Some aspects of geometric quantization and quantum
chaos

Slides are on my web-page.

F. Faure (Grenoble)

January 19, 2024, Marseille


https://www-fourier.ujf-grenoble.fr/~faure/articles/#magicparlabel-12
https://www-fourier.ujf-grenoble.fr/~faure/

Geometric quantization of a symplectic map (flow)
Let ¢ : (M, Q) — (M, Q) a symplectic map.

Example (geodesic flow)

M = T*R? = R? x R? > (position g, momentum p) and Q = Zj dg; A dp;.

Hamiltonian function H (q, p), generates a (symplectic) flow ¢* by
99 _ OH 9dp _ _ 8H

ot — 9p> 0t —  9q-
If g is a metric on RY, H(q, p) = ||p||

g, generates the geodesic flow (motion of a
free particle or adhesive tape).




Geometric quantization of a symplectic map (flow)
Let ¢ : (M, Q) — (M, Q) a symplectic map.

Example (geodesic flow)

M = T*RY = R? x R? 5 (position g, momentum p) and Q = Y dg; A dp;.

Hamiltonian function H (q, p), generates a (symplectic) flow ¢* by
9qg _ OH 0p __ OH

9t — dp’ ot dq-
If g is a metric on RY, H(q, p) = ||p||gq generates the geodesic flow (motion of a
free particle or adhesive tape).

video bolza 1 particle, video bolza rays, video bolza 1e6 particles
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https://youtu.be/Pjxw_U7V1QA
https://youtu.be/WqsKAJhTPG0
https://youtu.be/kr6RJqmp5wk

Geometric quantization of a symplectic map (flow)
Let ¢ : (M, Q) — (M, Q) a symplectic map.

Example (geodesic flow)

M = T*RY = R? x R? 5 (position g, momentum p) and Q = Y dg; A dp;.

Hamiltonian function H (q, p), generates a (symplectic) flow ¢* by
9qg _ OH 0p __ OH

dt — 9p’ ot 9q°
If g is a metric on RY, H(q, p) = ||p||gq generates the geodesic flow (motion of a
free particle or adhesive tape).

video modular billiard 1 particle, video 1leb particles in modular billiard, video 1e5 particles on a closed
horocycle.



https://youtu.be/bRhpA2QZp6Q
https://youtu.be/9zpg4Y8djFM
https://youtu.be/iQByPPecTiI
https://youtu.be/iQByPPecTiI

Cat Map

Example (Cat map)

OnM=T'R=R2> (g, p), the hyperbolic symplectic map ¢ = ( i 1 ) is

the flow ¢t=! generated by H (g, p) = aq® + Bp? + vgp with some a, 3,7 € R.

This gives a mixing map on T? = R2/Z2 (that can be perturbed). See movie of 1
particle in cat map, movie of cat map, movie of pertubated cat map
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https://youtu.be/uU5N_lsKKB0
https://youtu.be/uU5N_lsKKB0
https://youtu.be/6hb2JCNfcpg
https://youtu.be/J4sETpW-FoU

Cat Map

Example (Cat map)

On M= TR =R2 > (g, p), the hyperbolic symplectic map ¢ = ( i 1 ) is

the flow ¢t=! generated by H (g, p) = aq® + Bp® + vgp with some «, 3,7 € R.
This gives a mixing map on T? = R2/Z2 (that can be perturbed). See movie of 1

particle in cat map, movie of cat map, movie of pertubated cat map
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Pre-quantization of ¢ : M — M, :1st step (kostant Souriau 70")
Definition

Let P= M x R, with M = (T*]Rd)qp (no topological issues),
1-form 6 = da — Ele pjdgj hence df = Q.

The prequantum map is the equivariant extension d:P—sPofp:M—M
such that ¢*6 = 6.
N 7

kerf /




Pre-quantization of ¢ : M — M, :1st step (Kostant Souriau 70')

Definition

Let P= M x R, with M = (T*Rd)qp (no topological issues),
1-form 6 = do — 27:1 pjdg; hence df = Q.

