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Classical dynamics (Newton 1685, Hamilton 1834)
position q ∈ Rd (local coord. on a smooth closed manifold N )

Definition
On Rd × Rd (local. coord. on T ∗N ), a function

H : ( q︸︷︷︸
position

, p︸︷︷︸
impulsion

) ∈ T ∗N → H (q, p)︸ ︷︷ ︸
energie

∈ R

generates Hamiltonian flow ϕt : (q (0) , p (0)) → (q (t) , p (t)),

dqj (t)

dt
=
∂H

∂pj
,

dpj (t)

dt
= −∂H

∂qj
, j = 1 . . . d .

Ex: Geodesic flow: metric g on N ,
H (q, p) = ∥p∥g∗q ,

Adhesive tape

Free particle, Newton eq. Dq̇
dt

= 0

Light beam in medium with velocity
c (q) > 0, g∗

q = c (q) g∗
Eucl.
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∂pj
,

dpj (t)

dt
= −∂H

∂qj
, j = 1 . . . d .

«Energy conservation»:
T∗

1 N =
{
(q, p) ,H (q, p) = ∥p∥g∗q = 1

}
is invariant.

proof:
dH(q(t),p(t))

dt
=

∑
j
∂H
∂qj

dqj
dt

+ ∂H
∂pj

dpj
dt

= 0.
surface

geodesic flow

q N

ϕt(q, p)

T ∗
1N

(q, p)
X

X
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∂pj
,
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= −∂H

∂qj
, j = 1 . . . d .

Rem: geometric formulation on T ∗N

Ω =
∑d

j=1 dqj ∧ dpj : TT
∗N → T∗T∗N .

X = Ω−1 (dH): vector field
ϕt = etX

surface

geodesic flow

q N

ϕt(q, p)

T ∗
1N

(q, p)
X

X



Chaotic classical dynamics
Theorem (Anosov (1966))
If (N , g) has curvature κ < 0 then the geodesic flow is unif. hyperbolic:

T (T ∗
1 N ) = RX ⊕ Eunstable ⊕ Estable

.

called “sensitivity to initial conditions”. Each trajectory has a “unique story”.

surface

geodesic flow

q N

T ∗
1N

X

(q, p)

Es

Eu

XXX

ϕt(q, p)



Chaotic classical dynamics
Theorem (Anosov (1966))
If (N , g) has curvature κ < 0 then the geodesic flow is unif. hyperbolic:

T (T ∗
1 N ) = RX ⊕ Eunstable ⊕ Estable

.

Evolution of a cloud of points (or function or proba density) u ◦ ϕ−t :

stable

Vector field

Flow ϕt(m)

Es(x)

unstable direction
Eu(x) function v

test

function
u

X

t ≫ 1ut = u ◦ ϕ−t

Es

m

Eu

T ∗
1N



Chaotic classical dynamics
Theorem (Anosov (1966))
If (N , g) has curvature κ < 0 then the geodesic flow is unif. hyperbolic:

T (T ∗
1 N ) = RX ⊕ Eunstable ⊕ Estable

.

video bolza 1 particle, video bolza rays, video bolza 1e6 particles

https://youtu.be/Pjxw_U7V1QA
https://youtu.be/WqsKAJhTPG0
https://youtu.be/kr6RJqmp5wk


Dynamique classique chaotique: mélange, équidistribution.

Theorem (Anosov (1967))
If (N , g) has curvature κ < 0 then the geodesic flow is unif. hyperbolic:

T (T ∗
1 N) = RX ⊕ Eunstable ⊕ Estable

and mixing (equidistribution): (Anosov 67, Liverani 04, Tsujii 08) ∀u, v ∈ C∞ (T ∗
1 N ),

⟨v |u ◦ ϕ−t⟩L2 →
t→+∞

⟨v |1⟩L2⟨ 1
Vol (M)

|u⟩L2

(
+Ou,v

(
e−t/2

)
for Bolza

)
stable

Vector field

Flow ϕt(m)

Es(x)

unstable direction
Eu(x) function v

test

function
u

X

t ≫ 1ut = u ◦ ϕ−t

Es

m

Eu

T ∗
1N



Simpler model: Cat Map ϕ

Definition (Cat map ϕ)

On T ∗R = R2 ∋ (q, p), the hyperbolic symplectic map ϕ =

(
2 1
1 1

)
is the flow ϕt=1 generated by H (q, p) = αq2 + βp2 + γqp with some α, β, γ ∈ R.

