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ENHANCED RESOLUTION IN STRUCTURED MEDIA*

HABIB AMMARIf, ERIC BONNETIER!, AND YVES CAPDEBOSCQ}

Abstract. The aim of this paper is to prove that we can achieve a resolution enhancement in
detecting a target inclusion if it is surrounded by an appropriate structured medium. The physical
notions of resolution and focal spot are revisited. Indeed, the resolution enhancement is estimated
in terms of the material parameters of the structured medium.
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1. Introduction. In this paper, we consider the problem of imaging a target
inclusion in a structured medium. We rigorously prove that the structured medium
can improve the resolution in imaging the target from far-field measurements. Indeed,
we precisely quantify the resolution enhancement in terms of the material parameters
and the geometry of the structured medium.

Our mathematical analysis connects to a series of experiments recently performed
by Lerosey et al. [25]. These experiments show the response to electromagnetic ex-
citations with wavelength A\ of a row of stick antennas placed on a metallic plane.
The spacing between the antennas is A/30. The group of antennas is surrounded by
a network of thin conducting rods, which occupies a bounded region in space. The
spacing between these thin scatterers is of the order of A/100.

As one of the antennas radiates at frequency w, the signal is recorded by an array
of transducers, far from the region occupied by the antennas and the scatterers (at
a distance of about 10)\). The signal is then time reversed and re-emitted by the
transducers.

Were the scatterers not present, one would observe a refocalization of the time-
reversed signal with a focal spot of size roughly A/2, and thus one would not be able
to distinguish which antenna was the original point of emission. In the presence of
the scatterers, however, the results reported in [25] show that the time-reversed signal
sharply refocuses on the originating antenna; i.e., one is able to distinguish between
objects which are only A/30 apart. In the authors’ words, superresolution beyond the
diffraction limit takes place.

Instead of trying to identify sources as in [25], we consider the problem of imaging
a small target inclusion. In section 2, we define the resolution in mathematical terms
by analyzing the response operator, which describes how the target affects the far-
field.
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It is worth emphasizing that the notion of resolution is independent of the imaging
functional or reconstruction procedure used to detect the target. The analysis of
the response operator shows that, at leading order in terms of the target size, it
is a projection on a particular eigenspace. Reconstruction methods such as time-
reversal, back-propagation, and multiple signal classification (MUSIC) are known to
be particularly efficient in that case [20, 16, 33, 17, 28, 3]. We only briefly mention
this question in this paper, as we focus on the notion of resolution only.

To formulate the problem mathematically, we consider the Helmholtz equation in
a bounded domain O in R? as a model for the propagation of electromagnetic waves
in a three-dimensional medium which is translation invariant in one direction (say the
x3 direction). In the transverse magnetic (TM) polarization, the Helmholtz equation
describes the x3 component of the magnetic field and has the form

V - (a(z)Vu(z)) + w?p(z)u(z) =0 in O,

where w = 5F denotes the frequency and the coefficients of the PDE

1
() = S Fiet)/w
are related to the local material parameters e(z), o(z), and p(z), which denote
the electric permittivity, the conductivity, and the magnetic permittivity, respec-
tively. Throughout the paper, we assume that the background medium (the reference
medium) has constant dielectric parameters €g > 0, g = 0, po > 0.

Our target is a smooth dielectric inclusion Dy, such that |[Ds| — 0 as 6 — 0,
centered at 0, with material parameters ep > 0, op =0, up > 0.

We fix a bounded region 2, with B(0,1) C Q C O, that contains the scatterers
as well as the dielectric inclusion, Ds € Q C O.

To define the scatterers, let B be a fixed open connected domain, with smooth
boundary (say at least C'®, a > 0) and diameter smaller than 1. Let xs5,; = 07, with
j € Z?, and let S5 denote the set of indices j such that B + x5 ; C Q. For j € S5, we
set

Bsj = 6B +x5; = {x € Q such that (z — x;)0~ " € B};

see Figure 1.1. For simplicity, we assume that B is unchanged by a rotation of 7/2.
We assume that the scatterers are conducting inclusions, i.e., that their dielectric
constants are

s >0, e4>0, o052>0.

We can view Ds as a defect in a periodic network of conducting inclusions within
the region ), which is of size 1. We compare this medium to an ideal, defect-free
medium. The ideal medium’s material parameters are

1 .
(1.1) (as(x), pus(x)) = (mﬁ%) mn U Bs j,

JESs
Gl otherwise.

As for the true (defective) medium, its material parameters are

(ep' 1) in Dj,

1 . —

(1.2) (asa@),psa(@) =\ |\ Tem te) jg Bs,;\ Ds,
)

Gl otherwise.
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Fic. 1.1. Sketch of the scatterers on a periodic grid together with the target inclusion.

Assuming that a magnetic field ¢ is imposed on 90, the magnetic field us 4 solves

(1.3) V- (a5.a(2)Vus.a(z)) + wpsa(r)usa(z) =0 in O,
(1.4) Us,d =& on 00.

We show in section 5 that the solutions us to the Helmholtz equation in the
defect-free medium are uniformly bounded and converge as § tends to zero to the
solution u, of the homogenized equation

(1.5) V - (As(2) Ve (7)) + w?pts (2)us(2) = 0 in O,
(1.6) U = ¢ on 00.

The homogenized coefficients A, and p. are given by (3.5) and (3.4). We note that
because of the symmetry property of B (invariance under 7/2-rotation), the homog-
enized tensor A, is isotropic.

We proceed to derive an asymptotic formula for the difference response operator
(the difference of Dirichlet-to-Neumann operators on 00):

r: HY2(00) — H~Y2(90),

0
-1
—eg =— (usa—u
Prreq o (usa— us) "
As this operator can be recovered by polarization, we limit ourselves to the study of
the quadratic form

R: HY2(80) = R,

oo [ a5 2 usa— us) (5)0(s)ds.
20 n

Formulae for the trace of the difference us 4 — us have been used in the context
of imaging by various authors [6, 15, 34, 14] (see in particular the books [4, 5]) as
a means to detect inclusions of small volume from boundary measurements, in a
known background reference medium. In this asymptotic, each inclusion contributes
a term which is proportional to the gradient of the Green function of the reference
medium (see section 2). In our situation, the size of the target inclusion is comparable
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to the scale of oscillations of the background medium, as in [10], where a three-
dimensional conduction equation is studied. In this case, the asymptotics involve the
Green function of the homogenized medium.

We show that, asymptotically, the response operator is given by

(1.7) R(¢)= | M.Vu,- Vu*d;v+w2/ s 2dz + o (|Ds))
Ds Ds

where M, and p, are constant polarization terms that depend on the contrast in
material constants, on the geometry of the inclusion, and on the geometry of the
arrangement of scatterers, and where o (|Ds[) / |Ds| — 0 uniformly for ||@| ;1/2(50) <
1. The effective magnetic field u, that appears in this formula is the solution to
(1.5)—(1.6). Thus, the response from the medium perturbed by the scatterers is that
of an effective medium. This is the main result of this paper. Its proof is given in
section 3.

