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ABSTRACT. We prove that the Leray spectral sequence in rational co-
homology for the quotient map Uy, g — Un,q/G where U, 4 is the affine
variety of equations for smooth hypersurfaces of degree d in P"(C) and
G is the general linear group, degenerates at Fo.
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1. INTRODUCTION

We consider an affine complex algebraic group G which acts on a smooth alge-
braic variety X. Assume that a geometric quotient f: X — Y for the action of G
on X exists (cf. [11, Section 0.1]). We want to give geometric conditions ensuring
that the Leray spectral sequence degenerates at EY'? = HP(Y, R1f.Q).

The cohomology ring of G is well known ([8], [2]). It is an exterior algebra with
exactly one generator 7; in certain odd degrees 2r;, — 1, i =1, ..., r = r(G), the
rank of G. So, if G acts with finite stabilizers and the Leray spectral sequence
for f degenerates at Ey, knowing the cohomology of the source X is equivalent to
knowing that of the target Y. As an example of how this could be used, we point
out that for any group G acting with finite stabilizers on a topological space X
the equivariant cohomology H¢ (X, Q) equals H' (X/G, Q) ([3, §1, Remark 2]) and
the former can often be calculated group theoretically. See [3] for examples. So, in
these cases one knows H' (X, Q).

We prove a general result (Theorem 3) giving sufficient geometric conditions for
this to happen. These turn out to be satisfied for the group GL,,+1(C) acting on
the affine variety U, q of those homogeneous polynomials of degree d in (n + 1)
variables which give smooth hypersurfaces in P":

Theorem 1. Let d > 3. Then the Leray spectral sequence in rational cohomology
for the quotient map Uy q — My q = U, q/G, where G = GLy41(C), degenerates
at EQ.
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Examples. 1. By results of Vassiliev [12] the map

H*(Un,a; Q) — H*(GLyn41(C); Q)
is an isomorphism in the cases (n, d) = (2, 3), (3, 3). Moreover Gorinov [7] has
proved the same result for the cases (n, d) = (4, 3), (2, 5). It follows that M,, 4 has
the rational cohomology of a point in these cases.

2. For the case (n,d) = (2, 4) it follows from [12] and Theorem 2 that the
space My 4 has a cohomology group of dimension 1 in degrees 0 and 6 and has zero
rational cohomology in other degrees. This agrees with a result of Looijenga [10]
about the Poincaré-Serre polynomial of Mj 4:

H®(Mz,4; Q) ~ Q(—6)
and the other cohomology groups are those of a point.

Remark. In [1] there is a description of M3 3 using periods of threefolds. This mod-
uli space turns out to be a certain explicitly described open subset of the quotient
of complex hyperbolic 4-space by a certain discrete group. From this description
it is quite unexpected that Ms 3 has the rational cohomology of a point. It is an
interesting question to calculate the cohomology of the various compactifications of
M3 5 studied in loc. cit.

2. GENERALIZING THE LERAY-HIRSCH THEOREM

The proof of the Leray—Hirsch theorem as given in [9, p. 229] is valid for a locally
trivial fibration p: M — B. For cohomology with rational coefficients, the same
proof applies to a slightly more general situation:

Definition. A continuous map p: M — B is a locally trivial fibration, say with
fibre F', in the orbifold sense if for every b € B there exists a neigbourhood V3, a
topological space Uy, and a topological group G such that
(1) Gy acts on Uy, and on F'; the action on F' is by homeomorphisms homotopic
to the identity;
(2) V, is homeomorphic to Uy /Gy;
(3) p~1V}4 is homeomorphic to the quotient of U, x F by the product action of
Gh.
In this setting, composing the natural quotient map F — F/G}, with the home-
omorphism (F/G3) = p~'b and the inclusion p~'b < X, defines the orbifold fibre
mclusion ry: FF— X.

Indeed, in this setting the proof as given in loc.cit. applies starting from the
observation that over the rationals we still have graded isomorphisms (replacement
of the Kiinneth formula)

H (p~'WVp; Q) = H (Uy x F; Q)% = H'(Uy; Q)¢ @ H' (F; Q)
= H'(Vy; Q@ H (F; Q),

because g € Gy, acts trivially on HY(F'; Q) since it is homotopic to the identity by
assumption.
We thus arrive at:
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Theorem 2. Let p: M — B be a fibration which is locally trivial in the orbifold
sense. Suppose that for all ¢ > 0 there exist classes egq), R e;q()q) € HY(M; Q)

that restrict to a basis for HY(F; Q) under the map induced by the orbifold fibre
inclusion rp: F — M. The map a @ rf(e;) — p*aUe;, a € H'(B; Q) extends
linearly to a graded linear isomorphism

H'(B; Q)® H'(F; Q) = H'(M; Q).

