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Abstract

The Neumann-Poincaré (NP) operator naturally appears in the
context of metamaterials as it may be used to represent the solutions
of elliptic transmission problems via potentiel theory. In particular,
its spectral properties are closely related to the well-posedness of these
PDE’s, in the typical case where one considers a bounded inclusion
of homogeneous plasmonic metamaterial embedded in a homogeneous
background dielectric medium. In a recent work [32], M. Perfekt and
M. Putinar have shown that the NP operator of a 2D curvilinear poly-
gon has an essential spectrum, which depends only on the angles of
the corners. Their proof is based on quasi-conformal mappings and
techniques from complex-analysis. In this work, we characterise the
spectrum of the NP operator for a 2D domain with corners in terms
of elliptic corner singularity functions, which gives insight on the be-
haviour of generalized eigenmodes.

1 Introduction

Plasmonic metamaterials are composite structures, in which some parts are
made of media with negative indices. Their fascinating properties of sub-
wavelength confinement and enhancement of electro-magnetic waves have
drawn considerable interest from the physics and mathematics communities.
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The progress in the controlled production of composites with characteristic
features of the order of optical wavelengths contributes to this activity, as it
may enable many applications to nano-optical-mechanical systems, cancer
therapy, neuro-science, energy and information storage and processing.

From the mathematical modelling point of view, these studies have also
renewed interest in the Neumann-Poincaré operator, the integral operator
derived from the normal derivative of the single layer potential. Indeed, it
proves to be an interesting tool to construct, represent and derive properties
of solutions to diffusion-like equations, in situations where the Lax-Milgram
theory does not apply, which is typically the case of negative index materials.

The spectral properties of this operator have proved interesting in several
contexts [1, 2, 13, 14, 15]. They are particularly relevant to metamaterials,
as they are closely related to the existence of surface plasmons, i.e., solutions
of the governing PDE (Maxwell, Helmholtz, acoustic equations) which are
supported in the vicinity of the interfaces where the coefficients change signs.

To fix ideas, we consider a single inclusion D made of negative index material
(typically metals, such as gold or silver at optical frequencies). It is embed-
ded in a homogeneous dielectric background medium and we by denote K7,
the associated NP operator (its precise definition is given in section 2). For
particular frequencies, called plasmonic resonant frequencies, an incident
wave may excite electrons on the surface of the inclusion into a resonant
state, that generates highly oscillating and localised electromagnetic fields.
For gold and silver, plasmonic resonances occur when the diameter of the
particles is small compared to the wavelength. From the modelling point
of view, one may rescale the governing Maxwell or Helmholtz equations,
with respect to particule size, and take the limit of the resulting equations
to obtain the quasi-static regime, where only the higher-order terms of the
original PDE remain [29, 21, 3, 4]. Plasmonic resonances have been investi-
gated via layer potential techniques in [1]-[6].

When D has a smooth boundary (say C?) the operator K7 is compact.
Its spectrum is real, contained in the interval (—1/2,1/2], and consists in
a countable number of eigenvalues that accumulates to 0. In the context
of plasmonics, domains with corners present an obvious interest when one
attempts to concentrate electro-magnetic fields, and several authors have
considered geometries where the negative index materials are distributed in
regions with corners [11, 9, 23, 24]. When D has corners, K7, is not com-



pact [33]. In a recent work, M.-K. Perfekt and M. Putinar have shown,
relying on the relationship between complex analysis and potential theory,
that the NP operator associated to a planar domain with corners has essen-
tial spectrum, which they characterised to be
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where « is the most acute angle of D. See [32, 31].

The objective of our paper is to give an alternative derivation of the essential
spectrum of K7, when D has corners, and to establish a close connection
between the fact that K7, has essential spectrum and the theory of elliptic
corner singularities initiated by Kondratiev in the 1970’s and developed in
many directions. See [27] and also [22, 17, 28] and the many references
therein. We emphasise that throughout the paper we use the word ‘elliptic’
to refer to scalar transmission problems of the form div(aVu) = f where
the conductivity is real, positive and bounded away from 0, so that the
associated bilinear form is coercive and the Lax-Milgram theory applies.
This has been the usual framework of the work on corner singularities, until
negative index materials became an active topic of research, about a decade
ago [12, 19].

The Kondratiev theory shows that the solution u to an elliptic scalar equa-
tion in a domain O with corners splits as the sum u = Upeg + Using of a
regular part u; € H?(0O) and a singular part ug;,, € H*(O)\ H?(O), lo-
cally around each corner. Up to a scaling factor, the expression of the latter
part, which we call ‘singularity function’, only depends on the geometry
of the corner, and on the nature of the boundary conditions. In the case
of a transmission problem, it depends on the angle and on the contrast in
material coefficients. Typically, sy is a non-trivial solution of a homoge-
neous problem for the associated operator in the infinite domain obtained
by zooming around the vertex of the corner. For a transmission problem in
2D, it has the form

Using = 07“7790(9)» (1)

where (r,6) denote the polar coordinates with origin at the vertex of the
corner under consideration. The exponent 7 is the root of a dispersion
relation, and ¢ is a smooth function (or piecewise smooth in the case of a
transmission problem).

This paper is organised in the following way. Section 2 of the paper describes
the setting and notations and reviews useful facts about the NP operator.



