Asymptotics in the presence of inclusions of small volume
for a conduction equation: A case with a non-smooth
reference potential

Eric Bonnetier and Faouzi Triki

ABSTRACT. We derive an asymptotic formula for the Green function of a con-
duction equation in the presence of a small inhomogeneity, that perturbs a
background conductivity, which is piecewise constant on an angular sector.
We show how the elliptic corner singularity of the background potential af-
fects the form of the first order term in the expansion.

1. Introduction

Asymptotics in the presence of small inclusions have been the subject of several
studies in recent years. For a conduction equation in a bounded domain Q C
R™, with given Neumann boundary data f, as in [FMV] one seeks an asymptotic
expansion of the difference of ug, the potential in a reference medium, and wu., the
potential in that medium perturbed by p inclusions of diameter €. One can show
that the first correction term, in the expansion of (u. — ug)(2) for z far from the
inclusions, is of order €™ and has the form

P
(1.1) (ue —uo)(2) = €Y M;Vug(z)-VN(z,2) + o(e").

j=1
In this expression, M; is a polarization tensor, that contains some information
about the coefficient contrast and the geometry of each inclusion. The function
N(-,z;) is a Neumann function with a singularity at z;, the center of the j-th
inclusion [FMV, AK].
To derive this asymptotic expansion, one can make the ansatz that the perturbed
potential u. near the j-th inclusion takes the form

T —Zzj

we@) = uo(e) +ev;("=2) +r.(a),
where the corrective term v; satisfies the PDE

div(ar (y) Vv (y) + Vuo(z) 9] = 0 mR
(1.2) .

limyy| o0 v5 (y) = 0,
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where a1(y) = a-(zj+¢y) is the conductivity rescaled from a. defined in (1.4) below.
The coefficients of M; are computed as moments of the function v; [FMV, AK].

Asymptotics of this type have also been derived for the Helmholtz equation, for
the system of elasticity and for the Maxwell system (see the book [AK] and the
references therein). Letting z — 9€2, the above expression provides an approx-
imation of the Neumann to Dirichlet operator, which only depends on a finite
number of parameters: the points z; and the coefficients of the matrices M;. The
inverse problem of detecting the inclusions can thus be approximated by a finite
dimensional problem, which explains the interest such asymptotics have stirred.
Efficient numerical strategies for detection, based on such expansions have been
proposed [BHV, AIL].

In all the cases studied so far, one of the main ingredients in the convergence proof
of the expansion is the smoothness of the background potential ug. We study here
a case where ug is singular. We consider a conduction equation in a disk where the
reference conductivity ao(z) takes a constant value a; in the sector 0 < 0 < 27a,
and a different value ao in the rest of the disk. We chose the case of a disk for
simplicity of exposition: Our analysis generalizes to bounded domains in R? that
contain isolated polygonal subsets, where the conductivity takes distinct constant
values. Indeed, isolating a circular region around any corner of such a polygonal
set, brings one to the situation studied here.

More precisely, we let Bgp = B(0, R) and for x = (r cos(#),rsin(0)) € Bg,

(1.3) ao(z) = {al if0 <0 < 2n«
. 0

o as otherwise

This reference medium is perturbed by a small inclusion w, of size € < R, centered
at 0, i.e. centered on the corner of the sector:

we = ew, diam(w) = 1.

We define the perturbed conductivity by

k if r € we
(1.4) as(z) = { ap(x) otherwise.

Given a function f € L%(0Bg), that satisfies f =0, we denote ug the reference
oB
potential, solution to "
(1 5) diV(CL()VU,Q) = 0 in BR
: agOn U = f ondBkg,
and u. the perturbed potential, solution to
(1.6) div(acVu:) = 0 in Bg
. acOn . = f ondBg,

normalized by the conditions

(1.7) / apguy = / apue = 0.
BBR aBR

We show how the first term in the corresponding small volume expansion is affected
by the presence of the elliptic corner singularity in the reference potential. More
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precisely, let 0 < A; < 1 denote the first non-zero eigenvalue of the periodic trans-
mission problem (2.2) below. It is well known that A\; determines the exponent of
the elliptic singularity due to the corner [G]. We prove the following

THEOREM 1.1. Let z € OBpR such that |R| >> €. Then
ue(2) —up(z) = eMuyq(2) +o(e?M).

