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Abstract

We study the spectrum of the Poincaré variational problem for two
close to touching inclusions in IR*. We derive the asymptotics of its
eigenvalues as the distance between the inclusions tends to zero.

1 Introduction

This work concerns the regularity of solutions of elliptic PDE’s in composite
media that contain touching or close to touching inhomogeneities, embedded
in a matrix phase. In mechanics, regions where the presence of hard inclu-
sions form narrow gaps are likely to concentrate stress, and therefore are
prone to fracture. In optics, electromagnetic fields are likely to concentrate
in narrow channels where the parameter contrast with surrounding regions
is large, a fact that could be useful in applications such as microscopy, spec-
troscopy or bio-sensing.

Over the last decade, adressing a question originally raised by I. Babuska
[8], a number of mathematical works have focused on estimating the size
of gradients in composite media containing inhomogeneities with smooth
boundaries, in terms of inter-inclusion distances and coefficient contrast.
The case of 2 circular inclusions with finite conductivity, separated by a
distance &, was studied for the conduction equation in [11]. There, a W1
bound, uniform in 9, is established using the maximum principle. YanYan
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Li and M. Vogelius [20] extended this result to the case of a scalar equation
in piecewise Holder media (i.e., in which the boundary of each inclusion
has C1< regularity). The uniform boundedness of the gradient was then
generalized to strongly elliptic systems, including the system of elasticity,
by YanYan Li and L. Nirenberg [19].

In contrast, when the material coefficients are degenerate (perfectly con-
ducting or insulating inclusions), the gradients may blow up as the inclu-
sions come to touching (see e.g. [11]). In this case, the dependance of the
bounds on the inter-inclusion distance was explicited in [9], who studied the
case of two perfectly conducting C>“ inhomogeneities embedded in a domain
Q C IR" of conductivity v = 1. The gradient of the potential is shown there
to satisfy

IVullze < Slullr2o0) forn = 2,

NZ
[[Vul|pe < %MHUHB(M) for n =3, (1)
IVullre < Fllullz200) forn = 4.

The case n = 2 was derived independently by Yun, using conformal mapping
techniques [26].

How the bounds blow up when both the inclusions come to touching and
their conductivities degenerate has been analyzed in particular geometries,
where the potential © may have a series representation that lends itself to
asymptotic analysis [5, 4, 2, 12, 21]. Optimal upper and lower bounds on the
potential gradients are derived in [5, 4] for nearly touching pairs of circular
inclusions. Spherical inclusions are studied in [2].

In [6], the case of 2 discs D1, Dy C IR? of constant conductivities, separated
by a distance §, is considered. The potential u satisfies the PDE

div(y(X)Vu(X)) = 0 in IR? 5
{u(X)—H(X) — 0 as | X| — oo, 2)

where the conductivity 7 is constant in each inclusion and in IR?\ Dy U Dy,
and where H is a given harmonic function. The potential ug is shown to
decompose as the sum u, + us of a regular and a singular part. Specified to
the case when the discs have the same radius r = 1 and the same conduc-
tivity k£ and are touching at the point 0 tangentially to the direction e;, the
result states that for some constant Cy,Cy, C3, independent of 4 and k

V| (£6,0) > X0

2k+\/6
Vil < G0 (3)
[IVUr 00,0 < Cs,



if £ > 1, while for 0 < k < 1 the estimates read

|Vug |t (£6,0) > 01%
|| Vs oo,2 < 02% @
[IVur oo, ey

Further development has recently led to obtaining an asymptotic expansion
of the potential with an explicit characterization of the singular part [14].

The results in [6] are based on the representation of us as a series derived
through the method of images. In a recent work [10], we studied the same
configuration of 2 discs from an integral equation point of view. More pre-
cisely, we considered (2) when Dy, Dy are the discs of radius 1, respectively
centered at the points (0,1 + /2) and (0, —1 — §/2) so that the discs meet
tangentially to the x;—axis as 6 — 0. One can seek the solution u of (2) in
the form

S 0
wx) = HE+slA) = a0+ (50 ) (7). 6
2 P2
where S; denotes the single layer potential operator on D;

1
SlX) = 5= [ (X = Y])g(v) doy.
T JoD;
Expressing the transmission conditions satisfied by u, one sees that the layer
potential ¢ = (p1, p2) satisfies

o [ P1 v Hjop )
M- K = ), 6
( )< P2 > < aqu\aDz (©)
where v; denotes the outward normal to D;, A = %, and where

* o)
K* < 1 ) K 5,5 < 1 > (7)
2 %51 K3 P2
The operators K in the above expression are the standard layer potential

operators defined on a single inclusion: For g € L?(0D;),

ko) = [ S . xeon. @




One of the nice features of (6) is that it decouples the contrast k and the
distance 0. If K* had a spectral decomposition with eigenvectors (¢, )n>1
associated to eigenvalues \,,, then one could easily construct a solution of (6)
in the form

O, Hiop,
() = s et
¥2 n>1 A= An
Injecting this expression in (5) shows that the blow-up of Vu as § — 0 and
as k — 0or k— +oo (i.e. A — —1/2 or A\ — 1/2 respectively) depends on
the behavior of A — A, in the above expression. And indeed, in [10] we show
that A\ — A\ = 2k — V6 + O(8) when k > 1, that A — X\; = 2k~ + V6 + O(6)
when 0 < k < 1, and that one does recover the estimates (3) through the
spectral analysis of K*.

The operator K* is however not self adjoint, which complicates matters with
respect to its spectral decomposition. One can nevertheless symmetrize K*
following a technique originally due to J. Plemelj [24] (see also the work of
Korn [16, 17]) and revisited in modern terms in [15] (see also [18]): The
Plemelj symmetrization principle implies that the operator K*, and its ad-
joint, the Poincaré Neumann operator K, satisfy

SK*=KS.