Our analysis relies on the connection between the NP operator and the
conductivity equation

div(a(xz)Vu(z)) = f. (2)

To avoid technicalities related to the behaviour of solutions at infinity, we
consider this equation in a bounded domain 2 and impose homogeneous
Dirichlet boundary conditions v = 0 on 9€2. We thus seek to construct solu-
tions to the conductivity equation in the Sobolev space H, &(SZ), the subspace
of the Sobolev space H!(f2) of functions with 0O-trace on 9Q. These solu-
tions are related to a Neumann-Poincaré operator, defined with the Green
function of (2) that vanishes on 9). Considering the conductivity equation
in the whole of R? would have involved a different Neumann-Poincaré oper-
ator, defined with the Newtonian potential. As the difference between these
integral operators is compact, their essential spectra are however identical.

In Section 3, we study how elliptic corner singularity functions depend on the
conductivity contrast. In the very interesting papers [10, 11, 9], it is shown
that functions of the form (1) only exist when the conductivity contrast A
lies outside a critical interval [A_, AL]. When A € [A_, A1], the elliptic corner
singularity functions still have the form w4 but their expression involves
a complex exponent 7. In [9], the use of the Mellin transform converts
the search of these singular functions to that of propagative mode in an
infinite wave-guide. These functions are called plasmonic black-hole waves,
reflecting the fact that they are not in the energy space H'(€2). In Section 4,
we show that the critical interval is contained in the essential spectrum
0ess(K}), by generating singular Weyl sequences [8] using the singularity
functions. In Section 5, the reverse inclusion is proved. In particular, we use
a construction inspired by [30] to transform, around the vertex of the corner,
the PDE with sign changing conditions into a system of PDE’s defined in
the inhomogeneity only, that satisfies complementing boundary conditions
in the sense of Agmon, Douglis and Nirenberg, and for which we prove well-
posedness. Finally in Section 6, we show that these results extend to smooth
curvilinear polygons.

2 The Neumann-Poincaré operator and the Poin-
caré variational operator

Throughout the text, @ C R? denotes a bounded open set with smooth
boundary, that strictly contains a connected inclusion D. For simplicity, we



assume that 0D is smooth, except for one corner point, of angle o, 0 < a <
IT, located at the origin. We also assume that 0D has straight edges in the
vicinity of the corner, in other words, we assume that for some Ry > 0,

DNBgr, = {z=(rcos(8),rsin(9)),0 <r < Ry,|0] <a/2}, (3)

where, for any p > 0, B, denotes the ball of radius p centred at 0. We make
these simplifying assumptions so as to focus only on the core mechanisms
that are responsible for the creation of essential spectrum, and so as to relate
them to the generic behaviour of solutions to elliptic PDE’s near corners.
However, we show in Section 6 that our results extend to smooth curvilinear
polygons.

The space H} () is equipped with the following inner product and associated
norm

1/2
< U, 0 >y = /Vu-Vvd:E, ||“HH3 = </|Vu\2d:n> .
Q Q

Our work concerns the following diffusion equation: given a function f € L?(£),
we seek u such that

—div(a(z)Vu(z)) = f inQ,
{ u(z) = 0 onoQ, (4)

where the conductivity a is piecewise constant

keC r €D,
a(z) = { 1 reQ\D. (5)

It is well known that when k is strictly positive, or when & € C and
Im(k) # 0, this problem has a unique solution in H'(€2), and that

lullgg < CE)[[f]lz2,

for some constant C'(k) > 0 that depends on k.
Let P(z,y) denote the Poisson kernel associated to 2, defined by

P(z,y) = G(z,y)+R:(y), =,y€Q,

where G(x,y) denotes the free space Green function
(z,9) . In |z —y|
G(x = n|r
Y 9 Yl
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and where R;(y) is the smooth solution to

{Aywy) = 0 y € Q,
R.(y) = —-G(z,y) ye€o.

With the Poisson kernel, we define the single layer potential Spy € L?(0D)
of a function ¢ € L?(0D) by

Spe(r) = /aDP@,y)so(y)ds(y), reDU@\D).

where ds denotes the surface measure on 9D. It is well known [20, 33] that
Spy is harmonic in D and in 2\ D, continous in 2, and that its normal
derivatives satisfy the Plemelj jump conditions

oS 1
81;“”|i(x) = (51 +Kp)p(x), @ e aD. (6)
where K7, is the Neumann-Poincaré operator, defined by
N oP
Kpe(z) = (@, y)¢e(y) ds(y).

oD 8Vy
It is shown in [16] that this definition makes sense for Lipschitz domains,
and in that case, the operator K}, is continuous from L?(9D) — L*(9D),
which extends as an operator H~Y2(dD) — H~/?(0D).

The solution u to (4) can then be represented in the form
w(@) = Spy(x)+ H(x), (7)

where the harmonic part is given by
@) = [ Pa)i)ds).

The jump conditions (6), constrain the layer potential ¢ € H~1/2(9D) to
satisfy the integral equation

(M =Kp)e(x) = O Hpp(x), «edD,

where A = 2{?_11) (when k # 1).

We also introduce the Poincaré variational operator Tp : HE () — HE (),
defined for u € H}(Q2) by

Vo e H)(Q), / VIpu-Vvdr = / Vu-Vovdz. (8)
Q D

Some of its properties are described in the following proposition (see [13] for
a proof).



Proposition 1. The operator Tp is bounded, self-adjoint, and satisfies
|Tp|| = 1. Moreover,

(i) Its spectrum o(Tp) is contained in the interval [0, 1].

(ii) Its kernel, the eigenspace associated to 3 =0, is

Ker(Tp) = {u€ H}(Q),u = const on D}.

