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Abstract

The nonlinear Hartree equation describes the macroscopic dynamics of initially factorized IN-
boson states, in the limit of large N. In this paper we provide estimates on the rate of convergence
of the microscopic quantum mechanical evolution towards the limiting Hartree dynamics. More
precisely, we prove bounds on the difference between the one-particle density associated with the
solution of the N-body Schrédinger equation and the orthogonal projection onto the solution of
the Hartree equation.

1 Introduction

We consider an N boson system described on the Hilbert space L2(R3Y) (the subspace of L?(R3Y)
consisting of all functions symmetric with respect to arbitrary permutations of the N particles) by
a mean field Hamiltonian of the form

N N

1

HN = E —ij + N E V(JJZ - a;j) . (1.1)
j=1 1<j

We will specify later assumptions on the interaction potential V. Note the coupling constant 1/N in
front of the potential energy which characterizes mean-field models; it makes sure that in the limit of
large N the potential and the kinetic energy are typically of the same order, and thus can compete
to generate nontrivial effective equation for the macroscopic dynamics of the system.

We consider a factorized initial wave function

N
LER3N) 5 Yn(x) = H ¢(z;) for some p € H'(R?) (1.2)
j=1
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with normalization [|¢[|z2rsy = 1 (so that [|¢n||f2msnyy = 1) and we study its time-evolution ¥,
given by the solution of the N body Schrodinger equation

10Nt = HNYn with initial data ¥ = ¥N. (1.3)

In (L2) and in what follows we use the notation x = (x1,...,2y) € RV,

Clearly, because of the interaction among the particles, the factorization of the wave function is
not preserved by the time evolution. However, due to the presence of the small constant 1/N in front
of the potential energy in (III), we may expect the total potential experienced by each particle to be
approximated, for large N, by an effective mean field potential, and thus that, in the limit N — oo,
the solution ¢+ of (L3]) is still approximately (and in an appropriate sense) factorized. We may
expect, in other words, that in an appropriate sense

P (x H oi(xj) for large N. (1.4)

If (L4) is indeed correct, it is easy to derive a self-consistent equation for the evolution of the one-
particle wave function ;. In fact, it follows from (L4]) that the total potential experienced by a
particle at = can be approximated by the convolution (V * |i;|?)(z), and thus that the evolution of
the one-particle wave function ; is described by the nonlinear Hartree equation

iOpr = — D + (V x || ) ot - (1.5)

To understand in which sense (I.4]) holds true, we need to introduce marginal densities. The
density matrix yn; = [¢n ) (¥n¢| associated with ¢ is defined as the orthogonal projection onto
Yt (we use here Dirac’s bracket notation; for f,g,h € L%(R?), |f){g] : L>(R%) — L2?(R?) is the
operator defined by |f)(g|(h) = (g, h)r2 f). The kernel of vy, is thus given by

YN (X X) = Yy (X)), (X).

For k=1,..., N, we define then the k-particle marginal density 71(\];)15 associated with ¢y ; by taking

(k)

the partial trace of yy; over the last N — k particles. In other words, we define vy} as a positive
trace class operator on L?(R?*) with kernel

K
7§V72§(Xk;x§g) = /dXN—k YNt (Xky XN 13 X, XN k) - (1.6)

Since [[¢n ¢l f2@svy = 1, we immediately obtain Tr ’y](\];i =1foral N>1,k=1,...,N,and t € R.

By the choice of the initial wave function (L2, at time ¢ = 0 we have ’yNO ) (p|®F. Tt turns
out that (4] should be understood in terms of convergence of marginal densities. For a large class
of interaction potentials V', for every fixed k > 1, and t € R, one can in fact show that

(k)

v = e (e ®* as N — o0 (1.7)

where ¢; is a solution of the nonlinear Hartree equation (LI]). The convergence (7)) holds in the
trace norm topology. In particular, (L7]) implies that for arbitrary k and for an arbitrary bounded
operator J*) on L2(R3*),

(s (70 @1V ) — (2F, TP oPE)
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as N — o0o. The approximate identity (L4]) can thus be be interpreted as follows: as long as we
are interested in the expectation of observables depending non-trivially only on a fixed number of
particles, the N-body wave function 1 ; can be approximated by the N-fold tensor product of the
solution ¢; to the nonlinear Hartree equation (LH]).

The first rigorous proof of (IL7l) was obtained by Spohn in [11], under the assumption of a bounded
interaction potential V. The problem of proving (7)) becomes substantially more involved for
singular potentials. In [7], Erdés and Yau extended Spohn’s approach to obtain a rigorous derivation
of the Hartree equation (L) for a Coulomb interaction V(x) = const/|z| (partial results for the
Coulomb interaction were also obtained by Bardos, Golse, and Mauser in [2]). In [4], the Hartree
equation with Coulomb interaction was derived for semirelativistic bosons; in the semirelativistic
setting, the dispersion of the bosons only grows linearly in the momentum (for large momenta), and
thus the control of the Coulomb singularity is more delicate. In [3] [5 [6], models described by the
Hamiltonian

Hy = Z Ay, + = ZN?’BV (NP(z; —z;))  with 8 € (0,1]
7j=1 Z<j

with an N-dependent potential were considered (in the one-dimensional case, N-dependent potentials
were considered by Adami, Golse and Teta in [I]). These models are used to describe systems
of physical interest, such as Bose-Einstein condensates. Assuming the interaction to be positive
(V(x) > 0 for all x € R?) and sufficiently small, the main result was again a proof of the convergence
(L7); this time, however, ¢; is a solution of the cubic nonlinear Schrédinger equation (with local
nonlinearity)

by fo<p<1

8mag ifg=1 (1.8)

10rpr = — Ay + O'|(,Dt|2<pt with o = {
Here by = [dzV (z) and ay is the scattering length of V. The emergence of the scattering length ay
for 8 =1 (for all other choices of 0 < # < 1 the coupling constant is given by by, which is the first
Born approximation to 8mag) is a consequence of the short scale correlation structure developed in
solutions of the Schrodinger equation, which, in the case § = 1, is characterized by the same length
scale O(1/N) as the scale of the interaction potential.

The results described above have been obtained by extensions of the approach introduced by
Spohn in [IT], which was based on the study of the BBGKY hierarchy

z@t’yNt Z Tjs Nt NZ ](\];,)t]

]:1 Z<_]

Ed

N (1.9)
- k+1
+ <T> ZTl"k-H V(z; — 117k+1)771(v; )]
j=1
for the evolution of the marginal densities 7](\];7)15, k=1,...,N (here Trp,, denotes the partial trace

over the (k + 1)-th particle; this hierarchy is equivalent to the Schrédinger equation (L3]) for ¢ ).
(k)

Because of the compactness of the sequence Yng N 2 k, the proof of (7)) reduces to two main

steps. The first step consists in proving that an arbitrary family of limit points {’Yg;?t}kzl satisfies
the infinite hierarchy

=

k+1
zanmzz Ay +Zm+1 i — ), 7T (1.10)



The second step is a proof of the uniqueness of the solution of (II0)). Since the factorized family

’ygz?t = i) (@|®*, with oy determined by (IF), is a solution of the infinite hierarchy (LI0), these
two steps are sufficient to obtain (7).

