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Abstract Hidden Markov models (HMMs) are effective tools to detect series
of statistically homogeneous structures, but they are not well suited to anal-
yse complex structures. For example, the duration of stay in a state of a HMM
must follow a geometric law. Numerous other methodological difficulties are
encountered when using HMMs to segregate genes from transposons or retro-
viruses, or to determine the isochore classes of genes. The aim of this paper
is to analyse these methodological difficulties, and to suggest new tools for
the exploration of genome data. We show that HMMs can be used to analyse
complex gene structures with bell-shaped length distribution by using convo-
lution of geometric distributions. Thus, we have introduced macros-states to
model the distributions of the lengths of the regions. Our study shows that
simple HMM could be used to model the isochore organisation of the mouse
genome. This potential use of markovian models to help in data exploration
has been underestimated until now.
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1 Introduction

The sequencing of the complete mouse genome led to the knowledge of a
sequence of 2.6 billion pairs of nucleotides. Such amounts of data make it im-
possible to analyse patterns or to provide a biological interpretation analysis
unless one relies on automatic data-processing methods. For twenty years,
mathematical and computational models have been widely developed in this
setting. Numerous methodological efforts have been devoted to multicellular
eukaryotes since a large proportion of their genome has no known function.
For example, only 1 to 3% of the mouse genome is known to code for proteins.
Another difficulty is that the statistical characteristics of the coding region
vary dramatically from one specie to the other, and even from one region in
a given genome to the other. For example, vertebrate isochores (Thiery et
al. 1976; Bernardi 2000) exhibit such a variability in relation to their G + C
frequencies. Thus it is necessary to use different models for different regions
if one seeks to detect patterns in genomes.
One way of modelling genomes uses hidden Markov Models (HMMs) (Krogh
1997; Henderson et al. 1997; Lukashin and Borodovsky 1998). To each type
of genomic region (exons, introns, etc.), one associates a state of the hidden
process, and the distribution of the stay in a given state, that is, of the length
of a region, is geometric. While this is indeed an acceptable constraint as far
as intergenic regions and introns are concerned, the empirical distributions of
the lengths of exons are clearly bell-shaped (Burge and Karlin 1997; Berget
1995; Hawkins 1998), hence they cannot be represented by geometrical dis-
tributions. Semi-Markov models are one option to overcome this problem
(Burge and Karlin 1997). Although these models are widely used, they are
very versatile, since they allow to adjust the distribution of the duration of
the stay in a given state directly to the empirical distribution. The trade
off is a strong increase in the complexity of most algorithms implied by the
estimation and the use of these models. For example, the complexities of the
main algorithms (forward-backward and Viterbi) are quadratic in the worst
case with respect to the length of the sequence for hidden semi-Markov chains
and linear for HMMs (Burge and Karlin 1997; Rabiner 1989; Guédon 2003,
Johnson et al. 2005). This may limit their range of application as far as the
analysis of sequences with long homogeneous regions is concerned. Thus, we
suggest to use HMM for modelling the exon length distribution by convolu-
tion of geometric distributions (Durbin et al. 1998, Johnson et al. 2005). To
do this, a state representing a region is replaced by a macro-state, i.e. serie
networks of states with common observation distribution.
The modelling of a gene may be used to annotate complete genomes, as
Genscan (Burge and Karlin 1997) in Ensembl, but also to explore data in
order to detect exceptional patterns and to help in their biological interpre-
tation. Thus, the use of Markov models for the purpose of data exploration
has been underestimated in genome analysis. This objective requires sim-
ple parameters, to be able to perform numerous analyses of the data. For
this purpose, we show how to use macro-states HMMs models for complete
genome analysis. More precisely, a method based on a hidden Markov model,
which makes it possible to detect the isochore structure of the mouse genome



A markovian approach for the prediction of mouse isochores. 3

within a reasonable period of time, is described in this paper. In addition,
our method allows to take into account many biological properties, such as
G + C content, gene density ... Isochores were originally identified as a re-
sult of gradient density analysis of fragmented genomes (Macaya et al. 1976):
mammalian genomes are a mosaic of regions (DNA segments on average more
than 300 kb in length) with differing, homogeneous G + C contents. High,
Medium and Low-density genomic segments are known as H, M and L iso-
chores in order of decreasing G + C content respectively. The isochore has
been classified as a ”fundamental level of genome organisation” (Eyre-Walker
and Hurst 2001) and this concept has increased our appreciation of the com-
plexity and variability of the composition of eukaryotic genomes (Nekrutenko
and Li 2000).