(i1i) 1 € o(Tp) and the associated eigenspace is
Ker(I —Tp) = {u€ H}(Q),u=0inQ\ D},
(and thus, can be identified with H}(D)).
(iv) The space H}(Y) decomposes as
Hy(Q) = Ker(Tp)® Ker(I —Tp) ®H,

where H is the closed subspace defined by

H = {uc H}Q),Au=0inDU(Q\D), ———ds = 0}.

We denote Hg = H & Ker(Tp) the space of single layer potentials. It is
isomorphic to

Hy"*(9D) = {p € H'?(OD), <p.1 > 12 o= 0},

This latter space is equipped with the inner product
<pvzs = - [ oSuds 9)
oD

for which the operator £}, : H0_1/2(8D) — Ho_l/z(OD) is self-adjoint as
a result of the Calderén identity [26]. We denote by || - ||s the associated
norm. In particular, if u,v € Hg are such that u = Spyp, v = Spw, then the
jump conditions (6) and integration by parts show that

/Vu~Vv = <, >g. (10)
Q



When the domain D has a C? boundary, the Poincaré-Neumann operator
K5 o Ho_l/2(8D) — H(;l/g(@D) is compact. Its spectrum o(K7,) is con-
tained in [—1/2,1/2], and consists of a sequence of real eigenvalues that

accumulates to 0. In this case, 0(K7,) is directly related to o(Tp). Indeed,
if ue H}(Q) and 8 € R, 3 # 1, satisfy Tpu = Bu, it follows from (8) that

Vo€ H)(Q), B Vu-Vvd:z:—i—(ﬂ—l)/Vu‘Vvda: = 0,
oD D

so that u is a non-zero solution to

div(a(z)Vu(z)) = 0 inQ,
{ u(z) = 0 onodQ, (11)

where the conductivity a equals 8 in Q\ D and (3 — 1) in D. Expressing u
in the form u = Spy yields the integral equation

(M —Kp)e(x) = 0, ze€dD,
where A = 1/2 — 3 is thus an eigenvalue of K7,. It follows that

o(Tp) = (1/2—0(Kp))U{0,1}.

As recalled above, when D is a domain with corners, o(K},) contains an
interval of essential spectrum [32]. We have

Proposition 2. The essential spectra of Tp and K7, are related by oess(Tp) =
1/2 — 0ess(K7)-

Proof: Let A € 0.45(K},). By definition, there exists a singular Weyl se-

quence, i.e., a sequence of functions (¢.) C H, /2 such that

(AL —K})pe — 0 strongly in Ho_l/Q,
|lpells = 1,
Ve — 0 weakly in H61/2.

Let 3 =1/2— X and u. = Sppe € Hg. Let v € Hg so that v = Spy for
some 1) € H0_1/2(8D). It follows from (10) that

/VUE'VU = <@, >— 0.
Q

8



This equality also holds for v € Ker(I—Tp) since this subspace is orthogonal
to Hg, and thus

u. — 0 weakly in H}(Q). (12)

Additionally, invoking (10) again, we see that

/|Vu€]2 = < Qe pe>5= L. (13)

Finally, we compute, for v = Spy € Hg,

/QV((ﬁI—TD)ug)-Vv = /QﬁVus-Vv - /DVua-Vv

= BVu. - Vo + /(B—I)Vug Vv
Q\D

:—ﬁ/ Opue|Tv + ( —1/8u5|v

Inserting (6) in place of the normal derivatives of u. we see that

V((BI = Tp)ue) - V| = [< (A = Kp)pe, ¢ >s]

|AL = KD)¢ells

Y

IN

V|s
It follows that

(BT = Tp)uellr, < [|(M = Kp)g:|ls — 0. (14)

we conclude from (12-14) that u. is a singular Weyl sequence associated to
B, so that # € 0ess(Tp). The same argument proves the reverse inclusion

Tess(Tp) C (1/2 — 0ess(KT)). ]

3 Corner singularity functions

Elliptic corner singularities have been the subject of much research since
the pioneering works of Kondratiev [27], Grisvard [22] (see also [17, 28]).
Essentially, the theory focuses on the regularity of solutions to elliptic PDEs
near a corner of the domain, or in the case of a transmission problem such
as (4), near a corner of the interface between several phases. The following
is a typical statement:



Theorem 1. Let k > 0. The solution u € H} () to (4) decomposes as
U = Uging T Ureg,
where Upeg € H?(Q) and where Using has the form
using(x) = ro(0)¢(x), x e (15)

Here x = (rcos(0),rsin(0)) in polar coordinates, ¢ is a smooth cut-off func-
tion, such that, for some s >0

@ = {5 15

|z| > 2s.
Moreover, for some constant C = C(a, k), the following estimate holds

twsingl 1 () + Nuregl 2@y < C (lullgr) + 1fllr2@) - (16)

Most of these results have been derived in the case of strongly elliptic coef-
ficients, i.e., when & > 0. In the context of plasmonic metamaterials, it is
natural to try to extend them to complex values of k. To our best knowledge,
the first steps in this direction have been obtained in [10, 11] and concern
the existence of singularity functions of the form (15).

3.1 Regular corner singularity functions

In this paragraph, we investigate whether one can define singular functions
such as (15) when k may also take negative values. More precisely, we seek

H} (R?) solutions to
div(a(z)Vu(r)) = 0 inR? (17)
of the form
u(x) =r"p(0),n € R, (18)

when the conductivity a(z) is defined in the whole of R? by

a(z) = {k: 0] < a/2, (19)

1 otherwise.