Since S is non-positive and self-adjoint, one can define a new inner-product
on the space L2(0D1) x L?(0D5) by setting

<ph>s = < =Slgl, >pe

= — | Sipi]en - Sa[paliba, (9)
0D, 0D3

for which K* becomes a compact self-adjoint operator, which therefore has
a spectral decomposition. See [15] and also [1], where an operator similar to
K* is studied in the context of cloaking. Moreover, the eigenvalues of K*
can be obtained via a min-max principle. This idea was originally developed
by Poincaré, when he was trying to extend Neumann’s proof of existence of
solutions to the Dirichlet problem to the case of non-convex domains [25, 13,
15]. The Poincaré variational problem (in the terminology of [15]) consists
in optimizing the ratio J'(u)/J(u) where (in the context described above)

J() = /D|vu|2 J(u) = /D Vul?
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among all functions u € W12(IR?) whose restriction to D = D; U Dy and
to D' = IR? \ D; U D5 are harmonic.

Figure 1: The inclusions Dy and D, .

In this work, we extend our work on discs to more general inclusions Dy, Dy C
IR? and study the spectrum of the corresponding Poincaré variational prob-
lem. To fix ideas, we assume that Dy and D, are translates of 2 reference
touching inclusions

Dy = DY +(0,6/2) Dy = DY +(0,-6/2).

We assume that DY lies in the lower half-plane x5 < 0, D9 in the upper
half-plane, and that they meet at the point 0 tangentially to the x;—axis.
We make the following additional assumptions on the geometry:

A1. The inclusions are strictly convex and only meet at the point 0.

A2. Around the point 0, DY and ODY are parametrized by 2 curves

(x,11(x)) and (x, —1p2(x)) respectively. The graph of ¢ (resp. 2)
lies above (resp. below) the z—axis.

A3. The boundary dD? of each inclusion is globally C1* for some 0 < a.

AY. The function 1 (z) + 12(x) is equivalent to Clz|™ as x — 0, where
m > 2 is a fixed integer and C is a positive constant.
To simplify the notations, we set D := D; U Dy, D' = IR? \ D, and ¢ =
Y1+ = 0.



Our main result relates the behavior of the non-degenerate eigenvalues of
K* as § — 0 to the geometry of the contact when the inclusions touch.

Theorem 1. For two close to touching inclusions with contact of order m,
the eigenvalues of the Poincaré variational problem contained in|—1/2,1/2]

split in two families ()\f{i)nzl, with

S+ _ o sl-2L 1-L
{)\n 1/2 = ¢ 6 m + o(6* " m) (10)

AT~ =124 ¢y 8 4 o(8 )

where (cff)nzl are increasing sequences of positive numbers, that only depend
on the shapes of the inclusions, and that satisfy ¢ ~n as n — oo.

The paper is organized as follows: Section 2 introduces some elements of
potential theory and spaces of functions. In section 3, we show that the
solution to (2) can be expanded on a basis of eigenfunctions associated to
the Poincaré variational problem. Our version is slightly different from that
exposed in [15] (see also [7]) as we optimize

J(u) _ fD ‘VUP
J(u) + J'(u) Jr2 [Vul?

(11)

on the subspace of single layer potentials 5. Roughly speaking, these are
H lloc functions which are harmonic in D and in D’, and which tend to 0
at infinity, see the precise definition (16). In Section 4, we show that the
ratio (11) defines a norm on $)g. We also show that if ¢ > 0 is sufficiently
small, this norm is equivalent to equivalent to

Z HUHHI/2 6D
d Y .
S By + S50 22000,

This result is inspired from the work of Mazy’a, who derived asymptotic
expansions of the solutions to elliptic problems in domains with cusps [22].
Essentially, the weight in the integral constrains the behavior of u as § — 0
so as to keep the electrostatic energy | R? |Vu|? uniformly bounded. Finally,
we prove Theorem 1 in Section 5.

As explained in [15], H. Poincaré had foreseen that a min-max principle was
lurking behind the spectral properties of the operators K and K*. However,
at that time, he did not have all the Hilbert-space theoretical tools to make



his insights rigorous. He suggested in particular that K and K* would only
have a positive spectrum. Our study provides another example (with those
described in [15]) where these operators have both positive and negative
eigenvalues.

2 Preliminaries

To cope with the usual difficulties related with the unboundedness of the
Newtonian potential in 2D, we introduce the weighted Sobolev space
L, u(X)

U X)) 2 log(2 + [ XP)

WhTH(IR?) € L*(IR?), Vu € L2(]R2)} .

This space contains the constant functions and may be used to invert the
Laplace operator in the plane [23]:

Proposition 1. Let g be in H/?(0D). The PDE

{Aw(X) =0 in D', (12)

w(X) = g(X) onodD,

has a unique solution w € WH~1(D'). In addition, w satisfies
[Vuw(X)|?dX < / |Vo(X)|? dX,
D’ D’

for all v in WH=Y(D") such that v(X) = g(X) on dD.

We denote by Wé’_l(]R2) the subset of functions u € W' ~1(IR?) such
that u(X) = o(1) as |X| — oo. It follows from Hardy’s inequality that
VVO1 "1 (IR?) endowed with the scalar product

(u,v)yy, = RQVu(X)Vv(X)dX, (13)

is a Hilbert space (see for instance [23]). Given a harmonic function H, the
Lax-Milgram lemma shows that there exists a unique solution to

{div([iJr(k—l)lD(x)]Vu(ﬂ?)) = 0 iR (14)

u(w) — H(x) € Wy (IR,

Let G(X,Y) = 5=In(|X — Y|) denote the fundamental solution to the
Laplace operator in dimension 2. We denote the single and double layer



potentials on 9D of functions f € H_%((‘)D) and g € H%((‘)D) as S[f] and
Dlg] respectively, where

SII(X) = /aDG<X,Y>f<Y>day X e R’
Dlgl(X) = AD%WW XeD.

