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If M is a smooth projective variety whose motive is Kimura finite-dimensional and for which the stan-
dard Lefschetz Conjecture B holds, then the motive of M splits off a primitive motive whose cohomology
is the primitive cohomology. Under the same hypotheses on M, let X be a smooth complete intersection
of ample divisors within M. Then the motive of X is the sum of a variable and a fixed motive inducing
the corresponding splitting in cohomology. I also give variants with group actions.
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1 Introduction

This note aims to address the motivic nature of some classical cohomological results of Lefschetz. The
first is the Lefschetz decomposition of the cohomology of a smooth projective manifold. The second is
a consequence of Lefschetz’ hyperplane theorem, namely the splitting of the cohomology of a complete
intersection into a summand which comes from the surrounding variety, the “fixed part”, and a supple-
mentary summand, the “variable” part. Explicitly, fix an (d + r)-dimensional projective manifold M and
an ample line bundle £ on M; let X = H; N --- N H, be a smooth complete intersection of r divisors

H;e|Lf],j=1,...,randleti: X — M be the inclusion. With

HY(X)gy :=Im(i* : HY (M) — HY(X))

HY(X)yar := Ker(iy : HY(X) — H¥?"(M)) M
there is an orthogonal direct sum decomposition

HYX) = HY(X)x @ H(X ) var- )

In general it seems hard to show the motivic nature of these results and some conditions will be needed,
Clearly, a first ingredient one needs is the existence of a correspondence inducing the inverse of the Lef-
schetz operator on H*(M). This is Lefschetz’ conjecture B(M). The second comes from a concept
introduced by Kimura [3] and O’Sullivan, the concept of finite-dimensionality for motives. These authors
conjecture that all motives are finite-dimensional. The main result of this note is that the primitive decom-
position for the cohomology of M as well as the splitting (2) is motivic provided these two conjectures
hold for M. ' In fact, only a consequence of finite dimensionality is used, namely a certain nilpotency
result which is stated as (3).

It is known that both Kimura’s conjecture and conjecture B are verified for example for M a projective
space, or an abelian variety. For these examples the motive of M is well understood and the primitive
decomposition is probably well known. See e.g. Diaz’ explicit results [2] for abelian varieties. The motivic
nature of the splitting (2) for complete intersections X C M shows that the relevant motivic information
is hidden in the variable motive.

* Corresponding author: e-mail: c.a.m.peters@tue.nl
1" For the comfort of the reader some facts about Chow motives are placed together in Section 2.
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This can be taken advantage of in situations where the motive of M is too large. Let me illustrate this
starting from the Bloch conjecture [1] for surfaces S. Recall that the latter states that if pg(S ) = 0, then
CHo(.S) is “small” in the sense that the degree 0 part of the Chow group is just the Albanese variety of
S. In the present setting, assuming that one has a complex complete intersection surface S C M, such
that h2°(M) # 0, then, by Lefschetz’ theorem on hyperplane sections h*?(S) # 0, and then, by a result
of Mumford [5], the Chow group of zero cycles on S is huge. However, it may happen that the variable
submotive of S, or a submotive 7" thereof does satisfy the condition h*°(T") = 0 of Bloch’s conjecture.
This observation can indeed be put to use as is shown in the examples of [4]; the present note sets up the
proper theoretical framework.

Convention. Varieties are taken over a fixed algebraically closed field (of any characteristic).
Notation. e H* denotes a fixed Weil cohomology theory; CH,. denotes Chow groups with Q-coeffcients.

e A degree k (Chow) correspondences from X to Y from a smooth projective variety X to a smooth
projective variety Y is a cycle class

Cort®(X,Y) := CHI™X+k(x » ).

e For a smooth projective manifold X, its Chow motive is denoted h(X).

2 Motives

A correspondence of degree & induces a morphism on Chow groups of the same degree and on cohomology
groups (of double the degree). Correspondences can be composed and these give the morphisms in the
category of Chow motives. Let me elaborate briefly on this but refer to [6] for more details.