The prequantum map is the equivariant extension b:P—>Pof¢p:M—M
such that ¢*6 = 6.

o Lemma: Tge lift of X = %a% — %a@p is X =X+ La% with Lagrangian
L= Ej pjaiqtj - H
o Proof: Lz =dug +13d0 =d(L—A(X))+dH =0 with A=} p;dg;.



o Consider push forward of functions ¢ : v € [2(P) = vog¢—t e [2(P).

a ¢
p M . Action

. ¢

q



o Consider push forward of functions ¢! : v € [2(P) = vo ¢t e [2(P).

a ¢
p m : Action

. ¢
q

@ Let w € R, and consider the reduced space invariant under i*:

12(P) = {v e L2(P).v(q.p.0) = e u(q.p).uc 2 (T'RY)}.

Xo=X—iwl



o Consider push forward of functions ¢! : v € [2(P) = vo ¢t e [2(P).

: Action

@ Let w € R, and consider the reduced space invariant under é*:

12(P) = {v e L2(P).v(q.p.0) = e u(q.p).uc 2 (T'RY)}.

Xo=X—iwl

@ The prequantum Schrédinger equation is, with i = %

0 iy Oue - . .
({T“tf = Xour & it = Aoreq Uy, Fhoveq. = —iiXy = —iiX — L



o Consider push forward of functions ¢! : v € [2(P) = vo ¢t e [2(P).

: Action

@ Let w € R, and consider the reduced space invariant under é*:

12(P) = {v e L2(P).v(q.p.0) = e u(q.p).uc 2 (T'RY)}.

Xo=X—iwl

@ The prequantum Schrédinger equation is, with i = %

B } 0 . . i}
a—”; = Xour & it = Aoreq Uy, Fhoveq. = —iiXy = —iiX — L

e Ex: H(q,p) = q; gives ":/preQ- = iha%j + 9
H(q7 p) = pj gives Hpreq. = 7Ihd£qj



Quantization of ¢ (:2nd step, less intrinsic)

o Def: a polarization is an arbitrary integrable Lagrangian distribution £ on
TM lifted to kerf. Not invariant by the dynamics!

v
ker6
p Tj&
0= C)

q

e The quantum space H C L2 (P) is functions invariant along L.

o Ex: “vertical polarization” Span (D;) (cov. deriv.) gives H = L2 (R?).
Pj J
o Let M: L2 (P) — H the “orthogonal projector” (averaging along L).
The quantum Schrédinger equation in H is

ih% = (~iAnXN) ue & ue = e /Mg

A



Quantization of QS (:2nd step, less intrinsic)

o Def: a polarization is an arbitrary integrable Lagrangian distribution £ on
TM lifted to kerf. Not invariant by the dynamics!

. [})/
kerf
P ¢

A

q

e Ex: “vertical polarization” Span (%) gives H = L2 (RY).

H(q, p) = q; gives H= qj. H(q,p) = p; gives H= —iha%j.
e For geodesic flow, H (g, p) = ||p|| gives A = —hv/A + l.o.t hence

. . . 2
/h% = (—h\/A) u; gives the wave equation %t’;f = —Au;.




Complex polarization

@ Ex:“complex polarization” Span (%
J
H
a

). with z; = g; + ip; € C? = T*R? gives
J
with holomorphic w.

= {u@n —w e R ez (Tre) |

(1)



Complex polarization

o Ex:“complex polarization” Span (%) with z; = g; + ip; € C? = T*R? gives
1/

e {“(q, ) =wiz)e ) el (T*Rd)} 1)

with holomorphic w.




Quantum cat map (or perturbed)
2 1 2 2 . . .
Recall the cat map ¢ = 11 )¢ T< — T<. By geometric quantization we get

a quantum space H with

. w 1 .
N = dimH = 5 = 5.7 € N (Riemann-Roch thm)

and a unitary operator
O:=e " 9 5 H.

