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UVWXYZ[X\V []^W_\`XW Ya]abZ\^cd eUfgh YWXc`[ijW c\k lWW` \` \XY[mW ZWkW\ZXc

Ya^[X k[`XW YcW W\ZVd JnopkK f` Ufgq a`W ]W\kjZWk YcW laj`_\Zd maVY\bWk _jW Ya
]jVY[^VW [ r̀WXY[a` XjZZW`Yk Ya ZWXa`kYZjXY []\bWk as YcW Xa`_jXY[m[Yd _[kYZ[ljY[a`K
tauWmWZq YcWkW laj`_\Zd maVY\bWk \ZW [`kW`k[Y[mW Ya \ VaX\V Xc\`bW as YcW Xa`_jXvY[m[Yd _[kYZ[ljY[a` \`_ YcW ZWV\Y[a` lWYuWW` YcW] [k c[bcVd `a`V[`W\ZK

wW_[X\V []\b[`b c\k lWW` a`W as YcW []^aZY\`Y \^^V[X\Y[a` \ZW\k as UfgK f`_WW_q
l[aVab[X\V Y[kkjWk c\mW _[xWZW`Y WVWXYZ[X\V ^Za^WZY[Wk Yc\Y Xc\`bW u[Yc XWVV Xa`XW`vYZ\Y[a`q XWVVjV\Z kYZjXYjZWq \`_ ]aVWXjV\Z Xa]^ak[Y[a`K yjXc Xc\`bWk as WVWXYZ[X\V
^Za^WZY[Wk \ZW YcW ]\`[sWkY\Y[a`k as kYZjXYjZ\Vq sj`XY[a`\Vq ]WY\laV[Xq \`_ ^\YcavVab[X\V Xa`_[Y[a`k as Y[kkjWkq \`_ Ycjk ^Zam[_W m\Vj\lVW _[\b`akY[X [`saZ]\Y[a`K

zaZ ^Z\XY[Y[a`WZkq YcW ^Z\XY[X\V[Yd as Ufg [k as bZW\Y [`YWZWkY{ fY [k \ Vau XakY \`_
^aZY\lVW YWXc`aVabdq uc[Xc X\` lW jkW_ saZ ZW\V Y[]W ]a`[YaZ[`bK tauWmWZq [Y kjxWZksZa] ^aaZ k^\Y[\V ZWkaVjY[a` \`_ \XXjZ\Xdq \ uWVV|}`au` sW\YjZW as [`mWZkW ^ZalVW]kKgc[k ]aY[m\YW_ jk Ya Vaa} saZ \ `Wu u\d as [`XaZ^aZ\Y[`b ]aZW [`saZ]\Y[a` [` Ufg
_\Y\q u[YcajY \VYWZ[`b YcW XakY \`_ ^aZY\l[V[Yd as YcW _\Y\ \Xij[k[Y[a`q uc[Xc uajV_
dWY []^ZamW YcW ZWkaVjY[a` as YcW ZWXa`kYZjXYW_ []\bWkK

gcW XV\kk[X\V []\bW ZWXa`kYZjXY[a` \VbaZ[Yc]k m[Wu Ufg \k \` a^Y[][~\Y[a` ^ZalvVW]K �` [`[Y[\V Xa`_jXY[m[Yd _[kYZ[ljY[a` [k [YWZ\Y[mWVd j^_\YW_q ka \k Ya ][`[][~W
YcW _[xWZW`XW lWYuWW` ]W\kjZW_ \`_ Xa]^jYW_ laj`_\Zd maVY\bWkK gc[k }[`_ as
]WYca_ u\k �ZkY [`YZa_jXW_ [` Ufg ld �aZ}Wdq �WlkYWZq \`_ ga]^}[`k ����K �jv
]WZajk m\Z[\Y[a`k \`_ []^ZamW]W`Yk saVVauW_q uc[Xc [`XVj_W jY[V[~\Y[a` as \ ^Z[aZ[
[`saZ]\Y[a`q \`_ m\Z[ajk saZ]k as ZWbjV\Z[~\Y[a` ����K gc[k \^^Za\Xc [k ij[YW bZWW_d
[` Xa]^jY\Y[a`\V Y[]Wq dWY ^Za_jXWk []\bWk u[Yc _WXW[m[`bVd ^aaZ \XXjZ\Xd \`_
k^\Y[\V ZWkaVjY[a`K

f` YcW Jnop�kq �\ZlWZ \`_ �Zau` �JJ� [`YZa_jXW_ \ l\X}v^ZarWXY[a` \VbaZ[Yc]q
Yc\Y u\k YcW �ZkY s\kY \`_ W�X[W`Y \VbaZ[Yc] saZ Ufgq \VYcajbc [Y ^Zam[_Wk []\bWk
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u[Yc mWZd Vau ZWkaVjY[a`K y[`XW Yc[k \VbaZ[Yc] [k [`k^[ZW_ sZa] Xa]^jYW_ Ya]abZ\v
^cdq [Y X\` lW m[WuW_ \k \ bW`WZ\V[~W_ �\_a` YZ\`ksaZ] ]WYca_ ��p�K

� Yc[Z_ YWXc`[ijW [k _d`\][X\V WVWXYZ[X\V []^W_\`XW []\b[`bq _WmWVa^W_ ld YcW
�W`kkWV\WZ []^W_\`XW Ya]abZ\^cd bZaj^ �Jn�q Ya ^Za_jXW []\bWk as Xc\`bWk [`
Xa`_jXY[m[Yd _jW Ya X\Z_[\X aZ ZWk^[Z\YaZd sj`XY[a`kK fYk ]\[` [_W\ Xa`k[kYk [`
m[Wu[`b YcW Xa`_jXY[m[Yd \k YcW kj] as \ kY\Y[X YWZ] eYcW l\X}bZaj`_ Xa`_jXY[m[Ydas YcW cj]\` la_dh ^Vjk \ ^WZYjZl\Y[a` eYcW Xc\`bW as Xa`_jXY[m[Yd X\jkW_ ld
ZWk^[Z\Y[a` aZ ld cW\ZY lW\YkhK gcW ]\YcW]\Y[X\V ^ZalVW] cWZW [k Ya m[kj\V[~W YcW
^WZYjZl\Y[a` YWZ] ld \` Ufg kdkYW]K �VYcajbc Yc[k \VbaZ[Yc] ^Zam[_Wk \XXjZ\YW
[]\bWk [s YcW [`[Y[\V bjWkk as YcW l\X}bZaj`_ Xa`_jXY[m[Yd [k baa_q [Yk ZWkaVjY[a` _aWk
`aY Xa]^VWYWVd k\Y[ksd ^Z\XY[Y[a`WZk Wk^WX[\VVd ucW` kXZWW`[`b saZ lZW\kY X\`XWZK

�WXW`YVdq \ Xa]]WZX[\V kdkYW] X\VVW_ gZ\`kyX\` gy�ppp egZ\`kyX\` wW_[X\Vq
�Y_q w[b_\V t\�U]W}q fkZ\WVh c\k lWW` ZWVW\kW_ saZ \_rj`XY[mW XV[`[X\V jkWk u[Yc �vZ\d ]\]]abZ\^cd [` YcW _[\b`akY[X as lZW\kY X\`XWZK f`YWZWkY[`bVdq YcW gZ\`kyX\`
kdkYW] [k k[][V\Z Ya YcW sZa`Y\V ^V\`W []^W_\`XW X\]WZ\ Yc\Y [`[Y[\YW_ Ufg ZWkW\ZXc
W\ZVd [` Jn�oK gcW ]\YcW]\Y[X\V ]a_WV as YcW gZ\`kyX\` X\` lW m[WuW_ \k \
ZW\V[kY[X aZ ^Z\XY[X\V mWZk[a` as YcW bW`WZ\V Ufg kdkYW]q ka \`d YcWaZd _WmWVa^W_ saZ
Yc[k ]a_WV X\` lW \^^V[W_ Ya aYcWZ \ZW\k [` Ufgq Wk^WX[\VVd Ya _WYWXY[a` as \`a]\V[WkKf` YcW gZ\`kyX\`q \ ^\Y[W`Y caV_k \ ]WY\VV[X XdV[`_Z[X\V ZWsWZW`XW WVWXYZa_Wq YcZajbc
uc[Xc \ Xa`kY\`Y maVY\bW as 1