Example. Let ¢: X — Y be a geometric quotient for G. Suppose that G is
connected and that for all z € X, the identity component of the stabiliser S, of x
is contractible (e.g. when S is finite). For y € Y we take for U, any open slice for
the action of G through x € ¢y, i.e. a contractible submanifold through z which
intersects Gz transversally at x. Then, if gz is any other point in same orbit, gU,
is a slice through gz and ¢S,¢9~! = Sy, so that for all g € G, the quotient gU, /Sy,
gives the same neighbourhood V, of y. We have (U, x G)/S, = ¢~*(V,). The
assumption that G is connected implies that multiplication by g € G is homotopic
to the identity in G. So ¢ is indeed locally trivial in the orbifold sense (with typical
fibre G).

We study this example in more detail in the next section.

3. THE CASE OF A GEOMETRIC QUOTIENT FOR A REDUCTIVE GROUP

We assume that G is a reductive complex affine group, that V' is a representation
space for GG and that X is an affine G-invariant open subset of V' such that the action
of G on X is closed. Let ¥ = V'\ X. For z € X the orbit map is denoted as follows

0,: G — X, g— g(x),
and the geometric quotient (which exists in this case, cf. [11, p. 30]) by
p: X -Y =X/G.

Recall that H'(G) is an exterior algebra freely generated by classes n; € H*"~1(G).
Note also that V being a vector space, we have isomorphisms

H? = Y(X) 5 HE(V).

We can now apply the variant of the Leray—Hirsch theorem as stated in the previous
section to the geometric quotient ¢ and we obtain:

Theorem 3. Suppose that there are schemes Y; C X of pure codimension r; in'V
whose fundamental classes map to a non-zero multiple of n; under the composition

HE(V) = HE(V) S B2 (X)) 25 B 4(G),

Denote the image of [Y;] in H (X; Q) by y;; then the map a @ n; — ¢*a U y;,
a € H(X/G; Q) extends to an isomorphism of graded Q-vector spaces

H'(X/G; Q)@ H'(G; Q) — H'(X; Q).
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4. PROPERTIES OF FUNDAMENTAL CLASSES

We collect some facts on fundamental classes that we need later on. We refer to
[4] for the cohomology version and [5] for the Chow version.

1. For any connected submanifold Z of pure codimension ¢ in a complex algebraic
manifold X, its fundamental class [Z] € HZ°(X)(c) is the image of 1 € H°(Z) under
the Thom isomorphism H"(Z) = H(X)[2c|(c). For Z an irreducible subvariety,
one still has a fundamental class as above, since restriction to the smooth part of Z
induces isomorphisms between the relevant cohomology groups with support in Z,
respectively the smooth part of Z. If Z = ), n;Z; is a cycle of codimension ¢ (with
Z; irreducible), with support |Z|, there is a cycle class [Z] € H‘QZC| (X)(c). More
generally still, one may assume Z to be a complex subscheme of pure codimension
c with irreducible components Z; of multiplicity n; in Z and define the fundamental
class to be the fundamental class of the associated cycle 27 n;Z;. There are natural
maps Hy, — H, |'Z| and if we identify [Z;] with their images under these maps we

have the equality
2] =) nilZi].

2. The fundamental classes behave functorially as follows. Let f: X — Y
be a holomorphic map between complex algebraic manifolds, Z C¢ X, W C Y
subschemes such that Z is contained in the scheme-theoretic inverse image f~1W.
Then f induces Hyy, (Y) — H,(X) and if moreover Z = f~'W has the same
codimension ¢ as W, then f*[W] = [Z]. In particular, if W is irreducible and the
cycle associated to Z = f~1W is Y n;Z;, we find

W=7 W] =Y nilZ] € Hig(X)(e).

3. We can refine the fundamental class of Z, a purely c-codimensional subscheme
of X to a class in the Chow group A,,_.(X), n = dim(X). The Chow group A,,_.(Z)
is generated by the Chow cycle classes [Z;] of the irreducible components of Z. If
the generic point of Z; has multiplicity n; then the fundamental class of Z is given
by

2] =Y " nilZi] € An_o(Z).
There is a push forward map
A7) — A(X)
and a cycle class map
An(Z) — Hy(Z)(~k)
sending the Chow cycle of Z to [Z]. Composing this map with Poincaré duality for
Borel-Moore homology, which reads

HPM(Z) = HE ()
and taking ¢ = 2k, we obtain the cycle class map
A(Z) — HE (X (n — k).