Despite its many successes, this method has some limitations. The main one, from our point of
view, is that, because of the use of abstract arguments related to the compactness of the sequence

7](\];71, this technique does not provide any information on the rate of convergence of 71(\];)15 to |s) (i |F.

In some cases, instead of comparing the solution of (I.9) with the solution of the infinite hierarchy
(CIQ), it is also possible to expand it in a Duhamel series and to compare it directly with the
corresponding expansion for the factorized densities |¢;)(w:|®*. This approach (see [I1]) leads to
bounds of the form

) _

k
k C
Tr vy — loe) (e ®F| <

N
for all sufficiently small times |t| < tg. The restriction to small times is needed to guarantee the
convergence of the Duhamel expansion of the solution to (9. Iterating the arguments used to
obtain (L.II), one can derive bounds of the form

(1.11)

k
’®k<0

k)

Tr (v} = lee{ee
Nt Nz

which hold for all ¢t € R, but deteriorate very fast in time and are therefore not effective and not

very useful. Next theorem, which is the main result of this paper, provides much stronger bounds

on the difference between the true quantum mechanical evolution of the marginal densities and their

Hartree evolution; in particular it shows that for every fixed time ¢ € R, the error is at most of the
order O(N~1/2),

Theorem 1.1. Suppose that there exists D > 0 such that the operator inequality

Viz) <D (1 -A,) (1.12)
holds true. Let
N
Un(x) =] elz)), (1.13)
j=1

for some ¢ € H'(R?) with] lell = 1. Denote by Y = e Nty the solution to the Schrédinger
equation (I3) with initial data Yo = YN, and let ’y](\})t be the one-particle density associated with

Y- Then there exist constants C, K, depending only on the H' norm of ¢ and on the constant D
on the r.h.s. of (I.12) such that

1 C
Tr |y, — lee) (el | < ~iE el (1.14)
Here @y is the solution to the nonlinear Hartree equation
iOpr = — Ay + (Vx| (1.15)

with initial data pi—g = .

'In what follows, for a function f we will always denote by ||f| its L? norm, while, for an operator A, ||A| will
mean its L? operator norm.



Remark 1.2. The assumption on the potential V' means that the most singular potential we can
handle is the Coulomb potential V(x) = k/|x|. Note that our theorem applies both to the attractive
(k < 0) and the repulsive case (k > 0). In particular Theorem [I1] implies the result obtained by
Erdés and Yau in [7].

Remark 1.3. Note that under the assumption (1.12) on the interaction potential V', the nonlinear
equation (I.13) is known to be globally well-posed in H'(R3). This follows from the conservation of
the mass ||¢|| and of the energy

1
£(o) = [ do V@) + 5 [ dady Vo~ ple@Ple)
and from the observation that there exist constants c1,co such that

E(p) < crllelin @+ lel?) and  Jolifn < c2 (E(p) + llel* + llel) - (1.16)

Both bounds can be proven using that, by (I.13),

/ dy V(z — y)lew)? < e[ Vol + Yl

for all € > 0, uniformly in x € R3.

Remark 1.4. Instead of (1.13) we will prove that

1 C
V), = lee)eelllms < iz eft (1.17)

where ||.|| gs denotes the Hilbert-Schmidt norm. Although in general the trace norm is bigger than the
Hilbert-Schmidt norm, in this case they differ at most by a factor of twdd. In fact, since |p){pt| is a
rank one projection, the operator A = 7](\% — @) (pe| can only have one negative eigenvalue Apey < 0.

Since moreover
1
Tr (v5) = lee) il ) = 0

it follows that the megative eigenvalue of A is equal, in absolute value, to the sum of all positive
eigenvalues. The trace norm of A is equal, therefore, to 2|Aney| = 2||A||, where ||A|| denotes the
operator norm of A. Since ||A|| < ||Allgs, we immediately obtain that Tr|A| < 2|| Al gs-

Remark 1.5. The bound (1.17) is not optimal. As mentioned above, for short times and bounded
potentials, the quantity on the Lh.s. of (I.1]]) is known to be of the order 1/N. Nevertheless Theo-
rem [ 1l is the first estimate on the rate of convergence towards the mean-field limit which holds for
all times and remains of the same order N2 for all fized times.

Remark 1.6. Although, in order to simplify the analysis, we only consider the rate of convergence

of the one-particle density 7](\2 to |¢e)(pt|, our method can also be used to prove bounds of the form

0O )
i3] < S9) exe

for all j,t, N and for j-dependent constants C(j), K(j).

Tr |y, — loe)

2We would like to thank Robert Seiringer for pointing out this argument to us.



In this paper we avoid the use of the BBGKY hierarchy and instead revive an approach, intro-
duced by Hepp in [9] and extended by Ginibre and Velo in [§], to the study of a semiclassical limit of
quantum many-boson systemsﬁ. This approach is based on embedding the N-body Schrodinger sys-
tem into the second quantized Fock-space representation and on the use of coherent states as initial
data. The use of the Fock-space representation is in particular dictated by the fact that coherent
states do not have a fixed number of particles.

The Hartree dynamics emerges as the main component of the evolution of coherent states in
the mean field limit (or, in the language of [9, [8], in the semiclassical limit). The problem then
reduces to the study of quantum fluctuations, described by an N-dependent two-parameter unitary
group Un(t;s), around the Hartree dynamics. In [9, 8], Hepp (for smooth interaction potentials)
and Ginibre and Velo (for singular potentials) proved that, in the limit N — oo, the fluctuation
dynamics Uy (t; s) approaches a limiting evolution U(¢; s). This important result shows the relevance
of the Hartree dynamics in the mean field limit (at least in the case of coherent initial states). It
does not prove, however, the convergence (7)) of the one-particle marginal density to the orthogonal
projection onto the solution of the Hartree equation, nor does it imply convergence results for the
evolution of factorized initial sates. The problem of convergence of marginals requires additional
control on the growth of the number@ of fluctuations generated by the evolution Uy (t;s). This
analysis, which, technically, is the most difficult part of the present paper (see Proposition B.3]), is
newl. Another novel part of our work is the derivation of convergence towards Hartree dynamics for
factorized initial sates from the corresponding statements for the evolution of coherent states.

Although we are mainly concerned with the dynamics of factorized initial data, the result we
obtain for coherent states (see Theorem [B.I]) is of independent interest, especially because, in this
case, our bound is optimal in its N-dependence (for coherent states, we show that the error is at
most of the order 1/N for every fixed time).

The paper is organized as follows. In Section [2, we define the Fock space representation of the
mean field system, introduce coherent states and review their main properties. In Section [B] we
consider the evolution of a coherent state and we prove that, in this case, the rate of convergence to
the mean field solution remains of the order 1/N for all fixed times. Finally, in Section [, we show

how to use coherent states to obtain information on the dynamics of factorized states, and we prove
Theorem [I.11

2 Fock space representation

We define the bosonic Fock space over L?(R3 dx) as the Hilbert space
F=Pr’®, de)®" =Ceo P LIRY, da; ... dz,),

n>0 n>1

with the convention L?(R3)®:0 = C. Vectors in F are sequences ¢ = {¢)(™},>¢ of n-particle wave
functions ¥ € L2(R3"). The scalar product on F is defined by

(Y1,12) = Z<¢1n),7p§n)>L2(R3n) = W@Z)g]) + Z / dzy...dzy, W(:El, . ,a:n)i/)én) (1,0, 2n) .

n>0 n>1

3Mathematically, the semiclassical limit considered in [9) [§] is equivalent to the mean field limit considered in the
present manuscript.