The term w1 is defined for z € OBg by

27
una(z) = m( f(ﬁm(mdﬂ) £1(02),

where 1 is the eigenfunction associated to A1 and the constant mi . is given

in (4.4).

Thus, the main difference with the case of a homogeneous background is that the
first term in the expansion scales like €21, and not like the volume of the inclusion.
Theorem 1.1 indicates that it should be easier to detect the corners (and edges in
3D) of inhomogeneities buried in a reference medium. This could prove useful in a
tomography experiment when one knows a priori that the objects to be localized
are polyhedral.

In the context of impedance tomography by elastic perturbation [ABCTF| where
one performs tomography measurements while focusing localized ultrasound waves
into the medium, it has been observed that sharp corners could be reconstructed
very accurately. It may be due to the fact that the leading term in the expansion
of us — ug is of order smaller than the volume, when the ultrasound spot hits the
neighborhood of the corner. Also, the exponent A; depends on the angle « of the
sector and on the conductivity contrast. Since one may vary the size of the ultra-
sound spot, it might be possible to deduce the value of A\; from the measurements,
hence, obtain information on the angle or on the conductivity contrast.

The paper is structured as follows: In section 2, we derive a series representation
of the fundamental solution Gy which satisfies

(1.8) div(ag()VGo(z,y)) = 0(x —y) inR2

In section 3, we give an asymptotic expansion of the difference between the per-
turbed Green function G, and the reference Green function Gg. Section 4 is devoted
to the proof of theorem 1.1. Finally, in the appendix, we show how G, can be con-
structed. Throughout this paper, the polar coordinates of a point z € R? are
denoted (ry,0,).

2. The Green function for the reference medium

2.1. A Sturm-Liouville spectral problem. We seek the Green function G
solution to (1.8) via an expansion in polar coordinates

(2.1) Go(w,y) = Y walr,r')en(0)pn(0),

n>0
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with = (r,0),y = (r,¢’), and where ¢,, are the eigenfunctions associated to the
following Sturm-Liouville problem

(ao(8)¢'(8))" + N ao(@)p(6) = 0 in (0,27)
¢ € H(0,27), ¢ periodic

/27r ao(0)p?(0)do = 1.
0

It is well known that there exists a system of eigenvectors (p,) that forms an
orthonormal basis of L?((0,27), ag). The corresponding eigenvalues \g = 0 < A\; <
<o+ < Ap < ..., are simple and the Rayleigh-Ritz min-max principle shows that

(2.2)

min(ay, az)n? 9 max(ay, az)n?

(2.3)

n =

max(aj,as)mw min(ay,ag)m

In particular, the first eigenfunction is equal to the constant

(2.4) o = ( / - ao)

Seeking ¢, as a linear combination of cos(A,¢) and sin(A,0) in each sector, one
sees that the eigenvalues are the roots of the determinant of a linear system, and
solve

(a3 + a3) sin(2ra) sin(27(1 — @)\) + 2a1as(1 — cos(2ma)) cos(2n(1 — a)))) = 0.

—1/2

It follows that the eigen-elements (A, ¢,) are entire functions of the contrast k =

jggr—“(;. Further, one can check that if 0 < a1, as < 0o, and if a; # a9, then
1 2

(2.5) 0< A <1

2.2. The Green function Gy(x,y). We are looking for a solution to (1.8)
which also satisfies

(2.6) lim,, oo /T2 Or,Go(x,y) = 0
' lim,, 0 Go(z,y) = 0O(1).
Substituting the expression (2.1) into (1.8) we find that w,, must solve
0° / 1 / )‘% / 5(7" — 7"/)
(27) T_Q’LUH(Tﬂﬁ ) + ;arwn(ra r ) - T_QWn(Tyr ) = T
The solutions to the homogeneous equation are linear combinations of
Bulr) = P and yu(r) =
the Wronskian of which is
-2\,
Bulr () = Bu(rm(r) = —2

Moreover, the boundary conditions (2.6) imply that w, satisfies w,(r) = O(1) as
r — 0, and that w,, — 0 as r — oo. It follows that

1 I\ An
, —K (T_) ifr <r
U}n('f','f') = 1n ,: )\n
- (—) ifr <7’
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A similar computation can be carried out when n = 0: The solutions to the homo-
geneous equation (2.7) are linear combinations of fGy(r) = 1 and vo(r) = In(r), the
Wronskian of which equals 1/7, so that

N In(r) ifr' <r
wo(r, ) = { In(r") ifr <.