Abusing notation, we denote the Chow cycle also by [Z]. This is especially useful
if Z is the scheme of zeros of a section s of a vector bundle E over X. In fact, if
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s: E — X is the zero section with image, say {0}, there is a Gysin isomorphism
s*: A.(F) — A.(X)[—r] with the property

An(E) 3 [{0}] V5 (X)) € Apr(X).
See [5, Example 3.3.2]. This Gysin map is in fact the inverse of the isomorphism

7 A (X)) S AL(E).

5. THE COHOMOLOGY RING OF THE GENERAL LINEAR GROUP

We turn to G = G,, = GL,(C), n > 1. In this case, by [2], H (G) is the
exterior algebra with generators né")in all odd degrees 2 —1, ¢ =1,...,n. In
other words ry =1, ro =2, ..., 1, = n. Since G,, is contained in the vector space
M,, = Mat,,(C), we have an identification of mixed Hodge structures

H'(G) = Hp, (My)[1],
where
D, ={A e M,: det(A) =0} = M, \ Gy,

and so n§") corresponds to some class in H,%Zn (M,,). The goal is to find explicit
descriptions of this class as fundamental class of the subvariety D, , C D, to be
defined below. This will turn out to be essential for the next section. We are going
to show this by first defining classes nén) that clearly have this property. Then we
prove that these classes do generate H'(G) as an exterior algebra.

We introduce the following notation:

e Dy ¢ C Dy: the subvariety consisting of those matrices for which the first
n+ 1 — ¢ columns are linearly dependent. Note that D,, , has codimension
{in M,,.

e D, ={(A, p) € D, xP"1(C): [p] C Ker(A)} (where [p] stands for the line
in C™ corresponding to p) and mp,: D,, — D, is the projection to the first
factor.

e Q,={(z,y) €eC"xC": zy =1}.

e «,: M,_1 — M, is the inclusion which maps a matrix A to (é 2)

e h: the hyperplane class in H?(P"(C)).

Note that the projection to the second factor turns D,, into a vector bundle of rank
n? —n over P"~1(C), so D,, is smooth and 7, is a resolution of singularities of D,,.

Lemma 4. Let X be a smooth variety, D C X a subvariety of codimension k
and w: D — D a resolution of singularities. Then there are natural Gysin maps
Be: H=2(D)(—k) — H5(X) which are morphisms of mizved Hodge structures.

Proof. Let n = dim(X). As D is smooth, cup product with the fundamental class
[D] induces an isomorphism

H'“M(D)(=k) — HypLy(D)(—n).
As Borel-Moore homology is covariant for proper morphisms we have natural maps
Hipt (D) (=n) — Hyy(D)(=n).
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Because X is smooth, Poincaré duality for Borel-Moore homology gives an isomor-
phism of mixed Hodge structures

Hy," (D) (—n) = Hp(X).
by [5, Section 19.1]. The map [ is obtained as the composition of these maps. O

Let us apply this to the situation of D,, — D,, — M,,. We obtain maps
B HY (P (C))(—1) — HE, (My)) = H*~'(Ghn)

and define for £ =1, ..., n:
-1
(n) . g (1 201
Me ™ = Py < o ) € (Ghn).
(n)

We observe that the class in H%fn (My,) corresponding to 7, is indeed the fun-
damental class of Dy, o C D,.

Lemma 5. The map o: M,,_1 — M, maps D,_1 and G,,_1 to D,, and G,, respec-
tively and a*(nén)) = nén_l) fort=1,...,n—1 while o (n,(L")) =0.

Proof. Observe that Oé_l(Dmg) = D, _1¢. One checks that this holds not only set
theoretically, but even as schemes. Then the lemma follows from property 2 from
Section 4. [l

Because the classes nén) are of odd degree, they have square zero and anti-

commute, so we have a homomorphism of graded algebras

Ry: Az, ..., zn) — H(Gy).
Here A(z1, ..., 2z,) is the exterior algebra on n generators zi, ..., z, with z; of
degree 2i — 1, and R, (/) = n§").

