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@ Anosov vector field X : C>* (M) — C>* (M),
transfer operator (pull-back) e u = v o ¢' and examples of
Ruelle-Pollicott discrete spectra.
@ Micro-local analysis with wave-packets transform 7 (an isometry, i.e.
TT =1d):
ey S 2w

Tl Tl (1)
12 (7emy T 2 (Tem

© Trace formula for AC T*"M: Tr (7" xaT) =< WVOI (A). :"uncertainty

principle”, “density of information is finite".

© Theorem of propagation of singularities: The Schwartz kernel of 7T e 7*
decays very fast outside the graph of (D¢*)" : T*M — T*M.
@ Anisotropic Sobolev space Hy (M): for u e C* (M), define
ullgy () = IWT ull 27 )

with a weight function W : T*M — R™, that is (Lyapunov-escape function
for (D¢*)")
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© Results
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© Results
@ Group properties of e : Hy (M) O

and X has “futur/past Ruelle-Pollicott discrete spectrum’:

Essential .
%pectru;n Discrete (fi

w =Im(z)
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i
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. . tz;
Rem: eigenvalue z; = aj + iw; = € =

a = Re(z)

e itwj
~— ~—~—

decay if a;<0,t—+o0, oscillation

ta;

dimM—1

@ “Fractal Weyl law": upper bound for the density of eigenvalues < Cw +50

with Bo: Holder exp. of E, @ Es.
“Wave front set”: where (Tu)(p),p €
eigenfunction u of X.

o

(2]
functions.

T*M is non negligible for an

Remark on relation with periodic orbits with Atiyah-Bott formula and zeta



@ We are using micro-local analysis, similarly to the approaches of Combes
70" (dilatation method), Helffer-Sjéstrand 86 (escape functions,
resonances as eigenvalues, quantum scattering on phase space),
Melrose 80',90"(scattering, radial estimates).



@ We are using micro-local analysis, similarly to the approaches of Combes
70" (dilatation method), Helffer-Sjéstrand 86 (escape functions,
resonances as eigenvalues, quantum scattering on phase space),
Melrose 80',90"(scattering, radial estimates).

o Series of work and interesting recent activity around Ruelle-Pollicott
resonances in hyperbolic dynamics: Ruelle, Bowen 70’, Pollicott 86, Rugh
90’', Blank, Keller, Liverani 2002, Gouézel, Liverani 2005, Naud 2005, Baladi,
Tsujii 2005,2008, Butterley-Liverani 2007, Roy-Sjéstrand-F. 2008,
Datchev-Dyatlov-Zworski, Dyatlov-Guillarmou 2014 for Axiom A flows.
Dang-Riviére 2016 for Morse-Smale flows, Bonthonneau-Weich 2017 for
cusps, Guillarmou-Hilgert-Weich 2018 for symmetric spaces,
Baladi-Demers-Liverani 2018 for Sinai billiards.
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On a closed manifold M, let X € C*> (M; TM) be a smooth vector field i.e.

first order diff. operator
dimM
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PART 1: Deterministic dynamics: vector field X and flow ¢!

Vector field
X

Flow ¢'(m)

On a closed manifold M, let X € C*> (M; TM) be a smooth vector field i.e.

first order diff. operator
dimM

0
X = X; —

Let
oM — M, teR : flow map.
d(uo9)

defined by 2272 = Xu, Vu € C® (M), ie.

eXu = uo ¢t : pull-back (or transfer) operator on functions




Remark about the [2-adjoint (eX)"

Vector field
X

uo ¢t =eXy

Flow ¢'(m)

@ For any smooth measure 1 on M, the L2 (M, p1)-adjoint is

(etX)* u= |detD¢7t| uo stt — et(fxfdiv“X)u

: Perron-Frobenius op.
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Remark about the [2-adjoint (eX)"

Vector field
X Flow ¢'(m)
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@ For any smooth measure 1 on M, the L2 (M, p1)-adjoint is
(etx)* u=|detDyt|.uog " = et(=X=divuX),, . Perron-Frobenius op.

o pushes forward probability distributions because

/M (e™) udp = (1] (%) u)12 = ({)’(yu}p = /M udp.

1

o In particular X" 8, = S4¢(m).-



More general evolution of sections of F — M

We may consider F — M a vector bundle and Xg a first order diff. operator on
sections

Xrp: C¥(M; F) = C*(M; F)

s.t. Leibniz condition holds (i.e. Xg is an “extension” of X):

Vf e C°(M),uc C°(M;F), Xr(fu)=X(f)u+ fXe (u).
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More general evolution of sections of F — M

We may consider F — M a vector bundle and Xg a first order diff. operator on

sections
Xrp: C¥(M; F) = C*(M; F)

s.t. Leibniz condition holds (i.e. Xg is an “extension” of X):

Vf e C°(M),uc C°(M;F), Xr(fu)=X(f)u+ fXe (u).

o Example: tensor bundle F = TM ® ... ® T*M. Xg is the Lie derivative
and e™F transports tensor fields.

o Example: on the trivial bundle F=M xC, Xp = X+ V
with V € C* (M): “Gibbs potential’, then

t ]
etXF = efo Vog .uoqbt
——

amplitude



Anosov flow (or uniformly hyperbolic flow)

Definition
Vector field X is Anosov if

Vme M, T,M=E,(m)® Es(m)® Ey(m)
——
RX

is D¢t-invariant, continuous, s.t. 3g,3C > 0,\ > 0,Vt > 0,m € M,

[Poieim]], < o [Pejm], < o

X 1Ey(x)
ey stable . s




Remarks

@ Anosov property is stable under any (small C!) perturbation of X.

