled, at frequencies from 1 to
15 Hz, depending on the turbulence intensity and the
related need for statistics. The control parameters of the

FIG. 1 (color online). Schematic viewof the experimental setup
and the impellers’ blade profile. The arrow on the shaft indicates
the impeller rotation direction studied. Symmetry: The system is
symmetric regarding anyR" rotation of angle " around any line
of the equatorial plane which crosses the rotation axis.
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antisymmetric dimensionless quantities ! and " to mea-
sure the forcing—and response—asymmetry: ! ¼ ðf1 #
f2Þ=ðf1 þ f2Þ is the reduced impeller speed difference and
" ¼ ðC1 # C2Þ=ðC1 þ C2Þ is the reduced shaft torque
difference.

Speed control.—For speed-imposed experiments, all tur-
bulent flows are steady. These steady states are character-
ized by their mean torque asymmetry ". Starting both
impellers at the same time for ! & 0, the system reaches
steady states corresponding to a ‘‘symmetric’’ branch
called (s). They statistically consist of two recirculation
cells separated by a shear layer, in agreement with [5,6]. In
such states, a small ! variation triggers a transition with a
dramatic increase of the mean torque. These new ‘‘bifur-
cated’’ states exhibit one recirculation cell, and form two
separate branches of the (", !) plane (see Fig. 1, left).
These branches, named (b1) and (b2), respectively, exhibit
a global pumping of the bottom or the top impeller.
Velocimetry measurements have confirmed that the veloc-
ity fields of the flows belonging to the (b1) and (b2) are
images of each other by theR# rotation. Once on (b1) and
(b2) branches, the (s) state cannot be reached, which is,
therefore, marginally stable. In addition, the (b1) and (b2)
branches are hysteretic, (b1) states persisting for f1 ' f2
and (b2) states for f2 ' f1 [12], agreeing with previous
results [5]. The shape of the hysteresis cycle is only weakly
Reynolds-dependent for Re ( 1:0) 105, as evidenced by
water and liquid helium experiments performed up to
Re ¼ 3:0) 108 [13]. An important feature of the cycle is
the ‘‘forbidden zone’’ of " values never accessed for
imposed speed.

Torque control.—In contrast, imposing torque allows
any value of ", assuming friction is negligible, whereas f
is no longer fixed. Hence, with our definition, we cannot
specify a priori the Reynolds number of such experiments.
We have first verified that imposing " out of the forbidden
zone provides steady states identical to those observed in
speed control (see Fig. 1). After suitable normalization,
no difference in velocimetry measurements is indeed

observed between the two controls. Our experiments
have then focused on the henceforth accessible forbidden
zone. In this region, the system loses steadiness: the impel-
ler speed may alternatively jump between multiple attract-
ing turbulent states. This multistability is identified by the
emergence of multiple local maxima in the probability
density function (PDF) of the 1.5 Hz low-pass filtered
signal of !ðtÞ. Such filtering is required considering the
discrete nature of our speed measurements; it yields a
robust density function when the filter cutoff frequency is
changed. Three types of attracting states, then, have been

identified: (~s), the high-speed state, is similar to (s); ( ~b1)
and ( ~b2) are low-speed states similar to (b1) and (b2); and
two new (~i1) and (~i2) intermediate states. These new states

can be seen in Fig. 1: while (~s), ( ~b1), and ( ~b2) states extend
their speed-imposed counterparts, (~i1) and (~i2) branches are
new and cannot be observed in speed control. Decreasing "
from a perfectly symmetric (~s) (! ¼ 0) state, we can
observe the asymmetry influence on temporal signals of
the impeller speeds, as done in Fig. 2. First, steady states
with decreasing mean ! are observed. Then [Fig. 2(b)],
when " ' #0:049—a local extremum of the mean value
of !—small localized peaks of f1 and f2 are simulta-
neously observed, breaking time invariance. Such events
are identified as excursions towards intermediate state (~i2).
Still decreasing ", the peaks grow until the biggest events
saturate at low f1 and f2 [Fig. 2(c)]. These events are

identified as transitions to the ( ~b2) state. For even lower
values of ", the system behavior is irregular, switching

between fast (~s), (~i2) and slow ( ~b2) states [Fig. 2(d)]. In this
situation, (~b) and (~i) states are quasisteady, each being able
to last more than 10 sec. (70 impeller rotations).
Decreasing " further affects the dynamics of the system,

more time being spent in ( ~b2) at the expense of (~i2) and (~s).
Therefore, for low " ' #0:0920 [Fig. 2(e)], only rare
events can drive the system to the faster states.
Eventually, for " ' #0:099 [Fig. 2(f)], the system time
invariance is restored, corresponding to a (b2) steady state
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FIG. 1 (color online). (Left), mean reduced torque asymmetry " plotted as a function of the mean reduced speed asymmetry !, for
both speed (purple squares) and torque (grey circles) experiments. The arrows indicate the possible transitions between steady states,
sketching a hysteresis cycle including a forbidden " zone (hatched region) for speed control experiments. No hysteresis is observed in
torque control. (Right), modes of the ! PDF for torque control experiments corresponding to the ‘‘forbidden range.’’ (~s), ( ~b1), and ( ~b2)
are quasisteady states branches extending, respectively, the steady (s), (b1), and (b2) branches. (~i1) and (~i2) are new branches, never
observed in speed control. (Inset) Sketch of the ‘VK2’ experiment, with the two impellers (black). The experiment is axisymmetric
along the vertical axis, and is R# symmetric for exact counter rotation.
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of Fig. 1. Remarkably, the flow susceptibility defined using
! mean value, @"=@!, is negative in this forbidden zone
(see Fig. 1). Increasing " from a perfectly symmetric state

leads to the same sequence of events, though (~i1) and ( ~b1)
will be reached.