Ya
2.5 �q u[Yc sZWijW`X[Wk k^\``[`b Jpp t~vJpp �t~q[k \^^V[W_K � kX\``[`b ^ZalW u[Yc \ ^V\`\Z \ZZ\d as WVWXYZa_Wkq }W^Y \Y bZaj`_

^aYW`Y[\Vq [k ^V\XW_ a` YcW lZW\kYK gcW maVY\bW _[xWZW`XW lWYuWW` YcW c\`_ \`_ YcW
^ZalW [`_jXWk \ XjZZW`Y �au YcZajbc YcW lZW\kYq sZa] uc[Xc [`saZ]\Y[a` \lajY YcW
[]^W_\`XW _[kYZ[ljY[a` [` YcW lZW\kY X\` lW W�YZ\XYW_K

�k[`b \ k[]^V[�W_ _[^aVW ]WYca_q �kkW`cW[]WZ WY yXcaV~ b\mW \ ^cdk[X\V [`YWZv
^ZWY\Y[a` as YcW uc[YW k^aYk [` gZ\`kyX\` []\bWkK

waZW ZWXW`YVdq Y\}[`b \_m\`Y\bW as YcW k]\VV`Wkk as YcW \`a]\V[Wk Ya lW _WYWXYW_q�]]\Z[ WY \VK �o� \`\Vd~W_ YZ\`kv\_][YY\`XW _\Y\q saZ YcW _WYWXY[a` as lZW\kY X\`v
XWZ jk[`b YcW gZ\`kyX\` kdkYW]K gcW[Z ]a_WV \kkj]Wk Yc\Y lZW\kY Y[kkjWk X\` lW
Xa`k[_WZW_ ca]abW`Wajkq \Y VW\kY `W\Z YcW kjZs\XWq ucWZW YcW ^V\`\Z \ZZ\d as WVWXvYZa_Wk [k \YY\XcW_q \`_ Yc\Y YcW VWk[a` Ya lW _WYWXYW_ [k VaX\YW_ `W\Z YcW kjZs\XWK
f` �o�q YcW \jYcaZk _WmWVa^W_ lWYYWZ u\dk as [`YWZ^ZWY[`b gZ\`kyX\` []\bWkq uc[Xc
[]^ZamW \XXjZ\XdK gcWd \Vka _WZ[mW_ \ ]jVY[vsZWijW`Xd \^^Za\Xc Ya c\`_VW YcW X\kW
ucWZW YcW l\X}bZaj`_ Xa`_jXY[m[Yd [k [`ca]abW`Wajk \`_ `aY }`au` \ ^Z[aZ[K

gc[k V\YYWZ uaZ} ZWV[Wk a` \kd]^YaY[X W�^\`k[a`k as YcW �WV_k ucW` YcW ]W_[j]
Xa`Y\[`k [`XVjk[a`k as k]\VV maVj]Wq \ YWXc`[ijW Yc\Y c\k ^ZamW` jkWsjV [` ]\`d
aYcWZ Xa`YW�YkK yjXc \kd]^YaY[Xk c\mW lWW` [`mWkY[b\YW_ [` YcW X\kW as YcW Xa`v
_jXY[a` Wij\Y[a` �Joq J�q J�q �q J��q YcW a^WZ\YaZ as WV\kY[X[Yd ��q ��q YcW tWV]caVY~
Wij\Y[a` aZ YcW w\�uWVV kdkYW] ���q nq ��K yWW YcW laa} ��� \`_ [Yk V[kY as ZWsWZW`XWkKgcW ZW]\Z}\lVW sW\YjZW as Yc[k YWXc`[ijWq [k Yc\Y [Y \VVauk \ kY\lVW \`_ \XXjZ\YW
ZWXa`kYZjXY[a` as YcW VaX\Y[a` \`_ as YcW bWa]WYZ[X sW\YjZWk as YcW [`XVjk[a`kq WmW`saZ ]a_WZ\YWVd `a[kd _\Y\K

y[`XW \VV YcW ^ZWkW`Y Ufg YWXc`aVab[Wk \ZW a`Vd ^Z\XY[X\VVd \^^V[X\lVW [` sW\YjZW
W�YZ\XY[a` as \`a]\V[Wkq []^Zam[`b Ufg X\VVk saZ [``am\Y[mW ]W\kjZW]W`Y YWXc`[ijWk
Yc\Y [`XaZ^aZ\YW kYZjXYjZ\V [`saZ]\Y[a`K � mWZd ^Za][k[`b _[ZWXY[a` as ZWkW\ZXc [k
YcW ZWXW`Y ]\b`WY[X ZWka`\`XW []\b[`b YWXc`[ijWq X\VVW_ XjZZW`Y _W`k[Yd []\b[`bq
uc[Xc ]W\kjZWk YcW [`YWZ`\V XjZZW`Y _W`k[Yd _[kYZ[ljY[a`K yWW YcW lZW\}YcZajbc
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uaZ} ld yWa \`_ c[k bZaj^ ���q �oq ���K tauWmWZq Yc[k YWXc`[ijW c\k \ `j]lWZ as
_[k\_m\`Y\bWkq \]a`b uc[Xc YcW V\X} as ^aZY\l[V[Yd \`_ \ ^aYW`Y[\VVd Va`b []\b[`b
Y[]WK waZWamWZq [Y jkWk \` W�^W`k[mW ]\b`WY[X ZWka`\`XW []\b[`b kX\``WZK

gcW \[] as Yc[k ^\^WZ [k Ya ^Za^akW \`aYcWZ ]\YcW]\Y[X\V _[ZWXY[a` saZ sjYjZW Ufg
ZWkW\ZXc [` m[Wu as l[a]W_[X\V \^^V[X\Y[a`kq u[YcajY WV[][`\Y[`b YcW ]akY []^aZY\`Y
]WZ[Yk as Ufg eZW\V Y[]W []\b[`bq Vau XakYq ^aZY\l[V[YdhK �jZ ]WYca_ [k l\kW_ a` YcW
k[]jVY\`Wajk ]W\kjZW]W`Y as \` WVWXYZ[X XjZZW`Y \`_ as \XajkY[X m[lZ\Y[a`k [`_jXW_
ld jVYZ\kaj`_ u\mWkK fYk [`YZ[`k[X ZWkaVjY[a` _W^W`_k a` YcW k[~W as YcW saX\V k^aY
as YcW \XajkY[X ^WZYjZl\Y[a`q \`_ Ycjk ajZ ]WYca_ kcajV_ ^Zam[_W c[bc ZWkaVjY[a`
[]\bWkK

�WY jk `au saZ]jV\YW ajZ ^ZalVW]K �W �ZkY ZWX\VV Yc\Yq [` ]\YcW]\Y[X\V YWZ]kq
Ufg Xa`k[kYk [` ZWXamWZ[`b YcW Xa`_jXY[m[Yd ]\^ as \ �� aZ �� la_d Ω

q sZa]
]W\kjZ[`b YcW maVY\bW ZWk^a`kW Ya a`W aZ kWmWZ\V XjZZW`Yk \^^V[W_ a` YcW laj`_\ZdK
f` ^Z\XY[XWq \ kWY as WVWXYZa_Wk [k \YY\XcW_ Ya YcW la_dK �`W aZ kWmWZ\V XjZZW`Yk
φi, 1 ≤ i ≤ I, \ZW \^^V[W_ Ya a`W aZ kWmWZ\V WVWXYZa_Wkq \`_ YcW XaZZWk^a`_[`b
maVY\bW ^aYW`Y[\Vk fi, 1 ≤ i ≤ I, \ZW ZWXaZ_W_ a` YcW aYcWZkK �W`aY[`b ld γ(x) YcWj`}`au` Xa`_jXY[m[Ydq YcW maVY\bW ^aYW`Y[\V ui

kaVmW YcW Xa`_jXY[a` ^ZalVW]

eJKJh
{ ∇x · (γ(x)∇xui) = 0

[` Ω

γ(x)
∂ui

∂n
= φi

a` ∂Ω.
gcW ^ZalVW] as []^W_\`XW Ya]abZ\^cd [k YcW [`mWZkW ^ZalVW] as ZWXamWZ[`b

YcW XaW�X[W`Yk γ as YcW WVV[^Y[X Xa`_jXY[a` ��Uq }`au[`b a`W aZ ]aZW XjZZW`YvYavmaVY\bW ^\[Zk (φi, fi := ui|∂Ω)
K

