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0. Introduction

The aim of this note is to compute the group Aut(Y) of (biholomorphic) auto-
morphisms for the general Enriques surface Y. The basic tool is the global To-
relli theorem for projective K 3-surfaces as it was given by Piatetski-Shapiro and
Shafarevich [11] and refined by Burns and Rapaport [2]. The essential result
is that - in contrast to the case of curves - Aut(Y) is big for general Y and
small for special Y.

In this paper we consider the complex case only. Recall that an Enriques
surface Y is a (projective) complex surface with universal double cover a K3-
surface. One knows that H*(Y,Z)=Z'°@® Z, and that the cup-product provides
H*(Y, Z)/torsion=Z'° with the structure of a lattice M of signature (1, 9).

Theorem. For a generic Enriques surface Y the representation of Aut(Y) on
H?*(X,Z) defines an isomorphism of Aut(Y) with the 2-congruence subgroup of
0" (M), where O'(M) is the group of isometries of M not interchanging the two
positive half-cones in M ®,IR, or in other words, the reflection group of the lat-
tice M.

Here the notion “generic” needs some explanation. Horikawa [7, 8] defined
a quasi-projective period domain D°/T for Enriques surfaces. The assertion in
the theorem holds for all surfaces Y with period point 7(Y)eD%T in the com-
plement of countably many images of 9-dimensional analytic varieties (recall
dim D°/I' =10). It was pointed out to us by Dolgachev that the theorem also
follows from results of Nikulin [10], although it is not stated there explicitely.

For special Y the automorphism group can be quite different. We describe a
2-dimensional family of surfaces Y where Aut(Y) in general is Z, x D, but for
special cases Z, x D or D,. Here D (D) is the dihedral group Z, 1< Z, (Z, < Z).
The example of surfaces with finite group Aut(Y) was communicated to us by
Dolgachev.

We apply the knowledge of Aut(Y) for generic Y to count the number of
inequivalent realisations of Y as elliptic fibre space over IP,, as double cover of
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a quadri-nodal complete intersection of two quadrics in 1P, (double plane
realisation), as sextic surface in IP, passing doubly through the edges of a
tetrahedron (Enriques-realisation), or as smooth surface in IP, of degree 10
(deformations of Reye-congruences). There are

527 = 17-31 realisations as elliptic fibration
67456=  27.17-31 double plane realisations
5396480 = 211.5.17-31 Enriques-realisations
25903104 = 213.3.17-31 realisations as 10th degree surface in IP,.

We owe much to stimulating discussions on this subject with many other ge-
ometers, in particular to I. Dolgachev.

1. Some Lattices and Their Isometries

1.1. Preliminaries. A lattice is a free Z-module of finite rank endowed with an
integral quadratic form. L L M denotes the orthogonal direct sum of two lattices
L and M. LV =Homy,(L, Z) is the dual Z-module (the canonical quadratic form
on LY in general is not integral). The symmetric bilinear form on a lattice L,
associated with the quadratic form, usually is denoted by { , >.

This form defines the correllation morphism

@i L-LY, x={X, =)

If L is nondegenerate, ¢, is injective, and we may identify L with the sub-
module ¢, (L)=L". Then LY/L is a finite abelian group, trivial precisely when
L is unimodular.

A submodule M < L is called primitive, if L/M is free of torsion. In this case
every integral functional on M extends to L, ie., the restriction LY —»M" is sur-
jective.

If L is nondegenerate and M is primitive and nondegenerate, the compo-
sition L—>L"->MY—>M"/M is surjective. It sends xeL to the @(M)-
equivalence class of {(x, — > M. So its kernel is ML M* and we obtain an
isomorphism i,: L/(M LM*)>M" /M. Interchanging the réles of M and M*
we obtain iy, L(MLM*Y—>(M*)"/M* Then we put jy=iy.oiy":
MY /M~ (M) /M*.

(1.1) Lemma [9, Prop. 1.1]. Let L be a unimodular lattice, M < L a nondegen-
erate primitive sublattice, and a: M—M, B: M*— M* isometries. Then the isom-
etry (o, f) of M L M* extends to L if and only if the automorphzsms & on MY /M
induced by o and B on (M*)¥/M* induced by B satisfy juoG=Pojy.

(1.2) Corollary. Let M<L and a: M—M be as above. If o extends to an isom-
etry of L restricting to +id on M, then this extension is unique. Such an exten-
sion exists if and only if «¥: MY >M" induces +id on M /M.

We shall use the following notation: For nelN, by nL we denote the sublat-
tice {n-x:xeL} of L, whereas L(n) is the Z-module L endowed with the qua-
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dratic form x—nx? A root in the lattice L is an element w of square w?= —2.
Any root w defines the reflection s ,€0(L), s, (x)=x+{x,w)w. Given a lattice
L we put Ly=L®;Q, Lg=L®zR, Ly=L®;C and for any homomorphism
g: L—L we denote by g, gg, resp. g¢ the natural extension of g to these vector
spaces.

1.2. Application. For applying 1.2 to the Picard lattice of K3 and Enriques sur-
faces we fix the following notation.

H=2Ze, +Ze, with e2=e2=0, e, e,=1 (hyperbolic plane),
E=E, (-1 (root lattice for Dynkin diagram Eg),
L=HIHIH!ELIF,

M=H1I,

s: L— L the involution (h,, h,, hy, e, e,)>{—hy, hy, hy,e,,e)),

L*={xeL:s(x)=x}={(0,h, h,e,e)eL: helH, ecIE},

L~ ={xeL:s(x)=—x}={(h,,h, —h,e, —~e)eL: h,, heH, ecIE}.

There are obvious isometries

et LY ->M(2) (0,h, h, e, e)r—(h,e),
e L ->MH1IMQ), (hyh,—he, —e)r>(hy, he)
In particular this shows
(LY)Y/L* =M/2M =(Z,)*°.

L* and L~ are primitive nondegenerate sublattices of L, one the orthogonal
complement of the other. Using that all elements in (L*)Y/L* are induced by
inner products with elements (0,h,0,¢,0) one traces the isomorphism
ji (L)Y /L™ —>(L*)Y/L* and finds: j is induced by the obvious isometry

W: L ->HL1L", (hy,h, —h,e, —e)r—(h, b, h,e,e)
We also put
I'={geO(L): gs=sg}.

For any gel' we have g:L*—L* and there are obvious restrictions
r¥:r-0(L%).

(1.3) Lemma. For geO(L*) the following properties are equivalent:

a) there is a (unique) extension yeI' of g with r* (y)=id.

b) g belongs to the 2-congruence subgroup of O(L%).

The proof follows from Corollary (1.2), because g induces the identity on
(L*)V/L* if and only if it belongs to the 2-congruence subgroup.

The quadratic form on M has signature (1, 9). So the set {xeMy: x*>0}
consists of two disjoint cones %,, and —%,. We put O'(M)={geO(M): g8,
=%,,).

’llt"lhen O(M) is the direct product O' (M) x { +id}.
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1.3. On the Root Lattice IE. In this section we collect a few properties of IE
which are needed later. We use the description [1, p.268] of [E. So EcR?®
(with the negative of the usual inner product) is the set of vectors (x?, ..., x®)
where cither all x’ are integers or all x' are half-integers, and ) x‘eZ is even.
The 240 roots are (0...0, +1,,0...0, +1,,0...0), 1/2(£1,..., £ 1).

(1.4) Lemma. There are exactly 135 equivalence classes mod 2IE of vectors
xelE with x*= —4,

Proof. An integral vector xelE with x2= —4 is up to permutation of the coor-
dinates of the form +(2,0,...,0) or (41, +1, +1, £1,0,0,0,0). Since (0...0,
+2,,0...0, +£2,,0...0)e2IE, all vectors (0...0,+2,0...0) are equivalent
mod 2IE. Of the second type there are 2*-(8) vectors and mod 2IE each of
them is equivalent with 2* ones.

So there are (8)=70 inequivalent ones. Any half-integral vector is up to per-
mutation of coordinates of the form

+33, —1,..., = 1),

*
i%(j” 13 1> 1’ 19 - 1’ “17 _1), i

13, 1,1, =1, ..., — 1),
13,1,1,1,1,1,1, —1).