Valuable information about our system dynamics can be
found studying near-transition variations of global quanti-
ties [14]. We have, therefore, superposed in Fig. 3 the speed

signals close to the transitions observed in Fig. 2(c): ð~sÞ !
ð ~b1;2Þ is called a down transition, and ð ~b1;2Þ ! ð~sÞ an up
transition. Once the transition instant is accurately deter-
mined, a good collapse of all curves is observed, validating
a unique transition path. This extends the low-dimensional
system description of [14] to purely hydrodynamical quan-
tities in a nonmagnetic turbulent flow. Eventually, the joint
distributions of (f1, f2) are studied to highlight the attrac-
tors emerging from Figs. 1 and 2. In Fig. 4(a), for small ",
only one maximum appears, which confirms the steady
nature of (s). For higher asymmetries, small excursions
escaping the attractor—the previously described small
(~i2) peaks—can be found, exhibiting a new local maximum
strongly deviating from the diagonal f1 ¼ f2. Still increas-
ing the asymmetry, the system fills a large part of the
(f1, f2) plane, with three main maxima: (~s) close to the

diagonal at higher (f1, f2), and ( ~b2) off diagonal for
low (f1, f2). The third—(~i2)—attractor is harder to see,
being hidden by neighboring zones repeatedly crossed by

unsteady events. It is located near the right tip of the
histogram. With this representation, one observes a differ-
ent mean path for down and up transitions: while the down
transition starts ‘‘looping’’ next to (~s) before abruptly
transiting to ( ~b2), the up transition reaches the right tip
of the joint PDF (f1 > f2), near (~i2) before joining the
(~s) state.
The maxima height repartition of Figs. 4(c)–4(e) is

driven by ", from almost-fully (~s), (~i2) to nearly pure
( ~b2) with rare, large transitions to the faster states. For
nearly pure (~s), we clearly see [Fig. 4(c)] a fair amount of
small excursions, contrasting with the nearly pure ( ~b2)

4
6
8

4
6
8

4
6
8

4
6
8

4
6
8

0 100 200 300 400 500 600

4
6
8

FIG. 2 (color online). Temporal series of the impeller speeds
f1 (blue) and f2 (red) for various ". (a), steady high-speed state
(~s) observed at " ¼ $0:0164; (b), threshold of the irregular
peaks (~i2) with very small events for " ¼ $0:0460; (c), (~i2)
irregular peaks for " ¼ $0:0668; (d), multistable regime show-
ing (~s), (~i2), and ( ~b2) events at " ¼ $0:0891; (e), single fast rare
event in an almost steady slow ( ~b2) regime for " ¼ $0:0912;
(f), steady slow (b2) regime for " ¼ $0:1049.
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FIG. 3 (color online). Shifted temporal signals of 60 randomly
chosen transitions of a two-hour experiment with " ¼ $0:0891.
We compute #i by finding the minimum of j@t !f2j, the 1 Hz
filtered signal of f2. (a),(c), respectively, f2 and f1 profiles for
down transitions. (b),(d), respectively, f2 and f1 for up transi-
tions. The thick white line represents in each subplot the rotation
frequency averaged on all 195 events of the experiment.
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FIG. 4 (color online). Joint-probability density maps of the
(f1, f2) values (density in log scale), based on Fig. 2 temporal
series: (a): steady (s) state; (b), threshold of (~i1) events; (c),
threshold of ( ~b1); (d), multistability: blue line and red line
represent, respectively, the Fig. 3 mean profile for down and
up transitions; (e), rare events; (f), steady slow state. The dashed-
dotted line represents the ! ¼ 0 condition.

PRL 111, 234502 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

6 DECEMBER 2013

234502-3

B. Saint-Michel et al. (2013). Phys. Rev. Lett.

CEA Saclay, France



Bistability in the von Karman experiment

Experimental Evidence of a Phase Transition in a Closed Turbulent Flow
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We experimentally study the susceptibility to symmetry breaking of a closed turbulent von Kármán

swirling flow from Re ¼ 150 to Re ’ 106. We report a divergence of this susceptibility at an intermediate

Reynolds number Re ¼ Re! ’ 90 000 which gives experimental evidence that such a highly space and

time fluctuating system can undergo a ‘‘phase transition.’’ This transition is furthermore associated with a

peak in the amplitude of fluctuations of the instantaneous flow symmetry corresponding to intermittencies

between spontaneously symmetry breaking metastable states.
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Phase transitions are ubiquitous in physical systems and
are generally associated with symmetry breaking. For ex-
ample, ferromagnetic systems are well known to undergo a
phase transition from paramagnetism to ferromagnetism at
the Curie temperature Tc. This transition is associated with
a symmetry breaking from the disordered paramagnetic—
associated with a zero magnetization—toward the ordered
ferromagnetic phase—associated with a finite magnetiza-
tion [1]. In the vicinity of Tc, a singular behavior charac-
terized by critical exponents is observed, e.g., for the
magnetic susceptibility to an external field. In the context
of fluid dynamics, symmetry breaking also governs the
transition to turbulence, that usually proceeds, as the
Reynolds number Re increases, through a sequence of
bifurcations breaking successively the various symmetries
allowed by the Navier-Stokes equations coupled to the
boundary conditions [2]. Finally, at large Reynolds num-
ber, when the fully developed turbulent regime is reached,
it is commonly admitted that all the broken symmetries are
restored in a statistical sense, the statistical properties of
the flow not depending anymore on Re [3]. However,
recent experimental studies of turbulent flows have dis-
turbed this vision raising intriguing features such as finite
lifetime turbulence [4]—questioning the stability of the
turbulent regime—and the possible existence of turbulent
transitions [5–11]. Consequently, despite the fact that tur-
bulent flows are intrinsically out-of-equilibrium systems,
one may wonder whether the observed transitions can be
interpreted in terms of phase transitions with a symmetry-
breaking or susceptibility divergence signature. In this
Letter, we introduce a susceptibility to symmetry breaking
in a von Kármán turbulent flow and investigate its evolu-
tion as Re increases from 150 to 106 using stereoscopic
particle image velocimetry (PIV). We observe a divergence
of susceptibility at a critical Reynolds number Re ¼ Re! ’
90 000, which sets the threshold for a possible turbulent
‘‘phase transition.’’ Moreover, this divergence is associated
with a peak in the amplitude of the fluctuations of the flow
instantaneous symmetry.