4Fluctuations around the Hartree dynamics will be considered as particle excitations and thus it will be possible to
compute their number.

A more precise discussion of the results of [9, 8], and of their relation with our work can be found at the end of
Section Bl



An N particle state with wave function ¢y is described on F by the sequence {w(")}nzo where
Y™ =0 for all n # N and v(") = 4. The vector {1,0,0,...} € F is called the vacuum, and will
be denoted by (2.

On F, we define the number of particles operator N, by (N¢)™ = nyp(™. Eigenvectors of N
are vectors of the form {0,...,0,9™,0,...} with a fixed number of particles. For f € L?(R3) we
also define the creation operator a*(f) and the annihilation operator a(f) on F by

<a*<f>¢o<"><x1,...,xn>:=-;%;jij.f<wj>uﬂ"-*’<x1,...,xj_l,xj+1,...,xn>
=1 (2.1)

(@(H))™ (@1, an) = Vi T 1/dx F@) ™ (2,21, 2).

The operators a*(f) and a(f) are unbounded, densely defined, closed operators. The creation oper-
ator a*(f) is the adjoint of the annihilation operator a(f) (note that by definition a(f) is anti-linear
in f), and they satisfy the canonical commutation relations

[a(f),a™(9)] = ([, 9)r2@ms),  lalf),alg)] = [a”(f),a"(g)] = 0. (2.2)

For every f € L?(R3), we introduce the self adjoint operator

¢(f) = a*(f) +a(f).

We will also make use of operator valued distributions a and a, (z € R?), defined so that
(5= [ de s
a(f) = [ dz f(z)a.

(2.3)

for every f € L?(R3). The canonical commutation relations assume the form

s 0) =6z ) [a, 0] = [}, 03] = 0.

The number of particle operator, expressed through the distributions a,,a}, is given by

J\/':/dzna;am.

The following lemma provides some useful bounds to control creation and annihilation operators
in terms of the number of particle operator N.

Lemma 2.1. Let f € L*(R3). Then

la()ll < LIV 2 )
la* (F)BI < ALV + D)2 (2.4)
lo(H)wll < 2011V + 1)

Proof. The last inequality clearly follows from the first two. To prove the first bound we note that

ot < [ astsnoset < (fasiser)” ( fartos)” (25)
= 1511729



The second estimate follows by the canonical commutation relations (2.2]) because

la* (FvI1* = (W, alf)a*(Hv) = (@, a" (HalfHw) + |17l ]

2.6
— a0l + IAPIR < 191 (IR0l + i) = 1P+ o2 2

O
(1)

Given ¢ € F, we define the one-particle density Yoy associated with 1 as the positive trace class
operator on L?(R3) with kernel given by

W (@) = gy (W ajar). (2.7)

By definition, ’yé}l) is a positive trace class operator on L?(R?) with Tr ’y(l) = 1. For every N-particle

state with wave function 1 € L2(R3N) (described on F by the sequence {0,0,...,%y,0,0,...}) it
is simple to see that this definition is equivalent to the definition (L.6]).

We define the Hamiltonian Hy on F by (Hyv)™ = H%L)T,Z)("), with
n 1 n
—-2{:[3j4—7vr§£:‘/($
j=1 1<J

Using the distributions a,, ay, Hxy can be rewritten as

Hy —/de a,Vzaz + 2N/dxdyV(a;— Y)aya,aya; - (2.8)

By definition the Hamiltonian Hy leaves sectors of F with a fixed number of particles invariant.
Moreover, it is clear that on the N-particle sector, H agrees with the Hamiltonian Hy (the subscript
N in Hy is a reminder of the scaling factor 1/N in front of the potential energy). We will study
the dynamics generated by the operator Hpy. In particular we will consider the time evolution of
coherent states, which we introduce next.

For f € L*(R3), we define the Weyl-operator

W(f) = exp (a*(f) — a(f)) = exp ( [ as (e - f(w)ag») . (2.9)

Then the coherent state 1(f) € F with one-particle wave function f is defined by

Y(f) =W(f)e.
Notice that
U(f) =W (R e If1? /22 eI /22 _f®" (2.10)
n>0 n>0

where f®" indicates the Fock-vector {0,...,0, f¢" 0,...}. This follows from

exp(a*(f) — a(f)) = e MI*/2 exp(a*(f)) exp(—a(f))

which is a consequence of the fact that the commutator [a(f),a*(f)] = ||fI|*> commutes with a(f)
and a*(f). From Eq. (2I0) we see that coherent states are superpositions of states with different
number of particles (the probability of having n particles in 1(f) is given by e~ IF1%|| f[|2" /n!).

In the following lemma we collect some important and well known properties of Weyl operators
and coherent states.



Lemma 2.2. Let f,g € L*(R?).

i) The Weyl operator satisfy the relations
W(f)W(g) - VV(g)VV(f)C_22 Im <‘f’g> = W(f =+ g)e_i Im(f,g) .

it) W(f) is a unitary operator and

iti) We have B
W*(f)azW(f) = aw + f(x),  and W*(f)azW(f) = a; + f(2).

iv) From iii) we see that coherent states are eigenvectors of annihilation operators
ap(f) = f)(f) = al@v(f) = (g, =9 (f)-

v) The expectation of the number of particles in the coherent state y(f) is given by ||f||?, that is

WL NU() = 1117

Also the variance of the number of particles in (f) is given by || f||* (the distribution of N is
Poisson), that is

W) N2D() = (W) NU())? = 11

vi) Coherent states are normalized but not orthogonal to each other. In fact

W(f),(g)) = e 2UIPHIOIP=20)) o | f), (g))| = e~ 2179l

3 Time evolution of coherent states

Next we study the dynamics of coherent states with expected number of particles N in the limit
N — 0o. We choose the initial data

Y(VN@) =W (/Np)2  for p € H'(R?) with ||| = 1 (3.1)
and we study its time evolution (N, t) = e~""tNt)(v/Ny) with the Hamiltonian Hy defined in (Z8).
Theorem 3.1. Suppose that there exists D > 0 such that the operator inequality

Vix) < D1 - Ay) (3.2)

holds true. Let Fg\lf?t be the one-particle marginal associated with ¢(N,t) = e NV (V/Np)Q (as

defined in (2.7)). Then there exist constants C, K > 0 (only depending on the H'-norm of ¢ and on
the constant D appearing in (3.2)) such that

1 C
r T3, — oo (| < N et (3.3)
for all t € R.

Remark 3.2. The use of coherent states as initial data allows us to obtain the optimal rate of
convergence 1/N for all fized times (while for the evolution of factorized N -particle states we only

get the rate 1/v/N; see (1.17)).