gcW XaZW [_W\ as ajZ \^^Za\Xc [k Ya W�YZ\XY ]aZW [`saZ]\Y[a` \lajY YcW Xa`_jXvY[m[Yd sZa] _\Y\ Yc\Y c\k lWW` W`Z[XcW_ ld Xaj^V[`b YcW WVWXYZ[X ]W\kjZW]W`Yk Ya
VaX\V[~W_ WV\kY[X ^WZYjZl\Y[a`kK waZW ^ZWX[kWVdq uW ^Za^akW Ya ^WZYjZl YcW ]W_[j]
_jZ[`b YcW WVWXYZ[X ]W\kjZW]W`Ykq ld saXjk[`b jVYZ\ka`[X u\mWk a` ZWb[a`k as k]\VV
_[\]WYWZ [`k[_W YcW la_dK �k[`b \ k[]^VW ]a_WV saZ YcW ]WXc\`[X\V WxWXYk as YcW
jVYZ\kaj`_ u\mWkq uW kcau Yc\Y YcW _[xWZW`XW lWYuWW` YcW ]W\kjZW]W`Yk [` YcW
j`^WZYjZlW_ \`_ ^WZYjZlW_ Xa`�bjZ\Y[a`k [k \kd]^YaY[X\VVd Wij\V Ya YcW ^a[`Yu[kW
m\VjW as YcW W`WZbd _W`k[Yd \Y YcW XW`YWZ as YcW ^WZYjZlW_ ~a`WK f` ^Z\XY[XWq YcW
jVYZ\kaj`_k []^\XY \ k^cWZ[X\V aZ WVV[^ka[_\V ~a`Wq as \ sWu ][VV[]WYWZk [` _[\]WvYWZK gcW ^WZYjZl\Y[a` kcajV_ Ycjk lW kW`k[Y[mW Ya Xa`_jXY[m[Yd m\Z[\Y[a`k \Y YcW
][VV[]WYWZ kX\VWq uc[Xc [k YcW ^ZWX[k[a` ZWij[ZW_ saZ lZW\kY X\`XWZ _[\b`akY[XK

�d kX\``[`b YcW [`YWZ[aZ as YcW la_d u[Yc jVYZ\kaj`_ u\mWkq b[mW` \` \^^V[W_
XjZZW`Y φi

q uW alY\[` _\Y\ sZa] uc[Xc uW X\` Xa]^jYW Si(x) := γ(x)|∇ui(x)|2
q

[` \` [`YWZ[aZ kjl|ZWb[a` as
Ω
K gcW `Wu [`mWZkW ^ZalVW] [k `au Ya ZWXa`kYZjXY γ}`au[`b Si

saZ
i = 1, . . . , I

K
gcW ba\V as Yc[k uaZ} [k YcZWWsaV_{ z[ZkYVdq uW kcau Yc\Y Y\}[`b ]W\kjZW]W`Yk

uc[VW ^WZYjZl[`b YcW ]W_[j] u[Yc jVYZ\kaj`_ u\mWk [k \kd]^YaY[X\VVd Wij[m\VW`Y
Ya ]W\kjZ[`b Si

K ga Yc[k W`_q uW Xa`k[_WZ YcW ~a`W ω _WsaZ]W_ ld YcW jVYZ\kaj`_
u\mW \k \ k]\VV maVj]W ^WZYjZl\Y[a` as YcW l\X}bZaj`_ ^aYW`Y[\V γ K �W YcW` ZWV\YW
YcW _[xWZW`XW lWYuWW` YcW ^WZYjZlW_ \`_ j`^WZYjZlW_ ^aYW`Y[\Vk a` YcW laj`_\Zd
Ya YcW Xa`_jXY[m[Yd \Y YcW XW`YWZ as ω q \kd]^YaY[X\VVd \k |ω| → 0

K gc[k [k ajZ ]\[`
[_W\{ YcW jVYZ\kaj`_ u\mWk XZW\YW VaX\V[~W_ ^WZYjZl\Y[a`k Yc\Y \VVau jkq jk[`b YcW
]WYca_ as \kd]^YaY[X W�^\`k[a`k as k]\VV maVj]W [`XVjk[a`kq Ya ^ZalW ������ YcW
]W_[j]K
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YTZRO[ \ ]^] gcW W�^WZ[]W`Y\V kWYj^K

yWXa`_Vdq `aY[`b Yc\Y YcW ^aYW`Y[\V ui
k\Y[k�Wk YcW saVVau[`b `a`V[`W\Z ��U eYcW

p|�\^V\X[\`h

eJK�h


















∇x ·
(

Si(x)

|∇ui|2
∇ui

)

= 0
[` Ω,

Si(x)

|∇ui|2
∂ui

∂n
= φi

a` ∂Ω,

uW ^Za^akW \ `j]WZ[X\V ]WYca_ Ya Xa]^jYW kaVjY[a`k ũi
Ya eJK�h \`_ YcW` \` \^v

^Za�[]\YW Xa`_jXY[m[Yd γ̃ = Si/|∇ũi|2
q jk[`b Yua XjZZW`Yk e�_`_q I = 2

hK �WX\VV Yc\Y
\` \^^Za^Z[\YW Xca[XW as φi

[`kjZWk Yc\Y ∇ui 6= 0
saZ \VV x ∈ Ω

K yWW �Jq �q �Jq �J�K
gc[Z_Vdq ajZ \VbaZ[Yc]q \k YcW a`W aZ[b[`\VVd _WmWVa^W_ [` ���� saZ XjZZW`Y _W`k[Yd

[]\b[`bq ZWij[ZWk _\Y\ ]W\kjZW_ u[Yc Yua laj`_\Zd XjZZW`Yk saZ uc[Xc YcW �j�
_W`k[Y[Wk eYcW bZ\_[W`Y as YcW maVY\bW ^aYW`Y[\Vkh \ZW VaX\VVd aZYcaba`\V eaZ YZd Ya
lWhK �W kcau `j]WZ[X\VVd Yc\Y Yc[k \VbaZ[Yc] [k \lVW Ya X\^YjZW _WY\[Vk as YcW
Xa`_jXY[m[Yd ]\^ j^ Ya YcW ^ZWX[k[a` as YcW j`_WZVd[`b �`[YW WVW]W`Y ]Wkcq \`_
Ycjk ^ZamWk mWZd WxWXY[mWK

gcW ^\^WZ [k aZb\`[~W_ \k saVVaukK f` YcW `W�Y kWXY[a`q uW _WkXZ[lW YcW ^cdk[X\V
]a_WVq \`_ YcW XaVVWXY[a` as W�^WZ[]W`Y\V _\Y\ a` YcW laj`_\ZdK yWXY[a` � W�^V\[`k
cauq b[mW` \ XjZZW`Y φi

q YcW m\VjWk as Si(x)
X\` lW \^^Za�[]\YW_ jk[`b Yc[k _\Y\K

f` kWXY[a` �q uW _WkXZ[lW YcW `j]WZ[X\V ]WYca_ saZ ZWXa`kYZjXY[a` as
γ jk[`b Yua

\^^V[W_ XjZZW`YkK �j]WZ[X\V W�\]^VWk Yc\Y [VVjkYZ\YW YcW ^WZsaZ]\`XW \`_ YcW \Xv
XjZ\Xd as Yc[k ]WYca_ \ZW ^ZWkW`YW_ [` Yc\Y kWXY[a`K gcW ^\^WZ W`_k u[Yc \ kcaZY
_[kXjkk[a`K

�K Lab[QcMS[ NPaPZOc bde b[ONROf[Q fe RgNOc hPRMQ icj [ h
�KJK 	klmn opq ors rt q uk kvp kn owksq x gcW ba\V as YcW W�^WZ[]W`Y [k Ya alY\[`
\` []^W_\`XW ]\^ [`k[_W \ kaV[_ u[Yc ][VV[]WYZ[X ^ZWX[k[a`K

