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Abstract

We prove that an open 3-manifold proper homotopy equivalent to a geometrically simply
connected polyhedron is simply connected at infinity thereby generalizing the theorem proved by
Poénaru (1991). 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The immediate antecedent to this paper is [6], the principal theorem of which is the
following.

Theorem 1.1 (V. Poénaru).If U is an open simply connected3-manifold and, for some
n, U ×Dn has a handlebody decomposition without1-handles thenU is geometrically
simply connected hence simply connected at infinity.

Note. Dn denotes then-ball; see [6] for the definition of “handlebody decomposition
without 1-handles”; all 3-manifolds we consider in the sequel will be orientable unless
the contrary is explicitly stated.
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A non-compact polyhedronU is simply connected at infinity(s.c.i.), and we write
alsoπ∞1 (U) = 0, if given a compactum (i.e., a compact set)X ⊂ U there exists another
compactumY with X ⊂ Y ⊂U3, such that any loop inU −Y is null-homotopic inU −X.
(Some authors call thisπ1-triviality at infinity or 1-LCat infinityand reserve the term s.c.i.
for the special case in whichY can be chosen so that, in addition,U − Y is connected.
These notions are equivalent for one ended spaces, such as contractible spaces.)

A non-compact polyhedronP is geometrically simply connected(g.s.c.) if it can be
exhausted by compact 1-connected subpolyhedra. It is easily seen that any non-compact
polyhedral manifoldU which has a handlebody decomposition with no 1-handles is
g.s.c. In addition the projection mapp :U × Dn → U is a proper simple-homotopy
equivalence (defined in [7]). In [6] Poénaru hinted at the conjecture which results when the
hypothesis of the above-stated theorem is replaced by the (therefore) weaker hypothesis
thatU be proper simple-homotopy equivalent to a g.s.c. polyhedron. This conjecture was
subsequently established in [2] using the techniques of [6]. The following theorem is an
immediate corollary of the principal result of this paper (which is proven using only basic
3-manifold theory). It further generalizes the theorem stated above.

Theorem 1.2. Any open3-manifold which is proper homotopy equivalent to a geometri-
cally simply connected polyhedron is simply-connected at infinity.

Remark 1.1. If Mn (n > 3) is a compact, contractiblen-manifold with non-simply-
connected boundary (e.g., those constructed in [4] and [5]) thenint(Mn) is easily seen
to be g.s.c. but not s.c.i. This demonstrates that the above theorem cannot be extended to
include open contractible manifolds of dimension greater than three. Notice that for simply
connected open 3-manifolds the g.s.c. and the s.c.i. are equivalent.

Provisos. We remain in the polyhedral category throughout and all homology groups are
with Z coefficients.

2. Statement of results

We first require the following definitions.

Definition 2.1. A proper mapf :X→ Y is H3-nontrivial if given non-null compacta
L⊂ Y andK ⊂X such thatf (X−K)⊂ Y −L thenf∗ :H3(X,X−K)→H3(Y,Y −L)
is nontrivial (i.e., its image is not a singleton).

Definition 2.2. Given noncompact polyhedraX andY we sayY isH3-semi-dominated by
X if there exists anH3-nontrivial proper mapf :X→ Y .

Definition 2.3. An open connected 3-manifoldU3 is simple-endedif it has an exhaustion
{Mi}∞i=1 by compact 3-submanifolds where, for alli, the genus of∂Mi is zero.
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Remark 2.1.
(1) If U is an open orientable 3-manifold andY ⊂ U a non-null compactum then

H3(U,U − Y ) is nontrivial.
(2) If f,g :X→ Y are properly homotopic maps whereX andY are open, connected

3-manifolds andf isH3-nontrivial theng isH3-nontrivial.

Proof. (1) Since we are in the polyhedral categoryY is a compact polyhedron and so
has a regular neighborhoodN . SinceN − Y deformation retracts onto∂N we have that
H3(U,U−Y ) is isomorphic toH3(U,U− intN). Taking a triangulation of the pair(U,N)
and using the orientation ofU we see thatN is a relative cycle representing a nontrivial
element ofH3(U,U − intN). Moreover, this is a free Abelian group with basis elements
represented by the components ofN . This proves the first remark.