These operators are well defined, even if D = Dy U D5 is not connected,
since § > 0 and since each boundary dD; is smooth. They satisfy the jump
conditions across 0D [23]:

SUT(X) = SUfI(X) X eop,
D) = (+3+K)lx)  xeop,
0

— S (X)

(i% + K) [fl(X) X eaD,

where K* : H_%((‘)D) — H_%(Z?D) is a compact operator defined by

KU = g [ S g doy,

and K : H2(9D) — H2(dD) is the L? adjoint of K*, defined by

K) = o [ B ) doy.

In dimension two the single layer potential is not always invertible. The
following result can be found in [3] for connected domains.

Proposition 2. The operator S : H (0D) x R — H? (0D) x IR defined
by

2
Slf,al = <S[fJaD+a,Z f(Y)day),

)
j=1"9D;

1s invertible.



Proof. The operator S is Fredholm of index zero [23] and thus S has the
same property. To show that it has a bounded inverse, we only need to
prove that 1t is 1nJect1ve

Let (f,a) € (aD) x IR such that S[f,a] = (0,0), i.e

S[fllep = —a, and Z 8D5 Y)doy = 0.

The asymptotic properties of the Newtonian potential and the second equa-
tion above imply that

S = O) s |X] = o
and it follows that
/ VSAX)2AX = — [ SUfp(X)F(X)dox,
R? aD
¢ 8DJ Y 0

It follows that S[f] is constant, S[f](X) = —a = 0 for all X € IR?. Finally,
the jump of the normal derivative of the single layer potential gives f = 0
which finishes the proof. [ |

Let $ be the space of harmonic functions on DU D', which vanish at infinity
and with finite energy semi-norm

1R]|% :/ |Vh|? dX. (15)
DUD’

An element h € $ C (C’(‘]’O(ZRQ))/ can be viewed as a distribution defined on
IR?, which satisfies

Ah = pe (CE(RY),

with supp(p) € 9D. We note that a function h € $ lies in Wol’_l(]RQ) if
and only if h™ = h~ on dD. We define

95 = HNW, (IR?)
= {heH h"=h"ondD}. (16)



Proposition 3. The space Hg is the subspace of single layer potentials in
L=1/p2y
Wy~ (IR?), i.e.

9s = {Slghpc H2(0D), /

olpy + / olps = 0},
8D1 aDQ

Proof. The properties of the Newtonian potential at infinty show that the
set on the right is contained in $g. Conversely, if u € $Hg, then we infer
from Proposition 2 that for some ¢ € H~Y/2(dD) and a € IR,

ulpp = Slg]+a and / ¢lp, + / ¢lp, = 0.
8D1 8D2

By proposition 1 and by the uniqueness to solutions of the Dirichlet problem
in a bounded domain

w(X) = S[el(X)+a, VXcIR:

The requirement that u € W 1’1(]R2) shows that a = 0, hence the result. m

The orthogonal space to g with respect to the scalar product
<fg>s = [ VEgs [ 95V
D D’

is the subspace of double layer potentials. It is shown in [15] that

oht  Oh~
Hp = {hesﬁ, % 5 on@D}.

3 The Poincaré variational problem

In this paragraph, we introduce an operator whose spectrum is obtained by
optimizing (11).
For u € W&’_l(ZRQ), we infer from the Riesz Theorem that there exists a

unique Tyu(X) € WS’_I(JR2) such that for all v € WS’_I(JRQ)

/ VTyu(X)Vo(X)dX = / Vu(X)Vo(X)dX. (17)
R? D
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The operator Tj : Wé’_l(]R2) — Wé’_l(]R2) is easily seen to be self-
adjoint and bounded with with norm ||75|| < 1. The spectral problem for
Ts writes as:

Find (w, ) € Wy (IR?) x (IR\ {0,1}), w # 0, such that ¥ v € Wy~ (IR?),

Ié] Vw(X)Vu(X)dX = /Vw(X)Vv(X)dX. (18)
R? D

Integrating by parts, one immediately obtains that any eigenfunction w
is harmonic in D and in D’, and for X € 0D satisfies the transmission
conditions

wlp(X) = w0 U0 = (1-5) S0
where w(X)|F = limy_ow(X + tv(X)) for X € D. In other words, w is a
solution to (14) for k :=1—1/4 and H = 0. Further, we note that if w is a
non-trivial solution of the homogeneous equation (14) for k = 1/, then the
harmonic conjugate w of w (see for instance the construction in [5], section
3) satisfies

{dw(u+@—1ﬂmmwwu0 — 0 inlR?
() e Wy TUR?).

with k& = k=1, In other words, @ is an eigenvalue of T associated to the

eigenvalue 3 = ﬁ = 1— 3. We thus obtain:

Proposition 4. The non-trivial solutions to the homogeneous equation (14)
are the eigenfunctions of the spectral problem (18) associated to the non-
degenerate eigenvalues (i.e., 3 # 0 and 3 # 1). Moreover, the eigenvalues
are symmetric with respect to the eigenvalue 8 = 1/2.

Lemma 1. The following assertions hold.

e The eigenspace of Ts associated to the eigenvalue 3 =1 is
Ker (I —-Ts5) = {v|pr=0, v|p € H}(D)}.

This eigenspace does not contains any element of Hg except v = 0.

