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Abstract

This paper deals with sub-Riemannian metrics in the quasi-contact case. First, in any
even dimension, we construct normal coordinates, a normal form and invariants, which
are the analogs of normal coordinates, normal form and classical invariants in Riemannian
geometry. Second, in dimension 4, and thanks to this "normal form”, we study the local
singularities of the exponential map.

1. INTRODUCTION

This paper is a continuation of a series of papers ([C-G-K], [A-C-G-K], [A-C-G],
[A-G], [A-C-G-Z]) dealing with contact metrics. In these papers, the authors con-
struct normal coordinates, a canonical field of normal frames and invariant tensors.
These objects are the analogs of normal coordinates, normal frame and classical
invariant tensors (such as the curvature tensor) in Riemannian geometry. They do
this in any odd dimension. They also study in details the exponential map, the
wave-front, the cut locus and the conjugate locus in dimension 3.

In this paper, we construct the same type of normal coordinates, canonical field
of normal frame and invariant tensors in the quasi-contact case in any even
dimension. We also study the exponential map and the conjugate locus in the
4-dimensional case.

A quasi-contact structure, on a (2n + 2)-manifold M, is a sub-bundle A of the
tangent bundle, of codimension 1, such that, if A is the kernel of a 1-form w, then
the kernel of dwja has dimension 1. A quasi-contact sub-Riemannian metric on a
(2n+2)-manifold M is the data of a couple (4, g), with A a quasi-contact structure
and g a non-degenerate Riemannian metric on A.

Almost everywhere in the paper, the study is local, that is, we consider germs
of quasi-contact sub-Riemannian structures at a point.

1.1. Invariants. Let us fix ¢ in M and let us choose w, defined locally, such
that kerw = A. It is defined up to a non vanishing function on a neighborhood of
q. The kernel ker dw), is defined without ambiguity and has dimension 1. Let us
denote by Ag the orthogonal for g in A of this kernel. We ask w to satisfy that
(dwy,, )" = Voly|,,- Now w is determined up to sign.

Let Ay : Ay — Ay be defined by dwja (X,Y) = g(A4(X),Y), where A, is skew-
symmetric wrt g. For a generic quasi-contact structure and outside a codimension
3 closed stratified subset, A, has a set of eigenvalues of the form:

{-ioq, ..., —ian,0,iay, ..., i01 },
1
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where 0 < ay, < ... < g and [Joy = # because (dw|AD)” =vol,. Fori=1...n,
let us denote by J; the distribution defined as the 2-dimensional invariant space
associated with «;. First remark that [d;, d;] is not contained in A (see lemma 4 in
appendix). We denote by ¢ the orthogonal of §; for dw. It is easy to check that the
intersection of [d1, d1] and ¢ has dimension 1 and is transversal to A. We choose v
the vector field in this intersection such that w(v) = 1.
Remark: first, the eigenvalues of A, are the first invariants of the problem. Sec-
ond, oy plays a special role because it determines the first non trivial term in the
asymptotics of the conjugate time, defined in the next section. Third, for a generic
sub-Riemannian structure, the set of points g where at least two eigenvalues of A,
are equal is a codimension 3 closed stratified subset. In all the sequel we will
consider such a generic sub-Riemannian quasi-contact structure and we
will assume that the pole ¢ is outside this stratified set.

In the sequel of this section and all along the paper, we use some terminology
and some preliminaries that are the purpose of the next section.

A consequence of more general results from section 3 is:

Theorem 1. In a neighborhood of a point q where the oy are all distinct and non
zero, there exists a local coordinate system (T1,Y1,- .-, Tn,Yn, 2, w), called a normal
coordinate system, such that:

e Along the w-azxis we have a% =v.

. span(a%i,a%i) = 90y, dw(a%i, B‘Zi) > 0 and span(%) = ker dw|, along the
W-arts.

o The lines contained in a set Sy, = {w = wo} and containing (0, wp)

are geodesics of the sub-Riemannian structure, that minimize the sub-
Riemannian distance to the w-azxis. The distance between (z;,y;,z,w) and
the w-azis is \/2% + Y, x? + y?

o If we denote by P,, the orthogonal projection on Sy, in this coordinate
system, then its differential at a point of S, maps the metric g on A at
this point to a non-degenerate metric gy, on Sy,. The sectional curvatures
of Guy, relative to the 2-planes 0;(0,wo) all vanish at (0,wp).

This normal coordinate system is unique up to rotations in the spaces ¢;(g) hence
up to elements of a maximal torus T™ of SO(4,). It should be noticed that this
situation is much more rigid, and is simpler, than that of Riemannian geometry:
in the Riemannian case, in normal coordinates, the remaining ”structure group” is
SO(TyM) (non Abelian). As a consequence, in our case, all the invariant tensors
can be reduced to complex numbers (characters).

In such normal coordinates, we are able to construct a unique natural normal
form for the metric, that is, a canonical choice of a field of orthonormal frames of
the distribution A. This normal form allows to obtain a family of invariants that
we discuss in section 4.

1.2. Caustic in dimension 4. As in Riemannian geometry we may consider the
geodesics issued from a fixed point ¢, that allow to define an exponential map.
The first singular value of the exponential map along a geodesic is called a first
conjugate point and the set of these points forms the first caustic. Contrarily to
the Riemannian case, the conjugate locus associated with a point ¢ has ¢ in its
closure. In the 4-dimensional case, with generic conditions on some invariants that
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we will discuss in section 4, a theorem, consequence of the main results in this
paper, is:
Theorem 2 (illustration of further results). 1) For a generic point q of a generic
sub-Riemannian quasi-contact structure, the local first singularities of the exponen-
tial map have type Ay (folds), As (cusps) and DY .
2) The first caustic is as follows:
e In normal coordinates, if we cut the upper conjugate locus (the w > 0 part)
by a 3-plane z = zy with zg # 0 small enough, we find a surface (see figure
1).
— The points where it is smooth are singular values where the singularity
of the exponential map has type As (folds).
— The points where the surface is not smooth are cusp points (As) except
at two points which are of type half D .

FIGURE 1. Intersection with a plane {z = z¢ # 0}

e In normal coordinates, the section of the first caustic by the plane {z =0}

is the same as the 3-dimensional contact generic caustic: see [C-G-K]| and
figure 2.

FIGURE 2. Intersection with the plane {z = 0}

Ihalf DI corresponds to the first conjugate time and the second half to the second conjugate
time: at such points, they are equal.
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e In normal coordinates, if we cut the conjugate locus by a 3-plane w = wy
with wo # 0 small enough, we find an other surface (see figure 3), such
that the points where it is smooth are folds of the exponential map and the
singular points of the surface are cusps.
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FIGURE 3. Intersection with a 3-plane {w = wq # 0}

Some computations in this paper are difficult to handle. In particular to com-
pute the jets of the exponential map, we have used the formal calculus language
Mathematica.

2. PRELIMINARIES

2.1. The Control Theory point of view. Let go be a fixed point, {F;} a field
of orthonormal frames of the distribution A and & = L?*(Ry,R**!). With an
element u of U, called the control function, one can associate the curve issued
from gy obtained by integrating @(t) = >, u;(t)F;(x(t)). The set of all such curves
issued from any point of M is the set of the admissible curves. In particular, almost
everywhere, such a curve ~ satisfies 4(¢t) € A(y(¢)). The length of such a curve,
between the times ¢ and %9, is:

)= [ [E o

I = | INCIORION

A geodesic is an admissible curve being locally optimal for the problem of min-
imizing the length between two points. As in Riemannian geometry, it is a direct
consequence of the Cauchy Schwarz inequality that we can search the geodesics as
the trajectories minimizing the energy E(vy) = ftf’f >, u?(t)dt in fixed time. Now,
the Pontryagin Maximum Principle gives the candidates, called extremals, that are

of two types: normal and abnormal. A strictly abnormal extremal is an abnormal

that may also be written:
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one that cannot be realized as a normal one. Normal extremals are always locally
C%-optimal. In our case, there is no strictly abnormal geodesic (see lemma 4 in
appendix), hence we have to compute the normal geodesics only.

