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ABSTRACT. This article is devoted to the asymptotic analysis of the electromagnetic fields scattered
by a perfectly conducting plane containing two sub-wavelength rectangular cavities separated by a
sub-wavelength distance. The problem is formulated through an integral equation, and a spectral
analysis of the integral operator is performed. Using the generalized Rouché theorem on operator
valued functions, it is possible to localize two types of resonances, symmetric and anti-symmetric, in
a neighborhood of each zero of some explicit function, associated to the limiting geometry. For the
symmetric modes, the fields in the cavities interact in phase, and the system of 2 cavities essentially
acts as a dipole. In the anti-symmetric case, the fields oscillate in anti-phase, and the system behaves
like a quadripole. Asymptotic expansions of the resonances, the far-field and the near-field are given.
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1. INTRODUCTION

The interaction of light and rough metallic surfaces may give rise to fascinating phenomena, such as
transmission of light through subwavelength apertures, or such as Surface Enhancement Raman Scat-
tering [5, 12, 11, 8]. The optical excitation of resonant modes may lead to an energy concentration and
localization in volumes much smaller than A3, where ) is the wavelength of the incident light. Potential
applications are numerous, in particular for near field microscopy.

We are interested in metallic surfaces that contain parallel slits, which have been studied experimentally
in [5, 12]. Our objective is to understand the role played by the rugosity of the surfaces in the creation of
resonant modes. The case of planar devices with rectangular cavities is particularly interesting. On the
one hand, they can be manufactured with controled precision by current lithographic processes at the
appropriate scales, and are widely used in opto-electronics. On the other hand, their simple geometry
allows one to develop the mathematical analysis very far. Experimental results suggest that the amplifi-
cation factors of the fields depend on the width of the cavities. In [6], the case of a half plane containing
a single cavity of width w was considered. The authors studied the asymptotic of the Green function
as w — 0 using techniques based on integral representatio [4, 6, 3], which are well adapted to such
geometry. The limiting Green function turns out to be that of an infinite half plane on which a dipole
is placed. The present paper extends the analysis of [6] to a two sub-wavelength cavities separated by
a sub-wavelength distance, and studies the interaction between the cavities.

Let us briefly summarize our analysis and the main results. Due to geometrical considerations and the
choice of a time harmonic incident field [5, 6], the scattering problem can be reduced to a Helmholtz
equation. By Green formulae we reformulate the Helmholtz equation as a system of integral equa-
tions (2.14) defined on the aperture of the two cavities, and satisfied by normal derivatives of the
solution u. The operator-valued matrix S, (k) associated to the system depends on the width w of the
cavities and the frequency k of the incident field. The kernels of the integral operators are formed by
Green functions of the Helmholtz operator in the rectangular cavities and in the upper half plane. It is
thus possible to derive a rigorous asymptotic expansion of S, (k) with respect to w (Lemma 3.2), and
to ensure the invertibility of its dominant term in suitable fractional Sobolev spaces (see Corollary 4.5).
Based on Fredholm theory we then prove that the scattering resonances of the two cavities are exactly
the poles of S;;*(k). Using the generalized Rouché Theorem for meromorphic operator-valued functions
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(see [9] and the recent monograph [3]), and the asymptotic expansion of S;;(k), we first localize the
resonances in the lower half complex plane, and then derive their asymptotic (Theorem 4.12). Precisely,
we prove the existence of two types of resonances. The first type corresponds to a symmetrical mode
with an imaginary part of order O(w), and the second type corresponds to an antisymmetric mode with
a smaller imaginary part, of order O(w?), which leads to a much stronger electromagnetic enhancement
(see Theorem 4.13). The derived partition of the set of resonances results from near-field coupling of
the cavities, and confirms the experimental results observed in [11]. Using again the generalized Rouché
Theorem we derive the asymptotic expansion of the field u far from (Theorem 5.1) and close to (Theo-
rem 5.4) the resonances. When the frequency is far from the set of resonances, the field is essentially the
same as in the case of a single cavity (see [6]). However, when it is close to the resonances, the radiation
pattern strongly depends on which mode is excited. Indeed, if the symmetric mode is active, then the
scattered field u behaves asymptotically like that of an infinite half plane on which a dipole is placed,
as in the case of single cavity. When the anti-symmetric mode is excited, the singularity is that of a
quadripole. Finally, we perform an asymptotic expansion of the field inside the cavities (see Remark
5.7). In particular, we show that the field u actually concentrates in the cavities when the frequency
is close to the resonances. Moreover we prove that close to the symmetrical mode, the field is oriented
in the same direction in both cavities, while close to the anti-symmetrical mode it is oriented in two
opposite directions.

The paper is organized as follows, we state the scattering problem in section 2, and reformulate it as
an integral equation. Section 3 is devoted to the asymptotic expansion of S, (k) as w goes to zero. In
section 4, we derive useful qualitative properties of the operator-valued function k — S,,(k), as well as
the asymptotic expansion of S;;1 (k) and the scattering resonances when w is close to zero. Based on the
previous results we give in section 5, the asymptotic expansion of the scattered field in different regions
of the scattering domain. Finally, in the appendix, we recall some results of Ghoberg and Sigal [9] on
the operator version of the Residue theorem.

2. PROBLEM FORMULATION
Let Q € R? be the domain defined by
Q = Q. UC,UC,UT; UT,,
where 2. is the upper half-plane Ri, C;, i = 1, 2, are the rectangular cavities:
Cri=(—(d+Dw,—(d—1)+w) x (—h0), Cy:=(d-1w,(d+1))x (—h,0),

and I'; denotes the aperture of C;, ¢ = 1, 2, i.e.,

Iy = (—(d+Dw,—(d-1w)x{0}, Te := ((d—1w,(d+1)w) x {0}.
Qe
Dieletric
I Ty
Conductor
Cl CV2

The cavities Cj, i = 1,2 are illuminated by a source f(z) € L?(€2.) with compact support in .. In
the harmonic regime, and under the same assumptions as in [6, 12], the Maxwell equations that govern
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the propagation of electromagnetic fields in the scattering domain 2 can be reduced to the following
Helmholtz equation

Au+k?u= f(z) inQ

)

ou
o 0 on 8(;2, (2.1)
i VBT (G - ikulo)) <o

where u(z) represents the component of the magnetic field in the transverse magnetic polarization.

It is known that the problem (2.1) has a unique solution whenever Im(k) > 0 [2]. The mapping
R(k) : f — u defines an operator-valued function which is holomorphic in Im(k) > 0. It has a
meromorphic extension to the whole complex plane, except for a countable number of poles: These
values of k are the resonant frequencies. In other words, they are the values k for which (2.1) has non-
trivial solutions when f = 0. The space of such non-trivial solutions, called characteristic functions,
has finite dimension. When the pole k; is simple, the solution operator R(k) can be factorized in the
form

where R_1 ; is a finite rank operator, and where Ry ;(k) is an operator-valued function which is holomor-

phic near k; [10]. The confinement of the electromagnetic fields around the cavities occurs at frequencies

k € Ry close to Re(k;), if the imaginary part Im(k;) is small enough. In this case l\‘llrili(llc"j)l\‘ represents

the factor of enhancement of the fields. Experimental results (see [5] and references therein) show that
when the width of the cavities is smaller than the wavelength, the resonant frequencies are close to the
real axis. In [6], the resonnant frequencies to a simple cavity have been studied, as the cavity width
w — 0. Precisely, it is proven there that Im(k;) = O(wlIn(w)) as w — 0. The imaginary part of the
resonant frequencies also represents the lifetime of the confinement phenomena (see section 2.1 in [6]),
which plays an important role in applications.

Recently, it was shown in [5] that a system of two deep identical cavities at subwavelength distance
could produce resonant frequencies much closer to the real axis than those created by a simple cavity.
Thus the optical excitation of such resonances can lead to a larger factor of concentration of the elec-
tromagnetic fields near the cavities. In this work, we analyse how the interplay between the fields in
two cavities may cause such phenomena.

2.1. Fractional Sobolev spaces. Let s € R, we denote by H*(R) the space of tempered distributions
u € §'(R) with Fourier transform @ € L (R), and

loc

ey = [ (1 I[P de < +oc.
Let I be a bounded and open interval in R. For s > 0 the sobolev space H*(I) is defined by
H*(I) :={ueD'(I):u=U| for some U € H*(R)}.
It is endowed with the norm
llullgs(ry = nf{||U||gsw) : U € H*(R), Ul; = u}.

It follows that H*(I) (resp. H*(R)) equipped with the norm || - ||gs(s) (resp. || - ||g+r)) is a Hilbert
space. We also denote by H*(I) the closure of C(I) in H*(R) so that H=*(I) = [H*(I)) and H=*(I) =
[H?(I)]" (see [13, Theorem 3.30 (i)]). Moreover, by [13, Theorem 3.29 (ii)] we have that

H*(I) = {u € H*(R) : Suppu C T},
and when s > 0, [13, Theorem 3.3] asserts that
H*(I) = {ue L*(I) : w € H*(R)},

where % denotes the extension of u by zero outside I.
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In the sequel we will mostly be concerned with the cases s = +1/2; in particular, it is proved (see
[13, Theorem 3.30 (ii)]) that H'/2(I) can be identified to the space of functions u € L?(I) satisfying

//|u o |2 dgsdy<+oo

If g € H-'/2(I) and f € HY2(I), we will denote by (¢, f) the duality product between H~1/2(I) and
H'Y2(I). Similarly for vector valued functions, the duality product between [H~/2(I)]? and [H'/*(I)]?

will be denoted by (@, f) := (@1, f1) + (P2, f2) whenever ¢ = (¢1,¢2) € [ﬁfl/Q(I)]Q and f = (f1, f2) €
[H/2(1)].