Proof. The proof of Theorem B.1] will occupy the remaining subsections of section [l



3.1 Dynamics Uy of quantum fluctuations

By (2.0), the kernel of Fg\lf?t is given by

Fg\?t(:p;y) <Q W*(\/_QD) zHNta*a E_ZHNtW(\/N(p)Q>
)+ 2L (0, (Rt (a, — V(@) (V)02
)

= or(x)

VN

(W (VN ay — VNG w))e VW (V)

3 (2 W R @ — VB ) 0 — VR))e P W (VR)9)

(3.4)

It was observed by Hepp in [9] (see also Egs. (1.17)-(1.28) in [§]) that

W*(VNg,) e (a, — VNopy(2)e PN DWW (VINg,) = Uy (£ 5)" aq Un (£ 5)
=Un(s;t) az Un(t; )

where the unitary evolution Uy (; s) is determined by the equation@
iOUN(t;s) = Ln(E)UN(t; ) and Un(s;s) =1 (3.6)

with the generator
Ln(t) :/d;p Vaea,Vza, + /d:z: (V % |<pt|2) (x)ara, + /dxdy V(z —y) @e(w)pe(y)ayas

+ % /dxdy V(e —y) (cpt(a:)gpt(y)a;az + @(g;)@(y)axay)
(3.7)
+ \/LN /dazdy V(z —vy)a, (cpt(y)az + @(y)ay) Ay

1 k%
+ N /d:z:dy V(z —y) aza,ayas .
It follows from (B.4]) that

PO ) — ou(e)2i) = o (0.1 (:0) a3, Un (1:0)9)

+ "D\t/(ﬁ) (QUN(t;0)"ayUn (;0)L2) (3.8)

n %%) (0, Uy (8: 0) aulhy (£ 0)Q) .

In order to produce another decaying factor 1/v/N in the last two term on the r.h.s. of the last
equation, we compare the evolution Uy (t;0) with another evolution Uy (t;0) defined through the
equation

iOUN(t;s) = Ly () Un(t;s)  with Un(s;s) =1 (3.9)

Note that, explicitly, Un (t,s) = W*(v/Ne)e TN W (/Nes).

10



with the time-dependent generator

Ln(t) :/dx Vaia,Vzag + /dx (V% lpe?) (z) akas + /dxdy V(z —y)@e(x) e (y)ayaz
1 k% —_— —_—
+5 [ Ay Ve - ) (o) v)aia; + Fipr)osa,) (3.10)
1 k* _x
+ N dzdy V(x — y) azayaya, -
From (B.8) we find

TV, (@:9) — eu(@)7(y)
(0, Un (£ 0)* ayanlhn (t; 0)9)

1
- N
I ‘P\t/(]%) <<Q,Z/IN(75; 0)*(12 (Z/IN(t; 0) —LN{N(t;O)> Q> + <Q, (Z,{N(t; 0)* _ZJN(t; 0)*) aZZjN(t; 0)Q>>

@ (y)

VN

_|_

<<Q,Z/{N(t; 0)* ay (Z/{N(t; 0) — Un(t; 0)) Q> n <Q (Z/IN(t; 0)* — Uy (t; 0)*) azly (t: 0)Q>) :
(3.11)

Here we used the fact that

<Q,L7N(t;0)*ayz,7N(t;0)Q> - <Q,L7N(t;0)*a;; L?N(t;O)Q> —0.

This follows from the observation that, although the evolution LN{N(t) does not preserve the number
of particles, it preserves the parity (it commutes with (—1)V). Multiplying (ZII) with the kernel
J(z,y) of a Hilbert-Schmidt operator J over L?(R?) and taking the trace, we obtain

17 (09, ~ e e
_ % / dady J (x, y) (a,Un (£ 0)Q, aly (t; 0)0)
+ \/% / ey J ,y) () s (5 009 (W (1:0) ~ U (5:0)) )
+ \/LN / ddy T (2, y)ipo () (U (1:0) — U (1:0) ) . aylhy (1:0)2)
+ \/LN / dady J(z,y) @, (y){azUn (t; 0)€2, (UN(t; 0) = Un(; 0)> &

+ \/LN / dxdyJ(JE,y)@(y)((uN(t; 0) —Un(t; 0)> 0, 0, (1:0)9)

11



Hence

‘Tr‘](rg\?t “Pt><90t‘) ‘

1/2
<5 (Jasnsenr) " [aausoor?
_I_

- (uN<t;o> = Uy :0)) 9 [ dolor@)llal .y (00
= (0 -t 0) o] [ ddla@lla’ e iy 0
+ (uN ~Ux(:0)) 2] [ dylewlla’ T
| (0 - dx@0) o] [yl iy Eoo
and therefore
‘TrJ (Fg\lf?t — ‘¢t><90t‘) ‘ < HJ]@HS (Un (t;0)Q, NUN (£;0)92)
+ 20 g 10) — 5 00 A+ 102 (1000
+ 28 (150) B (0)RA NV + 1) 2B (t0)2

The proof of Theorem B.1] now follows from Proposition B.3], Lemma B.8, Lemma [3.9] and from the
remark that the trace norm can be controlled, in this case, by twice the Hilbert-Schmidt norm (see
Remark 3 after Theorem [L.T]). O

Proposition 3.3. Let Un(t; s) be the unitary evolution defined in (3.6). Then there exists a constant
K, and, for every j € N, constants C(j), K(j) (depending only on ||¢| g1 and on the constant D

appearing in (3.2)) such that
(Un (5 5)8, NTUN(E; 8)0) < C) (0, (N + 1P F2y) K DIl (3.12)
for all y € F, and for all t,s € R.

Remark 3.4. Proposition states that the number of particles produced by the dynamics Uy of
quantum fluctuations is independent of N and grows in time with at most exponential rate. This
N-independence plays an important role in our analysis. Its proof requires the introduction of yet
another dynamics L{](VM), whose generator looks very similar to Ln(t) but contains a cutoff, in the
cubic term, guaranteeing that the number of particles is smaller than a given M.

Proof. We start by introducing a new unitary dynamics with time-dependent generator Eg\]fw)(t)
similar to Ly(t) but with a cutoff in the number of particles in the cubic term.

12



3.2 Truncated dynamics L{J(VM)

For a fixed M > 0 (at the end we will choose M = N), we consider the time-dependent generator
Eg\J,VI)(t) :/dx Va Vza, + /dx (V * ]cpt\2) (x)aya, + /dxdy V(e —y)@i(z )gpt(y)a ay

+ % /dazdy V(z—1y) (cpt(a:)got(y)a;a;j + @(az)@(y)axay)
(3.13)
+ \/LN /dxdy V(z —y)a} (,(y)ayx(N < M) + o (y)x(N < M)‘IZ) Az

1
+ IN dedy V(z — y) ayayaya,

and the corresponding time-evolution U ](\,M)(t; s), defined by

oM (t;5) = LYV 0uUlM (ts)  with UM (s;5) = 1.

Step 1. in the proof of Proposition [3.3

Lemma 3.5. There exists a constant K (only depending on ||| g1 and on the constant D in (3.2)),
such that, for all N M € N, ¢y € F, and t,s € R

UG (4 5)0, NIUGD (t5)0) < (0, (N +110) exp (9 K|t = |1+ VIN)) . (314)

Proof of Lemma[3.3. To prove ([8.14]) we compute the time-derivative of the expectation of (N +1)7.
It suffices to consider the case s = 0. We find

d

S UR" 00, W+ IUR” (15 0)0)

= U (000, LR (1), N + 1T UGD (8 0))
—Im/dazdyVa:— ) e () UL (800, [, (N + DI (8 0))
+7N Im / dzdyV (z — ) B () UY" (600, [akayx (N < M)ag, (N + 171Uy (t:0)9)

Using the pull-through formulae a;N = (N + 1)ay, atN = (N — 1)ak, we find

[, (N +1)7] = ZZ:) (i)(_n’fw+ Ve, Jag, (N + 1) ;::( > WV +1)F

As a consequence,

Jj—=1 ,.

lagay, (N +1)] = <i>(_1)k (a;(/\/Jr DFa? + (N +1)kas *>
k=0
j-1 .