(2) Suppose thatK, L are compacta inX,Y , respectively, withg(X − K) ⊂ Y − L.
ThenK ⊃ g−1(L). Let F :X × I → Y be a proper homotopy withF(x,0) = f (x) and
F(x,1)= g(x). SinceF−1(L) is compact, there is a connected compactumM of X such
thatM × I ⊃ F−1(L) ∪ (K × {1}). LetN be a regular neighborhood ofM in X. ThenN
represents a generator of the infinite cyclic groupH3(X,X − intN) which is isomorphic
to H3(X,X −M). Now f−1(L) ⊂M implies thatf (X −M) ⊂ Y − L. Sincef is H3-
nontrivial we have thatf (N) represents a nontrivial element ofH3(Y,Y −L). SinceK ⊂
intN we have thatN represents an element ofH3(X,X−K). SinceF−1(L)⊂ intN × I
we have thatg(N) is homologous tof (N) in (Y,Y −L), and sog isH3-nontrivial. 2

Our main result is the following.

Theorem 2.1. An open, connected, orientable3-manifoldU is H3-semi-dominated by a
g.s.c. polyhedron if and only ifU is the connect-sum of a1-connected, simply connected at
infinity open3-manifold and a closed, orientable3-manifold with finite fundamental group.

Remark 2.2.
(1) Theorem 1.2 is a corollary of Theorem 2.1. In fact, letf :P → U be a proper

homotopy equivalence with proper homotopy inverseg :U→ P . SupposeK, L are
compacta inP , U , respectively, such thatf (P −K)⊂ U − L. LetM = g−1(K).
Theng(U −M)⊂ P −K. Sincef ◦ g is proper homotopic toidU andidU isH3-
nontrivial, we have by Remark 2.1(2) that(f ◦ g)∗ is nontrivial and hencef∗ is
nontrivial.

(2) The proof of the “if” part of the theorem is very brief. Just observe that ifU satisfies
the hypothesis then the universal covering ofU is 1-connected and simply connected
at infinity (hence g.s.c. – see (3) below) and the covering projection is proper and
has non-zero degree (hence isH3-nontrivial). (In the sequel when we refer to the
hypothesis or conclusion of the theorem we will mean the “only if” part.)

(3) By the methods of [9] the class of 1-connected, simply connected at infinity open
3-manifolds is equal to each of the following two classes of open 3-manifolds.
Those which can be constructed as follows: delete a tame, 0-dimensional, compact
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subspace fromS3, denote the result byU and replace each element of a pairwise
disjoint, proper family of 3-balls inU by a homotopy 3-ball. Those each of which
has an exhaustion{Mi}∞i=1 by compact 3-submanifolds where, for eachi, Mi is 1-
connected (and hence the genus of∂Mi is 0) and each component ofMi+1−Mi is
homeomorphic to a space obtained by taking finitely many pairwise disjoint 3-balls
in S3, replacing one by a homotopy 3-ball and deleting the interiors of the rest.

To establish the theorem we will demonstrate the following three propositions.

Proposition 2.1. If U is as in the hypothesis of the theorem thenU is simple-ended.

Proposition 2.2. If U is as in the hypothesis of the theorem thenπ1(U) is a torsion group.

Proposition 2.3. If U is an open, connected simple-ended3-manifold such thatπ1(U) is
a torsion group thenU is as in the conclusion of the theorem.

3. Proof of Proposition 2.1

Lemma 3.1. Suppose the following: U is an open, orientable3-manifold;K is a compact,
connected3-submanifold ofU such that each component of cl(U − K) is noncompact
and has connected boundary; and f : (M,∂M)→ (U,U − K) is a map of a compact
connected3-manifold with boundary such that∂M has genus zero andf∗ :H3(M,∂M)→
H3(U,U −K) is nontrivial. Then there exists a compact, connected3-submanifoldN of
U such thatK is inN and the genus of∂N is zero.