We finally obtain the expression

1 7,,/ )\n )
In(r)ef — anl o <?) on(O)pn(0) ifr <r
(28)Go(ey) = )
In(r')p? — anl o (F) on(0)pn(0") ifr <1’

2.3. The radiation condition. Let ¢ € H} (R?) and define for n > 1

27
Uu(r) = / ao(0)pn (0)(r, 0) db.
0
We also define

_ (9%
(2.9) i) = Ty, (TW(”—M%(@), n>1

0
ap(p,r) = rln(r)% — Po(r).
We say that 1 satisfy the radiation condition, if for any compact set K C R"™,
“+oo
(2.10) sup Z an(¥,R)|yl* — 0, as R — ooc.
yeK n=0
LEMMA 2.1. Let € H} (R?), which satisfies the radiation condition (2.10). Then

/8 % ()Goey) — @) 20w y) = o1), asR— 4o,

Br Oz Ory

uniformly with respect to y in any fixed compact subset of Bg.

Proof: Assume that |y| < R. We form

hy) = /BB ao(02) <S—Z(x)G0(x,y)—w(x)%—i?(x,y)> Rd6,.

Substituting the expression (2.8) for Gy in this integral, we obtain

hly) = Zhn(ry)@n(az})a

n>0
where
B 1oy (9,
M) = g (R () = An(R)
= an(?, R)ré‘" forn > 1,
_ 9o
ho(ry) = RIn(R)—>=(R) = ¢o(R)
= Qo (¢a R)7
and the result follows from the assumption (2.10) on ). O

An easy consequence is the following
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PROPOSITION 2.2. The Green function Gq given by (2.8) is the unique solution
o (1.8) that satisfies the radiation conditions (2.10).

Proof: Firstly, we note that Gy satisfies (2.10). Secondly, assume that Gj is
another solution to (1.8) which satisfies (2.10). Let y € R? and define w(z) =
Gi(x,y) — Go(z,y), a solution to

div(apVw) = 0 inR%
Elliptic regularity theory shows that w € H lloc(RQ). Thus, one can multiply the
above equation by Go(z, z) and integrate on a ball Bg, to obtain for R large enough

wo = BRao(8G°<x,z>w(x> —Go<x,z>§—‘:<x>) o

Tx

which tends to 0 as R — oco. It follows that w = 0 and thus that G§ = Go. O

3. Asymptotic of the Green function in the perturbed medium

Let G- denote the Green function for a., that satisfies

(3.1) div(ac(2)VGe(z,y)) = §y(z) inR?
' the radiation condition (2.10)

We show in the Appendix how one can construct G.. Its uniqueness can be proved
with the same argument as that of proposition 2.2. We first study how G. scales
with e:

LEMMA 3.1. Lete >0 and Z,Y € R? such that Z #Y . Then
G-(eZ,eY) = Gi(Z,Y)+ ¢¢In(e).
Proof: The function ®(Z,Y) = G.(eZ,eY) — G1(Z,Y) — p3 In(e) satisfies
(3.2) divz(a1(Z2)Vz®(Z,Y)) = £*divy(a.(eZ2)V,Ge(eZ,eY)) —6(Z - Y) = 0.
Let y, 2z € R% y # 2. It follows from (1.8) and (3.1) that
div(a. (@)V[G.(2,5) — Golw,y)) = div(ao(w) — a-(@)]VGo(z,1)).
Multiplying this equation by G.(z, z) and integrating over R? yields

Ge(z,y) — Go(z,y) = /}R2 [ac — ag]VGo(z,2)VGe (2, y) dx

(3.3) = / [k—a0(| |)]VG0({E ,2)VG(z,y)dz.

In particular,

G:(eZ,eY) — Go(eZ,eY) = V2Go(x,eZ2)VGe(2,€Y) da

Ew

_ / |X| N(VaGo) (X, e2)VaG. (X, Y )e2 dX,

Differentiating the expression (2.8) of Gy shows that (V,Go)(eX,eZ) = e 2VxGo(X, Z),
and so

G.(c2,2Y) — GoleZ,cY) = / [ — ao(— [V x Go(X, Z)VaGo(X,eY) dX.