This gives a mixing map on T2 = R2/Z2 (that can be perturbed).
See movie of 1 particle in cat map, movie of cat map, movie of pertubated cat map
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https://youtu.be/uU5N_lsKKB0
https://youtu.be/6hb2JCNfcpg
https://youtu.be/J4sETpW-FoU


Simpler model: Cat Map ϕ

Definition (Cat map ϕ)

On T ∗R = R2 ∋ (q, p), the hyperbolic symplectic map ϕ =

(
2 1
1 1

)
is the flow ϕt=1 generated by H (q, p) = αq2 + βp2 + γqp with some α, β, γ ∈ R.

This gives a mixing map on T2 = R2/Z2 (that can be perturbed).
See movie of 1 particle in cat map, movie of cat map, movie of pertubated cat map

Proposition (Mixing, equidistribution)

∀u, v ∈ C∞ (
T2) , ⟨v |u ◦ ϕ−t⟩L2 →

t→+∞
⟨v |1⟩L2⟨1|u⟩L2 + Ou,v

(
e−

∀αt
)

Proof: use Fourier series x = (q, p) , n ∈ Z2, φn (x) = e i2πn.x and φn◦ϕ−t = φϕ−tn.

https://youtu.be/uU5N_lsKKB0
https://youtu.be/6hb2JCNfcpg
https://youtu.be/J4sETpW-FoU


Quantum dynamics

Question
Why classical dynamics is governed by the
«strange looking» Hamilton/Newton equations on T ∗N ?

dqj (t)

dt
=
∂H

∂pj
,

dpj (t)

dt
= −∂H

∂qj

X = Ω−1 (dH)

Answer (as we will see): because an Hamiltonian dynamics emerges
from linear EDP(s) in the limit of small wave lenght.

Hamiltonian particle ⇔ wave-packet
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Quantum dynamics. Microlocal Analysis
Fix 0 < ℏ ≪ 1. Wave paquets (q, p) = T ∗Rd → φq,p ∈ L2 (Rd

)
:

φq,p

(
q′) := Ce i(

p
ℏ )q

′
e
−
∣∣∣∣ q′−q√

ℏ

∣∣∣∣2
, ∥φq,p∥L2(Rd) = 1.

Wave packet transform:

T :

{
L2 (Rd

)
→ L2 (T ∗Rd

)
u → (T u) (q, p) := ⟨φq,p|u⟩L2(Rd)

Lemma (fundamental 1. ”Resolution of identity”)

T † ◦ T = Id

Bergmann projector

L2(Rd)

T

P = T T †

L2(T ∗Rd)

u

v

Im(T )

T †

∀v ∈ L2 (T ∗Rd
)
,

(
T †v

)
(q′) =

∫
T∗Rd φq,p (y

′) v (q, p) dqdp

(2π)d+1 .

Rem: T : L2 (M) → Im (T ) ⊂ L2 (T ∗M) is an isomorphism.
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Wave packets on T ∗R ≡ R2

ex: |(T φq0,p0) (q, p)|
2 :

√
ℏ

q0

p0 q

p

N = 98 = 1/(2πℏ) N = 414 = 1/(2πℏ)



Quantum dynamics
Consider a linear EDP for t ∈ R → ut ∈ L2

(
Rd

q

)
of the form

ut=0 = φq0,p0 ,
∂ut
∂t

= − i

ℏ
H

(
q,−iℏ

∂.