Since we are only interested in singular solutions which belong to H(Q2) \
H?(€)), we may restrict 1 to lie in (0,1). As u is harmonic in each sector
0| < @/2 and /2 < 0 < 27 — «/2, it follows that ¢ has the form

_ { apcos(n(@+ a/2)) + bisin(n(@ + «/2)) if —a/2 <0< a/2,

ag cos(n(0 + «/2)) + basin(n(0 + a/2)) ifa/2 <0 <27 —a/2 (20)

10



for some a;, b;,7 = 1,2. Expressing the continuity of v and of a(x)d,u across
the interfaces, shows that a non-trivial solution exists if and only if the
following dispersion relation is satisfied

1 0 —cos(2mn) —sin(27n)
dot cos(amn) sin(an)  —cos(an) —sin(an) 0
0 k sin(27n)  — cos(2mn) -

—ksin(an) kcos(an) —sin(an)  —cos(an)
which, after elementary manipulations, can be rewritten in the form

o _ sin(an) sin((27 — a)n)
k241 1 — cos(an) cos((2m — a)n)

=: F(n,a). (21)

A Taylor expansion around n = 0 shows that F'(n,«) can be extended by
continuity to a function defined on the whole of [0, 1] by setting

—2a(2m — «)
F = =
0,) a2+ (21 — a)?
By solving
2k
=F
kQ + 1 (07 a)?
we obtain two solutions
— (27 — ) -«
b, = —~~" 7/ k. = . 22
+ o ) 2 — ( )

Additionally, it is easy to check that |F(n,«)| < 1 and

oF — cos((2m — a)n) — cos(an)) [asin((2m — a)n) —2(27r — a) sin(an)] .
[1 — cos(an) cos((2m — a)n)]

We note that 9,F(0,a) = 0,F(1,a) = 0 and show below that F(-,«) is
strictly increasing.

Lemma 1. For any 0 < a < 7w and 0 < n < 1, the following inequalities
hold

cos((2m — a)n) — cos(an) 0, (23)
0

<
asin((2m — a)n) — (27 — ) sin(an) <

11



Proof: To prove the first inequality, we first note that o < (27 — &) so that
an < (2 — a)n. If (27 — a)n < «, then (23) follows from the monotonicity
of the cosine function on [0, 7]. If (2 — a)n > 7, then

cos((2mr —a)n) = cos(m — ), with 27 —a)p=:7+ 0.
Noticing that
an < an+2n(l—-n) = n1—-0 < m,

we infer that cos(m — 3) < cos(an), which yields the result.
The second inequality follows from the fact that

Oy [asin((2m — a)n) — (27 — o) sin(an)]
= a(2m — a)[cos((2m — a)n) — cos(an)],
which according to (23) is negative. [ |

As a consequence of (21), we obtain

Proposition 3. Singular solutions in H. (R?) of the form (18) exists for
the equation (17) only when k € (—oo,k4) U (k—,+00), see Figure 3.1. In

terms of the contrast A = % this condition is equivalent to
1 a, 1 o
A Do A = [—5(1 - ;)75(1 - ;)}

In other words, singular solutions of the form (18) only exist when A =

k+1 - : *
S(ho1) 'S not in oess(Kp).

3.2 Singular corner singularity functions

We now construct local singular solutions when k € [k4,k_]. By this we
mean functions which satisfy the PDE (17), but which may only be in
H} (R*\{0}). To this end, we seek u(z) = r¢(f), with ¢ in the form (20),
but assume now that 7 € C. The same algebra leads to the same dispersion
relation (21). In particular if we restrict 7 to be a pure imaginary number,

n = i€, this relation takes the form

2k _ sinh () sinh((2m — @)§)
K2+ 1 1 — cosh(af) cosh((2m — @)§)

= F(&,a).

12
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Figure 3.1: Left: Plot of the function & — 2k/(k? 4+ 1). Right: Plot of
n — F(n,a) (blue), and of ¢ — F(£,a) (green), for o = 7/2. The dotted
line indicates the value of 2k/(k? 4+ 1) below which the dispersion relation
has no solution n € R.

It is easy to check that the function & — F(§ ,a) can be extended by conti-
nuity at £ = 0 by setting
2021 — @) 2ky

F — =
(0, 2) a? + (21 — a)? k1 +1

(and we note that F(0,a) = F(0,a)). In addition, we compute
- (cosh((2m — a)€) — cosh(af)) [(2m — ) sinh(a) — asinh((27 — «)&)]

OF =
¢ [1 — cosh(a€) cosh((2m — a)€))?

Just as in Proposition 1, one can show that for any £ > 0 and 0 < o < m,
the product of the two factors in the above numerator is negative, so that
F(-,a) is strictly decreasing on RT and its range is equal to [F(0,a), —1),
see Figure 3.1. We also note that lim, ., F(1,a) = —1, so that the value
—1 (which corresponds to k = —1) is never attained. Summarizing, we have

shown that

Proposition 4. For any value of A € (A_, A\y), X # 0, there exists & > 0 and
a function u(zx) = r€p(0), which is a local solution to div(a(x)Vu(zx)) =0,

where a is defined by (19), with A\ = Q(kktll).

4 Construction of singular Weyl sequences

In this section we prove

13



Theorem 2. The set [A_, A\1] is contained in oess(Th).