I
| stable



https://youtu.be/n7CGIGTnpMk
https://youtu.be/h8XfHq9Kwgw

Remarks

@ Anosov property is stable under any (small C!) perturbation of X.

@ maps m — E,(m), E;(m), E, (m)® E; (m) are Holder-continues with
some respective exponents 0 < (3, s, Bo < 1.

I
| stable



https://youtu.be/n7CGIGTnpMk
https://youtu.be/h8XfHq9Kwgw

Remarks

@ Anosov property is stable under any (small C!) perturbation of X.

@ maps m — E,(m), E;(m), E, (m)® E; (m) are Holder-continues with
some respective exponents 0 < (3, s, Bo < 1.

Description of long time behavior of the dynamics (v|e™Xu)? i.e. discrete
spectrum of X (or Xg)? i.e. See movie2, movie3.

tX ' E, (X)
ey ! stable . s



https://youtu.be/n7CGIGTnpMk
https://youtu.be/h8XfHq9Kwgw

Example 1: hyperbolic toy model. (proofs later or here).
M =Ry x (R,/ (27Z)):

~

cylinder

X = —x0, + 0,. Flow: ¢' (x,z) = (e 'x,z+ t).

Stream lines of the vector field X=(-x,1)
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https://www-fourier.ujf-grenoble.fr/~faure/articles/19_CIRM_classic_to_quantic/lecture_notes_from_classical_to_quantum_CIRM_2019.pdf

Example 1: hyperbolic toy model. (proofs later or here).

M =R, x (R,/(27Z)): cylinder

~

X = —x0, + 0,. Flow: ¢' (x,z) = (e 'x,z+ t).

Trapped set or non wandering set: a single periodic orbit at x = 0:

Stream lines of the vector field X=(-x,1)
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Example 1 (cont)
M =R, x (R,/(27Z)): cylinder

X = —x0y + 0,.
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Example 1 (cont)
M =R, x (R,/(27Z)): cylinder

X = —x0y + 0,.
o in [2(M), X*=-X+1& (X —3)=—(X—3)", Specr2 (X) =iR + L.
Not good: we are looking for discrete spectrum...
@ The induced flow in T*M is
P (xz,6w) = (07 (x,2), (D) (€.)) = (e'x,z — t,eT*6,w).
o Let the Lyapunov (escape) function
(V)
(Vi)

(X,f):

with 0 < h < 1, r > 0, (Notation: (x) := |x| if |x| > 1, otherwise (x) = 1.) and let

lullagy, (ay = IWT ull 27+ p)



Example 1 (cont)

X = —x0x + 90y, W (x,&) = .

(Vix)
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Example 1 (cont) )
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X (x¥e™) = (—=k +il) (x*e™), keN,lez,

This is the Ruelle-Pollicott spectrum of X in Hy (M) on
Re(z) > —r+ 31 +0(1),

X = —x0x + 90y, W (x,&) =




Example 1 (cont) )
(vhe)

(v
X (x¥e™) = (—=k +il) (x*e™), keN,lez,

This is the Ruelle-Pollicott spectrum of X in Hy (M) on
Re(z) > —r+ 31 +0(1),

X = —x0x + 90y, W (x,&) =

My = (|xk)<;(llé(k)|.>) ® (|e™)(e™].)) is the bounded spectral proj.

—2r+1/2 - o(1) i +1/2+o0(1)



Example 2: suspension of a cat map

Let M := (T2 X R) / ~ with (x,z 4 27) ~ (¢ (x), z) with

¢>:(i }):']IQ—Y]I‘2 : cat map

R

A
|
|

z+2m- ”’X ”””””” 0T
| |
| |
| |
| |
| |
| |
| |
| |
I Fy

x 6(x) T

[m] = = = = o>



Example 2: suspension of a cat map

Let M := (T2 X R) / ~ with (x,z 4 27) ~ (¢ (x), z) with

11

¢>:<2 1):']1‘2—>’]I‘2 : cat map

R

z+2m-

Then X = % is an Anosov vector field on M.

DHa



Example 2 (cont)
Let M := (T? x R) / ~ with (x,z + 27) ~ (¢ (x) , z) with

qb:(i 1>:T2—>’H‘2 : cat map

Then X = Z is an Anosov vector field on M with RP spectrum (in Hy (M)
defined later):

Xel = (il) e, ez

Im(2)




Example 2 (cont)
Let M := (T? x R) / ~ with (x,z + 27) ~ (¢ (x) , z) with

qb:(i 1>:T2—>’H‘2 : cat map

Then X = Z is an Anosov vector field on M with RP spectrum (in Hy (M)
defined later):

Xel = (il) e, ez

Im(2)

Because for Fourier modes ¢y (x) = 2™, (ppr|px 0 ¢t) = 0 for t > 1, except
for k' =k =0.



Example 3.Geodesic flow on hyperbolic surface (still special

but less trivial)
(ref: Flaminio-Forni 02, Dyatlov-F-Guillarmou 14 for N'\SO; ,/S0,_1).
M = T'\SL; (R) smooth compact, with I' cocompact subgroup.

. . -7 geodesic flow
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but less trivial)

(ref: Flaminio-Forni 02, Dyatlov-F-Guillarmou 14 for N'\SO; ,/S0,_1).
M = T'\SL; (R) smooth compact, with I' cocompact subgroup.

slp (R) algebra:

1/1 0 (00 (01
X‘z(o —1>’ U‘(1 o>’ 5_<0 o)

[U,X]:U, [57X]:757 [57U]:2X
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Example 3.Geodesic flow on hyperbolic surface (still special

but less trivial)
(ref: Flaminio-Forni 02, Dyatlov-F-Guillarmou 14 for N'\SO; ,/S0,_1).
M = T'\SL; (R) smooth compact, with I' cocompact subgroup.

slp (R) algebra:

<35) -(28) -(33)
[U,X]=U, [S,X]=-S, [S,U]=2X

X is an Anosov vector field on M, generator the geodesic flow on surface

N = M\SL2R/SOs.

fundamental domain


https://en.wikipedia.org/wiki/Special_linear_Lie_algebra

Example 3 (cont)
M = \SL, (R) .