∂q

)
ut ,

where Ĥ = H
(
q,−iℏ ∂.∂q

)
is self-adjoint hence ut = Û tu0 with Û t = e−t i

ℏ Ĥ

unitary (preserves L2 norm).
Ex: for the wave equation:

∂2ut
∂t2

= −∆ut ⇐⇒ ∂ut
∂t

= ±i
√
∆ut = ± i

ℏ

√√√√ d∑
j=1

(
−iℏ

∂

∂qj

)2

ut

hence H (q, p) = ∓∥p∥ (geodesic flow),(movie of wave packet)

Theorem (Fundamental 2. “Propagation of singularities”, Duistermaat-Hörmander 1972)

∀t ∈ R, ∀N,∃Ct,N > 0,∀ℏ < 1,∀q, p

|(T ut) (q, p)| < Ct,N

〈
1√
ℏ
distT∗Rd

(
(q, p) , ϕt (q0, p0)

)〉−N

with ϕt :Hamiltonian flow generated by H (q, p).

https://youtu.be/fUx5IrYBUJw
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Theorem (Fundamental 2. “Propagation of singularities”, Duistermaat-Hörmander 1972)

∀t ∈ R, ∀N,∃Ct,N > 0,∀ℏ < 1,∀q, p

|(T ut) (q, p)| < Ct,N

〈
1√
ℏ
distT∗Rd

(
(q, p) , ϕt (q0, p0)

)〉−N

with ϕt :Hamiltonian flow generated by H (q, p).

Convincing check: with linear symbol H (q, p) = αq + βp.



Theorem (Fundamental 2. “Propagation of singularities”, Duistermaat-Hörmander 1972)

∀t ∈ R, ∀N,∃Ct,N > 0,∀ℏ < 1,∀q, p

|(T ut) (q, p)| < Ct,N

〈
1√
ℏ
distT∗Rd

(
(q, p) , ϕt (q0, p0)

)〉−N

with ϕt :Hamiltonian flow generated by H (q, p).

So Hamiltonian flow ϕt emerges from linear EDP(s) ut in the limit
ℏ ≪ 1:

▶ Ex: Light:
⋆ Newton 1666: geodesic flow (Hamiltonian) for light particles.
⋆ Huygens 1690, Fresnel 1810, Maxwell 1865: wave aspect of light.
λ ≈ 10−6m.

▶ Ex: Matter:
⋆ Newton 1685, Hamilton 1830: Hamiltonian flow for matter
⋆ Schrödinger et al 1920: “quantum matter waves” λ = 2πℏ

p
≈ 10−15m,

ℏ ≈ 10−34J/s−1 (chosen in 2019).



Quantum cat map (or perturbed)

Recall the cat map ϕ =

(
2 1
1 1

)
: T2 → T2, H (q, p) = αq2 + βp2 + γqp.

Quantization gives a quantum space

H = {u ∈ S ′ (R) , u (q + 1) = u (q) , (Fℏu) (p) = (Fℏu) (p + 1)} ,

with
N = dimH =

ω

2π
=

1
2πℏ

∈ N (Riemann-Roch thm)

and a unitary operator
Û := e−i Ĥ/ℏ : H → H.



Quantum ergodicity (Equidistribution)
Ref: S. Dyatlov-review arxiv 2103.08093
It concerns eigenvectors Ûψj = e iθjψj , ψj ∈ H, ∥ψj∥H = 1, j = 1 → N.

|(T ψj) (ρ)|2:

Theorem (Quantum ergodicity (Schnirelmann 74, Zelditch 87, Colin de Verdière 85))
Suppose that the dynamics ϕ is ergodic. For any a ∈ C∞ (

T2),
"quantum variance": Va,N :=

1
N

N∑
j=1

∣∣∣∣∫
T2

a (ρ) |(T ψj) (ρ)|2 dρ−
∫
T2

a (ρ) dρ

∣∣∣∣2 →
N→∞

0

means that almost all eigenfunctions T ψj get equidistributed on T2 in the limit N → ∞.
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Proof: suppose
∫
T2 a (ρ) dρ = 0. Let T ≥ 1.