�` alrWY e\ _a]\[`Ω
h [k WVWXYZ[X\VVd ^ZalW_{ �`W aZ kWmWZ\V XjZZW`Yk \ZW []^akW_

a` YcW kjZs\XW \`_ YcW [`_jXW_ ^aYW`Y[\Vk \ZW ]W\kjZW_ a` YcW laj`_\Zd ekWW �b �KJhK
�Y YcW k\]W Y[]Wq \ k^cWZ[X\V ZWb[a` as \ sWu ][VV[]WYWZk [` YcW [`YWZ[aZ as Ω

[k
]WXc\`[X\VVd W�X[YW_ ld jVYZ\ka`[X u\mWkq uc[Xc _[V\YW Yc[k ZWb[a`K

gcW ]W\kjZW]W`Yk \ZW ]\_W \k YcW saXjk as YcW jVYZ\kaj`_k kX\`k YcW W`Y[ZW
_a]\[`K yWmWZ\V kWYk as ]W\kjZW]W`Yk X\` lW alY\[`W_ ld m\Zd[`b YcW jVYZ\kaj`_
u\mWk \]^V[Yj_Wk \`_ YcW \^^V[W_ XjZZW`YkK
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�K�K �u�lom�� wr�k��os� rt q uk k�kmq rt ��qn�lrsom ��	kl rs q uk mrs��m

q o	oq�x �[Yc[` W\Xc ek]\VVh k^cWZ[X\V maVj]Wq YcW Xa`_jXY[m[Yd [k \kkj]W_ Ya lW
Xa`kY\`Y ^WZ maVj]W j`[YK �Y \ ^a[`Y x ∈ Ω

q u[Yc[` \ l\VV B as maVj]W VB
q YcW

WVWXYZ[X Xa`_jXY[m[Yd γ [k _W�`W_ [` YWZ]k as \ _W`k[Yd ρ \k
γ(x) = ρ(x)VB .gcW jVYZ\ka`[X u\mWk [`_jXW \ k]\VV WV\kY[X _WsaZ]\Y[a` as YcW k^cWZW B K fs Yc[k

_WsaZ]\Y[a` [k [kaYZa^[Xq YcW ]\YWZ[\V ^a[`Yk as B aXXj^d \ maVj]W V p
B

[` YcW ^WZvYjZlW_ Xa`�bjZ\Y[a`q uc[Xc \Y �ZkY aZ_WZ [k Wij\V Ya

V p
B = VB(1 + 3

∆r

r
),

ucWZW r [k YcW Z\_[jk as YcW l\VV B \`_ ∆r
[k YcW m\Z[\Y[a` as YcW Z\_[jk _jW Ya YcW

WV\kY[X ^WZYjZl\Y[a`K �k ∆r
[k ^Za^aZY[a`\V Ya YcW \]^V[Yj_W as YcW jVYZ\ka`[X u\mWq

uW alY\[` \ ^Za^aZY[a`\V Xc\`bW as YcW _WsaZ]\Y[a`K �k[`b Yua _[xWZW`Y jVYZ\ka`[X
u\mWk u[Yc _[xWZW`Y \]^V[Yj_Wk ljY u[Yc YcW k\]W k^aYq [Y [k YcWZWsaZW W\kd Ya
Xa]^jYW YcW Z\Y[a V p

B/VB
K �k \ Xa`kWijW`XWq YcW ^WZYjZlW_ WVWXYZ[X\V Xa`_jXY[m[Yd

γp k\Y[k�Wk
∀ x ∈ Ω, γp(x) = ρ(x)V p

B = γ(x)ν(x),e�KJh
ucWZW ν(x) = V p

B/VB
[k \ }`au` sj`XY[a`K �W ]\}W YcW saVVau[`b ZW\V[kY[X \kkj]^vY[a`k{

�
�
� YcW jVYZ\ka`[X u\mW W�^\`_k YcW ~a`W [Y []^\XYkq \`_ Xc\`bWk [Yk Xa`v
_jXY[m[Yd{

∀x ∈ Ω, ν(x) > 1.
�
�
� gcW ^WZYjZl\Y[a` [k `aY Yaa k]\VV{

ν(x) − 1 � VB .
�K�K ��q ukw�q om�� wr�k��os� rt q uk k�kmq rt ��qn�lrsom ��	kl rs q uk mrs

��mq o	oq�x �W _W`aYW ld u YcW maVY\bW ^aYW`Y[\V [`_jXW_ ld \ XjZZW`Y φ, [` YcW
\lkW`XW as jVYZ\ka`[X ^WZYjZl\Y[a`kK fY [k b[mW` ld

e�K�h






∇x · (γ(x)∇xu) = 0
[` Ω,

γ(x) ∂u
∂n = φ

a` ∂Ω,

u[Yc YcW Xa`mW`Y[a` Yc\Y ∫
∂Ω
u = 0

K �W \kkj]W Yc\Y YcW Xa`_jXY[m[Yd γ [k laj`_W_\lamW \`_ lWVau ld ^ak[Y[mW Xa`kY\`Yk
0 < c < γ(x) < C < +∞ \KWK x ∈ Ω.

zjZYcWZq uW kj^^akW Yc\Y YcW Xa`_jXY[m[Yd γ [k }`au` XVakW Ya YcW laj`_\Zd as YcW
_a]\[`q ka Yc\Y jVYZ\ka`[X ^Zal[`b [k V[][YW_ Ya [`YWZ[aZ ^a[`Yk x kjXc Yc\Y

_[kY(x, ∂Ω) ≥ d0,
ucWZW d0

[k mWZd V\ZbW Xa]^\ZW_ Ya YcW Z\_[jk as YcW k^aY as YcW jVYZ\ka`[X ^WZYjZv
l\Y[a`K �W _W`aYW YcW XaZZWk^a`_[`b a^W` kWY Ω1

K �W _W`aYW ld uω(x)
q
x ∈ Ω

q YcW
maVY\bW ^aYW`Y[\V [`_jXW_ ld \ XjZZW`Y φ, [` YcW ^ZWkW`XW as jVYZ\ka`[X ^WZYjZl\Y[a`kVaX\V[~W_ [` \ _a]\[` ω as maVj]W |ω|K gcW maVY\bW ^aYW`Y[\V uω

[k \ kaVjY[a` Ya

e�K�h






∇x · (γω(x)∇xuω(x)) = 0
[` Ω,

γ(x)∂uω

∂n = φ
a` ∂Ω,
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u[Yc YcW `aY\Y[a`

γω(x) = γ(x)

[

1 + 1ω(x) (ν(x) − 1)

]

,

ucWZW 1ω
[k YcW Xc\Z\XYWZ[kY[X sj`XY[a` as YcW _a]\[` ω K f` YcW `W�Y kWXY[a`q uW

kcau cau Xa]^\Z[`b uω
\`_ u a` ∂Ω ^Zam[_Wk [`saZ]\Y[a` \lajY YcW Xa`_jXY[m[YdK

�K �he abNPNTS O[SPj [Oe P� Nd[ SPMQRSNTjTNe
�k YcW ~a`W _WsaZ]W_ ld YcW jVYZ\kaj`_ u\mW [k k]\VVq uW X\` m[Wu [Y \k \ k]\VV

maVj]W ^WZYjZl\Y[a` as YcW l\X}bZaj`_ Xa`_jXY[m[Yd γ
q \`_ kWW} \` \kd]^YaY[X

W�^\`k[a` as YcW laj`_\Zd m\VjWk as uω − u
K

zaZ W\Xc i = 1, . . . , I
q VWY ζi

ω
lW YcW kaVjY[a` Ya







∇x ·
(

γω(x)∇xζ
i
ω

)

= ∇x · (γ(x)∇xxi)
[` Ω,

γ(x)
∂ζi

ω

∂n = γ(x)∂xi

∂n

a` ∂Ω, u[Yc ∫
Ω
ζi
ω = 0.