Our experimental setup consists of a Plexiglas cylinder
of radius R ¼ 100 mm filled up with either water or water-
glycerol mixtures. The fluid is mechanically stirred by a
pair of coaxial impellers rotating in opposite directions
(Fig. 1). The impellers are flat disks of radius 0:925R, fitted
with 16 radial blades of height 0:2R and curvature radius
0:4625R. The disks’ inner surfaces are 1:8R apart setting
the axial distance between impellers from blades to blades
to 1:4R. The impellers rotate, with the convex face of the
blades pushing the fluid forward, driven by two indepen-
dent brushless 1.8 kW motors. The rotation frequencies f1
and f2 can be varied independently from 1 to 12 Hz.
Velocity measurements are performed with a stereoscopic
PIV system provided by DANTEC Dynamics. The data
provide the radial ur, axial uz, and azimuthal u’ velocity
components in a meridian plane on a 95" 66 points grid
with 2.08 mm spatial resolution through time series of 400
to 27 000 fields regularly sampled, at frequencies from 1 to
15 Hz, depending on the turbulence intensity and the
related need for statistics. The control parameters of the

FIG. 1 (color online). Schematic viewof the experimental setup
and the impellers’ blade profile. The arrow on the shaft indicates
the impeller rotation direction studied. Symmetry: The system is
symmetric regarding anyR" rotation of angle " around any line
of the equatorial plane which crosses the rotation axis.
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of Fig. 1. Remarkably, the flow susceptibility defined using
! mean value, @"=@!, is negative in this forbidden zone
(see Fig. 1). Increasing " from a perfectly symmetric state

leads to the same sequence of events, though (~i1) and ( ~b1)
will be reached.

Valuable information about our system dynamics can be
found studying near-transition variations of global quanti-
ties [14]. We have, therefore, superposed in Fig. 3 the speed

signals close to the transitions observed in Fig. 2(c): ð~sÞ !
ð ~b1;2Þ is called a down transition, and ð ~b1;2Þ ! ð~sÞ an up
transition. Once the transition instant is accurately deter-
mined, a good collapse of all curves is observed, validating
a unique transition path. This extends the low-dimensional
system description of [14] to purely hydrodynamical quan-
tities in a nonmagnetic turbulent flow. Eventually, the joint
distributions of (f1, f2) are studied to highlight the attrac-
tors emerging from Figs. 1 and 2. In Fig. 4(a), for small ",
only one maximum appears, which confirms the steady
nature of (s). For higher asymmetries, small excursions
escaping the attractor—the previously described small
(~i2) peaks—can be found, exhibiting a new local maximum
strongly deviating from the diagonal f1 ¼ f2. Still increas-
ing the asymmetry, the system fills a large part of the
(f1, f2) plane, with three main maxima: (~s) close to the

diagonal at higher (f1, f2), and ( ~b2) off diagonal for
low (f1, f2). The third—(~i2)—attractor is harder to see,
being hidden by neighboring zones repeatedly crossed by

unsteady events. It is located near the right tip of the
histogram. With this representation, one observes a differ-
ent mean path for down and up transitions: while the down
transition starts ‘‘looping’’ next to (~s) before abruptly
transiting to ( ~b2), the up transition reaches the right tip
of the joint PDF (f1 > f2), near (~i2) before joining the
(~s) state.
The maxima height repartition of Figs. 4(c)–4(e) is

driven by ", from almost-fully (~s), (~i2) to nearly pure
( ~b2) with rare, large transitions to the faster states. For
nearly pure (~s), we clearly see [Fig. 4(c)] a fair amount of
small excursions, contrasting with the nearly pure ( ~b2)
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FIG. 2 (color online). Temporal series of the impeller speeds
f1 (blue) and f2 (red) for various ". (a), steady high-speed state
(~s) observed at " ¼ $0:0164; (b), threshold of the irregular
peaks (~i2) with very small events for " ¼ $0:0460; (c), (~i2)
irregular peaks for " ¼ $0:0668; (d), multistable regime show-
ing (~s), (~i2), and ( ~b2) events at " ¼ $0:0891; (e), single fast rare
event in an almost steady slow ( ~b2) regime for " ¼ $0:0912;
(f), steady slow (b2) regime for " ¼ $0:1049.
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FIG. 3 (color online). Shifted temporal signals of 60 randomly
chosen transitions of a two-hour experiment with " ¼ $0:0891.
We compute #i by finding the minimum of j@t !f2j, the 1 Hz
filtered signal of f2. (a),(c), respectively, f2 and f1 profiles for
down transitions. (b),(d), respectively, f2 and f1 for up transi-
tions. The thick white line represents in each subplot the rotation
frequency averaged on all 195 events of the experiment.

2

4

6

8

6 5 4 3 2

2 4 6 8
2

4

6

8

2 4 6 8 2 4 6 8

FIG. 4 (color online). Joint-probability density maps of the
(f1, f2) values (density in log scale), based on Fig. 2 temporal
series: (a): steady (s) state; (b), threshold of (~i1) events; (c),
threshold of ( ~b1); (d), multistability: blue line and red line
represent, respectively, the Fig. 3 mean profile for down and
up transitions; (e), rare events; (f), steady slow state. The dashed-
dotted line represents the ! ¼ 0 condition.
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Magnetic field reversals

Magnetic field reversals in an experimental turbulent dynamo

Fig. 3: (Colour Online) Magnetic field measured inside the flow vessel, by a 3-dimensional Hall probe. No external magnetic field
is applied, other than the ambient field, whose amplitude is about 0.2 gauss across the measurement volume. The temperature of
the outer copper cylinder is T = 123 !C. Main: time evolution of all three magnetic field components. The main component (red)
is the azimuthal one. Note that all components decay to zero at a reversal. The bottom graph shows synchronous recordings
of the power driving the flow. Right: detail of the time series of the main magnetic field and simultaneous power consumption
(arrows mark the synchronous events). Top: Chronos of the magnetic field orientation, white for a positive direction, black for
the negative direction, for 2 successive recordings 900 and 1800 seconds long (separated by the shaded area, the first sequence
corresponds to the main graph). In this regime, the von Kármán flow is driven with counter-rotating disks at frequencies
F1 = 16Hz and F2 = 22Hz.