We will use complex polarization, denote z = g + ip € T? and consider the
semi-classical limit 7 < 1.
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Propagation of singularities

“propagation of singularities at finite time”. V't € Z, Vn,3C, ¢, Yz € T2,

Yz € T?,

‘(Ot%o) (Z)\ < G <%q;(zo))> —n

=0 WTE=0.14 N =1 yTE=0.28 o =2 UTE=0.42 3 UTE=0.56 _t=4__YTE=0.7




After the Ehrenfest time?

Question (Open in general)

What happens to Utgozo for eMh>1et> Tg = % Iog% i.e. after the
Ehrenfest time? (\ > 1 is Lyapunov exponent)

o For the cat map, we have some exceptional phenomena of quantum
period (Hannay-Berry 1980): VA, 3Py, Ja, UPr = e/“1d,

and P, =2 (3 log #) for infinite sequences of h. See videos.

b\almost all




Quantum ergodicity
Ref: S. Dyatlov-review arxiv 2103.08093

It concerns eigenvectors 01[11- = ey, €M, |

Uil =1 j =1 N.

etat-stationnaire-N-98 etat-stationnaire-N=414

Theorem (Qua ntum ergodicity (Schnirelmann 74, Zelditch 87, Colin de Verdiére 85))

Suppose that the dynamics ¢ is ergodic. For any “observable” a € C* (']1'2), define
Opy (a) = MMM : H — H. We have

N
. 1 2
"quantum variance": V,n = N Zl |(%;|Opy (a) %) — (a)g2| N 0
=

means that almost all eigenfunctions 1); get equidistributed on T? in the limit N — oo.




Quantum ergodicity

Theorem (Qua ntum ergodicity (Schnirelmann 74, Zelditch 87, Colin de Verdiére 35))

Suppose that the dynamics ¢ is ergodic. For any “observable” a € C> (T?), define
Opy (a) = MMM : H — H. We have

N
"quantum variance": V,y 1= — Z (¥;|Opy (3) ¥j) — (a )T2|2 s 0
=1

means that almost all eigenfunctions 1; get equidistributed on T? in the limit N — oo.
.

Proof: suppose (a)g> =0. Let T > 1.

-

T-1 . ) 1 T— 1
(¥|Opp (2 Z wJ\UitOPN (a) Utwj = (¥;|0py (3 ° ¢>t) ¥j) + Ot <N)
t=0

(E
gorov) —o

1 = 1
= (1;|Opy T tz:(:’ aog¢t [ 4)+Or (N)

ar



Quantum ergodicity

Theorem (Qua ntum ergodicity (Schnirelmann 74, Zelditch 87, Colin de Verdiére 35))

Suppose that the dynamics ¢ is ergodic. For any “observable” a € C> (T?), define
Opy (a) = MMM : H — H. We have

N
"quantum variance": V,n = Z (¥;|Opy (3) ¥j) — <>’]I‘2|2 s 0
=1

means that almost all eigenfunctions 1; get equidistributed on T? in the limit N — oo.

v

Proof (cont.)

[{wilOpy (ar) ¥)1* < [Opy (ar) ¥jll% = (;|Opy (a7)w) = (4;|Opy (ai) ¥) + Or (1/N)
(C.s.) (Compos.)
VaN=l §N (¥;|Op (82)¢‘>+OT (l> = lT1r (Op (az)) + Or <l)
s N = J N T J N N N T N

1
_ 2
(Trace) /’rrz ardqdp + Or (N)

Ergodicity implies sz a-‘;-dqdp _I__—>)m 0. Conclude by taking T large, then N large.