Here all vectors of the first and of the last type are equivalent mod 2IE. Vec-
tors of the first, second, and third type are inequivalent mod 2IE. There are
2.8-(3) vectors of the second type, each equivalent with 2.6 of them. So there
are $7.8=28 inequivalent ones mod 2IE. Of the third type there are 2.8-(})
vectors, each of them equivalent with 16 ones, so 35 inequivalent ones. Alto-
gether we have 1+70+1+28+35=135. [

(1.5) Corollary. Choosing 135 representatives of the equivalence classes above,
one from each of the 120 pairs +w of roots, and 0, one obtains a system of repre-
sentatives of IE mod 2IE.

Proof. We only have to show that w, —w,e2IE for two roots w,, w, implies w,
= +w,. But if w, ~w,e2IE, then (w,—w,)’=—4—2w, w, is divisible by 8.
Since |w, w,| £2 this implies w, w,= +2, ie, w,= tw,. []

We denote by W=W/(E,) the Weyl group. Since the Dynkin diagram of E;
admits no symmetries, W coincides with O(IE), see [1, p. 270]. W contains in
particular

- all permutations of coordinates x’
- simultaneous changes x’, x’r~ —x!, —x’ of the signs of two coordinates.

(1.6) Lemma. W operates transitively on the set of all ordered 8-tuples of roots
Wy, ..., wg€lE satisfying {w;,w,;> = —1 whenever i+j.
Proof. W(E,) operates transitively on the roots, so we may assume

w,=3(1,..., 1)

If w;, i=2, is integral, then

w,=(0...0,1,0...0,1,0...0).
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If w; is not integral, say w,=3(1,1,1,1,1,1, —1, —1) we use the reflection S,
with w=3(~1,1,1,1,1, -1, -1, —1) Lw, and transform w, into an integral
root. After permuting coordinates we have
w,=(1,1,0...0).
Since w, Lw, by the same argument we may assume w, integral. Then after
permutation
wy=(1,0,1,0...0).
Again w, L w and we may arrange it that w, is integral, i.e.,
w,=(1,0,0,...1...0) or w,=(0,1,1,0...0).
In the second case we transform w, under s, with
u=3(1, -1, -1, -1, -1, 1,1, ) Lw,,w,,wy into 3L L1, -1, -1, 1,1, 1)
and then with
u=%(1, -1, -1, 1,1,1, =1, - 1) Lw,,w,,w, into (1,0,0,0,0,1,0,0).

So after permutation
w,=(1,0,0,1,0,0,0,0).

Still w, L w, hence we may assume w, integral, and after permutation

ws=(1,0,0,0,1,0,0,0) Lw
we=(1,0,0,0,0, 1,0, 0).

So, after permutation, we have
w;=(1,0,0,0,0,0,1,0) or i(l,1,1,1,1,1, -1, —1).

In the first case necessarily wg=(1,0,...,0, 1) and in the second case there is no
wg atall. [

1.4. Reduction Modulo 2. In this section we examine the reduction morphism
O(M)- Aut(M/2M)=GL(10,TF,). By xeM/2M we denote the class represented
by xeM. On M/2M we have the bilinear form

(X, 7)=<x,yy mod2.
Since the form on M is even, by
q(x)=4%x* mod2
one defines a nondegenerate quadratic form g on M/2M, i.e., a form satisfying

4(X+¥)=4(x)+q(F) + <X, 5.
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On each TF,-vector space of even dimension 2k there are -~ up to conjugation -
exactly two such forms, ¢g* and q~, differing by their number v=2*"1' (2*¥+1)
of zeros.

Using Lemma (1.4) we count the zeros of ¢|IE/2IE and find

vp=28—120=136=23(2*+1).

We observe that the elements XeIE/2IE with ¢(X)=1 are precisely the images of
the roots.

Now H/2IH=IFZ and q has 3 zeros on it. The zeros of g on M/2M are ex-
actly the pairs (h, X), heH, x<IE satisfying g(h) = (X). Their number is

3vg+256—vy=3-136+120=>528 =24(25 + ).

Hence g and q|IE/2IE is the corresponding form g*. Its group of automor-
phisms is denoted by O*(2k,IF,). E.g. in the book [5] one finds (Chap. III,
§ 10) i1
i) |07 (2k,IF )| =21 +Mk=D (25 —1). 3 (2% —1),

=1
ii) the group O*(2k,IF,) is generajted by transvections if k+2; these are
maps X—X+<{X,ayd, g (@=1.
ili) the group O*(2k,IF,) contains a normal subgroup of index 2 consisting
of all products of an even number of transvections. For k=3 this group is sim-
ple. In our cases, k=4 and 5, we find

|O(IE/2IE, q)|=2"3-3%-5%.7,
O(M/2M, q)|=221-35.52.7-17.31.

Now any root weM reduces in M/2M to an element w with g(W)=1, and the
reflection s,, reduces to the transvection defined by w. Conversely, if aeM/2M
with g(@)=1, then d=(h, X), helH, x<IE, such that one of the following holds:

- either g(h)=1 and q(x)=0, i.e. helH is modulo 2IH equivalent with h, +h,,
(h; +h,)*=2, and x€lE to an element of square —4 (cf. 1.3). So @ is the image
of a root in M.
- or g(h)=0 and q(X)=1, i, heH is equivalent to 0,k,, or h, and X€lE is
equivalent to a root. In this case too, a is the image of a root in M.

This proves that all transvections are reductions mod 2 of reflections s,, and
the reduction maps

W(Eg)—-O(IE2IE,q)  O(M)—O0(M/2M, q)

are surjective. Since O(M)=0"1(M)x { +id}, even OT(M)—»O(M/2M, q) is sur-
jective. Recalling that
|W(Eg)|=21435.52.7

we find the following well known

(1.7) Proposition. a) The 2-congruence subgroup of W(Ey) is just {+id} (cf. [1]
Exercise in Chap. 6, §4).
b) The 2-congruence subgroup in O(M) has index 22'-.3%.5%.7.17.31.
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1.5. An Auxiliary Result. Denote by K the lattice IH LIH(2) and fix a basis
hy, h,elH, ki, k,elHQ2) with h2=h}=k}=k3=0, <h,h,)>=1, <k, k,>=2. Let
G < O(K) be the subgroup acting trivially on KY/K. It contains all geO(K) such
that g(k;)—k;€2K for i=1,2. In 4.5 we shall apply the following fact. (We are
indebted to Y. Namikawa for pointing out to us an error in the first version of
this lemma.)

(1.8) Lemma. All vectors xeK of square x* = —4, which are of the form
x=25 h +2s,h,+t k +1,k;, s, tEeX,
are under G conjugate with k, +k,.

Proof. Given x as above we put

X, =2s h +t kg, x,=-=2s,h,—t,k,,
e, =t h —s,k,, e,=—t h,+s,k,.
They satisfy
xt=xi=elmel=(x, e =0
and since
x2=4Q2s;s,+1t,t,)=—4
we have additionally
Xy, %0 =2, ey ep=1.

So e,,e,,x,,x, form a basis of K with e, e, generating a sublattice IH and
X, X, generating a sublattice IH(2). Then there is some geO(K) mapping

e, hy, e, hy, X, ky, Xy kg,
Xx=x+X,—k +k,.
Since ¢, -t,=1-2s, s, is odd, the vectors
X,—k,=2s, h +(@t,— Dk, x,—k,==2s,h,—(t,+1)k,
belong to 2K and geG.

2. Periods of Enriques Surfaces

2.1. Notation. Let X be any complex projective surface. The cup-product form
{, > on H*(X,R) restricts to the subspace H"'(X,R)=H*(X,R)nH"(X)
as a form of signature (1, h"*(X)—1). The set {xeH"(X,R): {x,x)>0} con-
sists of two disjoint connected cones. For two elements in the same connected
component the cup-product is positive, while it is negative for two elements in
different components. So only one of the cones, say €, contains classes of am-
ple divisors.

The inclusion Z—R induces a map H*(X,Z)-»>H?*(X,R). Its image
H?*(X, Z)/torsion is denoted by H*(X,Z),. Its elements are called the integral
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points of H*(X,R). The cup-product provides H*(X, Z) ; with a quadratic form.
The sublattice
Sy=H"(X,R)nH*(X, Z),

is called the algebraic lattice. Its elements are precisely the cohomology classes
d of divisors D on X. Ty=Sy<H*(X,Z), is called the transcendental lattice. A
curve Dc X is called nodal or (—2)-curve, if it is smooth rational with D?=
—2. A nodal class is the class de§y of such a curve. We put

Gy = {xe¥by: {x,d)> >0 for all nodal classes d}.