2.2. The Green functions. Fix a source point y € ()., and consider G. the Green function of the
Helmholtz operator in €2, with a homogeneous Neumann boundary condition and a Sommerfeld radiation
condition at infinity, i.e.,

AGe(-3y) + k2Ge(-5y) = 0y()  in Q,

oG,
g, (y) =0 ondQ, (2.2)
oG,
li —(z;y) — ik Ge(x; = 0.

i VI () - ik Gulain)
It is known that

ooy ) io(1) N

Clary) = — L HS (kle — o) — S H (ke — ), (23)

where £ = (x1,x2) is the symmetric of z = (x1,x2) with respect to the z;-axis and H(l) stands for

the Hankel function of first kind and zero order. We introduce the function u.(z) € H. (Qe) solution

loc
to

Aue + kue = f  in Q.,

O
E =0 OH;QS,
Ue )
li —ikue = 0,
\x\i»II-fl-oo || < 5 (x) —iku (z)> 0
which may be represented as
wl) = [ Gulwi)f)dy (24)

Let G; (i = 1, 2) be the Green function of the Helmholtz operator in the cavity C;, with a homogeneous
Neumann boundary condition, i.e.,

AGi(-3y) +K*Gi(-5y) = d,()  in G,
E(,y)f() on 801

For k? # (%)2 — ("—;)2, the Green functions GG; and G2 have the following spectral decomposition

G Z cos m” (””1—i—d—i—1))cos("”r (yl+d+1))cos(mr(z—,f+1))cos(mr(yf+1))
Wh m,n=0 k2 - (W) - (T)
and
cos m” TL—d+1))cos (B (L —d+1))cos (nm (%2 +1))cos (nm (% +1
o) = 2 5 o (3 (80 ) o (38 (38— 1) oo 5 1) con o (5 +1)
m,n=0 k _(W) _(T)

Remark 2.1. Sinceu and G;, i = 1,2 depend on w and k, we sometimes write u(x; w) and G;(x; y; w, k), i =
1,2 respectively in place of u(xz) and G;(x;y), i = 1,2 to emphasize the dependence on these parameters.
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2.3. Integral representation. In this section, we derive an integral representation of u(x) that is

equivalent to the problem (2.1). Multiplying equation (2.1) by G.(x;y), integrating over €2, and using
the Green formula in €2, implies that for every y € €,

ue(y) / £(2) Gl y) da = / [Au(z) + Ku(2)] Ge(z:y) da (2.6)

= /Q[AGe(z;y)JerGe(w;y)]U(x)dﬂf

+ G G - G )| dote)

= u(y)- / O (1,0) Guan, 03 y) e, (2.7)

LUl a.’L'Q

where we used equations (2.2) and (2.1) in the last equality.

Similarly, multiplying (2.1) by G;(z;y), integrating over C; and applying the Green formula in C;
together with equation (2.5), and noting that f is supported in 2., leads to

ou
r, 012
Since u € H} (Q) and Au = f — k2u € L%.(Q), it follows by elliptic regularity that u € HZ_(€).
Sobolev imbedding implies that w is a continuous function on I';;4 = 1,2. Hence, letting y tends to
'y Uy in (2.7), letting y tends to T'; in (2.8), and taking the difference, we infer that for every y; € T'y

0
| @106+ Gul (00,0:0.0)da
Iy

0 =ul+ | =—(1,0)Gi(21,0;y)dxy for every y € C;. (2.8)

ou
+ Oz (xlaO)Ge('TlaO;ylaO) d‘rl = _ue(ylao)a (29)
r, 922
and that for every y; € I'y

0
| 3 @1,0) (62 + Gl (00,0:1.0) da
I
ou

o —(21,0)Ge(21,0;41,0) dry = —ue(y1,0). (2.10)
I T2

Next, we rescale both previous equations. To this end, we set

r .= (-1,1),
and for x € T

Ju 1

o1(x) = —(wz—wd,0), gi(x) = ——u(wx —wd,0),
(9:62 w
o and 1

¢2(x) = —(wz+wd,0), g2(x) = ——u.(wx + wd,0),
(9:62 w

From (2.9) and (2.10), we deduce that for every y € T’

{161+ 6l w — wd 05y~ wd,0)61(0) + Gl + wd Oy — wd,0) dnle) }de = n(y) (211)
and

/F { [Gs + Ge] (wz + wd, 0; wy + wd, 0) ¢o(z) + Ge(wz — wd, 0; wy + wd, 0) ¢y (x)} dz = go(y). (2.12)

Let us define the 2 x 2 matrix-valued kernel
[G1 + Ge] (wx — wd, 0; wy — wd, 0) G.(wx + wd, 0; wy — wd, 0)
(e, k) o= (2.13)
Ge(wx —wd, 0; wy + wd, 0) [G2 + G.] (wx + wd, 0; wy + wd, 0)

Since u € H\! () and Au € LY (), it follows that £%|r, € [H'/2(I;)) = H~Y2(T';) and thus ¢; and
¢ € HV/2(T).
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Similarly, since u. € HL.(Qg), we deduce that uc|r, € HY?(T';) and thus g; and g» € HY?(T).
Consequently, it is natural to define the integral operator S, (k) : [H~'/2(I')]? — [H/?(T")]? by

Sw(k)p(x) = /st(:c,y, k)o(y)dy, for every ¢ = (¢p1,¢2) € [ﬁfl/Q(F)]Q. (2.14)

3. ASYMPTOTIC EXPANSION

In this section we derive an asymptotic expansion of the kernel s,, and of the associated integral operator
Sw (k). This can be achieved thanks to the explicit expression (2.13) of s,, using standard tools of pseudo-
differential analysis (see [15]). In the sequel, we fix wo > 0 and set ro := 7. In the complex plane,
D,(a) :={z € C: |z — a] < r} denotes the disc centered at a and of of radii » > 0. If a = 0, we write
D, := D,(0) and D; := (C\R_)N D,.

Lemma 3.1. For every (w, k) € (0,wq) x D}t the kernel s, has the following asymptotic expansion:

+oo +oo
Sw(@,y, k) = 0y (k) + s(z,y) + s1(z,y)w + Z Sn(z,y, k)w™ + Z tn(x,y, k)w™ Inw, (3.1)
n=2 n=2
where
k 1 1
ﬂ—1—62—1——(lnkz—f—haw) 0+ —(Ink +Inw)
Ou (k) = w T T : (3.2)
1 a(k) 1
0+ —(Ink + Inw) ——~ + 02+ —(lnk 4+ Inw)
T w T
is a constant 2 X 2 matriz, a(k) is a complex function defined in (3.11),
1 AL . (T
s(z,y) = - In [4|z —y||sin (Z(:c — y))’ sin (Z(z +y+ 2)) ‘ } I
1
01 —In |z —y+ 2d]
- T : (3.3)

1
—Injz —y —2d| 01
T

is a matriz valued kernel independent of k, §;, i = 1,2 are constants to be fized later (Remark(4.6))
satisfying 61 + 02 = 6, i = 1,2 where & is an universal constant defined in (3.8).

1(2 |z—yl+z+y+2 (z—-y)?+(x+y+2)>
—__(z_ L.
s1(z,y) 5 (3 1 + 3
Moreover, for every n > 1, there exists functions fn, gn and h, defined in (3.7) and (3.15) such that
SZn(zayvk) = (f?n(zfyak)+h2n(xfyvk)+h2n(x+y+2ak))1
0 fon(x —y +2d, k)
+ , (3.4)
f2n($_y_2dak) 0
Son+1(2, Yy, k) = (h2n+1($ —y, k) + hanti(x +y +2, k/’))L
and
gon(x —y, k) gon(z —y+2d. k) 00
t2"($ayak) = s t2n+1($,y,k) = 0 0 .
gon(x —y —2d,k)  gan(z —y, k)
Finally, there exists a constant C1 > 0 (that only depends on wy) such that for every k € D;FU,
+oo +oo
Hsl’w + Z Sn (s K)w™ + Z tn (s - k)w™ lnw‘ o (FxcT) < Chiw. (3.5)

n=2 n=2
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Proof. We consider the asymptotic expansion of the Hankel function near zero (see [1, page 360]),
too 2 n ;. £00 n 2 n
My 2%{ ( ) ] (=2%/4) 2i 1) (=2%/4)
H =q1+—1 — | - = — | 5
Pe- {0 HE S ) TR () S

where v is the Euler constant. For every t € R, we thus obtain

. —+o0 —+o0
f%H(gU( wlt]) =6+ = (lnw +Ink) + ln 1+ fan(t, )™ + Y gan(t, H)w* Inw  (3.6)
n=1 n=1

where, for each n € N*,

(=1/4)" — 1 2
n(t k) = ——2 | — g — S+Int|+Ink | k7",
fon(t, k) m+7r + ot +1n

(”(17”;2; = (3.7)
Gon(t, k) := i ke,
and .
§ = —%+%(771n2). (3.8)

Note that go,(-, k) € C*°(R) for any k € C, while ga,(t,-) is analytic in C. On the other hand, since
the function ¢t — t?Int| is of class C1(R) for any v € [0,1) (see [6]), it follows that fo,(-, k) €
C=Lv(R) N C>®(R\ {0}) and that fa,(t,-) is analytic in C\ R_. Moreover, there exists a constant
C > 0 (depending only on wy) such that for every (w, k) € (0,wp) X D,

oo +oo
D I fen s R)llcorraayu™ * <€ and 3 llgan( k) oo aayw™ ™ < C.
— n=1
Consequently, the limits
+oo
flt, k,w) = Z fon(t, B)w®™ and  g(t, k,w) := Zggn(t, E)w?™ Inw (3.9)
n=1
exist and furthermore
Hf(-,k,w)|‘co,1([,414]) < Cw? and ||g(-,kz,w)|\co,1( —4,4)) < Cw?Inw. ( 0)
Note that provided w € (0, wy), the first series in (3.9) (as well as its first derivative with respect to t)
is uniformly converges as a function of (t,k) € [—4,4] x D;\. Consequently, f(-,k,w) € C**([—4 4]) N
C>([-4,4]\ {0}) for any k € D\, and the function f(t,-,w) is analytic in D;f for every t € [—4,4].
Arguing similarly for the second series in (3.9), we can show that g(-, k, w) € COO([ ,4]) for any k € DTO,

and that g(t,-,w) is analytic in D/} for every t € [-4,4]. As consequence, we infer from the definition
of G, that

Ge(wx —wd,0; wy — wd,0) = Ge(wz + wd, 0; wy + wd, 0) = —%Hél)(kw|z —y|)

= 0+ — (1nw+lnk) 1n|x—y|

+ Z fon(@ =y, D)W + > gan(x — y, H)w™ Inw,

n=1 n=1

and that

Ge(wz + wd, 0; wy F wd, 0) —%H(l)(kwpc —yi2d|)

= 0+ — (1nw+lnk) ln|zfy:|:2d|

+oo +oo
+ Z fon(x —y £ 2d, K)w?™ + Z gon(z — y £ 2d, k)w*™ Inw.

n=1 n=1



8 JEAN-FRANCOIS BABADJIAN, ERIC BONNETIER, AND FAOUZI TRIKI

We now turn our attention to the Green functions inside the cavities. From the expression of G
and G2, we have

Gi(wz — wd, 0wy —wd,0) = Gy (wx+wd 0; wy + wd, 0)
Z cos (2% ( x—i—l)) cos (ZZ(y+1))
- whmn 0 G N
We define
R, k) i 2 X 1