This result should be compared to the usual polarization result in a homogeneous
medium [4, 34], where, asymptotically, the response takes the form

R(¢) = MVUO-Vuoda:+w2/ puddr +o(|Dsl).
Ds Ds

Here, ug is the background field. As shown in section 2, the resolution in this case is
proportional to k= = (g0p0) /2. In the case of a real medium containing periodically
distributed small scatterers, the resolution is proportional to k2! = (e,/,) /2 if the
effective medium is isotropic. A proper choice for dielectric properties of the scatterers
may thus guarantee that k7! < k~! and the resolution is enhanced. The magnitude
of this enhancement depends on the dielectric properties of the scatterers and on
their distribution. How to maximize the resolution with appropriate choice of these
parameters is the subject of a forthcoming work. Our result also applies to conducting
scatterers: in that case, there is a trade-off between the resolution enhancement and
the losses due to the energy dissipated in the medium. The size of the area where
periodic scatterers are placed is thus also relevant. In a forthcoming work we also
investigate how this size can be taken into account in the scatterers’ parameter choices
and we perform numerical experiments.

The paper is structured as follows. In section 2, we propose a definition for the
notion of resolution when trying to detect an inclusion from far-field measurements.
In the simple case of a real homogeneous medium, we highlight the dependence of the
focal spot on the material properties of the background medium.

In section 3, we state our main result, namely, formula (1.7), for the leading order
term in the response operator, when the target inclusion is surrounded by a set of
periodically distributed, possibly complex, scatterers.

This formula is established on the basis of several intermediate results, which are
proved in the following sections: section 5 addresses the question of uniform well-
posedness with respect to the period & of the scatterers. In section 6, we establish
precise error estimates for the homogenization of (1.3). These results rely on fine
regularity estimates in media with piecewise Holder coefficients [26]. The next section
establishes error estimates between the perturbed and unperturbed fields us 4 and us.
In section 8 we derive an asymptotic formula for usq — us. Finally, symmetry and
positivity properties of the polarization tensor M, are established in section 9.

2. Resolution in a real homogeneous background medium. This section
is to introduce the notion of resolution. We consider the two-dimensional case. Similar
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results hold in three dimensions. In the context of anomaly detection, that is, a passive
medium case, we consider the response operator on the boundary of a ball By =
B(0,1), that is, the unit circle S;. Assuming that the background is homogeneous
and that the inclusion is a small ball or constant permeability and permittivity, Bs =
B(0,9), we remind the reader of the result of the explicit computation of the response
operator.

We consider two functions ¢, € L?(S1). The response operator is given by

M1 — Mo

(2.1) R(p,v) = MpVug - Vuydy + w? / uguydy + o(r?).

35 B6

Here Mp is a scalar constant. The function ug (resp., uy) satisfies

(22) V(g 'Vug) + w?poug = 0 in By,
' uy = ¢ (resp., ) on Si.

Writing ¢ and ¢ in an appropriate basis of L?(S7), we can compute u, and uy, using
separation of variables.

Using polar coordinates, we decompose ¢ and 1 in the basis of trigonometric
functions:

1
=ap+ Z an = cos (n) + sin(nd),
n>1 ﬁ
=+ Z ozn = Cos (n0) + B, —= sin(nd),

n>1 \/E

with Y7 ((a2 +b2) and Y oo (a2 + B2) < co. Set by = By = 0. An elementary
computation shows that

Jn kr 1 1 .
Uy = Z Jn((k)) (anﬁ cos(nf) + bnﬁ sm(n@)) ’

_ Jn (kr) 1 1
Uy = Z T (R (anﬁ cos(nf) + ﬁnﬁ sm(n9)> ,

n>0

where J, is the nth Bessel function of the first kind and k& = w./egug.
Replacing these formulae in the response operator, we obtain that

R(6,9) = 3 (anin + buBn) B + 0(62),

n>0

1 5k _
+ / 1~ Ho (Jn(r))2 rdr) .
Ho€o Jo Ho

It is well known (see, for instance, [1, Formula 9.5.10]) that, for all 0 < r <1 and
all m > 0,

(2.3) Jm (r)y <Cr™ and  |J,(r)] < Cr™T



ENHANCED RESOLUTION IN STRUCTURED MEDIA 1433

where the constant C' is independent of r and m. Consequently, for all n > 2,
|Ra| < 0(8°).
Considering the actual formulae for n = 0 and n = 1, we find that
Ry =CiMgé>+o (52) and Ry = 00%52 + 0 (52) ,
where Cy(1) are constants independent of § and are given by

w?

| Jo (k)

]€2
- 0=

1
Cl = = )
417k

N | =

We have recovered the classical result that, at first order in the size of the in-
clusion, the response has a finite-dimensional range. We can identify a permittivity
response, corresponding to the terms where Mp appears, and a permeability response,
corresponding to the terms where o — p1 appears.

Note that the response operator R as defined in (2.1) is a function of ¢ and ¢ by
means of ug and uy, solutions to (2.2). Thus, with a small abuse of notation, we now
write

R(ug, uy) = R(¢, ).
We have shown that R(ug4,-) is given at first order by
R(U¢, ) = 5QCO<JO(kT'), >

Here, the constant cg is a function of ¢ independent of 4, and (-, -) denotes the scalar
product on L2(By).

Similarly, for the permittivity response, we have shown that R(ug,-) is given at
first order by

R(ug,-) = 6%c1(J1(kr)e”, ),

where the constant ¢; is a function of ¢ and independent of §.

The Bessel function Jy (resp., J1) has one (resp., two) large central lobe and decays
rapidly afterwards. We may therefore define the permittivity (resp., permeability)
resolution as the size of the inverse image of the first lobe of Jy (resp., J1). The above
expressions show that both permittivity and permeability resolutions are proportional
to the wavelength k=1. This is the Rayleigh resolution limit (see [3, sect. 8.3.2]
and [25]).

In particular, we note that the resolution depends only on the dielectric properties
of the medium surrounding the target (i.e., on k). The parameters of the inclusion §,
w1, and €1 modify its amplitude by a factor but leave its support unchanged.

This is the key observation. If the background solution uy were replaced by the
effective solution w, corresponding to €, and p., this would modify the size of the first
lobe, that is, the resolution, by changing k = w,/€ofio to ks = w,/Exftx. Increasing
the effective permeability or the effective permittivity around the target, as in the
experiment reported in [25], therefore increases the resolution. We refer the reader to
[23, 24, 13] for additional references in connection to this question.