Let us consider the canonical fibration « : T*M — M and the canonical sym-
plectic structure on T*M. The Hamiltonian:

) =5 s (2= 25 (F @)

2 yea\{o}

[[o]

is a smooth function on T*M hence we can define its symplectic gradient ﬁ for the
canonical symplectic structure. Now, the fact that any geodesic can be realized as
a normal extremal, together with the Maximum Principle of Pontryagin, allow to
check that the geodesics are the projections, on the basis of the fibration 7, of the
integral curves of H in T* M.

2.2. Some geometrical objects. This last fact allows to define the exponential
map:
expg, : To M — M
v e w(Px W),

N
where @ is the flow at time 1 of H. This map is smooth since it is the composition
of two smooth maps.

Now, we can state some definitions:

Definition 1 (Sub-Riemannian objects). e The sphere S(qo,r) of center qo

and radius r is the set of all the points the distance of which to qq is .

o The wave front of center qo and radius r is the set of endpoints of the
geodesics issued from qo and with length r.

e The conjugate locus is the set of the singular values of the exponential map-
ping. We also call it the caustic.

o The cut locus is the set of points where a geodesic loses its global optimality.

o Let us take o € Ty M, then it can exist a time s € R’} being the smallest
time such that expg, is singular at syo. Then expy,(sio) is called a first
conjugate point and the set of all the first conjugate points is called the first
conjugate locus or first caustic.

2.3. Symplectic considerations. [see [A-V-G]] Any fiber of 7 is lagrangian for
the canonical symplectic structure of T*M hence we say that m is a lagrangian
fibration. Let us recall that a lagrangian mapping is the composition of an embed-
ding in a lagrangian fibration, the image of which is a lagrangian submanifold, with
the canonical projection on the basis of the fibration.

Now, the exponential map expy, appears clearly to be a lagrangian mapping:
actually, the flow P preserves the symplectic structure and T, M is a lagrangian
submanifold hence ®5; (T M) is a symplectic submanifold and, as a consequence,
the exponential map being the composition of the flow, restricted to Ty M, with
the fibration 7, is a lagrangian map.

2.4. Stability of the exponential map. [see [A-V-G]] In this paper we will study
the local stability, on an open set of its domain, of the exponential map. For this
we may consider the exponential map either as a smooth map or as a lagrangian
map. Hence we may study either its C°°-stability or its lagrangian stability:
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Definition 2. o A smooth map f is said to be C*-stable in a neighborhood
of a point q if there exist a neighborhood Vy of ¢ and a neighborhood Uy of
fiv, (C*-topology) such that for any g in Uy, there exist diffeomorphisms
w1 and o such that o1 0gops = f on V.

o A lagrangian equivalence of lagrangian fibrations is a diffeomorphism be-
tween lagrangian fibrations mapping the symplectic structure to the sym-
plectic structure and fibers to fibers.

e Two lagrangian mappings are Lagrange-equivalent if there exists a la-
grangian equivalence between the two corresponding lagrangian fibrations
mapping the first lagrangian submanifold on the second one.

e A lagrangian mapping f is said to be Lagrange-stable in a neighborhood of
a point q if there exist a neighborhood Vy of q and a neighborhood Uy of fv,
for C°-topology such that any g lagrangian in Uy is Lagrange-equivalent to

fiv,-

Let us take a (smooth or lagrangian) map f. We may consider its (smooth or
Lagrange) equivalence class, that is the class of maps being equivalent (for C* or
Lagrange equivalence) to f. In this class, we can choose a special map that we
consider as the representative of the class. We call it the normal form of the class.

In this paper we will consider three particular singularities, or classes of maps,
defined in a neighborhood of a point q.

e The first one is As. It is both a lagrangian equivalence class and a smooth
equivalence class. It has the normal form:

x - 2
R — R

at 0. If a map from R* to R¥ is equivalent to

(xlw . 7xk717xk) s ("El,. '~7xk717xz)

at 0, we still say that it has singularity A,. If a map f from R* to R* is
such that there is a variable z; satisfying

of of of O f of
R aml""’axg"“’aa:k)(o)7“)

then it has singularity A, at 0. A map with singularity 4s at a point ¢ may
always be seen locally as a lagrangian map and is stable in a neighborhood
of the point ¢ for both C* and lagrangian stabilities.

e The second one is A3. It is both a lagrangian equivalence class and a
smooth equivalence class. It has the normal form:

(z,y) — (2®+ayy)
R2 — R2

Jac( )(0) =0 but Jac(

at 0. If a map from RF to RF is equivalent to
(1, Tem1, k) > (21, .., The1, T) + Th—12k)

at 0, we still say that it has singularity As. If a map f from R to R
is such that we can find a coordinate system (zi,...,x) with Ex_q =
span(a%l, e a%“) having dimension k£ — 1 and (a%k, 8%25) are in Fjy_q
- d k

but % and # are not in Fy_1, then f has singularity As. A map
k

Tk—1
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with singularity A3 at ¢ may always be seen locally as a lagrangian map and
is stable in a neighborhood of the point g for both C'">° and lagrangian
stabilities.

e The last one is Dj . It has the normal form:

(z,y,2) — (2,yz,2> +y* + 22)
R3 — R3

at 0. If a map from R* to R¥ is equivalent to
2, .2
(@1y ooy Th—1, %) — (L1, ooy Th2y, Tp—1Th, T + TH_g + Th—2Tk)

at 0, we still say that it has singularity D} at (z1,...,25_3,0,0,0). A map
with singularity DZ at a point ¢ is locally a smooth and a lagrangian map
because it is equivalent to the normal form which is a lagrangian map. It
is not stable as smooth map from R3 to R3, but it is lagrangian
stable.

Important fact: the singularity A2 is 2-determined, i.e., if a map has the same
2-jet as the normal form of Ay at a point ¢, then it has singularity A, at point
q. Ajs is 3-determined. DJ is 2-determined, i.e., if a lagrangian map has the same
2-jet as the normal form of D} at a point g, then it has singularity D} at a point
q.

2.5. Nilpotent approximation. [see [B] for more details] In the following, we
will need the definition of the nilpotent approximation.

Let us go back to the general sub-Riemannian situation. Let A be a distribution
on a manifold M™ satisfying the Chow condition (its Lie algebra evaluated at any
point is the whole tangent space at this point). We define L*(¢q) = >, A%(q)
and we construct a coordinate system (z1,...,2,) on M such that dzi,...,dz, is
adapted to the flag L'(q) € L*(¢) € ... € L"(p) = T,M and we define the sequence
(of weights):

w < ... < wy

by w; = s if % belongs to L*(g) but do not belong to L¥71(q). Let (X71,..., Xk)
be a field of orthonormal frame of the distribution A. We say that a function has
order s if all its derivatives of order less than s w.r.t. the X; are zero but at least

one derivative of order s is not zero.

Theorem 3. There exist coordinate systems (z1,...,2n) (called privileged coordi-
nate systems), centered at q, such that z; has order w;. They satisfy:

a1 e
d(0, (21, ..y 2n)) X |z1]™ + ...+ |2n|on.

Our normal coordinate system, described in the introduction, is a privileged coor-
dinate system. The coordinates x;, y; and z have weight 1, the coordinate w has
weight 2.

These weights induce gradations in C*® (M), X>°(M), A\™ (M) and C>(T*M)
in the usual way. These gradations are consistent in particular with the Lie bracket
and the Poisson bracket. For instance, a monomial 27! sz" has order wy (1 +
...+ wp By, a function has order k at a point ¢ if the monomial of smaller order
appearing in its Taylor expansion has order k, and a vector field B%i has order —w;.
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Now, if we denote by {F;} a field of orthonormal frames of the distribution and
F; the homogeneous part of smallest degree (-1) of Fj, then {F;} is said to be the
nilpotent approximation of {F;} at q.

Theorem 4. In the quasi-contact case, in the normal coordinates, the nilpotent
approzimation constructed from our "normal form” is:

0 y1 0 0 z1 O 0 Yn O O T, O O
B T2 0w a2 0w B " 2 0w Oy M2 0w 02
It is an invariant of the quasi-contact metric and the only invariants of the nilpo-
tent approximation are the invariants o; already defined. In particular, in the

4-dimensional case, there is no invariant for the nilpotent approximation.

The proof is a direct consequence of the construction of the "normal form” which
is done in the next section.
Remark: let us denote by v the dual coordinate to w in T*M. It may be proved
that for the nilpotent approximation, any geodesic v parameterized by arclength
and such that ¥(0) # j:% has conjugate time equal to QQ—I’TU (in any dimension).