(2.1) Lemma. If X is a K3 or Enriques surface, the set €5 nH*(X, Z), of in-
tegral points in 6, consists precisely of the classes of ample divisors.

Proof. By the Nakai-Moishezon criterion a divisor D with D*>0 is ample if
and only if D-E>0 for all irreducible curves Ec X. But for such a curve the
adjunction formula shows E?= —2 or E*>0. In the second case its class e be-
longs to the closure of €y and hence (x,e>>0 for all xe%). It follows that an
integral point of €y is the class of an ample divisor and conversely. []

Therefore, in the case of a K3 or Enriques surface X, €y is called the ample
cone.
In the remainder of this section X is a K3-surface.

(22) Lemma. Let A" denote the set of all classes de H*(X,Z) of effective di-
visors satisfying d*= —2. Then

o =1{xe¥y:<{x,d>>0 for all dea™}.

Proof. Let €' denote the cone on the right-hand side. Since 4+ contains all nod-
al classes, obviously ' =%y . Conversely, if ded* and {x,d>=<0 for some
xe%y, then also (y,d) <0 for some integral point ye®%y . This contradicts (2.1).
So {x,d>>0 for all ded™, xe%€y and this shows €y <%'. O

(2.3) Lemma. For an isometry g of H*(X, Z), the following properties are
equivalent.
1) grbx <5 .
it) g maps each class of an ample divisor to the class of an ample divisor.
iil) g maps the class of one ample divisor to the class of an ample divisor.
iv) ggby =%y and g4+t =A4".

Proof. 1) = ii) follows from (2.1), ii) = iii) is trivial. If iii) holds then of course
g6y=%y. lf ded™, then (gd)*= —2, so by Riemann-Roch either gd or —gd is
effective. But let aeH*(X,Z) be an ample class with ga ample again. Then
{gd,ga>={d,a) is positive and —gd cannot be effective. This proves iv). The
step iv) = i) follows from (2.2). [J

We denote by 0'(X)<=O(H?*(X, Z)) the subgroup of isometries g with prop-
erties 1)-1v).

2.2. The Universal Covering of an Enriques Surface. Let Y be an Enriques sut-
face and =: X - Yits universal (double) covering. Let o€ Aut(X) be the covering



Automorphisms of Enriques Surfaces 391

involution. According to Horikawa [7, Theorem 5.17 there is an identification
H*(X,Z)—— L such that ¢* acts on H?*(X,Z) as the involution s from 1.2.
The map n*: H*(Y,Z),—~H?*(X, Z) is an isomorphism onto L* L. In particu-
lar there is an isometry H?(Y,Z),—— M. Such an identification H*(X,Z)—~L
is called a marking of the Enriques surface Y. Let H-}(X,R)° denote the vector
subspace of g*-invariants.

(24) Lemma. The map n*: H"'(Y, R)»H"'(X,R) maps %, bijectively onto
%y "HYY(X,R)’. The integral points in €y correspond 1 to 1 under n* to the
classes of ample o-invariant divisors on X.

Proof. To test whether xe%)y belongs to 45 we have to check {(x,d> >0 for nod-
al classes d. If 6* x=x then {x,d)=1(x,d+0*d), and if {d,*d)> >0, then (d
+o*d)?= —4+24{d,6*dy =20, because this number is divisible by 4. Hence d
+ a*de@y and {(x,d)>>0. So we have to check (x,d)»>0 only for nodal classes
d with {d,o*d>=0. If now D« X is the (—2)-curve representing d, then
{d,o*d>=0 if and only if Dno*D=§, ie, if and only if z(D)=n(sD) is a
{—2)-curve on Y. Since every o*-invariant xe%y is of the form n*y, ye%y, it fol-
lows that H" (X, Ry NGy =n*%y. If ce%y is an integral point, then n*c is
the class of a g-invariant divisor. Since we have proven n*ce®y, from Lemma
(2.1) we obtain the ampleness of this divisor. [

2.3. The Torelli Theorem for K3-Surfaces. In this section we state the global
Torelli theorem [11, p. 534], [2, Cor. 32] in the form we need it.

So let X be a projective K3-surface and w, a nonzero holomorphic 2-form
on X. This wy spans H% 2(X) and is unique up to scalars. Using the Hodge de-
composition we view H° 2(X) as a subspace of H*(X, C) and wy as a class in
H?*(X, ). Obviously

{oy, 0y =0, <oy, @x)>0.

For Rew, and Im w,e H*(X, R) these relations are equivalent with

(Rewy, Rewy)={Imwy, Imwy) >0,
{Rewy, Imwy)=0.

So Rew, and Imw, span in H*(X,R) a two-dimensional subspace, on which
the cup-product is positive definite.
Since H'!(X)=Re wynImwy, we have

Sy=H*(X,Z)nRe wynIm wy.
If p=rank Sy is the Picard number, we have signature Sy=(1, p—1), signature
T,=(2,20—p).

(2.5) Theorem (Global Torelli). Let g be an isometry of H*(X,Z). Then g is in-
duced by a unique automorphism of X if and only if geO'(X) and gewy=Awy
for some AeC.

(2.6) Corollary. The representation of Aut(X) on H*(X,Z) is faithful and
identifies Aut(X) with a subgroup of 0'(X).
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2.4. Periods of Enriques Surfaces. We recall Horikawa’s results {7, 8] on the
moduli space of Enriques surfaces. Let Y=X/o be an Enriques surface and
¢@:H*(X,Z)~ L a marking of Y. Since on Y there are no holomorphic 2-forms,
we have 6% wy= —wy. So @¢lwy) defines a point (Y, ¢) in the period domain

D:={C welP(Lg): (o, w)=0, {w, &) >0}

This D is the union of two copies of a bounded symmetric domain of type IV
and dimension 10. The group I' (or rather r~(I')) acts on D in a properly dis-
continuous way. It contains an involution interchanging the two connected
components of D [7, Lemma 8.17. Since r~(I') is an arithmetic group [7], by
Baily-Borel the analytic space D/I' carries the structure of a quasi-projective
variety. Since two markings for Y differ by an element in I, the I'-equivalence
class 7(Y)eD/I’ of (Y, ¢) is independent of the choice of ¢. This point 7(Y) is
called the period point of Y.
Horikawa proves:
(1) =(Y))=1(Y,) if and only if Y, is isomorphic with Y,.
(i) The points (Y, @) belong to
0_ 1
b D\d roo&vi)n L- d ’
where d* = {C - welP (Lg): {w,d)>=0}.
(iii) All points te D are of the form (Y, ¢) for some marked Enriques sur-
face Y, .

(2.7) Lemma. The union of all hyperplanes d*, deL™ a root, is locally finite in
D. Hence D\ ) d* is an analytic set in D.
d

Proof. If the union is not locally finite, there are infinitely many distinct roots
d,eL~ and points w,eD ~d; such that w=lim w,eD. Since w, converges to ,

the hyperplanes (Rew,)* and (Imw)* as points in IP((Lg)Y) converge to
(Rew)*, resp. (Imw)*. The cup-product on L~ has signature (2, 10) with Re o,
Im w spanning a plane, on which this form is positive definite. So the cup-pro-
duct is negative definite on (Rew) n(Imw)*. In particular the vectors in
(Re w)* n(Im w)* of square —2 form a compact sphere, and there is a compact
neighborhood of this sphere containing all vectors of square —2 in
(Rew, ) n(Imw,)* for all veN. All the infinitely many roots d, would belong
to this compact set, a contradiction. [

The analytic set DN Udl in D is I'-invariant. So its image in D/I" is analytic

too. The Baily-Borel compactification D/T of D/T is obtained by attaching a
curve [11, §4, Lemma 17. By the extension theorem of Remmert-Stein [12,
Satz 13] the analytic hypersurface in D/I" extends to a hypersurface in the pro-

jective variety B/T It follows that Horikawa’s period domain D°/I" is quasi-
projective [8, Thm. 3.1].

