MAT332 - SERIES AND INTEGRATION
Fall term — 2022-2023

Exercise sheet 5: Generalized integrals

1. Integration by parts. Find a primitive F of the function

f iRy = Ry

t— t2e ",

Deduce from the above that the generalized integral f0+ * f(t)dt converges and
compute its value.

Solution. Note that F : Ry, — Ry, given by F(t) = —e *(t* + 2t + 2) is a continuous map
that is differentiable on R., and satisfies that F’(t) = f(t) for all ¢ > 0. Moreover, we have
that

f f(O)dt = lim [F(t)]A= lim (F(A)—F(0))= lim (—e™(A*+24+2)+2) =2.
3 A—+0o 0 A-+too A—+00

2. A rational fraction.
(a) Given X > 0, define

I(X) = Xd—x
), x(x+1D(x+2)

Compute an explicit expression of I(X).
(b) What is its limit when X — +00? What can we say about the generalized
integral f1+oo dx/(x(x+1)(x+2))?

Solution.

(a) Since
v 111
x(x+1D)(x+2)  2x 2(x+2) x+1

for x e R\ {0,—1,—2}, we get that

( dx _TIn(lx]) | In(x +2])
I(X)_L x(x+1)(x+2)_[ 2 2

_ —'“(ZX) + —'“(X; 2 In(x +1)+In2)— @ =y (2\ —;((gf:f))z)

for X > 1.

X
—In(|x+1|)]1
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(b) Note that

. L JxGoE2)y J @2/
thooI(X) _XHTOO 5 (2 3(X + 1)2) _XHTOO L (2 3(1+ 1/)()2) =+00,

which tells us that f1+°° dx /(x(x + 1)(x + 2)) converges and it is equal to In(2/+/3).

3. Change of variables. Let X € R.,. Compute

1X) = e
B o cosh(t)

and find its limit when X — +oo0.

Solution. It is easy to see that

dt cosh(t)dt du .
Jcosh(t) f 1+ sinh(0) f T arctan(y) arctan(sinh(t)) + C,

for any real constant C, where we used that cosh®(t) —sinh(t) = 1 for all t € R, and the
change of variables u = sinh(t) (so du = cosh(t)dt). Hence,

X
IX)= J de [arctan (sinh(t))]x = arctan(sinh(X)),
0

o cosh(t) -

for X € R, which tells us that

. . . m
quooI(X) _XHTOO arctan (smh(X)) =3

4. Convergence and divergence of generalized integrals. Consider the following inte-
grals :

@ ;7 In(x)/(x +e™)dx, W [PV FI— YT+ D,
® [ In(x)/(x+e™)dx, O [T,

© [ In(x)/(x +e¥)dx,
@ ;7 Isin(x)|/(x?+1)dx,
@[3 e /vxdx,

0 f,7VE/InE)dx,
() [ (@ +sin(x)+sin*(x)/ Var + x2dx,

D] floo In(x)x"te*dx, O ff:o edx,
(€3] fooo(x+2—1/x2+4x+1)dx, (m) folln(x)/(l—x)dx.

Determine if they converge or diverge.

Solution.
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(a) Note first that the integrand is a nonnegative function, so its integral converges if and
only if it is bounded above. It is easy to see that

+o0 +00 M
dez de:1 lim [In2(|x|)] 5
;. xte™ 2 2x 4 M—+o00 1

where we used that e™ < x, for all x > 1. Since the last member goes to +00 as M
goes to +00, we conclude that the improper integral is divergent.
(b) Note first that the integrand is a nonpositive function. It is easy to see that

f deSeJ |In(x)|dx=—ef In(x)dx =—e ILT+[x(In(|x|)—1)]

1

X +ex 6

ziﬁﬁoffuma—lﬂ,

where we used that e™ +x > e}, for all x € [0, 1]. Since the last member goes to e as
€ goes to 0, we conclude that the improper integral is convergent.

(c) Since

e} 1 +00
In | |
_(x) dx = _n(x) dx + _n(x) dx,
g HAFE o Xte™ ., xte
the first integral of the second member converges whereas the second one diverges, we
oo

conclude that f o In(x)/(x+e™)dx diverges.