a variety of dynamical regimes, oscillations, intermittent
bursts (not shown), as well as dynamos with random
reversals (fig. 3) are observed.
We also find pockets of parameters for which we could

not record the growth of a dynamo during 3 minute long
runs —corresponding to over 3000 forcing time scales.
We now describe reversals of the magnetic field. In fig. 3,

we show a time series that corresponds to F1 = 16Hz and
F2 = 22Hz. In this regime, the magnetic field reverses
at irregular time intervals. All three components of the
dynamo field switch polarity in perfect synchrony, so that
B changes to !B. For each polarity, the amplitude of
the magnetic field has strong fluctuations, with an rms
fluctuation level of the order of 20% of the mean. This
level of fluctuation is due to the very intense turbulence
of the flow, as the kinetic Reynolds number exceeds 106.
Reversals occur randomly and have been followed for up
to 45 minutes, i.e. 54000 characteristic time scales of the
flow forcing.
In the regime reported in fig. 3, the polarities do

not have the same probability of observation. Phases

with a positive polarity for the largest magnetic field
component have on average longer duration ("T+#= 120 s)
than phases with the opposite polarity ("T!#= 50 s). This
asymmetry can be due to the ambient magnetic field.
Note however that the amplitude of the magnetic field,
that is much larger than the Earth’s field, is the same for
both polarities. Standard deviations are of the same order
of magnitude as the mean values, although better statistics
may be needed to fully converge these estimates. The mean
duration of each reversal, ! $ 5 s, is longer than magneto-
hydrodynamics time scales: the flow integral time scale
is of the order of the inverse of the rotation frequencies,
i.e. 0.05 s, and the ohmic di!usive time scale is roughly
!! $ 0.4 s. Concerning the dynamics of field reversals, a
natural question is related to the connection between B
and !B in time. The equations of magnetohydrodynamics
are symmetric under the transformation B to !B so that
the selection of a polarity is a broken symmetry at the
dynamo bifurcation threshold. The sequences of opposite
polarities displayed in fig. 3 act as magnetic domains along
the time axis, with Ising-type walls in-between them: the

59001-p3
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magnetic field vanishes during the polarity change rather
than rotating as in a Bloch-type wall. For other para-
meter values Rmi (i= 1, 2), we have also found reversals
of Bloch-type.
One important discovery in these measurements is that

reversals of magnetic field are correlated with the global
energy budget of the flow. The total power P (t) delivered
by the motors driving the flow fluctuates in time in
a strongly asymmetric manner: the record shows short
periods when P is much smaller than its average. They
always coincide with large variations in the magnetic field,
as shown in fig. 3. Either a reversal occurs, or the magnetic
field first decays and then grows again with its direction
unchanged. Similar sequences, called excursions [2], are
observed in recordings of the Earth’s magnetic field. The
variation of power consumption during the weakening of
the magnetic field is in agreement with the power required
to sustain a steady dynamo in the VKS2 experiment [9]
(drops by over 20%, that is 20 kW out of 90 kW). However,
we note that in other regions of the parameter space,
di!erent regimes also involve changes in polarity without
noticeable modification of power.
We have also observed that the trajectories connecting

the symmetric states B and !B are quite robust despite
the strong turbulent fluctuations of the flow. This is
displayed in fig. 4: the time evolution of reversals from
up to down states can be neatly superimposed by shifting
the origin of time such that B(t= 0) = 0 for each reversal.
Despite the asymmetry due to the Earth’s magnetic
field, down-up reversals can be superimposed in a similar
way on up-down ones if !B is plotted instead of B.
For each reversal the amplitude of the field first decays
exponentially. A decay rate of roughly 0.8 s!1 is obtained
with a log-lin plot (not shown). After changing polarity,
the field amplitude increases linearly and then displays
an overshoot before reaching its statistically stationary
state.
Further investigation of this regime will help address

from an experimental perspective persistent questions
about magnetic field reversals. Some of these concern
the role of hydrodynamics and electromagnetic boundary
conditions —both of them can be experimentally adjusted.
Others are related to the dynamics of the magnetic rever-
sals. From inspection of paleomagnetic data, it has been
proposed that reversing dynamos and non-reversing ones
are metastable states in close proximity [13]. In geo-
dynamo simulations (convective dynamos in rapidly
rotating spheres), the flow is often laminar and reversals
have been associated to interaction between dipole and
higher-order modes, with the possibility of reversal precur-
sor events [14]. Field reversals have also been observed in
turbulence driven numerical !2 and !" dynamos based
on mean-field magnetohydrodynamics [15]. In these, the
role of noise was found to be essential, together with
the proximity of steady and oscillating states. In many
cases, the existence of several dynamo regimes in a
narrow region of parameter space has been considered
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Fig. 4: Superimposition of 6 successive reversals from up to
down polarity together with 6 successive reversals from down to
up polarity with the transformation B!"B. For each of them
the origin of time has been shifted such that it corresponds to
B = 0. The thick black line is the average of all reversals.

as essential. Our experiment displays this feature: two
di!erent stationary dynamo modes bifurcate for F1 = F2
and respectively F1 "= F2. Their interaction gives rise to
a variety of di!erent dynamical regimes in parameter
space. This is a general feature for bifurcations of multiple
codimension. The most striking aspect of our observation
is that the low-dimensional dynamics that result from
the interaction of a few modes of the magnetic field is
preserved despite strong fluctuations of the flow that
generates the field. On average, the largest scales of the
flow change more than a thousand times during each
phase of given polarity. The large scale magnetic field
cannot follow turbulent fluctuations and display features
characteristic of low-dimensional dynamical systems.
Flows generating the magnetic fields of planets or stars
involve dimensionless parameters (Reynolds and Eckman
numbers) orders of magnitudes di!erent from the ones
of the present experiment, the discrepancy being even
larger in the case of numerical simulations. However,
a weak coupling between the large scale dynamics of
their magnetic field and hydrodynamic fluctuations may
explain why similar features are observed in some natural
dynamos, in numerical modeling and in this experiment.
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Fig. 1: The VKS2 set-up is designed to generate a dynamo flow
in an electrically conducting fluid. The overall vessel is a copper
cylinder of radius 289mm and length 604mm. The flow itself is
confined within an inner copper cylinder (radius R= 206 mm,
length 524mm, thickness 5mm), with sodium at rest between
the inner and outer cylinders. An annulus of inner radius
175mm (thickness 5mm) is fixed along the inner cylinder in
the mid-plane between the disks. The counter-rotating iron
impellers have radius 154.5mm and are set 371mm apart in
the inner vessel; they are fitted with 8 curved blades of height
h= 41.2mm. Their rotation frequencies are independently
adjustable, up to 26Hz. Magnetic measurements are made
using a temperature-controlled, 3D Hall probe mounted flush
on the flow boundary, at the inner cylinder.