=> <‘;><—1>’“ (WEazap (W +2)5 + (W + DEaay(V +3)5)
k=0
Jj—1 j—1
I = J = J Sa N2
[az, (N +1)7] _k:() <k><N+ Dka _kZO <k> N +1)2a,N 2.



Therefore

UG (00 + 19U (1:0))

N
> 1( > )klm/d:ndyV(fﬂ—y)%(x)%(y)

k=0

x <u<M (t:0)w, (N aay(V +2)

2

\/—N < >Im /d:z:

x <u}VM (£ 0)0, aba(V(z — o) x(N < M)W + 1)2a,N2UG" (£0)0).
(3.15)

k
2

+ (N +1)2aka (J\/+3)%)M}VM)(t;0)¢>

To control contributions from the first term we use bounds of the form

| [ dadV @ = g) eutodenln) @R (6000 N + 1) 3aza +3) 5" (5 0)0)

< / dzfi(@)|laz N + 15U (1 0)0 la* (V (@ — o) (N + 3)5UGD (10)0

1/2
< const sup ( [vee- y>2|sot<y>|2) 1V + 3) 52400 (1 0y
< K|V +3) 5 Ul (#0))2.
Here we used that, by (3.2)),
sup / dyV3(z — y)le(y)]> < D|lwel|3p < constD|jp||? < K (3.16)

is bounded uniformly in ¢ (as follows from (II6])). Similar estimates are applied to the term con-
taining /\/'%a;a;;(/\/ + 2)%

On the other hand, to control contributions arising from the second integral on the r.h.s. of
(BI5), we use estimates of the form

| / da U (400, a%a(V (x = Je) XV < MYV +1)2a, N 2Uy" (1 0))
< / dz lag (N + 12U (8009 la(V (2 — o) XN < M) lazN7UG" (0)0
< M sup |V~ ) IV UG (8000 | [NV2N 4+ 1) 5US (5 0)9)

< KA+ 5 UR 00
This implies
d .
S 10y, + U :0)w)|
J .
< KO+ VAN 3 (1) 042" 00, (7 + 370 00
< 4 K14 +/M/N){ L{}VM £:0)3, (N + 17 UM (1 0)0) .
From Gronwall Lemma, we find (3.14]). O



Step 2. of the proof of Proposition [3.3

3.3 Weak bounds on the Uy dynamics
(M)( .

To compare the evolution Uy (t;s) with the cutoff evolution Uy ’(t;s), we first need some (very
weak) a-priori bound on the growth of the number of particle with respect to Uy (¢; s).

Lemma 3.6. For arbitrary t,s € R and ¢ € F, we have
(W, Un (t; s)NUN(t;5)" ) < 6(h, (N + N +1)9). (3.17)
Moreover, for every ¢ € N, there exists a constant C'(¢) such that

(0) (3, (N + N)*4p) (3.18)

(1, Un (t; )N Un (t;8) ") < C
C(0) (th, (N + N)ZFYN + 1)) (3.19)

<
(W, Un (t; S )N T U (85 5) ) <

forallt,s e R and ¢ € F.

Proof of Lemma[3.6. Eq. (319) follows from ([B.I8]). In fact, assuming (3.I8]) to hold true, we have
(W, Un (5 )N Uy (8 5)* 1)

< g 00 U (15 )N P22 (0 8)° ) + {0, U (13 )N Uy 15)°)

(3.20)
< SO D gy, v ey + SN g, vy ey
< D(O) (), N + NN + 1))
for an appropriate constant D(/).
To prove (B.I7) and ([B.I8]) we observe that, by (8.5,
Uy (t; s)NUN(t; 5)
= /dazl/{]’(,(t; s)ayazUN(t; s)
, (3.21)
/ dz W*(VNg, )" 72 (a7 — VNG, (2))(az = VNgi()e N0 (V)
= W*(VNg,) (N— VN2 (p)em M=) 4 N ) W (VNg,)
(Recall that ¢(p) = a*(¢) = [dz(p(z)a’ + @(x)ay)). From Lemma 2.1 and Lemma 2.2 we

get

(0, U (£ s)NUN (5 8)1) < 200, W*(VN@s )N + N + )W (VN ))
201, (N + VNo(ps) + 2N + 1)1) (3.22)
<6(h, N+ N+ 1)¢)

which shows ([BI7)). To complete the proof of (B.I8]), we define

Xt,s — (N _ \/NeiHN(t_S)(JS(th)e_iHN(t_s) + N) )
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Then, using the notation ad4(B) = [B, A], it is simple to prove that there exists a constant C' > 0
such that

X?, < C(N+N)? and ‘ad%ys(/\/')‘ <C(N+N) for all m € N. (3.23)
By induction it follows that, for every ¢ € N, there exist constants D(¢), C(¢) with
XUV HNPX < DOW + NP and X7 < COWN + N, (3.24)

In fact, for £ =1 (3:24) reduces to ([3.23). Assuming (B3.24)) to hold for all ¢ < k, we can prove it for
¢ = k by noticing that

XETUN 4 NS < 2N+ N)XZE2 4 W)+ 2[XE P

t,s

2
adiy TN X

k—2
< 2N+ N)XP2(W + N) +4* Z xm
m=0
s (3.25)
< 2N + N)XA2N + N) +45C > XTLN + N)PX
m=0

< D(k) (N + N)*
for an appropriate constant D(k), and that, by (323 and (3.25)),
X2 < CX{TMN + NP2X[TH < CD(R)N + N)F = C(k) (N + N)*.

In (B:25]), we used the commutator expansion

(A", B] = g (;) A™ad” ™ (B)

in the second line, the bound ([3:23)) in the third line, and the induction assumption in the last line.
From (32I)) and (3:24]), we obtain that
(W, Un (85 )N Un (85 5)" 1) = (W(VN@s)ih, X[ W (VN@ )
OW (VNes)i, (N + N*W (VNg o) (3.26)
O, (N +VN@(ps) +2N)*4p) .

<

C(
C(
Analogously to ([8.24)), it is possible to prove that, for every ¢ € N, there exists a constant C'(¢) with

(N +VNo(ps) + 2N)* < C(O)(N + N)*.

Eq. (318) follows therefore from (3.26]). O

Step 3. of the proof of Proposition [3.3

16



3.4 Comparison of the Uy and L{J(VM) dynamics

Lemma 3.7. For every j € N there exist constants C(j), K(j) (depending only on j, on ||| g1 and
on the constant D in (3.2)) such that

Ut )0, N7 (Un(t:5) U (8 9) ) )|

(N/M)T |V + 1) )2 : (3:27)
<C@) L+ VAT exp <K(J)(1+ M/N)It—SI)
and
WP 85 50, N7 (U (:5) UG (1:9) ) )|
(3.28)

2
A}f{:i}% XPp (K(j)(l +/M/N)|t - s|> ,

for all v € F and for all t,s € R.