(d) We will prove that the required integral is absolutely convergent. In order to do so,

it suffices to show that the integral of the absolute value of the integrand is bounded
above. Since

oo | . €2 Lt
1
|sm(X)|dx < —— _dx= lim [arctan(x)]
. x2+1 2 x2+1 M—+o0 1

g T m T T
= lim arctan(M)——=———=—
M—+o0 4 2 4 4

we conclude that the improper integral is convergent.

(e) Note first that the integrand is a nonnegative function, so its integral converges if and
only if it is bounded above. Since

%) 67‘/} M
dx = lim [— 2e"/§] = lim (2¢7'— Ze’m) =2¢7},
1 Jx M—+00 1 M—+00

we conclude that the improper integral is convergent.
(f) Recall that

. In(x)
lim =

Xx—+00 X

0.

As a consequence, there is C > 1 such that In(x)/x < 1 for all x > C, and in particular

(oo} @ (o]
J _In(x)e_de =J _In(x)e_de+f _In(x)e_de
1 X 1 X @ X

C e} Cc oo
SJ —ln(x)e_xdx—kf e *dx Sf —ln(x)e_"dx—i-f e *dx
no X c n X €

C M C
:f —ln(x)e_xdx—i- lim [—e"‘] :J —In(x)e_xdx+e_c.
1 1 %

X M—+o00 c
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@

(h)

We also note that, since In(x)x ‘e ™ is continuous over [1,C], the integral

@ . . 1 oox s . .
fl In(x)x~te™*dx exists. We recall that, since In(x)x~'e™ is a positive function over
R,,, its integral converges if and only if it is bounded above. As a consequence, the
given improper integral converges.

It is easy to see that

J (x+2—vVx2+4x+1)dx
0
1 e}
=f(x+2—\/x2+4x+1)dx+f (x+2—Vx2+4x+1)dx.
0 1

Since x +2— v/ x2 + 4x + 1 is a continuous function over [0, 1], the first integral exists,
which implies that the improper integral fooo (x +2— v/x2+4x +1)dx converges if
and only if the improper integral f 1°° (x+2—+/x2 + 4x + 1)dx converges. On the other
hand,

° P (42— (x> +4x +1)
(x+2—\/x2+4x+1)dx=f dx
J; 1 X+2+vx2+4x+1

oo oo
3 1 . 3| &l
=J dxzf —dx = lim [ n(|x|)] =+00,
1 X+2+vVx2+4x+1 , 2x Motoof 20

where we have used that

X+24+Vx2+4x+1<x+2+Vx2+4x+4<2x+4<6x

for all x > 1. In particular, since the integral f 1°° (x+2—+v/x2+4x + 1)dx is divergent,
the integral fooo (x+2—+/x%24+4x +1)dx is divergent.

Applying that a® — b® = (a — b)(ZiZO a*b>* ) fora = Vx3+1and b = Vx2+ 1, we
have that

3132 (v2 413 4_ o3 2 2(3,2

\3/x3_+1—m=(x +1)*—(x*+1) =_3x 2x° +3x __x (3x 2x+3)’
f(x) f(x) f(x)

where f(x) = Yo  a*b>* for a = Vx3+1 and b = VxZ+1. In particular,

Vx3+1—+/x2+1 <0 for all x € R, since 3x2—2x +3 = 3(x—1/3)>+8/3 > 0
and f(x) > 0 for all x € R. Since

lim 250 _

x—>+00 Hx5

1’

we have that

3x4—2x343x2
lim —L

X—+00 i
2x

:1’

which implies that vx2+1 — Vx3+1 ~ 1/(2x) as x — +00. Since the inte-
grals ff(«/ﬁ— Vx3+1)dx and flc 1/xdx exist for all C > 1, for the inte-
grands are continuous functions, then f: M(W — m)dx converges if and
only if f 1+°° 1/xdx converges. As the latter integral diverges, the same holds for

[ (T F 1= B Ddx = — [ (VB F1— VxTF Ddx.