2 Materials

Gene sequences were extracted from Ensembl for the mouse genome. This
procedure yielded a set of 13932 genes. The statistical characteristics of the
coding and noncoding regions of vertebrates differ dramatically between the
different isochore classes (Bernardi et al. 1985). Many important biological
properties have been associated with the isochore structure of genomes. In
particular, the density of genes has been shown to be higher in H- than in L
isochores (Mouchiroud et al. 1991). Genes in H isochores are more compact,
with a smaller proportion of intronic sequences, and they code for shorter
proteins than the genes in L isochores [16]. The amino-acid content of proteins
is also constrained by the isochore class: amino acids encoded by G + C rich
codons (alanine, arginine.) being more frequent in H isochores (D’Onofrio
et al. 1991; Clay et al. 1996). Moreover, the insertion process of repeated
elements depends on the isochore regions. SINE (short-interspersed nuclear
element) sequences, and particularly Alu sequences, tend to be found in H
isochores, whereas LINE (long-interspersed nuclear element) sequences are
preferentially found in L isochores (Jabbari et al. 1998). Thus, we took into
account the isochore organisation of the mouse genome. Three classes were
defined and based on the G+C frequencies at the third codon position (G+
C3). The limits were set so that the three classes contained approximately the
same number of genes. This yielded classes H=[100%, 68%], M=]52%,63%[
and L=[0%,52%], which were used to build a training set. These classes were
the same compared with those used by other authors (Mouchiroud et al.
1991; Zoubak et al. 1996) in the human genome. Each class H, L and M ,
was randomly divided into two equal parts, a training set and a test set. The
training sets were used to model the length distributions of the exons and
the introns, and to analyse the structure of genes. To test the model, data
on all mouse chromosomes were retrieved from ENSEMBL.
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3 Method

3.1 Estimation of the parameters

Estimation of emission probabilities

The DNA sequence is heterogeneous along the genome, but it consists of
a succession of homogenous regions, such as gene and intergenic regions. A
gene is a succession of coding (exon) and non-coding (intron) region. HMMs
are used to discriminate between these different types of regions. Exons con-
sist of a succession of codons, and each of the three possible positions in
a codon (0, 1, 2) has characteristic statistical properties. Thus, exons were
divided into three states (Burge and Karlin 1998; Borodovsky and McIninch
1993).
HMMs take into account the dependency between a base and its n preced-
ing neighbours. In this case, the order of the model is n. For our study,
n was taken to be equal to 5, as in the studies of Borodovsky (1993) and
Burge (1998). The emission probabilities of the HMM were therefore esti-
mated from the frequencies of 6-letter words in the different regions (intron,
initial exon, internal exons and terminal exon) that made up the training set.

Estimation of the structure of the macro-states

a) Context

An alternative to the semi-Markov models is suggested to model the bell-
shaped empirical length distributions of the exons. We propose to use con-
volutions of a variable number of geometric laws with equal or different pa-
rameters. Thus a ”biological state” is represented by a HMM and not by
a single Markov state. The emission of probabilities of every state in this
HMM are the same. A key property of this macro-state approach is that the
conditional independence assumptions within the process are preserved with
respect to HMMs. Hence, the HMM algorithms to estimate the parameters
and compute the most likely state sequences still apply.
The length distribution of the exons and introns was estimated from the
training set (data set sequences are named x1...xn). Each xi was considered
to be the realization of an independent variable of a given law. We have
tested the following laws:

1. the sum of m geometric laws of same parameter p (i.e. a binomial negative
law):

P [X = k] = (k−1
m−1)× pm × (1− p)k−m,

2. the sum of two geometric laws with different parameters p1 > p2:

P [X = k] = p1 × p2
(1− p2)k−1 − (1− p1)k−1

p1 − p2,
,
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3. the sum of three geometric laws with different parameters p1 < p2 < p3:

P [X = k] =
p1 × p2 × p3

p2 − p3
×{

(1− p1)k−1 − (1− p3)k−1

p3 − p1
− (1− p2)k−1 − (1− p3)k−1

p3 − p2

}
.

b) Model selection problem

The choice of the macro-state occupancy distribution can be stated as a
model selection problem. Thus, the choice of the number of geometric distri-
butions with identical or different parameters is determined in order to have
the model with parameters the most parsimonious. Thus, in order to provide
simple but efficient models, equal transitions between states of a macro-state
were favoured.

c) Estimation of the parameter of the distribution

Classical method used to estimate the parameter of the length distribu-
tion was the maximum likelihood method. However, the maximum likelihood
method would have matched the end of the exon length distribution while
neglecting many small exons (Figure 1a). The definition of the maximum
likelihood method is as follow: let x be a discrete variable with probability
P [x|Θ1...Θk] (where Θ1...Θk are k unknown constant parameters which need
to be estimated) obtained by an experiment which result in N independant
observations, x1, ..., xN . Then the likelihood function is given by:

L(x1, ..., xN |Θ1...Θk) =
∏

i=1...N

P [xi|Θ1...Θk] .

The logarithm function is:

∧ = ln(L(x1, ..., xN |Θ1...Θk)) =
∑

i=1...N

P [xi|Θ1...Θk] .

The maximum likelihood estimators Θ1...Θk are obtained by maximizing L
or ∧. Indeed, for a geometrical law or a convolution of geometrical laws, the
parameter p can be estimated by the reverse of the mean (E[X] = 1/p) using
the maximum likelihood method. The extreme values thus tend to stretch
the distribution towards the large ones.

In our study, we therefore have preferred to use the Kolmogorov-Smirnov
distance in order to obtain a better modelling of the mouse gene. Thus, to
estimate the parameters of the different laws, we minimised the Kolmogorov
Smirnov distance for each law. The law which fits best with the empirical
distribution is the law with the smallest Kolmogorov-Smirnov distance.

DKS = supx|F (x)−G(x)| ,

where DKS is the Kolmogrorov-Smirnov distance, F is the theorical density
distribution, G is the empirical density distribution. However, the classical
Newton or gradient algorithm cannot minimise for the Kolmogorov-Smirnov
distance, because this distance cannot be differentiable. We therefore discre-
tised the parameter space with a step of 10−5.
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Fig. 1 (a) The histogram shows the empirical distribution of the length of the
initial exons in a multi-exons gene. The dotted line shows the theoretical distribu-
tion obtained from the Kolmogorov-Smirnov distance. The continuous line char-
acterises the negative binomial distribution, obtained by the maximum likelihood
method. (b) The histogram shows the empirical distribution of the length of the
internal exons. The dotted line shows the theoretical distribution obtained from
the Kolmogorov-Smirnov distance.

d) Conclusion

To conclude, if the length distribution of a region is fitted by a convolution
of geometric distributions, the state representing the region is replaced by
a serie networks of states with common observation distribution, thus lead-
ing to macro-states (see Figure 2). The state duration is characterised by
the parameters of the convolution of these geometric distributions. Various
studies (Burge and Karlin 1997; Rogic et al. 2001; Chen et al. 2001) have
shown that the length distribution of the exons depend on their position in
the gene. We took all exon types into account: initial coding exons, internal
exons, terminal exons and single-exon genes.

3.2 Isochore prediction

We propose here a new method for modelling isochores along the mouse
genome. To characterize the three isochore regions (H, L and M), three
HMM models (H, L and M) were adjusted using the training sets, and then
compared on all mouse chromosomes. We divided the DNA of each mouse
chromosome into windows of 100-kb. Two successive windows overlapped by
half their length. For each segment (window) and for each model (H, L and
M), the probability P [m|S] was computed as follows, where m is H, L or M,
and S the segment that is being tested. This probability is obtained by a
Bayesian approach:

P (m | S) =
P (S | m)P (m)∑

m′∈{H,M,L} P (S | m′)P (m′)
,
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Fig. 2 The macro-state initial exon is composed of two smaller macro-states mod-
elling the distribution of the length G2(1/p, 1/q) of initial exons in H isochore.
Each small macro-state takes into account the coding structure of exons. Black
arrows show the transition inside the macro-state. Grey and white arrows show
respectively the different input and output of the macro-state.