Theorem 6. The map R, is an isomorphism. Moreover, the generators n; €
H?*~Y(G,,) have pure type (¢, £) and map to the fundamental classes D, ; under
the identification H*~1(G,) ~ HE (M,).

Proof. By induction on n. For n = 1 everything is clear. Suppose the map R, _1
is an isomorphism. We consider the map

p: Gn— Qu, plg) = (g(er), g™ (e1)).
This is the orbit map of a transitive action of G, on @, and a(G,—_1) is the
isotropy subgroup of (e1, e1) € Q,. Therefore, p is also the quotient map for the
action of G, _1 on G, by left translation via a. As the classes nén_l) generate
the cohomology ring of G,,_; and are images of classes on G,, the restriction
maps o*: H(G,) — H(G,_1) are surjective. Hence by Theorem 2 we have an
isomorphism
H*(Qn) @ H* (Gu1) = H*(Gy).

The variety @, is homotopy equivalent to a sphere of dimension 2n — 1 (in fact

to its subvariety consisting of pairs (x, y) with y = ). Moreover, a generator of

H?"~1(Q,) is mapped to a non-zero multiple of n,(L") by the map p*. This implies

the surjectivity and hence bijectivity of R,,. (I
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Remark. For any Lie group G, the map g — ¢~ ! induces multiplication by —1 on
the Lie algebra, hence on H*(@) it induces multiplication by (—1)*. The involution
o: G, — G, given by o(g) = tg~! has 0'*(77%")) = (—1)”777(1"). Indeed, if we let
o: Qn — Qn be given by o(z, y) = (y, ) then p becomes equivariant, and it is an
easy exercise to see that 0* = (—1)" on H?*"~(Q,,). We conclude that transposition
7 on G, induces T*(m(fl)) = (—1)”"1777(Ln). As the inclusion G,,_1 — G,, commutes

with transposition, we conclude that T*(’Uén)) = (—l)zflnén) for all £ < n.

6. MODULI OF SMOOTH HYPERSURFACES

We let II,, 4 = Clxo, ..., xs]a denote the vector space of homogeneous polyno-
mials of degree d in n 4 1 variables over C. We let

Yna={f €Il,q4: f has a critical point outside 0}.

There exists an irreducible polynomial A in the coefficients of f € II, 4 such
that f € 3, 4 if and only if A(f) = 0. Moreover, A is homogeneous of degree
(n+1)(d—-1)"

We let Uy g = g\ 5 g The group GL,41(C) acts on U, 4. For d < 2 or
d = 3, n = 1 it acts transitively, but in the remaining cases it acts with finite
isotropy groups, so the action is closed. As U, 4 is affine, by [11, p. 30] we have a
geometric quotient M,, 4 which is a coarse moduli space for non-singular projective
hypersurfaces of degree d in P"(C). In our situation we fix a particular f = f, 4 €
Un,q, the Fermat hypersurface:

fra=a3+ - +ap,
and the orbit map then extends to a map
Tnt MnJrl - 1_[n,da A fn,d oA.

It induces maps for cohomology with supports:

H%i.d (H"ad) T_ﬂ> H%en+1 (Mn+1)'
Let eg, ..., e, denote the standard basis vectors of C"*!. Definefor/ =1, ..., n+1
SO, = {f € Ta: V()™ N Pleg, ..., en_e1] £ 2}
¢

Then Egl)d C X,,q4 has codimension £ in II,, 4. Below we shall prove:
Lemma 7. The class r;([Zg)d]) is a non-zero multiple of (D41 4].

Recall from the previous section that [D,, 41 ¢] corresponds to the generator nén) €
H?'~2(@) and we now apply Theorem 3 to deduce:

Theorem 8. Let d > 3. Then the Leray spectral sequence in rational cohomology
for the quotient map Uy, q — M, q degenerates at Es.

Let us proceed to give a proof of Lemma 7. We want to do this by induction on
n, so we fix an embedding ¢: II,,_; 4 — II,, ¢ by posing

v(h) = 2d + h(zy, ..., zn).
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Note that ¢(frn—1,4) = fn,a and that ¢((IL,—1 q) "X, ¢ = t(Xn—-1,4). The intersection
multiplicity however is equal to d — 1. Indeed, the multiplicity of a stratum of the
discriminant corresponding to hypersurfaces with isolated singularities is equal to
the sum of their Milnor numbers, and adding the term xd multiplies the Milnor
numbers by d — 1. We obtain a commutative diagram

Tn—1
Mn > anl,d

Tn
My ——=1, 4.