When m = 0, we observe that Rg(w, k) = a(k:), where
1
= = A1
a(k) z (kh + cot(k:h)) (3.11)

while for m € N*, R, (w, k) has the following asymptotic expansion as w/m tends to zero:

2w

Ro(w,k) = —=— an (3.12)

T™m 71'2hm2

where p,, (k) are suitable nonnegative constants which depends on k& in an analytic manner. Actually,
one has

“+o00 2n
1 2wk
7%W“z%2<%J
n=1
2w > 2wk \ 2" 2
gl )| (22 -}
mm +n¥1n! jl;lo 2+‘7 (mﬂ) {1 o 2h (_) _k2 }

and thus, from (3.12), there exists a constant C’ > 0 (that only depends on wy) such that
X 2wk \"
n(k)— < C R 3.13
Zp < ;(m) (3.13)

Note that the previous series converges when m € N*, w < wy and k € D, (recall that ro = 7/(2wy)).
Using (3.12) and the definition of G; and Gs, we immediately deduce that

Gi(wz — wd, 0;wy —wd,0) = Ga(wz + wd,0;wy + wd,0)
_ M_l f cos( T (x — ))—l—cos(%(ac—i—y—i—Q))
w ™= m
2 I cos (2 (z —y)) + cos (ZE(z +y + 2))
——w
w2h — m2
= X cos (2E(z —y +cos(ZE(z+y+2)
,an(k)wn (Z ( 2 ( )) mn+1( 2 ( ) ]
n=2 m=1

As a consequence,

Gi(wz — wd, 0wy —wd,0) = Ga(wz + wd,0; wy + wd,0)

a(k) 1 sin (g(x_y))‘ sin <£($+y+2))u

— —+—1n[4
s
w <g_ |xfy|+:c+y+2+ (xy)2+(x+y+2)2)

w
h \ 3 4 8

+Z (& =y, k) + o +y + 2, k)|w", (3.14)
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where we defined

COS (mﬂ't)

Z pn (k) — 2 (3.15)

From [6], we know that for each k € C, the function ha (-, k) € CH*(R) NC>®(R \ {0}) for any v € [0, 1),
and thus by iteration, the functions h, (-, k) € C*~1¥(R) N C>(R \ {0}) for every n > 2. Moreover the
function hy, (¢, -) is analytic on C for every ¢ € R. Using (3.13), we observe that for w < wo and k € D,
then

too +00 400 1 IR I sowk
n—2
S Bl agu? < Y S mbi <SS S (2
n=2 m=1n=2 m=1n=2
C'7? IX [ 2wk\" <o
6w? s\ -7

for some constant C” > 0 depending only on wgy. Hence we deduce that the limit
h(t, k,w) Zh (t, k)w (3.16)

exists and that
Ih( k,w)llcon((—a,4p) < C"w?. (3.17)
Since the series (3.16) is uniformly converging as a function of (t,k) € [—4,4] x D,,, it follows that
h(-,k,w) € CHV([—4,4]) N C>([—4,4] \ {0}) for every k € D,, and h(t,-,w) is analytic in D,, for every
€ [—4,4].
We define 0,,(k), s, s1, sp, and t,, (for n > 2) as in the statement of Lemma 3.1, and let

+o0 —+o0
puw(T,y, k) == s1(z,y)w + Z Sn(z,y, K)w™ + Z tn(x,y, k)w" Inw.
n=2 n=2

Thanks to (3.9) and (3.16), we deduce that for every w € (0,wo), both previous series are uniformly
converging in I' x T' x D} as functions of (z,y,k). Consequently py(-,-, k) € CO(T x T) for every

ke D} and py(z,y,-) is analytlc in D} for every (z,y) € T x I'. Finally, s,, expands as announced in
(3.1), and from (3.10) and (3.17) we immediately deduce (3.5). O

For every ¢ € [C2°(T)]?, define the following integral operators

Ou(K)b(x) = (k) / o(y) d,
So(x) = s(z,y) o(y) dy,
s1(x,y) ¢(y) dy,

sn(z,y, k) ¢(y) dy,

¢
BN
&
.. i

A
S
~—
Y
roum)
B
~—
I

/ b, 1, k) 6(y) dy.
T

We now deduce from Lemma 3.1 an asymptotic expansion of the integral operator Sy, (k).

Lemma 3.2. For every (w,k) € (0,wo) x D}, the operator Sy (k) admits the following asymptotic
eTpansion:

“+00 —+oo
Sw(k) =0y (k) + S+ S1w+ > Sp(k)w" + Y T (k)w" Inw,

n=2
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where Sy, Sn(k) and T, (k) are compact from [H=Y2(I))2 to [HY/2(T)]? and
+oo —+oo
HSlw +3Sulku + 3 T (kyw” me < Cow, (3.18)
n=2 n=2

for some constant Co > 0 depending only on wy.

Proof. Let x € C°(R;[0,1]) be a cut-off function satisfying x(t) = 1 for every t € I'. For any integer
n > 2 and every (z,y) € R X R, define

{ 5"(1'5 Y, k) = X(x)X(y)Sn(xv Y, k)v

tn(@,y, k) = x(@)x ()t (2, k).

Denoting by o, and 7, the symbols of s,, and tn respectively, it can be seen that o,, and 7, belong to

the class of symbols Sy ¢ and thus, thanks to standard pseudo-differential analysis results [15, Chapter

IT], it follows that the associated integral operators S,, (k) and 7,, (k) defined, for every ¢ € [C2°(R)]?, by
S.1)0(w) 1= [ Sawn) o)y and  T(0)ola) = [ Fuak) olo) dy

are bounded from [H~'/2(R)]? to [H" '/?(R)]?. As a consequence, the operators S, (k) and 7, (k)
defined above are bounded from [H~/2(I)2 to [H"~Y/2(I')]2, and using the compact imbedding of
H™ Y2(T) into HY/2(T') for n > 2, it follows that they are actually compact from [H~1/2(I')]2 to
[HY/2(I')]2. From [6] we also know that the integral operator S; is compact from [H~1/2(I")]? to
[H'/?(T"))%. Moreover, thanks to (3.1) and the Dominated Convergence Theorem, the operator S, (k)
admits the expected asymptotic expansion for (w, k) € (0,wp) x D;f. Finally, according to (3.5), the
operator

“+o0 —+o0
Ru(k) = S1w+ Y Su(k)w" + Y Tn(k)w" Inw,
n=2 n=2

is an integral operator with kernel p,,(z,y, k) and we have ||R., (k)| < Cow where Cz > 0 is a constant
depending on wgy and Cf. O

4. AsymMPTOTIC OF S;;'(k) AND OF THE RESONANCES

Let S be the integral operator form [H~1/2(I")]2 to [H'/2(I")]? associated to the kernel

sin (%(m —y))‘ sin (z(:zj—i—y—l—Q))H L.

1

L [ _

—In [z —y| 1
The following result is proved in [6](see Lemma 5.1).

Lemma 4.1. The operator S is invertible from [H~/2(T')]? to [H'/2(T')]2.

Theorem 3.2 implies that for every (w,k) € (0,wo) x D;f, we have Sy(k) = @y (k) + S + Ry (k)
where

the matrix 6, (k) is defined in (3.2), and e; = (1,0), e2 = (0, 1).

Theorem 4.2. The operator valued function k — S, (k) is finitely meromorphic and of Fredholm type
in C\ R_, its poles are {£((%X)? + (%=)2)% : n, m € N}, and the operator S,,(k) is invertible from

2w

[H=Y/2())2 to [HY*(T))2 for Im(k) > 0. Moreover the operator valued function k — Sy (k) is finitely
meromorphic in C\ R_ and its poles are exactly the resonances of the open cavities.

Proof. By the expression (2.13) of the kernel sy, it is clear that the poles of S, (k) are exactly {#((2%)*+

1
(%)2) 2 : n, m € N}. Then expanding the operator S,,(k) as a Laurent series around each of these
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poles implies that the range of operator that multiplies L r is of dimension two. The

k(32024 (32)2)
range of that operator is actually the vector space spanned by the function

cos (g(z + 1)) (e1+e2), zel.

This implies that S, (k) is finitely meromorphic in C\ R_.
Now, according to Lemma 3.2, the only term independent of k in the previous Laurent series, is the
operator

(i e

sy

We remark that the following kernel

1
91 + In(4) ;ln|zfy+2d|

1
—In|z —y —2d| 01 + In(4)
T

belongs to C°°(T x T) and so the corresponding integral operator is compact from [H~1/2(I')]2 to
[HY/2(I')]2. Tt follows that S is a compact perturbation of S which is invertible from [H~/2(I)]2
to [HY/?(T))? (Lemma 4.1). Since S; is compact (Lemma 3.2) the operator Ay is also a compact
perturbation of S and so it is a Fredholm operator of index zero. Consequently, the operator valued
function k — S, (k) is of Fredholm type of index zero as well (see the appendix). The invertibility of
the operator Sy, (k) for Im(k) > 0 is a consequence of the fact that the equation (2.1) admits a unique
solution for such frequencies k. Finally, we deduce from the Steinberg Theorem (Theorem 5.10) that
the operator valued function k — S, (k) is finitely meromorphic in C \ R_ and its poles are exactly
the resonances of the open cavities. O

Let S : [H-Y/2(I')]2 — [H'/2(I')]? be the integral operator with kernel
1

0 —In|z —y+ 2d|
m

1

1

—1n{4|zfy|

T —In|x —y — 2d] 0
T

an (31e-)

sin(%(z+y+2))HI+

Let Hy '/?(T") denotes the space of functions ¢ in H~1/2(T") satisfying Jre(x)dz = 0.
Lemma 4.3. S is Fredholm of index zero on [H=Y/2(D)|2. In addition, S is coercive on [ﬁo_l/2(F)]2,
i.e.,
g 2 7—1/2 2
7<905 SQO> Z C”w”[ﬁ—l/Z(F)]Z) VSD € [HO (F)] ’ (41)
where C' > 0 is a fized constant.