3. NORMAL FORM IN THE QUASI-CONTACT CASE

We assume again that we are at a generic point as defined in the introduction.
The form w and the vector field v satisfy the same conditions as in the introduction.

3.1. normal coordinates. The purpose of this subsection is the construction,
from the structure (M, A, g), of a normal coordinate system around gg. For this,
we follow an idea very similar to the idea of the construction of normal forms in
Riemannian geometry.

First, we define the curve I' around which we will construct the coordinates:

I'(0) = qo,
dr() _

It is transversal to the distribution. Now, we can define the subspace Ap(; of
T3 )M by Apy = {¢ € Ty, ) M| (v(I'(t))) = 0}, and Ap = Ure]—c [ Ar)-
Proposition 1. In a neighborhood of a point qq, there exists a smooth coordinate
system (p1, ..., Dan, P2nt1,w) such that:
(1) T'(w) = (0,w);
(2) The geodesics starting from T'(wg) and satisfying the transversality Condi-
tions to I’ are straight lines contained in Sy, = {w = wo};
(3) For s small enough Cs = {3, p; = s’} ={ql d(¢,T) = s}.
Proof: first remark that Ar is the union of all the impulses along I' satisfying the
Pontryagin’s Transversality Condition for the problem of the minimization of the
distance to I'.
Let us choose (F;) a field of orthonormal frames of A in a neighborhood of ¢
and denote by < .,. > the metric on T*M:
2n+1

<rtn =5 > Gi(FN(R),
i=1

(Y1(w), ..., Y2nt1(w)) an orthonormal frame of Ap(,,) for <, > and £ the map map-
ping (p1,.-.,P2n+1,w) to the point obtained by following the geodesic issued from
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Ap(w) with the impulse ¢ = p;1; during the time 1. £ is a local diffeomorphism
hence (p1, ..., pont1,w) can be used as a coordinate system.

The geodesics considered all satisfy the Transversality Condition because their
impulses at time 0 are in Ap. Because of this, the points 1 and 2 are satisfied.

For the point 3, we know that the map we have just defined is a local diffeomor-
phism hence two different geodesics transversal to I' can not reach the same point
for a distance s small enough. Therefore there is no cut locus, for the local problem
of minimizing the distance to I', close to 0. This is enough to conclude. |

Such a coordinate system (p1,...,pont1,w) is said to be adapted to . Tt is
unique up to a change of coordinates such that:

w,

((,2) = U)(2),Uw) € 0@2n+1).

We denote ¢, = (0,w) and we take a coordinate system adapted to T.

Now we consider the coordinate systems (z1,y1,...,Zn,Yn, 2, w), adapted to T'
and such that 6;(qy) = span{a%i, a%i}(qw), dw(a%i, a%i) > 0, £ is a normalized
generator of kerdw), along I'. Such a coordinate system is said to be reduced to I'.
It is unique up to a change of coordinates such that:

Z’

= T(w),T(w)eTm,

@
z
¢

where, for each w, T'(w) is a block diagonal matrix with (2 x 2)-blocks, and T is
a maximal torus of SO(2n + 1).

Remark: if we change w for —w, w is changes for —w, the orientation on each §;
is changed, therefore if we want to keep the same orientation on M?"*2  if n is odd
we leave z invariant, and, if n is even, we change z for —z.

Now, we consider a coordinate system reduced to I We denote S, =
{(¢, z,w)|w = wo} and Py, : (¢, z,w) — ((,z,wp), the vertical projection on S, .
In a neighborhood of 0, the differential of P,,,, at a point of S, is a bijection in
restriction to A . w,). It allows to push g to a Riemannian metric g, on Sy,-
We have the formula:

Guo (X, Y) = g((dPuy |a) 71 (X), (AP |a) T (Y)), VXY € T 20) Swo -

We denote S, ={(¢,z,w)| z=x; =y; =0if j #iand w = wo}.

Proposition 2. Up to a change of coordinates, we can assume that this coordinate
system, reduced to I, is such that the curvature of Gw|si, Ot Gu 18 0. It is unique up
to a change of coordinates such that:

w o= w,
zZ = 2z,
¢ = T¢ TeTm

where T is a (2x2)-blocks diagonal matriz and T™ is a mazimal torus of SO(2n+1).
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Proof: we will consider changes of coordinates reduced to I':

£y cos(8; (w)) — y; sin(6; (),
= a;sin(d;(w)) + y; cos(d;(w)).

&gz
I

Observation 1: if we denote by C(r) the circle in S¢, whose center is g, and of
radius r for g,,, then we have:

c(w)r3
6

where c(w) is the curvature of g, g: at qu. v

length,, (C(r)) = 2m(r — +0(r"),

Observation 2: if (r;,0;) are polar coordinates in S¢ , associated with the coordinate
system (z;,y;), then the property 2 of the I'-adapted coordinate systems allows to
claim that riai” is in A. But locally we can write w = f(dw — >, (pa;dz; +
ty;dy;) — pi=dz), therefore we have pig, g Ti + piy, s ¥i = 0, that implies:

Mwilsi = Y,

w

Hyi|si

with a‘ir = a; because dw;r =}, O[jda?j A dy;. Now, computations in the other
coordinate system gives, at a point of S,:

Ei& w)r? - - ~ ~
w=f (1 — %) dw — Z(u@dxj + pg;dy;) — pzdz
J

Observation 3: the length of C(r;) for g, is:

2w B B
/0 gw(ria_ei7rl89 )da

The circle of radius r; is the same for the two metrics g,, and gg because it is the
intersection of S% and of {¢|d(¢q,T') = r;}. Then we have the same formula for gz:

lengthg (C(/‘ )) / gw( i ) db
@ ¢ 0 ! 8017 la@
\/

Now, we will compute the pull back of ri% by the two projections to compare
their norms for the two metrics:

0 0 ar? 0
Pyia) Hrisy) =rigz — —+o—,
(Puja) ™ (rigg) = riga = 5" 5,
and
_ alr? Ei&wr?
(Paja)Mrigg:) = migg — (S5 g5)/ (1= =0
k) a'r; 9

|
—
=
<
g
Ny
I
[\
Q
g
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As a consequence:
gu /(1 — 200
is

als;(w)r?
oo X (1+ 220 0 (r8)).

9o ”Tlai&

I7i25-

= rigs;

Now @ = a; + O(r;) hence we find:

ci(W) = ¢i(w) — 3a;0;(w).

So, if we want to annihilate the curvatures, we have to choose:

8i(w) = 032”) Vi=1,...,n.
The 0;(w) are then uniquely determined by (d1(0), ..., d,(0)), solving this ordinary
differential equation. [ ]

This coordinate system is the normal coordinate system, which is defined up to
an element of T™.

3.2. Normal form. Now, computing in a normal coordinate system, we want to
construct a field of normal frames F of the distribution:

(1)

where @ is a (2n+1) x (2n+1)-block and L is a 1 x (2n+ 1)-block. The columns of
the matrix are the vector fields of the frame JF, written in the normal coordinates.

Let K be the matrix of the metric g,, in the basis (8%1’ aiyl, e 8%’ %, %).

Proposition 3. K is symmetric and K (¢, z,w)((, z) = (¢, 2).

Proof: the fact that K is symmetric is obvious.

Observation: The lines ¢t — (¢, tz, w) are geodesics for the metric g,, on S,,. Indeed,

if it would existed a smaller trajectory between g, and ({, z,w) for gy, its lifting

would be a shorter trajectory between I' and {q|d(q,T") = |(¢, 2)|} for g, which is

impossible because our system of coordinates is adapted to T'. v
hence the vector ¢ a% + z% is orthogonal to the sphere of radius |((, z)| for g.,.

Now, this sphere is {q¢ = ({,Z,w) ZZ? +7z% = Y. (2 + 2%}, which implies that
¢ a% + z% is orthogonal for g,, to its orthogonal for the Euclidean metric associated
with the coordinate system. Therefore K((,z,w)((,2) is collinear to (¢,z). On
the other hand, the way we have built the coordinates adapted to I' allows us to
assume that ¢t — (t%, w) is parameterized by arclength and, as a consequence,

that Ca% + z% has norm |({, z)|. Hence K(¢, z,w)(¢, z) = (¢, 2). [ |

We can take @ = vV K~!. Then L is determined by w. We denote:
F=(F,Gy,...,F,,G,, E).