11



o The eigenspace of Ts associated to the eigenvalue f =0 is
Ker (T5) = {v|p € Wé’_l(D’), vlp =0} U IRwo,

where wy 1s defined by

Awp(X) = 0 in D',
wo(X) = ¢ ondD; j=1,2, (19)
op, B2 = (-1 j=12

where C1,Cy € IR are chosen so that wg € WS’_I(]R2). Moreover, the
only elements of $Hg in this eigenspace are the multiples of wy.

Proof. Let w € Ker (I —Ts), so that (Tsw,v),, = (w,v)y, for all v €
Wol’_l(]R2), and thus

/Vw(X)Vv(X)dX = 0  VYoeW, '(IR?.

Given the behavior of w at infinity, it follows that w = 0 in D’, and in
particular w]gD = 0. Since w has no jump across 9D, it follows that w|p €
H (D). Conversely, the definition of Ts shows that if w|p € H}(D) and
w|p = 0, then Ts(w) = w. Next, if v € Ker (I —T5) N Hg, then v|p =
0,v|p € H}(D) and Av =0 in D. It follows that v = 0.

Concerning the second claim of the lemma, a straightforward computation
shows that wy is an eigenfunction of Ty associated to § = 0. Suppose next
that w € Ker(Ty). It follows from (17) that

/Vw(X)Vv(X)dX = 0 VYoeW, '(IR?.
D

Taking v = w shows that Vw(X) = 0 in D. Thus, w is constant in D. If
w = 0 on both inclusions, then w|p € W& (D). Otherwise, Proposition 1
shows that w must be a linear combination of the two functions wig, weg €

WHL(IR?) solutions to

Awp(X) = 0  inD,
wio(X) 52']' on 8Dj ] = 1,2,

where ¢;; is the Kronecker delta. The existence of wig and wog is again
guaranteed by Proposition 1. We also note that they are orthogonal for the

12



scalar product (13). Writing w = cjwig + cawyp a straightforward compu-
tation shows that the condition that w vanishes when |X| — +oo implies
w € IRwy.

Finally, we note that if v € Ker(Ts) N $g is not a multiple of wy, then v =0
on 0D, and since v has to be harmonic on D’, Proposition 1 implies that

v=0. [ |

Remark 1. i) Since the constant function v = 1 is the only harmonic
fonction in WHL(IR?) that takes the value 1 on dD, wig + woy = 1
in IR%.

it) When Dy and Dy are discs, the function wg can be calculated explicitely
(see for instance [10]). For instance, in the case of discs of radius 1,

one has . x
wo(X) = —log<’ —a\>’

27 | X + al
where a = \/§(2 + 0).

In the rest of the section we study the spectrum of the restriction of Ty
to the space $)g. Since the Laplace operator is linear and since the trace
operator is continuous with respect to the H' norm, $)g is a closed subspace
of Wé’_l(le). Lemma 1 implies that T59Hg C $Hg. We henceforth use the
notation Ty for the restriction of Ts to $Hg.

For u € $g, there exists a unique function Rsu € $g, such that for all
v E NHg

2 [ VRu(X)Vo(X)dX = / Vu(X)Vo(X)dX
R? D

— | Vu(X)Vo(X)dX, (20)
.

The operator Rs: $s — $g is a bounded operator with norm || Rs| < 1.

Theorem 2. The operator Rs: $Hs — Hg is compact and self-adjoint.

Proof. From (17) and (20) we infer that Ts = %I + Rs. It follows that Rs
is a bounded self-adjoint operator. Next, given u,v, € f)g, we see from (20)
that since u and v are harmonic in D U D" and continuous across 0D

out  Ou~
2 . VRsu(X)Vou(X) = /aD <$ —1—5 )v(X)dX,

13



Applying Proposition 3, we rewrite u = S[p] with ¢ € H='/2(9D) and

/ (P’D1+/ @‘Dz = 0
0D 0D

The jump conditions yield that for X € 9D,

%_
ov

ou
_‘++

B = 2K*[g] = 2K [iy-1/2087" [(u]op, 0)]] (X),

where iy 172 : H_%(OD) x IR — H_%(ﬁD) is defined by iy 12 (f,a) = f.
Recalling the Calderon identity [15, 23] SK* = K S, we find

V Rsu(X)Vo(X)dX — / 1208~ [(K [ulop, 0)]] (X)o(X),
R? oD

and since K is a compact operator, we deduce that Rs is also compact. ®m

Since Ty = %I + Rs, an immediate consequence of the above Theorem is
that Ty is a Fredholm operator of index zero and that its spectrum is real,

discrete, contained in (0, 1) and symmetric with respect to %, with only % as

an accumulation point. We denote by ( z’i) the nontrivial eigenvalues
n>1

of Ty, ordered as follows:

IN
Sl

the eigenvalues in (0, 1/2] and, similarly,
S < Ad— 1
1> 6y =06, Z"'2§7
the eigenvalues in [1/2,1). The eigenvalue 1/2 is the unique accumulation
point of the spectrum. In view of the symmetry discussed in Proposition 4,

we actually have ﬂg’_ =1- ﬂfﬁ. The notation =+ is consistent with Propo-
sition 4 and with the notation used in the introduction:

ko= 1-1/8f el—o0, -1 A = gt e0,1/2] o
ky = 1-1/8; €]1,0] A= spEEy €1-1/2,00

In addition, (ﬂg’i) N satisfy the following min-max principle:

n>1

14



Lemma 2. Let ( ,‘i’i> . be the eigenvalues of Ty repeated according to
n>
their multiplicity, and let (wi’i) . be the corresponding eigenfunctions.
n>
Then