Conjecture of unique quantum ergodicity
Conjecture (Rudnik Sarnak 1994)

For a generic uniformly hyperbolic dynamics, for every sequence
keN— ’(/)jk € HNk with Ny k—) o0, Va e C*® (T2),
— 00

(¥;|Opp, (3) ¥j.) k—> (a)r2, i.e. all eigenfunctions get equidistributed.
—> 00

@ Counter-example with the cat map (DB,F,N 2003): the semiclassical measure can
be: Msc = %6periodicforbit + %dqdpy
i.e. <1/ij |Oka (a) ’l/}jk> k*) f’]1‘2 altsc. See video of revival, video generic evolution
—00



https://youtu.be/O33E78TTeZU
https://youtu.be/Eq73Q0bKsQU

Conjecture of unique quantum ergodicity
Conjecture (Rudnik Sarnak 1994)

For a generic uniformly hyperbolic dynamics, for every sequence
keN— lZij € HNk with Ny k—) o0, Va e C*® (T2),
— 00

(¥;|Opp, (3) ¥j.) o (a)r2, i.e. all eigenfunctions get equidistributed.
— 00

. _1 1
@ Counter-example : pisc = 50periodic—orbit + 5dqdp,

iz

Y

@ proof: direct consequence of the short quantum period Py, = 2TE:

! 1 = I — T T | T L I
T 0 1 /2 o 32

équidistribué localisé en (0,0) équidistribué



Conjecture of unique quantum ergodicity
Conjecture (Rudnik Sarnak 1994)

For a generic uniformly hyperbolic dynamics, for every sequence
keN— wjk € HNk with Ny k—) o0, Va e C*® (Tz),
— 00

(¥;|Opp, (3) ¥j.) k—> (a)r2, i.e. all eigenfunctions get equidistributed.
— 00

For any semiclassical measure jisc defined by Va, (¢, |Opy, (a) ¥;,) P Jp2 attsc,
— 00

@ Results from N Anantharaman et al. (2007): for hyperbolic surfaces the
Kolmogorov Sinai entropy hxs (psc) > %

@ Results from S. Dyatlov et al. (2018): us. has full support.



Random matrix conjecture
It concerns eigenvalues 01/)1- =, P eH, j=1— N.

Conjecture (Universal random matrix conjecture (Bohigas et al.

1984))

For a generic uniformly hyperbolic dynamics, at scale
A9 < Tzt =1/log(1/h), eigenvalues (0;); have the same statistical distributions
as eigenvalues of a random unitary matrix (GUE). (the same for eigenvectors).
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Resonance spectrum of the prequantum dynamics

Remark that discrete eigenvalues of H are poles of
A\ —1 . . o
z = (v] (z - H) uy =—1 [T et/n (vle /P y) dt, u,v e C.
—_——

correlations
Thm: If the flow ¢! is Anosov, for the prequantum dynamics,

-1
z = (v| (z — X) u) has discrete poles called Ruelle resonances that contain th
spectrum of a quantum operator:

Tm(2)

@ This provides a natural or “dynamical quantization”.

o Interpretation: quantum dynamics emerges from classical dynamics after
long time.



Resonances of the dynamics on the modular surface

Observation: (ref: Lax-Phillips): The Laplacian A on the modular surface
SLy (Z)\H has a discrete spectrum (resonances E; = s; (1 — sj)) containing the
Riemann zeroes conjectured at Re (s) = 1/4.

R =




Appendix: proof of (1)
Let
z=q+ip
1 i
*E(ZﬂLZ)’ P*E(Z*Z)

Let
1 1 1, _ _ 1. N
0=da— 5pdq+ Eqdp: do — gl(zfz)(derdz)Jr §I(Z+Z)(d27 dz)
=da — ifdz + izd?

that satisfies d0 = dg A dp = Q. Let

with h such that

el .z
0=29 <£> 7h(z,z)+/Z

i i
h(a,p) =7 (a+ip) = —;z

hence

iwa

u(q, p) with %v = 0 gives

19} i 0 (,-wa( 7))70¢>8u+1 _
9z 4 0a)\® BT A S

Sov(q,p,a) =e

Solution is u = w(z) e~ 2w w(z)e” 357 indeed 90 = — 2wz