Proof. It will suffice to find, for each componentV of cl(U −K) a compact, connected
3-submanifoldN(V ) of V such that∂V is in N(V ) and the genus of∂N(V ) − ∂V is
zero. So letV be such a component. We assumef is transverse to∂V and denote the
intersection off−1(V ) and∂M byC. The orientation ofU determines an orientation ofV ,
which in turn determines an orientation of∂V . Similarly the orientation ofM determines
an orientation of the 3-dimensional submanifoldf−1(V ), which in turn determines an
orientation off−1(∂V )⊂ ∂f−1(V ).

From the hypothesis onf∗ we derive that(f |f−1(∂V ))∗ carries the homology class of
f−1(∂V ), as determined by the orientation above, to a nontrivial element ofH2(∂V ). In
fact, consider the commutative diagram

H3(M,∂M)
∂M

f∗

H2(f
−1(∂V ))

(f |
f−1(∂V )∗

H3(U,U − intK)
∂U

H2(∂V )

,

where∂M comes from the relative Mayer–Vietoris sequence of(M,∂M)= (f−1(V ),C)∪
(M − f−1(V ), ∂M − C) and ∂U comes from the relative Mayer–Vietoris sequence of
(U,U − intK) = (V ,V ) ∪ (U − V ,U − (V ∪K)). A chase through the zig-zag lemma
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shows that∂M takes the orientation class of(M,∂M) to the class off−1(∂V ) and∂U
takes the generator of the infinite cyclic groupH3(U,U − intK) to the class of∂V . The
proof is completed by noting that inclusion induces an isomorphism ofH3(U,U − intK)
with H3(U,U −K) (sinceU − intK andU −K both deformation retract ontoU minus
the interior of a regular neighborhood ofK).

Note thatf |C :C→ V andf |f−1(∂V ) :f
−1(∂V )→ V are homologous and hencef |C

is homologous (inV ) to a nonzero multiple of∂V .
Applying the prime factorization theorem for compact 3-manifolds to a regular

neighborhood off (C) in int(V ) we conclude the existence of an embeddingR in int(V )
whereR is a closed, oriented surface of genus zero such thatR is homologous tof |C
in int(V ) (recall that the prime factorization and the sphere theorem imply thatπ2 of a
compact 3-manifold is generated, as aπ1-module, by a finite family of pairwise disjoint
embedded 2-spheres, and by the Hurewicz theoremH2 is isomorphic toπ2 modulo the
action ofπ1). Now letW be a regular neighborhood ofR in int(V ) and denote byN(V )
that component ofcl(V − W) containing∂V . It remains only to show thatN(V ) is
compact. Suppose otherwise. Then there exists a proper ray inV extending from∂V to
infinity and avoidingR. Such a ray has intersection number one with∂V but intersection
number zero withR. This contradicts the fact thatR is homologous inV to a multiple
of ∂V . 2
Definition 3.1. An admissible pairis a mapf : (X,Y )→ (M,M − L) and a subspace
K ⊂ L satisfying the following conditions:

(1) (X,Y ) is a pair of compact simplicial complexes andX is simply connected.
(2) M is a compact orientable 3-manifold andK andL are compact 3-submanifolds

with K ⊂ int(L), L⊂ int(M) andL connected.
(3) The mapf is simplicial andM is an (abstract) regular neighborhood off (X).
(4) Only one component ofX− f−1(∂L) has image underf meetingK.
(5) The mapf∗ :H3(X,Y )→H3(M,M −L) is nontrivial.

We will refer to theM above as thetargetof the admissible pair.

Notation. If X ⊂ P then∂X denotes the frontier ofX in P .

Lemma 3.2. If f :P → U is the map of the theorem andK is a compact3-submanifold
of U then we can chooseX ⊂ P and a compact3-submanifoldL of U such that the pair
{f |X : (X, ∂X)→ (M,M − L),K} is admissible whereM is a regular neighborhood of
f (X) in U .