Vu(X)|? dX
g = min Ip [Vu( )I2
u€fHs, Lwo,wd ™, wh™ fRQ [Vu(X)]”dX
[ IVu(X)[PdX
= max m 2
F, C 95 uEFn [po [Vu(X)|"dX
dim(F,) =n+1

and similarly

Vu(X)|?dX
ﬁn’_ — max fD| u( )|2 s
ueﬁ57wf777"'7w%7 fRz ‘VU(X)’ dX
_ [ IVu(X)[? dX
= min ax 3 .
F, C g U [p [Vu(X)]"dX
dim(Fy,) =n

Proof. 1t is a direct consequence of the Theorem 2 and of the min-max
principle for the compact self-adjoint operator Rg. [ |

It follows from Theorem 2 and Lemma 1 that any function v € $g can be
decomposed as

(u, wy™)

W 5+
prans (22)
w1 w5y

u = upwo+ n s

with ug € IR, and where the series is convergent in W& ’_1(ZR2).

Proposition 5. The solution u to (14) has the following decomposition in

9s:
wX) = H(X)+> uiwd*(X), Xelr? (23)
n>1
where
g He VH(X)wa;i(X)dX' 24
R ‘wa;i(X)‘Q e
The series is convergent with respect to the norm || - ||w.

15



Proof. We remark that v — H lies in $)g so that it decomposes as (22) on
the eigenfunctions wy and wg’i. We first note that

Vwy-V(u—H) = VwoV(u— H)
R? D’
= On(u— H)|Twy
oD
= ) kG Op(u—H)~ =0
i=1,2 D;
Next, since Tng’i = z’i, we have

/ wa;i -V(u—H) = ﬁg’i / wa;i -V(u—H)
D R?

Vwd® - V(u—H) = (1-p8%) / Vwd® . V(u— H).
D’ R2

It follows that

BFuli = 4F [ vuiE-v-m)

1 5+ + / 5+
= = = (u—H 1 +.VH
By 5y — I+ (£ 1) VTV
~1 1
= — | Voot -V(u—-H) + (--1) [ Vul*.VH
k: D/ k: D
—(1 — o+
= B gt + G-y [ Ve v
k D
Noticing that
[ivuiEp = g [ vepEr
D R?
yields (24). ]

16



4 Behavior of the eigenvalues as § — 0

In this section we prove Theorem 1, which gives the first order asymptotics
of the eigenvalues as § — 0. Reformulated in terms of ﬂg’i =1/2 - Afgi,
see (21), the Theorem states that for n > 1,

(25)

Ot = 8t 4 o(6 )
_ 1
0T = 10w o(d ),

where ¢,, > 0 is a real increasing sequence that only depends on the shape
of the inclusions DY, DY (and therefore is independent of §) and satisfies

Cp~ N as n — oo. (26)

4.1 An estimate of the exterior energy

Let ¢ € (0, 3) be small enough such that
alz[™ <Y(x) <elz|™  forz € (=€, ¢),

for some c1,cy € IR. We consider the spaces H'Y2(dD) = HY?(0D)/IR
and H'/2(0D;) = H'Y?(8D,)/IR, j = 1,2, with the norms

lwllirzop) = nf llw+clm2@p), (27)

lwllgir20p,) = cileﬂ{%Hw +cllzirzep,), 7 =1,2.

For w € HY?(OD), we introduce the norm

¢ |lwt(z) — w(2)]?
1/2 Z ||w||H1/2(8D /6 ’ (w)( )+5( )’ dx, (28)

where wT (z) = w(wz,v¢1(x) +6/2) and w™(z) = w(x, —o(x) — 6/2).

The function z — (x) + 0 is in fact the vertical distance dist(0D;,9D2) in
the region where the inclusions are close to touching. If § > 0 is fixed, the
norm [-]; /5 is equivalent to the norm (27) on H'2(0D9).

Next we show that the norm (15) of g, as a subspace of Wol’_l(le), is
equivalent to the norm (28).
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Theorem 3. Assume that D;, i = 1,2 satisfy the assumptions Al-AA4.
Then, there exists constants C; > 0, i = 1,2, which only depend on D?, 1=
1,2 such that

CLlfy < [ IVoOPdX < Cofuf?,, (20)
for all v € $Hg.

Proof. The proof is split in 2 steps. Firstly, we prove the right-hand in-
equality in (29) by constructing a suitable function © which has the same
Dirichlet boundary as v and by using the fact that v is harmonic in D’ and
has minimal energy. Secondly, we prove the left-hand inequality.

Step 1.

We divide the domain D’ into three parts. To this end, we introduce two
auxiliary functions 1 ¢, 2., defined on IR, which satisfy (see Figure 2) :

¢j,€ = T;Z)jy ] = 1727 |$| <g, (30)
[Wjellers < 2l[Yjllerac”, (31)

where v = o — 8 > 0. The existence of such functions follows from the C1®
regularity of i1 and 1o, and from the fact that

¥;(0) = ¥5(0) = 0.

For instance, one can take

¢j($)= ‘Z” <g,
Yie(x) = 29 (£e) — (2 F x), e <4x <2
2¢;(xe), +z > 2e.

We also introduce the narrow strip Q. s defined by

1) 1)
Qe = {X = (21,22); 21 € IR, —t)oc(x1) — 5 <2< Y1e(r1) + 5}-

Denote 8@;5 ={X = (z1,%ic(21)); 21 € IR}, i = 1,2 the top and bottom
boundaries of Q) 5.