Note that the resolution defined above does not depend on the method used to
solve the inverse problem itself. Alternatively, one can observe that the response
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operator is a projection on the lower eigenmodes of the background problem. Re-
construction methods such as time-reversal, back-propagation, and MUSIC [20, 16,
33, 17, 28, 3] take advantage of that fact very efficiently. This is not, however, the
purpose of this work, which focuses on resolution enhancement.

3. Main result. Throughout the text we use the following notation: {2 denotes a
bounded domain strictly contained in a smooth bounded domain O C R2. We assume
that the closed unit ball B(0,1) lies strictly within Q. The norm of the Sobolev space
WmP(X) is denoted by || - ||m,p,x for a bounded domain X. Similarly, the norm of
Wm™P(0X) is denoted by || - ||m.p,ox-

We set Y = [0, 1]2. The space H;& (Y) is the subspace of functions in H'(Y’) which
are Y-periodic. The rescaled scatterer B € Y is a fixed open connected domain, with
a smooth boundary: we assume that OB is at least C1'® for some a > 0. For simplicity,
we assume that B is symmetric with respect to a rotation by 7/2.

We suppose that the inclusion Dy is located well within Q; that is, D5 C B(0,1).
For ease of notation, we will use here as before the convention that B, := B(0,r).

For u € H'(0), we set

Lsu(z) = V - (as(2)Vu(r)) + w?ps(z)u(z),
Ls.qu(z) =V - (as q(z)Vu(z)) + w2u5,d(x)u(x)

for the reference and the perturbed media, where as and as 4 are given by (1.1) and
(1.2), respectively. It is convenient to introduce the periodic functions a and p given

by
( ! ) forye B
Y Ms Ty )
(3.1) (a(y), u(y)) = €s +i0s/w
(5617M0) fOI'yEY\B,
so that

(as @), ps(@)) = xa(@) (a (5 ) 1 (5)) + (1 = xa@)) (657, o)
Given ¢ € L(90), us and us 4 are the solutions in H'(O) to

(3.2) Ls(us) =0in O, wus = ¢ on 90,
(3.3) Ls.a(us,q) =0in O, wusq= ¢ on 0.

The associated homogenized operator is L., given by
Lo =V - (Au(2)Vu(a)) + w?p.(z)u(z),

where p, is the effective permeability

/ uly) for x e Q,
Y j—
Lo for x € O\ Q.

(3.4) pe () =

The matrix of homogenized coefficients A, is defined by

a(y) (i + Oxi(y))(y)dy for x € Q, 1 <i,j <2,
(3.5) (Av)ij(z) = /Y r _
€0 0ij forz € O\ Q,
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in terms of the vector of corrector functions y, the components of which solve the cell
problems

(3.6) { Ve (a)Vix;y) +y) =0 Y,

Xj € Hy(Y).

It is convenient to also introduce the corrector matrix P := (J;; + gTX;)lgi,jgg.

Note that, because of the symmetry of B, it is easy to see that A, is isotropic.
The Bergman—Milton bounds (see, e.g., [30]) for composites with complex parameters
ensure in this case that the homogenized problem is indeed elliptic.

Throughout the paper, we assume that

w? is not an eigenvalue of the eigenvalue problem

(3.7) ~V - (AVo) = \ev in O, v € Hy(O).

Under this assumption, problems (3.2) and (3.3) are both well-posed for § small
enough. It is an easy consequence of the following proposition, which is proved in
section 5.

PROPOSITION 3.1. Assume that (3.7) is satisfied. There exists 69 > 0 such that,
for all 0 < § < &g and for all F in H=1(O), each of the problems

(3.8) L[;,d(vg)d) =F and L[;(’U(;) =F
has a unique solution vs 4 € H}(O) and vs € H}(O), respectively. Furthermore,

(3.9) [0s,ally 2,0 + 151l 2.0 < CIFI 1 50

where the constant C' is independent of Ds and 0.
We can therefore introduce the difference response operator

r: HY2(90) — H~Y%(90),

0
¢ — et = (uts)d — U§)
O an 90

It is well known that r is uniquely determined by the quadratic form
(3.10) R: HY2(80) = R,
4 0
o= | & 13— (us,a — us) (s)@(s)ds.
20 n

We can now state our main result.

THEOREM 3.2. Assume that the scatterers lie on a periodic uniform grid of size
d, where § tends to zero with |Ds|. Then, the bilinear response form R given by (3.10)
has the following asymptotic form:

Ro)= [ M.Vu.(@) Vu.(2)dz +w2/ jeu(2)dz + o (|Ds)) |
Ds Ds

where u, denotes the solution to the homogenized problem

ou
3.11 Lou,=0 in0O, el=—"=
(3.11) u in €0 5,

¢ on 00.
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The constant matrix M, is symmetric and independent of ¢, w, pu1, and pg. The
constant . is given by p, == ﬁ fDé (ts,d — pd)-

REMARK 3.3. Note that the result holds when the scale  of the microstructure
is comparable to the scale of the inclusion Dg. It also holds when it is smaller, i.e.,
0K |D,5|1/2. This is to be expected, since when there is a separation of scales, the
theory of homogenization is known to apply. It is worth mentioning that § can also
be larger, e.g., § = |Ds|™ with 0 < a < 1/2. As highlighted in section 2, the exact
formulae of M, and . are not of great interest as far as the enhancement of resolution
is concerned. What really matters is the fact that they are (nonzero) constants. We
also remark that if M, is anisotropic, then the first eigenmodes of the response operator
do not have radial symmetry and therefore the resolution depends on the direction of
the background field.

4. Proof of Theorem 3.2. The proof of Theorem 3.2 uses four main ingredi-
ents, which we list below and which are proved in sections 6-8.

o The smoothness of u, inside . Since A, and p, are constant in €2, u, is smooth
in By: for some constant C' > 0 and for any k > 0, |[u||cr(p,) < Cl[¢l]1/2,2,00; see,
e.g., [19, p. 314].

e Pointwise uniform estimates on us — Usx.

THEOREM 4.1. Let § < dg, where dg is given by Proposition 3.1. The solutions
us and u, to (3.2) and to (3.11) satisfy

(4.1) |[us — usllo,00,05, < 0(1)[|9]]1/2,2,00,
[[Vus — PsVusllo,00,0; < o(1) ||¢||1/2,2,ao,

where the term o(1) tends to 0 as 6 — 0 and where Ps := I + V,x(-/6) satisfies

1Psll0,00,0, < C

for a constant C' > 0 independent of § and ¢.