1
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@

)

]

®

(m)

It is clear that

400 2 +0o
J e Vi xgyx = f e Vi xgyx +J e VXA,
1 1 2

Since the first integral of the right member converges, for e~V **~ is a continuous func-
tion defined over a finite and closed interval, the integral in the left member converges

if and only if the second integral of the right member converges. Since e=V**~ is a
positive function, it suffices to show that the integral is bounded above. In this case

M

+00 +0o
e Vi xgy < e™2dx = lim [— ﬁe‘x/ﬁ] = «/Ee_ﬁ,
2 9 M—+00 9
where we have used that x2 — x > x2/2, for x > 2. Since the last integral converges
(to 0 when M goes to +00), we conclude that floo e VX xqy converges.
Since

a

lim =+00
x—+00 [n(x)

for all @ > 0, we have that

& (R
xl_I)TOOMS(X) _thoo(m(x)) =too,

which in term implies that the integral fzoo vx/In®(x)dx diverges, by Exercise 5.

We see that
2+ sin(x) + sin(x)
: 12 M
= |lim |[——| =12,

Vxt+ x2

<4 “ 4
dx < ——dx < dx
fl Vxt+ x2 fl Vx4

J‘OO
1
M—+o00 13/)( 1

where we used that x*+ x2? > x*. Since the integrand is a nonnegative function, its in-
0. 9 oo . o

tegral converges, for it is bounded above. Hence f1 (2+sin(x)+sin®(x))/vx* + x2dx

is absolutely convergent, so it is convergent.

X

. e o . . 2 —(—)2 . . . oo e
Since e is symmetric, i.e. e = e ()" for all x € R, which implies thatf e dx
—0Q

X

. o [00 2 . 2 .
converges if and only if fo e dx converges. Furthermore, since e™ is continuous,

. 1 _.2 9 2 . . 2
the integral fo e dx exists, so foooe *“dx converges if and only if flooe “dx

X

- - 5 o g o 2 5
converges. Moreover, since e 1S a nonnegative leIlCthl’l, fl e dx converges if

and only if it is bounded. Since e < e forall x > 1, we have that

oo oo M
2 _ . _ _
e X dx < eXdx= lim | —e*| =e,
1 1 M—+o00 1

so the integral converges.

It is clear that In(x)/(1 — x) is a continuous function over ]0,1[. Moreover, the
Bernoulli-I'Hospital rule tells us that

.o In(x) . 1/x
lim—— =lim—— =

-1,
x—1]1 —x x—0 —1]1
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which implies that In(x)/(1 — x) has a continuous extension to ]0,1]. In particu-
lar, the integral fol In(x)/(1 — x)dx converges if and only if fol/z In(x)/(1 — x)dx
converges. Moreover, since |In(x)/(1 —x)| = —In(x)/(1 —x) for x €]0,1[, we see
that f 01/2 In(x)/(1 — x)dx converges if and only if it is bounded. We also note that

1/2 1/2 1/2
f _I1n(_x)dx < —ZJ In(x)dx = _zeETw[x In(x)—x] =1—In(1/2),

—Xx e

since 1 —x >1/2 and

. . . 1
lim xIn(x)= lim n(x) = lim /x
X—+00 x—+o0 1/x x—+o0 —1 /x2

=0

by the Bernoulli-I’Hospital rule. Hence, the integral fol In(x)/(1 —x)dx converges.

5. Limit and convergence of the integral.

(@) Let f : Ryy — Ry, be a piecewise continuous function such that f(t) — ¢
when t — +00, with £ > 0 or £ = +00. Prove that f;oof(t)dt diverges.
(b) Give an example of a piecewise continuous function g : R.q — R, such that
+00o
g(t) does not tend to 0 when t — +00 but fo g(t)dt converges.

Solution.

(@) Since f(t) = £ € R,y U {+0o0} when t — 400, given € > 0, there exists C > 0 such
that f(t) > e for all t > C. As a consequence,

M M
Jim | ez fim [ sz i o -c)= veo

forM > C.
(b) Consider the map g : Ry, — Ry, given by

()= 1, ifte[n—2",n+2"]forn€N,
8970, ifreR\,n—2"n+27"].

Then,

N+27N N 1
L g(t)dt=22n_1 <2

n=1

for all N € N. Since the function is nonnegative, f;oo g(t)dt converges.

6. Two equivalent descriptions.

(@) Decide whether the integrals fol t7le7tdt and f:oo t~le~tdt converge or di-
verge.