∫
T2

a (ρ)
∣∣(T ψj

)
(ρ)

∣∣2 dρ = ⟨T ψj |aT ψj ⟩L2(T2) = ⟨ψj |T †aT ψj ⟩H =
1
T

T−1∑
t=0

⟨ψj |Û−tT †aT Ûtψj ⟩

=
(prop.sing.,Egorov)

1
T

T−1∑
t=0

⟨ψj |T † (a ◦ ϕt
)
T ψj ⟩+ OT

(
1
N

)
= ⟨T ψj |


1
T

T−1∑
t=0

a ◦ ϕt︸ ︷︷ ︸
aT

 T ψj ⟩+ OT

(
1
N

)
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Theorem (Quantum ergodicity (Schnirelmann 74, Zelditch 87, Colin de Verdière 85))
Suppose that the dynamics ϕ is ergodic. For any a ∈ C∞ (
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"quantum variance": Va,N :=

1
N
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∣∣∣∣∫
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∣∣∣∣2 →
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0

means that almost all eigenfunctions T ψj get equidistributed on T2 in the limit N → ∞.

Proof (cont.)

|⟨T ψj |aTT ψj⟩|2 ≤
(C.S.)

∥aTT ψj∥2 = ⟨T ψj |a2
TT ψj⟩

Va,N ≤
1
N

N∑
j=1

⟨T ψj |a2
TT ψj⟩ + OT

(
1
N

)
=

(Trace)

∫
T2

a2
T dqdp + OT

(
1
N

)

Ergodicity implies
∫
T2 a2

T dqdp →
T→∞

0. Conclude by taking T large, then N large.



Conjecture (Unique Ergodicity, Rudnik Sarnak 1994)
For a generic unif. hyperbolic dynamics, for every sequence k ∈ N → ψjk ∈ HNk

with
Nk →

k→∞
∞, ∀a ∈ C∞ (

T2),∫
T2

a (ρ) |(T ψjk ) (ρ)|
2 dρ →

k→∞

∫
T2

a (ρ) dρ

i.e. all eigenfunctions get equidistributed.

Counter-example with the cat map (DB,F,N 2003):

|T ψjk |
2 →∗

k→∞
µsc =

1
2
δperiodic−orbit +

1
2
dqdp

See video of revival, video generic evolution

https://youtu.be/O33E78TTeZU
https://youtu.be/Eq73Q0bKsQU
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Counter-example : µsc = 1
2 δperiodic−orbit +

1
2dqdp,

proof: use short quantum period
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For a generic unif. hyperbolic dynamics, for every sequence k ∈ N → ψjk ∈ HNk

with
Nk →
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T2),∫
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2 dρ →

k→∞
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i.e. all eigenfunctions get equidistributed.

For any semiclassical measure µsc = limk→∞ |T ψjk |
2,

Results from N Anantharaman et al. (2007): for hyperbolic surfaces the
Kolmogorov Sinai entropy hKS (µsc) ≥ 1

2 .
Results from S. Dyatlov et al. (2018) for hyperbolic surfaces: µsc has full
support.



Random matrix conjecture
It concerns eigenvalues Ûψj = e iθjψj , ψj ∈ H, j = 1 → N.

Conjecture (Universal random matrix conjecture (Bohigas et al.
1984))
For a generic uniformly hyperbolic dynamics, at scale
∆θ ≪ T−1

E = 1/ log (1/ℏ), eigenvalues (θj)j have the same statistical distributions
as eigenvalues of a random unitary matrix (GUE). (the same for eigenvectors).



Thank you for your attention!



Resonances of the dynamics on the modular surface

Observation: (ref: Lax-Phillips): The Laplacian ∆ on the modular surface
SL2 (Z) \H has a discrete spectrum (resonances Ej = sj (1 − sj)) containing the
Riemann zeroes conjectured at Re (s) = 1/4.



After the Ehrenfest time?

Question (Open in general)

What happens to Û tφz0 for eλtℏ ≫ 1 ⇔ t ≫ TE := 1
λ log 1

ℏ i.e. after the
Ehrenfest time? (λ > 1 is Lyapunov exponent)

For the cat map, we have some exceptional phenomena of quantum
period (Hannay-Berry 1980): ∀ℏ,∃Pℏ,∃α, ÛPℏ = e iαId,
and Pℏ = 2

( 1
λ log 1

ℏ
)

for infinite sequences of ℏ. See videos.

N=1/h

Ph

E

λ

:almost all

3N

N

2T  =2  log(N)