The proof of this homogenization result is given in section 6. In particular, we
note that it implies a uniform W1*°(Ds)-bound for us with respect to §. This, in
turn, allows the derivation of asymptotic estimates for the difference usq — us, as
proved in [14].

e A convergence estimate for Us,d — Us-

LEMMA 4.2. Let 6 < 6o, where &g is given by Proposition 3.1. Let us and usq be
solutions to (3.2) and (3.3), respectively. There exists a constant C > 0, independent
of 8, such that

(4.2) s, — usl1,2,0 < C [Ds|"? ||us]|1,00,D5-

Further, there exists 0 < n < 1/2, which depends only on the dielectric constants
€0,Es,Ew, on k and on O, such that

(4.3) \lus.a — usllo2,0 < C [Ds|**7 [[us||1,00,D5 -

This lemma is proved in section 7.

o An asymptotic representation formula for V (usq — us), proved in section 8.

THEOREM 4.3. Let us and us,q be solutions to (3.2) and (3.3), respectively. Then
up to a subsequence, there exists a 2 x 2 matrix Pyy, independent of ¢, such that for
any w € C?(By)

/ (45,0 — as) PIV (ug,a — ug) - Vudz = | PaVus - Vude + o D) [0]esgpyy
Ds Ds
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where o (|Ds|) / |Ds| converges to zero uniformly for ||¢|l1/2.2.00 < 1.
Proof of Theorem 3.2. A straightforward integration by parts shows that

(4.4) R(¢) = / (as,a — as) Vus,q - Vusdr — wQ/ (ts,a — ps) us qusde,
Ds Ds
which we rewrite in the form
RO) = [ (asa=a5) (V) - (B do = [ (s i)l
Ds Ds
+/ (als)d - a(s) (‘5(;,31 — é‘d) \V4 (Uzi,d - U5) . (PgVU*) dx + rg,
Ds
with r5 = / (al;,d - a(s) [V’u(s -Vus — (P(;Vu*) . (P[;Vu*)] dx
Ds
— wQ/ (s,a — ps) ((ug,d — ug) us +ui — uz) dx
Ds
+/ (als)d — a(s) \V4 (u&d — U5) . (ngu* — VU5) dzx.
Ds

Using the uniform W1 >-estimates (4.1) for the differences of u, and us and using
(4.2) and (4.3) for the differences of us 4 and us shows that
(4.5)

rsl < € (o(1)IDs] + w2 (1Ds]/**7 [Ds|'"? + o(1)] D51 ) + 0(1)|Ds]) 116113.2.00-
so that |rs| = o (|Dsl), uniformly for ||@][;/2,2,00 < 1. Thus, we obtain
R(¢) = / (as,q — as) P‘STP(;VUM< - Vusdx — w2/ (ts,a — ) dex
D(s D6
—|—/ (as.a — as) PYV (usq — us) - Vusdr + o (| Ds)) .
Ds

Replacing the first two terms by their averages over Ds and using Theorem 4.3
for the last term yields

R(¢) = Mp;Vu, -Vu*dx—wZ/ psu?dx 4 o (|Dsl),
Ds Ds
with
(4.6) Mp = |D5|_1 / (ag,d —as) P,;TP,sdx + Py
Ds
and

pe =107 [ (s )
Ds

Replacing Mp by its limit, we arrive at

M, = lim o |D,5|_1 / (a,;)d —as) P,;TP(sdx + Py,
Ds

|Ds|—

which concludes the proof of the theorem. For the properties of M,, we refer the
reader to section 9. o
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5. Well-posedness. Proof of Proposition 3.1. Let us start by checking that
Proposition 3.1 does show that problems (3.2) and (3.3) are indeed well-posed. Let
1) be the canonical lift of the boundary condition, i.e., a function such that

AYp=0in O, ¥ = ¢ on 90,
which satisfies by definition
4]

It follows that vs := us — ¥ € H}(O) and vs 4 := us.q — ¥ € H(O) solve

1,2,0 — ||¢||1/2,27o-

Ls(vs) =Fs and Lsq(vs,a) = Fs,q
with
Fs=—-Ls(v) € H_l(O) and Fs5q=—Lsq(¢) € H_l(O).

Therefore, Proposition 3.1 ensures well-posedness for 0 < § < dg. Note that this result
is well known; see, e.g., [22] for a fixed § provided that w? is not in the spectrum of
L5 or L57d.

We recall that a family (77,),>1 of bounded linear operators from a Banach space
B into itself is called collectively compact if the set {T,(u), n > 1, |Ju||p < 1} is
precompact. Collectively compact sequences of operators satisfy the following prop-
erty [7].

PROPOSITION 5.1. Let (Ty,)n>1 be a collectively compact family of bounded linear
operators from a Banach space B into itself, which converge pointwise to an operator
T € L(B), and let A € C. Then the following statements are equivalent:

1. (A\=T) is an isomorphism.
2. There exists N such that, forn > N, the operator (\—T,,) is an isomorphism,
and the operators (A —T,,) are uniformly norm bounded for n > N.
Let s = w? max(us) + 1. We define As : H} () — H~1(Q) by

Asv = —Lsv + sv.

Since
Re({Asv,v) :/Re(a5)|VU|2+/(s—w2u)|v|2
o o
>a [ Vo + ol
o

the operator As is coercive, and the Lax—Milgram theorem shows that Aj is invertible
and that there exists a constant C' > 0, independent of § such that

{ sl zeap, -1y < C,

5.1 _
(5.1) 185 -1 ) < C.

Denoting by I the injection from H}(O) into L?(O), we see that a solution vs to (5.1)
also satisfies

(5.2) (I —sTs)vs = A'F,
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where we view Ts := sA; ' as an operator from L2(O) into itself.

LEMMA 5.2. Let 6, be a sequence such that 6, — 0. The sequence of operators
(Ts, )n>0 is collectively compact and converges pointwise to the operator T = sA; 1 :
L*(0) — L*(0), where A, : H(O) — H=1(O) is the homogenized operator

A.=—L,+sl.

Proof. To show the pointwise convergence, let F' € L?*(O) and let vs, € Hg(O)
denote the solution to

~V - (as, Vs, ) + (s — pw?)vs, = F.

The compactness theorem of homogenization [32] shows that vs, converges weakly in
H}(O) to v, € HE(O), the solution to the homogenized equation

—V - (AVuy) + (s — wp?)v, = F.

In other words, Aj'F — A;'F in Hj(O), so that Ts, F — TF strongly in L*(O).

Since A, is coercive and since the injection H}(O) — L?(O) is compact, one
easily checks that T, and T are compact operators.

Finally, to verify collective compactness, consider a sequence (T, Fj);>1 with
||Fj]]0.2,0 < 1. Since the injection L?(0) C H~!(0) is compact, we can assume that
a subsequence (still denoted F}) converges strongly in H~!(O) to some function F'.

Assume first that n; — co. Applying again the compactness theorem of homog-
enization shows that

A VIF; — A'F
nj

weakly in H{(O). It follows that a subsequence of (T,;nj Fj) = (sAé_nlA IF}) converges
(strongly) in L?(0).