Proof. The operator S is a compact perturbation of S and so is Fredholm of index zero on [H~Y/2(I')]2.
Let ¢ = (@1,92) € [H~Y?(I)]? and define

1 €T
) = —pi (S 4d r
o1(z;w) wsﬁl(w+ ) xely,
1 €T
) = —pa(S —d T,
pa(x;w) wsﬁz(w ) xely

We consider v solution to the following Helmholtz equation

Av+k?v =0 in Q. UC; UCs,
Or,V|+ = O0pyv|— = w1(;w) on Ty
am2’0|+ = am2’0|7 = 502(’1@ on F27 (4 2)
v
% =0 on 89,
lim /|| <@(z) —ik v(:c)) =0
|z|—=+o0 or '
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Multiplying v in the equation (4.2) by G¢(z,y) and integrating by parts we obtain

= _Z/F_Ge(%y)%(y;w)do(y), z € Q. (4.3)

The Green formula inside the cavities yields

v(z) = /F Gi(z,y)pi(y;w)do(y), =€ Cy, i=1,2. (4.4)

Taking the difference between the t;aces of the equations (4.3) and (4.4) on both sides of T';, we obtain
[o(e ::—E;/ (5,9) + Gi(w, y))gily w)do(y), © €T UTs, (4.5)

where [v(z)] = wv|y —ov|_. Now, we fix k = i = /—1. Due to the explicit expression of G,

(equation (2.3)) one can easily check that when k = i, the function v(z) belongs to H*(f.). Thus,
multiplying the equation (4.2) by ¥ and integrating over 2. leads to

/Qe |Vz)(x)|2clac+/Q lv(x)[*dx Z/ i (@ w)T| 4 (z)do () (4.6)

e

Similarly, multiplying the equation (4.2) by ¥ and integrating over C; implies

/Ci|Vv(x)| dx—i—/Ci o(@)Pds = —/ 1 (23 W) (2)do (x). (@7)

7

Adding the equations (4.8) and (4.7) we obtain

/Q|V’U($)| d:E—i—/Q|v(x)| dr = Z_ZI/F vi(z; w)[v(z)]do(x). (4.8)

Replacing [v(x)] by its expression in (4.5) and rescaling the right hand term in the last equation with
respect to w, we find

/|Vv |das+/|v Wedz = —(p,Sw(i)e).

On the other hand we have (see [13])

CllelEs vaqeys = CWrolrsrnony < [ [Vo@Pdo+ [ o),

e

where C' > 0 is a constant independent of w. Combining the last two equalities yield

(. Suli)e) > Cllel% s ooy (4.9)
Since ¢ € [H~/2(I")]2, Lemma 3.2 implies

Su(i)e — So, as  w — 0.

Taking the limit of the equation (4.9) as w tends to zero we obtain the desired result.

Lemma 4.4. Let T : [H™Y/2(T")]2 x R? — [HY/2(T")]2 x R? be the integral operator defined by

T(Y,a) := (§w—a,/rz/1(x)dx).
Then, T is invertible.

Proof. Since S is Fredholm of index zero T is also a Fredholm operator with zero index. Thus, we
only need to prove injectivity. In fact, if St) —a = 0 and [ (z)dz = 0, then (i, Sth) = 0. The
inequality (4.1) implies that ¢ = 0 and in turn ¢ = 0. Thus T is invertible. (]
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Let . = (11,%2) and a. = (a1,a2) be the unique solution to the following system
T(lﬂe, ae) = (0; 61);

Let ¥e = (Ya2(—2),91(—2)) and G. = (az,a1). By taking into account the symmetries of the kernel
of S we obtain

T(i/;ey &e) = (0, 62>.

Theorem 4.5. Let 01 be a fized real constant such that 61 # —ay £ as. Then, S is invertible from
[H=V2(D)? to [HY2(D)].

Proof. 1t follows from the asymptotic in Lemma 3.1 that S = & ( 2" Zli ) + 5. Lemma 4.4 implies
- €2

that S is of Fredholm type with index zero. Thus, we only need to prove injectivity. Assume that

Se = 0 with ¢ € [H~V/(I)]?. Let

Po = ¢ = (g e1)the — (@, e2)¢e.
Then, ¢g belongs to [1351/2 (I")]? and satisfies

a. 014+a1 as
m(w 51+a1> [ s

Consequently (g, §<,00> = 0. We deduce from Lemma 4.3 that ¢g = 0 and hence ¢ is also zero.
O

Remark 4.6. We assume throughout the paper that §1 € R is fized such that 61 # —a1 + as. The
constant 0o is immediately determined by the relation &1 + d2 = 6, where 6 is defined by (3.8). Finally,
the constants 6;, 1 = 1,2 are independent of w.

Define £,,(k) :== S + Ry (k). By (3.18) and Corollary 4.5, the operator L, (k) is invertible from
[H=Y2(T)]? to [H'/?(I")]? for w small enough (depending only on wyp), and it admits the following
asymptotic expansion:

+oo
L k) = 8 (-Ru(k)S™H"
m=0
= S o87188 w - ST ()S M lnw + [ST1S2872 — 5—152(k)5—1] w?
128718, T (k) S~ 2w Inw + [2 SIS (k)S ™2 — S7L83S 3 5*153(1@)5*1] w?
+ > Lym(k)w"(Inw)™, (4.10)

n >4

m >0
where each L, (k) is a compact operator from [H/2(I')]? to [H~/2(I')]2, holomorphic with respect
to k € D;. Moreover, since p,(z,y,-) is analytic in D} for every (z,y) € T x I, it follows that the
kernel of £, (k) is analytic with respect to k € D}t , and that the operator valued function k +— L, (k)
is holomorphic in the domain D} . As a consequence of the Steinberg Theorem (Theorem 5.10), we
deduce that k — L' (k) is holomorphic as well in the same domain D;f .

Remark 4.7. Let ¢ and ¥ € [H~Y/2(T')]2 be such that L, (k)¢ = e and Ly, (k)i = ey. Using the
the expression of the kernel of £,,(k) together with the fact that for each n > 1 the function h, (-, k) in
(3.15) is 4-periodic, we infer that ¢y (x) = ¥2(—z) and consequently

(L3 (K)er,en) = (¢ e1) = (¢1,1) = (2, 1) = (¥, e2) = (L, (K)ez, e2).
Moreover, since L, (k) is a self adjoint operator from [H~1/2(T")]? to [HY/2(I)]2, it follows that
(L3 (R)er, e2) = (L1 (k)ea, en).
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Remark 4.8. We define the matrix
(er, L5, (K)er) (ex, L' (K)e2)
Qu(k) == . (4.11)
(er, £,' (K)ea) (ex, L, (K)er)
By the previous argument, the mapping k — Q,,(k) is holomorphic, and using the asymptotic expansion
(4.10) of L1(k), one can also expand Q,, (k) as

Qu(k) = Qo — Quw — Quz(k)w’ Inw + Q2(k)w” + Qus(k)w’ nw + Qs(B)w’ + > Quun(k)w" (Inw)™,

n >4
m >0
where
<€1,57161> <€1,57162> <€1,8715157161> <€1,5718187162>
Qo = , Q1=
<€1,8_1€2> <€1,8_1€1> (61,8_1818_1€2> <€1,8_1818_1€1>

and Q12(k), Q2(k), Qi3(k), Qs(k) and Qmn(k) (for n > 4, m > 0) are 2 X 2 matrices which are
holomorphic with respect to k.
Denote ¢; := S~ te;, i = 1,2. A straight forward computation implies that

<1/}€7890’L'> o 1) +a a _ -
< (e, Si) ) = < a12 1 512+a1 )/F%'(z)dz = ¢ i=1,2.

Note that thanks to Remark 4.6 the matrix on the right hand side is invertible and we have

_ _ o1 +a1 —az _ .
/Fcpz(:c)dx = /\0< ay 51+ ay >61 i=1,2,

where Ao = ((01 + a1)? — a%)fl. It follows that
detQo = Ao #0,
and thus, the matrix Q)¢ is invertible. In the sequel, we also consider the following quantities
qgt = <€1,571(61 + 62)> , qf = <€1757181871(61 + €2>> ,
qﬁ(kz) = <€1,8717d2(k)871(61 + 62)> ,
GE (k) = (01, (S782572 — SIS, (R)S (e £ €2))
qi(k) =2 <€1,87181'Tg(/{?)87 (e1 £ 62)> ,
and
a5 (k) = (e1, 28818 (k)S™? — STISIS™ — S7IS5(k)ST ) (e1 L e2)) .

Note that according to the definition of the kernels of the operators S, 81, Si.(k) and 7y, (k) for n > 2,
all above quantities are real numbers except for g5 (k) and ¢ (k) (see (3.4) and (3.7)).

We now derive an explicit expression for the inverse of S, (k).

Proposition 4.9. For w € (0,wo) small enough and k € D;},

(4.12)

~1 —1 —1 _1 ( (- L (K)er) )
Sy (k) = Ly, (k) = L, (k)b (k) F, (k) ;

(L5 (k)e2)
where Fyy (k) := 14 0,(k)Qu(k), 04 (k) is given by (3.2), and Q. (k) is defined in (4.11). Moreover, the

resonances of the open cavities coincide with the poles of the matriz valued function k — 0., (k)E; (k).

Proof. Let ¢ € [H™Y/2(I)]2 and g € [HY/2(I")]2 be such that Sy, (k)¢ = (O (k)+Luw(k))p = g. Applying
the operator £,1(k) on the left we obtain that

6= LV (k)g — L1 (k)0 () ( (@-e1) ) . (4.13)
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15

05

-15 I I
0

FIGURE 1. The function k — a(k)

In view of (4.13), in order to deduce the expression of S;;*(k) we need to compute (¢, e1) and (¢, e2)
in terms of g. Taking the scalar product of (4.13) with e; € [H*/?(I")]? (i = 1 and 2) and using the fact
that £,%(k) is a self-adjoint operator, we find

<¢ael>
O, (K Lol (R)e; cei) = (g, Lot (k)e;).
< ()<<¢762>> (>>+<¢> )=y (k)ei)

Decomposing the matrix 6,,(k) on the basis {e; ® e;}; j=1,2 we obtain the following the system
(@:en) (9. L5 (k)er)
(14 00 (k) Qu (k) < - Y ,
(0, €2) {9, L, (k)ea)

where @, (k) is defined in (4.11). This system is invertible provided that det F,, (k) # 0, in which case

we deduce
¢, e 9: L3, (k)e
( 0\ _ pagy ((0£5 00 ) i
(6, €2) (9, L5, (k)ea)
and the anounced expression (4.12) follows from (4.13) and (4.14). Finally, since the operator valued

function k — L' (k) is holomorphic in D, it follows directly from (4.12) that the poles of Sy *(k)
coincide with those of the matrix valued function k — 0,,(k)F, (k). O

Let Z := {k¢}oen be the set of zeros of the function « defined in (3.11), satisfying k¢ < k¢4 for all
¢ € N. Let P := {ln/h}sen- denote the poles of «. Tt is easily seen that each zero has multiplicity one.
Moreover, since for each ¢ € N, ky is an isolated point, there exists r, > 0 such that

(Z2UP) N Dy, (ke) = {ke}.
We also introduce the integer £ : = max{f € N : |k¢| < ro}.