�aZZWk^a`_[`b Ya ζi
ω

q uW _W�`W ζi = xi−ci ucWZW ci [k \ Xa`kY\`Yq [` YcW j`^WZYjZlW_X\kWK
gcW saVVau[`b ^Za^ak[Y[a` [k \ m\Z[\`Y as \ Xa]^\XY`Wkk ZWkjVY ^ZamW_ [` �J��

uc[Xc uW ZWX\VV saZ Xa]^VWYW`WkkK f` Xa`YZ\kY Ya ^ZWm[ajk uaZ}q YcW ^Zaas uW b[mW
cWZW a`Vd ZWij[ZWk laj`_W_`Wkk as YcW Xa`_jXY[m[Yd γω

K
�n rp rloq ors �x�x ������`	 
 �`��`�
` �� �`�� ω ⊂⊂ Ω� ��


� ��
� 1
|ω|1ω


���`	�`�
�� ��` �`��` �� �`
��	`� �� 
 �	��
������ �`
��	` dµ 
� |ω| �`��� �� �`	�_ ��`��
��` 
�		`
��	� 1

|ω|1ω
∂ζi

ω

∂xj


���`	�` �� ��` �`��` �� �`
��	`� ��Mijdµ� �
�`	` Mij

��

 �
�	����
��`� ���
����_

��	��`	��	`� �� �
����`�

‖∇(ζi
ω − ζi)‖L2(Ω)d ≤ C|ω|1/2, 
�� ‖ζi

ω − ζi‖L2(Ω) ≤ C|ω| 12+κ,
��`	` ��` 
����
��� κ > 0 
�� C > 0 � �̀`�� ���� �� Ω1 � supΩ |γω|� 
�� infΩ |γω|_
�	��� _ gcW laj`_k a`∇ (ζi

ω − ζi
) \`_ (ζi

ω − ζi
) \ZW \ _[ZWXY Xa`kWijW`XW as �W]]\ �KJq

[s uW ZW]\Z} Yc\Yq [`k[_W YcW _a]\[` Ω
q
ζi
ω − ζi k\Y[k�Wk

∇x ·
(

γω(x)∇x

(

ζi
ω − ζi

))

= −∇x · (1ω (γp − γ)∇xxi)
[` Ω.

�k saZ YcW W�[kYW`XW as \ V[][Y e\`_ [Yk \__[Y[a`\V ^Za^WZY[Wkh uW ZWsWZ Ya �J��K
�

�`W as YcW }Wd WVW]W`Yk as ajZ ]WYca_ [k YcW saVVau[`b ZW^ZWkW`Y\Y[a` saZ]jV\K
�n rp rloq ors �x�x �����` ��
� u ∈W 2,∞(ω) _ ��`��

∫

∂Ω

(uω − u)φdσ = |ω|
∫

Ω

(γω(x) − γ(x))Mω∇u∇u dx+O(|ω|1+κ).

��` `����`�� κ ���� � �̀`��� �� Ω1 � supΩ |γω| 
�� infΩ |γω| _ ��` 	`�
���`	 �`	�
�
� ��` ��	�

∣

∣O(|ω|1+κ)
∣

∣ ≤ C |ω|1+κ‖∇u‖L∞(ω)d‖∇2u‖L∞(ω)d×d ,
��`	` C � �̀`��� ���� �� Ω1 � supΩ |γω|� 
�� infΩ |γω| _ ���
����

��` �
�	�� �
��`�
���
����Mω

�� ���`� ��

(Mω)ij (x) =
1

|ω|1ω(x)
∂

∂xj
ζi
ω(x) 
_`_ x ∈ Ω1.
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�W `aYW Yc\Y \__[Y[a`\V ZWbjV\Z[Yd a` u [k a`Vd ZWij[ZW_ u[Yc[` ω e[` ^\ZY[XjV\Zq
YcW ij\V[Yd as YcW ZW^ZWkW`Y\Y[a` saZ]jV\ [k `aY \xWXYW_hK �W \Vka `aYW Yc\Y [s ω [k
\ _[k} [` YcW Yuav_[]W`k[a`\V X\kW YcW` ekWW saZ [`kY\`XW �J��h

Mω =
1

|ω|1ω(x)
ν − 1

ν + 1
I2,

ucWZW I2 [k YcW j`[Y ]\YZ[�K gcW saVVau[`b XaZaVV\Zd caV_kK
�rn r���n� �x�x �����` ��
� ��` ���`����� d = 2�

��
� ��` �`	��	�`� 
	`
 ω �� 

���� 
`��`	`� 
� z � 
��

��
� u ∈W 2,∞(ω) _ ��`�� �` �
�`

∫

∂Ω

(uω − u)φdσ =

∫

ω

γ(x)
(ν(x) − 1)

2

ν(x) + 1
∇u · ∇u dx+O(|ω|1+κ)

= |∇u(z)|2
∫

ω

γ(x)
(ν(x) − 1)

2

ν(x) + 1
dx+O(|ω|1+κ).

��`	 �̀ �	`� �� γ �� C0,α(ω)� ��
��

0 ≤ α ≤ κ� �` �
�`

γ(z) |∇u(z)|2 = S(z) +O(|ω|α) (�	 o(1) �
�
α = 0),e�KJh

��`	` ��` ���
���� S(z) �� � �̀�`� ��

S(z) =

(

∫

ω

(ν(x) − 1)
2

ν(x) + 1
dx

)−1
∫

∂Ω

(uω − u)φdσ.e�K�h

�W W]^c\k[~W Yc\Y S(z)
ZW^ZWkW`Yk \ }`au` sj`XY[a`q \k YcW kWXa`_ YWZ] a`

YcW Z[bcYvc\`_ k[_W as e�K�h [k W�\XYVd YcW ]W\kjZW_ _\Y\K �W \Vka `aYW Yc\Y YcWsaZ]jV\ e�KJh [k a`Vd m\V[_ ucWZW |S(z)| � |ω|κ K

�	��� �� �	��������� �_�_ zZa] e�K�h \`_ e�K�hq uW alY\[` jk[`b �ZWW`�k saZ]jV\
Yc\Yq saZ \VV w ∈ H1(Ω)

q
∫

∂Ω

uωφdσ =

∫

Ω

γ∇uω∇u dx, \`_ ∫

∂Ω

uφ dσ =

∫

Ω

γω∇uω∇u dx.

�a`kWijW`YVdq
∫

∂Ω

(uω − u)φdσ =

∫

Ω

(γ − γω)∇uω∇u dx.e�K�h

=

∫

ω

(γ − γω)∇uω∇u dx.

�aY[XW Yc\Y uω−u k\Y[k�Wk \ ca]abW`ajk �Wj]\`` laj`_\Zd Xa`_[Y[a`q \`_ mWZ[�Wk

∇ · (γω∇(uω − u)) = −∇ · (1ω(γω − γ)∇u) [` Ω.

y[`XW u ∈W 1,∞(ω)
q uW X\` [`ma}W \b\[` �W]]\ �KJ Ya alY\[` Yc\Y

‖∇(uω−u)‖L2(Ω)d ≤ C|ω|1/2‖∇u‖L∞(ω)d , \`_ ‖uω−u‖L2(Ω) ≤ C|ω| 12+κ‖∇u‖L∞(ω)d ,
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ucWZW YcW Xa`kY\`Yk C, κ _W^W`_ a`Vd a` Ω1
q
supΩ |γω| \`_ infΩ |γω|

K zaZ \VV φ ∈
W 1,∞(Ω)

q uW `au Xa]^jYW
∫

Ω

γω∇(uω − u) · ∇ζi
ω φdx =

∫

Ω

γω∇ ((uω − u)φ) · ∇ζi
ω dx

−
∫

Ω

γω(uω − u)∇φ · ∇ζi
ω dx

=

∫

Ω

γ∇ ((uω − u)φ)∇ζi dx+ r1

=

∫

Ω

γ∇(uω − u)∇ζi φdx+ r2.

gcW ZW]\[`_WZ YWZ] [k b[mW` ld

r2 =

∫

Ω

γ(uω − u)∇φ∇ζi dx−
∫

Ω

γω(uω − u)∇φ∇ζi
ω dx

= O(|ω|1+κ).
tWZWq ldO(|ω|1+κ) uW _W`aYW \ ij\`Y[Yd Yc\Y [k laj`_W_ ldC‖∇u‖L∞(ω)d‖∇φ‖L∞(Ω)d |ω|1+κ q
ucWZW C _W^W`_k a`Vd a` Ω1

q
supΩ |γω|

q \`_ infΩ |γω|
K

�` a`W c\`_q uW c\mW
∫

Ω

γω∇(uω − u) · ∇ζi
ω φdx =

∫

Ω

γω∇(uω − u) · ∇
(

ζi
ωφ
)

dx

−
∫

Ω

γω∇(uω − u) · ∇φ ζi
ω dx,

=

∫

ω

(γ − γω)∇u · ∇
(

ζi
ωφ
)

dx

−
∫

Ω

γω∇(uω − u) · ∇φ ζi dx+O
(

|ω|1+κ
)

,

=

∫

ω

(γ − γω)∇u · ∇ζi
ω φdx

+

∫

Ω

(γ∇u− γω∇uω) · ∇φ ζi dx+O
(

|ω|1+κ
)

.