If, on the other hand, n; does not converge to co, then there must be a value n’
of the indices that is repeated infinitely often. In this case, the compactness of the
operator Aé_nl,l shows that a subsequence of (T(;nj F})j ) ny=ns is convergent. O

LeEMMA 5.3. The operator I — T is invertible.

Proof. Since the matrix A in (3.5) is elliptic, A, : H}(Q) — H~1(Q) is invertible.
Furthermore, since

sHI=T)=(s"'+ A7) = s AN (L),

the assumption (3.7) shows that I — T is an isomorphism of L?(Q). O

Proof of Proposition 3.1. We infer from Lemmas 5.2 and 5.3 and Proposition 5.1
that there exist do > 0 and C > 0 such that for 0 < § < &g the operators I — Ty are
invertible and for any f € L?(O)

(5.3) (I =T5)" flloz.0 < ClIfllo,2.0-

It follows that, for § < dy and for F' € H~1(O), there exists a unique ws € L?(O)
such that

(I — T[sw(s) = ws + SAé_ll’w[s = Aé_lF.
From (5.3) and (5.1), we see that
(5.4) [lwsllo.2,0 < ClIAF Flloz0 < ClIF]|-12,0-
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Rewriting the above equation in the form
Asws = F + sws
shows that ws in fact lies in H}(O) and the estimates in (5.1) and (5.4) yield

lwsl[1,2,0 < CIF||l-12,0-

To complete the proof of Proposition 3.1, we can apply the same argument to (3.3).
For s > max(w?usq) + 1, we can define

A57du = —L57du + su.

The assumptions we made on the dielectric coefficients guarantee that Aj 4 is uni-
formly elliptic, and we can proceed as above. We need only check that As, also
homogenizes to A.. This follows from the fact that two sequences of second order
elliptic operators have the same H-limits (i.e., limits in the sense of homogenization)
provided that the difference of their coefficients tends to 0 in L!(Q); see [31, 18]. This
is clearly the case here, since

/ |a5,d—a5| = O(|Ds)). 0
Q

6. Homogenization and estimates on us — u.. The goal of this section is
to prove Theorem 4.1. Our analysis is based on the pointwise regularity results for
solutions to second order elliptic equations with periodic coefficients. Results of this
nature were first obtained by Avellaneda and Lin [9] (see also [8]) in the case of
smooth coefficients, precisely, under the assumption that the coefficients are C%# for
some 3 > 0. These results were generalized by Li and Nirenberg with the help of a
regularity theorem for elliptic equations and strongly elliptic systems with “piecewise
Holder coefficients” [26] (see also [27]).

We give a version of this regularity result adapted to our context. Recall that
B C Y has a C boundary and that dist(B,9Y) > 0. Let 0 < A < A, 0 < f3.
Let A(\, A, B, ) denote the set of Y-periodic functions a which are C°# in B and in
Y \ B, and such that 0 < A < Re(a(z)) < AinY.

THEOREM 6.1 (see [26, Theorem 0.1)). Assume that 8 < 3y and that a €
AMNA, B, a). Let f e L™®(Y), with fyf = 0, and let h be a periodic function such
that h € C*P(BYuC®?(Y \ B). Letu € H#(Y) denote the solution to

=V (a(y)Vuly)) = f+ V- (h),

with [, uw=0. Then

[ullers sy + llullersnmy < C (Ifllo,coy + IRllcrs sy + IBllers v\ 5)) -

Li and Nirenberg realized that this result could be used to generalize Avellaneda
and Lin’s results to the case of systems with piecewise Holder coefficients, and they
obtained uniform W1*-estimates on us. To prove error estimates, we need a slightly
modified version of their result, which was proved in [10].

THEOREM 6.2 (see [10, Theorem 3.4]). Assume that f < 52— and that a €

2(a+1)
AMNA, B, a).
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Let b denote a Y -periodic function which is C®% in B and in Y \ B, and define
bs(z) = b(x/d). Let F € L>(By), h € C%P(B1)?, and let ws solve

—V - (a(x/d) Vws) = F + 0V - (bsh) in By.
Then

lwsllcow (B, ,2) + [IVWsllo,00,8,/, < C (llwsllo2,B, + |[Fllo,00,B: + |[Bllco(sy))

where the constant C' is independent of §, w, F', and h.

REMARK 6.3. This result extends to the Helmholtz equation. Indeed, let vs denote
a solution to —Lsvs = F 4+ 6V - (bsh) in By, under the assumptions of Theorem 6.2.
Since this equation rewrites

—V - (a(x/8) Vvs) = F + 6V - (bsh)  in By,

with F = F+ psw?vs € L*(By), the de Giorgi-Nash theorem [21, Theorem 8.24] shows
that vs € L>(Bs4) with

[105]]0.00.83/4 < C (I1Fll0.2.8, + l[vsllo.2.8 + 8l|hllcow(s))

where C depends only on the ellipticity constants of as and on ||bs||e and thus is
independent of §. Consequently, F' € L*>(Bs,4) and one can apply Theorem 6.2 (in
B4 instead) to obtain

usllcon(By ) + 11VWsll0,00,8,,2 < C ([Usllo,00,B5/4 + [1Fll0,00,85/4 + [1Bllcon(sy)) -

REMARK 6.4. Theorem 6.2 is based on scaling invariance properties of solu-
tions of an elliptic PDE with periodic coefficients. A careful examination of its proof
(see [10]) shows that it also holds when the right-hand side has the form

F+6V - (bishis + b2 shas),

where the functions b; are Y -periodic and piecewise C%® and h; € Co’ﬁ(Bl) as in the
statement of Theorem 6.2.

We summarize these remarks in the following corrollary.

COROLLARY 6.5. Under the hypothesis of Theorem 6.2, let ws solve

—Lsws = F + 6V - (b(sh) in Bj.
Then

lwsllcon (B, ,2) + [IVWsllo,00,8,,, < C (llwsllo2,B, + |[Fllo,00,B, + |IBllcon(s,)) ,

where the constant C' is independent of 6.

As a consequence of Corollary 6.5, one can obtain the following interior W °°-
estimates on us — u, (see also [10, Theorem 3.6]).

THEOREM 6.6. Let F € C*°(By), and let vs and v. satisfy, respectively,

Lsvs = F, L., =F n By.

(6 1) ||U§ - U*||0,OOaB1/2 <C (||U§ - U*||0,2,B1 + 5)7
' | <

|Vv,5 - PJV’U*”O,OOaBUz ¢ (||U§ - U*||0,2,B1 + 5) )
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where the constant C' depends on F' but is independent of 0.
Proof. We first note that since F' € C*°(By), the function v, is smooth inside 2,
and thus

||D*0,[0.00.8, < C(F)  fork <3.