2.5. Nodal Curves on Enriques Surfaces. If C< Y is a nodal curve, then n*C
< X decomposes as B+oB with a nodal curve B on X satisfying B-¢(B)=0.
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Conversely, given nodal curves B, 6(B) on X with B-¢(B)=0, there is a nodal
curve C=n(B)cX such that B+o(B)=0*C. So there is a 1 to 1 correspon-
dence between nodal classes ce H*(Y, Z), and pairs b, 6*(b) of nodal classes on
X satisfying <b, 0*(b)>=0. Fix a marking H?(X,Z)=L as above. On L~ the
linear forms (b, —)> and {sb, —) differ only by the sign. For each root
ceH*(Y,Z),=M with n*c=b+0o(b) put D,=Dnb". Since D is not contained
in any hyperplane and b¢L*, we have D, =+ D. Since there are only countably
many roots in L*, the set

D,..=D°\ |J D

crootin L+

C

is still dense in D° and D,,/I" is dense in D°/I. The period point t(Y)eD/T is
contained in the image of { D, if and only if Y contains a (—2)-curve. So, if we
understand by a “generic” Enriques surface Y a surface with t(Y)eD, /I, then

gen
we have shown:

(2.8) Proposition. The generic Enriques surface contains no (— 2)-curve.

Now for given Y we define the following sublattices L,,L,,L;,L,<L: Let
M’ =M be the smallest primitive sublattice containing all nodal classes and L,
=n*M' < L*. Let L,c L~ be the smallest primitive sublattice containing all the
classes d—s(d), where d+s(d)=n*c, ceM a nodal class. We put L,
=15nSynL™ and L,=T,. Finally we let NcL~ be the smallest primitive
sublattice containing L, and L,. Since the form on S, "L~ is negative definite
we have

Ly=L,®RLL,QRLL,®R.

NR

Notice that the sublattice N < L™ determines L,, L, determines M’ and hence
L,. We call N the nodal type of the marked surface Y, ¢. Proposition (2.8)
means of course L, =L, =0 for generic Y.

2.6. Generic Enriques Surfaces of Fixed Nodal Type. We fix a primitive sublat-
tice N L™ and consider all marked Enriques surfaces Y, ¢ of fixed nodal type
N. Their period points t(Y, @) belong to D° nIP(Ng). If there is at least one sur-
face of nodal type N, then D° NIP(Ng) is a non-empty open set in a quadric of
IP(Ng). Put n=rank N. If n=3, the union of countably many hyperplanes of
IP(Np) intersects D°NIP(Ng) in a set with dense complement. We apply this
simultaneously to two different kinds of hyperplanes.

a) The hyperplanes d* Ny where deL, d¢ N*, is a nodal class satisfying
{d, s(d)> =0. The period points in the complement of these hyperplanes belong
to surfaces of nodal type precisely equal to N (and not smaller).

b) The hyperplanes of IP(Ng) defined over some algebraic number field k
=C. In particular we take k the extension of @ obtained by adjoining ali
primitive [-th roots of unity with Euler function ¢()<n. Since n<12, only the
following values of [ occur: I=1,...,16,18,20, ..., 32, 36,42.

(29) Lemma. Let Y, ¢ be a marked Enriques surface of nodal type N with peri-
od point (Y, p)eD°~IP(Ng) not contained in any proper linear subspace of
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IP(Ng) defined over k. Let ge Aut(X) be an automorphism commuting with the
covering involution g. Then g*|N = +id,.

Proof. Since g commutes with ¢ it induces an automorphism of Y, so g* leaves
invariant all sublattices L;, N< Y. Let wy be a nonzero holomorphic 2-form on
X. Then g*wy=Aiwy with 1eC. Since (g*wy, g* wy > ={wy, Gy», obviously |4
=1. But since X is projective, from [13, p. 178/179] it follows that 4 is a root
of unity. Since 4 is an eigenvalue for g*|Ny and n=<12, we have
deg[Q(4): @) <12. So A'=1 with ¢()<12 and Aek. g* is defined over @, so
the A-eigenspace for g*|N®C is defined over k. But then the assumption on
7(Y, ) implies that this eigenspace is all of Ng, i.e, g*|Ng=4-id. This is possi-
ble only if A= +1. [

If n=rank N=2 we may embed N in the euclidean plane R? such that the
form on N is induced by the usual inner product on RZ2 The two isotropic
subspaces in N,E=(]32 are generated by the vectors (1, +i). An orientation re-
versing orthogonal transformation of R? would interchange these two sub-
spaces. So any isometry g of N leaving both lines €-(1, +i) invariant is of the
form g= +id, unless N is isometric with the period lattice in € =R? of an el-
liptic curve with Z, or Z -symmetry. In this case g may be of order 3, 4, or 6.
So with these exceptions the analog of Lemma (2.9) for n=2 also holds.

3. Generic Enriques Surfaces

3.1. Automorphisms of Enriques Surfaces. As above, fix a marking H*(X,Z)
=L, HX(Y,Z) =M of the Enriques surface Y. Recall that I'< O(L) is the sub-
group of isometries commuting with s and 0'(X)<O(L) the subgroup of isom-
etries g for which gy leaves invariant €, = L. Let O'(Y) denote the group of
isometries geO(M) with g, leaving invariant 4y < My. Each automorphism
ae Aut(Y) lifts (in two ways) to an automorphism &€ Aut (X) commuting with

s. So if we put
Aut(X, 0)={geAut(X): go=0g}

then Aut(Y)=Aut(X, 0)/{id, }. Any ge Aut(X) commuting with s leaves in-
variant the sublattices L,,..., L, L defined in 2.5. So we have canonical maps
r: Aut(X,0)-O(L), i=1,...,4, and an embedding (r*,r,,r;,7,): Aut(X,0)
—O(L*) x O(L,) x O(L;) x O(L,) with r~ =(r,,7r5,1,).

(3.1) Proposition. Under r* the kernel of r~: Aut(X,0)>O(L") is identified
with the 2-congruence subgroup of O'(Y).

Proof. By Lemma (1.3) the kernel of r==I'-»0(L") is under r* identified with
the 2-congruence subgroup of O(L*). It is clear that r*(y) leaves invariant the
ample cone %y for every ye Aut(X, 6). So we only have to show the converse:
if yeI' with r~(y)= t+id and r*(y)g leaving invariant %y, then y is induced by
an automorphism of X. But take some arbitrary ample divisor C on Y with
class ce Cy "H*(Y,Z),. Then r*(y)c is the class of an ample divisor again. The
class n*ceL* is the class of the ample divisor n* C and y(n*c)=n*r*(y)c too.
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So ye0T(X) by Lemma (2.3). Since r~(y)= +id, the extension y leaves in-
variant the subspace Cwy,c Lg. The assertion follows from Theorem (2.5). (O

(3.2) Proposition. The image of r~: Aut(X, 6)—>0(L") is a finite group.

Proof. The form on L™ has signature (2, 10). For each yeI'(Y) we have ycwy
=Awy, AeC. If wy=u+iv, u,veLg, this shows that y, leaves invariant the 2-
dimensional real subspace Ru@® Rvc Ly, on which the form is positive de-
finite. On (Ru@® Rov)* = Ly the form is negative definite. So r~y belongs to the
compact group O(Ru@Ruv)x O(Ru®Rv)'). O

Combining propositions (3.1) and (3.2) we find

(3.3) Theorem. For every Enriques surface Y the automorphism group Aut(Y)
contains the 2-congruence subgroup of O1(Y) as normal subgroup of finite index.

Next we consider generic Enriques surfaces and obtain the main result of
this paper.

(3.4) Theorem. Let Y, be a marked Enriques surface with period point
(Y, )eD® not contained in any proper linear subspace of TP(Lg) defined over
the number field k from Lemma (2.9). Then the representation of Aut(Y) on
H?(Y, Z),=M identifies Aut(Y) with the 2-congruence subgroup of 0'(M).

Proof. The assumption implies (Y, p)eD,,,. So OT(Y)=0"(M). Also Lemma
{2.9) shows that r~(Aut(X, ¢))= +id, and the assertion follows from Proposi-
tion (3.1). OO

Now if a generic surface Y is deformed into less generic ones, the following
phenomena, working against each other, can happen.
- Yacquires nodal curves, so O'(Y) and Aut(Y) probably too, become smaller.
- Yacquires nodal curves and/or S, becomes bigger, wy becomes more special,
hence r~ (Aut(X, ¢)) and Aut(Y) probably too grow bigger.

We do not know, whether one can control these effects. In particular we do
not know the Enriques surface with the “biggest” or the “smallest” automor-
phism group.

3.2. Computation of Some Stabilizer Groups. Denote by G =0'(M) the 2-con-
gruence subgroup. It is the purpose of this section, to compute the stabilizer
subgroups G,=G'(M), for certain elements ceM. An element ceM will be
called

primitive, if Zc<M is a primitive sublattice
0-class, if ¢2=0

forward pointing, if ce4y (here and in the sequel fix an isomorphism
M=H*(Y,Z),)

fwp, if c is forward pointing and primitive.
In particular we consider elements

c=e;+...t+e,
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where e, ..., e, are O-classes satisfying
(3.5) e;-e;=1fori%j.