P (S|m) is computed by the forward algorithm, and P (m) is estimated by the
frequency of genes according to their G + C3 content (due to our definition
of G + C3 limits we get P (H) ≈ P (M) ≈ P (L) ≈ 1/3, and so our Bayesian
approach is numerically very close to a maximum likelihood approach). The
computations were realized with the package SARMENT (Guéguen 2005). To
be consistent with the preceding definition, we assumed an isochore to be a
region consisting of at least 5 consecutive windows associated by the method
with the same isochore class. This ensured that all estimated isochore lengths
were greater than 300 kb, but meant that some windows are not associated
with any isochore class.

4 Results - Discussion

4.1 Inclusion of explicit distributions of the durations of the states in HMMs

In order to model the bell-shaped empirical length distributions of exons
(Figure 2), we have used convolution of geometric distributions with equal or
different parameters. The length of an exon depends on its position within the
gene. Initial and terminal exons tend to be longer than internal ones (Table
1). The length of introns displays also a noticeable positional variability. The
distributions of the lengths of internal and terminal introns are relatively
similar, but these types of introns are both smaller than the initial introns
(Table 1). As is well known, the lengths of introns depend on their G + C
content (Chen et al. 1998). Table 1 shows that the G + C frequency at the
third codon position is negatively correlated with the length of the introns,
i.e., high frequencies correspond to short introns, and vice versa. The length
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Table 1 Length of the exons and of the introns according to their position in the
gene and according to their G + C frequency at third codon position.

Length (bp) Length (bp) Length (bp)
Position in class H in class M in class L

in the gene mean median mean median mean meadian
initial coding exon 205 135 195 119 178 113

internal exon 144 126 145 123 145 121
terminal exon 239 152 226 147 263 144
initial intron 3036 2897 3950 3539 4367 4136

internal intron 1254 1023 1548 1369 3012 2897
terminal intron 1158 987 1589 1487 3241 3124

Table 2 Parameters estimation of different laws obtained for initial exons of class
H minimising the Kolmogorov-Smirnov distance.

Lois Paramètres p Distance K-S
G2(p) 0.0126 0.06402
G3(p) 0.0197 0.10644

G4 0.0226 0.13798
G(p1, p2) 0.019 - 0.0094 0.05139

of the exons displays clearly a bell-shaped pattern (Figure 1b), for the three
G + C classes. Since the minimisation of the Kolmogorov-Smirnov distance
yields a good fit with the empirical distribution of the length of the exons
(Figure 1 and Table 2), we used it to model their length distribution by a
convolution of geometric distributions and estimated the parameters of these
laws (see Method for a comparison with the maximum likelihood approach).
We define Gn(D1, ..., Dn) as the distribution of the sum of n geometric ran-
dom variables, each with expectation Di and parameter pi = 1/Di. Thus the
expectation of Gn(D1, ..., Dn) is D1 + ...+Dn. When Di = D for every i, this
is called a negative binomial distribution with parameters (n, 1/D), which we
denote Gn(1/p). Finally Gn(D) is a geometric distribution with expectation
D and parameter p = 1/D, which we write G(D). We show here only the
results for the modelling of the distributions of the lengths in the H class.
However, the distributions of the lengths in the classes M and L can be mod-
elled by convolution of geometric distributions. The estimated distributions
are G2(55.6, 117.6) for initial exons (Figure 1), G2(58.8, 83.3) for terminal
exons, G5(27.9) for internal exons, G3(405.2) for intronless genes, and the
geometric distribution G(2905) for initial introns. Other types of introns are
also modelled by a geometrical distribution.