For 1 <i,j <2, let ¢;; denote the H;&(Y) solution to

V- (1 (y) Vi (9) = Bis(y) — /Y By(y)dy Y,

(6.2) / "

with B;;j(y) = a(y)(di; + 0ix;) + V - (a(y)e; ® e;x). The vectors eq,e2 denote the
canonical basis vectors in R?, and y is given by (3.6). Further, let 7 be the H# Y)
solution to

{ V- (a(y)V7(y)) = ps(y) —pe  nY,
(6.3)

/Yr(y) dy = 0.

It follows from Theorem 6.1 that x € C#(B) U C#(Y \ B) for some 0 < 3 < 1, so
that invoking Theorem 6.1 again, we see that ¢;; € C1#(Ds)UCH?(Y \ Ds). Similarly,
7€ CYA(Ds)uCHB(Y \ Ds). Let

(6.4) 25 = Vs — (v* + dxi (%) gzz + 52¢1’j (%) %;;j + 67 (%) v*) )

Denoting xs = x(z/0), ¢s = (¢i;(x/0)), and 75 = 7(x/J), we compute

-V - (a5Vzs) — w2 s 2s

=V - (as(I — A)V,) + w? (s — s
+V- (agv [5X5Vv* + 52¢5 : V30, + 52751)*])
+wps (5X5VU* +6%¢5 : V30, + 52751)*)

1
= gvy Ja(I 4+ Vyx) — Al - Vo, + V- (aVyT)vs + w? (115 — ) vs
+la(l + Vyx) — A+ Vy(ax) + Vy(aVy9)] : Vo,
+6 (asxs V30, 4+ a5V oV30, + asVyT - Vo,)
+5%V - (%%VBU* + CL[;T[;VU*) + w2u5 (5X5Vv* + 52¢5 : V30, + 52751)*) .
Recalling (6.2) and (6.3), and recalling that [,. B(y) = A, the above relation reduces
to

—V - (asVzs) — kzs = 6 [F5 + 0V - (b1,6H1,5 + b2,5H25)]

where

Fy(@) = as(w)xs () V*us (@) + a5(@)(V,9) (5 ) V(@) + as(@)(V,7) () - V()

+ w?ps (xs(@) - Vus (@) + 6¢s(2) : V() + 075 (x)ui(2))

bis(y) =a(y)d(y),  His(®)=Vu.(z),
bas(y) = aly)T(y),  H2s(x)=Vu.(z).
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Because of the uniform W' >-estimates on ¥, ®, and 7, Corollary 6.5 applies and
yields

||Z5||07007B1/2 + ||vz5||0700731/2
< C (8 [II1Fsllo,00,8: + [[Hu6llco (5, + | Hasllcs (1)) + l2sll0.2,8,)-

Consequently, we arrive at

s = val[1,00,8, 0 < C (I16x5 - Vou + 025 : Vi + 8°7504[1,00,B, 2
+ 6 [[|1Fsllo,00,8, + [[H1,5llcs (5y) + [[Hz2sllcs(5,)] + l126ll0,2,8,),

from which the estimates (6.1) follow. O

Obtaining interior W1 _estimates on us — u, then reduces to controlling the
L2-norm of us — u, on a larger set. When the data in (3.2) is sufficiently smooth one
can actually estimate this L?-norm in terms of 6. This is the aim of the following
proposition, which conclude the proof of Theorem 4.1.

PROPOSITION 6.7. Assume that F € L*(0) and f € HY/?(d0). Let us and u,
satisfy (3.2) and (3.11), respectively. Then

(6.5) l[us — uxllo,2,0 < o(1) (I[F]lo,2,0 + I f]]1/2,2,00)

where o(1) = 0 as 6 — 0.

Proof. By Proposition 3.1, (us) is uniformly bounded in H*(O). One can extract
a subsequence (ug,) that converges to some u,, weakly in H*(O) and strongly in
L?(0). We note that us, solves

-V -(as,Vus,) = Fs, in O,

where Fs, := F + s, us, . It is easily checked that ps, us, converges weakly in L?(0),
and thus strongly in H~1(0). Classical homogenization results [11] then imply that
Ueo 18 the solution to (3.11), i.e., that us = u.. Moreover, uniqueness of the limit
shows that the whole sequence (ugs) converges strongly to u. in L?(O). O

7. Proof of Lemma 4.2.
Proof of estimate (4.2). Using (3.2) and (3.3), we see that usq—us € H}(O) and

Lsa(usa —us) = F in H1(0),
with F =V - ((as.a — as) Vus) + w? (sa — ps) us. It is apparent that

1/2
1PN 1.0 < (05 = sllg s p, < lit5.a = 5l so. ) 10811 .3, 1D51 2

which implies the first estimate (4.2), thanks to the uniform estimate (3.9) of Propo-
sition 3.1. Additionally, we obtain

1/2
(7.1) lus.a = uslly.n.0 < C ltally oo.p, IDs[*. 0O

For the refined L%-estimate of the difference us, 4 — U5, we rely on a theorem of
Meyers [29, 11].

THEOREM 7.1. Assume that O is an open set in R with a C* boundary. Let
a € L2(Q)? be such that

0 <A < Re(a(a)é - €) <A[EP ae. 2€OVEERY,
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for some constants \,A. Let F € H=1(0), and let u € H}(O) denote the unique
solution to

-V -(aVu)=F inO.

Then there exists a number pyr > 2 such that for any 2 < p < pys, there exists C > 0
which depends only on 2, \, A, p,n such that if F € W=1P(0), then u € Wol’p(O) and
satisfies

(7.2) lull1.p.0 < ClIF[|-1,p,0-

REMARK 7.2. Meyers’s theorem is usually stated with p = ppr only. The exten-
sion to 2 < p < pp is easily obtained via interpolation [12].
Proof of (4.3). Fix § < §p and consider the solution to the adjoint problem

Lsw = (usq —us) in O,
(73) { w € H(O).