Proof of Lemma [3.7 To simplify the notation we consider the case s = 0 and ¢ > 0 (but the other
cases can be treated identically). To prove (3.27]), we expand the difference of the two evolutions:

(U (£ 0), (uN<t; 0) ~ Uy (t:0)) )

= Wt NIU (£:0) (1 = Uy (:0) U (£:0)) )
ds Uy (t;0)), NP Uy (1 5) (cN<s> — £ ()) U™ (s: 0))

dedyV (x —

a\\ﬁ

Nty (t; 5)a% (@ (y)ayX(N > M) + ou(y)x(N > M)at) a,dy" (s;0)0)

N (t;
/ (aall (8 )" NIU (0, a(V (2 — Yo ) XN > M)agd ™ (s:0))

/
_—
e

ﬂ\ ﬂ\

2{alhy (& ) NTUN (£ 0)0, X (N > M)a*(V(z — )py)agd'\7 (s;0)0) .
(3.29)

17



Hence

(U (8 0, N7 (U (8:0) — Ul (150)) v)
< %ﬁ /O s / deagldy ()" N (00| [a(V (z — Jpr)amxW > M + 1)UL (s;0)]
+ %N /O ds / dzlaln (t; ) NUy (8 0)9[la* (V (2 — Yor)anx (N > MUGT (;0)0

t
< %ﬂpum— Yol /O ds / delaxldy (£ 8" Ny (5 0) |

x a N2 (N > M+ DUS" (550)0)]

¢
—l—\/%sgp\\‘/(m— .)cptH/O ds/da:HaxZ/{N(t; $)* N9Un (t;0)9|

x [lag N2 (N > MUST (500
<~ / ds|INY2Un (8 8)* NU (£ 0) ]| [IN XNV > MU (53000

where we used (B.16]) once again. From Lemma B.6] we obtain
INY 22 (8 8) NUN (£ 001> = (NI UN (£:0)8, U (t; )N U (5 8) NI U (£ 0)2))
< 6NTUN (809, (N + N + 1IN Uy (t;0)1))
< O, (N + N)PFHN +1)¢)
< CEHNZH (g, (N + 1) 2y) .
Therefore, using the inequality x(AN > M) < (N/M)%, we obtain

(U (8 00 N7 (U (t:0) — U™ (10)) )|

(3.30)

< CHHNT (N + 1)1 /0 ds UG (5;0)0, N2 (N > MU (53 0)0) /2

N2j+2u(M)

TN (5:009) 12

CONT I+ 17+ [ ds U500,
Finally, from I4), we conclude that
(U (85 00, N7 (U (8:0) — Ui (150)) w)
CHNMPIN + 17 al? [ ds exp(K() s 1+ V/ATTV)

(N/M)[|[(N + 1))
1+ /M/N

To prove (28], we proceed similarly; analogously to ([3.:29) we find
U (1009, N7 (Un(80) ~ UG (150)) )

- s [ttt sy AU 60 alV (2 = x> M)l (550)0)

<C(j)

exp (K(j)t(14++/M/N)).

_ \/Z—N/o ds/dx(azL{N(t; s)*NjUz(vM) (t;0)e, x(N > M)a*(V(x — -)%)%UJ(VM)(SS 0)¥)

18



and thus

U (15000, N (Un(t:0) ~ U (150)) )|
t . (3.31)
< [ st ot o) MUY (000l X > MUY (5500w
VN Jo
Again, applying (B.I8) and (3:14]) we find

oIV + D712
Mi(1+ ./ /N

U 10y, N7 (Un(t:0) — UG (50)) v < © xp (K(j)t (1+/M/N)).

Step 4. Conclusion of the proof of Proposition [3.3
From (B.27), (328) and (3.I4) we obtain, choosing M = N,
(Une (8 ), NTUN (8 )8 = Un (8 9)%, N (U (15 5) — UG (8 9)))
+ (Un (s s) — UL (8 )0, NTUL (85 5)1))

+ WDt 5y, N U (8 5))
CHIN + 1)L 2K O]

3.5 Approximate dynamics aN(t; s)

We now consider the dynamics Uy (¢; s), defined in @3) by
iOUN(t;s) = Ly () Un(t;s)  with Un(s;s) =1

with the time-dependent generator

ZN(t) :/dx VaiVa, + /dx (V* \gpt\z) (x)ara, + /dxdy V(e —y)pi(x )cpt(y)a ay
4y [ dedyV (e =) (e@hprl)aia; + F@FI ) (332)

2N dzdy V(z — y) azayaya, .

Lemma 3.8. There exists a constant K > 0, only depending on ||¢|g and on the constant D
appearing in (3.2), such that N _
UN(t; 00 N3UN (£;0)Q) < XK. (3.33)
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Proof. We compute the derivative

Ll (1000, (W + 132 (1 0)2)

! = (Un(£:0)9, 1N (t), N + 1)U (£0)Q)
— 2 [ dadyV(a ~ y)u(o)en (o) G (8 ) [ (N + 1WA (50)9)
— i [ dedyV (@ ) () G ()
(abal(N +1)% + N + Daia) (N + 1) + (N + 1)%a%al) Uy (t;0)Q)
— i [ dedyV (@ — y)n(o)en () G (8 0)S
(N = Dagza; (N +1) + (N + Daja, (N + 1) + (N + Dagay (N + 3)) Un(t;0)Q)
= 4Im / dedyV (z — y)ee () (y) Un (£:0)Q, (BN + Dajal (N + 1) — daja)) Un (t;0)Q) .
Therefore

%@N(u 0)92, (M + 1)U (:0)2)

= 12Im/dxg0t(:n)(am(/\/+ DUN(£0)Q, a*(V(z — o) (N + DUy (t;0)Q)
— 16Im / Az (@) (aUn (0), a*(V (z — o) Un (£ 0)9) .
Taking the absolute value, we find

< 12/dw|sot(w)lllax(f\f+ DU (009 [la*(V(z — o) (N + 1Dy (£ 0)Q|
+ 16/dw\sot(x)\HaxL7N(t; 0)2| la* (V (= — e )Un (£;0)22

< 28sup [V(z = e[| (M + 12Uy (t;0)Q 2

< C (Un(t;0)9, (N + 1)Uy (£:0)Q) .

Applying Gronwall Lemma, we obtain (3.33)). O

3.6 Comparison of the Uy and aN dynamics
The final step in the proof of Theorem [B.1]is the comparison of evolutions generated by Uy and Z/NIN.