(3.6) Lemma. i) If n22, then (3.5) implies that all e, are primitive.

i) If n=2 and one e, is fwp, then so are all.

il) If c=e,+...+e,=e\+...+e, with e,,...,e, and €\, ..., ¢, fwp O-classes
satisfying (3.5), then up to a permutation we have e, =¢,, ..., e, =¢,

sy E,=C,.

Proof. The assertions i) and ii) being obvious, we prove iii). We compute c- ¢}
n two ways:

(e, +...+e)ei=) eey, and (e)+...+e) e =n—1.
1

Since e; and ¢, both are fwp, we have ¢;-¢, 20 and ¢;-¢; =0 only if ¢;=¢].
This shows ¢,=¢) for some i. The assertion follows by induction on n. []

(3.7) Proposition. For n=1,2,3 or 10 the group O'(M) operates transitively on
the set of ordered n-tuples e, ...,e,e M consisting of fwp O-classes satisfying
(3.5).

Proof. n=1. Let ¢,eM be an arbitrary fwp O-class. Since M is unimodular,
there is some ceM with ¢,-c=1. Put k=1¢? and e,=c—ke,. Then e2=0 and
e,-e,=1. S0 e, e, are fwp generators of a sublattice Hc M. Since ¢, and e,
may be permuted by some geO'(M), the assertion will follow from the case n
=2,

n=2. It suffices to show that O'(M) operates transitively on the set of sublat-
tices JH< M. But when an embedding Hc=M is given, we have M =IH.1IH*
with H* unimodular, even, and negative definite, hence IH* =E. Then there is
some ge0' (M) mapping this decomposition M =IH L IE into the standard one.

n=13. From the case n=2 it follows that we may assume e,, ¢, to be the stan-
dard generators of H in the standard decomposition M=IH LIE. Then e;=¢,
+e,+w with welE some root. The assertion follows from the well-known fact
that the Weyl group W(E,) operates transitively on the roots of E,.

n=10. We take ¢,,e,elHc M as in the case n=3 and for i=3, ..., 10 we have
e,=e, +e,+w, with roots w,eIE satisfying

wiow=—1 whenever i=%j.
The assertion follows from Lemma (1.6). [

Now we consider sums c=e, +... +¢, of fwp O-classes e;e M satisfying (3.5).
For n=1,2,3, and 10 we saw that O'(M) operates transitively on such c. It fol-
lows from Lemma (1.1) and Lemma (3.6)1ii) that

0'(M),=8,x0(e;n...nep),

S, the permutation group of degree n. We are interested in the number N(n)
=number of G-orbits of elements c.
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Clearly the stabilizer subgroup G, is GNO'(M),, and since G is a normal
subgroup in O'(M), all G-orbits are equivalent under OT(M). So the set of G-
orbits is a homogeneous space under 0'(M)/G=0+(10,IF,) and

N(n)=l0"(10,IF,)[/[0T(M),: G].

The results are given in the following table

n 01 (M), G, [0'(M),: G] N(n)

i E x W, 2E x {+1} 221.35.52.7 17-3t= 527
2 S, x W, (+1} 214.35.52.7 27.17-31= 67456
3 S, x W, 1 211.35.5.7 21°.5.17.31= 2698240
10 G0 1 101=28.34.52.7 213.3.17-31=12951552

Proofs. Recall (Sect. 1.4) that |0*(10,IF,)=2?".35.52.7-17-31. To compute
the stabilizer groups we use the standard decomposition M =IH L IE with H
=Ze,®Ze,. Any geO'(M) has a matrix decomposition

g= (gH gEH) gy: H-IH, gg: E-IE
ur | &p gy E-H, gy H-IE

n=1. Assume ge; =¢,. Then

1t
B | ! g teZ, yelE
8= oo [E-Z

0 yige

and orthogonality of g is equivalent with

tz“'lz‘yz» ge€Ws, [=-—{g¥ .
So 0'(M),, is IE x W, the extended Weyl group, under the identification
1

IEx Wa(y, hy—{ 0 ! 0
0 y i h

It is known (Sect. 1.4) that the 2-congruence subgroup of Wy is just {+1}. So
G, =2Ex{+1}.

n=2 1f c=e, +e,, we have O'(M), =G, x W, with &, permuting e, and e,.
Since a nontrivial permutation of ¢s cannot belong to G, we have G .={+1},
the 2-congruence subgroup of W;.

n=3 1f c=e,+e,+e; and e;=e, +e,+w as above with some root welE, then
ZeinZeinZet is whcIE, the orthogonal complement of a root. This w* is
isomorphic with the lattice (—E;). So 0'(M),=@&,xW, with &, permuting
e, e,, e, and W, the Weyl group of E,. In particular G_ is trivial.

n=10. Obvious. [
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3.3. Representations of Generic Enriques Surfaces

a) Elliptic Pencils. In this section let Y be an Enriques surface, general in the
sense that Theorem (3.4) applies. In particular, there are no (—2)-curves on Y.

We fix an isomorphism HZ(Y,Z)f=M. It is classical that (because of the
absence of (—2)-curves) each fwp 0-class ee M is effective. There are exactly
two curves E and E’ representing e. They are either nonsingular elliptic or irre-
ducible rational with a node or a cusp, and adjoint in the sense that K, =0, (E
—E’). The linear system |2E| is an elliptic pencil without base points. It pro-
vides Y with the structure of an elliptic fibre space over IP,. This fibration con-
tains exactly two multiple fibres, namely 2E and 2E'. (The divisors E and E’
are called the half-pencils of |2 E|.) Each elliptic fibration over IP, is defined by
such a linear system |2E| with ee M some fwp O-class. We shall not distinguish
between two elliptic fibrations Y—1IP, differing by an automorphism of IP,. So
two elliptic fibre spaces Y—IP, are isomorphic (as fibre spaces, modulo
Aut(IP,)) if and only if they differ by an automorphism of X. So the different
representations of X as elliptic fibrations over IP; correspond 1 to 1 with G-
orbits of fwp O-classes ee M. From 6.5 we conclude

(3.8) Theorem. For a general Enriques surface Y there are exactly 17-31 non-
isomorphic elliptic fibre spaces over 1P, with total space Y.

b) Double Plane Representations. Now we consider pairs e,,e,eM of fwp 0-
classes with e, -e, =1. We let E;, E; be the curves representing e;, we put D=2(E{
+EY) and consider the linear system |D|. It is known [3, Theorem 6.17] that
this linear system defines a 2 to 1 map of Y onto a “quartic Del Pezzo surface
Q of Segre symbol (11)(11) 17, i.e, a surface Q in IP, projectively equivalent to
the complete intersection zi=z,z,=z,2, of two rank-3 quadrics. The map is
ramified over the four nodes of Q and a complete intersection curve B=QnZ
with some quadric Z <P, not passing through any of the four nodes of Q. The
absence of (—2)-curves on Y forces B to be nonsingular. The double cover
Y—Q is related to Horikawa’s representation of Y [7, 8] through the commu-

tative diagram

X Y

|

P xP;, ——0

where IP, xIP, —»Q is a double cover ramified over the four nodes of Q.