We have Fl|p = Bizi’ Gl|p = a%i’ E|p = %

The nilpotent approximation gives weight 1 to ( and z, and weight 2 to w.

We denote by @y and L the homogeneous part with order k, in the variables ¢, z
and w (wrt their weights), of Q and L, K% et Q" the i*® blocks 2x 2 on the diagonals
of K and @, L% the i** couple of coordinates of L and ¢; = (0,...,0,z;,%,0,...,0).
Now we can state the result:
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Theorem 5 (Normal form). There is a field of orthonormal frame F, which can
be defined, as above, by a couple (@, L) written in the normal coordinates, unique
once the normal coordinates are fized (hence unique up to an element of T™)such
that the matrices Q and L satisfy the properties:

(1) Q is symmetric,
(2) Qo = Id2p+1,
(3) Q¢ z,w)(C,2) = (¢, 2),
(4) Ql = U, ) o .
i oy [ 1+ yBi(G,w)  —ziyiBi(Gi,w) I _
6 Q"G = ( L) TS ) vt 0. =0
(6) L(C? va)(g Z) = 07
(7) Ly =0,
(8) Ll = (%7 _%7 RN %7 _%70)7
8% Lo(2n+1 82 Lo (2n+1 82 Lo (1 82 Lo (2
(9) a(wf 1 + 8(1/% = = awla(z) + ayla(z)’
(10) Vi #1
0= o 0%Ly(25 — 1) n 0?Ly(2j — 1) B 0%Ly(1) B 0?L(2)
! 0x? oy? 0x10x; 0y10x;

0?Lo(1)  02La(2)
T\ ooy, moy. )
Y10Y; T10Y;

0-a 0Ly (25) N 0?Ly(25) 3 0%Ly(1) B 0Ly (2)
- Ox12 oyl12 0z10y; 0y10y;

o PLy(2)  9Lo(1)
7 8331833]‘ 8y18$j ’

(11) nAz =Y, QL (Mazm(?i) - BLQB(?:U), where A = %(0),

Proof: we denote by OF the terms of order k in ¢, z and w.

(1) by definition @ is symmetric.

(2) K(0,w) = Ida, hence Q(0,w) =Id and Qo = Id.

(3) K(C2w)((2) = (G2) henceQ2(C,zw)((,2) = ((b2) that is
(Q2(<7 2, w)_Id)(C7 Z) = 0. Hence (Q(C; 2 w)+1d)(Q(<7 2, U))—Id)(C, Z) =0.
But near I',; (Q + Id) is invertible. Hence Q(¢, z,w)({, 2) = (¢, 2).

(4) We denote by Qi(i,7,k) the coefficient of the k'™ coordinate of ((,2)
in Q1(i,7). Then, because Q1(¢,z,w).(¢,z) = 0, we have Q1(¢,j,k) =
—Q1(i, k,7) and, because Q7 is symmetric, Q1(Z,J, k) = Q1(J, 1, k), for all
(i,4, k) € (R?>")3 :

Ql(ivjv k) = _Ql(iakmj) = _Ql(k7i7j) = Ql(k'ajvi)
= Ql(ja k,Z) = _Ql(j7i7k) = _Ql(iaj7k)'

Hence, for all (i, 5, k) € (R*")® Q1(i, 7, k) = 0, that means Q; = 0.
(5) The fact that (Q%((;, w)—Id2)(; = 0 and that (Q%({;, w)—Ids) is symmetric
give:

i _ _ y?ﬁi(a,_w) —»Tz‘yzﬂiaa w) )
Q"G w) ~ Ida ( —zyiB3i (G, w) 223G, w) :
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Hence:
G = (LaE ) s ),
here:
where 220 BROa 4 02+ (@ +y2)?)
i (1+ (22 +y2)3:)? .
Whence:

9 9 _ —Yi ! it —Yi
gw<r18_9i’r18_0¢)_( Z; )K < Z; >7

which gives gw(ria%i,ria%i) = (r?)(1 + (r?)B3;) and then |(—y;,x;)|g, =

ri(1 + @) We deduce that c;(w) = —33;(0,w) = 66;(0,w). As a
consequence [3;(0,w) = 0.

(6) Because Q(¢, z,w)((,2) = (¢, 2) we deduce that ), z;F; +y;G; + zE and
> mia%i 'H/ia%i +z%, which are both in A({, w), have the same projection

on S, and then that they are equal. The coordinate on a% of Y . xiF; +
yiGi + zE is then 0. But this is L(¢, z, w)((, 2).

(7) This comes immediately from wp = dw.

(8) Locally, w has the form f(dw—2)_,(pz,de; + py,dy;) — p.dz). Now i,dw =0
implies that d fjr = 0. Which gives dw;r = ), (dz; Adpe, +dy; Adpy, ) +dzA
dp.. Now, because Qo = Idapn1, we have (pg,, ity,) = (L1(2i—1), L1(27)) +
0%, p. = L1(2n + 1), which gives dwjr = >, (da; A dLy(2i — 1) + dy; A
dL1(29)) +dz AdL1(2n+ 1) = 37, oi(da; A dys).

On the other hand, L1(¢, z) = 0. With those two results, we find:
Qs ol AnlYn  QUndn

le( 2 ) 2 geeey 92 ) 2

,0).

(9) We set:

o 21 (V), y}(V), 21(V) and w'(V) the homogeneous part of order 1 in
the variable (,z and w of order 1, 1 and 2, of the coordinates of a
vector field V,

e 7 the vector field in ker(dw|a) such that g(Z,Z) =1 and Zp = %.

e (X;,Y;) an orthonormal frame of §; which coincides with (F};, G;) along
T.

e OF the terms of order k in ¢, z and w of order 1, 1 and 2.

Yet we know that:

F o= (140%)% + (4 + Ly(2i — 1) + 0%) &,
Gi = (140755 + (%% + Lo(2i) + O%) 2%,
E = 1+0)Z +(Ly(2n+1)+ 0% 2.

Now we calculate the coordinates of Z to the order 1:
dwia =Y (aida; Ady; + da; AdLy(2i — 1) + dy; A dLy(24))+
' +dz AdLy(2n + 1) + O3,

K2

hence:
0=dw(F},2) = ajyl(2)+ 228l okt 4 02,
0=dw(G;,2) = —au}(7)+ 22— olalmil) | o2,
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which implies:

o} 2) 4 2t _
OL2 (21 OL2(2n+1
—ay J(Z) 2( ) _ 2éyj+) —

On the other hand ¢g(X1,2Z) = g(Y1,Z) = 0 gives:

OLs(2n+1 OL2(2
# (Xy) = —ai(2) = o‘% oL 2(51%1+ )aL_ 2 a}(1)))’
2N = —ui(2) = 5 (75 — )

Now we can calculate the coordinate on % along T of [X1,Y:], which has

to be zero because [Ay, Ay]jr = span( 821’ 821’ o
9.

(10) For j # 1, the system:

). which gives the point

= g(X1.X;) = a}(X;)+a2l(X1)+ 02

= g(X,Y;) = f%(}/})*’y}()ﬁ)—k(’ﬂ,

= GY) = )+ i) + 0, |

= dw(Xl,Xj = alyl(X ) — a;y} (X )+ Bg;( ) 8L28(ij171) +02’

[
o,
£

aryi (Yy) + oz (Xy) + 8L2§1) aLQ(Zj) + 0?2,
= = —azi(X;) - Oéjyjl(Y1) + B(Lf);( ) 8L2(zj L4 02,
= dw(Yl, }/j) = Oéll‘l(Y ) + oz (Yl) + 8L2(2) 3L2 2]) + 02

~—_— —

o O O O oo oo

is invertible and we find in particular:

1 _ o ay [(0L2(2j-1)  09La(2)\ oy (0La(2j)  9Ls(1)
x] (Xl) - 04%—04? ( 8y1 sz 04%—04? 811 ayj ’
1 _ aq 9L2(27) _ 9L2(2) a; OL2(25—1) _ OL2(1)
Yj (Xl) - oz%—ozf ( Oy1 Ay + a?—a? Oxy z ’
1 _ o 8L2(2j—1) _ 8L2(1) _ [e7] 8L2(2]) _ 8L2(2)
Zj (}/1) - agfo@ ( Oz ox aﬁfa? Oy Oy ’
1 _ __ag 8L2(2]) _ 8L2(1) [e 7] 8L2(2j—1) _ 8L2(2)
y(n) = aT—a? ( a1 oy, ) T ama o9 oz, )

which allows us to calculate z;([X1,Y1])r and y;([X1,Y1]);r which also
have to be zero. This gives formulas of point 10.
(11) Finally, We have:

ai(<azaw) = dw(Xu}/l)

(14 Az)as + 2} (X,) + yh (V) + 2aiol) 200 4 o2,

and g(X;, X;) = g(V;,Y:) = 1 implies z}(X;) = y}(Y;) = 0, so, if we make
the product we find:

L

= (1+n ) [[;aa+>; (Hj# aj) (aLz({gzzfl) _ aLazz(izz)) + 02,

Then:

_ i 0L (21) _ 0Ly(2i — 1)
n\z = ; ” < Ay 9 .
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In the 4-dimensional case, we give the first terms of L. In the sequel, it will
become clear that the Riemannian part (@) does not play any rdle in the face of
the caustic.