U, X]=U, [S,X]=-5, IS U]=2X.




Example 3 (cont)
M = \SL, (R) .

[U.X]=U, [S,X]=-S, [S,U]=2X.
If Xu = zu, Re(2) < 0, then

X (Uu)=(UX = U)u=(z-1)(Uu),
X(Su)=(SX+S)u=(z+1)(Su)




Example 3 (cont)
M = \SL, (R) .
[U.X]=U, [S,X]=-S, [S,U]=2X.
If Xu = zu, Re(2) < 0, then
X (Uu) = (UX = U)u = (z — 1) (Uu)
X (Su) = (SX + S)u = (z + 1) (Su)
and 3k > 0 s.t. Sku=0,5%"1u # 0. We say u € By "band K.

Im(z)
: U | S S
| | | .\
b R
B, B, B,



Example 3 (cont)

M =T\SL, (R) .

[U,X]=U, [S,X]=-S, [S,U]=2X.



Example 3 (cont)

M =T\SL, (R) .
U, X]=U, [S5,X]=-S, [S,U]=2X.
If ue By, i.e. Su=0 then

A u:<7X2715U71US)u:(szfoUS)u:(fzzfz)u:uu
-~ 2 2

casimir



Example 3 (cont)

M =T\SL, (R) .
U, X]=U, [S5,X]=-S, [S,U]=2X.
If ue By, i.e. Su=0 then

A u:<7X2715U71US)u:(szfoUS)u:(fzzfz)u:uu
-~ 2 2

casimir

thus (u)so, € C> (N) is an eigenfunction of A = —y? (8‘9—; + 8‘9—;):

A <U>so2 = <U>502 ) = (_22 - Z) €R"
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Example 3 (cont)
Zp = —

— RP spectrum is
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Example 3 (cont)
— RP spectrum is

1
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Example 3 (cont)
— RP spectrum is

. 1
Zk,l:_i kil\//:, kEN, (MI)IENCR+'
. . o Nm(z)
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: ! ! 0 1/4 W
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we---
3
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o o

_1 JTC
e Rem: if yu; < %, the exponential rate for mixing is e( 2tVa “‘)t_

@ Rem: then the fluctuations are governed by By, i.e. the spectrum of the

wave operator (/A — 1.



Example 4, from numerical computation.

Consider the partially expanding map on (R/Z), x R,

b X —2x modl
|z — z+sin(27x)


https://youtu.be/vGphDHpr_3g
https://youtu.be/2OobOsjwL4w

Example 4, from numerical computation.

Consider the partially expanding map on (R/Z), x R,

Jx —2x modl
|z — z+sin(27x)

If u(x,z) =v(x)e“? with w € R, then

(v ¢) (x,2) = (L) (x) €

with

(va) (X) — eiwsin(2ﬂ'x)v (2X) )



https://youtu.be/vGphDHpr_3g
https://youtu.be/2OobOsjwL4w

Example 4, from numerical computation.

Consider the partially expanding map on (R/Z), x R,

Jx —2x modl
|z — z+sin(27x)

If u(x,z) =v(x)e“? with w € R, then

(v ¢) (x,2) = (L) (x) €

with

(va) (X) — eiwsin(2ﬂ'x)v (2X) )

Discrete RP spectrum in H=" (S!), r > 1:

Lovj,=ei@y . jeN, z(w)eC.


https://youtu.be/vGphDHpr_3g
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Example 4, from numerical computation.

Consider the partially expanding map on (R/Z), x R,

_{x —2x mod1

z — z+sin(27x)
If u(x,z) =v(x)e“? with w € R, then

(v ¢) (x,2) = (L) (x) €

with

(va) (X) — eiwsin(2ﬂ'x)v (2X) )

Discrete RP spectrum in H=" (S!), r > 1:
Lovj,=ei@y . jeN, z(w)eC.

The only obvious is zp (0) = 0. See movie of (zj (w));, movie of e%) for w € R.


https://youtu.be/vGphDHpr_3g
https://youtu.be/2OobOsjwL4w

Tree of Ruelle-Pollicott resonances
For example 4, here is the spectrum of £,,, Re (e%(“)) for j € N and w € [0,40].

(colors are related to |e%(+)))
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PART 2: Microlocal analysis of X : C>* (M) O

@ Objective: understand the discrete spectrum of an Anosov vector field

X=-"X;(x) 2 on M



PART 2: Microlocal analysis of X : C>* (M) O

@ Objective: understand the discrete spectrum of an Anosov vector field
o dimM o
X__ijl )(j(X)WonM
o We will use wave-packet transform, quantization, also called “FBI, wavelet,
Bargmann, Anti-Wick, Wick, Toeplitz, Coherent-states’ quantization.
Wave-packet calculus is equivalent to the usual Weyl quantization and PDO
calculus but (more) convenient for Holder regularity.



PART 2: Microlocal analysis of X : C>* (M) O

@ Objective: understand the discrete spectrum of an Anosov vector field
o dimM o
X__ijl )(j(X)WonM
o We will use wave-packet transform, quantization, also called “FBI, wavelet,
Bargmann, Anti-Wick, Wick, Toeplitz, Coherent-states’ quantization.
Wave-packet calculus is equivalent to the usual Weyl quantization and PDO
calculus but (more) convenient for Holder regularity.

o We will observe “quantum scattering on a compact trapped set E;” in
T*M. From Helffer-Sjostrand like analysis (86), we will obtain a discrete
spectrum of “Ruelle resonances” in suitable anisotropic Sobolev spaces.