RY
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As VxGo(X,Z) satisfies the radiation condition (2.10), so does G¢(¢Z,eY) —
Go(eZ,€Y). On the other hand, again using the form (2.8) of G, we see that
G1(Z,Y) = Go(eZ,eY) +In(e)ps = G1(Z,Y)— Go(Z,Y),

which also satisfies the radiation condition. It follows that ®(Z,Y) = G.(¢Z,eY) —
Go(eZ,eY) — (G1(Z,Y) — Go(eZ,€Y) + In(g)p?) satisfies the radiation condition.
Recalling (3.2), uniqueness implies that ® = 0, and the lemma is proved. O

We now derive a representation formula for G-..
LEMMA 3.2. Lety € R?\ e and z € ew. Then we have
GE(Z) y) - GO(Zvy) = 62 / (k - aO(X))va:GO(EXv y)vaO(EXv Z) dXx

te? / (k — ao(X))VaGo(eX, y)V x g (k — ao(S))VsG1 (S, X)VGo(=5, y)dS) dX.

Proof: Let y,z € R% y # 2. We start from (3.3)

Go(ey) — Colzy) = / Ik — a0 (-2 Go (2, y) VG (x, 2) do.

||
Changing variables to X = x/¢ in the integral, we find that
(34) GE (Za y) - GO(Zv y)

= & [l (Vo Go) X )(TG) X, 2) X,

Next, we assume that z = ¢Z € w, and that y € R? \ @;. The above relation and
lemma 3.1 show that

G:(eZ,y) — Go(eZ,y) = 62/[k—ao(X)](VwGo)(eX,y)(VIGE)(sX,sZ)dX

= 6/[k—GQ(X)](VQEGQ)(EX,y)VXGl(X,Z)dX

Given the assumptions on y and z, the functions Z — G¢(¢Z,y) and Z — Go(eZ, y)
are in H'(w). We can thus differentiate the previous equality with respect to Z to

obtain
(V.G:)(eZy) = (VGo)(eZ,y) +VZ/[k—a0(X)]VXG1(X, Z)(VGo)(eX,y) dX.
Inserting the above expression into (3.4) yields the desired result. (]

LEMMA 3.3. Let eg > 0, let y € R? \ g, and let X € w. Then, for 0 < & < &g,

(3.5) VGo(eX,y) = D e lgu(X,y),

n>1

where the vector-valued functions g, are defined by

_oryt Ann () cos(fx) — ¢/, (0x) sin(0x)
BOgm Xy =~ "("y)( Anson<0§)sin(0§)+¢;<e§f)cos<o§>)
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Proof: For r, = |z| < |y| = ry, Go(z,y) is equal to

An
Goly) = 1) = X1 () al6on(s,)

n>1

which converges exponentially. Its gradient V,Gg can be computed by differenti-
ating each term in the series. In polar coordinates, one obtains

0Gy _ 1 )\nrg)uxnfl

or, V) = g T enl)en(8)

8G0 . 1 7'95 >‘n ,

00, (@y) = 7722:1 2\, (Ty> @n(em)@nwy)v

so that
pAn—1 ,
Anpn(0z) cos(0z) — @7, (0:) sin(0,) )
V. Go( = — . .
o(z,y) ; 2,\n ry" 0y) ( Anon (02) sin(0,) + ¢, (6:) cos(6,)

Inserting x = X in these expressions, which is legitimate since by assumption
leX| < |yl, yields the result. O

Finally, we derive the full pointwise asymptotic expansion of the Green func-
tion G¢(z,y).

THEOREM 3.4. Let 0 < & < g9, y,2 € R?\ e such that y # z. Then

GE(Zvy) = GO(Zvy) + €2>\1G(1,1)(Z7y) + 6)\1+>\2G(1,2)(Z7y)
+oo
(3.7) + D G (2, 9)-

4<m+4n
n<m

The functions G, n) are symmetric and defined by
G(m,n)(zay) = n(ay)QOn(HZ)

(3) ( / / — Go)((r,0), (rz,m)son(e)son(mdedﬁ) |

where 0y = 1 if m =n and 0 otherwise.