Lemma 3.9. Let the evolutions Uy (t; s) and Uy (t;s) be defined as in (30) and (39), respectively.
Then there exist constants C, K > 0, only depending on ||| g1 and on the constant D in (32), such
that

H (U (2:0) ~ tn(1:0)) QH < \/% et (3.34)
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Proof. We write

(U (t:0) Ty (£;0)) 02
— Un (t;0) (1 Uy (£ 0 U (t: 0)) 0

_ z'/t dsUn (t; ) (EN(s) - EN(S)) Un(s;0)0
.0 t
= == [ s [ ety Vie =t s)a: (e + Ei)e,) odi(0)9
= —— /[ ds /dxuN(t;s)a;QS(V(:E—.)gpt)amLN{N(s;O)Q.
0

Hence

H(L{N(t;O) —L?N(t;())) QH < #/Ot ds /dx aE BV (z — .)gpt)amaN(s;O)QH . (3.35)

Next, we observe that
| [ asazow - yeoadints o]
— [ duda(ayfi (5002, 90V s~ ooV (o~ Jor)aslly(s:0)9)
— [ duda(ayfl (5002, 90V 0~ oz ayd(V (o~ Jorastly(s:0)9)
+ [ dalanin (009 6V (@ — o)V (o~ Joraudy(550)9)

- / dyda{a,lin (5;0)2, (@56 (V(y — o) + V(y — 2)7,(x)
< (S(V(z = )er)ay + V(- y)ei(y)) aalln(s;0)Q)
+ / dz{aUtn (5;0)2, (V (2 — ) )o(V (z — )or)agUn (s; 0)2) .

Therefore, we have
| [ asazow - yeoadinis oo
— [ dude (oo, (5000, 6(V (5 — ooV (&~ er)ayasdly(s:0)9)
+ [ AoV @ = 9)pu(e) ol (5100, 6(V 2 = gyl (5 0))
+ [ AoV @~ g)n(w)asa, i (5 000 6V (o~ o)y (550)9)
+ [ dudoV @ — 91 a)en(s) (o, (5 )8 sy (550)9)

+ / dz{aUn (5;0)2, o(V (2 — D)oV (z — )or)agln (s; 0)) .
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It follows that
| [awazova - yenadis o
< sup Ve — ol [ aydal| & +2) s dn(s:0)0

sup Ve =il [ dydalVo = @IV + )0 ly(s:0)2laya.din(s:0)9)
+sup [V =l [ dudalV@ = p)lir(o)l e fin (s0RUIW + 1205 0)2]
+ [ dudaV @ 2 lor(a) o () oyl (5 02 sl (5500
dsup Ve~ el [ dall 0+ 1" 2a,lly (s 00

Using (B3.16]), we obtain

| [aaov@— yenadis o

<C /dydxHamay./\/'l/szN(s;0)QH2

1/2

N 1/2 -
e ( [ avaaivie - y>\2rwt<x>12uale/2uN<s;omu?) ( / dxdyuayaxums;mmﬁ)

1/2

voff dydzvnaxayﬁzv(s;omn?)m ([ avalv e = Pl Plaah s ss0001
+ / dydaV (z — y)*]0i ()] la,ix (5; 0)2
+C/da;”ax/\/l/zZ/N{N(s;O)QHQ.
From
[ el (@ = ) PlortoPlasv? < (sgp [ y>2|sot<y>|2) V22 < CINY 2y
we thus find
| [deazotvic - yenadivis 00| < Clv -+ ¥y 0P,

Inserting the last bound in ([B.35]) and using the result of Lemma 3.8 we obtain (8.34]).

This concludes the proof of Theorem [B3.11

3.7 Discussion

As mentioned in the introduction, our approach to the study of the mean field limit of the N-body
Schrédinger dynamics mirrors that used by Hepp and Ginibre-Velo in [9] 8] in the study of the semi-
classical limit of quantum many-boson systems. In the language of the mean field limit, the main
result obtained by Hepp (for smooth potentials) and by Ginibre and Velo (for singular potentials) was
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the convergence of the fluctuation dynamics Uy (¢;s) (defined in (3.6)) to a limiting N-independent
dynamics U(t; s) in the sense that

s— lim Un(t;s) =U(t;s) (3.36)

—00

for all fixed ¢ and s. Here the limiting dynamics U(¢; s) is defined by
10Uty s) = L(E)U(t; ) with U(s;s) =1

and with generator
L(t) :/dx VaeaiVia, + /dx (V * \gpt\z) (x)aya, + /dazdy V(z —y)@i ()i (y)ayas

: (3.37)
+35 /d:z:dy V(z —y) (ei(@)ei(y)aray + Br(2)@: (y)asay)

The convergence (B.36]) does not give any information about the convergence of the one-particle

(1)

marginal I Nt associated with the evolution of the coherent initial state, to the orthogonal projection

(1)

l¢t) (|- The definition of the marginal density I'y’, involves unbounded creation and annihilation
operators. This also explains why the derivation of the bound @B3) in Theorem 1] is in general
more complicated than the proof of the convergence (3.36]). The proof of ([B3.36]) requires control of
the growth of the expectation of powers of the number of particle operator N only with respect to
the limiting dynamics. To prove ([B3]), on the other hand, we need to control the growth of the
expectation of N with respect to the N-dependent fluctuation dynamics Uy (¢; s).

4 Time evolution of factorized states

This section is devoted to the proof of Theorem [Tl The main idea in the proof is that we can write
the factorized N-particle state 1)y = =V (whose evolution is considered in Theorem [LLT)) as a linear
combination of coherent states, whose dynamics can be studied using the results of Section [3l

Proof of Theorem [T We start by writing ¢n = ¢® or, more precisely, the sequence

(a* ()N
0,0,...,0,¢n,0,0,... } = ——=—Q e F
{ v =N
as a linear combination of coherent states. While it is always possible in principle our goal is to
represent 1 with the least number of coherent states.

Lemma 4.1. We have the following representation.

@@ g [
o=y [

do ; i
Mo — W (e TV Np)Q (4.1)

2

with the constant
\/ N! ~ N1/4 )

N = NNz =
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Proof. To prove the representation ([A.I]) observe that, from (2.10) and since |¢|| = 1,

/ 2—9 W (VN = e N/2ZN]/2 (/ '9<N_j>> CRCS
o 2m

J!
e_N/2NN/2 (a*((p))NQ
Vv N! VN!

The kernel of the one-particle density 7](\% associated with the solution of the Schrodinger equation

o itHN (a*(ﬁﬁ))N 0
VN!

is given by (see (27))

W, oL/ @ @)Yt e e (@ (@)Y
71\}t( jy) = N<WQ et a,aze M WQ>

/27T d91/ d92 o0 N 202N<W(e—191\/_(‘0) () (t)W(e_i€2\/N(P)Q>

where we introduced the notation a,(t) = e/"*Nta, eIt Next, we expand

(4.4)

,yNt N y /27r déy / d92 —191 162N< (e‘wlx/ﬁgo)ﬂ, <aZ(t) . ei€1\/N¢t(y))
X (ax( )—e ’gzx/ﬁgot(a:)) W(e‘wzx/ﬁgp)§2>
N 43, 2 (y) /27T dé, / dby 01 (N—1) jib2 N
x<<eﬂwb>(am—a%ﬂ%mﬂww%wﬁww
+ M/Qﬂ o /QW 12 e-iorn¥ gioa(v-)
< (W(e VN, (a5(t) — ” VNG, (y) ) W(e VN2
+ d ()P, (y) / T / G o0
X

< (e_“gl\/_cp)Q, W (e 2/ Np)Q >
(4.5)

We introduce the notation

:d?v/?r do, / d92 —ZGl(N )ZGQN

(4.6)
x<<zmr@ (a(t) = e VNG(2)) W™ VNG)Q) .
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Since