Up to an automorphism of IP, the map defined by |D] is uniquely deter-
mined by the two classes e, e,eM. We consider two double plane represen-
tations of Y as equivalent, if the pairs (Q, B) defining them differ by an auto-
morphism of IP,, ie., if the classes D differ by an automorphism of Y. From
Sect. 3.2 we obtain: ‘

(3.9) Theorem. For a general Enriques surface there are exactly 27-17-31 in-
equivalent double plane representations.

c) Enrigues Representations. Let e, e,,e;€M be a triplet of fwp O-classes sat-
isfying e;-e;=1 for i#], let E;, E; be the curves representing e;, and put D=E,
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+E,+E, (defined uniquely by d=e, +e,+¢; up to the ambiguity between D
and D'=D+K,). It is known [3, Theorem 7.4] that |D| defines a birational
map of Y onto a sextic surface in IP; passing doubly through the edges of a
tetrahedron. The image surfaces are projectively equivalent if and only if the
linear systems |D| differ by an automorphism g of Y. Using the double-plane rep-
resentation it is easy to see that for general Y (i.e., general choice of the
branch curve B« Q) there is no automorphism geG leaving e,, ¢, invariant and
interchanging E, and E). This shows that in general the systems |D| and |D|
have projectively inequivalent images. From Sect. 3.2 we conclude:

(3.10) Theorem. For a general Enriques surface there are exactly 2''-5-17-31
inequivalent Enrigues representations.

d) Representations as Surfaces of Degree 10 in IP,. Let e,,...,e;, be fwp 0-
classes satisfying e, -e;=1 for i=j and let E,, E] be the curves representing e,. We
consider the linear system |D| with class

(Notice that because of the explicit form of the ¢; given in Sect. 3.2 and Lemma
10

(1.6) one easily checks that ) e, in M is divisible by 3.) It is known {4, 3.2.11ii)
1

and 3.3.2] that there are (special) Enriques surfaces carrying such e, with |D|
defining an embedding of Y in IP; of degree 10 (“Reye-congruences™). So for
general Y] the system |D| will also define such an embedding Y—IP,. As above
one proves that |D| and |D'| define projectively inequivalent embeddings. So we
conclude from Sect. 3.2

(3.11) Theorem. For a general Enriques surface there are exactly 2'*.3.17-31
embeddings in W, defined by linear systems |D|=|3Y E}| as above, as 10th de-
gree surfaces which are projectively inequivalent.

4. Examples of Enriques Surfaces with Small Automorphism Group

In this section we use the double plane presentation of Enriques surfaces to
compute explicitly the automorphism groups for some examples. The obser-
vations that Aut(Y) is finite in case 3 below is due to Dolgachev [6].

4.1. The Branch Curve. Denote by Q the quadric IP, xIP, and let ((u,:u,),
(vy:v,)) be bihomogeneous coordinates on (. By a line on 0 we mean a
smooth rational curve belonging to one of the two rulings on Q.

Take constants a, b, ¢, deC satisfying

a%0, c¢+0+d, c=*d
and consider the curve B<= Q of bidegree (4, 4) with equation

(02 —v?) {a(@? —v?)ud +2b(v] — v} udui +(cvi —dv})ui} =0.
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Then B splits as B=N*+ N~ + C with the two lines
N*:v,+v,=0
and C a curve of bidegree (4, 2). This curve C meets the line N* at
P*¥=(1:0),(1: F1)eN*

with multiplicity 4. Since a=+0, C is smooth in these points, so they are A,-
singularities on B.
It turns out that one has to distinguish between the following three cases:

Case 1 (general case): b+0, ac+b?=+ad.
Case 2 (symmetric case): bh=0.
Case 3 (special case): ac=b? or ad=b>.

Here Case 3 leads to the surface first considered by Dolgachev [6].

(4.1) Lemma. Each line (vy:v,)=const= +1 meets C at four distinct points,
unless it is one of the two lines

LE: (v, v,)=(Vad—b%: +)/ac—b?).

Case 1: The two lines are different and C is smooth at the two distinct points of
contact.

Case 2: The two lines are different and C meets them with multiplicity four at a
smooth point of C.

Case 3: The two lines coincide and C has two ordinary nodes on this line.

(4.2) Corollary. Away from P* the curve B is smooth in case 1 and 2, and has
two A, -singularities on the line L™ =L~ in case 3.

Proof of the Lemma. An arbitrary line L with equation vy:v,=ty: t;= +1 in-
tersects C at four distinct points unless a(cty —dt?)=b?(t3 —t?), ie.

(ac—b?)t2=(ad—b?)12.

This condition determines the lines L*. The restriction of C of L* has equation
(aul+bu?)*=0, so the points of contact are

(o> uy) (0o 10 =((Vb: +iV/a),(f/ad—b*: £V ac—b?).

In these points we differentiate the equation for C

0/0v, = —2av, uf—4bv, uiul—2dv, u}
= —2v,(ab®>—2ab*+da?)
= —2av,(ad —b?).

So C is smooth here in case 1 and 2, but singular in case 3.
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In case 3 let e.g. ac=b? hence L* =L~ is the line v, =0. We use inhomo-
geneous coordinates u=u,/u, and v=v,/v, to form partial derivatives of the

equation for C in the points ((1: iil/g), (1:0)).

02/ou? =4b + 12cu*=4 (b~3cg) = —8b+0,
0?/0udv=0,

0*/0v* = —2a—4bu* —2du*
a2

= —2(41—2a—&—db2

)= —2a(ad —b?)+0.

So the singularities are ordinary nodes. []
The equation for B is invariant under the group Z, x Z, generated by

T‘-1 : ((uO . ul)s (UO: Ul))H((uO: _ul)’ (00: Ul))7

Ty ((ugruy), ot v )= (g u)), (ve: —v,))
We put

T=1T,T,.

If b=0 the group Z, x Z, can be enlarged to Z, x Z, generated by
Pty ), (00 0 ) (o F1t,), (097 0,))

and 1,, ie, p>=1,.

(4.3) Lemma. In case 1 and 3 the group Z, x Z, generated by t,,7, and in case
2 the group Z, x Z, generated by p,t, is the full automorphism group of the pair
BcQ.

Proof. Any automorphism « of (B, Q) respects the pair of lines N*, hence does
pot interchange u and v. Therefore a=0o, «, with «, acting on u and «, on v.
Additionally « respects the line u; =0, the pair L* and the pair of lines aud
+bu=0.

Case 1 and 3. Here the equation aug+bui =0 defines two distinct lines, inter-
changed by t,. This implies a,=id or «, =1,. Now either «, or «, 7, leaves in-
variant both the points (1: +1), so it is of the form
(Vo: V) (toUo+1, 0,1t Do+To0y) P
This substitution changes
3 — 03 (t3 —t2) (v3 — v}),
cvd—dvi (ct2 —dtd)vi +2(c—d) 1oty vy vy +(ct] —dt) v3,

and the invariance of C under «, o, implies first ¢,t, =0 and then ¢, =0. So ei-
ther o, =id or o, =1,.
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Case 2. Now the line u,=0 is fixed under o, because on it C touches L*. This
implies
oy Uy u )= (ug:suy), s+0.

As in cases 1 and 3 either a, or a, 7, is of the form
(W v )= (tovg+E v it vy +1EUy)

The invariance of the point pair cv?=dv? implies £, =0, so a,=id or a,=1,.
Considering the equation for C we find s* =1, hence «, is a power of p. []

4.2. The K3-Surface X. Let X »Q be the double covering branched over B and
q: X —Q its minimal desingularisation. On X we have the following curves:

In all three cases:
FE, ..., Ff (—2)-curves resolving the A,-singularities over P*

o two (—2)-curves over the line u; =0
N* two (—2)-curves in the branch locus
F smooth elliptic curve over u,=0
In case | and 2 additionally:
L L3 (—2)-curves over L* (L* and L% touch in case 2)
E E smooth elliptic curves over v, =0, v, =0
In case 3 additionally:
Ef two (—2)-curves over the line LY =L~
Ef (—2)-curves resolving the A, -singularities of X
E smooth elliptic curve over v,=0, resp. v, =0.

Let o,eAut(X) be the covering involution interchanging the two sheets of
q: X—>Q. The automorphisms of @ from Lemma (4.3) lift to X in the following
way:

¢, is an involution lifting 7, and having F, Fif, FF, F#, and F§ as curves
of fixed points.

¢, is an involution lifting 7, and having E (resp. Ef) and E’ as curves of
fixed points.

l E
. b
Ly
—
L3 a8
2

— N' F
= F7 Fs FS FL F3 FZFI E: N
8 8
.—'
Py FaFaF FsFegFy L3

DD O Gl

Ly

T

T

E’ ~4

Case 1 (in case 2, LT and L% touch on F)
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£y
| S ¢ E:
I
'W
!
.
B
Case 3

o, and ¢, commute with ¢;, so the involutions ¢,,¢,, 05 generate a sub-
group (Z,)* = Aut(X). This group contains in particular 6=0, g, 05, the invo-
lution without fixed points.

In case 2 this group is enlarged by lifting p to geAut(X) with F* being
curves of fixed points for 5. Then necessarily F;*, F;f and FZ are curves of fixed
points, and p|F is an involution with four isolated fixed points. Further (5)?
=0, p commutes with ¢, and ¢;, and we have a subgroup Z, x(Z,)* in
Aut(X).

Notice that the involutions ¢, and o, o5 interchange Ef and E;. The in-
volution o, g5 interchanges all other pairs of curves differing by a +-sign.