Proof. LetL0 be a regular neighborhood ofK in U . The hypothesis implies the existence
of someX0 with f−1(L0) ⊂ X0 ⊂ P , such thatf∗ :H3(P,P − X0)→ H3(U,U − L0)

is nontrivial. Moreover once such anX0 is chosen then largerX with int(X) ⊃ X0

are also convenient for this purpose. Moreoverf is proper implies the existence of an
X1⊃X0 such thatf (∂X1)∩L0= ∅. Using excision on both sides above we find that the
map(f |X1)∗ :H3(X1, ∂X1)→ H3(M,M − L0) is nontrivial, whereM denotes a regular
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neighborhood off (X1) in U . Denote the setX1 with these properties byX(L0). Note
thatX(L0) is defined for any compactL0 engulfingK. If X− f−1(∂L0) has at least two
components each of which has image meetingK thenf−1(K) ∩ (X(L0) − f−1(∂L0))

is not connected. Sincef is simplicial the latter is a simplicial subcomplex ofP and
so it cannot be path connected. In particular there exist pointsx, y ∈ f−1(K) such that
any path connecting them inX(L0) should meetf−1(∂L0). But f−1(K) is a compact
(thus finite) simplicial complex becausef is proper hence it has a finite number of
components. Consider some arcs joining these components inP . The union of these
arcs with the components off−1(K) is contained in some compact subsetK ′ ⊂ P .
Consider nowL large enough such thatf−1(∂L) ∩K ′ = ∅, andK ′ ⊂ int(f−1(L)). Then
X(L)⊃ f−1(L) ⊃K ′, and we claim that thisX fulfills all conditions needed. Ifx, y are
two points inf−1(K) then there exists a path connecting them insideK ′ and so there exists
a path insideX(L)− f−1(∂L). 2
Lemma 3.3. Given an open, connected3-manifoldU and compactumX in U there exists
a compact3-submanifoldK ofU containingX such that each component of cl(U −K) is
noncompact and has connected boundary.

Proof. LetM be a compact 3-submanifold ofU containingX. LetN be the union ofM
and all compact components ofcl(U −M). To obtainK from N add 1-handles toN (in
cl(U −N)) which connect different components of∂N which are in the same component
of cl(U −N). 2

The proof of Proposition 2.1 will proceed by applying the tower construction to the
admissible pair of Lemma 3.2 (whereK is also chosen to satisfy the conclusion of Lem-
ma 3.3) to obtain a map satisfying the hypothesis of Lemma 3.1. It is convenient to state
first the following definition.

Definition 3.2. A reduction of the admissible pair{f0 : (X,Y )→ (M0,M0− L0),K0} is
a second admissible pair{f1 : (X,Y )→ (M1,M1− L1),K1} such that there exists a map
p :M1→M0, the “projection map” of the reduction, satisfying the following conditions:

(1) p ◦ f1= f0.
(2) p(K1) = K0, p(L1) = L0, and the mapsp|L1 :L1→ L0, p|K1 :K1→ K0 are

boundary preserving.
(3) p|L1 :L1→ L0 has non-zero degree.
(4) The complexity off1 is strictly less than the complexity off0 (where the complexity

of a simplicial mapg with compact domain is the number of simplexess in the
domain for whichg−1(g(s)) 6= s).

(5) The image underp of only one component ofM1− ∂L1 meetsK0. Observe that,
by (2), the image ofL1 must meetK0.

Lemma 3.4. If f1 is a reduction off0 andf2 is a reduction off1 thenf2 is a reduction
of f0.
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Proof. This is obvious. 2
Lemma 3.5. Any admissible pair with non-simply connected target has a reduction with
simply-connected target.

Proof. It will suffice to show that any admissible pair with non-simply connected target
has a reduction. Because then, by iteration (which could occur at most finitely many times
by condition (4)) and applying Lemma 3.3 we obtain a reduction with simply connected
target.