�` YcW aYcWZ c\`_q uW c\mW
∫

Ω

γ∇(uω − u) · ∇ζi φdx =

∫

Ω

γ∇(uω − u) · ∇
(

ζiφ
)

dx

−
∫

Ω

γ∇(uω − u) · ∇φ ζi dx,

=

∫

ω

(γ − γω)∇uω · ∇ζi φdx

+

∫

Ω

(γ∇u− γω∇uω) · ∇φ ζi dx.

�W c\mW alY\[`W_ Yc\Yq saZ \VV i = 1, . . . , d
q

∫

ω

(γ − γp)
∂uω

∂xi
φdx =

∑d
j=1

∫

ω

(γ − γω)
∂u

∂xj
· ∂

∂xj
ζi
ω φdx+O(|ω|1+κ),e�K�h

u[Yc
∣

∣O(|ω|1+κ)
∣

∣ ≤ C |ω|1+κ‖∇u‖L∞(ω)d‖∇φ‖L∞(Ω)d ,
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ucWZW C [k \ Xa`kY\`Y Yc\Y _W^W`_k a`Vd a` Ω1
q
supΩ |γω|

q \`_ infΩ |γω|
K �caakW

φi = ∂
∂xi

u∗ηε
[` ωε = {x ∈ ω kKYK _[kY(x, ∂ω) > ε} ucWZW η [k YcW kY\`_\Z_ ]aVV[�WZq\`_ VWY Φε

lW _W�`W_ \k

Φε = (
∂

∂x1
u ∗ ηε, . . . ,

∂

∂xd
u ∗ ηε).

yj]][`b e�K�h amWZ i uW alY\[`
∫

ω

(γ − γp)∇uω · ∇Φε dx = |ω|
∫

ω

(γ − γp)∇u · (MωΦε) dx+O(|ω|1+κ),

ucWZW
O(|ω|1+κ) ≤ C‖∇u‖L∞(ω)d‖∇Φε‖L∞(ω)d ≤ C‖∇u‖L∞(ω)d‖∇2u‖L∞(ω)d .

�d ^\kk[`b Ya YcW V[][Y [` ε \`_ jk[`b e�K�hq YcW ^Zaas as YcW ^Za^ak[Y[a` [k Xa]^VWYWK
�

�K �[SPMhNORSNTPM RhTMZ Nd[
0��c bgcSTcM �POaRgcNTPM

f` m[Wu as _WZ[m[`b \` \^^Za�[]\Y[a` saZ YcW Xa`_jXY[m[Yd γ [`k[_W Ω1
q uW [`YZav

_jXW YcW saVVau[`b Wij\Y[a`

e�KJh


















∇ ·
(

S(x)

|∇u|2
∇u
)

= 0
[` Ω,

S(x)

|∇u|2
∂u

∂n
= φ

a` ∂Ω.

�W W]^c\k[~W Yc\Y S [k \ }`au` sj`XY[a`q Xa`kYZjXYW_ sZa] YcW ]W\kjZW_ _\Y\
e�K�hK �a`kWijW`YVdq \VV YcW ^\Z\]WYWZk W`YWZ[`b [` Wij\Y[a` e�KJh \ZW }`au`K

�jZ \^^Za\Xc jkWk ]W\kjZW]W`Yk S1
\`_ S2

alY\[`W_ jk[`b Yua _[kY[`XY XjZZW`Ykq
φ1

\`_ φ2
K �W XcaakW Yc[k ^\[Z as XjZZW`Y ^\YYWZ`k Ya c\mW ∇u1 ×∇u2 6= 0

saZ \VV
x ∈ Ω

q ucWZW ui, i = 1, 2,
[k YcW kaVjY[a` Ya eJKJhK yWW ��Jq �J� saZ \` Wm[_W`XW as YcW

^akk[l[V[Yd as kjXc \ Xca[XWK
�W kY\ZY sZa] \` [`[Y[\V bjWkk saZ YcW Xa`_jXY[m[Yd γ q \`_ kaVmW YcW XaZZWk^a`_[`b

�[Z[XcVWY Xa`_jXY[m[Yd ^ZalVW]
{

∇ · (γ∇u0) = 0
[` Ω,

u0 = ψ
a` ∂Ω.

gcW _\Y\ ψ [k YcW �[Z[XcVWY _\Y\ ]W\kjZW_ \k \ ZWk^a`kW Ya YcW XjZZW`Y φ ek\d
φ = φ1

h [` \lkW`XW as WV\kY[X _WsaZ]\Y[a`K
gcW _[kXZW^\`Xd lWYuWW` YcW _\Y\ \`_ ajZ bjWkkW_ kaVjY[a` [k

e�K�h ε0 :=
S(x)

|∇u0|2
− γ.

�W YcW` [`YZa_jXW \ XaZZWXYaZq uc
q Xa]^jYW_ \k YcW kaVjY[a` Ya

{

∇ · (γ∇uc) = −∇ · (ε0∇u0)
[` Ω,

uc = 0
a` ∂Ω,

\`_ j^_\YW YcW Xa`_jXY[m[Yd

γ :=
S(x) − 2γ∇uc · ∇u0

|∇u0|2
.

�W [YWZ\Y[mWVd j^_\YW YcW Xa`_jXY[m[Ydq \VYWZ`\Y[`b _[ZWXY[a`k e�_`_q u[Yc φ = φ2
hK
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ga kYj_d YcW W�X[W`Xd as Yc[k \^^Za\Xcq uW c\mW YWkYW_ Yc[k ]WYca_ a` m\Z[ajk

^ZalVW]k \`_ _a]\[`kq jk[`b YcW ^\ZY[\V _[xWZW`Y[\V Wij\Y[a` kaVmWZ zZWWzW]�� ����K
�W ^ZWkW`Y cWZW a`W kjXc YWkYK gcW _a]\[` Ω

[k \ _[k} as Z\_[jk 8 XW`YWZW_ \Y YcW
aZ[b[`q uc[Xc Xa`Y\[`k YcZWW [`XVjk[a`kq \` WVV[^kWq \` �vkc\^W_ _a]\[` \`_ \ YZ[v
\`bVWq ka \k Ya []\bW \ Xa`mW� alrWXYq \ `a`vXa`mW� alrWXYq \`_ \` alrWXY u[Yc \
k]aaYc laj`_\ZdK

YTZRO[ �]^] �a`_jXY[m[Yd _[kYZ[ljY[a`K

gcW l\X}bZaj`_ Xa`_jXY[m[Yd [k Wij\V Ya 0.5
q YcW Xa`_jXY[m[Yd Y\}Wk YcW m\VjWk 2[` YcW YZ[\`bVWq 0.75

[` YcW WVV[^kW \`_ 2.55
[` YcW �|kc\^W_ _a]\[`K �W ^jZ^akW_Vd

XcakW m\VjWk XaZZWk^a`_[`b Ya k]\VV \`_ V\ZbW Xa`YZ\kY u[Yc YcW l\X}bZaj`_K �aYWYc\Y ajZ \^^Za\Xc [k ^WZYjZl\Y[mWq Ycjk YcW k]\VVWZ YcW Xa`YZ\kY YcW W\k[WZ YcW
_WYWXY[a`{ gcW Xca[XW as \ k[b`[�X\`Y Xa`YZ\kY u\k `aY ]\_W Ya c[bcV[bcY YcW alrWXYkq
ljY Z\YcWZ Ya ]\}W YcW ZWXa`kYZjXY[a` ]aZW Xc\VVW`b[`bK

z[bjZW �K� kcauk YcW ZWkjVY as YcW ZWXa`kYZjXY[a` ucW` ^WZsWXY ]W\kjZWk eu[Yc
�[`�`[YW� ^ZWX[k[a`h \ZW \m\[V\lVWK �W jkW Yua _[xWZW`Y laj`_\Zd ^aYW`Y[\Vkq ψ =
x/|x| \`_ ψ = y/|y|K gcW [`[Y[\V bjWkk [k _W^[XYW_ a` YcW VWsY{ [Y [k Wij\V Ya J [`k[_W
YcW _[k} as Z\_[jk � XW`YWZW_ \Y YcW aZ[b[`q \`_ Wij\V Ya YcW kj^^akW_Vd }`au`
Xa`_jXY[m[Yd γ = 0.5 `W\Z YcW laj`_\Zd eajYk[_W YcW _[k} as Z\_[jk 6