4.2 Modelling of isochore organisation

The quality of discrimination between isochore classes for a window can be
measured by maxH,L,M (P (m/S)). For each of the 51443 windows in the
mouse genome this max value was greater than 0.75, leading to a very clear
association between each window and a unique isochore class. A second im-
portant criterion was the isochore length, since the method imposes a mini-
mum length of 300 kb, resulting in some unaffected windows. In the mouse
genome, unallocated windows constitute only 5.15% of the total number of
windows. These windows were not considered to constitute an isochore. Along
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(a)

(b)
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(c)

(d)

Fig. 3 Distribution of isochores along mouse chromosomes obtained by our
method. The detected H, L and M isochores appear respectively in red, green
and blue. To check the coherence of isochore prediction, the graph is shown with
two other plots: a plot of the distribution of the gene density, and a plot of the
G + C content along the chromosome. (a) Chromosomes 1 to 6, (b) chromosomes
7 to 12, (c) chromosomes 13 to 18, (d) chromosomes 19 to X

the mouse genome, the distributions of these windows was random. The
mouse genome segmentation we obtained is shown in Figure 3. This segmen-
tation correlates well with the G+C content. The mean G+C contents were
0.46 (σ = 0.01), 0.43 (σ = 0.01 ) and 0.39 (σ = 0.01) respectively for the
H, M and L isochore classes as defined by our HMM method. The Kruskal-
Wallis non-parametric test was significant (p-value < 10−4). The length of
the isochores detected by their G + C content is known to depend on the
isochore class, with L > M > H (De Sario et al. 1996). This is what we
found here. Although the minimum length of isochores that can be predicted
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by our method was 300 kb, we were also able to predict much longer iso-
chores. The average length for L isochores was 1.9 Mb, whereas the average
length for the H and M isochores was 0.7 Mb and 0.5 Mb respectively. These
lengths were significantly different (Kruskal-Wallis p-value < 10−9). Figure 3
shows the well-known relationships between isochore class and gene density
(Bernardi 2000; Mouchiroud et al. 1991; Zoubak 1996). For all chromosomes,
we found that the isochore structure closely parallels the gene density distri-
bution along the chromosome. The gene density in the H regions (16.9 genes
per Mb) was higher than that in the L regions (7.8 genes per Mb), leading
to a significant Wilcoxon test (p-value = 3.108). The same difference was
observed when we compared the characteristics of the M region (13.5 genes
per Mb) with those of the H (p-value = 5.10−4) and L regions (p-value =
6.10−5).

5 Conclusion

The use of Markov models for the purpose of data exploration has been under-
estimated in genome analysis. Our study shows that simple hidden Markov
models could be used to model mouse genome organisation. Moreover, this
method can be adapted to another eukaryote genomes. To model the bell-
shapped length distribution of the exons, we have some state of HMM are
replaced by series networks of states with common observation distribution.
The occupancy distributions of the macro-states defined in this way are build
from the implicit geometric occupancy distributions of the elementary Marko-
vian states. These geometric distributions are combinated by convolution in
the case of states in series. The hidden Markov chain algorithms for param-
eter estimation, and for computing most likely state sequences still apply.
Thus, a region is represented by a macro-state in the HMM. Moreover, we
have preferred to use the Kolmogorov-Smirnov distance in order to obtain a
better modelling of the mouse gene.
The statistical characteristics of the coding and noncoding regions of ver-
tebrates differ dramatically between the different isochore classes (Bernardi
2000). The clarification of the isochore structure is a key to understanding
the organisation and biological function of the mouse genome. We found that
hidden Markov models were appropriate for each isochore class. The number
of basic states for each isochore class (without taking the frame and coding
strand into account) in our model is only 7: first, internal and terminal in-
trons and exons and ”intergenic regions”, the last state being used to model
all non-coding regions of the genome and the introns inserted between two
coding exons. This small number of states has made it possible to conduct
a complete mouse genome analysis. Thus, this method has clearly confirmed
the existence of an isochore structure in the mouse genome. The distribution
of gene density and G + C content along a chromosome closely matches the
isochore structure identified here (Figure 3).
Different windowless methods have been developed to calculate the G+C con-
tent, and some have been used to identify isochores in various genomes. These
methods have also been called ”DNA segmentation methods” (Bernaola-
Galvan, 2001). Among them, we could mention the method of entropic seg-
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mentation (Li et al., 2003, Oliver et al., 2004) and the Z-curve method (cu-
mulative G + C profile), which leads to a unique representation of DNA
sequences (Zhang and Zhang, 2003). These different methods use only the
overall base composition of the DNA sequence to predict isochores. How-
ever, the statistical characteristics of the G + C content differ in the coding
and non-coding regions of vertebrate genes. For example, Isofinder (Oliver
et al., 2004) is a segmentation algorithm based only on the G+C content,
and it ignores local heterogeneity due, for example, to differences between
coding and non coding regions or due to repeated element. Therefore, compo-
sitional domains are characterised, however the real isochore segmentations
of the mouse genome are probably not predict since the output of this pro-
gram represents segments that are often less than 300 kb. Thus, the average
length segmentation obtained using Isofinder was 80 kb while the average
length distribution obtained by our segmentation was respectively 500 kb,
5700 kb and 19000 kb for H, M and L segmentations. The mouse genome
consists of many nested structures (chromosome, isochore, gene, exon and
intron, codon ...) and many local structures as genes were associated to iso-
chore organisation. Thus, in this study, we propose a new method based on
hidden Markov models, which takes genes as the local structure.
Last year, a large number of genomes were sequenced. This huge amount of
data makes it impossible to analyse patterns in order to provide a biological
interpretation ”by hand”, and so mathematical and computational methods
have to be used. Our approach, using HMMs, looks like a very promising
method for analysing the organisation of genomes.
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15. Guéguen, L.: Sarment: Python modules for HMM analysis and partitioning of
sequences. Bioinformatics 21(16), 3427-34278 (2005).