Proof: The result is a direct consequence of lemma 3.2 and 3.3: It suffices to insert
the expansion (3.5) into the expression of G.(z,y) — Go(#,y) given in theorem 3.2.
One obtain the expansion (3.7), with

Comm(ery) = (2~ G) ( [ (k= an(X))gn (X0 (X, 2) X

+/(k — ao(X))gm (X, y)VX/(k — a0(9))VsG1 (X, S)gn(S,z)deX> .

The expression of the functions G, ) can be simplified. Indeed, due to the
radial symmetry of the conductivity ag the vector-valued functions g¢,(X,y) are
y—orthogonal and can be rewritten as

gu(X.y) = ( / Waow)vao(X,(ry,mm(e)cw) on(6))
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Therefore the functions G, »)(2,y) can be expressed as

27 p27 _
/0 / a0(®)ao(BYG((ry. 0). (7= B))on (0)on (B)dBdB, (6,) 0 (62),

where

Gzy) = / (k — ao(X))VGo(X, y)VGo(X, ) dX

—|—/(k - ao(S))VGO(S,z)VS(/(kJ —ao(X))VxG1(X, S)VGo(X,y)dX)dS.
Using twice the equality (3.3) with e =1,

(3.9) Gi(z,y) — Go(z,y) = /[k‘ — ao(i)]VGo(x,y)VGl(x, z) dx,

||

we obtain the given expression of Gy, ). (I

4. Asymptotics of the potential

In this section, we derive an asymptotic expansion of ue —ug in H/2(9Bg). To this
end, we first derive an asymptotic expansion of the difference G. — Gy in H!(Ox O),
where O is any open set contained in Bg \ ;. This result is then applied to expand
the integral operators with which the potential u. can be represented.

THEOREM 4.1. Let O be a bounded open subset of R2\@. Then, there exists eg > 0,
such that for 0 < € < &g, the expansion (3.7) converges in H(O x O).

The proof of this result uses the following lemmas:

LEMMA 4.2. Let O be a bounded open set contained in R? \ @. The functions
VoGo(z,y) and V4, (V3 Go)(z,y) are in (L?(wx(’)))2 and (LQ(wx(’)))4 respectively.

PRrOOF. Fix (z,y) € w x O. jFrom the explicit expression of Gy, we deduce

that
VGata) == S om0 (A e+ o))
Therefore )
e Gnen == S s (Vi) e )
where )

Gna(8) = Aupn(6) cos(0) - ¢, (0) sin(6),

n2(0) = Magn(6)sin(0) +,(0) cos(6).

We first remark that there exists a constant ¢ > 0 such that :—; < ¢ < 1 uniformly

for (z,y) in @ x O. It is easy to see that for fixed integers n,i and j the functions

Tz

(_) . Y (0, )i (02,

Ty

(T_w) . On(0y) 0 i(02),

Ty
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are in L?(w x O). In addition,

An—1
e ) G An—1
4.1 = i (0,)0n i (04 200 <— " N\t
@y <7”y) Vs (O)¥ni(0a)lz2xo) mm(al,ag)/\ ¢
ra\ " Cs
4.2 = n \Uq n,i\Vx 2 < — A\ An—1
42 1(Z) e lno) € s

where the constants C; and Cy only depend on O and w. Since (Ap)n>1 is a
non-decreasing positive sequence and satisfies (2.3), the series in the expressions
of the functions V,Gy(z,y) and V4 (V,Go)(x,y) are exponentially convergent in
(L (w x (9))2 and (L?(w x (’)))4 respectively. O

LEMMA 4.3. Let O be a bounded open set of R2\@W. The functions V,G1(x,y) and
Vy(VaG1)(z,y) are in (L*(w x (’)))2 and (L*(w x (’)))4 respectively.

PrOOF. In the appendix, it is proved that for R large enough so that w, O C
Bpg, and for z,y € Bp,

Gi(z,y) = gqi(z,y)+vi(z,y)
+RIn(R)g( [ laodo(an(+9)) =~ andran (. )ldo).
Therefore :
VoGi(z,y) = Vagi(z,y) + Vavi(z,y).