The uniform estimates (3.9) shows that

(7.4) lwllo2,0 < Cllusa — usllo,2,0-
We further note that the equation for w can be rewritten as
(7.5) V - (asVw) = (us,q — us) + wpsw.
We choose 2 < p < pas such that ¢* > 2, where

2 1 1
q*::—q with — 4+ - =1
2—q P q

(which is always possible as ¢ — 2~ when p — 2%, and ¢* — +00 as ¢ — 27). By the
Sobolev embedding theorem, the injection W9(0) C L?*(O) is continuous, so that
L?*(0) ¢ W=1P(0). Thus, the right-hand side of (7.5) lies in W~1?(0), and Meyers’s
theorem implies that w € W, ?(0) and that

(7.6) llwll1,p,0 < C ([[us,a — uslloz,0 + [|w]loz2,0)

for some constant C' > 0 independent of 4.
Multiplying (7.3) by us,q — us and using (3.2)—(3.3), we obtain

/ lus,a — us)® = / asV(us,a — us) - Vw + ps(us,a — us)w
o o
= / (as,a — as)Vus,q - Vw.
Ds

Thus, it follows from (7.6) that

1/q 1/p
/ |u5,d — U5|2 <C (/ |VU5|q> </ |Vw|”>
@] D; Ds

1/q
<C (/ |VU6|q> [|us,a — usllo,2,0-
Dy
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We note that in the above expression the exponent ¢ satisfies 1 < ¢ = (1—1/p)~! < 2,
so that

IVus,allo.g.05 < [[V(us.a = us)llo.g,05 + [IVtsllo.qns

1/q—1/2 1/q
< </ 1) llus,a — usllo,2,0 + </ 1) [|us]|1,00,D5
Ds Ds
1/q—1/2
<C Hu|| 1,00,D5 [(/ 1> |OJ5|1/2 + |w5|1/q‘| ’
ws

where we have used (4.2) and (7.1). Since 1/¢q > 1/2, choosing n = 1/q — 1/2 proves
(4.3). O

8. Asymptotics of usq — us. This section is devoted to the proof of The-
orem 4.3. We follow the method introduced in [14]. To simplify the notation, we
introduce Uy 4 := us,q — us, the difference of the solutions to (3.3) and (3.2). Given
two functions ¢; € H'/2(90), i € {1,2}, we also consider V{ ; := v 4 — vy, Where v}
and v, are the respective solutions to (3.3) and (3.2) with respective boundary data

Vi5,d =i =; ondO.
As § — 0, v} converges to v?, the solution to
V- (a*VUi) =0in 0, ! =4%"on dO.
We choose 1" such that v! |Q = 2'. Applying Theorem 4.1 and Lemma 4.2 yields

(8.1) <C, vag - P5ei||o72,31

82 [Vallao = O ID and [Vl < CIDT,

ch%HLqul <o(1),

where the constant 0 < C'is independent of § and 0 < i < 1/2 is given by Lemma 4.2.
Let us check that ||V‘/;{d||071,9 is uniformly bounded. Applying the Cauchy—Schwarz
inequality yields

1

1
(®.3) ' | Ds|

— AVATK
| Ds| Ds 5.d

C|Ds"? |[VEalh20 < C,

<

thanks to (8.2). Recalling that Ps = O(1), we may therefore extract a subsequence
(D5, )n>1 — 0 such that

(8.4) |Ds,, | 1p,, dz — do,
(8.5) 1Ds, |7 1p,, (a5 — aas,) (PLVVE, ) do— dMy;,
where §g denotes the Dirac mass at © = 0 and where M; ;, 1 <4,j < 2, is a Borel

measure with support in Q. The above convergence results hold in the weak* topology
of (C°(Q2))’. Following [14], we see that, for any f € C°(1Q),

o

lim |Ds, |~! / (as —aas,) (P({VVQ d) fdx
n— oo D A

Sn

1/2
as — a P 0 . 1
Shmme( s —ad,s,) Ps, o, D |9V s _/ 12 .
" |Ds, | Ds,,

n—oo /|D6n|
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Since [Ds,, | =" [}, [fI? = [f(0)[?, we conclude, using (8.2), that

< C[f(0)]-

(8.6) ‘ /Q FdMs,

It follows that dM;; is absolutely continuous with respect to dp and, thus, there exists
a 2 X 2 matrix Pys such that

/Q 6dMi; = (Par),; £(0).

The following lemma concludes the proof of Theorem 4.3.
LEMMA 8.1. For all f € CL(By),

|Ds. | i PIVUs, af dz = |Ds,| i Py Vu fdz +o(1) || fllerp,) »
Sn Sn

where o(1) converges to zero as | Ds, | tends to zero uniformly for ||¢||1/2.2.00 < 1.
Proof. To simplify the exposition, we henceforth drop the index n. Also, in the
rest of this section, the notation “err” denotes various error terms, which are explicitly
estimated, any time they are used.
Given any f € C! (B1), we write Ny = || fllci(s,)- Fori=1,2,

/ a5,aVUs,a -V (Vi af) do = / a5V (Usaf) - VV3 gdx + err,
o )
where

|err| < Haé,dHo,oo,Q (||VU‘5>d||O,2,Q ||V5i,d||0,2,9 + HVU‘Sad”O,Z,Q ||‘45i,d||0,2,9) Ny

< C|Ds|"™"|¢ll1/2,2,00N¥,

from the estimates given by Lemma 4.2 for Us 4 and from (8.2) for Vs 4.
We note that Us 4 € Hg(O), Vs, € Hg(O) and that they satisfy

Ls.a(Us,g) = V - ((a5s — as,q) Vug) + w? (g — po,a) wa,
(8.7) V- (a5.4VVsq) = V- ((as — asa) Vvy) .

Thus, on the one hand we have

/ a5.aVUsa -V (Viaf) do = / (a5 — as,q) Vua - V (Vs 4f) d
o

Ds
- / w? (pa — ps,a) uaVy g fda
Ds
= / (a5 — as,q) Vug - VI/;;i)dfdx + err,
Ds
with

lerr| < C (HudHO,Z,Q HV;Si,dHo,g@ + ||Vud||o,2,§2 ||V:5i,d||o,27ﬂ> Ny
<C |D5|1+n |Pl]1/2,2,00 Ny,
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and on the other hand

/ a5aVViy -V (Usaf)di = / (a5 — a3,4) Vol ¥ (Us,af) de
O

Ds

= / (a5 — as,q) VUZ - VUs,afdx + err,
Ds

with
lerr| < C vaéuo,z,g 1Us.allg 2.0 Nt
< C|Ds|"™ |¢]|1/2,2,00Ns-

We therefore obtain

/ (as — as,q) vai -VUsqfdx = / (as — as.q) Vug - VV:;;dfdx + err,
D(s Dzi

with
lerr| < C'|Ds|"" 19ll1/2,2,00 [1fllerary -

Let us now remark that (8.1) indicates that Vv, can be approximated by Pse;, whereas
(4.1) indicates that Vug can be approximated by PsVu.. Namely, these estimates
show that

/ (as — as,q) Vol - VUsafdr = / (as — as,q) Psei - VUs g fdz + err,
D5 Dzi

with
i 1/2
lerr| < C'[|Vvj = Preil|y . p, IPI"* IVUs.allg 0.0 Ny,
< Co(1) [Ds| [8]112,2.00 Ny

and symmetrically that

/ (as — as.q) Vug - VV[;i)dfda: = / (as — as,qa) PsVus - V‘/idfdx + err,
Ds Ds

with
1/2 7
lexr| < C'||Vus — Pytallg oo p, |Ds]"/ [VViallg .0 Nr-
< Co(1) |Ds| 191 /2,2.60 Nt