16. Hawkins, J.D.: A survey on intron and exon lengths. Nucleic Acids Research
16, 9893-9908 (1998).

17. Henderson, J., Salzberg, S., Fasman, K.H.: Finding genes in DNA with a hidden
Markov model. Journal of Computational Biology 4, 127-141 (1997)

18. Jabbari, K., Bernardi, G.: CpG doublets, CpG islands and Alu repeats in long
human DNA sequences from different isochore families. Gene 224(1-2), 123-7
(1998)

19. Johnson, M.T.: Capacity and complexity of HMM duration modeling tech-
niques. IEEE Processing Letters 12(5), 407-410 (2005)

20. Krogh, A.: Two methods for improving performance of an HMM and their
application for gene-finding. In Proceedings of the Fifth International Conference
on Intelligent Systems for Molecular Biology 179-186 (1997)

21. Li, W., Bernaola-Galvan, P., Carpena, P., Oliver, J.L.: Isochores merit the
prefix ’iso’. Comput. Biol. Chem. 27(1), 5-10 (2003)

22. Lukashin, V.A., Borodovsky, M.: Gene-Mark.hmm: new solutions for gene find-
ing. Nucleic Acids Research 26, 1107-1115 (1998)

23. Macaya, G., Thiery, J.P., Bernardi, G.: An approach to the organization of
eukaryotic genomes at a macromolecular level. J. Mol. Biol. 108(1), 237-54
(1976)

24. Mouchiroud, D., D’Onofrio, G., Aissani, B., Macaya, G., Gautier, C., Bernardi,
G.: The distribution of genes in the human genome. Gene 100:181-187 (1991)

25. Nekrutenko, A., Li, W.H.: Assessment of compositional heterogeneity within
and between eukaryotic genomes. Genome Res. 10(12), 1986-1995 (2000)

26. Oliver, J.L., Carpena, P., Roman-Roldan, R., Mata-Balaguer, T., Mejias-
Romero, A., Hackenberg, M., Bernaola-Galvan, P.: Isochore chromosome maps
of the human genome. Gene 300(1-2), 117-27 (2002)

27. Rabiner, L.: A tutorial on hidden Markov models and selected applications in
speech recognition. Poceeding of the IEEE 77(2), 257-286 (1989)

28. Rogic, S., Mackworth, A.K., Ouellette, F.B.: Evaluation of Gene-Finding Pro-
grams on Mammalian Sequences. Genome Research 11, 817-832 (2001)

29. Thiery, J.P., Macaya, G., Bernardi, G.: An analysis of eukaryotic genomes by
density gradient centrifugation. J. Mol. Biol. 108(1), 219-35 (1976)

30. Zhang, C.T., Zhang, R.: An isochore map of the human genome based on the
Z curve method. Gene, 317(1-2), 127-35 (2003).

31. Zoubak, S., Clay, O., Bernardi, G.: The gene distribution of the human genome.
Gene 174(1), 95-102 (1996)