Next, we prove that the resonances are exactly the poles of the function k — F!(k), and then we
localize two resonances inside each disk D, (k¢), using the generalized Rouché Theorem (Theorem 5.11)
and the following technical lemma, which allows one to replace the operator £, (k) by the matrix F, (k)
in the contour integral that appears in the statement of the Rouché Theorem.

Lemma 4.10. For every disk D CC D,J_g and every function f : D — R, we have
dSu (k) AF (k)

tr aDS;l(k)Tf(k)dk::tr/aD F (k) o

F(k) dk.
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Proof. Since the operator dﬁ#(k) is self adjoint, we have that

45, (k) 4L, (k)

-1 _ pr—1

L ()00 (k) (T+ 00 (£)Qu (F)
_< (L3 (k)er) ) d. (k) ( (-er) ) _< (R L (Re) )1
(Lo (K)ea) ) dk\ (- e) (- Lol p1(f)ey) )|
Using now the fact that the matrix “’ng) is symmetric, we get that
(v )5 (05
(L5 (k)e2)

) ( (e hde (k)ﬁ L(k)es) <62,d9$k(k)£;1(k)el> ) ( (- e1) )
(er, LB Lot (K)es)  (ea, P Lot (K)es) (- e2)

dk w

Hence, multiplying by f(k), integrating over 9D and taking the trace we infer that

o dSy(K) B ALy (k)
tr /6D8w (k:)Tf(k)dkftr/ L3, () =32 f (k) dk

oD

(K)ea) (e2, DB L1 (K)es) e

0., (k) ( (1, LB 2oL (k)er) ez, 5L (e ) )
(er, ZeB Lot(k)es)  (ea, DB Lot (k)es)

and consequently according to the symmetry of the matrix 6, (k) we deduce

L (k)
dk

tr 3;1(k)dSW(k) f(k)dk = tr L1 (k) f(k)dk

oD dk oD

ttr ADew(k)(I+9w(k)Qw(k>)_l{owl(k) dk

From the relations
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we infer

L dSu(k) - .
tr/aDsw W pyar = [ oot P por) an

so that we finally obtain

tr ADSwl(k)%k@f(k)dk = tr ADﬁwl(k)Mde(k)f(k)dk
+tr F;l(k)%ﬁf(k;)dk.
oD

On the other hand, since the operator valued function k +— L, (k) is holomorphic in D;f , it follows from
the generalized Rouché Theorem (Theorem 5.11) that

“1ypy WLw (k) _
tr/aD £, (k) =5 f (k) dk = 0,

and the proof is complete. (I

By (3.2), the poles of k +— 6,,(k) are exactly those of k — «a(k), i.e., P := {lmw/h}sen-. Applying
Lemma 4.10 with D = D,,,(¢x/h) (for £ € N*) and f = 1, we deduce that the poles of k — S (k) are
exactly those of k — F; (k).

Corollary 4.11. The resonances of the open cavities are the poles of the matrix valued function k —
F (k).

w
We now prove the existence of two resonances close to each kg, for every £ € N.
Theorem 4.12. Let w € (0,wo) and ky € D} be a fived zero of the function o.. Then, there exists two

resonances of the open cavities kjw and k; , inside the disk D,,(k¢) which are respectively the zeroes of
the functions

k) 2
AP(k) =1+ [@ + —(Ink+Inw)+ 26 — 61] (e, L, (k)(e1 + e2)), (4.15)
w T
and
k
)\; (k) =1 + (% — 51) <€1,£;1(k)(€1 — 62)). (416)
Proof. Fix £ € N. From the definition of F,(k), 0, (k) and Q.,(k), we infer that for every k € 0D,,(k¢),
1
Fy(k) = — [(k)Qo + S (k)]
dF,(k) 1
o = ol (B +2u(H)],
and w
F M (k)= ——=Qy I+ 7Y
where ¥, (k) and T, (k) are 2 x 2 matrices which are holomorphic on 9D, (k¢) and such that
swp  [Su(k) =0, sup  [SL()—0 and  sup  [Ty(k)|—0
k€dD., (k) k€dD., (ke) k€dD., (ke)
as w — 0. Therefore, we see that
dF,(k '(k

dk w0 (k)
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uniformly with respect to k € 9D,,(k¢), and thus

dF,(k '(k
lim tr/ F;l(k)Jdkzz/ k) .
w—0 aDrl(k[) dk aD'r‘[(k[) a(k)

On the other hand, by our choice of the radius r,, we know that the function o admits exactly one zero
and no pole inside the disk D, (k¢). Applying the Residue Theorem (see e.g. [14]) we deduce that

1 o/ (k)

2im dD., (ke) a(k)

dk =1,

and thus for w small enough (depending on ¢) one has

1 dF,(k
—,tr/ F (k) ( )dk: =2.
2Z7T 6D7‘E(k£) dk

in viex of Lemma 4.10 (with D = D,,(k;) and f = 1) it follows that

1
ftr/ S;l(kz)M dk =2,
2Z7T 6D7‘E(k£) dk

and thus the operator S, (k) admits two characteristic values k", and &k, in D, (k¢).

We know from Corollary 4.11 that the resonances k-, are the poles of the function F; (k) in D, (k).

A simple computation shows that the eigenvalues of F,, (k) are given by the functions A\f (k) defined in

(4.15) and (4.16), and their associated eigenvectors are % Thus, one can write

(e1+e2) @ (e1 +e2)  (e1—e2) @ (e1 — e2)
204 (k) 2w (k) ’

Ful(k) = (4.17)

and consequently, the poles of Fi; ' (k) in D,, (k) are exactly the zeros of A\ (k) in D,., (k). O

We next establish an asymptotic expansion of the resonances of the open cavities as their width w
tends to zero.

Theorem 4.13. For every ¢ € N, the resonances kétw have the following asymptotic expansion:

2wlnw 1 1 Ink, 01
EF = k- - — 42— 40— =
b C ol (k) o (ke) [qér " ( P 2” wt ofw),
1—4d1q, 1 1—61g7)% (k Sk
R {( 1q,°> - (ko) +q1} w2+7€1§( f) w® Inw
’ qo ' (ke) (g0 )2/ (k) 20/ (ke) (g0 )2/ (k)

! l (e~ D (L= ig)a" )

T P e | iy Gy o (ke)?
o (A
In particular, we have
(i) = gy o)
Im(k;,) = Im(gy (ko)) w? + o(w?).

(90 )% o' (ke)

Proof. Fix £ € N. Since ka is a simple zero of the function A% (k) in D,,(k;), we deduce from the
Residue Theorem that
1 ﬂ(k)
ki, — ko= — ~dk " (k — k) dk.
¢, 27 6Dr£(k£) )\»L:tu(k) (
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We now derive an asymptotic expansion of the functions d—,;“( )/AL(K) in terms of w. We start with
Af (k). From (4.15) and (4.10) we have that for every k € 9D, (ke),

%(k) _ a;(uk) {QSL . {k:jfg(k) - qf] w+s$,1(k)}

and

Aizl(kr) B Oz(;:;qar {1 - % - [ﬁ <¥ oo %> " % (ﬁ q;r)] w+€$’2(k)}’

for some functions & ; (k) and &, ,(k) holomorphic on @D, (k¢), such that

sup  w et (k)] —— 0 and sup  w et ,(k)| —— 0.
kedD,, (ke) ’ w—0 k€dD,, (ke) ’ w=0
Hence, we obtain that
ax;} ,
(k) (k) { 2w lnw { 2 2 <1nk 51> } 4 }
_ 1— - =L S Lotk (418
AE(R)  alk) ralk) | mkal (k) (k) \ 7 2 ) " atmgr ) T ®y, (418)

where 7 (k) is a holomorphic function on 9D, (k¢) such that

sup — w™ | (k)] —— 0.
k€dD,, (k) w=0

Since ky is a simple zero of the function «, we deduce from the Residue Theorem that for every holo-
morphic function f in Dy, (ke), then

1 B o/ (k) _
L BDT[(kz,)(k k) Sy SR dk =0 (4.19)
and
1 o A(k) _ (ko)
2 apw(k[,)(k kl)a(k‘)Q J (k) dk o (k) (4.20)

Thanks to (4.20) we get the asymptotic expansion of ka multiplying (4.18) by k — k; and integrating
over dD,, (k). The imaginary part of k- ¢ w 18 obtained using the expression (3.8) of 4.

We now treat the other resonance k: . We will observe a postem’ori that the imaginary part of k,

scales (at least) like w3. For this reason, we expand the mtegrand ( )/Ay, (k) up to third order.
From (4.16) and (4.10) we have for k € aDw(kg)

Doy = YR [ _ar gy ok) dap
= oz (k) + O‘,(k) 4oz (k;)] w?
do L o (k) d
17 a(k) dq13 01 dd1y 1] 3 1w
o o) + S0 T 0 — s e
17 _ a(k) dq 5 dgy B
+E _q3 (k) + O/(k}) dl?} (k) - O/(k})%(k))] ’LU3 +€w,1(k)}
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and
71 _ {1_i(1—51q0 —ql)w—q12(k)w2lnw
Aw (k) qO do (k) ')
r 2
1|1 (1-61q > ( - 0191 2
+—  \atk) q — a2 (k) + w
9 | a(k) ! 2 a(k)

e [ (L ) (0 - 48 e o
*a qi (e o) (e 285 ) - o (™ )

~ (a0 - 2 e ey}

for some holomorphic functions €, ; (k) and €, 5(k) defined on 0D, (k,), such that

sup lepa(k)) ——= 0 and sup lea(k)] — 0.
kedD,, (ke) ’ w—0 k€OD,, (ke) 2 w=0
Hence, we obtain that
dAZ _ _
2w, k / _
dﬁ() _ a(k){11_51q0w+ _ak) dqu(k)thlw
Aw (k) a(k) qo (k) qo o/ (k) dk
1 [ a(k) dgy 0197 | 1—101qy ( —diqy )] 5
il 242 1y _
T [a/(k) M 79w T et e @
1 Tapk) | alk) (das,,,  das i
s [qoa(kz) T \dk ) = (k) =\ o k: w’lnw
1 [a(k) dgg a(k) d(b ( ) g ( ) d1(qy)?
- 2913 (k) —
A EoR AGRr Tawg T aa®
1 —d1gy > <q1(1+51qo) 1—61% ﬂ }
T —s 4 - - w + g (k). ¢, 4.21
() (S 2y

where again 1, (k) is a holomorphic function on 9D, (k) such that

sup — w |y, (k)| —— 0.
k€dD., (k) w=0

Since k¢ is a simple zero of the function «, we deduce from the Residue Theorem that for every holo-
morphic function f in Dy, (ke), then

1 Y (R) _ (k)
2 6DT[, (k[)(k kl)a(k)3 f(k) dk 20/(kg)3 f(kl)v (422)
and
1 o (k) B o (ke)? - 04(3)(/{:[)
i o (e RO S 0= (s = it ) FGk (423

Thanks to (4.20), (4.23) we get the asymptotic expansion of k,,, multiplying (4.21) by k — k, and
integrating over 0D,,(k¢). The imaginary part of k,,, is obtained noticing that the only complex
number in the expression of k,, is g5 (k¢) (see Remark 4.8). O

Remark 4.14. Using the definition of ¢; (k¢) in Remark 4.8 together with (3.4), (3.7) and (3.15), we
infer that

(s (k) = — &2 62)’822(’%8- (e = e2))
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where we also used the fact that S~1 is self adjoint. Moreover since the imaginary part of Sa(k,) is an
integral operator with kernel

k2 (z—y)? (v —y+2d)?
8 b

(ZL',y) ==
(z—y—2d)* (z—y)?

we deduce, expanding the squares, that
2

Im(g; (ke)) = %((3361 + ze2, S Her — e2)) — 2q0_d)2.