(b) Forany x >0, let f(x)= f:oo t~le~tdt. Compute its limit at +00.
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(c) Show that

e—X
fOx)~—,
x

when x tends to +00.
(d) Prove that f(x) ~ In(1/x) when x > 0 tends to 0.

Solution.
. . IR .o . 1
(a) Since the function t~'e™* is positive on R.,, the integral fo tle~tdt (resp.,

+oo 9P G Q o
f1 tle 'dt) converges if it is bounded. Since

1 1 1
J t_le_tdtZe_lf tidt=e! IiT[In(x)] = +o00,
€0+
0 0

€

the integral f 01 t~le~tdt diverges. On the other hand,

+00 +00 N
tle tde < e tdt = lim [—e‘x] =1,
1 1 M—+00 1

. 400 g _
so the integral [| “ t~le~tdt converges.
. . 400 g _
(b) Since the integral f X ® tletdt converges, then

+o00
lim J tle7tdt =0.
X

x—+00
(c) By the previous item we can use the Bernoulli-LU’'Hospital rule, which gives

400 4 _
f t le tdt xilefx X
. . . o _
lim =———= Im —— = |lm —— =1,
x—>+00  x~le—x x—too x2eX(x +1) x—otocox+1

so f(x) ~e*x! as x goes to +00.

(d) Since the integral f;oo e 't71dt diverges, we can use the Bernoulli-’Hospital rule,
which gives

+
f * t_le_tdt X x_le_x

||m - m — =
x—0+ In(1/x) x—0+ 1/x

>

so f(x) ~ In(x71) as x goes to 0+.

7. Logarithmic derivative. Let f : Ry, — R, be a continuous function. For any
x €Ryq, we set F(x) = f(;(f(t)d t. Prove that the integrals

+00 +00 f(t)
L f(t)dt and L m

simultaneously converge or diverge.
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Solution. Note that F/(x) = f(x) for all x € R_,. Hence,

i [ e i [ i, [ m(eo)as

1 = im [inE@)] = im_in(F202)

It is then clear that the previous limit exist if and only if
M +00
Jim #00 = Jim_ [ sioar= [ s

exists. In consequence, f 1+°° f(t)dt converges if and only if f; * f(t)/F(t)dt converges.

8. For any integer n € N, we set

(n+1)m COSZ(X) (n+1)m sinz(x)
u, = ———dx and v, = —dx.
n +Xx n 1+x

v v

(a) Compute a, =u, + v, and prove that ZneNo a, diverges.

(b) Using integration by parts, prove that we have the inequality

for all n € N.
(¢) Deduce that >; . u, and 3 . v, are divergent.
(d) Given a € R and x € Ry, set

sin(x)

fa(X)=m-

Find the values of a for which the function f, is integrable on R.

Solution.

(a) Note that

J(nﬂ)n cos?(x) + sin?(x) J("H)n 1
— — Zdx =
n n

a, = dx,

1+x 1+x

s v

for all n € Ny, so

N (N+1)7
Zan=L 1+xdx=|n(1+(N+1)rr)

n=0

for all N € Ny, which implies that ZneNo a, diverges.
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(b) Note first that

(DT cos2(x) —sin®(x) (DT os(2x0)
—————dx = —dx

Uy =Vp =

1+x 1+x

Y s

2x+1) 21 +x2 T 21 +xp "

nm

:[sin(zx) ]("+1>’f+ J T Gin(2x) o J T Gin(2x) ;

v

where we did an integration by parts with u = 1/(1 + x) and v = cos(2x), so
v = sin(2x)/2, which implies that

(n+1)m
|un - an < J
nn

for all n € Ny, where we used that 1+ x > nr for x € [nm,(n + 1)7].
© If ZneNO u, is convergent, then

sin(2x)
2(1+x)2

s 1
T 2n2mn2  2mn?’