It follows that

(8.8)

|Ds| ™" / (a5 — as.q) Pse; - VUs afdx = |Ds| ™" / (as — as,a) PsVu, - VV3 4 fdx + err,
Ds Ds

with

lerr| < C'(o(1) + |Ds|") ¢1l1/2,2.00 Nt
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Since u, is smooth inside By, the right-hand side can be reformulated as

|D5|_1/ (as — as.q) PsVuy - V\{;idfdx = |D5|_1/ (as — as,q) P(;TVV({d - Vus f dx
D(s D6

= Py Vu.(0)f(0) 4 err

= |D5|71/ (PrVuy) fdx + err,
Ds
with
err — 0(1) Nf ||U*HC1(31) s

where lim|p; |0 0(1) = 0. Invoking the regularity of u., the term [ju.|/c1(p,) can be
controlled by C'||¢|1/2,2,00, which completes the proof. O

9. Properties of the polarization tensor. In this section, we focus on some
properties of the polarization tensor M,. We first clarify the definition of M,. Note
that in the absence of a background periodic structure, the polarization tensor M, cor-
responds to the generalization of the polarization tensor arising in electrical impedance
tomography to the case of a complex conductivity. The properties of that tensor are
of independent interest and will be the subject of a future work. Here, we mostly focus
on the question of the interaction with the periodic background in two dimensions.

PropoSITION 9.1. The polarization tensor M, is a constant symmetric matriz,
given by
(9.1)

M€= |D1im0 <|135|1 /D (a5.4 — as) Psé - Psédx + |Ds| ™" /Oa(;,dvvg,d - VVs.a da:),
S

[—
where Vs 4 € H}(Q) is the solution of
(9.2) V - (as,aVVs,a) = V- ((as — as,q) P5§) .

Proof. Collecting the various elements introduced previously, we have defined so
far the polarization tensor M, by the formula (4.6):

M, = lim (|D5|1/ (a[;)d —as) P(;TP(;d!E> + Py
|Ds|—0 Ds
= |D5|_1 / (as,a — as) P(;TP5d$ + Py + 0(1),
Ds
where Py is in turn defined in (8.5) by
Py CF0) = tim D37 [ (05— asa) ¥ (Vea) - PGS ()
|Ds|—0 Ds
for all ¢, ¢ in R? and all f € C2(By), with the convention that Vj 4¢ := V;;l)dél + ‘/;;2@{2,

and where Vg;d € H}(O) satisfy (8.7). Introducing similarly Vs q( = V;;{dCl + V;fd@
and testing (8.7) against V5 ¢§, we obtain

/ as5,qVVs,aC - VVsqldx :/
o

Ds

2
(as —asq)V (Z vfiCl) - VVsa.
i=1



ENHANCED RESOLUTION IN STRUCTURED MEDIA 1449
Approximating 37, v/,¢? by Ps¢ we obtain
[ 8a9VouC - TVsatdn = Pure +exx,
o

with

2

> vigt = Ps¢

=1

1/2
lexr| < [las — asally oo Do IV Vs dlly .,

0,00,D5
< C|Ds|o(1).

We have therefore obtained that

Mg ¢ = |D5|_1/

(a5.4 — as) Ps€ - PsCdx + |Dg ™" / as,aV'Vs,a& - VVsaCdx + o(1),
Ds o

where o(1) tends to zero as |Ds| (and ) tend to zero. Under this form, it is very clear
that M, is symmetric. Comparing (8.7) and (9.2) we see that

2
V- (as,aV (Vs,a—V5.48)) =V - ((aa — as,q) <P5§ - ZvéCi>> ;
i—1

and the right-hand side is small, namely,

2
(as — as,a) <st€ -3 vﬁz@)
i=1

Hence, we conclude from Proposition 3.1 that

< C|Ds|o(1) = o(|Ds|).

-1,2,0

1

|D6| ”V;id - %,d€”1,270 = 0(1)7

and, in turn, we have proved (9.1). O

To conclude this section, we turn to positivity properties of the polarization
term M*.

PROPOSITION 9.2. Assume that as and asq are real valued.

If as > as,q a.e. in D5 and as — as,q > co > 0 on Ds C Ds with |ﬁ5| > 0 for
some constant cg, then M™ is positive definite.

If a5,a > as a.e. in D5 and asq —as > co > 0 on Ds C Ds with |D~5| > 0 for
some constant cg, then M* is negative definite.

Proof. Let us suppose that aqs and aq are real. Testing (9.2) against Vs q we
obtain

/ a5 qVVsa-VVsa= / (as —as.q) Ps€ - VVsg
O Ds

1 1/2 1/2
< (/ (a5 — asa)” —PsE - P&ﬁ) (/ as,aVs,d - V;Ld) ,
Ds as,d Ds

1
/ a5,aVVsa-VVsa < / (a5 — asa)’ —Ps€ - Ps¢.
0] Ds as,d

which shows that
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We have obtained that M, satisfies two bounds, namely,

(9.3) |D|*1/ (as.q — as) PY Ps < M, + o(1)
D
and
(9.4) M, < |D5|_1/ (as.q — as) —PT Ps + o(1).
Ds as,d

If as,q > as a.e. in Ds and asq —as > co > 0 on 155, with |ﬁ5| > 0, then the bound
(9.3) yields

M, > min (@ - 1) |D5|_1/ asPTP;.
as [55

If [-6/2,6/2]> C Ds, that is, if (at least) one unit cell is contained in Dj, then we
find

M, > min (w - 1) |D5|_1/ as Py Ps
oY

Ds as
2
. (as.d o
> min (— — 1) —a*.
Ds \ s | Ds|

When the grid size is larger than Dg, or DN(;, a result of Alessandrini and Nesi [2,
Theorems 2 and 6] ensures that for every Y/ C Y

log(det P) € BMO (Y').

Rewriting (9.3) we therefore obtain

M, > min (a57d —as) |D§|_1/ P(;TP[; > 0,
Dzi ﬁg

which is our claim. The case when asq < as a.e. in Ds and as — as,q > co > 0 on Ds
is similar, using (9.4) instead of (9.3). a

10. Concluding remarks. We first defined a notion of resolution limit for
anomaly detection. We then showed that the presence of a microstructure around
the anomaly modifies this resolution limit.

Our results up to section 9 are valid in the three-dimensional case. In section 9,
we rely on the result of Alessandrini and Nesi [2] which is known to be false in three
dimensions. We do not know if this result could be extended to the complex case in
two dimensions.

For the sake of simplicity, we have considered a periodic microstructure. Our
arguments rely on only two key ingredients, namely, H-convergence and local elliptic
regularity. Therefore, our approach can be extended to the general case when the
scatterers have a smooth boundary, but the microstructure has a limit in the sense of
H-convergence, provided that the local regularity property still holds.
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