Ly =(%,-%,0),

Ly = (—2(Re(Ae(x +iy)) + B cos(b)z + %), z(Im(Ae'(z +iy)) + Bsin(b)z + A%,
Re[Ae™(z +iy)* + Be™z(z + 1y)]),

Ly(1) = 5(Fa(=3y" + 2°y) + Fysin(f3)(y® — 32%y) + F3 cos(f3)(8zy?)) + O(z, w),

Ls(2) = $(Fa(—2% 4 3zy?) + Fssin(f3) (323 — zy?) — Fycos(f3)(82%y)) + O(z,w).

remark: This "normal form” is the analog of the normal form obtained by [A-G]
in the contact case and it is very similar to it.

4. INVARIANTS

4.1. In the general case. Let us remark that all the normal coordinate systems

define the same metric g,, on S,,. Therefore we can define intrinsically the metric
_1

Quw = guw?. Hence, if we denote:

Bl { S (ToSw=0) @ S*(ToSw=0) — R i
Pl U1 e...0U)e (Vo) — DY (LR (Qw(V1,12),[Uh ©...0U)

where D’ denote the ¢ derivative with respect to (¢,z), then Bj, ® w®" is an
element of SY(Ty Sw=0) ® S?(T; Sw=0) @ w®* and it is invariant by the changes of
normal coordinates. Hence, if we move the basepoint of the whole construction, we
obtain a tensor field. In coordinates, B}, = D( 3815;9 ).

Let us denote by g¢, the Euclidean metric defined on S,, by the normal coor-

dinates (they all define the same), and, for any V, Vg the vector field such that
95 (Va,.) = Quw(V,.). In terms of matrices, Vg = Q.V. Let us take the pre-image
of Vg = Q.V in A. Its w-coordinate is well defined, independently of the normal
coordinates. In terms of matrices, it is L.V. Hence, if we denote:

B2 { SZ(TOSw:O) RToSw=0 — R

: k
bk U16...0U)® (V) — DY(Lr(LV),U6...0U)
then Bf , ® w®* is an element of S* (T Sw=0) ® T§ Sw=0 @ w®*, and it is invariant
by all the changes of normal coordinates. Moving the basepoint, we obtain again a
tensor field. In coordinates, B ; = DZ%(L).

4.2. Decomposition of tensors. All the typical fibers of the tensor bundles under
consideration above have a metric structure inherited from g at 0. The action of
T™ on Ay induces a unitary representation of 7™ on these typical fibers. T™ being
abelian and compact, these unitary representations are unitarily equivalent to a
finite direct sum of characters.

Therefore, all our invariant tensors can be reduced to real and complex numbers,
the modules of which are independent elementary invariants of the sub-Riemannian
structure. This decomposition can be done as follows.

All our tensors are covariant symmetric tensors over A. The space of covariant
symmetric tensors of degree k over A can be canonically identified to the space
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Sk(A*) of homogeneous polynomial of degree k over A*. This space can be identi-
fied to the set S¥(A*) of real parts of homogeneous polynomials of degree k of the
complex variables z; = z; + iy; and Z; (j =1,...,n), and of the real variable z:

S*(A*) = {Re[Py(21, 21 - - -+ 20,y 200 2)] }-
The action of T™ on these spaces is the natural one induced by
X(0)z; = ez

A decomposition of this action of 7™ on S ¥(A*) in characters is the following:

e A polynomial Px(x1,y1,-..,%n, Yn,2) can be written in a unique way:
Pk(xlaylw"axnaynaz): Z Re(AI;JJ(HZiIiEi"]i)ZZ)
I,7J,¢ @

L+ L+ Ji =k

with AI,JJ = AJ)])[.
e The character corresponding to z* [, 2zl s o= )0t AT = Jn)0n

4.3. In dimension 4. Let us have a look to the special case of dimension 4 that
we will study in more details in the following. We define complex and real numbers
) ) , ) s ) ,
Ae’, Be' Ce', De* and \: the real A = %(O); the complexes Ae'® and Be®
are such that the third coordinate of Lo satisfies :
Lo[3] = Re[Ae™ (x +iy)? + Be™z(z + iy));
the complexes Ce' and De'® are such that the two first coordinates of L3 satisfy :
Ls[1] = Re[Ce™(a? +y°)(x + iy) + De'(z + iy)*] + O(z, w),
L3[2] = ReliCe™(2? + y?)(x + iy) — iDe'(z + iy)®] + O(z, w).
Actually, under a change of normal coordinates Z + iy = (x + iy)e?, Ly[3]
is unchanged hence it is an invariant, as well as cos(6)Ls[1] + sin(6)L3[2] and
—sin(0)L3[1] + cos(0)L3[2]. As a consequence, A, B, C, D and a — d are in-
variants of the sub-Riemannian structure. So we can define the invariant Znv =
Re[96 D% (d — a) — 45A2)].
As for the first invariants (aq, . . ., @, ), for a generic quasi-contact metric, outside

a codimension 1 closed stratified subset, we can assume that A, B and Znwv are not
null. We will assume in the following that 0 is such a point.

From now, we are dealing with the 4-dimensional case.

5. COMPUTATION OF EXPONENTIAL MAPPING JETS

In this section, we describe how to compute the exponential mapping expg in
the 4-dimensional case: n = 1.

From now, we will set p,, 7 and ¥ the dual coordinates, in the fibers of T*R*,
of z,y,z and w.

As shown in lemmas 1 and 2, and thanks to Pontryagin Maximal Principle, it’s

<
enough to integrate the trajectories of H in T*R*:

. . . . . AL = U —
{ (irayaszup7 q,T, ’U)(S) = H(%%%“’vﬁ;%ﬁ”)»
($7yazuwﬂp7 67 ,F? 6)(0) = (0a070u07p07q07f07@0)7
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where (po, §o, To,T0) is in H‘l(%) N T¢RA. Actually, if we denote by € the map
mapping (Po, Go, 7o, Vo, $) to the point obtained by following the geodesic with initial
condition (po, go, 7o, Vo) during time s, then:

E(Po, G0, 70,0, s) = expo(spo, 5Go, 5T0, 500)-

Hence we can construct all the geodesics only by considering those starting from
Hfl(%) NT;R*. They are parameterized by arclength.

5.1. First reparameterization. Our goal is to study the local conjugate locus.
Any geodesic being locally optimal, the geodesics that will have interest for us will
be those with 7y close to +o00 or —oo, which will create two parts of conjugate
locus, one for ¥y near +o0o, the other one for —oo. Hence, a natural change of
parameterization of the initial covector (or impulse) is to set p = ¢ and py = 7-.
Now we are working with pg in a neighborhood of 0. We keep in mind that there
are two parts: 0 < pg < € and —e < pg < 0. We also denote p = pp, ¢ = pg and

= pr.

5.2. Reparameterization of time. Further calculation will show that the conju-
gate arclength will be close to 2mp, hence there is a natural time-reparameterization
which is t = fos v du, where we integrate along the geodesics. Because v is not zero
along the geodesics we are looking at, this reparameterization is well defined and in-
vertible: s = fg pdu. This change of time-parameterization will send the conjugate
time close to 2.