Proof:

Since o¢s5(K7,) is a closed set, it is sufficient to show that (A_, A;) \ {0} C
0ess(Tp). We proceed as follows: We consider A € (A_, A\;), A # 0, and show
that 8 =1/2 — X € 0¢5s(Tp) by constructing a singular Weyl sequence, i.e.,
a sequence of functions u. € Hg(Q), such that

vl g2 = 1
(BI —Tp)u: — 0 strongly in Hg (), (24)
Ue — 0 weakly in H&(Q)

According to Proposition 4, there exists £ > 0 and coefficients aq, b, as, bs €
C, not all equal to 0, such that the function

Re(r) [a1 cos(i€(0 + a/2)) + by sin(i€(0 + a/2))]
‘ if —a/2<60<a/2,
u(@) = Re(r'*)p(0) = , (25)
Re(r%) [ag cos(i€(0 4+ a/2)) + by sin(i& (0 + a/2))]
otherwise,

is harmonic in (D N Bg,) \ {0} and in ((2\ D) N Bg,) \ {0}, and satisfies
the transmission conditions at the interfaces 6 = +a/2.

Let 79 < Rp/2 and let x1,x2 : Rt — [0,1] denote two smooth cut-off
functions, such that for some constant C' > 0

xi(s) = 0 [s[ <1, x2(s) = 0 |[s] >2m,
xi(s) =1 [s]>2, x2(s) = 1 [s| <,
IXi(s)] < C, IXa(s)] < C.
We set x(r) = x1(r/e), and define
ue(x) = sexi(r)xe(r)u(z), =z €Q. (26)

The function u is not in H! as its gradient blows up like »~! near the corner,
consequently

o 2T
me = / / |Vu(z)|* rdrdd — oo ase — 0.
5 0

14



We choose s. in (26) so that ||uc||g =1, in other words

2e 27 2ro 27
stt = / / VX + x5Vul? + me + / / [uVx2 + x2Vul?
€ 0 T0 0
= Ji+me+ Jo.
The term J; is independent of ¢ and is O(1), and in particular
Jo = o(me) ase— 0.

The other term can be estimated as follows

2 2w |6 4 i€ pi€—1 _ —ig—1 2
no= [ et e + e O/
pi€—1 _ p—ig—1 2
+ fgo/w))a(r/s) rdrdf (27)
2T 2e
e /0 ()2 + £ (O)[2) db / (X112 /2% + 72 x| oo) el
21
< c /0 (O] + 1£/(0)2) d8 (3/2412 + (in(22) — In())Ixaloc) -

Since ¢ is independent of ¢, we see that
Ji = 0Q1) = o(me), ase—0,
1/2

and so s, ~me 7 — 0.

We next show that |[(8] — Tp)uc||gr — 0. Indeed, let v € H} () and

consider

J = / V(8I — Tp)ue - Vv
Q
= OBVue - Vv + / (6 —1)Vu, - Vo,
Q\D D

in view of the definition of Tp. Inserting the expression (26) of u., we see
that

J = s BVu - V(xixav) + se/ (B —1)Vu- V(xixav)
Q\D D

v | BuV(Exe) Vo + s / (B — DuV(xix2) - Vo
Q\D D

s [ BVu-eV(Gxe) - s / (B — 1)Vu- vV (xExa).
Q\D D

15



Since u is a local solution to (17), the sum of the first two integrals vanishes,
and we are left with

J = ss/ auV(xjx2) - Vv + 35/ auV(xz) - Vv
O Qﬂ(BQTO\BTO)

+ 35/ avV(x5) - Vu =: sc(J3+ Ju), (28)
QQ(BQE\Be)

where a = 8in Q\ D and a = 3 — 1 in D. The Cauchy-Schwarz inequality
allows us to estimate the first two terms on the right-hand side by

2¢e 2m
|J5| < CH’U’Hl{/O /0 (Jul? X412 /e? + [Vul[xa|?) rdrdd

2ro 2w
+ / / (|u!2|x'2|2 + ]Vu|2\xg|2) rdrd&} ) (29)
0 0

and the same arguments as those used to control the term J; in (27) show
that the two integrals above are O(1). As for the last term in (28), we write

Ji = / aVu - vVxe
BQE\BE

= / aVu -oVye + / aVu- (v —71)Vxe,
BQE\BE B2€\BE

where ¥ = |Bg.|™? fBzg v(x) dz. We note that the first integral in the above
right-hand side reduces to

2 2% I /
v/o a(e)ap(e)de/a i (T : N 1> X\a/e) g~ o,

e

Indeed, since ¢ is a solution to (a(0)¢’(0)) — £2a(6)p(0) = 0, with periodic
boundary conditions, it satisfies

/ T a@)o(0)d8 = 0.
0

It follows that
1/2 1/2
< (/ a2|vas|2dx> ([ wo-or)
BQE\BE B25
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Using the following Poincaré inequality

/ lv—7> < 4|BQE|/ |Vvl|?,
BQE B25

we obtain
2 1/2
Il < Cellollm < /0 a<e>2|¢<e>|2de>
2 pig—1 _ p—ig—1 Q[X/(T/E)]Q 1/2

</€ i€ 5 | 2 rdr)
2e 1/2

< c( / r-ldr) ol

< V@Il = O0)vllme.

Altogether, (28, 29) and the above estimate show that

Ve HQ), < O(so) vl pms

/ V(ﬁ[ — TD)’LLe - Vo
Q

which proves the claim since s, — 0.