Let {f |X : (X,Y )→ (M,M − L),K} be the admissible pair. Let̃M be the universal
covering ofM andp be the covering projection. SinceX is simply connected there exists
a lift f̃ :X→ M̃ of f . We will show that{f1 : (X,Y )→ (M1,M1−L1),K1} is a reduction,
where

(1) f1= f̃ .
(2) M1 is a regular neighborhood of̃f (X).
(3) L1 is the only component ofp−1(L) which is contained inf1(X)= f̃ (X).
(4) K1= p−1(K0)∩L1.
(5) The covering map restricted toM1 is the mapp from the Definition 3.2.
Let us show thatf1 is well-defined and admissible.
f1 is well-defined: First we show thatf1(Y )⊂M1−L1. We know thatf (Y )⊂M −L

sincef is admissible, and sof1(Y ) =M1 ∩ p−1(f (Y )) ⊂M1 ∩ p−1(M − L) =M1 −
p−1(L)⊂M1−L1.

In order to have a consistent definition ofL1 we must show that there exists one and
only one component ofp−1(L) contained inf1(X).

First we prove the existence. Sincef is nontrivial onH3 (the condition (5) forf ) we
derive thatf̃∗ :H3(X,Y )→ H3(M̃, M̃ − p−1(L)) is nontrivial. In particular the Abelian
group H3(M̃, M̃ − p−1(L)) is non-zero. Since this group is freely generated by an
equivariant regular neighborhood of the compact components ofp−1(L), there exists at
least one such (the deck transformations act transitively on the components ofp−1(L) and
so every component is compact). SinceL is connectedH3(M,M − L) is generated by
the orientation class of a regular neighborhood ofL andf∗ nontrivial implies thatL is
in f (X).

Observe now thatp(M1 ∩ p−1(L)) = L sincep(M1) = M, and alsop(M1 −M1 ∩
p−1(L))=M −L. Then sincef isH3 nontrivial the mapf̃∗ :H3(X,Y )→H3(M1,M1−
M1 ∩ p−1(L)) should be nontrivial. The same argument used above shows thatf̃ (X) ⊃
M1 ∩ p−1(L). LetL1 be a component ofp−1(L) which meetsf̃ (X). Suppose thatL1 is
not completely contained iñf (X). SinceL1 is connected thenL1 ∩ (M1 − f̃ (X)) 6= ∅,
or in other words the regular neighborhood off̃ (X) meets a larger subset ofL1 than
the imagef̃ (X). This contradicts the fact thatM1 ∩ L1 ⊂ f̃ (X). Thus any component of
p−1(L)meetingf̃ (X) is entirely contained inf̃ (X). At least one component has non-void
intersection with the image becausep(f̃ (X)∩ p−1(L))= p(M1 ∩ p−1(L))= L.

Suppose now that there are two components,L1 and L′1 meeting f̃ (X). The two
components are then disjoint and contained inf̃ (X). Furthermore there are two
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components ofM1−p−1(∂L), namelyint(L1) andint(L′1)whose images underpmeetK.
However there is only one component, sayξ , ofX−f−1(∂L) whose image byf meetsK.
Thenf̃ (ξ)⊂M1−∂L1∪∂L′1 sincef̃ (ξ) avoidsp−1(∂L) andf̃ (ξ)⊃ int(L1)∪ int(L′1)⊃
K1 ∪K ′1 becausep(f (ξ)) meetsK. This is a contradiction as̃f (ξ) must be connected.
f1 is admissible: Conditions (1)–(3) from Definition 3.1 are immediate. The condition

(5) for f1 is satisfied sincef = p ◦ f1 is H3-nontrivial. Finally (4) is implied by
f−1

1 (∂L1)= f−1(∂L).
f1 is a reduction off : With the exception of (3) and (5) we leave them to the reader.

Condition (3) follows from the fact thatp|L1 :L1→ L is a covering map, and it is well
known that any covering map from one compact, connected, orientable 3-manifold to
another has non-zero degree. An easy argument is the following. Triangulate and orient
the base space. Lift the triangulation and the orientation of each 3-simplex to the covering
space. If this does not give an orientation of the covering space, then there will be a 2-
simplex which is a face of two 3-simplexes which are mapped to the same 3-simplex in
the base space, contradicting the fact that the map is a covering map. It then follows that a
fundamental cycle for the covering space is sent ton times the fundamental cycle for the
base space, wheren is the number of sheets of the covering.