Wave packets
o Let X € C°°(M; TM), X (m) # 0,Ym € M.
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Wave packets
o Let X € C°°(M; TM), X (m) # 0,Ym € M.

o Local flow box coordinates on M: y = (x,z) € R x R, s.t. X = 2

o0z
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Wave packets
o Let X € C= (M; TM), X (m) # 0,Ym € M.
@ Local flow box coordinates on M: y = (x,z) e RI x R, s.t. X =
o Dual coordinates n = ({,w) € R" x R on T/M and write

p:=(y,n)eTM

9
o0z
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Wave packets
o Let X € C= (M; TM), X (m) # 0,Ym € M.
@ Local flow box coordinates on M: y = (x,z) e RI x R, s.t. X =
o Dual coordinates n = ({,w) € R" x R on T/M and write
p=(y,n)eT"M
° Let%§a<land0<5<<1.

9
o0z
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Wave packets
o Let X € C°°(M; TM), X (m) # 0,Ym € M.

@ Local flow box coordinates on M: y = (x,z) e RI x R, s.t. X = %.
o Dual coordinates n = ({,w) € R" x R on T/M and write
p:=(y,n)eTM
° Let%§a<land0<5<<1.
o Wave packet function (see paper) is:
X —x]> |z -z
Y =~ aexp|iny — — )
oo () 2 aexp | iny o 5
~ 1
HW}/M)HB(M) n[>1

flow direction
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Wave packets and phase space metric g
o Wave packet function:

/

2
X —X

N~ aexp|iny —
wAy)W>1 p(ny

)

@'




Wave packets and phase space metric g
o Wave packet function:

2
x' —x

)

0, (Y)) ~ aexp (in.y’

[n|>1

Lemma (Almost orthogonality)
VN,3Cy > 0,
. -N
(0ol p)| < Cn (distg (o', p)) - (2)
with the metric g on T*M, compatible with Q = dy A dn:
() () + () (5
&=\ 5) " \wT) T

1

=
p
' [ '

flow direction




Phase space metric g

Lemma (for microlocal analysis on manifolds)

If o : M — M is a local “flow-diffeomorphism” i.e.

o:x'=f(x),Z =z+g(x) & X=0,=0,

and @ : T*M — T*M is the induced map, then

Rem: Sasaki metric on T*M,has a =0, is not uniformly invariant by the flow.



Phase space metric g

Lemma (for microlocal analysis on manifolds)

If o : M — M is a local “flow-diffeomorphism” i.e.
o:x'=f(x),Z =z+g(x) & X=0,=0,

and @ : T*M — T*M is the induced map, then

Proof: Want to show 3C > 0,Vp € T*M, || D[, < C.

Consider f (x,€) = (f~* (x), (D) €).

o= oioryc (of) )

o] <crcion e <citaz



Wave paCket tra nSform (or FBI, wavelet, Bargmann, Anti-Wick... transform)
(Abuse of notations that forget charts and partitions of unity.)

T_{COO(M) — S(T*M)
uy) = (Tu)(p) = (eplu)zmy
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Wave paCket tra nSform (or FBI, wavelet, Bargmann, Anti-Wick... transform)
(Abuse of notations that forget charts and partitions of unity.)

T_{COO(M) — S(T*M)
uy) = (Tu)(p) = (eplu)zmy

Lemma (fundamental 1. "Resolution of identity”)

i
[2(T*M)

2(m)
with the L2 (M) — L2 (T*M; Mﬁdp)—adjoint is

. S(T*M) —>C°°( )
vln) = (T = [rem v ) @y (V) it
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Lemma (fundamental 1. "Resolution of identity”)

Im(T)
Lz(T*M)
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Lemma (fundamental 1. "Resolution of identity”)

/ v
/ I
u =z T
L2 T Im(T)
M) L2(T*M)

@ Hence
T : L2 (M) —Im(T) C L>(T*M)

is an isomorphism that “lifts the analysis to T*M



Wave paCket tra nSform (or FBI, wavelet, Bargmann, Anti-Wick... transform)

Lemma (fundamental 1. "Resolution of identity”)

/ v
/ I
u =z T
L2 T Im(T)
M) L2(T*M)

@ Hence
T : L2 (M) —Im(T) C L>(T*M)

is an isomorphism that “lifts the analysis to T*M

e N=ToT*:L[2(T*M) —Im(T) is an orthogonal projector.



Proof of T*T = Idg(r) for example 1. "Bargman transform”
Let p = (x,&) € R?, metric g = dx? + d¢? (with o = 0), and wave-packet is the
Gaussian function

wp(v) = aexp (ify)exp (—; ly — x|2> , a=n Y4 (3)



Proof of T*T = Idg(r) for example 1. "Bargman transform”
Let p = (x,&) € R?, metric g = dx? + d¢? (with o = 0), and wave-packet is the
Gaussian function

wp(v) = aexp (ify)exp (—; ly — x|2> , a=n Y4 (3)

Recall that (Tu) (p) := (pplu) 2y and (T*v) (y) = [ v (x, %) oxe (¥) %_



Proof of T*T = Idg(r) for example 1. "Bargman transform”
Let p = (x,&) € R?, metric g = dx? + d¢? (with o = 0), and wave-packet is the
Gaussian function

enly) = aep (i) e (=3 by = x) o=t )