Precisely, an effective Chow motive consists of a pair (X, p) with X a smooth projective variety and p a
degree zero correspondence which is a projector, i.e., p> = p. Morphism between motives are induced by
degree zero correspondences compatible with projectors. This procedure defines the category of effective
Chow motives. Every smooth projective variety X defines a motive

h(X) = (X,A), A e CH"™X(X x X) the class of the diagonal

and a morphism f : X — Y between smooth projective varieties defines a morphism h(Y) — h(X) given
by the transpose of the graph of X.

The direct sum (X, p) & (X', p’) of two effective motives plays a role further on. It consists of the
disjoint union of X and X’ equipped with the union of the projectors p and p'.

One can also use correspondences of arbitrary degrees provided one uses triples (X, p, k) where p is
again a projector, but a morphism f : (X, p, k) — (Y, g, £) is a correspondence of degree ¢ — k compatible
with projectors. Such triples define the category of Chow motives.

It should be recalled that motives, like varieties have their Chow groups and cohomology groups:

CH (X, p, k) i= Im (CH™(X) 25 CH™ (X)),
H™(X,p, k) := Im (Hm“k(x) N Hm+2k(X)) :

Kimura [3] has introduced the concept finite-dimensionality for motives and he has shown that it implies
the following nilpotency result.

N € Corr’(M, M) such that N = 0 on H*(M) = N is nilpotent. 3)

3 The primitive motive

3.1 Primitive cohomology

Let M be a smooth projective variety. For ease of presentation, introduce
Hy = H*(M)(dim M),
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the cohomology of M centered at 0. The Hard Lefschetz theorem then is the statement that there are
isomorphisms

L’ H,] = HJ,, j=0,...,dimM. 4)

Over the complex numbers this result is a consequence of the Lefschetz decomposition. The proof requires
subtle properties of the formal adjoint of the Lefschetz operator L. If one instead uses a Weil cohomology,
one assumes the Hard Lefschetz theorem and tries to derive the analogue of the Lefschetz decomposition.
Hard Lefschetz (4) indeed makes it possible to construct a replacement A : Hy; — H)js for the formal
adjoint of L, an operator of degree —2 which makes the following diagrams commutative. It is uniquely
defined in this way. 2

- L7 j
HM ~ HM
|

Al L

\
Hy 2 B g for —j = —d

M ?‘ M or —j3=— +2,,0

L
—1 ——> 771
HM <77H]\/[

) j—2 .
—j+2 L7 j—2
HM HM

~

A
L I'x
) I

Hy —2 > 1, forj =2,...,d.

We set A = 0 on HAj[d and H]\}dﬂ. By definition, setting H]%IO = @?:OHA_/’ we have
HY =Ker A C Hyp.

From the preceding definition it follows that for all integers » > 1 one has

AToL" =id on the image of A"

L"-A" = id on the image of L. ©)
This implies that L™o A" and \"<L" are projectors. Consider the special case r = 1 and write

u = (u— LA(u)) + LA(u).
This gives the Lefschetz decomposition

Hy = HY, @ LHy. (6)

Indeed, LoA(u) = 0 if u is primitive, while if « = Lu’, using (5) one sees that LoA(u) = LoXoL(u') =
L(u') = wand so Im(L) C Im(LoX) and hence Im(L) = Im(L-\). Consequently,

7P i=1id — LoA @)

is a projector onto the primitive cohomology.

2 Over C it differs slightly from the formal adjoint of L, usually called the A-operator. In fact, from the proof of [7, Cor. 1.25]
one sees that Ao L[ i —2r,pr =7(j — 1) - id while AoL = id on Im L.
M
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3.2 Construction of the “primitive’” Chow projector

‘We next explain under what conditions these projectors can be lifted to correspondences. First note that L €
Corr® (M, M). Lefschetz’ conjecture B(M) states that there is a correspondence, say A € Corr™* (M, M)
inducing A\. More will be needed, namely the existence of a lift of L"-A" to a (Chow) projector. Because
operators in general don’t commute, this motivates the following variant of the Lefschetz conjecture B(M).

Conjecture 3.1. Property B(M)* holds if for all » > 1 there are correspondences A, and A, in Corr™" (M, M)
such that

e L"oA, € Cort®(M, M) is a projector inducing L" A" in cohomology.
o A oL € Corr’(M, M) is a projector inducing A"=L" in cohomology.