Denote v o(z,y) = vi(z,y), g1.0(x,y) = g1(x,y) and

v11(z,y) g1.1(x,y)
v ) = / 3 v ) = / N
yr(@ ) ( v1a(,9) ) wn(®3) ( g12(,9)
Since wNO =0, Vaog1(x,y), Vy(Veg1)(z,y) are in (L (w x (’)))2 and (L?(w x (’)))4
respectively by elliptic regularity [GT].
The functions vy ;(z,y), j =0, 1,2 satisfy (see the appendix)

div(a1Vgvj(z,y)) = 0 in Bg
aoﬁrvl,j—avo(Ul,j) = hlﬁj oné)BR.
where
hij; = aoMo(g1,5(.,y)) — aodrg1;(.,y)

—aowo/ [avo(g1(~,y)) —apdrg1 (., y)]da 50,]"
OBr

Using the Lax Milgram theorem as in the appendix shows that there exists a con-
stant C' > 0 such that

2 < Cllh;(y)ll

IIvaLj(wy)H( H™%(9Bg)’

L2(Br))

On the other hand, we deduce from the properties of the operator Ay that

||h1"j(.7y)||H7%(aBR) S C(Hgl’j(’y)”H%(aBR) + ||8Tglxj(7y)||H*%(aBR))
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Since O C Bg, we infer by elliptic regularity [GT] that g1 ;(x,y) and 9,¢1,;(x,y) are
in L2(O, H= (8Bg)) and L2(O, H~2 (0BR)) respectively, and the previous estimates

imply that [|Vzv1 ;(z, y)|| (L2(w><(’)))2 is bounded by

Clllgrs @0l a0 13 om) T 1990 @D 20 53 050)

which achieves the proof.

O
Proof of theorem 4.1

The Lebesgue dominated convergence theroem and the regularity results of lemmas
4.2 and 4.3 show that the right hand side of (3.9) belongs to H'(O x O), and thus
G1(z,y) = Go(z,y) € H'(O x 0).

Consequently, G(n,ny € H HO x 0), and additionnally, there exists a constant
C > 0 such that
Gyl (0x0) < C,  for 2 <m 4 n.

Therefore, the Neumann series (3.7) converges in H'(O x ), which proves the
theorem. g

Next, we derive the expansion of the potential uc, solution to (1.6). To this end,
we introduce the following integral operators, defined for ¢ > 0

Se : H*%(é)BR,ao) — H%(é)BR,ao),

Sep(x) == /63 aoGe(z,y)p(y)doy.

D. : H?(0Bg,ay) — H?(8Bg, ay),
Deple) = [ ad,Gelen)e(w)do,.
OBRr

We start by giving some properties of the single and double layers Sy and Dy.

THEOREM 4.4. (i) For R # 1, Sy is invertible from H~2(0Bg, ag) to H= (dBg, ag).

(ii) Do is a bounded operator from H?(8Bg,ag) to H2(0Br,ao). In addition,
1

Dy = %I on HZ (0BR,ag).

PROOF. (i) We first remark that

Go(x,9)|oBrxonr = Y wa(R, R)pn(02)en(8y),
n=0
— 1
= W(B)po(0:)00(0y) — D 53 0n(0:)on(0))

n=1 n
Let ¢ € H~? (0BRr,ag). Using the explicit expression of the kernel of Sy, we find
that:

— R

So(0) = RIn(R)dopo(0a) = 3 53=0neon(02),

n=1
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and thus,

1

+n?)?

(1
1So@lI3 = R*n*(R)[¢ol* + R? Z

The inequalities (2.3) imply the existence of a constant Cyp > 0, such that

1 (40?2
1 <
C()( o ) = 4)\%

and thus, for some constant C; > 0, 1 = 1,2.

<Co(1+n?)72, forn>1

o0 oo

C1 Y (141273 |gal* < [[Sog]3 < Co Y (1+n%) 56,2,

n=0 n=0

Consequently, Sy : H-3 (0BR,a0) — H3 (0BRr, ap) is bounded and coercive.

(ii) Again from the explicit expression of the Green function Gy we obtain

1 o0
Or,Go(x,y)|oBrxoBr = EZ@,L(G
n=1
so that
1 & 1 1
Dogll) = 53 onen(0e) = 5602) = 50000(6a).