von Kármán flow is generated by two counter-rotating
iron impellers (rotation frequencies F1 and F2). Its mean
structure has the following characteristics: the fluid is
ejected radially from the disks by centrifugal force and
loops back towards the axis in the mid-plane between the
impellers. A strong di!erential rotation is superimposed
on this poloidal flow, which generates a high shear in the
mid-plane. The flow maximum driving power is 300 kW,
and cooling is performed using an oil flow inside the copper
walls of the vessel. It allows experimental runs at constant
temperatures between 110 !C and 160 !C. The integral
Reynolds numbers are defined as Rei = 2!KR2Fi/" and
take values up to 5 · 106, where " is the fluid viscosity and
K = 0.6 is a coe"cient that measures the e"ciency of the
driving impellers [12]. Corresponding magnetic Reynolds
numbers, Rmi = 2!Kµ0#R2Fi, up to 49 at 120 !C are
reached —µ0 is the magnetic permeability of vacuum.
The magnetic field is measured with local Hall probes
inserted inside the fluid.
When the impellers are operated at equal and opposite

rotation rates F , a fully turbulent dynamo is observed
when F is larger than about 17Hz (Rm = 31) [9]. The self-
sustained magnetic field is statistically stationary with
either polarity in this case. In the experiment,
the rotation rates (F1, F2) of the driving impellers can
be independently adjusted and this gives an additional
degree of freedom. Starting from a symmetric flow forcing,
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Fig. 2: (a) Preliminary inspection of dynamo regimes observed
as the impeller rotation frequencies are independently set.
Symbols: (!): statistically stationary dynamos, (+) no dynamo,
i.e., magnetic field less than 10 gauss at the measurement
location —and for measurement times longer than 180 s.
(!): dynamo with reversals. (b), (c) Examples of the time
variations of the main magnetic field component for rotation
frequencies of the disks, 22–22Hz (Rm1 =Rm2 = 42.5) and
14–22Hz (Rm1 = 27.5, Rm2 = 43.5). Note that on measurement
time scales of the order of 180 s, the regimes can depend on the
path followed to reach them.

F1 = F2, one can progressively change the rotation
frequency of one disk and explore regimes in which the
faster disk imposes some kind of global rotation to the
flow, a feature common to most natural dynamos.
We show in fig. 2 a preliminary inspection of the

parameter space accessible when the flow is driven with
disks rotating at di!erent speeds.
As said above, only statistically stationary dynamos are

observed in the counter-rotating case (fig. 2b). Another
statistically stationary dynamo mode is observed when the
frequency of one impeller is increased from zero (say F1),
the other being kept fixed at 22Hz, thus Rm2 in the range
42–43 depending on the sodium temperature (fig. 2c).
Note however that its relative fluctuations are much
smaller (compare fig. 2b, c), an e!ect possibly ascribable
to global rotation. This regime undergoes secondary bifur-
cations when the slower impeller frequency is increased
further. In a small parameter range, #Fi/Fi ! 20%,
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Zonal-Blocked transitions

Laboratory experiments in rotating an-
nuli with a radial temperature gradient have
helped in the understanding of the mecha-
nism of baroclinic instability and the atmo-
sphere’s general circulation (17). Introduc-
ing wavenumber 2 topography in such an-
nuli produced new phenomena (18) but did
not adequately explain the spatiotemporal
features of the atmosphere’s observed and
modeled low-frequency variability (19).

To further understand the dynamics of
zonal flow over topography, we carried out
laboratory experiments on a barotropic rotat-
ing annulus (20, 21) with two mountain ridg-
es. The flow was produced by mechanical
pumping and suction rather than by differen-
tial heating of the side walls (17). With the
rapid rotation and absence of buoyant driving
forces, the flow in the annulus was essentially
two-dimensional (21) and could be compared
with barotropic model results. These experi-
ments facilitate exploration of the flow’s be-
havior over a wide parameter range: an hour
at a rotation frequency of 2 Hz corresponds to
20 simulated years.

The annular tank’s inner radius r1 !
10.8 cm, its outer radius r2 ! 4r1, and its
height varied linearly from 17.1 cm at the
inner to 20.3 cm at the outer radius. Flow
was produced by pumping fluid in through a
ring of 120 holes (0.26 cm in diameter) at
rsource ! (3.25)r1 and out through a ring of
holes at rsink ! (1.75)r1. The annulus was
filled with water (kinematic viscosity " !

0.009 cm2 s–1) up to a flat lid. When the
tank rotated rapidly, the action of the Co-
riolis force on the radial flow resulted in a
corotating (eastward) jet with a much high-
er velocity than the radial flow generated
directly by the pumping (20, 21). The slop-
ing bottom of the annulus models the

change in Coriolis force as a function of
latitude for spherical planets [the # effect,
which in the present case is given by # !
2$s/h, where s ! 0.1 is the slope, h ! 18.7
cm is the mean height of the annulus, and
$ is the angular velocity of the annulus
(21)]. Two radial aluminum ridges were

Fig. 1. Atmospheric pictures of (A) zonal and (B) blocked flow, showing
contour plots of the height (m) of the 700-hPa (700 mbar) surface, with a
contour interval of 60 m for both panels. The plots were obtained by averag-
ing 10 days of twice-daily data for (A) 13 to 22 December 1978 and (B) 10 to
19 January 1963; the data are from the National Oceanic and Atmospheric

Administration’s Climate Analysis Center. The nearly zonal flow of (A) includes
quasi-stationary, small-amplitude waves (32). Blocked flow advects cold
Arctic air southward over eastern North America or Europe, while decreasing
precipitation in the continent’s western part (26).