Finally, we show that u. — 0 weakly in H'(Q). In fact, since this sequence
is uniformly bounded in H', it suffices to show that u. — 0 strongly in L?,
which follows from (26), from the boundedness of y; and y2 and from the
fact that s, — 0. [

5 Characterisation of the essential spectrum

In this section, we consider A ¢ [A_,A;], 3=1/2—X,and k =1—-1/3. The
latter satisfies

(2m — «)

k‘<k+:_ <0 or k_=

k <O0. 30
27r—a< < ( )

We show that 8 ¢ ocss(Tp), so that according to Proposition 2, A ¢ 0css(K5,).

We proceed by contradiction: If f € o0es5(Tp), then there exists a singu-
lar Weyl sequence wu., that satisfies the conditions (24). In the next three
sections, we show
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Proposition 5. The sequence u. converges to 0 strongly in H' ().

This contradicts the fact that ||ucz||z1 = 1. Consequently, in view of Theo-
rem 2, this proves

Theorem 3. The essential spectrum of K7, is exactly

oess(K5) = A7, A7)

5.1 Controlling the energy of u. away from the corner

Let z. = fus — Tpu, € H&(Q) Let p < Rp and let x, denote a smooth,
radial cut-off function, such that

{ 1 if|z] < p/2, (31)

Xp(®) 0 if x| > p.

Let ve = (1 — xp)us. We show that
Proposition 6. The sequence v. converges strongly to 0 in H'.

Proof: Assume that it is not the case. Then there exists 6 > 0 and a
subsequence (still labeled with ¢) such that

ol > 6. (32)
We note that for any v € H (1),

/ Vz. - Vv = / V(Bus — Tpue) - Vv (33)
Q Q

= B/VuE-VU/Vus-Vv
0 D

= / aVug - Vo,
Q

where a(z) = 8 for x € Q\ D, and a(x) = B—1 for z € D. Given v € H}(),
we compute

/ aVv, -Vu = / aV [(1 = xp)ue] - Vv
Q Q
= /Qa (1= xp)Vus —u:Vx,| - Vo
= / aVue - [V ((1 —xp)v) +vVx, — au:Vx,- Vv
Q

= Vze -V ((1 = xp)v) — uV-(avVx,) — au:Vx,- Vo.
Q

18



Invoking the Cauchy-Schwarz and the Poincaré inequality, it follows that

= ’/CLV’UE'V’U
Q

C (luellgz + lzel g ) ol

\ |51 =100 v

IN

As us — 0 strongly in L?(Q) since it converges weakly to 0 in H!, we
conclude that

(BI —Tp)v. — 0 strongly in H(Q). (34)
We note that since v has support in 2\ B, /s,
Tpv. = TDUEa

where D denotes any smooth connected inclusion, such that (D \ B,j) =
(D\ B,/3), and thus (34) also reads

(BI —Tp)v-: — 0 strongly in Hj ().

It is easily seen that v. — 0 weakly in H{ (), and, upon rescaling in view
of (32), we conclude from the above estimate that v./||ve|[g1 is a singular

Weyl sequence for T. But D is smooth, so that the associated Neumann-
Poincaré operator is compact and does not have essential spectrum, which
contradicts this fact, and proves the Proposition. [ |

5.2 Controlling the energy of u. near the corner

We now focus on we := x,ue, which has compact support in B,. In view
of (33), it is easy to check that w, satisfies

8frw5 + 1/royw. + 1/r2(9§9w5 = f&v

in DN B, and in (2\ D) N B,. The right-hand side is defined as

1
fo = EX’)AZE + VX, - Vue + Vue - Vx, + uAxp,

where a(z) = 8 for z € Q\ D, and a(x) = 3 — 1 for z € D. We note that
f- converges strongly to 0 in H~!(Q). Moreover, since the function Xp 18
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radial, w, satisfies the following transmission conditions on the edges of the

corner
we(r, 5]-) = we(r, §ly)
ws( 2| ) = ws(r _a‘+)
(8= 1)pwe(r, 31-) = BOgwe(r, 3| +),
(8 = Dogwe(r,—5[-) = BOwe(r, —5l+),
where the notations |_, |4 indicate taking the limit from left and right sides
respectively.
We set
@
A = € (0,1), 35
2 e0,1) (3)

and consider the change of variables (r,0) € (0, p) X (—a/2,a/2) — (r,7 —
/A), which maps D N B, into (2 \ D) N B,. We define

ve(r,0) = we(r,m—0/A)
{ QE(T, 9) = fa(hﬂ- _ 0/A)7 for (T" 9) cDnN Bp~

It is easy to check that when (f,g) = (fe, J), the functions (w,v) =
(we|pnB,, ve) satisty the following system

82w+1/7’8w+1/r2399w = f (36)
O2v+1/row+ A?/rdkv = g,

with the boundary conditions
v(p,0) = w(p,0) =0,
v(r, +a/2) = w(r,£a/2), (37)
dpv(r,£a/2) = =Edpw(r,£a/2).

In other words, w. and v. both satisfy an elliptic equation and take nearly
the same Cauchy data on the edges of the corner.

To study the above system, we introduce the (closed) subspace V; € H'(DnN
B,) x HY(D N B,) of functions (w,v) that satisfy

{ v(p,0) = w(p,0) =0 [0] <a/2
v(r,xa/2) = w(r,£a/2) 0<r<p.