We deduce that Dy is bounded from Hz2 (8Bg, ao) to Hz(0Bg, ag). It is easy to
1
see that Dy = %I on HZ (0Bg,ap). O

THEOREM 4.5. (i) For R # 1, S- is symmetric and invertible from H~2 (0B, ao)
to H2(0Bg, ao). In addition it has the following asymptotic

Se = So—f—EQ)\lS(l’l) + 5A1+A25(1’2) + 0(5A1+)\2),

The operators Sq 4y, i = 1,2 and o(e™**?) are bounded from H~2(0Bg,ag) to
H% (8BRaa0)'

(#9) I — D¢ is invertible form HO% (0Bgr, ap) to HO% (0BR,ao). In addition it has the
following asymptotics

(I - D6)71 = (I - DO)i1 +€2)\1D(171) + 5)\1+)\2D(172) + o €>\1+)\2)7

—~

OM,_.

The operators Dz, = 1,2 and o(e**22) are bounded from H,
1
H02 (8BR, a()).

(8BR5 ao) to

PrROOF. We deduce from theorem 4.1 and from the expression of their kernels,
that S. and D, converge strongly respectively to Sy and Dg, as € — 0, and in
addition,

D. = D0+52>\1 E171) + 5A1+)\2DE172) + +0(€>\1+>\2)’
Se = So+eSun) + MRS + o(eMT),
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One can derive explicitly the expressions of the operators S ;), DEM), 1=1,2
S(l,i) : H_% ((9BR, a()) — H% (8BR, ao),

Saaele) == / a0C 1.0 (@, 9)p(y)do,.
OBRr

D(l,i) : H%(8BR,a0) — H (8BR,GQ),
D iyp() = /813 a00rG (1,5 (2, y)p(y)doy.
R

Therefore S; and I — D, are invertible for € small enough. Moreover, the asymptotic
expansion of I — D, can be derived from the Neumann series

(I-D.)™' = (I—DO)*l(I—(D —DO)(I—DO)*)’1
= (I—Dgy)” +ZI Do)~ (D — Do)(I — Do)~ )"

Taking Dy 5 = (I — Do)~ lDzl o= Dg)~! when i = 1,2 we obtain the form given

in the theorem. O

THEOREM 4.6. Let uc be the solution of the problem (1.6). There exists €9 > 0
such that for 0 < e < g,

U,E(Z‘) = uo(x) + 52)\1u(171) (Z‘) 4 6)\1+)\2U,(1’2)($) T 0(6)\1+A2)’
holds in H%(aBR, ap), where ug(z) is the solution to the problem (1.5).

PROOF. We set f(z) = f(x)/ao(x), € Bg. Using the Green formula, we
see that the trace of u., € > 0, on the boundary dBg, is a solution to the following
integral equation

(4.3) (I — Duc(z) = —S-f(z), z€dBg.

—~

[N

Since I + D, is invertible on HZ (0Bg,ag) we have

us(z) = —(I— Ds)ilsef(x)a x € 0Bg.

(=)

1
We deduce from theorem 4.5 that the following expansion for u. holds in H (0Bg, ao)

(@) = uo(@) +us e + ug 0 T2 4 o(eM ),
where
uo(x) = (I = Do) " Sof(x),
uii(z) = —((I— Do) Si11) + D1.1)So) f(),
uro(x) = —((I — DO)—lS(L?) + D(1,2)So)f(a:),

and ||0(€>‘1+A2)||% < Oehithz,
Since the expression of the Green function Gg is known explicitly, we can derive an
analytic representation of the first term in the expansion:

() = m( O’wa)sm(ﬁ)dﬁ) 1(0),
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where

2w p27 R
mi = —2R / / a0(1)a0(B)[G1 ~Go ~3-0r(Gr ~G)l(R, 7, R, B)r (1)1 (B,

Using the equality (3.9) shows that

27T
/O 00(1)0,(G1 — Go) (Roy, R, B)pr (1) = — 2 / Go)(R. 7, R, B)p1 (7).

Finally, we obtain

27 27
(44) miy — —4R / / B)(G1 — Go)(R. 7, R. B)p1()p1 (8)dvdB.
O

REMARK 4.7. The structure of u; ; can be related to the structure of the first order
term in the expansion (1.1), when the background medium is smooth. However, in
our context, the polarization properties of the inhomogeneity has a more complex
form, which can be related to how the singular function r*1 ¢ (#) interacts with the
inhomogeneity.