It is not clear whether B(M)* = B(M) even under the assumption that h({) is finite dimensional,
but the converse holds:

Lemma 3.2. Ifh(M) is finite dimensional, then B(M) implies B(M)*.

Proof: 1 shall follow the proof of [6, Lemma 5.6.10] in detail. First I shall construct A,.. Using the
correspondence A, let e = L"oA” € Corr” (M, M). Since this is a cohomological projector, (3) implies
that e? — e is nilpotent, say (e? — €)" = 0. Introduce

E:=(1-(1-e)M)N =(P(e)-e), (P some polynomial)

=V . Pe)V

=L"A" - N7 Ple)V.

In cohomology this induces the same operator as e. One has

N
E=(1-(1-eMN =1+ Z(q)j (7) (1—e)iN

N

and so, since eV - P(e)N = eV - P(e)", for some polynomial () one has

N
E<E = Eo(1+ Z(—l)j (7) (1—e)?™)

= B4 P(e)ec (1 - )Q(e)
=FE (since eVo(1 —e)NV = 0).
This is thus a projector inducing the same operator as e in cohomology. Now set A, := A" -eN=1. P(e)V.

By construction £ = L"-A,. induces the same operator as e in cohomology, i.e. the operator L"-\".
To show the second claim, exchange the order of L" and A". O

For r = 1, this yields:

Theorem 3.3. Suppose that Lefschetz’ conjecture B(M ) holds and that the Chow motive h(M) is Kimura
finite dimensional. There is a correspondence Ay € Corr™*(M, M) such that one has a direct sum
decomposition of motives

h(M) = (M, LoAy) & (M, TIPY),  IIP* := Ay — LoA,.

Referring to (7), the projector IIP" induces the projector " onto HY; in cohomology and Lo\, induces
the projector onto LH ;.
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4 The variable and fixed motive

4.1 Construction of the projectors

Let: : X — M be a d-dimensional smooth complete intersection of r hypersurfaces. Note that the graph
I'; € X x M of i induces the Lefschetz correspondence (I am ignoring multiplicative constants here)

L" =i,0t" € Corr" (M, M).
Set
py i= L7\, € Corrt®(M, M),
which by construction (cf. Lemma 3.2) is a projector. One has

Lemma 4.1. Assume B(M) and that h(M) is finite dimensional. Then the correspondences
7% = %o op,oi, € Corr” (X, X)

and

avar . — AX o ,n_ﬁx

are commuting projectors.

Proof: Tt suffices to show that 7% is a projector. Then

(ﬂ—ﬁx)Q = i*°AT°pr°LT°Ar°pr°i*
= i*oAT.opii*
= i*OA’r‘op’l’i*

=7ix O

4.2 Cohomological action
The inclusion ¢ : X < M induces maps ¢* : H*(M) — H*(X) of degree 0 and i, : H*(X) — H*(M)
of degree 2r with i,0i* = L" and i*oi,, = (L|X)".

Lemma 4.2. For the action on Hd(X) one has p,oiy. = i, and 7 induces the projector i* oA ot .

Proof: By definition of the fixed and variable cohomology (1), one has
i HYX) =i, HE (X) = ioi* HY(M) = L" H(M).

By equality (5), L"eA" = id on the image of L". One then has p,ci, = L"eA"oi, = i, and 7i* =
750N ol O

fi

var

Corollary 4.3. The cohomological projectors ™ and 7

cohomology.

induce projection onto the fixed and variable

Proof: Letx € HY(X). Then 7™(x) = i*(\"ei,z) € HE (X). Since i(z — i*\'i,2) = iz —
L"\'i,x = i@ — i@ = 0, one has x — 7z € HZ (X). To complete the proof I need to show that fixed
and variable cohomology intersection only in 0. So assume that 7% (u) = 7V% (v) = v — 7% (v). Then

ﬂﬁx(u +ov)=v = wﬁx(u +v) = ﬂﬁx(v),

fix

since 7™ is a projector. Hence 7™ (1) = 0 as was required to show.’ O

3 Observe that the result also follows from the direct sum decomposition (2).
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4.3 The motives

Now define the fixed and variable submotive of X by means of
h(X)ﬁx — (X,ﬂ'ﬁx), h(X)var _ (Xﬂrvar)'
Then, Lemma 4.1 and Corollary 4.3 can be summarized as follows.