Since in view of (3.3) the operator S depends on d, it is possible to prove that the mapping d —
(ze1+xes, ST (e1 —e2)) —2¢y d is analytic in (1, 4+00). Hence Im(g; (k¢)) vanishes for at most countably
many isolated points. Thus, either we choose d > 1 so that Im(g; (k¢)) # 0 or one can perform a higher
order asymptotic expansion to get a non zero coefficient that multiplies some power of w. Indeed,
there exists n € N (n > 3) such that Im(k, ) = cg")w" + o(w™) with cg") # 0 because, otherwise, the
resonance k, ,, would be purely real. In any cases from the application point of view, what matters is
that Im(k;") < Im(k;") as w tends to zero.

To conclude this section, we examine to behavior of the operator S; (k) in two different regions of
the complex domain D;f. We first focus in the resonance zone where the contribution of the singular
part is large with respect to the regular part. Close the resonances, we give an asymptotic expansion of

S, 1(k) as a Laurent series, as well as an asymptotic expansion in terms of w.

Theorem 4.15. Let k € D;fo be a frequency close to the resonances. Then there exists a holomorphic
operator Hy (k) : [HY2(T)]2 — [H~Y2(T')]2 and finite dimensional operators A?fw C [HY2(D))? —
[HY/2(T)]2 (for £ =0,...,4y) such that

Sty => ——+> —— +Hu(k), (4.24)
=0 k- ka =0 k— kl,w
where
. ,ﬁ;l k/’iw (61 + 62)
AF, = —< o) > c;l(k;;'fw)[ew (k7,) (er ieg)] (4.25)

+
25 (ki)

Moreover, the following asymptotic expansions hold:
<' ,571(61 :l: 62)>

AF S (eg £ e w—+ AF ,
T gy 0 e
where Ajfw are finite dimensional operators from [HY2(T')|2 to [H=/2(T")]2 such that

—1j AL
w 1HA€,w” m 0

Proof. According to Theorem 4.2, Proposition 4.9 and Theorem 4.12, it is clear that S, !(k) expands

as (4.24) close to the resonances, and that for each ¢ =0, ..., ¢,
AF, = lm (k—kE,)S;H ().
; ey ;

Using the expression of S;'(k) in (4.12) and the fact that £,'(k) and 6,(k) are holomorphic in a
neighborhood of kzztw, we infer that

w - o (k—kg,)
At = L ()00 () (e ea) (5 £0 () e ) T =i
— 2w w
Lt (k) (er £ €3)
= _< 2ﬁ(ki ) > E;l(kaw){ew(kzw)(eli62):|’
dk l,w

where we used (4.17) for F;1(k) in the first equality.



22 JEAN-FRANCOIS BABADJIAN, ERIC BONNETIER, AND FAOUZI TRIKI

We now derive the asymptotic expansion of A, . According to (4.10) we have that

LM (kf,) =87 =87 S8 w+ A, (4.26)
where Aiw is a finite dimensional operator from [H'/2(I")]2 to [H~1/2(I")]? such that
o AE )] — 0.
From (3.2), we have that
alk, ,
ew(k;,w)(el - 62) = <% - 51) (61 - 62)5
and we use Taylor expansion of k — a(k) around ky together with Theorem 4.13 to obtain
_ 1 w
O (ke,w)(el —e3) = — < ——+o(w) p (e1 — e2). (4.27)
w %
Moreover, from (4.16) and (4.26), we deduce that
dX, o' (kiw)to (, ar
ky,) =———"—(1-"L 4.28
dk ( lw) w ( q0—w+0(w)>’ ( )
and using again a Taylor expansion of k — o/(k) around ky together with Theorem 4.9 leads to
Ay o (ke)go ¢ (1=0d1gp)a"(ke)
k = —"9q1—- | = . 4.29
dk : Few) = w @ + a5 o (ke)? w + o(w) (4.29)

Hence, gathering (4.26), (4.27), (4.28) and (4.29), we obtain the expected asymptotic of A,
We proceed similarly for AZw. Indeed, from (3.2) we have

k/’+
0w (k) (e1 + e2) = {O‘(le) + % (mkzw + lnw) +26 — 51} (e1 + e2),

and thus, using a Taylor expansion of k — a(k) and k — Ink around k; together with Theorem 4.9, we
get that

1 w
O (ka)(el +eg)=— {—+ + o(w)} (e1 + e2). (4.30)
w | ¢
Moreover, from (4.15), we deduce
s, 1 2q+
7 (kzzw) = {a’(kzw)qg + kz_jﬂ — qf'o/(kzw) w—+o(w) p, (4.31)

and a Taylor expansion of k +— o/(k) and k — 1/k around k; together with Theorem 4.9 leadsto

d\} q 2a” kz
— (K 1— wl
a ) { T (k2 Y
o (kg) In k, 01 2 q
- — SIS N S . (4.32
{ it (a2 (57 +9-%)) ~ sy i v ot} oo
Hence, gathering (4.26), (4.30), (4.31) and (4.32), we obtain the expected asymptotic of AZw. O

In the non resonance zone, the contribution of the singular part is negligible. The following result
gives an asymptotic expansion of S;' (k) in terms of w in this region D} \ Z, i.e., when a(k) # 0.
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Theorem 4.16. If k € D \ Z, then

Slk)y=8"— W< LS~ er +e2)) — w« LS e — e2))
qO ')
1 8_1(61 + 62) 1 et S— 1818 (61 + 62) LS5 1(e .
+{ Si187 + [ 2D (a(k) ql) + o ] (.87 (e1 +e2))
S 61 — 62 1 e S 1518 (61 — 62) . 1 e —e
[ () T s e
S ( 261 - eQ)( S7I8187 e +e2)) + 78_1(261,_ c2) (-,8718 8 ey — eg))}w + Xiy (k),
qO do

where iy (k) is a holomorphic operator from [HY/2(T)]? to [H~Y/2(T')]? such that
W || x4 ()| —0 for every k € D\ Z.

Proof. Fix k € D} \ Z. We use the expression (4.12) for Sy (k) and (4.17) for ;! (k) to prove that
(Lo (k)(e1 — e2))

Sty = L.l (k) - 2o () L, (k)0 (k)(e1 — e2)
(L3 (k) (er +e2)) oy
_ 2)\1Jz(k) ‘Cw (kz)ew(k)(el -‘1-62).
Since a(k) # 0, we get that
(LW —e)) w1 b g
22 (k) - 2a<k)qa{<’8 o 2)>+[q5 (q1 a(k) )<’8 )

—<-,S_1818_1(€1 — 62)>:| w + Xi;(k:)},

and

(- LMKk)(er +e2)) w ) .
25 (k) B 2a(k;)q0+{<"5 (e1+e2)) = o5 (587 er + ea)ul

+(, 8718187 (e1 + 62)>:| w+ xz;(k)}.

where xi (k) are holomorphic operators from [H/2(T')]2 to [H~/2(T')]? such that

w Y |xiE ()||—>0 for every k € D} \ Z.

Formula (3.2) for 6,,(k) and the asymptotic expansion (4.10) of £, (k) to complete the proof of the
theorem. g

5. ASYMPTOTIC OF THE FIELD u

We first derive an asymptotic expansion of the field u(z; w) far from the resonances, i.e., when a(k) # 0.
We shall distinguish the far field and the near field.

Theorem 5.1. Let k € D;FU \ Z. Then for every y € ., one has

HP (klyhw + pu(y),




24 JEAN-FRANCOIS BABADJIAN, ERIC BONNETIER, AND FAOUZI TRIKI

for some function py, € H{ . (Qe) such that w™lp, — 0 in HL (Qc). Moreover, if y = (wy1 + wd, wys)
for some y1 € ' and y2 > 0, then

2u(0
u(wy; £ wd,wy2) = u(wys £ wd, wyz) — ;;((k))wlnw

 2u.(0) 5+ Ink n In|(y1 £d,y2)|
ma(k) ™

W+ Py (Y1, Y2),

where p,, € H(BT") satisfies w='p,, — 0 in HY(B).
Proof. Let y € Q. be fixed. One has
g
Ge(wt,0;y) = _§Ho (kly — (wt,0)])

——H(l k|y| Znn (51)

uniformly with respect to t € [—4, 4], for some functions n,(y). Using (2.4) we deduce
ue(wt,0) = / Ge(wt,0;2)f(z)dz

_ __/ H (k|2)) f(2) dz — Z”n (wt)" (5.2)
uniformly with respect to t € [—4, 4], where the coefficients 7],, are defined by

Ty = /Q o () () dy.

e

Using (2.7) together with the integral equations (2.9)-(2.10), and after a change of variables we get

_ Ge(w - —wd, 0; y) -1 ue(w - —wd, 0)
u(y) = ue(y) — <( Ge(w - +wd, 0;y) ) Sy (K) ( ue(w - fwd, 0) : (5.3)
From Theorem 4.16 we have

)

Sol(k)(er £ e2) = %w Yo(w) in [H™V(D))?

and thus the integral equations (2.9) and (2.10) imply

_ - —wd 0) ) 1 8_1(61 +€2)
Sy [ telw: —wd, ) :——(/ 7Y (k d)i
s (e ) ([ ey se) ) Tl
—1 B
+ﬁldww — ﬁlsfl(xel + zeg)w
dp a(k)
871
+ﬁ1$<($61 + xe3), 87 (e + e2))w
0

§ D) (g, 4 0e2), 57 er — ex)w+ ofw) (5.4

+7
1 20
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in [H=Y/2(I")]2. We now use (5.1) together with (5.4) to deduce

u(y) = ue(y)

+ (-5 kD) + 0w ){ (f mPaipsea) Stotepate,

S7(e1 —e2),e1 +e2)

qo a(k)
St ,
_pdSTle et en e, S e + eaw
2q,
_ (S Her —e2),e1 +e2)
- —
2q,

+ﬁ1<8_1(z61 + xea),e1 + ea)w — n1d<

((req + ze2), S (e1 — e))w + o(w)}.