Rica” that (Tu) (p) := (p,lu) 2@y and (T*v) (v) = [ v (%, %) pxe (v) B2
Then

GATT8) = [ (61T 6l T8 e

——dxd
= /Sﬁxg (}’/)Sﬂxg (Y);iﬂg

2
= = / 60y =9) =3y =3 r P gy
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Proof of T*T = Idg(r) for example 1. "Bargman transform”
Let p = (x,&) € R?, metric g = dx? + d¢? (with o = 0), and wave-packet is the
Gaussian function

enly) = aep (i) e (=3 by = x) o=t )

_F?ica” that (7u) (p) == (¢plu)i2r) and (T*v) (y) = [ v (x, %) pxe (v) BE
en

GATT8) = [ (61T 6l T8 e

dxd¢
= /Sﬁxg(}’)sﬁxg(}’) o
2 2_ 1 2
= 2 [ ety ) iy o d ey P e
27

Since [; e s(v/ y)df (2m)d(y' —y) and [ e —IxPdx = 71/2 we get
6T TE) = Poly —y) [ ey

= 2r(y )



Trace formula, “uncertainty principle”
Let A C T*M, measurable set and x4 its characteristic function. Let
Op(xa) ==T"xaT  :L[*(M)— L[*(M)

called “Toeplitz quantization of Y 4" that restricts functions to “their
components on A"
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Trace formula, “uncertainty principle”

Let A C T*M, measurable set and x4 its characteristic function. Let
Op (xa) :==T"xaT 12 (M) — L? (M)

called “Toeplitz quantization of Y 4" that restricts functions to “their
components on A"

One has [|Op (xa)l/;2 <1, Op(xa) > 0 and

Te (Op (xa)) = Tr (TTxa) = / (6, TT*8,)xa (p) dp

T*M

1
= (@plep) —gmmXxa(p)dp
/*M Hp/—p/ (27T)dlmM
~1if |n|>1

1
~ —————Vol(A).
(27T)d1ml\/l ( )



Trace formula, “uncertainty principle”

Let A C T*M, measurable set and x4 its characteristic function. Let
Op (xa) :==T"xaT 12 (M) — L? (M)

called “Toeplitz quantization of Y 4" that restricts functions to “their
components on A"

One has [|Op (xa)l/;2 <1, Op(xa) > 0 and

Te (Op (xa)) = Tr (TTxa) = / (6, TT*8,)xa (p) dp

T*M

1
/*M {(@olep) (27T)d1mMXA (p)dp
~1if |n|>1
N 1

Interpretation: the number of independent functions u € C* (M) that “can live”

onAC T*Mis = Mﬁ\/ol (A).
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Propagation of singularities
Consider the lifted transfer operator:

My 12 wm
| |
12 (17 my 5T 12 (T
The flow ¢¢ induces the flow ¢t (y,7) = (¢—f (), (Dg); n) on T*M.

Theorem (fu ndamental 2. "Propagation of singularities”, for any vector field X)
vVt > 0,VN > 0,3Cp,: > 0,Yp,p' € T*M,

~ —N
(B [T T8} 2=y = (o €™ @phizan| < Cue (dlisty (6,6 () )
(4)




Propagation of singularities
Consider the lifted transfer operator:
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| |
12 (17 my 5T 12 (T
The flow ¢* induces the flow &° (y,n) = (¢—f (). (De"); n) on T*M.

Theorem (fu ndamental 2. "Propagation of singularities”, for any vector field X)
vVt > 0,VN > 0,3Cp,: > 0,Yp,p' € T*M,

~ —N
(B [T T8} 2=y = (o €™ @phizan| < Cue (dlisty (6,6 () )

(4)

@ i.e. e is a Fourier Integral Operator (FIO). This is the fundamental property for
microlocal analysis, i.e. e is a quasi orthogonal sum of finite rank operators
parametrized by T*M, but for a metric g well chosen.



Propagation of singularities
Consider the lifted transfer operator:

My 12 wm
| |
12 (17 my 5T 12 (T
The flow ¢* induces the flow &° (y,n) = (¢—f (). (De"); n) on T*M.

Theorem (fu ndamental 2. "Propagation of singularities”, for any vector field X)
vVt > 0,VN > 0,3Cp,: > 0,Yp,p' € T*M,

- —N
|<(sp/|TetXT*(5p>[_z(T*M){ = |<90p/|etx(pp>l_2(/\/])| S CN,t <diStg (pl,¢t (p)>>
(4)
@ i.e. €™ is a Fourier Integral Operator (FIO). This is the fundamental property for

microlocal analysis, i.e. e is a quasi orthogonal sum of finite rank operators
parametrized by T*M, but for a metric g well chosen.

@ In particular t = 0 gives quasi orthogonality of wave packets (2).
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Proof of propagation of singularities for example 1
Recall X = —xd, on R. Lifted flow is ¢ (x,¢) = (etx, e™t€).

Metric g = dx® 4 d€?.
We will show that VN > 0,3Cy,Vt € RVp, p' € T*R,

distg (', 6°
(0| Te*T*3,)| < Cw <IS : (p (p)) >

—N

eltl

We have

<6p’|7-etx7-*5p> = <80p’|etx<»0p> = /gpp/ )y (eftY) dy

Using (3) and Gaussian integrals we get

. . 2 1/2 1 ot 2 ) . \
‘<6PI|T6XT 6p>‘ = (m> exp (_2(1+ezt) ((X ete X) n (€ e 5)2>/

and deduce the result.
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Objective: understand ¢* : T*M — T*M
Recall: for X Anosov vector field,
TM=E,®E; & Ey

—

RX
Let

Ef = (E, & E)" ={ne T*M, st. Ker(n) D (E, ® E)} =RA

with Anosov one-form A (X) = 1,KerA = E, @ E; that is C".