Theorem 4.4. Let M be a smooth projective manifold for which B(M) holds and suppose that h(M) is
finite dimensional. Let X C M be a smooth d-dimensional complete intersection. Then 7 is a projector
inducing in cohomology projection onto the fixed part of the cohomology and T*" is a projector commuting
with 7 and inducing projection on the variable cohomology. There is a direct sum splitting of motives

h(X) = h(X)™ @ h(X)"™,
Remark 4.5. Let X be a surface. Then by [6, §6.3] there is a self dual Chow-Lefschetz decomposition of
the diagonal

a

A =7+ 1y + 73E + 7Y s + 7y

2

This decomposition is compatible with the splitting into variable and fixed motives. This is because one
has a splitting

W;lg _ 71_glg.,ﬁx + ﬂ_glgﬁvar’ W;lgﬁx — nggoﬂ'gx, 7_‘_glg,var _ 7_r;lgw_‘_;a‘r. (8)
Indeed, the construction of the projector ngg as given in loc. cit. proceeds by first taking an orthogonal
basis for the algebraic classes of X, say d1,...,d, withm;(d;) =0forj =1,..., p, and then one sets

p
. 1
rils = E id d; x d; € Corr®(X, X).
i=1

Since the motive (X, ngg ) is a Lefschetz motive one may identify it with the corresponding cohomological
motive. In cohomology one has

alg _fix fix __alg

o alg,fix
My CoTly = Ty oflg = == T,

is a projector.

Secondly, the splitting in variable and fixed parts is an orthogonal splitting which implies the splitting (8).

1 . t 1 tr,fi t
One then puts 5" = mo — 75 ® and hence, defining 5 """ 1= 7V — 75 &Y and 7y 1= wh — w0V,
one gets a refinement of the above Chow-Lefschetz decomposition
alg,fix tr,fix alg,var tr,var
A=mo+m + 758 +mg 0+ 5V 4 my Y g 4 .
Trgx ﬂ.gar

Theorem 4.4 asserting the splitting into variable and fixed motives has the following consequence which
states that the characterization for fixed and variable cohomology has a motivic analog:

Lemma 4.6. Same assumptions as before.
1. For k < d we have

CHy(h(X)"™) = Ker(p,oiy : CHg(X) — CHi(M)).
2. We have an injective morphism

CHi(h(X)™) < i* (CHpyr (M) )

Proof: 1. By definition the left hand side consists of cycles of the form y = z — i*A,.p,i.z for some
z € CHg(X). Clearly, if proisu = 0, u is of this form and conversely, if y is of this form, we have
1Y = 142 — 0 Approiez = G142 — LToA . protz = 1,2 — proi,z since p,. is a projector and applying p,.
this vanishes.

2. By definition the projector 7> puts the “fixed” cycles all in the image of i*. O

Remark. One expects equality in (9) as is the case for cohomology. I have not been able to show this.
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4.4 A variant with group actions

In the preceding set-up, suppose that a finite group G acts on M and that X is invariant under the action
of G. In particular, g commutes with 7 and with Lx and L. Let I'; be the graph of the action of g on X.

For x =3, x(9) - g € Q[G] we set

Ty 1= ﬁ Z x(g)T.

geG

This is a projector and defines the motive (X, m, ).
Replacing A, by A, := |—Cl;‘ deG ['yeA,oI'j-1 the operator L"-A, remains a projector since L com-
mutes with the G-action and it still lifts A". With this new lift, 7TX07Tﬁx = wﬁxowx and hence, 7% also

commutes with 7V and both 7f* omr, and ﬂ'ﬁXOT(X are projectors. For any Q-vector space on which G acts,
setting

VX:={x eV |g(x) =x(g)xforal g € G},
one has
H*(X,m,) = H* (X)X,
Since X C M is left invariant by the G-action, the variable and fixed motives are G-stable and one sets

h(X, 7y ) = (X, 7or ), h(X, 7, )" = (X, 7"%emr, ).

Acknowledgements Thanks to Robert Laterveer and Jaap Murre for their interest and suggestions. I also want to
thank the referees for their pertinent remarks enabling to ameliorate the presentation.
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