Remark: in the sequel, we will study only the geodesics with pg > 0 and ¢ > 0
(which are the same as those with pg < 0 and ¢ > 0). The study of the geodesics
with ¢t < 0 is equivalent to the one we will do.

5.3. Two different parameterizations of the set of initial conditions. Now,
we set po = poPo, Go = poGo and rg = poTp. They satisfy pg + qg + 7‘3 = p%. Hence
(po, qo,T0) lives in S?(pg) and we can parameterize it locally by a couple of angles
(¢, 6) which will depend on the part of the sphere we are looking at.

Anyway, we can define a new exponential mapping:

ETP2 (p07 ta 2 9) = €XPq, (1307 qo, 70, 770)
In all the sequel, we will use two different parameterizations. The first one
(denoted by P1) is:
[-5.3] — S%(po)
(0,¢) = (po= pocos(f)cos(p),qo = pocos(d)sin(yp), ro = psin(9)

™

which is not singular outside po = go =0 (|¢] = %). The second one (denoted by
Pg) is:

(0, %) = (po = po cos() sin(), go = posin(f),ro = po cos(f) cos(p)),
and we will use it near py = qo = 0 where it is not singular.
5.4. New differential system. The interest of the changes of variables we have
done in the previous subsections appears clearly in the form of the differential

system we have to integrate after these changes. Let us recall that we denote by
(F,G, E) our normal form, ¢ = (p,q,7,v) and ¥ = (p,q,r,1). Then:

[(0.F)? + (¢.G)* + (¢.E)?] .

N S

H:
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Now, with our new variables, easy computations show that we are integrating
the new differential system:

— Y.(FuF + G,G + E,E)

gt = .(F,F+G,G+ E,E)

& = Y.(F.F+G.G+E.F)

Y = . (F,F +Gy,G+ EE)

2 = P05 )+ 00055 — 52)) + (V.E)(4.(p5E — 22))
@ = WP (q%—a—;)n(w)(w.(qg—g )+ (v )(¢.(qg_g_g_§>)
7= P05 8z>>+<¢a><w.<r3—i %—z>>+< 2UCHCE I )
% = p(W)W.55) + @.G)(.55) + (V.E)(&.35))

with (z,y, z,w,p,q,r, p)(0) = (0,0,0,0,po,qo,ro,po), p3 + g2 +ré = p?, and where
K., K,, K, and K,, denote the coordinates of K in R*.
Remark: we want to compute the jets of order k with respect to py of the map
expe. From the considerations we had in introduction, we know that x, y and z
have weight 1 and w has weight 2.

Now, our differential system has the form:

V=AY +Bao(Y) + ...+ Bun(Y) + B(niy(Y),

where A is linear, B; is homogeneous of order j in the variables ¥ =
(z,y,z,w,p,q,r,p) with the weights (1,1,1,2,1,1,1,1), and B; is a O/(Y).

5.5. Integration of the new differential system. The solution satisfies:

Y (t) = exp(t.A).Yy + /0 exp((t —u)A).(B2 + ...+ By + B(ny1)) (Y (u))du.

It allows us to compute by itering integration. Actually, with this formula, we
can see that, if we denote by Hg(m, G) the homogeneous part of order m of a map
G, with respect to pg, then:

Hg(1,Y(t)) = exp(t.A).Yy,
He(m, Y (1)) = 307, Jy exp((t — u) A).He(m, Bi (372" He(j, Y (u))))du,

ifm > 2.

Now, we have a recursive method to construct the jets of the exponential mapping
exps. You can find the Mathematica calculation at appendix 10.5. Before we
study it, we will first look again at the nilpotent approximation.

6. NILPOTENT APPROXIMATION

The nilpotent approximation is the distribution given by its normal form (F =
{2 +423,G={L 22} F={Z}). The results on the normal form show
that we can see the other sub-Riemannian normal forms as local perturbations of

this one. An easy computation gives expo in the nilpotent case:

an(t,p,0,p0) = po(sin(p) —sin(p — t)) cos(d),
yn(t, .0, p0) = po(cos(p —t) — cos(ip)) cos(),
2y (ty 0,0, p0) = potsin(d),

wn (t, 0,0, p0) = 5p5cos(0)?(t — sin(t)),
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FIGURE 4. Projected geodesic

which gives when parameterized by the arclength s:

:I:N(Sa ©, 97 PO) = po (Sln(<p) - Sin((p - pio)) COS(0)7
yN(Sa ©, 97 PO) = po (COS(W - pio) - COS(@)) COS(G)a
znv(s,0,0,p0) = ssin(6),

wnls @, 0.p0) = LpRcos(B)2(= — sin(2)).

Remark: we are using the parameterization P; of S2, with 6 € (%, 5], which is
singular at |0| = 7. It only has consequences on the calculus of the Jacobian.
Proposition 4. The cut-time in the nilpotent case is t = 2w (s = 2mwpo) for the

geodesics with 0] # %

Proof: first remark that, if we project a geodesic on the (z,y)-plane, it is an arc
of circle of length scos(f) for the Euclidean metric, and of radius pg cos(#). The
second thing is that w is the area described by the projection on the (z,y)-plane
(see figure 4).

Now, let us take a geodesic v with cos(f) # 0 and with pig < 2m. Let us suppose
that there is a shorter geodesic 4 between 0 and ~(s). First, ssin(f) = 5sin(0)
because they have the same z-coordinate at y(s). Because 5 < s, we found sin(f) >
sin(f). But, because of the isoperimetric inequality, and because v is an arc of
circle not closed, it is the smallest curve describing the area w. But 4 describes the

same area because w = w. Therefore cos(0) > cos(f)). This is in contradiction with
sin(#) > sin(#). Hence the geodesic « is the shortest pass between 0 and (s).
Now, if we take t > 27, the projection on (z,y) is no more a solution of the

isoperimetric problem so it cannot be optimal. |

Remark: for |f| = 7, the trajectory does not depend on ¢ or po. It is optimal
because any geodesic with |#| < 5 do not intersect the line {z = y = w = 0}.

Proposition 5. In the nilpotent case, the first conjugate time is t = 2w for the
geodesics with |0| # 5.
Proof: the Jacobian of exps is 2p§t cos(8)? (¢ cos(£) — 2sin(5)) sin(3). |

Remark: for || = §, the trajectory does not depend on ¢ or po, hence the first
conjugate-time is 0.
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As a consequence, in the nilpotent case, the first conjugate-locus is the plane
{z = y = 0} and the cut-locus is {x = y = 0} — {x = y = w = 0}. The figure 5
shows a part of the intersection of a wavefront with the 3-plane {y = 0}.

FIGURE 5. Wave-front

It is easy to show that the z axis is an abnormal geodesic, which is not strict.
Generically, there will not be this abnormal geodesic (see the paper from Agrachev
and Gauthier [A-G2]).

7. ESTIMATION OF CONJUGATE TIME

In this section, we prove the following:

Theorem 6. for any € > 0 there exists a n > 0 such that for all pg > 0 satisfying
po < n, then the Jacobian of the exponential map exps is positive for t €]0,2m — €]
and it has no more than 2 roots (counted with multiplicity) in 121 — €, 27w + €|.

To prove that the Jacobian of the exponential map is positive for ¢ positive close
to 0, we need the lemma;:

Lemma 1. With the new differential system and the normal form, one can compute
that:

x = pot + Lt* + £ (py — poroA cos(a) — r2 B cos(b) — 400 (X — 2A4sin(a))) + O(th),
y = qot — B2t* + (g2 + qoroA cos(a) + r§ B cos(b) + 242 (X + 2Asin(a))) + O(t4),
z =rot + O(t3)

p=po+t(%)+tp + O

q=qo —t(%3) + g2 + O(t%)

r=T7To + O(tz)
with:
p2 = —5(Aro(pocos(a) — gosin(a)) + qor0 + Bcos(b)ri + $po),
g2 = 5(Aro(posin(a) + go cos(a)) + 3poro + Bsin(b)rd — 1qo).