Er=(E,®E), E =(Eok)".

E, °\
unstable




Scattering in T*M on the trapped set Ej

T"M=E, ¢ Ef & E;
p=putpstwA(m)e T*M, w € R frequency.
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Scattering in T*M on the trapped set Ej

T"M=E, ¢ Ef & E;
p=putpstwA(m)e T*M, w € R frequency.

Then for p(t) := ¢ (p),

1 B
o (£)] > fe“ lpu (0)],  |ps ()] < Ce M |ps(0)|,  w(t) =w preserved

E, °X
unstable




Weight (escape) function W in T*M

Let o > ﬁ so that “the metric absorbs the Sy—Hédlder fluctuations of Ej"

(explained later..).
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Weight (escape) function W in T*M
Let o > ﬁ so that “the metric absorbs the Sy—Hédlder fluctuations of Ej"
(explained later..).

Notation: (x) := |x]| if |x| > 1, otherwise (x) = 1.
Let R>0,pe T*M,

(b (o) sl )
(b (o) ol

W (p) =
with

-
by (p) = o (llew + psl )
1 - emin@Bufe) <o <1, by > 0.




Properties of the escape function W in T*M

R

(M @lellg)” o
(b2 (P llpully) decays outside Ej:

w (4" ()
vt >0, %ef()\maxr)t < ( ) < {C

e IFR>0, W(p) =

W (p) Ce=(\t jf dist, (p, Eg) > G
(6)
with r = R(1 — ) (1 — «) (the order of W) i.e.
) M<wpy<ci.




Properties of the escape function W in T*M

R

(M @lellg)” o
(b2 (P llpully) decays outside Ej:

w (4" ()
vt >0, %ef()\maxr)t < ( ) < {C

e IFR>0, W(p) =

W (p) Ce=Ot ifdist, (p, E5) > G

(6)
with r = R(1 — ) (1 — «) (the order of W) i.e.

C )M <w(p) < Cip.

e W is h,-temperate:

< C{hy (p) distg (o, p))"
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Recall X = —xd, on R. Lifted flow is ¢* (x,&) = (e*x,e7%¢).



Escape function W for example 1
Recall X = —xd, on R. Lifted flow is ¢* (x,&) = (e*x,e7%¢).
Metric g = dx® 4 d€?.



Escape function W for example 1

Recall X = —xd, on R. Lifted flow is ¢ (x,£) = (efx, e t€).
Metric g = dx® 4 d€?.
Let r >0, hg > 0. For p = (x,£) € T*R let

W (p) = E,’jﬁi




Escape function W for example 1

Recall X = —xd, on R. Lifted flow is ¢ (x,£) = (efx, e t€).
Metric g = dx® 4 d€?.
Let r >0, hg > 0. For p = (x,£) € T*R let

W (p) = é,’jﬁi

Decay property:

w (éﬁt (p))

— 2 Z1VYpe T*R.
W (p) P

<e "tif |x| > hytor |¢] > hytet



Escape function W for example 1

Recall X = —xd, on R. Lifted flow is ¢ (x,£) = (efx, e t€).
Metric g = dx® 4 d€?.

Let r >0, hg > 0. For p = (x,£) € T*R let

(ho&)"
w = .
(n) (hox)”
Decay property:
M <1Vpe T'R.
W) -~
<e "tif |x| > hytor |¢] > hytet (7)
Also ;
w (3 (0))

> ef2rl‘7 Vp c T*R.



Escape function W for example 1

Recall X = —xd, on R. Lifted flow is ¢ (x,£) = (efx, e t€).
Metric g = dx® 4 d€?.

Let r >0, hg > 0. For p = (x,£) € T*R let

(ho&)"

W (p) := (hox)””

Decay property:
v (ét (p)) <1Vpe T*R
— 7~ = S .
W (o) g
<e "tif |x| > hytor |¢] > hytet (7)
Also

— > e yye TR

Proof: for t > 0,

W(30)  Wetxete)  (hox) (hoete)

W)~ W& (heetn) (hod)




Escape function W for example 1 (cont)

If |x| > hy* then |hox| > 1 and




Escape function W for example 1 (cont)

If |x| > hy* then |hox| > 1 and

<h0x>’ —rt

<h0€tX>r N

Similarly if e=*|¢| > hy* then

(hoet€)" .
(hog)” €



Escape function W for example 1 (cont)

If |x| > hy* then |hox| > 1 and

<h0x>’ —rt

<h0€tX>r N

Similarly if e=*|¢| > hy* then

(hoe ™) _
(ho&)"
Temperate property:3C,Vp, o/,
W (')
W (p)

< C (hodist (9, p))*" .



Anisotropic Sobolev space Hy (M)

Definition
For u e C* (M)
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Hw (M) == {u € € (M)} 1w




Anisotropic Sobolev space Hy (M)

Definition

For u e C>= (M)
||u||7-LW(M) o= ”WT'JHLZ(T*M)’

Hw (M) == {u € € (M)} 1w

i.e. we have isometries

Hw (M) L 12 (T*m; w?) X 12 (T m)

and
HI" (M) € Hw (M) € H7I'(M).