5. Appendix
In this section, we construct the Green function for the perturbed problem, solution

to

(5.1)

div(as(2)VGe(z,y)) = §y(z) inR?
the radiation condition (2.10),

Let y € R? and R > sup(ediam(w)), |y|). Let H*(Bg,aq) denote the space of

functions
Z Dnpn (0 )

n>0

defined on 0BpR, such that
Z(l +102)%|pn|> < 0.

n>0
One easily checks that solutions to
(5.2) div(agVue(z)) = 0 inR?\ Bpg,
that satisfy the radiation condition (2.10), can be written in the form
u(z) = + D unrs  pn(th).
n>1
In particular, when « € OBpg
u@) = uln(R) + > unR o (0,)
n>1

Ohulz) = % — > AR (0,).

n>1
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It follows that the Dirichlet to Neumann operator for (5.2) can be defined on

L?(0BR) by
A0(¢)($) = %o - Z ﬁﬁbn@n (07");
RIn(R) = R
where, for n > 0,
2
(5.3) b = [ aw@ol)e.s,) do,

Recalling (2.3), one easily sees that Ag is a continuous operator from H*®(0Bg, ap)
into H**Y(0BRg, ao), for any s > 0.

Let g. denote the solution to

{div<a€<x>ge<x,y>> = §,(x) inBg
ge(xvy) =0 onﬁBR.

The existence of g., solution to an elliptic equation with L coefficients, with a
right-hand side which is a measure, follows from the De Giorgi-Nash theorem [LSW].
We also define the space

H = {ve H'(Bg). /a aofy)oly)do, = 0},

PROPOSITION 5.1. let € > 0, y € R? and R > 0, such that R > max(e diam(w), |y|).
Then, the equation

(5.4) div(a. Vo) = 0 inBgr
’ ap0rve — apMo(v:) = h. on dBg,
where
he = aOAO(ge('ay)) - aoaf’ga('vy)
(5.5) —apPo / ag [AO(QE(-v y)) - 8rge('v y)] dayv
8BR

has a unique solution v = v:(.,y) in H.

Proof: Let a : H x H — R denote the bilinear form
a(u,v) = / apVu - Vv — / apAo(u)vdo,
BR 8BR

and we set, for v € H,

llv) = hevdo.
Br
For u,v, € H, we can estimate

la(u, )| < laolloo|[Vullo,BrlIVllo,5r + [[Aoll l[ull/2.8ll0]1 /2.8

which shows that a is continuous. Further, we note that for u € H, the expression
of Ag(u) takes the form

M) = =3 uagalts)

n>1



16 ERIC BONNETIER AND FAOUZI TRIKI
with the notation (5.3), so that

/ apAo(u)udo < 0.
OBRr

Hence, for u € H,
a(u,u) > mina. / |Vul?,
Br

and an easy adaptation of the proof of the Poincaré-Friedrichs inequality shows
that a is coercive on H.

Finally, since |y| < R, the Green’s function g. is in H'(Bg \ Br), for some |y| <
R’ < R, the form [ is easily seen to be continous on H. The Lax Milgram Lemma
shows that there exists a unique solution in H to the variationnal problem

VveH, a(u,v) = Iv),

which proves the proposition. U

Next, we note that the function

we(ey) = velw,y) + RIn(R) ( /

is a solution to

a0 [Ro(g.) — D] do) 0.

R

div(ac.Vw:) = 0 in Bp
aoOrwe = aoMo(g:) — 0rge on OBg.

Defining G¢(z,y) = g-(x,y) + we(z,y), we obtain a function that satisfies

div(a.VG:) = 6y(z) inBg
a()arGE = avo(Ge) onaBR,

which can be extended to the whole of R? by setting for |z| > R

G.(ry) = /a a0 [A0(Ge(2:0)Go(2.9) = Ge (2. 9)0, Golz,1)] do.

The extended function clearly satisfies
div(a:.VGe(z,y)) = dy(z) inR%

and due to the form (2.8) of Gy, satisfies the radiation condition (2.10). Finally,
uniqueness of G¢ can be proven as in proposition 2.2.
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