Fig. 2. Time-averaged stream function contours calculated from experimental data for (A) zonal and (B)
blocked flow. The peaks of the ridges are indicated by dashed lines, and the profile of each ridge is
shown by black curves outside the rim of the round panels. The contour interval is 15 cm2 s–1 for both
plots. The annulus rotates counterclockwise, and the flow is in the direction of rotation (eastward). The
Rossby numbers Ro for the zonal and blocked flows are 0.33 % 0.02 and 0.22 % 0.02, respectively
(pump flux F ! 390 and 260 cm3 s–1, respectively); for both flows, the Ekman number Ek ! 4.8 & 10'4

($ ! 3( rad s–1). A video camera was used to track neutrally buoyant particles of 1 mm diameter, and
time-averaged stream functions were determined by averaging the particle trajectories in time (23) and
fitting the results to basis functions. The highs and lows of the stream function are indicated by bold
letters H and L, respectively. The black dots indicate the horizontal location of the hot-film probe.
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Transitions between zonal and blocked states in rotating tank experiments6:
Laboratory experiments in rotating an-

nuli with a radial temperature gradient have
helped in the understanding of the mecha-
nism of baroclinic instability and the atmo-
sphere’s general circulation (17). Introduc-
ing wavenumber 2 topography in such an-
nuli produced new phenomena (18) but did
not adequately explain the spatiotemporal
features of the atmosphere’s observed and
modeled low-frequency variability (19).

To further understand the dynamics of
zonal flow over topography, we carried out
laboratory experiments on a barotropic rotat-
ing annulus (20, 21) with two mountain ridg-
es. The flow was produced by mechanical
pumping and suction rather than by differen-
tial heating of the side walls (17). With the
rapid rotation and absence of buoyant driving
forces, the flow in the annulus was essentially
two-dimensional (21) and could be compared
with barotropic model results. These experi-
ments facilitate exploration of the flow’s be-
havior over a wide parameter range: an hour
at a rotation frequency of 2 Hz corresponds to
20 simulated years.

The annular tank’s inner radius r1 !
10.8 cm, its outer radius r2 ! 4r1, and its
height varied linearly from 17.1 cm at the
inner to 20.3 cm at the outer radius. Flow
was produced by pumping fluid in through a
ring of 120 holes (0.26 cm in diameter) at
rsource ! (3.25)r1 and out through a ring of
holes at rsink ! (1.75)r1. The annulus was
filled with water (kinematic viscosity " !

0.009 cm2 s–1) up to a flat lid. When the
tank rotated rapidly, the action of the Co-
riolis force on the radial flow resulted in a
corotating (eastward) jet with a much high-
er velocity than the radial flow generated
directly by the pumping (20, 21). The slop-
ing bottom of the annulus models the

change in Coriolis force as a function of
latitude for spherical planets [the # effect,
which in the present case is given by # !
2$s/h, where s ! 0.1 is the slope, h ! 18.7
cm is the mean height of the annulus, and
$ is the angular velocity of the annulus
(21)]. Two radial aluminum ridges were

Fig. 1. Atmospheric pictures of (A) zonal and (B) blocked flow, showing
contour plots of the height (m) of the 700-hPa (700 mbar) surface, with a
contour interval of 60 m for both panels. The plots were obtained by averag-
ing 10 days of twice-daily data for (A) 13 to 22 December 1978 and (B) 10 to
19 January 1963; the data are from the National Oceanic and Atmospheric

Administration’s Climate Analysis Center. The nearly zonal flow of (A) includes
quasi-stationary, small-amplitude waves (32). Blocked flow advects cold
Arctic air southward over eastern North America or Europe, while decreasing
precipitation in the continent’s western part (26).

Fig. 2. Time-averaged stream function contours calculated from experimental data for (A) zonal and (B)
blocked flow. The peaks of the ridges are indicated by dashed lines, and the profile of each ridge is
shown by black curves outside the rim of the round panels. The contour interval is 15 cm2 s–1 for both
plots. The annulus rotates counterclockwise, and the flow is in the direction of rotation (eastward). The
Rossby numbers Ro for the zonal and blocked flows are 0.33 % 0.02 and 0.22 % 0.02, respectively
(pump flux F ! 390 and 260 cm3 s–1, respectively); for both flows, the Ekman number Ek ! 4.8 & 10'4

($ ! 3( rad s–1). A video camera was used to track neutrally buoyant particles of 1 mm diameter, and
time-averaged stream functions were determined by averaging the particle trajectories in time (23) and
fitting the results to basis functions. The highs and lows of the stream function are indicated by bold
letters H and L, respectively. The black dots indicate the horizontal location of the hot-film probe.
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symmetrically placed on the bottom of the
annulus, each having a Gaussian profile
h(r,!) " h(!) " h0 exp[–(!/!0)2] with h0 "
1.5 cm and !0 " 21°. This profile extends
over 72°; at 72° the Gaussian profile is
smoothly tapered to zero.

Our two control parameters were the
pump flux rate F, which ranged from 0 to 400
cm3 s#1, and $, which ranged from 2% to 6%
rad s#1 (1 to 3 Hz). These two control param-
eters determine the nondimensional Rossby
(Ro) and Ekman (Ek) numbers. The Rossby
number Ro " U/2$L is given in terms of L,
the spacing between the forcing rings (1.5r1),
and the maximum velocity U that would
result from a steady, axisymmetric flow in
the absence of topography, U " (F/2%)-
($/&)1/2rsink

#1 (21). The Ekman number is
Ek " (Tannulus/TEkman)2, where Tannulus "
2%/$ is the annulus rotation period and
TEkman " h/2(&$)1/2 is the relaxation time
for unforced disturbances (22); hence, Ek "
(4%/h)2 (&/$). In these experiments, 0.10 '
Ro ' 0.35 and 0.4 ( 10–3 ' Ek ' 10–3.

In the absence of topography, the flow in
this parameter range was characterized by
eastward-propagating Rossby waves (21).
With the topography in place, however, we
observed two stationary wave patterns that
had markedly different characteristics, as illus-
trated by the contour plots of typical time-
averaged stream functions (Fig. 2) (23). At
high Rossby numbers (that is, high pumping
or low rotation), a nearly zonal flow (Fig. 2A),
resembling the more frequently occurring at-
mospheric patterns (Fig. 1A), was observed: a
strong corotating jet flowed smoothly around
the annulus; it had a small-amplitude wave of
zonal wavenumber 2 induced by the two
mountains. At lower Rossby numbers, a
blocked flow was observed (Fig. 2B); the jet
was wavier, and its speed was much lower (see
also Fig. 3, A and C). The azimuthal flux
carried by the blocked jet was typically one-
third that in the zonal jet, even for similar
pumping rates and Ekman number (24). A
strong wavenumber 4 component of the flow
field arose; one anticyclone (counterrotating

vortex) formed upstream of each mountain,
and the other formed downstream, like in a
Rossby lee wave (25). In the atmosphere,
though, unlike in our experiment, it is the
upstream ridge (poleward curvature of the jet)
that is more pronounced.