We have a corresponding diagram in cohomology with supports

*

H%i‘d (Hn,d) — H%)enH (Mpq1)

HE | (T14) —= Hp (M,).

n—1,d
Observe that o*( [Eif)d]) = Vr(f?j[EEQL 4] where fozl is the intersection multiplicity of

fo)d with ¢(II,—1,4) in IL, 4. In particular, 1/7(:% is a positive integer.

We can now prove the lemma by induction on n using the above diagram, pro-
vided we check the case £ = n + 1 for each n.

The variety S = Zg:jl) is the linear space of all polynomials singular at eq. Its
pre-image under r, has two irreducible components: one consists of the matrices
whose first column is zero, i.e. with A(eg) = 0; this component is exactly 77 =
Dy 41,n+1- The other component, T,, which has the same dimension, is the closure
of

{A € Myy1:0# A(eO) € V(fn,d)a Im(A) = TA(EO)V(fmd)}'

The component T has multiplicity one, whereas 77 has multiplicity d(d —1)™. We
have the commutative diagram

0 n,
rr
n

Hr 07 (Myy) —> Hp 2 (M, 40)

and therefore

o ([S]) = d(d — 1)"[T1] + [T3] (1)
by property 1 in Section 4.
Claim. We have

(2] = (-)"(1 = (A =d)")[T1] in HE*2(Maga).
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Combining the claim with (1) we find:
8] = d(d = 1)"[Ta] + [1] = ((d = )" + (=1)")[T1] # 0,

which proves the lemma.

It remains to prove the claim. Let T4 denote the image of 75 under the trans-
position map 7. Then

[T2] = (—1)"[T3] (2)

in H%’::?(Mnﬂ) by the remark at the end of Section 5. Let T, =Ty x {eo} C l~)n+1.

Write X = V(f,,q¢) C P" and let v: X — P™ be the Gauss map, which associates
to a point p € X the coordinates of its tangent hyperplane, i.e. v(p) = V f,, a(p).

The space Dn+1 is the total space of a vector bundle E over P™ of rank r =
n(n+1). Let

T:={(A, p) € Myy1 x X: (dfo), oA =0 and ‘A(eg) = p}.

Then T is the total space of a vector bundle F over X of rank  —n -+ 1 which is a
subbundle of v*(E), because (A, p) € T implies that A(y(p)) = 0. The projection
of T in M, is precisely T}.

We will carry out our calculations in Chow groups instead of cohomology groups,
using property 3 in Section 4. Consider the diagram

Y

F e v*(E) E
X = x—T.opn

We let s be the O-section of E, and s’ that of v*E and recall from Section 4,
property 3, that these induce Gysin maps in Chow groups.

The strategy is to compare the classes Ty and T by pushing them to P". We
get two O-cycles on P,, whose degrees we compare. Clearly deg 5*[T1] =1 and so it
suffices to calculate the degree of

s"%.([F]) € Ao(P").

By [5, Proposition 1.7] we find that
Fem o =y € Aiyr(E)

for any o € A;(X). Applying this to o = s™*[F] we find

Vel F] = m" ™ [F].
Next, applying s* to both sides and using that the Gysin map s* is in fact the
inverse of the isomorphism induced by the bundle projection 7: E — P", and
similarly for s’, we get

§" Y[ F] = 7.5"[F].

We next compute s”[F] € Ap(X). By [5, Example 3.3.2] applied to the vector
bundle v*(E)/F we get

s"[F] = cna (V' (E)/F).



10

C. PETERS AND J. STEENBRINK

On P” we have the exact sequence

0— E— 0t o)+ =0

showing that ¢(E) = (14 k)™~ where h = ¢1(O(1)). As v*O(1) = Ox(d — 1) we

get

c(v'E)=(1+(d—1hx)"""

where hx = ¢1(Ox(1)). For the bundle F' we have the exact sequences

0—F— 00 S Qxa0x(d—1)" -0,
0 — Ox(—l) — O;?H — QX — 0

so @ x is the restriction of the universal quotient bundle to X. Hence we find

SO

c(FY=(1+(d—-1hx)™"c(Qx) ' =0+ (d—1)hx) ™1 —hx)"

(V' E/F) =1+ (d—1)hx)" (1~ hx)"".

We find

a1 (V' E/F) = (l(ldd)”) hL

which has degree equal to 1 — (1 — d)™. Combining this with (2), the claim then
follows. g
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