Let v € $g. We recall that v € Wé’_l(lR2) and is harmonic in D and in D’.
Classical results in potential theory (see for instance [23]) show that there
exists two functions v; € WHL(IR? \ D;),j = 1,2, such that

Avi(X) = 0 in IR*\ D;

vi(X) = v(X) on 0D,
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,'//Dl (W, () + 3/2)

(X’qJZ,e(X) -8/2)

Figure 2: A possible contruction of 9, j = 1,2: the part between (e, 2¢) is
obtained by rotating the part between (0, ) around the point (g,4;(¢))

In addition, there exists a constant C' > 0, that only depends on the shape
of each inclusion, such that

2
”Uj”wl 1(R2\D H HHZ BD (32)
from which one also obtain
/ Vo 2dX < Clf2, (33)
R*\D; HA@D)’

We now fix 0 < rg large enough such that the ball B,,(0) contains the two
inclusions. Let x(X) € C2(IR?) and r; > rq such that

1 for X € B,,(0),
x(X) = § Ixllermey =1
Supp(X) - S?“1 = [_T17r1]2-

We set vij(21) = vilpoi (21,¥je(21) +6/2), i,j =1,2. The trace Thereom
£,0

implies that v;; € H %(ZR) and that there exists a constant C, that only
depends on the shape of each inclusion, such that

Ixvisll g gy < Mol sy 65 = 1,2

For X in the strip Q. s, we set

T2 + oc(x1) +6/2
V1e(®1) + Yoe(w1) + 67

L(X)
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and we define

vi(X) X € IR3\ (Q-5U Dy),
0(X) = x(X){ (n(X)—0v2(X)) L(X) +v2(X) X€Qes,
v2(X) X eR?\ (Q.sUD,).

Since L(X) € Wh*(Q.s) and takes the values 1 and 0 respectively on
8@; 5 and 8@?7 5, the function o € Wé ’_1(1R2) and coincides with v on 9D.
Proposition 1 implies that

/ Vo2 dX g/ |Vo|? dX
R?\D R*\D

/ Vo)PdX + / V)P dx
R2\D; R?\D,

IN

+ / |Vo|* dX. (34)
Qs,émsrl

The estimate (32) combined with fact that |[x[|c1(p2) < 1 give the desired
bound for the first two terms on the right hand side. We now focus on
the last term. To simplify the notation we denote @, .5 := Q=5 N Sp. A
straightforward computation shows that

/Q Vi dXx < c(/@
s

Here we have used the facts that [|L(X)[lcog2y, [X[lc1(m2) < 1. We infer
from (32) that the first two integrals of the right hand side of the last
inequality are bounded by C||v|| HY/2(8D)" A simple calculation yields

IVur? + [Vug|* dX + / v? +vsdX
ers,é

r1,8,8 71,€,0

(v1 — v)? yvm%zx) :

71,€,0

C
IVL(X)| < m X € Q:,

where -(x1) = ¥1.(z1) + 2,.(x1). We note that for x; > ¢, the width of
Qc5, Ye(x) + ¢ is bounded below independently of §, and therefore

2
2 2 (Ul - ’02)
v — v VL < C — = = (O]
/er,g,a( 1= )V Qry o5 (Wela1) +0)?
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For fixed z1, let J(z1) denote the interval | — 1o (z1) —0/2, %1 (z1) +6/2].
Since the function zg + 2 (1) + §/2 vanishes on 8@?7 5, an integration by
parts shows that

/ (v —v2)?dzy = (Yela1) +0) (vi1 —va1)? (1)
J(z1)

— o 8902 [(’Ul — U2)2] (332 + ¢275(ZE1) + 5/2) dxs.

It follows that

" (1 — va1)” (21) / [v1 — va| O, (v1 — v2)]
I < dz1 + 2 X,
= /_n Ve(z1) +0 ! A Vo) + 6

" (vg1 — va1)? (1)
= /_ () 6

from which we deduce

1 _ 2
I < 8 / (11 — v21) (xl)dxl +/ |V Pdx +/  [Vwotdx ).
—ry rlzz)e (:El) + 5 R2\D1 R2\D2

On the other hand, we can write

71,€,8

dz1 + 4/ <|Vv1|2—|— |V’U2|2> dX +1/2,
Q5,6

vo1(x1) —vo2(z1) = /( )39521)2(961,352)65332,
J(x1

so that

(v21 — v22)* (1)
T,Z)e(m) +0

and consequently

1 - 2
I < C / (11 — v2) (xl)dler/ Vo2 dX +/ Va2 dX |,
o Y1)+ 0 R>\Dy R2\D;

where C' > 0 is a constant that does not depend on 0. Further, since v,
is bounded away from 0 independently of § for |z1| > e, and invoking the
trace Theorem and (32) we see that

" (vg1 — va2)? (1) ° (v11 — va2)? (1)
/—7’1 ¢a($1)+5 = /—a ¢a($1)+5 .

+C <||U1||12/\}*1,1(R2\D_1) + ||1)2||12/V*1v1(R2\D_1))

® (v11 — v22)? (z1)
: / Vo(or) + 0

< / |0y 02 (21, 29)|? daa,
J(z1)

dxr, + CHUH?{UQ(@D),
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where C' depends on ¢, but is independent of §. Recalling (34), we finally

obtain
c 2
) 2 (V11 = v39)”

where C' is independent of 4 and v. One can check that this inequality also
holds when v is replaced by v + ¢, where ¢ is any constant. Taking the
minimum over ¢ € IR proves the right-hand inequality in (29).

Step 2. Here we prove the left-hand side inequality in (29). Recall that the

semi-norm
/ |Vl dX,
B2

is a norm on W&’_l(IR2) [23]. Thus, we deduce from the trace Theorem
that there exists a constant C' > 0 that only depends on the shape of each
inclusion, such that

Clol2., < [ |Vu*dX.
H?2(0D) R2

We define

v(X) = U(X)—(l/)(xl)+5)_l/ v(z1, 29)dzs.