Blocking anticyclones appear in the atmo-
sphere most often separately, in either the
Pacific–North American or the North Atlan-
tic–European sector, although double-block-
ing episodes (Fig. 1B) do occur (4, 5, 7, 26).
The twofold symmetry of the apparatus pre-
sumably favors a double-blocking pattern.
The drop in jet intensity, increase in wave
amplitude, and upstream shift of the two
stronger highs that we observed for blocked
flow are in agreement with the simplified
barotropic models (8, 10, 12, 27), which are
supported by general circulation model results
(13). Still, direct comparison of the experi-
mental observations with the atmosphere is
not possible, because the spectrum of North-
ern Hemisphere topography is dominated by
wavenumbers 2 and 3, and thermal contrasts
between continents and oceans also play an
important role, as do baroclinic phenomena
(10, 11, 14, 16).

The variability of the blocked flow in the
experiments was much higher than that of the
zonal flow. For zonal flow (Fig. 2A), the vari-
ations from the mean spatial pattern were
small, and the instantaneous stream function
resembled the time average. For blocked flow
(Fig. 2B), the instantaneous patterns differed
considerably from the time average over most
of the parameter range investigated. The ve-
locity time series for zonal flow, measured at a
fixed point in the fluid, also showed that
nearly periodic variations (with a period of 17
annulus rotations) were superimposed on a
noisy background (Fig. 3, A and B) (16). The
blocked flow had a broad-band spectrum, with
spectral power P decreasing with frequency f
(Fig. 3D). However, its fluctuations decreased
with Ro and, at Ro ' 0.02, the blocked flow
became time-independent and exhibited two-
fold symmetry in space.

In a regime intermediate between that of

nearly zonal and blocked flows (Fig. 4), spon-
taneous transitions occurred between distinct
zonal and blocked flows (Fig. 5A) for fixed
experimental conditions (Ro and Ek). Similar
spontaneous transitions appear in the atmo-
sphere (4, 5), as well as in simple determin-
istic models with a sufficient number of de-
grees of freedom (12, 14, 16). Our blocked
and zonal flows, however, both persisted for
many more annulus rotation periods than did

Fig. 3. (A and C) Velocity
time series and (B and D) as-
sociated power spectra ob-
tained from a hot-film probe
located in the lid at r " 2.5r1.
Zonal (A and B) and blocked
(C and D) flows correspond
to Ro " 0.332 ) 0.005 and
0.124 ) 0.005, respectively
(pump flux F " 320 and 120
cm3 s–1, respectively), with
Ek " 7.2 ( 10–4 for both
flows ($ " 2% rad s#1).

Fig. 4. Diagram showing boundaries between the
three observed flow regimes: pure zonal, pure
blocked, and intermittent regime. In the intermit-
tent regime, spontaneous switching between
blocked and zonal flows occurs at irregular inter-
vals. Stars indicate the positions in this diagram of
the experimental runs used for Fig. 2, A and B; Fig.
3, A through D; and Fig. 5A. Multiple stable equi-
libria were not observed.

Fig. 5. (A) Velocity time series showing intermit-
tent transitions between zonal and blocked flow
(compare Figs. 3 and 4); Ro " 0.237 ) 0.005 and
Ek " 4.8 ( 10–4 (pump flux F " 280 cm3 s–1 and
$ " 3% rad s–1). (B) The fraction of time spent in
the blocked state as a function of the Rossby
number [compare with similar plots for the atmo-
sphere (4) and barotropic models (12)]; Ek "
7.2 ( 10#4 ($ " 2% rad s–1). To guide the eye, the
straight line shows the least-squares fit to the in-
termittent data.
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Connecting blocking and bistability is an old idea7.

6E. R. Weeks et al. (1997). Science; Y. D. Tian et al. (2001). J. Fluid Mech.
7J. Charney and J DeVore (1979). J. Atmos. Sci.



Transitions in the stochastic 2D Navier-Stokes equations

Stochastic 2D Navier-Stokes equations on a double periodic domain with aspect ratio
close to one8.

z1 =

∫
dxdye iyω(x , y)

282 F. Bouchet, A. Venaille / Physics Reports 515 (2012) 227–295

time *ν

δ=1.02 δ=1.04

|z
1|

|z
1|

time *ν

Fig. 24. Dynamics of the 2D Navier–Stokes equations with stochastic forces in a doubly periodic domain of aspect ratio �, in a non-equilibrium
phase transition regime. The two main plots are the time series and probability density functions (PDFs) of the modulus of the Fourier component
z1 = 1

(2⇡)2

R
D

dr!(x, y) exp(iy) illustrating random changes between dipoles (|z1| ' 0.55) and unidirectional flows (|z1| ' 0.55). As discussed in
Section 6.4.3, the existence of such a non-equilibrium phase transition can be guessed from equilibrium phase diagrams (see Fig. 6).
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Fig. 25. Bistability in a rotating tank experiment with topography (shaded area) [189,200]. The dynamics in this experiment would be well modeled by a
2D barotropic model with topography (the quasi-geostrophic model with R = 1). The flow is alternatively close to two very distinct states, with random
switches from one state to the other. Left: the stream function of each of these two states. Right: the time series of the velocity measured at the location of
the black square on the left figure, illustrating clearly the bistable behavior. The similar theoretical structures for the 2D Euler equations on one hand and
the quasi-geostrophic model on the other hand, suggest that the bistability in this experiment can be explained as a non-equilibrium phase transition, as
done in Section 6.4.3 (see also Fig. 24).