2T .
dN/ 40 o - W (e VN p)Q = dNe_N/2Z </ 49 iov-1- ])> Nirz@ (@)’ o
0 0

27 4!
e—N/2N(N /2 (a* ()N -1 (4.7)
=dn Q
N —1! N -1
=BV,
we obtain, from (Im) that
o d0 d¢ et 7 — * 7 —
Tin @ t/ / S22 TN RN (W (N, (ap(t) - ¢ VNG (y))
x (ax( )= eV NGy (@) W(e ™ VNG)Q) (4.8)

+@%%m+%@¥@+%m@@-

Thus
Va5 y) - sot(x)@(y)‘ = % /2” o /% S H ay(t) ="V Ny )> W(e_wl‘/ﬁ(’”)QH

X H <am(t) - e_w?\/ﬁgot(:n)) W(e—“’zx/m)szu

e @I el fx ()]

VN N
2r 40 dé
/ 1/ T2 % (000 llactd (:0)0)

@) | el )]
W W

(4.9)

where the unitary evolutions UY,(¢; s) are defined as in (B8], but with ¢; replacedEI by e~®y; in the
generator ([B.7). Taking the square of (£.9) and integrating over x,y, we obtain

[ sy b0 i) - oo

4 2w
N[ [ e ol I U ol (@)

N
4
oy [ delinta)f

Using Proposition B3] and the fact that dy ~ N/ to control the first term, and using Lemma
to control the second term on the r.h.s. of the last equation, we find constants C, K, only depending
on ||¢|lg1 and on the constant D in (ILI2]) such that

1 C
747 = lee) (ells < 577 exp(EY). (4.11)
This proves (LI7)) and thus concludes the proof of Theorem [Tl O

"We are making use here of the important fact that if ¢; solves the nonlinear equation (ILI3]), then eienpt is also a
solution of the same equation, for any fixed real 6.
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Lemma 4.2. Let ¢; be a solution to the Hartree equation (I.3) with initial data p € H*(R3) with
ol =1. Let

=dy / o / 492 —ior(n-1) o2
x< (VN (aa(t) — eV Nipy(w)) W(eVN)2) .

Then there exist constants C, K (only depending on ||¢| g1 and on the constant D in (LI2) such
that

/d:p fn(@)]2 < CeXt
Proof. Using that
(am(t) — e~ \/N%(:p)) W (e %2/ Ng) = W(e P2/ Nl (0; t)a U (£ 0)

where the unitary evolution U%(;s) is defined as in (3.6), but with ¢; replaced by e~*¢; in the
generator (3.7)), we can rewrite fy(x) as

2 d02 0 0
o) = [ 52 (000208 0: 00,3 1 0)22) (412)
0 T
with )
P(02) = di / ? ewl(N_l)e_i(’ﬂVW*(e_i(’2 \/Ncp)W(e_w1 \/Ncp)Q. (4.13)
0 T

Performing the integration over 61, we immediately obtain
W(0y) = dy e PNWH* (e 02/ Np)p® V-1 (4.14)

It is also possible to expand 1(#3) in a sum of factors living in the different sectors of the Fock space.
From Eq. ([2.10) and Lemma 2.2] we compute

W*(e "2V NeYW (e VNp)Q = W(—e 2V Np)W (e " VNp)Q
e—iel o €_i€2)\/N<p)Q

e—i91 _ e—i@g)m

— eiNImei(QQ*el) W
(( (4.15)
Xm

— o= N Nei®2-01) Z N™/2( o
a0 vm!

which implies (using the periodicity in the variable 6;)

Nm/2 2 . )
¢ 92 _ d —N Z di-l i01(N—1) —192(m+1) Ne~ 1 (6—191 o 1)m(’p®m.

Switching to the complex variable z = e~ we obtain

— _i m dZ — z m m
1/}(02 NZ 02 ( +1)/%Z NeN (2_1) (,0®

m>0
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where the z integral is over the circle of radius one around the origin (in clock-wise sense). Changing
variables z — Nz, and using that dy = eN/2\/N!/NN/2, we obtain

S N"T dz
= — — 1) —if2(m+1) [ Y% —N_z(, _ arym ©m
¥(62) (N 1).2_:0 me /27”,2 e“(z— N)"yp
o N2 "= (4.16)
— Rm —if2(m+1), _®
n;) vm/! 4
where we defined
dN—l B m
Rin = 31 (€¥(z = N)™) |==0- (4.17)
Comparing ([£I6) with (I4]), we obtain the identity
N = d3; . (4.18)
m=0 ’

It is also possible to obtain pointwise bounds on the coefficients R,,. From (4I7]) we deduce that
form < (N —1)

L& ek (NN m!
Rm = kZ:O(_l) kk (N 11— k) (m k) kZ:O(_l) kN k(N_l) (N k) k'( k)' :

(4.19)

The coefficients R,, turn out to be intimately connected with the classical system of orthogonal
Laguerre polynomials. Recall that the associated Laguerre polynomial Lﬁf”) () admits the following

representation
n

o B (n+ a)!
L (@) = kzzo(_l)kk!(n S EERST

Therefore
R = (—=1)™m! LY=m=D(N),

which, for N > m + 1, involves the value of the Laguerre polynomial Lﬁf”) (N) with a positive index
a. Asymptotic expansions and estimates for the Laguerre polynomials is a classical subject, see [12]
and references therein. However for the indices « = N —m — 1, n = m with N > m the value of
x = N belongs to the oscillatory regime of the behavior of Lﬁf‘) () and the sharp estimates for those
values of parameters have been only obtained recently in [10], where it is proven that, for « > —1,

n > 2 and the values of = € (¢?, s%) the function Ll ) x) obeys the bound

n+a |z —q

s:(n—i-a—i-l)%—i-n%, q—(n+a+1)%— ne, r(z) = (x — ¢*) (s> — 2).

where

As a consequence, we obtain that

N1 [(N—1)! | ANVNm ~ -
’Lgn )(N)‘ < m! 4Nm—m262N
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Assuming that m < N and using the asymptotics (N — 1)! ~ NN=1/2¢=N we obtain
LET D) S mE (ml) 2N E

and therefore
Rum
(m!)zN%
Summarizing, the coefficients A, = R,,/(m!"/2N"/?) appearing in the expansion @I8) of 1(6s)
satisfy the bounds

N

Sm”

|Ap| < Cm~1/4 for alm < N and

Y 4.20
S A =di <ONY2 (4.20)
m=0
Inserting (£16) into (£I2]) we obtain
s 2
=3 An / 49 iogm+1) <¢®m,u5’v(o; t)agldl, (t; 0)Q> (4.21)
m=0 0
and therefore
27Td [e.e] . N
|fn(z)] = / o Z +| ‘< @m (N 4+ D2 U (0; ) agUl (¢ 0)Q>‘
(4.22)
N m\2 do i
: (; / 2_ N+ 1)Uy (0; H)astdy (8 O)QH ,
From (20), we obtain
! 2
'm,Z: é mE: m N m§>;v|Am| < const . (4.23)

On the other hand, from Proposition 3.3, we have

H(N+ Y2 48,0 1)Ul (¢; 0)9H2 < Cekt H(N+ 1)2a,U (t: 0)9H2 < Cekt ( axNZL{JG\;(t;O)Quz.

Thus, applying once more Proposition B3], we find
2 Re (7T db 5 Kt
dz |fn(z)]* < Ce 5 — (U (009, NSU, (10)Q) < CeiT.
0

O
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