J(z1)

Since vg(x1,-) has 0 vertical average, the Poincaré inequality yields

IN

C |02 (v0(X))[* dX
Qs,s,é

C |Vo(X)|* dX, (35)
Qs,s,é

/Q (1) + 6) 72 oo (X)|? dX

IN

where C is a constant independent of §. A simple calculation shows that

/E (W(x1) +6) " (v] (@1, 1 (1) + 6/2) + vi (a1, —2(@1) — 6/2)) dy

—€

- /Q (1) +8)2 By (22 + ar) — w1 (1)) (X)) dX

IN

2 / (1) + 6)72 (12 + (1) + 6) vodayv) dX
Q

€,e,0

IA

3 / (n,00)? + (V(@1) + 8) 2 vRdX. (36)
Q

£,e,0
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It follows that
/€ (W(@1) +6) " (v(@1, 1 (1) + 6/2) — v(@r, —a(z1) — §/2)) day

= [0+ 07 Gl o) +6/2) — enler, —va(ar) — 5/2)? doy

—&

< 2/6 (W(x1) +6) 7" (vf (@1, Y1 (1) + 6/2) + vi(x1, —2(w1) — 6/2)) day.

—€

Combining (35), (36) with this last estimate, we find

/_E (W(21) +6) " ({1, 91 (1) +6/2) — v(@1, —a(z1) — §/2))° day

< c/ Vo[? dX,
D/

which concludes the proof. [ |

Remark 2. Applying Theorem 3 to the functions wip(X) and wap(X) de-
fined in the proof of Lemma 1 we find

/R2 |VZU10(X)|2 dX = /R2 |V’LU20(X)|2dX ~ 5177’” as 6 —0

This result was obtained in [9] using a variational approach.

We recall that if ﬂz’i with n > 1 is an eigenvalue of Ty and if wf{i(X ) is
the associated eigenfunction, we have

|Vl (X)) dX
[pe Vs (X)[PdX

5k
Bt =

As a consequence of Theorem 3, we next derive explicit lower and upper
bounds for the L? norm of the gradient of w?, inside and outside the inclu-
sions, in terms of [wfl]lp, Hwi”l'{l/?(aD) and Hwi”l'{l/?(aDj)’ j=12.

Corollary 1. There exists a constant C' > 0, that only depends on the shape
of each inclusion, such that for any w € $Hg \ {0}

2 2 2 2
l Zj:l HwHHl/Q(é)Dj) < fD\Vw(X)|2dX < Zj:l HwHHl/Q(é)Dj)

T Wh, e SO Ep, O
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Proof. 1t is well known that
[ IVRCORAX ~ ol
J

for all harmonic functions w € H(D;),j = 1,2. Combining this estimate
with Theorem 3 yields the result. [ |

4.2 A uniform bound on the energy.

In this paragraph, we derive an estimate of the total energy of u — H. For

technical reasons, we assume until the end of the paragraph that k£ > 1 or

equivalently that A = % > 1/2. A similar resut can be obtained in the

case 0 < k <1 (i.e. A < —1/2) considering the harmonic conjugates.
Proposition 5 shows that u — H has the following decomposition in $g:

w(X) = HX)+> uwfed®(X), Xelr?

n>1

where

N BAE [, VH(X)Vui® (X)dX
n 5.+ 2 :
= — On fD(wagi(X)( dX

Let H be the harmonic extension in W~LL(IR?) of H|p to D'. In other
words H coincides with H on D and satisfies

AH(X) =0 inD,
Hew-L(D").

Proposition 2 shows that there exist ¢ € H 2 (0D) and ap € IR such that

H(X) = Slpul(X)+anr X eR
S [ ouine = 0
‘o1 Job;
Since H(X) —apy € Wo_l’l(]RQ), we see from (18) that
/D VH(X)Vwd*(X)dX = g+ /R i VH(X)VuwlH(X)dX  n>1,
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and consequently, we have

N 0F [ VH(X)Vuy™(X)dX
u = .
n 1 d,+

2
% T [ wa;i(X)‘ dx

The orthogonality of the eigenfunctions implies that

[ va—mE = )

n>1

2
0,
Vw, ‘

(f]pzz VH(X)Vuwy™ (X )dX) ?

: (38)
VT (X) (2 dX

nz1 I

since due to our assumption k > 1 we see that

S+
Bn

—_ 1.
1 d,+
%~ Pn

Further, since H — apg € 9Hg, it has a decomposition in the basis of eigen-
functions of the form

Jo

( - vﬁ(X)vwfgi(X)dX> ’

9

~ |2
VH( dX = h2+

2
Vwi’i(X)‘ dX

nzl I

where

( Jrp vﬁ(X)VwO(X)dX) ’
Jrn [Vwo(X) P dX

)

so that in view of (38), we obtain

| V- < [

Hence, we have the following

Vﬁ(z dX. (39)

Proposition 6. Let u be the solution to (14). Then

2 2 2
[ =P < o (Il ) + 10t R ) (0)

where C is a constant independent of §.
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Proof. Since H —ay € $Hg we have by Theorem 3

Je

for some C' independent of §. A direct calculation shows that

~ |2 ~
VH( dX < C[H—aH]2%+ /D|VH|2dX < C’[H]2%+||H||H%(8D),

< (1, + 10 H 0 )

Combining these estimates with inequality (39) we get the desired result. m

We recall that if 5£’i with n # 0 is an eigenvalue with associated eigenfunc-

tion wg’i(X), we have

Iy ‘wa;i(X) ‘2 dX
fRz

Next, we derive explicit lower and upper bounds on the L? norm of the

ﬁé,i —
" 5+ 2
vl (X)‘ dX

gradient of wg’i, inside and outside the inclusions, in terms of ‘wg’i‘ and

1/2
5+ .
”'wn ”H1/2(6D;S)7 j = 172.