In view of the symmetry of S~1, we have that (S~%(e; — e2),e1 + e2) = 0, and consequently,

(1)
u(y) = uely) + 10 ’“'y' (/ H (k2 (=) d >w+pw<y>, (5.5)

where w™!p,(y) — 0 pointwise in Q.. Next, we derive the estimate in H_(€.). To this end we
introduce the rectangle Qg := (—R, R) x (0, R) with R > 2. Now, consider a test function ¢ € C°(QRr)
that we identify with a distribution in H~1(Qr) = [H'(Qgr)]’ (see [13, Theorem 3.30 (i)]), where
Qr = (—R, R)x (0, R). We also denote by v, € H} _(€.) the unique radiating solution of the Helmholtz
equation:

A?}(p + ICQ?J(/; = @ in Qea

vy,

e _ Q

Dy 0 on 09,

im o] (22 () — ikua()) = 0
||+ o00 or ® ’

Consider the duality product of the integral equation (5.3) with ¢ in the duality pairing (H~!, H).
In view of the trace Theorem, the fact that the mapping ¢ — v,, is linear and continuous from the space

{1 € H-1(Q,) : supp(¢)) is compact} to HL_(Q.), and after similar computations we obtain

(W™ puw, @) 5
sup w P A1 (Qn). H (Qn)

peC(Qn) el -1 ()

By definition of H~(Qp), the space C°(Qg) is dense in H~(Qg) for the H~'(R2) topology (see [13,
page 77]). Finally we obtain that

—1
(W™ v ) i1 (Quy (@)

w  pwllar @y = sup T2l
¢~ (Qr) PllE-1@Qnr)
which proves the first part of the theorem.
We now treat the asymptotic of the field u close to the cavities. By (3.6), we know that for each
y € Qe, we have that

1 1 +d
ik Il 24wl oy, (5.6)

N
HV (k| (wyr + wd, wya)|) = = Inw +2i |6 +
s

This estimate holds pointwise and in H!(B;") as well. Then we replace (5.6) in (5.5) and it completes
the proof of the theorem. O

Remark 5.2. When the frequency k € D;f \ Z is far from the resonances, the field " behaves in a
very similar way than in the case of one cavity studied in [6]. The asymptotic response is that of two
independent cavities without interaction.
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Remark 5.3. By (5.1), it is clear that ny(y) = —£D,, [Hél)(k|y|)} in the sense of distributions. More-
over, since the Hankel function Hél) has a logarithmic singularity in zero, it follows that the map
= Hél)(k:|y|) belongs to Wli’cp(Qe) for any p € [1,2). Hence, if f is more regular, e.g. f € wir' (Q.),
with p’ = p/(p — 1), with compact support in €., then u. is more regular as well (in particular

ue € HE.(Q)) and ggf is a continuous function. It can be extended by continuity at the origin
by setting

T0)i== [ w2 e

We now derive an asymptotic expansion of the field u close to the resonances kétw, distinguishing
again two regions of the plane: the far and the near fields.

Theorem 5.4. Let let k € D;g be a frequency close to the resonances, then for every y € Q., one has

Lo

fo ot P
u(y) =ue(y) + P Z_’wg) +y p M(Z_/) +U"(k,y), (5.7)
{=0 £,w

where k — U"(k,y) is a holomorphic function in D for every y € Qe, and U*(k,-) € Hy, () for
every k € D;.. Moreover,

iue(0) 1)
Kw(Y) = o) 110 (kelyhw + o, (),
and
_ i Oue 1) (ze1 + wen, S (e1 — ea)) f e
= Dy, [HV (k —2d :
e 0) = T e O S )] = )

or some pr. (y) € HE (Qe) such that wipf — 0 and w3p,, — 0 in H}
Pew loc Pew Prw

loc(Qe); If fUT’ther Yy =
(wy1 + wd, wys) for some y; €T and ya > 0, then

2u.(0)
i+ + wd - |
n&w(wyl wd, wys) Wa/(kg)w nw
2u.(0) Ink, In|(y1 £d,y2) _
— ) ’ +
o/(ke)( et T WA Pl W1 92),

Ky (WY1 £ wd, wys)
_ <Fi('a ylay2)5871(61 - 62» Que (0) (2d o <$62 + xe?asil(el - 62») ’LU2
2mqy o (ke) 0y a0
+ﬁZ’w (ylv y?)a

where T* are defined in (5.8)-(5.9), and ﬁzw € HY(BY) satisfy w’lﬁzw — 0 and w=°p,,, — 0 in
H'(BY).

Proof. From the integral equation (2.7) and the asympotic expansion result close to the resonances
stated in Theorem 4.15, we deduce that expression (5.7) holds with

o= (Gl i )an (et )
e =(( Gl g ) e (S )

From (5.1) and (5.2) together with the asymptotic of A} | we obtain the expected expression for

Lyw?

and

sz(y). Using the asymptotic expansion of Hél)(k|(wy1 + wd, wyz)|) in (5.6) we derive the asymptotic
of nzrw (wy1 £ wd, wys2).
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We now treat ,,(y). By (5.1) and (5.2), one has for every y € Qp,

Ge(w - —wd, 0; ) Y
(Ge(w'+wd,0;y) ) - 2H0 (klyl)(e1 + e2)

+[ = mly)(wer + ze2) + my)d(er — e3)|w
+ {2772(9)65(3061 — zeg) — ma(y) (z?er + 2ez) — na(y)d® (e1 + 62)} w?

+o(w?) in [H'*(I)P?,

(veloime ) = 5] B ) e

[~ T (wer + es) + Tyder — e2)]w

and

+ [2ﬁ2d(x61 — zeg) — ﬁ2(x261 + £C2€2) — ﬁ2d2(61 + eo)|w?

+o(w?) in [HY?(T))%.
Using the symmetric structure of the problem (see Remark 4.7) we infer that

(e1 + 6275;1(@_@)(61 —e2)) =0,
(xeq — xeq, E;l(kzw)(el —e3)) =0,
(x%e1 + 2%eq, L, (g, ) (e1 — €2)) = 0,
hence by (4.25),
Azw(el +e9) = Azw(xel —xzey) = Azw(x%l + z%ey) = 0.

Since .
—1 _ _ O[(ké;w) —1 _
Lo (ki)Ou(kyy, )(er — e2) = — =L, (k) (e1 — e2),
we obtain using again (4.25) that
(e1 + ea, Ae_,w(el —e3)) = (wep — xeq, Ae_,w(el —e3))

= (¢%er + 2%ey, Ay uler—e2) =0,
and
(ex +e2, A (wer +ae2)) = {wer —wen, Ay (wer +xe2))
= (2Pe1 +a’es, A, (zer +wes)) = 0.

Consequently, since A, is of order w (see Theorem 4.15) we have

sz(y) =7, m(y) <—(mel + zes) + d(e1 — e2), AV [ — (ze1 + ze2) + d(e; — 62)] > w? + o(w?)

and we obtain the desired result using the asymptotic expansion of A} in Theorem 4.15 together with
Remark 5.3.
Using now the asymptotic expansion

Ge(wt, 0; wy; + wd, wys) = lnTw + [6 - % L (1 i: — t’yQ)l] + o(w),
and defining
D™ (21,91, 92) = ( E{Ezi :ii’fz)ll, . ) , (5.8)
and
T (@1, 91, 92) = ( EIE; :iivilg)li’y?)' ) (5.9)

we derive the asymptotic of k, , (wy1 + wd, wys).
Finally we argue exactly as in the proof of Theorem 5.1 to get the asymptotics in H} () for the
far field, and in H'(B;) for the near field. (]
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Remark 5.5. Applying the Helmholtz operator A + k2 to “Zw implies, according to Remark 5.3, that

(A+ k2)K’Zw = ¢ wdy,
(A+ kQ)nZw = ¢, w3Dy, b,

in DT (Q.), where cjt are the constants defined by

and

= 20/ (kg) Oxy

_ 1 Oue 0 (Qd— (w62+x62,8_1(61—62)>)2_
o

These equations essentially say that at the frequency k:[w, the spatial singularity sensed in far field is
that of a Dirac mass, which is a macroscopic manifestation of a dipole placed on a metallic plane. On
the other hand, when the other resonance k, , is excited, the spatial singularity is the derivative in
the xp-direction of a Dirac mass; this is exactfy the asymptotic response of a quadripole placed on the
metallic plane.

Moreover, when the frequency k of the incident wave is close to the resonance kj,[w, the term k — kél,[w
scales like fIm(k;tw) since k is purely real. Then by Theorem 4.13 and Remark 4.14, the dipolar and
quadripolar momentum are of order one, and they are respectively given by

+
cfw
Y 9u,(0) + o(1),
L =20 o)
and
¢y w? 4 Ou,

- - 1).
S e O+

Remark 5.6. The asymptotic of the field close to the resonances shows that the field u concentrates
on the top of the cavities as their width w shrinks. Indeed,using Theorems 4.13 and 5.4, we infer that
when £ is close to k:;w, then

K’Zw (wyl + ’LUda wy?) 2Ue (0) 1
== nw
k — ka m

1 1 +
2u,(0) (6+ nﬁkg N n|(y17rd,y2)|) 1),

while if & is close to k[,w, then

mzw(wyl + wd, wys)
k— ké_,w
4 <Fi('5ylay2)58_1(el _62» aue

~ Tw (2dqa — (zeg + zeq, S (e — 62)>) or1 (0) + o1).

In both cases, we can see that the field blows up as w — 0. The concentration pattern scales like In w
close to the resonance k;,,, and like 1/w close to the resonance kj .