Good choice of symplectic boxes av > 1+6 for the phase

space metric
Recall, (for the trapped set |n| ~ |w| > 1):

- (=) (5) + (&) (35
8p = <w)7o¢ S <w>a 5_1
The trapped set is Ef = R, A, with A that is Sp-Holder. Hence variation
6x = (w) ™ gives 8 (wA) = w (6x)"° = wl=fo,
For temperate property of W one requires
§ (wA) <66 = ()" & WP <
Sl-afy<a

S o>
1+ po

ceTiM




Remark about Hérmander classes of symbols 5[’)"5

In transverse direction (x, &), after smoothing,

Wesrm € |aobw| < G, (g)mrlatlP

with



Remark about Hormander classes of symbols 57

In transverse direction (x, &), after smoothing,

Wesm & [20bwW]| < C,p(e)m ol

with 5 L
_ _P- _pTo
m=r, v = 7 a 7

Ref: Hormander's PDE book Vol.3, or Lerner’s book p.68, with a conformal

“phase’s space metric”
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PART 3: Some results

Versions of the next Theorem about discrete RP spectrum have already been
obtained

o For Anosov diffeomorphisms, by Blank, Keller, Liverani 2002, Gouézel,
Liverani 2005, Baladi, Tsujii 2005,2008, F-Roy-Sjostrand 2008.



PART 3: Some results

Versions of the next Theorem about discrete RP spectrum have already been
obtained

o For Anosov diffeomorphisms, by Blank, Keller, Liverani 2002, Gouézel,
Liverani 2005, Baladi, Tsujii 2005,2008, F-Roy-Sjostrand 2008.

o For Anosov Flows: Butterley-Liverani 2007, F.-Sj6strand 2011 using PDO.
Dyatlov-Guillarmou 2014 for Axiom A flows. Dang-Riviére 2016 for
Morse-Smale flows.
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Question: discrete spectrum of the generator Xg?

. . N . . .
o Imagine: if Xp =} ", z[;, were a matrix with complex eigenvalues

zj = aj + iw;j and eigen-projectors (rank 1) I1; then

etXF —_ eth |_|J _ eta_,- eltwj I—IJ
J

j amplitude oscillations

~ elfgtwor], 1 tif @ > ajz0, : "futuremerging behavior"
t—+00

~  efneltnT] Jif ay < ajxn, : "pastemerging behavior"
t——0o0 J#N

|
. =Im(z
L. L eyu=m@)
.': : of te L — Spectrum that controls
! o ! - avior in fi .
ol C B O ! emerging behavior in futur
o e o [
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Meaning of this internal spectrum? Illustration

@ In first approximation, the sea is quite, deep, flat, gentle = Equilibrium
state zy, zy, dominant.
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Notations

Consider Anosov vector field X on M and potential V € C> (M),
Xep=X+V
(or more general Xp : C* (M; F) ©).

Cx.v = T <;divX+Re(V)> (9)

t—+ocomeM t

= lim max 1 /Ot <;divX + Re(V)> (¢° (m)) ds, (10)

Cx.v :_min<;divX+Re(V)), (11)



Ruelle Pollicott discrete spectrum of resonances

R
% has order r = R(1— ) (1 —a), ie.

CHp) " < W (p) < C(p)" and by (p) = ho (llpu + sl )

Recall weight function W (p) =

-



Ruelle Pollicott discrete spectrum of resonances

{h5(p)llpall )"
(hy ()l pullg) "

C () < W (p) < C i) and hy () = ho (llpw + psl, )

Recall weight function W (p) = hasorder r = R(1 —v)(1 — ), i.e.

Theorem (F.-Tsujii 17)

Xg := X + V. The family of operators
7 :Hw(M)%Hw(M),tER
form a strongly continuous group: fort > 0,

|| etXF HH < Cet(Cx)V+6+maX(O,72l’)\))
w =

|| —tXF Ceft(C)/(’v767max(0,2r)\max))

e =




Ruelle Pollicott discrete spectrum of resonances

R
Recall weight function W (p) = % hasorder r = R(1 —v)(1 — ), i.e.
Y\ P)l|Pullg

C () < W (p) < C i) and hy () = ho (llpw + psl, )

Theorem (F.-Tsujii 17)
Xg := X + V. The family of operators

7 :Hw(M)%Hw(M),tER
form a strongly continuous group: for t > 0,

|| etXF HH < Cet(Cx)V+6+maX(O,72l’)\))
w =

|| —tXF < Ceft(C)/(’v7efmax(0,2r)\max))

.

Xg has “future” RP discrete spectrum on Cx y — rA+ ¢ < Re(z) < Cx v, and
past RP discrete spectrum on C)’(,v <Re(z) < C)’(,v — FA\max — €.

.

where € — 0 as hg — 0.



CX,V —rA
Cx v = 2rAmax

r>0

Ruelle-Pollicott spectrum o (Xg)
of the future dynamics.




w =Im(z)
® |
|
o |
o
o
o
' Re(2)
|
Vaibs
|
e
} ! Cx,v
| vav—r)\

Cx v — 2r\max

,

r>0
Ruelle spectrum o (Xg)
of the future dynamics.

DA



w =Im(z)

|
| CX,V
I
/
Cx,v

r=20

Spectrum of X in Huw (M) = L2(M)

DA



r<o0

Ruelle-Pollicott spectrum o_(Xg)
of the past dynamics.

DA



w =Im(z)

Cx,v —2r2

!
Cx.v — MAmax

r<o0

Ruelle-Pollicott spectrum o_(Xg)

of the past dynamics.



Remark on past/future spectrum

o If V' + V 4+ divX = 0 then the future spectrum )\j+ of A= —-X+Vis
related to the past spectrum )\’j_ of AA=—-X+ V' by

- _ Ot
Ny ==



Remark on past/future spectrum

o If V' + V 4+ divX = 0 then the future spectrum )\j+ of A= —-X+Vis
related to the past spectrum )\’j_ of AA=—-X+ V' by

- _ Ot
Ny ==

o In particular for Re (V) = —3divX (called “half-density correction”), the
operator A = —X — 2divX + iIm (V) has the same past and future
spectrum, i.e.