(Vn - un)

[:/Jz
Il

IZ/Jz
-

Il
o

n=0 n=0 n

converges as N goes to 400, since the series ZHENO (v, —u,) is absolutely convergent.
This in turn implies that

N N N N
Zan=2un+vn=2un+2vn

n=0 n=0 n=0 n=0
converges as N goes to +00, which is absurd due to the first item. The same argu-
ment shows that if ZneNo v, is convergent, then ZneNo a, is also convergent, which is
a contradiction. As a consequence, Y, . U, and and »;
(d) Note that, if & > 1, then

+00 ~ +00 sinz(x) +00 1
J;) fa(X)dX—J;) mdxﬁﬁ mdx

. [ 1 ]M 1
= lim = .
M—otoof (1—a)(1+x)x1fy a—1

neny Vn are divergent.

so the integral fo+ % £, (x)dx converges for a > 1.
Moreover, since f,(x) < f(x) for all x € Ry if a > o/, if f0+°° fo(x)dx converges
then f0+°° fu(x)dx converges, since (1 + x)* <(1+x)* forall x € R, if &’ < a. On

+0o o o
the other hand, we note that f o f1(x)dx diverges, since

(N+1)m N
lim x)dx = lim Za
N—+o00o 0 fl( ) N—-+o00o 5 n
=

diverges. As a consequence, f0+ % £, (x)dx diverges for all a € [0,1].

9. Convergence and divergence of generalized integrals. Consider the following inte-
gral expressions :
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@ [, cos(x)/In(x)dx, © [} sin(1/0)dt,
(b) floo sin(x—1)/In(x)dx, (d fol xLcos(2/x)dx.

Decide whether they are convergent or divergent.

Solution.

(a) Note that

M M
J cos(x)dx [sin(x)]
2 2

for all M > 2. Moreover, since 1/In(x) is a positive decreasing continuous function

whose limit is zero as x goes to +00, then the Leibniz criterion for integrals tells us
. [

that the integral fz cos(x)/ In(x)dx converges.

(b) Note that

M
f sin(x —1)dx
1

for all M > 1. Moreover, since 1/In(x) is a positive decreasing continuous function

whose limit is zero as x goes to +00, then the Leibniz criterion for integrals tells us
. oo .,

that the integral fl sin(x — 1)/ In(x)dx converges.

<2

M
<2

= ‘[ —cos(x — 1)]

1

(c) Since the function |sin(1/t)| is continuous, positive and bounded for t € ]0, 1], then
the integral

1 1
.f |sh(1/tﬂdt==i£a:[ |sin(1/t)|dt
0 €

exists, since it is the limit of a bounded function that increases as ¢ decreases to 0.
. 1. . ..
Since the fo sin(1/t)dt is absolutely convergent, it is convergent.
(d) Note first that

1 1/e +00
Iirg!)rf xtcos(2/x)dx = Iirg1+ —f y cos(2y)dy = —J y 1 cos(2y)dy.

€ a € 1 1
Note that

M . M

2
cos(2y)dy| = [M] <1
1 2 1

for all M > 1. Moreover, since 1/y is a positive decreasing continuous function whose
limit is zero as y goes to +00, then the Leibniz criterion for integrals tells us that the

integral floo ¥t cos(2y)dy converges, so fol x~!cos(2/x)dx converges.

10. (a) Prove that

tan?(t)

sinz(t) = m

for all t € [0, /2].
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(b) Let a> —1. Using the change of variables x = tan(t), prove that

2 dt _ T
o l+asin®(t) 2v/1+a
(c) Show that

K dt H dt
=2 T
o l+asin“(t) o l4+asin“(t)

(d) Given a € R., define

" dt
Up = P W
o 1+ (nm)e sin?(t)

for n € Ny. Prove that the series with general term u,, converges if and only if
a>2.

(e) Let
(n+1)7 dt
Yn= T racinZiy
- 1+ tesin“(t)

for n € N,. Study the convergence of the series with general term v,,.
(f) Does the integral

+00 dt_’
o 1+tasin®(t)

converge or diverge ?

Solution.