In particular, we can write x = x't + 2%t? + O(t3) with ' and 2 polynomial of
degree 1, with respect to the variable pg. We can do the same for y and z. The
same method allows to compute w and to write it w = wt> + w*t* + O(t°) with w?
and w* polynomial of degree 2 and 3, with respect to the variable pg.
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_
Proof: one just have to integrate by iteration the trajectories of H. Left to the
reader. |

Proof of the theorem: we will work on two different domains:

7.1. If cos(f) > Mpy, with M large enough (in the parameterization P; of
S2(po)). Because the parameterization is degenerate for cos(f) = 0, it is clear that
we can factorize cos(f) in the expression of the Jacobian. Computing the jets of
the Jacobian of exps, one can found:

4 cos(8) (cos(0)271 + po cos(6) jacs(t, ,0) + pRjace(po,t.2,)).
where Jy = t(sin(%) — 5 cos($)) sin($), jacs and jace are smooth functions.
Furthermore, the previous lemma 1 insure that we can factorize % in jacs and
in jacg. Hence we can write the Jacobian:

2
4,5 37 po Po T
4py t° cos(0)” (Ta(t) + COS(H)JCLCs(twpﬁHTS(H)QNCG(po,t, @, 0)),

where i(t) _ Gin(z)-3 ‘;‘f(%))sm(%) is smooth as well as ﬁz\c; and jacg. —£%- is
bounded by .
The function Jj is strictly positive for ¢ € [0, 2], :i(Zﬂ') =0 and il(Zﬁ) < 0.

Now, because jacs and jacg are bounded, as well as their derivatives with respect

to t, and because we can assume % small enough, then the Jacobian have the same

property as i: for any €1, it exists 7; such that, if #?@ < 11, the Jacobian has
only one root which is in [27 — €1, 27 + €;], where its derivative with respect to ¢ is
strictly negative. In fact it is possible to prove that, on this domain, the first time
can be written 2w 4 po7 with 7 smooth.

We have proved the theorem in restriction at this first domain. Let us prove it
on the second domain:

7.2. If 02 +p? < 2M?xp2 (in the parameterization P; of 5%(pg)). In that case,
we can make a change of variables: ¢ = BL;D and 0 = Bipo. Now, computations in
appendix show that we can write:

jac = pg(Ja(t, 57 95) + poja07(p0,t, 57 95))

with J, (denoted by FFF, in appendix) and jacy smooth. We show, in appendix
10.6, that for ¢t € [0,27], Jo > Jp (denoted by FFF} in appendix) where

JbZQSin(E)Q(M cos(3) + (12 — 12t7 +t*)sin(5) — 4sin(5))

2 t(%cos(%) —sin(%))

Let suppose as known that [, is strictly positive for ¢ €]0, 27| (we will show it
at the end of this section with lemma 2). Now, it is easy to show that we can write
Ty = t"J., with J. smooth and strictly positive for ¢ € [0,2n[: 7 is just the first

integer k such that 8;{” is not 0. Furthermore the lemma 1 allows to assume that

jacy can be written t7j/c;c/7, with j/c;c; smooth.

Hence, for any ea, if pp is small enough, then p§(J, + pojacy) is strictly positive
for ¢ €]0, 2T — €2]. But it minimizes the Jacobian for ¢ € [0, 27], hence the Jacobian
is strictly positive for ¢ €]0, 2w — eq].
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Now, computations show that (see appendix 10.6), if we set 6 = 0—6 sin(b) and
@ = @+ 6cos(b):

Jot=2m) = 0,
Yelt=2m) = —4x(2* +0),
aaga (t=27m) = 4n(18 —@? — 0% — 6(p + 70) cos(b) — 6(mp — 0) sin(b)).

Now if 62 + @*> < 0.0001 we have 885“( = 2m) > 4m % 17. And, because
{(6,9)]|0? + @* < 0.0001} is compact, it is also true for ¢ € [27 — €3, 27 + €3] with
e3 small enough. Hence, on the interval [27m — €3, 27 + €3], the Jacobian will be a
convex function of ¢, and hence it can not have more than 2 roots.

If 62 + % € [0.0001, M2, then %(t = 27) < —4720.0001. Because {(6, 9)|0% +
@2 € [0.0001, M2} is compact, it is also true for ¢ € [27 — €4, 27 + €4] with €4 small
enough. As a consequence, on the interval [2m — €4, 27 4 €4], the Jacobian will be
strictly decreasing, and hence it can not have more than 1 root.

Now, if we take, e2 = min(es, €4), we get the result: for pg small enough, the
Jacobian has no root in the interval ]0, 2m — €2] and no more than 2 in the interval
127 — €9, 27 + €2[. Moreover, because the Jacobian is positive on the interval ]0, 27 —
€2], its derivative is non-positive at the first conjugate time in the second interval,
if it has in the interval ]0, 27 + €3].

Lemma 2. The function:

=9 bm( 2 , (4t cos(5) + (12,5_ 12?2 + t‘%) 81:1(%) — 4sin(3L))
2 t(5 cos(3) —sin(3))
is positive for t €]0, 2.

Proof: sin($)?/(t(% cos() —sin(%))) is negative for ¢ €]0, 27| hence it’s enough to
prove that k(t) = (4t3 cos (%) (12 — 12¢2 + t*) sin(4) — 4sin(3L)) is negative for
t €]0,2n[. But £(0) = £’(0) = 0, hence it’s enough to prove that k” is negative for
t €]0,2x[. k7 (t) = (3t® cos(L) + (=27 + 3t* — t*/4) sin(L) + 9sin(3h)).

Let us remark that (—27 + 3t2 — t*/4) < 18 for any t.

First, if ¢ € [r,37/2], we have sin(%) > % and sin(3}) < % therefore k7 (t) <
8.9 <.
V2 V2 .
: t 1 9 3(37/2)
. <S<(3)condly7 if t € [37/2,27], cos(3) < -7 hence k7 (t) < f +IS =5+
Finally, for ¢ €]0, x|, it is a little more intricate. k” is equal to its Taylor series:
FU() = Yimg TOrE (3243 27 — (20 + 1)2i(16i2 + 24i — 4))

= P(t) + Y, CUE (325 — 27 — (20 4 1)2i(16i% + 24i — 4))

where P(t) = t"(po — pat? + pat* — pet®) with P(7r) < 0, po < 0 and pa7? < pg <
p471’4 < p67T6 < 0.

It is easy to show that >, (T (3243 _ 97 — (214 1)2i(16i2 + 24i — 4)) can

Y i>7 7 201

be written ) .. ,(—1)"a; where (a;); is a real sequence decreasing to 0, therefore it
is negative. For P, let us make the change of variable u = /7. then Q(u) = P(t) =
u’(qo — g2’ + gau* — geu®) with Q(1) < 0, go < 0 and g2 < go < ga < go < 0.
Q(1) < 0 implies —g2 < gs — qo — g4 hence we can write —ga = ¢g — qo — q4 — € with
€ > 0. Hence we find Q(u) = u”(1 — u?)(qo — qau? + geu?(1 4 u?) — eu?) which is
clearly negative. Hence P(t) < 0 and k”(t) < 0. |
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Conclusion: Joining the two cases, we can see that, for any positive € as small
as we want, if we suppose po > 0 small enough, then for any point of S?(pg), the
Jacobian is positive on the interval of time ]0,27 — ¢] and has no more than two
roots on the interval [27 — &, 27 + ¢]. The theorem is proved on both domains.

8. THE FIRST CONJUGATE LOCUS

In this section, we prove the following:

Theorem 7. For py > 0 small enough and for any initial condition (p,0) in S%(po),
there is a first conjugate time T.(po, p,0), the exponential map is locally Lagrange
stable at (po, @, 0, Te(po, @, 0)) and the only singularities existing are Az, As, and
Df.

For this, we work on the jets of the exponential map, computing with Math-
ematica. We separate four sub-domains of the set of initial conditions S2x]0, 7],
which union is S?x]0,7[. We need to work on different domains, first because we
need the parameterization to be smooth (this implies at least two domains); second
because on some part we know a priori the existence of conjugate time and on
some other we do not; and third because of the geometry of the problem: close to
the abnormal direction of the nilpotent approximation, the computation is different
because the first stable jet of the exponential map appears at a higher order than
for other initial conditions.

The domains will be defined as follows:

e First domain (with parameterization P;): 6 € [-%, Z].
e Second domain (with parameterization P1): 0 € [~5 + Mapo, —5|U[§, 5 —
Maspg], Ms being defined later. In fact we will work only on the second
interval, the calculus being the same on both interval and giving the same

results. )
e Third domain (with parameterization Ps): {(6 — M)Q + (¢ +

3Bpo COb(b)) < 2M2p }m {( 3Bpo sm(b)) + (SO"V‘ 3Bpo cos(b)) > M4p0} M,
being defined later. In fact, we should also consider the symmetric domain
but, as for the previous domain, the computations are the same and leads
to the same results. _
e Last domain (with parameterization P3): {(6 — MF + (¢ +
M)Q < Myp3}. As, in the two previous cases, we could consider
also the symmetric domain but it does not bring anything more.