Remark 5.7. Thanks to the expressions of the Green functions G, it is possible to prove by similar
arguments than those used in the proof of Theorem 5.4 and Remarks 5.5 and 5.6, that close to the
resonances, the field u is asymptotically very large inside each cavity. Indeed, for every y € C; U Cy,
one has

£ £

N ~
uly) =y TewlV) +y Tewy) +V¥(k,y),

+ —
et k =k, et k—k.,
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where k +— V% (k,y) is a holomorphic function for all y € C; U Cy, and V¥ (k,-) € H(Cy U Cy) for all
ke D;’; . Moreover, the functions ﬁfw admit the following expansion:

2 (0) X (=1)"cos (2= (yo + h
'wa( )= h;j ((k?e)) Z =) ( hin ) +O(wlnw) for every y € Cy U Cy,

2
n=0 k? - (T)
while
_ w (we1 + xea, S~ er — e2)) ) = (—=1)" cos ("—}f(yz + h)) Ou, 9
VoY) = — — —2d 0) + O(w
() he (ko) ( p Eié W () 9z, () + O
if y € Cq, and
, w (ze1 + zea, ST (er — €2)) ) X (—1)"cos (2 (y2 + h)) du, 9
= —2d E 0)+ 0O
r)/@,w(y) ha’(k’e) ( qo— — k? . (n_}ZT)Q 6%1( ) (’LU )

if y € C5. Thus, using again Theorem 4.13, we infer that at a frequency & close to k}w, one has

YW af(y)
k— ka w

(1 + O(w lnw)) for every y € Cy U Cq,

while at a frequency k close to k:é w?

a[(Qy) (1 + O(w)) it ye,

W_@(y) . w
kikeiw_ a, (y .
_ liw(Q)(l—l—O(w)) if ye s,

where ajf (y) are functions defined by

2u,(0) JFZOO (—1)" cos ("h—“(yg + h))

n=0 k7 — (52)

)

and

i@ue © ((zel +ze2, 8 (e — e2)) B 2d>_1 JFZOO (=" COS( T (y2 + h))
2 = 2 :

kjh Oxq 9% o k2 — (2r)

The expressions highlight the symmetric or antisymmetric nature of the modes and the field en-

hancement inside the cavities. This witnesses of the symmetrical and anti-symmetrical modes occurring
respectively at frequencies kjw and k, ., as well as the field amplification inside the sub-wavelength

ag (y) =

cavities. Indeed, when the resonance ka is activated, the field u is oriented in same direction in both
cavities: this is the symmetrical mode. In that case, the amplification factor scales like 1/w which
is coherent with [11]. On the other hand, the field u is oriented in two opposite directions when the
resonance k, , is excited, and the amplification factor, much larger, scales like 1/ w?: this is the anti-
symmetrical ‘mode. Finally, we remark that the field is independent of y; inside the cavities, and that
it increases as ys tends to the top of the cavities. These modes are illustrated in a schematic way in
Figure 2.

APPENDIX

Useful formulae. The following formulae can be found, e.g., in [1].

+oo 2 n . +00 n 2 n
(1) 2i (=z%/4") 2 1) (=2%/4) .
o Hy'(z) = {1 + [ln (2) —l—v}} (712_0 ()2 - ; ,nz::l — i where 7 is
the Euler constant;
= 1 1 7
° ; el + > cot(mr);
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Generalized Rouché theorem. In this section, we review the main results of [9]. Let G and H be
two Banach spaces and let £(G, H) be the set of all bounded operators from G to H. Let U be an open
set in C. Suppose that A(k) is an operator-valued function from U to L£(G,H); ko is a characteristic
value of A(k) if

e A(k) is holomorphic in some neighborhood of kg, except possibly for ko;

e there exists a holomorphic function ¢(k), from a neighborhood of k¢ to G, such that ¢(kg) # 0,

A(k)¢(k) is holomorphic at kg, and A(kg)p(ko) = 0.
The function ¢(k) in the above definition is called a root function of A(k) associated to ko, and ¢(ko)
is called an eigenvector. The closure of the space of eigenvectors corresponding to kg is denoted by
Ker A(ko)
Let ¢9 be an eigenvector corresponding to kg. The rank of ¢g is the largest integer m such that

there exists a complex neighborhood V' (kg) of kg, and two holomorphic functions ¢ : V(ky) — G and
¥ V(ko) — H satisfying

A(k)p(k) = (k — ko)™ (k), ¢(ko) = ¢o and (ko) # 0.

Suppose that n = dim Ker A(kg) < 400 and the ranks of all vectors in Ker A(kg) are finite. A system
of eigenvectors (b% (j =1,...,n) is called a canonical system of eigenvectors of A(ko) if the rank of (b%
is the maximum of the ranks of all eigenvectors in some direct complement in Ker . A(kg) of the linear
space spanned by the vectors ¢}, ... ,¢6_1. Then we define the null multiplicity of the characteristic
value of ko to be the sum of the ranks of ¢3 (j = 1,...,n), which is denoted by N(A(ko)).

Suppose that A~ (k) exists and is holomorphic in some neighborhood of kg, except possibly at this
point itself. Then the number

M(A(ko)) = N(A(ko)) — N (A" (ko))

is called the multiplicity of the characteristic value kq.
Suppose that the Laurent expansion of A(k) at kg is given by

Alk) = > (k= ko) 4;.

j=—s

If the operators A; (j = —s, ..., —1) are finite dimensional, then A(k) is called finitely meromorphic at
ko. If the operator A is a Fredholm one, then A(k) is said to be of Fredholm type at ko.

If A(k) is holomorphic and invertible at kg, then kg is called a regular point of A(k). A point ko is
called a normal point of A(k) if A(k) is finitely meromorphic and of Fredholm type at kg, and if there
exists some neighborhood V (ko) of k¢ in which all the points except kg are regular points of A(k).

Lemma 5.8. Every normal point ko of A(k) is a normal point of A=1(k).
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An operator-valued function A(k) which is finitely meromorphic and of Fredholm type in V (kg) and
continuous on AV (ko) is called normal with respect to OV (ko) provided it is invertible in V' (ko), except
for a finite number of points of V (k) which are normal points of A(k).

Suppose that A(k) is normal with respect to 9V (ko) and let k; (i = 1,...,0) be its characteristic
values and poles lying in V' (kg), we set

[oa

M(A(K), 0V (ko)) := > M(A(k)).
i=1
The generalization of Rouché’s Theorem is stated below:
Theorem 5.9. Let A(k) be an operator-valued function which is normal with respect to OV (ko). If
S(k) is an operator-valued function which is finitely meromorphic in V(ko), continuous at OV (ko) and
satisfying
AT (k)S (k)| cg.0) <1 for k € OV (ko),
then A(k) + S(k) is normal with respect to OV (ko) as well, and

M(A(k), 0V (ko)) = M(A(K) + S(k), OV (ko))-
The generalization of Steinberg’s Theorem is given by

Theorem 5.10. Suppose that A(k) is an operator-valued function which is finitely meromorphic and
of Fredholm type in V (ko). If A(k) is invertible at one point of V(ko), then A(k) has a bounded inverse
for all k € V(kg), except possibly for certain isolated points.

We finally state a generalization of Rouché’s Theorem which is also called generalized argument
principle.

Theorem 5.11. Suppose that the operator-valued function A(k) is normal with respect to OV (ko). Let
f(k) be a scalar function which is holomorphic in V (ko) and continuous in V (ko). Then we have

1 L dAKR) s
_tr/av(ko)f(k)A Qe dk_;M(A(ka)f(k’a)),

2im
where k; (j =1,...,0) are all the poles or characteristic values of A(k) in V (ko).

Here tr denotes the trace of the operator which is the sum of all its nonzero eigenvalues. We mention
the following property of the trace

r /6 o ACIBE) k= i /a o BOAE 0

where A(k) and B(k) are operator-valued functions which are finitely meromorphic in V' (ko), and V (ko)
contains no pole of A(k) and B(k) other than k.

ACKNOWLEDGEMENT

The research of J.-F. Babadjian has been supported by the CNRS, and by the Chair “Mathematical
Modelling and Numerical Simulation, F-EADS Ecole Polytechnique INRIA F-X”.

REFERENCES

[1] M. ABrAMOWITZ & I. A. STEGUN: Handbook on mathematical functions with formulas, graphs and mathematical
tables, National bureau of standards applied mathematics Series 55 (1972).

[2] H. AMMARI, G. Bao & A.W. WoobD: Analysis of the electromagnetic scattering from a cavity, Japan J. Indust.
Math. 19, no2, 2002.

[3] H. AMMARI, H. KANG & H. LEE: Layer potential techniques in spectral analysis, Mathematical Surveys and Mono-
graphs, Volume 153, American Mathematical Society, Providence, 2009.

[4] H. AMMARI AND F. TRIKI: Resonances for microstrip transmission lines, SIAM J. Appl. Math. 64, no. 2, 601-636,
2004.

[5] A. BARBARA, P. QUEMERAIS, E. BUSTARRET & T. LoPEz-RI10s: Electromagnetic optical transmission through sub-
wavelength metallic gratings, Phys. Rev. B 66 (2002) 161403.

[6] E. BONNETIER & F. TRIKI: Asymptotic of the Green function for the diffraction by a perfectly conducting plane
perturbed by a sub-wavelength rectangular cavity, to appear in Math. Meth. in the Appl. Sci. (2010).



32 JEAN-FRANCOIS BABADJIAN, ERIC BONNETIER, AND FAOUZI TRIKI

[7] G. B. FOLLAND: Introduction to partial differential equations, Princeton University Press, Second edition (1995).
[8] A. DEGIRON AND T.W. EBBESEN: The role of localized surface plsasmon modes in the enhanced transmission of
periodic subwavelength apertures, J. Opt. A: Pure Appl. Opt. 7, S90-S96, 2005.
[9] I. C. GOHBERG & E. I. SIGAL: An operator generalization of the logarithmic residue theorem and Rouché’s theorem,
Math. USSR-Sb. 13 (1971), 603-625.
[10] T. KATO, Perturbation Theory for Linear Operators. Springer Verlag, New York, 1966.
[11] J. LE PERCHEC, P. QUEMERAIS, A. BARBARA & T. LOPEz-Rios: Controlling strong electromagnetic fields at a
sub-wavelength scale, Phys. Rev. Lett. 97 (2006), 036405.
[12] P. QUEMERAIS, A. BARBARA, J. LE PERCHEC & T. LopPez-Rios: Efficient excitation of cavity resonances of sub-
wavelength metallic gratings, J. appl. Phys. 97 (2005) 053507.
[13] W. MCLEAN: Strongly elliptic systems and boundary integral equations, Cambridge University Press (2000).
[14] W. RUDIN: Real and complex analysis, Mc Graw-Hill International Editions, 3rd edition.
[15] M. E. TAYLOR: Pseudodifferential operators, Princeton University Press (1991).

(J.-F. Babadjian) CMAP, ECOLE POLYTECHNIQUE, 91128 PALAISEAU CEDEX, FRANCE
E-mail address: babadjian@cmap.polytechnique.fr

(E. Bonnetier, F. Triki) LABORATOIRE JEAN KUNTZMANN, UNIVERSITE JOSEPH FOURIER, BP 53, 38041 GRENOBLE
CEDEX 9, FRANCE

E-mail address: eric.bonnetier@imag.fr

E-mail address: faouzi.triki@imag.fr