hK gcW Yua
XW`YZ\V ^[XYjZWk ZW^ZWkW`Y YcW XaVVWXYW_ _\Y\q S(x)

saZ
ψ = x/|x| a` YcW VWsY \`_

S(x)
saZ

ψ = y/|y| a` YcW Z[bcYK �[mW` YcW m\VjWk as YcW Xa`YZ\kYq uW ZW]\Z}Yc\Y \VYcajbc a`W X\` �kWW� YcW YZ[\`bVW \`_ YcW �|kc\^W [`XVjk[a`k a` YcWkW ^VaYkq
YcW X[ZXVW [k c\Z_Vd `aY[XW\lVWK �` YcW s\Z Z[bcYq YcW ZWXa`kYZjXYW_ Xa`_jXY[m[Yd [k
ZW^ZWkW`YW_{ [Y ^WZsWXYVd ]\YXcWk YcW Y\ZbWYK

YTZRO[ �]\ ] �WXa`kYZjXY[a` YWkYK zZa] VWsY Ya Z[bcYq YcW [`[Y[\V
bjWkkq YcW XaVVWXYW_ _\Y\ S ex/|x| \`_ y/|y|h \`_ YcW ZWXa`kYZjXYW_Xa`_jXY[m[YdK
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f` z[bjZW �K�q YcW WZZaZ [k ZW^ZWkW`YW_ \k \ sj`XY[a` as YcW `j]lWZ as [YWZ\Y[a`kK
gcW _aYYW_ XjZmW [k \ ^VaY as YcW e[`YZ[`k[Xh WZZaZ WkY[]\YaZ maxx∈Ω εn(x)

q b[mW`
ld e�K�hK gcW XjZmW u[Yc _[\]a`_ kd]laVk _W^[XYk YcW L1v`aZ] a1(n)

as YcW YZjW
WZZaZ lWYuWW` YcW ZWXa`kYZjXYW_ Xa`_jXY[m[Yd γ̃ \`_ YcW aZ[b[`\V a`W{

a1(n) :=

∫

Ω

|γ̃ − γ| dx.
�aYW Yc\Y YcW \lX[kk\ [k ZW^ZWkW`YW_ [` Vab\Z[Yc][X kX\VWq Ycjk YcW Xa`mWZbW`XW kWW]k
W�^a`W`Y[\VK

0 50 100 150 200 250

1e-05

1e-06

1e-04

0,01

1 Estd err., 2 dir.
True err, 2 dir.
Estd err., 4 dir.
True err., 4 dir.

YTZRO[ �]�] �a`mWZbW`XW ZWkjVYkK gcW XjZmW V\lWVW_ �UkY_ WZZKq �
_[ZK� eZWk^K �gZjW WZZKq � _[ZK�h XaZZWk^a`_k Ya YcW WkY[]\YW_ WZZaZ
eZWk^K YZjW WZZaZh ucW` Yua _[ZWXY[a`k \ZW jkW_K gcW XjZmWk �UkY_
WZZKq � _[ZK� \`_ �gZjW WZZKq � _[ZK� \ZW YcW WZZaZk Xa]^jYW_ ucW`
� _[ZWXY[a`k \ZW jkW_K

gcW aYcWZ Yua XjZmWk XaZZWk^a`_ Ya YcW k\]W Xa]^jY\Y[a`kq ljY sajZ _[ZWXY[a`k
\ZW jkW_ [`kYW\_ as Yua{ x/|x|qy/|y|q (x + y)/|x + y|q(x − y)/|x − y|K �aYW Yc\Y
Yc[k _aWk `aY ZWij[ZW ]aZW ]W\kjZW]W`Yk lWX\jkW as YcW V[`W\Z _W^W`_W`XW a` YcW
laj`_\Zd Xa`_[Y[a`{ [Y [k ]WZWVd \ Xc\`bW [` YcW \VbaZ[Yc]K gcW k\]W VWmWV as WZZaZsaZ

εn
[k ZW\XcW_ [` 45

[YWZ\Y[a`kq [`kYW\_ as
222

K gcW k\]W W�^WZ[]W`Yq u[Yc \
Xa`YZ\kY 5

Y[]W k]\VVWZq Xa`mWZbWk [` VWkk Yc\` YW` [YWZ\Y[a`kK
�W \Vka Xa`k[_WZW_ []^WZsWXY _\Y\K f` z[bjZW �K� uW saVVau YcW k\]W ^ZaXW_jZW

ljY `au \kkj]W Yc\Y YcW _\Y\ u\k ]W\kjZW_ \Y YcW `a_Wk as \ ZWbjV\Z ]Wkc a` YcW
_[k}q u[Yc 50, 100, 200 \`_ 400 laj`_\Zd ^a[`YkK ga b[mW \` [_W\ as YcW kX\VW as
YcW ]Wkc Xa]^\ZW_ Ya YcW alrWXYkq YcW ^ZarWXY[a`k as YcW Xa`_jXY[m[Yd Yc\Y uW u[kc
Ya ZWXamWZ \ZW ZW^ZWkW`YW_ [` YcW VWsY XaVj]`K gcW Yua XW`YZ\V XaVj]`k _W^[XY YcW
XaVVWXYW_ _\Y\K gcW XaVj]` a` YcW s\Z Z[bcY kcauk YcW alY\[`W_ ZWXa`kYZjXY[a`kK
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YTZRO[ �]�] �WXa`kYZjXY[a` YWkYkK zZa] Ya^ Ya laYYa]q jk[`b \
ZWbjV\Z ]Wkc u[Yc 50

q
100

q
200

q \`_ 400 laj`_\Zd ^a[`YkK zZa] VWsY
Ya Z[bcYq YcW [`[Y[\V bjWkkq YcW XaVVWXYW_ _\Y\ S esaZ x/|x| \`_ y/|y|h\`_ YcW ZWXa`kYZjXYW_ Xa`_jXY[m[YdK

ga \XXWVWZ\YW YcW Xa]^jY\Y[a`kq uW jkW_ YcW sajZ _[ZWXY[a` m\Z[\`Y as YcW \VbavZ[Yc]K gcW WZZaZ \k \ sj`XY[a` as YcW [YWZ\Y[a`k [k ZW^ZWkW`YW_ [` z[bjZW �K�K gcW
XjZmWk u[Yc kd]laVk ZW^ZWkW`Y YcW L1 `aZ] as YcW YZjW WZZaZq ucWZW\k YcW _\kcW_
V[`W [k YcW L2 `aZ] as YcW WkY[]\YW_ WZZaZ εq saZ YcW ]akY ^ZWX[kW ]WkcK �VYcajbcYcW WkY[]\YW_ WZZaZ _aWk `aY _WXZW\kW `aY[XW\lVdq YcW YZjW WZZaZ _aWkK gcW ZWv
Xa`kYZjXYW_ []\bW [k alY\[`W_ \sYWZ YW` [YWZ\Y[a`k \`_ _aWk `aY Xc\`bW `aY[XW\lVd
cW`XWsaZYcK gc[k X\VVk saZ sjZYcWZ ZW�`W]W`Yk as YcW \VbaZ[Yc]q kjXc \k \_\^YW_
kYW^k[~Wk \`_ \_\^YW_ ]WkcWkK f]^ZamW]W`Yk \ZW [`_WW_ ^akk[lVWq \`_ u[VV lW YcW
kjlrWXY as \ sjYjZW ^jlV[X\Y[a`K �k [Y kY\`_kq YcW \VbaZ[Yc] \VZW\_d ^Zam[_Wk ZWXa`v
kYZjXY[a`k Xa]^\Z\lVW [` \XXjZ\Xd Ya YcakW as ^ZarWXYW_ Xa`_jXY[m[YdK �\YjZ\VVdq YcW
kc\Z^ XaZ`WZk \ZW W\k[Vd VaX\V[~W_q ljY YcW k]aaYc WVV[^Y[X kc\^W [k \Vka \XXjZ\YWVd
ZWXa`kYZjXYW_q WmW` \Y YcW Xa\ZkWkY kX\VWK
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0 50 100 150 200 250
0,001

0,01

0,1

1

True L1 err., 50 el.
True L1 err., 100 el.
True L1 err., 200 el.
True L1 err., 400 el.
Estd L2 err., 400 el.