(a) Itis clear that
sin?(¢) .
tan®(t) o sin’()) sin?(0)
1+tan®(t) 14 0’0 cos?(t)+sin*(t)

cos2(t)

forall t € [0, 7t/2].
(b) Using the change of variables x = tan(t), we see that

2 qr LA 1 e 1
in? = ax? 2dx: zdx
o 1l+asin“(t) o 1+ 1+x o 1+(a+1)x

T2
_ im [arctan(v1+ax)]M_ 7
M—+00 Vita o 2vV/1+a

since dx = dt/ cos®(t), or equivalently

2
dt=(1— X )dx: dx
1+ x2 1+ x2
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(©)

@

(e

)

Note that Show that

T I 4 T
PP PR PR o2
o l+asin“(t) o 1+asin“(t) z 1+asin ()

and using the change of variables s = = — t we have

Y I
5 L+asin®(t) Jo 1+ asin’(s)’

which gives

T dr Poar
= —
o 1+asin“(t) o 1l+asin®(t)

Note that

. :J" dt :zfz dt _ T
" o 1+ (nm)asin®(t) o 1+ (nm)esin®(t) \/1+(Tlﬂf)"‘,

for n € N,, where we used the two previous items. Since u, ~ 7/n%? as n goes to +00
and the series ), _. 1/n° converges if and only if s > 1, we see that ZneNo u,, converges
if and only if a > 2.

Note that

. B (n+1)m dt < < (n+1)m dt .
M 1+ ((n+ Dmesin?(e) T 1, 1+ (nm)esin®(t) "

s

for n € Ny, since nt <t < (n+1)m and

(n+1)m dt B T dt
o 1+ (nm)sin®(t) o 1+ (nm)= sin?(¢)

Since u,,; < v, <u, for all n € N,
N
1

so the series ZneNO v, converges precisely when >’

N+1

neNg u, converges, r.e. @ > 2.

Recall that the integral

+00 dt
o 1+tesin®(t)

converges if and only if it is bounded, since the integrand is a positive function. Mo-
reover, since the series

(N+1)7 N
V.
L 1+t“sm2(t) Z(; 8

n

converges if and only if @ > 2, the integral also converges if and only if a > 2.
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11. Given n € N, define

+o0o dx
IHZJ; (14 x2)nt1”

(a) Prove that I, converges for all n € N,
(b) Prove that

* X
I,—I1.,= X————dx
n n+1 L (1 +X2)n+2

and use an integration by parts to show that

_ 2n+1
n+l — 2(n+1) n:

() Setu, = 4/nl,. Prove that

In(u,1) —In(u,) =1In (1 + i) — % In (1 + %)

(d) Using a Taylor polynomial of order 2 at 0 of In(1 + x), prove that the series
with general term In(u,,,,) —In(u,,) converges.

(e) Deduce the existence of a constant C > 0 such that I,, ~ % when n tends to
+0Q.
Solution.

(a) Note that
1 > 1
(14 x2)n+l = 1 4 x2

for all n € N,. Since the previous function is positive and the integral f0+ “dx /(1+x?)
converges,

L +00 dx - +00 dx _,
"), @+at T ) 14x2 °

implies that I, converges.
(b) Note that

L 3 +00 e _ +00 dlse B +00 (1+X2)_1dx
noSndl T o (L+x2)m o (L+x2)ne - o (1 + x2)n+2

+0o 5
= JO x—(1 X2y dx.

By an integration by parts for the functions u = x and v/ = x/((1 + x?)**2), so
v=(1+x2)""1/(2(n+ 1)), we get

+00 M +0o
X——dx=lim [— al ] - -
o (@4x)m277 Moteo| 2(n+1)(1+x2) ]y 2(n+1) J, (L+x)m2
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(e)

which is tantamount to I, ., —I,, = I, /(2(n + 1)), i.e.

_ 2n+1
LT oh+1) "™

for all n € N
It is clear that

() 5

=In(%/(12/nn))=ln(l+i)—%ln(l+%).

The Bernoulli-L’Hospital rule tells us that

. In(1+x/2)—In(1+x)/2 . 5000

lim n(1+x/2)—In(1+x)/ = lim 2Z00 _

x—0 X2/4 x—0 X/2

Applying the previous identity for x = 1/n and n € N we get that

In(Upsq) — In(u,) ~ 1/(2n)* for n — +o0, so the series with general term
In(u,41) —In(u,) converges.

Since

D In(tnn) = In(ut,) = Ity 1) = In(uy)
n=1

converges as N goes to +00, then In(uy.,,) has a limit In(C) as N goes to +00. Mo-
reover, C > 0 since I,, > O for all n € N,,. This implies that Iy ~ ‘/% when N tends to
+o00.
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