We saw before thatint(L1) is the only component ofM1−p−1(∂L) whose image meets
K hence establishing (5).2
Proof of Proposition 2.1. Begin with the admissible pair of Lemma 3.2 whereK also
satisfies the conclusion of Lemma 3.3. Apply Lemma 3.5 to that admissible pair. Note
that the projection map of that reduction satisfies the hypothesis of Lemma 3.1 whose
application then completes the proof.2

4. Proof of Proposition 2.2

Lemma 4.1. Suppose the diagram

M
ϕ

h

X

ψ

N ⊂ U

is commutative and satisfies the following conditions:
(1) M andN are compact, connected, orientable3-manifolds withh(∂M)⊂ ∂N .
(2) h has non-zero degree.
(3) X is simply-connected.

Thene](π1(N)) is a torsion subgroup ofπ1(U) (wheree denotes the inclusionN ⊂U ).

Proof. Let p : Ñ → N be the covering map such thatp](π1(Ñ)) = h](π1(M)). Thenh
lifts to h̃ :M→ Ñ . Since the degree ofh is non-zeroH3(Ñ, ∂Ñ) 6= 0, and sõN is compact
and thusp is finite sheeted. Henceh](π1(M)) has finite index inπ1(N). (This is a standard



L. Funar, T.L. Thickstun / Topology and its Applications 109 (2001) 191–200 199

argument.) Thus for any element ofπ1(N) some power will be in the image ofh] and
therefore will be trivial inπ1(U). 2

Now to prove Proposition 2.2 it will suffice to show that ifN is a compact, connected
3-submanifold ofU then e](π1(N)) is a torsion subgroup ofπ1(U). Let f :X → U

be as in the definition of “H3-semi-dominated” (whereX is g.s.c.). By excision we
havef∗ :H3(Y, ∂Y )→ H3(N, ∂N) is nontrivial, whereY = f−1(N). We can “realize”
any element ofH3(Y, ∂Y ) by a mapg : (M,∂M)→ (Y, ∂Y ), whereM is a compact
orientable 3-manifold (i.e.,g∗ :H3(M,∂M)→ H3(Y, ∂Y ) sends the orientation class of
M to the preassigned element ofH3(Y, ∂Y ) – see [8]). The 3-manifoldM coming
from Thom’s theorem might not be connected. But since(f ◦ g)∗ :H3(M,∂M) →
H3(N, ∂N) is nontrivial there will be some componentM0 of M such that((f ◦
g)|M0)∗ :H3(M0, ∂M0) → H3(N, ∂N) is nontrivial. Now apply the lemma withh =
f ◦ (g|M0). 2

5. Proof of Proposition 2.3

Lemma 5.1. If A andB are groups anda ∈A, b ∈B are neither the identity thena ∗ b is
not a torsion element inA ∗B (the free product ofA andB).

Proof. This is a standard fact from combinatorial group theory. Every element of finite
order inA ∗B is conjugate to an element ofA or of B (Corollary 4.1.4 of [3]), and every
element ofA ∗ B is conjugate to a cyclically reduced word which is unique up to cyclic
permutation (Theorem 4.2 of [3]). Sincea ∗ b is cyclically reduced it cannot be conjugate
to an element ofA or ofB and hence cannot have finite order.2
Corollary 5.1. The prime factorization of a closed3-manifold whose fundamental group
is a torsion group can have at most one non-simply connected factor.

Now to prove Proposition 2.3 we assume thatU is not simply-connected (otherwise we
are done) and letM be a non-simply connected 3-submanifold ofU such that∂M has
genus zero. We can expressM as a connect-sum of a punctured homotopy 3-ball and a
closed orientable 3-manifoldN whereπ1(N) is a torsion group. By the above corollary
we can assumeN is irreducible. By [1] any orientable, irreducible closed 3-manifold with
torsion must have finite fundamental group. It remains only to show thatU can have no
other non-simply connected factor but this also follows from the corollary.2
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