YTZRO[ �]�] �a`mWZbW`XW ZWkjVYkK gcW XjZmWk V\lWVW_ �gZjW �J
WZZK� XaZZWk^a`_ Ya YcW L1 `aZ] as YcW _[kXZW^\`Xd lWYuWW` YcW
ZW\V \`_ ZWXa`kYZjXYW_ Xa`_jXY[m[YdK gcW XjZmW V\lWVW_ �UkY_ ��
WZZKq �pp WVK� ZW^ZWkW`Yk YcW WkY[]\YW_ WZZaZ saZ YcW ZWbjV\Z ]Wkc
_Wk[b`W_ u[Yc �pp laj`_\Zd ^a[`YkK

�K �PMSgRQTMZ O[acO�h
�W c\mW ^Za^akW_ \ `Wu YWXc`[ijW saZ Xa`_jXY[m[Yd []\b[`bq uc[Xc Xa`k[kYk [`

^WZYjZl[`b YcW ]W_[j] _jZ[`b YcW WVWXYZ[X ]W\kjZW]W`Ykq ld saXjk[`b jVYZ\ka`[X
u\mWk a` ZWb[a`k as k]\VV _[\]WYWZ [`k[_W YcW la_dK �W _WZ[mW_ \` \^^Za�[]\Y[a`
as YcW Xa`_jXY[m[Yd jk[`b k]\VV maVj]W \kd]^YaY[Xk \`_ alY\[`W_ \ `a` V[`W\Z ��UsaZ YcW ^aYW`Y[\Vq [` YWZ]k as YcW ]W\kjZW_ _\Y\K �\kW_ a` Yc[k ��Uq uW ^Za^akW_ \
`Wu \VbaZ[Yc] saZ YcW ZWXa`kYZjXY[a` as YcW Xa`_jXY[m[Yd _[kYZ[ljY[a`q uc[Xc ^ZamWk
ZW]\Z}\lVd \XXjZ\YWKwaY[m\YW_ ld YcW ^Z\XY[X\V V[][Y\Y[a`k as Ufgq uW [`YW`_ Ya ^jZkjW YcW ^ZWkW`Y
[`mWkY[b\Y[a` [` YcW saVVau[`b _[ZWXY[a`k{

e[h yYj_d YcW ZWXa`kYZjXY[a` X\^\l[V[Y[Wk as Yc[k ]WYca_ ucW` a`Vd ^\ZY[\V _\Y\q
]W\kjZW_ a` \ k]\VV ^aZY[a` Γ

as YcW laj`_\Zdq [k \m\[V\lVWK
e[[h yYj_d YcW _W^W`_W`XW as YcW \VbaZ[Yc] a` YcW bVal\V bWa]WYZd as Ω

K
e[[[h yYj_d YcW kW`k[Y[m[Yd as YcW ]WYca_ Ya V[][Y\Y[a`k a` YcW [`YW`k[Y[Wk as YcW

\^^V[W_ maVY\bWkq \k WVWXYZ[X\V k\sWYd ZWbjV\Y[a`k V[][Y YcW \]aj`Y as YcW
YaY\V XjZZW`Y Yc\Y ^\Y[W`Yk X\` kjkY\[`K

waZWamWZq uW \Vka [`YW`_ Ya \__ZWkk ka]W as YcW ]\YcW]\Y[X\V ijWkY[a`k Z\[kW_ ld
Yc[k []\b[`b \^^Za\Xcq \]a`b uc[Xc YcW j`[ijW`Wkk saZ kaVjY[a`k Ya YcW ��U eJK�hq
YcW j`[ijW`Wkk as YcW [`mWZkW ^ZalVW] as ZWXamWZ[`b YcW Xa`_jXY[m[Yd _[kYZ[ljY[a`
u[Yc Yua ]W\kjZW]W`Ykq \`_ YcW Xa`mWZbW`XW \`\Vdk[k as YcW ZWXa`kYZjXY[a` \VbavZ[Yc]K
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�bb[MQT� �
�kww� �x�x �`� a ∈ L∞(Ω) �` 
 �������` ���
����� �


�������� C0 > a > c0 > 0�

�� �`� F ∈ L∞(Ω)d _ �`� V �` 
 
���`� ����`� �� H1(Ω) ��
� ��
�

H1
0 (Ω) ⊂ V ⊂ H1(Ω)

�����` ��
� φ ∈ V �� ��
� ��
�

e�KJh ∇ · (a∇φ) = ∇ · (1ω(x)F ) �� Ω.
������` ��
� Ω 
���
��� 
 ����`� �� Ω′ ⊂ Ω �� 
�
�� C2 � ��


� ��
� ����(Ω′, ∂Ω) >
d0 > 0� 
�� ��


� ��
� ω ⊂ Ω′ � �	 
�
�`	�
���`�� ��
� Ω �� 
 
��` 
�� ��
� φ �� �`	����


�� ��
� 
��`_ ��`��
e�K�h ‖∇φ‖L2(Ω)d ≤ 1√

c0
|ω|1/2‖F‖L∞(Ω)d .

��	��`	��	`� ��`	` `����� κ > 0 
�� C > 0�
��� �������` 
����
��� � �̀`����� ����

�� Ω′, d0, c0 � 
�� C0 � ��

� ��
�

e�K�h ‖φ‖L2(Ω) ≤ C|ω| 12+κ‖F‖L∞(Ω)d .
�Y Yc[k ^a[`Yq VWY jk W]^c\k[~W YcW s\XY Yc\Y YcW l\X}bZaj`_ [k `aY ZWij[ZW_ Ya

lW k]aaYcK gcW ^Zaas jkWk wWdWZk� gcWaZW] ��n�K
�	��� _ �W kc\VV `au ^ZamW �W]]\ �KJ saZ V = H1(Ω)

aZ
V = H1

0 (Ω)
K f`YWbZ\Y[`b

e�KJh \b\[`kY φq uW alY\[`
∫

Ω

a∇φ · ∇φdx =

∫

Ω

1ωF · ∇φdx.
gcjkq jk[`b �\jXcdvyXcu\Z~ [`Wij\V[Ydq uW bWY e�K�hK �W�`W ψ ∈ H1(Ω) \k YcW
j`[ijW kaVjY[a` Ya

−∇ · (a∇ψ) = φ
[` Ω,

ψ = 0
a` ∂Ω.

�caakW f ∈ C∞
0 (Ω)

Ya lW \ XjYvax sj`XY[a` kjXc Yc\Y f ≡ 1
a` Ω′ q \`_ 0 ≤ f ≤ 1

K
�XXaZ_[`b Ya wWdWZk� gcWaZW] ��n� ekWW \Vka �J�q ^K ��|���hq YcWZW W�[kYk \ η > 0_W^W`_[`b a`Vd a` Ω, c0, C0

q \`_ f kjXc Yc\Y ψ ∈W 1,2+η(Ω′)
q \`_ uW c\mW

‖∇ (ψf)‖L2+η(Ω) ≤ C ‖φ‖L2+η(Ω) .
�k[`b �\bV[\Z_av�[ZW`lWZb [`Wij\V[Ydq

‖φ‖L2+η(Ω) ≤ C ‖φ‖α
L2(Ω) ‖∇φ‖

1−α
L2(Ω)d

u[Yc α =
η

2 + η

≤ C ‖φ‖α
L2(Ω) |ω|

1
2+η .

�W YcW` Xa]^jYW
∫

Ω

φ2dx =

∫

a∇ψ∇φ

=

∫

1ωF∇ψ

≤ ‖F‖L∞(Ω) |ω|
1+η
2+η ‖∇ (fψ)‖L2+η(Ω)

≤ C ‖F‖L∞(Ω) |ω| ‖φ‖
α
L2(Ω) .
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‖φ‖L2(Ω) ≤ C ‖F‖L∞(Ω) |ω|
1
2+ η

2(4+η)

\`_ YcWZWsaZWq Xcaak[`b κ = η
2(4+η)
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