Theorem 4. The system (36-37) has a unique solution (w,v) € Vi. More-
over, there exists a constant C > 0, such that

IVwll2pns,) + IVVll2ors,y < C (Iflla-1pns,) + l9lla-1(pnB,)) -
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Proof: On V] we consider the norm

1/2
(w,0)]| = ( /D N \Vw2+\wr2) | (38)

We multiply the equations (36) by two functions ¢,¢ € H'(D N B,) that
vanish on D N 0B, and integrate to obtain

/ fo + g¥
DNB,
a/2 O v XY,
/ /a/2< 30w>'<139¢) * (ff@ev>'<i39¢>rdrd0
— / ( Opwo + Aagv”l/}>
0=ta/2

We note that that the last integral can be rewritten as

2
/ lagw(gb — AkY) + i |:89U + 89w:| .
0

=ta/2 T A

To satisfy the natural boundary conditions in (37), we are thus led to intro-
duce the subspace Vo C H'(D N B,) x HY(D N B,) of functions (¢,) that
satisfy

¢(079) = w(/?ﬁ) = 0, |0| <a/2

(ZS(Ta i%) - Akw(ﬁi%) = 07 0<r< P,

which we also equip with the norm (38). We also introduce the following
bilinear form B on Vi x V5 by

s((0)(0) = L) (i)
() (o) rarm

Thus, solving (36-37) amounts to solving the variational problem : find
W = (w,v) € V; such that

— (,0) € Vs, B(W.®) — /m 16+ g1
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It is easily checked that the above right-hand side defines a continuous linear
form on V5, and that

V(W,®) e Vi x Vo, [BW, )] < [[W][[|2]].

Therefore, the theorem will be proved upon showing that B satisfies the inf-
sup condition (for instance the version in [7]), i.e., that there exists § > 0
such that

inf sup B(W,®)| > o (39)
WeVLIIWII=1 \ eV, ||®||=1
Let W = (w,v) € V! and p, q,d € R. We set
¢ = (Akp+ d)w + (Akq — d)v, v = pw+ qu,

so that both ¢ and v vanish on the curve r = p, —a/2 < 0 < «/2, and
¢ — Ak = d(w —v) = 0 on the edges § = £a/2,0 < r < p. It follows that
(¢,9) € Vo is an admissible test function. The integrand in the expression
of B(W, ¢) takes the form

e = Opwo, [(Akp + d)w + (Akq — d)v] + 0pvd,(pw + qu)
A2
+ 17 20pw0p [(Akp + d)w + (Akq — d)v] + T—Zagvag(pw + qu)
= (Akp+d)&} + (Akg — d+ p)&i&s + a€3
+ (Akp + d)&3 + (Akq — d + A%p)&ats + A%¢E],
where & = 0,w, & = r~ 10w, &3 = 0,0, &4 = r~10pv. Fixing q = 1, it follows
that e defines a positive definite quadratic form (pointwise) provided that
the polynomials
P& = (Akp+d)+ (Ak —d+p)¢ + &2,
Py(¢) = (Akp+d)+ (Ak —d+ A’p)é + A€,

are strictly positive, in other words, provided that

{ (Ak — d + p)? — 4(Akp + d) < 0,

(Ak — d+ A%p)? — 4A2(Akp+d) < 0. (40)

We regard these expressions as polynomials in p, the roots of which are
respectively

fo(d) = (d+Ak)+2/d(1+ AR),
ge(d) = % [(-+ AR) £ 24 /a1 R/A)|
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We remark that the roots are real if and only if

E < —1/A ifd <0,
—A<k<0 ifd >0,

i.e., recalling (35, 30), if and only if A ¢ [A_, A;], which is our hypothesis.

It only remains to show that we can indeed find parameters p, d for which (40)
is satisfied, i.e. that we can find d such that

(f~(d), f+(d)) N (g-(d), g+(d)) # 0 (41)
(and then pick p in the intersection).

To this end, assume first that —A < k < 0, so that di = —Ak > 0. We
note that

Jo(dy) + f-(dy)
2

= 0,
and that
0+(d) = pV/AREA=T) >0,
0-(d) = g VAREA=T) <0,
which yields (41).

If k < —1/A, one can see that d_ = A2 + kA < 0 and that

f+(d—);f—(d—) = 24k + A% < -1 = g, (d_).

On the other hand, since 0 < A < 1 and k < —1/A, we have
-2
T d(l1+k/A) < —=2+/d(1+ Ak),

so that for any d < 0, g_(d) < f—(d), and in particular g_(d_) < M.
It follows that (41) also holds in this case. |
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5.3 Proof of Proposition 5

We come back to the singular Weyl sequence u., which we split as u. =
(1 — xp)ue + Xpue. Proposition 6 shows that (1 — x,)u. converges strongly
to 0. On the other hand, Theorem 4 applied to x,u. shows that

HV<XPU€)HL2(BP) < C (HszH*l(DﬂBp) + ngHH*l(DﬂBP))

IN

C (lzell @) + luellL2@)) — 0.

It thus follows that u. converges strongly to 0 in H'(2), which contradicts
the assumption that |[uc|[f1(q) =1, so that 8 ¢ oess(TD). |

6 The case of smooth curvilinear polygons

This section has been added to answer the second referee’s question about
extension of the results to curvilinear polygons

So far, we assumed that for p > 0 small enough, the set D U B, was a
perfect cone. The techniques developed in [31, 32] allow extension of the
characterisation (1) of oess(K}) to C? curvilinear polygons (see the precise
definition in [31], chap.4). In particular, Lemmas 4.3 and 4.4. in [31] imply
that the Neumann-Poincaré operator associated to a C? curvilinear polygon
is unitarily equivalent to that of a domain with the same number of corners
and which has straight edges in the neighbourhood of its vertices.

In this section, we show how our analysis, based on the Poincaré variational
operator, can be extended to curvilinear polygons. Let £ C ), and F C ()
be CH! curvilinear polygons. For simplicity, we assume that both £ and F
have a single corner, at x = 0, with the same angle 0 < o < 7.