4.3. The Elliptic Pencil |F| on X. The elliptic curve F in X is linearly equivalent
8

with 3 (F* +F7). We denote by ¢: X >IP, the elliptic fibration defined by the
1

pencil |[F|. We know aiready the following sections for this pencil:

N+t N-, Lt L7,L},L; (casel and 2)
N* N, Ef,ET (case 3).

We denote by & the set of all sections and introduce on it the structure of an
abelian group by distinguishing N~ as origin. For any of the curves
N-,N*, L}, Ef we denote the corresponding group element by o, n, [, e*.
With N~ as origin the 2-torsion elements on every elliptic curve in |F} are
the intersection points with the ramification divisor of g. Since C does not
split, the only non-trivial 2-torsion element in & is n. The involution ¢, g5 acts

on & as addition by n.

(4.4) Proposition. The torsion subgroup &, <& is

Z, generated by n  (cases 1 and 2)
Z, generated by e* (case 3).
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Proof. If s€@ is any torsion element represented by the section S< X, then ¢S
=@ is a smooth rational curve of bidegree (1, n). If ¢S intersects B in a smooth
point, then necessarily 25=0, i.e,, S=N*. The only way to avoid meeting B in
a smooth point (on N* or N7) is n=0 and ¢qS=¢(E{) in the case 3. So S=E
or E{. Since € contains only one 2-torsion element n=+0, necessarily S,,,,=Z,
generated by e™ or e~ in this case. [

tors

(4.5) Corollary. In case 1 and 2 we have rank > 1.

In fact € contains the non-torsion elements 1*. Notice that n+[;* =I; and
—[E=1F.

1 2

The automorphisms ¢, (resp. p in case 2) and oy Aut(X) respect |F| and
leave N~ fixed.

(4.6) Proposition. The subgroup of Aut(X) respecting |F| and leaving N~ fixed
is

Z,xZ, generated by o, and ¢,  (case 1 and 3),

Z,xZ, generated by p and o, (case 2).

8
Proof. Any ae Aut(X) respecting the pencil |F| fixes the cycle Y (F*+F ). If
1

aN~=N", then (after replacing « by agy) we may assume aF;* =F*, aF," =F~
fori=1,...,8. So « leaves invariant the E,-fundamental cycle

Z=F[ +2F; +3F; +4F; +3F; +2F; +F7 +2N-

linearly equivalent with E (resp. Ef + Ef +E3 + E7) and E'. This means that
the map X—-IP, defined by the elliptic pencil |E'| is a-equivariant too, hence o
is induced by some symmetry of (B, Q). The assertion follows from Lemma

@3. O

This group Z, xZ, (resp. Z, x Z,) acts naturally on €. On the sections giv-
en above this action can be traced easily:

o, being the covering involution induces —id on all elliptic curves in the
pencil |F|, hence acts on € as —id.

o, (resp. p) leaves invariant each of the sections n, I, e* so it acts trivially
on &, and on the rank-1 subgroup generated by the [*.

Now let
R=(Z, xZ,)<S, resp. (Z, X Z,)1<x S

be the semidirect product w.r. to this action.

(4.7) Proposition. R Aut(X)<O(L) is just the stabilizer subgroup of the class
feL of F.

Proof. Assume af = f for some aeAut (X). Then ¢: X »IP, is a-equivariant. Af-
ter replacing a by ao {translation by —a(o)eS} we may assume aN =N".
The assertion follows from Proposition (4.6) above. []

4.4. The Enriques Surface Y=X/o. Since 6=0,0,0;6Aut(X) has no fixed
points on X, the surface Y =X /o is an Enriques surface. As usual denote the pro-
jection by n: X—>Y. Under o all the curves EF, F*, L%, N7 differing by a
+sign are identified. So on Y we have the following curves:
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Ey
F
FRr N '
A5 5}\
F F
¢ FL.*
15, F3
)
-
’-—
L2
Ey

N,
\I'TI
o
)
il

Case 3

First we determine divisors representing a Z-basis of H2(Y, Z);=M. Con-
sider the cycle

Z=2F,+4F,+6F,+5F,+4F,+3F,+2F,+3N.

It is the fu{ldamental cycle of an Eg-configuration, hence Z?= —2. We com-
plete Z to Eg-configurations

Z, =L, +Z, Z,=L,+Z (case! and 2),
Z,=E +Z (case 3).

Then there are classes h,, h,e M with h?=h3=0 and

z,=2h,, z,=2h, (case 1 and 2),
z,=2hy, h;-e,=1 (case3).

(Here as usual we denote the class in M represented by a cycle with the corre-
sponding small letter.) Putting h,=h, +e, in case 3, we have in all cases

hf=h§=0, hy-hy=1,
hy f;=h;-n=0, i=1,2 j=2,..,8
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This proves: h, h,, f,, ..., fg,n form a Z-basis of M.
Recall that Aut(Y)= Aut(X, ¢)/c. Putting

R(o)=Rn Aut(X, o)={aeR: ac=0ca}

we have R(o)/a as subgroup of Aut(Y). To describe this group more explicitely
recall that c=0, (0, 0;) and that ¢, 0, acts on & as translation by the unique
2-torsion element 1. So ¢, 0, commutes with all elements of R and R(o) is the
centralizer of o,. We observed that o, centralizes S, . If o, commutes with
translation by a non-torsion element se &, then necessarily o,(s)=s. So putting

S(o)={seS:0,(5)=5s}

we have R(o)=(Z,xZ,) < S(0), resp. in case2 R(o)=(Z, xZ,) < S(o). We

t
pY s=rank &(o),

then S(0)=G8,,,, x Z°. Notice that we do not yet know s, but in the cases 1 and
2 we have [FeS(0), hence s=1. So we obtain the following description of
R(o)/oc = Aut(Y).

Case 1: Z,(0,) X Z,(0,03) X (Z,(03) X Z°)f0,0,0,=Z, x (Z, < Z°).
Case 2: Zy(0,03) X(Z4(P) X Zy(03) }X Z°)/6, 6,03 =(Zy X L,) < Z°.
Case 3: Z,(0,) X (Z,(03) X (Z,(e*) x Z%))/0, 6, 6, =TL, < (X, x Z*).

The aim of this section is to prove that there are no other automorphisms
of Y. For ae Aut(X, o) let us denote by « mod ¢ the induced automorphism of
Y. The key observation is the following one.

(4.8) Proposition. a) The involution ¢, mod o acts trivially on H*(Y, Z) and gen-
erates the kernel of the representation of Aut(Y) on H?(Y, Z).

b) In case 2 the automorphism j mod o acts trivially on H*(Y, Z), and gen-
erates the kernel of the representation of Aut(Y) on H*(Y, Z) It

Proof. o, (as well as § in case 2) leaves invariant all the curves on X specified
above, except for interchanging EJ and E;. This proves that ¢, mod o (as well
as p mod o) acts trivially on the basis of H*(Y, Z); considered above.

To prove that ¢, mod ¢ acts trivially on H?(Y, Z) already (and p mod ¢
does not do it) we observe that not only the classes hy, h,, f,, ..., fg, 1, but also
the curves Z,,Z,,F,, ..., Fg, N are left invariant under ¢, mod o, resp. 5 mod
o. So it suffices to consider the action on the two half-pencils in the linear sys-
tems |Z,| and |Z,].

Let us denote by p);, p,€E} the points where Fy, Fy, meet the smooth elliptic
curve Ey. Then |2p)|=|2p}| is the linear system cut out on E} by both |Z,| and
{Z,|. The two half-pencils in |Z,| and |Z,| intersect E} in the two other points
P,y with O, (p) =0, (p)), i=1,2, j=3,4. Now ¢, mod ¢ fixes the points p},
P, and the corresponding half-pencils, whereas p interchanges p’, and pj.

Conversely, consider an arbitrary ae Aut(X, o) with « mod ¢ acting trivially
on H*(Y,Z),. After replacing a by xc we may assume aN~=N". By Proposi-
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tion (4.6) this a is one of the following

idX’ /39 G5 :537 O3, [7637 G103, ﬁ3 O3.
But the last four automorphisms in this list reverse the orientation in the cycle

8

Y (F* +F™). This proves the assertion. [J
1

(49a) Corollary. ¢, mod ¢ belongs to the center of Aut(Y) and its fixed point
set is stable under each automorphism of Y.