- _ j .
)\j = —Aj Y



Fractal Weyl law

(after J. Sjostrand 90 for quantum resonances)

Theorem (F.-Tsujii 17. "Upper bound for the density of eigenvalues”)
Vy e R, 3C > 0,Vw > 1,

t{ze€ea(X); Re(z)>v Im(z) € w,w+1]} < C|w\di1n}+7'g;1,

with 3y €]0,1] is Hélder exponent of E, & E;.




About the wave front set of resonances

Theorem (F.—Tsujii 17. “Parabolic wave front set”)

VC,N,e,3Cn, for any (generalized) Ruelle Pollicott eigenfunction u with Re (z) > —C
then ¥ (y,n) € T*M,

(Tw) (y,m)| < s

<|7]|_€distg p, El +1Im (2) o >
~——

wo

N ”L’H’HW(M)




About the wave front set of resonances

Theorem (F.—Tsujii 17. “Parabolic wave front set”)

VC,N,e,3Cn, for any (generalized) Ruelle Pollicott eigenfunction u with Re (z) > —C
then ¥ (y,n) € T*M,
Cn
(Tu) (v, )] < T
[n|”“distg | p, Ei + Im (z) &/
—

wo
We choose o = m (but expect a = ﬁ) so that uncertainty principle absorbs
Hélder fluctuations.




Sketch of proof for group property (1)

Recall the isometries:

Hw (M) L 12 (Tm; w?) X 12 (T M)


https://en.wikipedia.org/wiki/Schur_test

Sketch of proof for group property (1)
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The strategy of microlocal analysis is to analyse the conjugated operator
WTeXT*W=1in L2(T*M) instead of e*X:

Hw (M) L2 (Tmw?) X L2 (T*M)
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https://en.wikipedia.org/wiki/Schur_test

Sketch of proof for group property (1)
Recall the isometries:
Hw (M) L 12 (Tm; w?) X 12 (T M)

The strategy of microlocal analysis is to analyse the conjugated operator
WTeXT*W=1in L2(T*M) instead of e*X:

Hw (M) L2 (Tmw?) X L2 (T*M)
i/ etX \L WTetXT* W—l
Hw (M) L 12(Tm;w2) X L2 (T*M)
In particular ||etXHHW(M) = [|[WTeXT* W71HL2(T*M)'

We use extensively the Shur test using the Schwartz kernel (matrix elements)
(0,7|Ad,) of an operator A:

s < (sup [ 106,140,1dp ) (sun [ 16140, ).
P P


https://en.wikipedia.org/wiki/Schur_test

Sketch of proof for group property (2)
One has

<

(¢

(0| (WT T W) 6,)| =

W(e) , - N
= Cw,t ( dist
PrOpag.gngul,(ll) W(Q) N7t< 1S g (p a¢ (p)>>

— w ét (p)) W( /) : rTt -N
(Mt ) (s ) (e 50)

< Cu,e (distg (o, 8 (+) >N°_N

decay temperate of W(6)

(6| (TXT™) 6,)]

for any N > 0, i.e. decays outside the graph of ¢°.



Sketch of proof for group property (2)
One has

<

(¢

(00| (WT T W) 6,)| =
< W (o)
propag.singul.(4) w (Q)

W (¢t (p)) W (o) (o O\
:CN’t( W) )(w(éfp(p>)><dwtg :#0))

< Cu,e (distg (o, 8 (+) >N°_N

decay temperate of W(6)

(6| (TXT™) 6,)]

for any N > 0, i.e. decays outside the graph of ¢°.

@ Apply Schur test and deduce that
HetXHHW(M) = [[WTeXT* W*1||L2(T*M) < C; is bounded.



Sketch of proof for group property (2)
One has

<

(¢

(6| (WTeXT*W1)5,)| =

W(e) , - N
= Cn,e (distg (',
propag.singul.(4) W(Q) N7t< 15Tg (p 0] (p)>>

WEON\ ([ wey N o
:CN’t( W) )(w(&p(p>)><dmg :#0))

< Cu,e (distg (o, 8 (+) >N°_N

decay temperate of W(6)

(6| (TXT™) 6,)]

for any N > 0, i.e. decays outside the graph of ¢°.
@ Apply Schur test and deduce that
HetXHHW(M) = [[WTeXT* W*1||L2(T*M) < C; is bounded.

@ By using that h, (p) < 1 in W (p) one can improve the above estimate
and get the bound: HetXHHW(M) < CelCx.vtot  Similarly for t < 0.



Sketch of proof for “discrete RP spectrum” and Weyl law

Recall decay property (6): (d) ) < Ce~ (Nt if dist, (p, Ef) > 0 > 1. Let
Xo (p) characteristic function for dlStg (p, E§) > 0.
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Xo (p) characteristic function for dist, (p, Ef) > o.

If we repeat the previous argument, the norm decays very fast far from the
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Near the trapped set Ej, let
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Sketch of proof for “discrete RP spectrum” and Weyl law

Recall decay property (6): %ﬁg;})) < Ce~ (Nt if dist, (p, Ef) > 0 > 1. Let
Xo (p) characteristic function for dist, (p, Ef) > o.

If we repeat the previous argument, the norm decays very fast far from the
trapped set:

|WTeXT* w1y, | < CelCxv—Arrol))r

li2r-na
Near the trapped set Ej, let
A={peT'M, distg(p,Ey) <o, w(p)€ww+1]}.

Using trace formula (and Jensen inequality..), the density of RP spectrum is
then

f{z€eo(X), Im(z)€[w,w+1],Re(z)> -7} ST (T*xaT)
= Vol (A)
= (Uwa)dimel
_ wdi;xlng;1




Thank you for your attention