Corollary 2. There exists a constant C' > 0 that only depends on the in-
clusions Dj, such that for any w € $g\ 0,

5 2 2
1 X1 w0l o, N AAUCIRE 2 =1 1wl o)
¢ |w|%/2 " e Vw(X)[?dX ~ |w|%/2

Proof. 1t is well known that

/ Vw(X)[2 dX ~

J

HwH?{1/2(aDj)7

for any w € HY(D;), j=1, 2, which, combined with Theorem 3, ends the
proof. [ |
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4.3 Proof of Theorem 1.
We infer from Corollary 1 and Lemma 2 that

1
Gt S mT < oNT Vazl, (42)
where
2 2
e 3 10,1/
b, = min max FE—T
Fp, C B2 weF\{0}||y)2 +/E ! d
dim(Fp) =n Hl/z(apé) —& [z]M+5 (43)
2 2
5’+ L . Zj:l IIwIIHl/Z(BDj)
bn’ = max A TIEEETL
n n
dim(Fp) =n+1 ”w”Hl/Q(@Dé)-i_ffE [z +35 T

The min-max principle rewritten in the form above highlights the relation-
ship between geometry of the contact between Dy and Dy and the eigenval-

ues ( ,‘ii)n>1. Let us denote by af{i and Sf{i the eigenvalues of Ty and the

numbers defined by (43) in the special case when D; and Dj are the discs
of radius 1, centered at the points (0,1 + §/2) and (0,—1 — §/2). For this
configuration, the exterior domain D’ can be mapped conformally onto an
annulus, via the mapping z = 1 + iz — 7 with a = 1/6(2 — §). One can
then compute explicitely the eigenvalues [10]

a—290
a4+

p2n

3
N =

As for the lower and upper bounds corresponding to (43), we obtain the
following:

Corollary 3. Assume that D;, j = 1,2 are the two discs By (X;), j =1,2
of radius 1, centered at centered at X1 = (0,1 +9/2) and X9 = (—1,—5/2).

Then
{Si’Jr = nV/20 + o(\V/3)

s5T = 1—nv25 + o(V20). (45)

In the rest of the section, we compare the eigenvalues ( fgi) . with the
nz

eigenvalues of the configuration where the inclusions are discs.
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Since the inclusions are smooth and strictly convex around the point 0, there
exists a diffeomorphism I : DY — 9D such that

I(x1,Y1(z1)) = (21, —v2(x1)) for xz1 € (—¢,¢).

Let T' denote a diffeomorphism from the unit circle B;(0) onto DY, such
that T(0,—1) = (0,5/2). Set X§ = (0,1 + £2%), X5 = (0,—1 — Z07), let
O denote the symmetry with respect to xj-axis in the plane, and let 7,
denote the translation X € IR> — X + (0,«). Then YT; = Ts O lor 52/m

maps 0B (X)) into D; and satisfies Y1(0,0%™) = (0, 6/2) Slmllarly,
Ty =1_ 5H olor —s/m 0 O is a diffeomorphism that maps 9B;(X3) onto

0D5. In addltlon the two diffeomorphisms: Y;, j = 1,2, satisfy
Yt (@,91(z1) = ©o0Xy! (21, —¢a(z1))  for 1 € (—¢,¢).(46)

This parametrization of the inclusions leaves the Sobolev norms essentially
unchanged, i.e., there exists a constant C', independent of § such that for
any v € HY/2(0D;)

EHUHHVQ(@DJ-) < ”UOTJ'”HV?(@Bl(XJ‘?)) < CHUHHl/Q(é)Dj)’

In the sequel, we focus on the asymptotics of ﬂffr. The results for the 62’_
follow from the symmetry ﬁg’_ =1- ﬁg’+. We note that the following
inequality holds

1 251+
lz|™+6 T |z|2 4 62m

Hence, there exists a constant C' > 0 independent of §, such that

Z_] 1 ||w||H1/2(8D )

||w||§;1/2(aD —I—f‘E %W(I)Idzn
PR v 1 LS
il /20y + - chw
> Ot = et w0 X5l (0B1(X2))
- lw o X110 (0,081 (2 oy TS \wowl(;);;? @0 4,
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for all w € H'/2(9D°) \ {0}. Noticing that the last term on the right-hand
side is in fac‘g the quantity to be minimized in the case of discs separated by
a distance dm, and in view of (42), we obtain the following lower bound for
the by "

—2 5w
C5tm St < W p> 1. (47)
Recalling (45) we obtain the expression advertised in (25).

We next seek an upper bound for bfﬁ.

Lemma 3. Let f/ = x(X)(cos(jz1) —1,cos(jx1) +1) € HY?(ODy) x
H'Y2(dDy) for j > 1, where x is a smooth cut-off function such that x(X) =
1 for —e <1 <e. Then F, = {fj,j =0,--- ,n} satisfies

2 2
Zj:l HwHH1/2(8Dj) ndl_%
web, |1 s @ w @F T palem 41
HwHHl/2(aD6) + f—a |z|m+8 dx

where C' > 0 is a constant that does not depend on 0.

Proof. On the one hand, a simple calculation yields

1l gomy = S INCD) (eosian) + (<D raopy < C3 - 4= Lo+,
1

where C > 0 is independent of §. On the other hand,

it - 1) :
/_5 riE ‘dx:/_ewfw

where C' > 0 is a constant that does not depend on J.

de ~ Co

The upper bound in (25) is then a direct consequence of Corollary 1 as we
see from the above Lemma that

1
not=m

o+ —_—
" nétTm 41

(48)
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