Let ® : Q — Q be a C!'-diffeomorphism such that for some 0 < p; < po,

®(ENBy) C(FNBy),
®(OENB,,) C (OF N By,), (42)
®(0) =0, and D®(0) =1.

Denoting Tk and T the Poincaré variational operators associated to £ and
F respectively, we show the following

Proposition 7. Let 0 < § < 1. Assume that (Uy,)n>1 is a singular Weyl se-
quence associated to 3 for Tr, such that Suppt(Uy) C By, /n. Then (up)n>1 =
(Uy, 0 @)p>1 is a singular Weyl sequence associated to 3 for Tk.
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Proof: Let v € H}(2) and let V(z) = v(®(z)) for x € Q. Then V € H}(Q)
and there is a constant C' that only depends on ||®||c1,1 such that

Mgy < Cllvllg o) (43)

Let 0 < 8 < 1 and assume that (Up),>1 is a singular Weyl sequence for Tr
associated to [, i.e. that (U,),>1 satisfies (24) with T instead of Tp. Let
us also assume that for n > 1, Suppt(U,) C B Let up(z) = Up(P(x))
for x € 2 and notice that

po/n:

Suppt(u,) C (I)_l(Bpo/n)'

Since @ is a diffeomorphism and since ®(0) = 0, it follows that the support of
uy, shrinks to {0}, and we may assume that for n large enough, ®~1(B vo/n) C
B,,. We estimate

I = /QV(ﬁI —Tg)u, - Vv

= / V(BI —Tg)uy - Vv
(P_I(Bpo/")
= ﬁ/ Vu, - Vv — / Vu, - Vv
¢71(B/JO/7L) éil(Bpo/n)mE
= 3 / D3TVvU, - DTV Jp — / DaTvU, - DTV Jgp,
Bpo/n Bpg/nNF

where Jp denotes the Jacobian of ®, and where we have used (42). Further,
we note that
®llcr1(B,, )

1D®(z) = D2O)|[Lo<(B,, ) < ———

DD (@) — Tl -

By /n)

and a similar estimate holds for ||Jp — 1|[ze0( Byym)* Recalling the normali-
sation ||Un||g1(q) =1 and (43), it follows that

u|<‘gé

@llerr(m, )
+ C |V 2 |9V 2200

VUn-VV—/ vU, -VV
B, jnNF

po/m pPo/m

[®llcram, )
%HVVHL?(Q)

IN

‘ﬁ/VUn-VV — /VUH'VV’ + C
Q F

IN

1
C (H(ﬁf—TF)UnHHg(Q) + n) ol ()
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where C' is independent of n. It follows that ||(3] — Tg)un||g1) — 0 as
n — o0o.

A similar argument shows that

/yvunP _ / Vi 2
Q »-1(B

Po/”)

= / |DBTVU,|? Je
B

po/m

1 1
— 2 2 —
= [ VO + OIN Tl = 1+0(2)

Finally, since u,(z) = U,(®(x)) for z € Q, we also see that u,, — 0 weakly
in H}(€2). We conclude that is a singular Weyl sequence for T,

Un
. [|un |Hé ()
associated to (3. [ |

We now consider an inclusion D C ) with a corner of aperture 0 < a < 7
at x = 0, that satisfies the hypothesis of Section 2 : we assume that D has
straight edges in a neighbourhood of 0. Let D be a C1! curvilinear polygon,
also with a single corner of aperture o at z = 0. Let ® be a C!! change
of variable that satisfies (42) with (E, F) = (D, D). Proposition 7 together
with theorems 2 and 3 imply the following

Proposition 8.
UESS(TD) = Uess(TD) = [)\_,A+].

Proof: Let 0 < § < 1 such that A = 1/2 — (8 € [A_,Aq]. Let & u, x1
be defined as in the proof of theorem 2, and, for 0 < p < po, let x, be as
in (31). In the spirit of (26), we set

Uep() = s pXi(r)xp(rulz), =€,

where s is chosen so that ||u. || mi(@) = 1. The proof of theorem 2 shows
that for fixed p, u. , is a singular Weyl sequence for T)p associated to 3 and
in particular that

||Us,p||H3 = 1
(BI —Tp)usp, — 0 strongly in H} (),

Uep — 0 a.e. in Q.

Letting p = po/n and using a diagonal extraction process yields a singular
Weyl sequence (U, ), associated to 3 for Tp such that Suppt(Uy,) C By, /n-
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Proposition 7, with the choice (E, F)) = (D', D) and ®~! in place of ®, shows
that (up)n>1 = (Up 0 ®71),>1 is a singular Weyl sequence for T, associated
to B, and thus oess(Tp) C oess(Th)-

To prove the reverse inclusion, we proceed by contradiction and assume that
there exists 3 € 0ess(T5) \ Oess(Ip). Let . denote a singular Weyl sequence
associated to 3 for T and let x, as in (31). Arguing as in Proposition 6
shows that the functions w. , = (ﬁ

llut(o)
for T associated to 3. Choosing p = 1/n, a diagonalization process allows
us to construct from the @, ,’s a singular Weyl sequence for Ty, say (Up)n>1,
such that for each n > 1, Suppt(U,) C B, /,. Proposition 7 implies then
that (up)n>1 = (U, 0 ®),>1 is a singular Weyl sequence for Tp associated

to 3, which contradicts the hypothesis 5 ¢ ocss(Tp). ]

) form a singular Weyl sequence
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