Now ¢, mod ¢ has the following set of fixed points
Case 1l and 2: Fy, F,, F,, Fg, Fg, {p3, P4, D5, P4} Pi€Ey, Di€EY,
Case3: Fy,F,, F,, F,, Fy, E,, {P5. 04}
It follows that any automorphism of Y is of the form « mod ¢ with aeR(0).
(49b) Corollary. Aut (Y)=R(0)/o.
It remains to determine the rank s of the abelian subgroup Z° < &(o).

(4.10) Lemma. a) The subgroup of O(M) leaving invariant f,,...,fs is D
=7, < Z, the infinite dihedral group.
b) The subgroup leaving in addition e, invariant is trivial.

Proof. Any acO(M) leaving invariant f,, ...,f; is determined by its action on
8

{f2, ..., fe}*. Now h, h, and f=) f; belong to this orthogonal complement.
Since !
hi=hi=f?=0, h,-h,=1, h,-f=h, f=2,

their 3x3 intersection matrix has determinant —8, hence equals
det(f;-f})2<i j<s- This shows that hy, h,, f are a Z-basis of {f,, s fobh
Now o acts as
hy—r h +rh,+rf,

hyr=s hy+s,hy+5f,
id
with r, 5,1, 5,€Z and determinant

rS,—rs, ==t

Denote by a,e0(M) the permutation h;«>h,. It generates a subgroup Z,
=0(M) and modulo this subgroup we may assume the determinant above to
be + 1. Now orthogonality of o implies

2=hy f=2(n+1) = r,=1-r,
2=h,-f=2(s; +5)=35,=1—s,
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and from the determinant condition we conclude r, =s, +1. Putting s, =teZ
we find
hi—= @+ h, —thy,+rf,

hyrsth, +(1—tyh,+sf
and orthogonality of « is equivalent with

O0=hi==2t(t+1)+4r=>r=t(t+1)/2,
0=h3=2t(1—t)+4s=s=t(t—1)/2.

So a=ua, is an element of the group

I+t —t t(t+1)2
Zst—oa,=| t 1—t tt—1)2}.
0 0 1

On this group «, acts by o,—a_,. So o, and Z generate D .
b) We have 2E,=7Z,—Z, and hence e,=h, —h,. So &,(e,)=e,—2t{e, +e,).
So «,(e,)=e, implies t =0. Since a,{e,) = —e,, the assertion follows. [

(4.11) Corollary. In case 1 or 2 we have s=1, and s=0 in case 3.

Proof. If seZ® < &(o) then addition by 8s leaves invariant f), ..., fg and in case
3 also e,. So s<1, resp. s=0 in case 3, by the lemma above. But s=1 in case 1
or 2 was observed already. [

The final result is the following.

(4.12) Theorem. Let Y be an Enriques surface as considered above. Then Aut(Y)
is isomorphic with

Z,xD_ (casel),

Z,xD, (case?2),

D, (case3).

4.5. Invariants. In this section we compute the Picard number p(X) and the
nodal type N for the general surfaces in our family. As above we use the de-
composition L=HIIHI1HI1IELIE. In 4.4 we observed that the nodal classes
S2s s fo, neM=IHLIE form a Z-basis for IE. Their inverse images on X de-
compose into 16 nodal classes forming two Eg-configurations. In fact these two
configurations are bases for the two factors IEc L, see [7, Sect. 5]. Since the al-
gebraic lattice S, contains L* < L, this proves the following.

(4.13) Lemma. For all surfaces X considered here the algebraic lattice Sy<L
contains the rank-18 sublattice .

HQ)LIELIE={(0,h h,x, y): heH, x, yelE}.
The orthogonal complement in L of this rank-18 lattice is

N, =HLHQ)={(h I, — K, 0,0): h, IH}.
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In case 3 also the class e,=h,—h, is nodal. Then n*e,=d+s(d) with
delH1H.1Hc L a nodal class such that {d, s(d)>=0 and

d+s(d)=(0,hy—h,, h,—h,),
d—s(d)=(h, ', —l)eN,,
2d=(h, K +hy—h,, =W +h,—h,).

This shows he2IH. By Corollary {1.2) and Lemma (1.8) it follows that there is
an automorphism of N, extending to IHLIH_LIH as identity on N} mapping d
—s(d) to (0, h,—h,, h, —h,). If we change the fixed marking of Y by this auto-
morphism we have

d+S(d)=((),h2—h1, hz-h1) d—S(d)‘—-(O, hz_hxa h1 —hz)

and therefore
d=(0,h,—h,,0), s(d)=(0,0,h,—h,).

Let Ny« N, be the rank-3 sublattice orthogonal to d. Then we have shown the
following.

(4.14) Lemma. In case 3 for all surfaces X the algebraic lattice Sy contains the
rank-19 lattice Ny .

in other words: If N<L is the nodal type of X, then always N <N, and in
case 3 even N N;.

(4.5) Propesition. For general X in our family we have Ty=N =N,. For general
X under case 3 we have Ty=N=Nj,. In particular p(X)=18 for general X, and
p(X)=19 for general X in case 3.

Proof. The cup product on N, is non-degenerate. So there is no 3-dimensional
isotropic linear subspace of N;® €. If Ty =N, for all X, then the period point
7(Y, @) would vary in a countable union of 1-dimensional quadrics. This is im-
possible, because we show that in D°/I" our family has an image containing a
{local analytic) variety of dimension two. Similarly, in case 3, we show that the
image contains a curve.

Case 1. Consider the map @,: Y—-IP, given by the pencil |2F,|. We have ¢yon
=@, and @|E is the quotient map w.r. to Z,(0,|E) xZ,(0,|E). So ®|E factors
as E—1-1P, (uy: u,)~IP,(w,y: w,), w,=u?, and similarly for ®|E". The four iso-
lated fixed points p,, p,€Ey, Ps, Pu€Ey and their images under @, (modulo the
natural C*-action on IP,) depend only on the isomorphism class of Y. These
four image points are the four roots of the polynomial

(@w2 +2bwow, +cw?) (aw? +2bwy w, +dw?)
b b* c+d b(c+d cd
=a? (s (15 5wt e 20 () somt e G vt)
. b d ) o,
Since —, —, and — vary independently, we see that these 4-tuples in IP{ form a
a a a

3-dimensional set and dividing by the C*-action the dimension is two.
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Case 3. It suffices to show that the elliptic curve F varies. It is ramified over

the four points +1, il/%, or after multiplying with 1/3 over 4_—]/5, +1/d. The
cross-ratio

Vd—ye —Vi-ye_(/i-yc)

Vi+ye —Vd+yec (/d+Vc)

varies with ¢/d. [
The lattices L,, ..., L, for general X then are as follows
L,=L",
L,=N{nIL", Ly=0, L,=N, incasel,
L,=N;y‘nL~, Ly;=0, L,=N, in case 3.

4.6 The action of Aut(X,6) on N. Let us finish by giving a few properties of
the representation of Aut(X, o) on N, (cases 1 and 2) and N, (case 3). In the
proof of (4.15) we showed that the period point (Y, @) moves in an open set of
D°nIP(N,) (resp. D°NIP(N,)) if Y moves in our family (resp. in the part of the
family under case 3). So the argument of (2.9) applies and shows that the image
of

Z,(6,) X Z,(0,03) % (Z,(03) < Z)— Aut(N,)

Z,(0,) % (Z,(03) < Z,(e*))— Aut(N,)

in general is the group {+id}. But this assertion is invariant under defor-
mations, so it holds for all our surfaces Y.
Now for p the situation is quite different.

(4.16) Proposition. We have (ﬁ|N1j2= —id, in particular the order of p on N is
four.

Proof. 1t suffices to show that o, =57 acts on N, as —id. To do this, we use the
Lefschetz fixed point formula. It reads

Trace (s, on @ H*4(X, R))=e(Fix(c,)),

where on the right-hand side we add over the Euler numbers of all com-
ponents of the fixed point set of o,. Now o, fixes point-wise the eight rational
curves Fjf, FE, Ff, and F§ as well as the smooth elliptic curve F. So
e(Fix(6,))=16 and Trace (s,|Lg)=14. Since g, leaves invariant all the curves
F*, L¥, N*, from which a basis for the lattice Ni can be chosen (cf. (4.13)), we
have (5,|Nif)=id and Trace (o, |(N})@ R)=18.
This implies
Trace(s,|N, ® R)=14—18 = —4,

hence o, acts on N, as —id. [J
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