Fig. 26. Kuroshio: sea surface temperature of the pacific ocean east of Japan, February 18, 2009, infra-red radiometer from satellite (AVHRR, MODIS) (New
Generation Sea Surface Temperature (NGSST), data from JAXA (Japan Aerospace Exploration Agency)).
The Kuroshio is a very strong current flowing along the coast, south of Japan, before penetrating into the Pacific ocean. It is similar to the Gulf Stream in the
North Atlantic. In the picture, The strong meandering color gradient (transition from yellow to green) delineates the path of the strong jet (the Kuroshio
extension) flowing eastward from the coast of Japan into the Pacific ocean.
South of Japan, the yellowish area is the sign that, at the time of this picture, the path of the Kuroshio had detached from the Japan coast and was in a
meandering state, like in the 1959–1962 period (see Fig. 27). (For interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)

I Unidirectional flows: |z1| ≈ 0.

I Dipoles: |z1| > 0.

Both states are close to stationary states of the Euler equations.

8F. Bouchet and E. Simonnet (2009). Phys. Rev. Lett.



Rare transitions in jet dynamics10

Zonal jets in the stochastic barotropic
vorticity equation:

∂tω + u · ∇ω + βv = −αω + ν∆ω
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Figure 3: Zonal jets in a numerical simulation of the stochastic quasi-geostrophic
barotropic equation. Top pannel: Hovmöller (spatio-temporal) diagram of the zon-
ally averaged vorticity, showing rare and abrupt transitions between two-jets and
three-jets configurations. Bottom pannel: time series of the vorticity Fourier compo-
nents, showing both typical fluctuations and large fluctuations leading to transitions.
Courtesy Eric Simonnet.

ear dynamics is stochastically forced but not dissipated. The question of whether
this linear dynamics actually reaches a stationary state or not is thus crucial for
the self-consistency of our theory, answering this question is a central point of this
thesis.

In the case of the stochastic two-dimensional Navier-Stokes equation (i.e. with no
di!erential rotation), the linearized dynamics actually leads to an inviscid damping
of turbulent perturbations, known as the Orr mechanism [11, 82], even in the absence
of external dissipation. Using the Orr mechanism, we will study the mathematical
properties of the linear stochastic dynamics. In particular, we will study the low-
order statistics (average and covariance) of Reynolds’ stresses, which are the terms
appearing in the kinetic equation for zonal jets.

We will see that the inviscid damping ensures the self-consistency of the kinetic
theory at leading order (deterministic part of the kinetic equation involving the
average Reynolds’ stress). At next order (stochastic part of the kinetic equation
involving the typical fluctuations of Reynolds’ stresses), the issue is more subtle and
we will see that some quantities of interest converge to finite values in the limit
of small dissipation, while some other quantities diverge. More precisely, we will
obtain results of convergence in a weak sense, i.e. in the sense of distributions. An
important physical consequence of those results is that the typical fluctations of
Reynolds’ stresses cannot be neglected in the e!ective dynamics of zonal jets. All
those theoretical results will also be confronted with numerical computations.

In the limit of no forcing and dissipation, approaches through equilibrium statis-

9
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“Instantons”:

Efficient sampling of reactive trajectories with rare event algorithm (AMS9).
9F. Cérou and A. Guyader (2007). Stoch. Anal. Appl.

10F. Bouchet et al. (2018). arXiv preprint arXiv:1810.11057.



Prospects: Jet Stream in the Southern Hemisphere11

March to September, this jet progressively shifts south-
ward to reach 55–60!S by the end of the austral winter.
During spring, the PFJ progressively returns to lower
latitudes.

4.3 Trend analysis

Some recent papers have found significant trends in the
SH circulation during the second half of the twentieth
century (Burnett and McNicoll 2000; Renwik 2004). The
changes have been mostly based on the analysis of
geopotential heights fields, either by computing anom-
alies over gridded data or by studying the time evolution

of closed isoheight contours. Our jet definition allows
the detection of a precise path for the circulation max-
ima related to the STJ and the PFJ, which are then
processed as independent and physically consistent
structures. Some annual statistics, as the jet frequency
(annual or seasonal number of jets detected), the average
latitude and the average velocity have been selected as
representative of the SH circulation. As a measure of the
meandering of the jet, a zonal index computed as the
di!erence between the maximum and minimum latitude
reached by each jet (i.e. the latitudinal amplitude of the
jet) has been defined. As it was stated in the introduc-
tion, the e!ects of the massive introduction of satellite
measures during 1979 must be considered when explor-

Fig. 3 Cumulative jet path during
January, April and July for 1958, 1979
and 2002. Parallels are drawn at every
20!

Fig. 4 Annual evolution of the 1958–2002
averaged SWD. Gray areas indicate 10,20,30,35,
40, and 45 m s!1 . Velocities above 35 m s!1 are
darker

Gallego et al.: A new look for the Southern Hemisphere jet stream 611

11D. Gallego et al. (2005). Clim. Dyn.



Theoretical framework for noise induced transitions: the Kramers problem12

Overdamped Langevin dynamics:

ẋ = −V ′(x) +
√

2εη, V (x) = (x2 − 1)2, E[η(t)η(t′)] = δ(t − t′).
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12H. A. Kramers (1940). Physica.
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Transition probability

In the weak noise limit, transition times form a Poisson point process with transition rate
λ, given by

λ = τ−1e−∆V/ε

This is a large deviation result.

12H. A. Kramers (1940). Physica.
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Rare transitions of atmosphere jets: numerics
Rare transitions of atmosphere jets: theory

Freidlin–Wentzell theory and Eyring–Kramers law

Freidlin-Wentzell theory
Transition rates for non-gradient dynamics
Sketch of the proof

Most Reactive Paths Follow the Instanton

In the weak noise limit, most transitions (reactive paths)
follow the most probable path (instanton)

Figure by Eric
Vanden Eijnden

For gradient dynamics, instantons are time reversed relaxation
paths from a saddle point to an attractor. Arrhenius law then
follows

logP (x1,T ;x�1,0) ⇠
kBTe
�V !0

� �V
kBTe

.

F. Bouchet CNRS–ENSL Large deviation theory and GFD

Fig. E. Vanden-Eijnden (Courant)

Instantons

Path integral formalism

E[O] =

∫
D[x ]O[x ] exp(−A[x ]/ε), Action: A[x ] =

1

4

∫
dt(ẋ + V ′(x))2.

Instanton: most probable path: minx{A[x ]|x(−T ) = −1, x(T ) = 1}.
12H. A. Kramers (1940). Physica.
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