Let us remark that the union of the four domain is really the complete sphere if
we fix My large enough.

The singularity D), which doesn’t appear in the generic cases of contact sub-
Riemannian structures of dimension 3 (see [A-C-G-K]), appears in the last domain,
close to the abnormal direction of the nilpotent case.

8.1. First domain: ¢ € [-%,Z] in P;. We have proved in section 6 that, in this
domain, the first conjugate time exists and is close to 27. But then, the Nilpotent
approximation allows to check that w = $p? cos(6)2(t — sin(t)) + p3Ws(t, ¢, 0, po),
hence, close to t = 27, we have w > 0 and g—p“; > 0. Consequently we can change the
variable pg for h = \/g . Now, on the domain, thanks to nilpotent approximation,
we can check that, close to t = 27, we have M > 0 hence we can change 6

for z. In fact we will use the variable 6y = aurctan(2 ).
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Now, if we denote by exps the new exponential map (after the double change of
variables), we have:

exps(h, by, @, t) = (z(h, 00, ,1t),y(h, 00, 0, 1t), 2mh tan(fy), 7rh2),

hence we just have to annihilate the Jacobian of expng, : (¢,t) —
(z(h, 0o, ,t),y(h,0,p,t)) to find the conjugate time.

We set T' = % and we compute with the jets of the Jacobian of expy g,. We
find (in appendix 10.7) T =Ty + h Tz + O(hfy, h?), where:

71 = 2m(mA—3Acos(a+ 2¢))tan(fy),
T, = Z(—135A%+472F;, 4+ 12F1m — 15)% — 272\? + 72F3sin(f3)).

We want to study the first conjugate locus at (h, 0o, po) hence we set 7 =T —
(T1(h, 09, o) + h*Ta(h, 0y, o)) and ¢ = ¢ — @o, and we still denote by expy, g, the
restricted exponential map. The computations of 10.7 show that we can write:

expn o, (P, 7) = €Pna, (3, 7) + O(h*0o, h*),

where, if we make a good affine change of coordinates on (z,y) (depending on the
point we are looking at) and a good polynomial change of the variables (7, @) fixing
(0,0), we have:

i R 1 ., X i
eTPh0, (¢, 7) = (h*T, h2¢7+z(<ﬁ2k(<ﬂo)+§<P3k(<ﬂo)))+h29004(%7')+h304(%T)

and

k(po) = —36Amsin(a + 2pp) tan(6p) + wh(72F5 cos(fs — 2¢0) + 24F5 cos(fs + 2¢0)

—48F5 sin(2p0) + 45A\ cos(a + 2¢p)).
8.1.1. Let us first assume that 8y # 0. Then, denoting 7 = m, we can write:

h
~ ~\ 72 ~ ~ ~ ~
exph,0,(P,7) = h” tan(6o)(app(p, 7) + 7tan(90)ﬁ’(h, 60, P,7)),

where

L~ .. 1, 1 _4- -
app : (§,7) = (7,67 + 2 (P*k1(po) + 37°k1(0))) + O'($,7),
k1(p0) = —36Amsin(a + 2¢p) and all is smooth. The map app has singularity Ay
when k1 (¢o) # 0 and Az when k1(pg) = 0.

Now, let us consider the map:

o BT 7y + L Rhtan(b), 00,5, 7).

(. 7) = h2 tan(fo) tan(fo)
It exists 71 such that if |m| < m; then this map is locally equivalent to app.

Therefore expy,g, is locally equivalent to app.
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T

8.1.2. Now we assume h > n1 tan(fp). If we denote 7 = 7, we can write:

€XPh,00 (957 :7:) = h’3 (a’pp2 (957 :7:) + h’RQ(ha 907 957 %))a

where:
L. .1 1 _5.- -
apps : (3,7) = (7,67 + 7 (Zka(p0) + 37°k2(90))) + O (3, 7),
kz((po) = —36Am Sin(a + 2@0) tan(ﬁl) + 7T(72F3 COS(fB - 2(,00) + 24F3 COS(f3 + 2(,00)
—48F» sin(2¢pg) + 45AX cos(a + 2¢p))
and htan(61) = tan(fp) which implies | tan(61)[ < ;-.
Lemma 3. For all 81, ke is not identically equal to 0.
Proof: we have:

ka(po) = 7cos(2¢0)(—36Asin(a) tan(61) + (96 F3 cos(f3) + 45 A cos(a)))+
+7sin(2p0)(—36A cos(a) tan(6) + (48F5 sin(f3) — 48Fy — 45 Asin(a)))).

The function ks can be identically equal to 0 only if the coefficients of cos(2¢g) and
sin(2¢g) can be 0 together. And this is possible only if the matrix:

Asin(a) 96 F5 cos(f3) + 45A cos(a)A
Acos(a) 48F5sin(f3) — 48Fy — 45Asin(a)A

has rank 1. But this condition is obtained only if Znv = 0 which is not the case for
us because of the assumption we made in section 4. ]

Let us assume that we are in the generic Situation. Because ko satisfies k§+4k2 =
0 and is not identically equal to 0, k2(po) and ka2(po) can not be both equal to 0.
Consequently the map apps has singularity As when ko(¢g) is not zero and As
when ka3 (o) is zero.

Now let us consider the map:

oo~ ETPp,0, (P, T S .
(.7) > STPLBT) (7)1 hBs(h, B0, 5,7).

It exists 72 such that if 0 < h < 75 then the previous map is locally equivalent to
appz. Hence, if 0 < h < 15 then expy, g, is locally equivalent to apps.

We have proved that for any (6, ) such that § € [-%, Z], it exists 7(6, ) such
that if 0 < pg < 1(0,¢) then the exponential map is locally equivalent to its jet
at (po, 8,0, Te(po, 0, )), and have singularity Ay or As. But the set of (6, ¢) such
that 0 € [-%, %] is compact hence we can find n such that if 0 < po < 7 then
the exponential map has only singularity As or Ajs in the domain. The theorem is
proved in the first domain.

8.2. Second domain: 0 € [§, 5 — Mapol, again in P;.

As before, thanks to previous section, we know the existence of a first conjugate
time which is close to 27 hence the nilpotent approximation allows to check that
g—pzo > 0 close to the conjugate time if pg is small enough. We change the variable
po for z. We denote by expy the new exponential map after this change of variable

and we have:
exp4(z7 57 QO? t) = (I(z’ 57 <p7 t)? y(z7 5’ ()07 t)’ Z’ w(z7 57 QO? t))?
hence we just have to annihilate the Jacobian of

(0,0, 1) — (2(2,0,0,),y(2, 0, 0,t), w(z,0,0,1))
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to compute the conjugate time. We denote by ¢ its value of order 1 (computed with
the jet) with respect to z and we set 7 = t—t;. We also change 6 for h = tan(f) and
@ for = p — pg. We study exp, in a neighborhood of (z, h, ¢, 7 = 0). Forgetting
the z-coordinate, we can write:

e$p47z(h7 957 T) = ZQ(CLPPB,l(ha 957 T) + (ZfE3, 2Ys3, Zh,U}3 + 22w4))~

with x3, y3, ws and ws smooth. After some affine changes of coordinates on (z,y)
(depending on the point we are looking at) and polynomial changes of the variables
@ and 7 fixing (0,0), the computation of 10.8 gives:

Clppg)l(h, &a T) = ('T(Zv h7 6’ T)a y(za h7 §5a T)v ’LU(Z, hv &7 T))

with
2z h3r) = M,
y(z,h,,7) = —h@(—2t+6AZ> cos(a;‘;fgoo)+9A$sin(a+2gp0)),
w(z, h,p,7) = %.
Now, w = 24217};2 1+ Wi+ Z_ZW2) with Wi and W3 smooth. Therefore, because

W1 and Wsare bounded on the domain, if | 7| is sufficiently small then w > 0 and we
have h = 1/ e — p(1 +W) with W a O(z, 7 and hence we can write h = h(1+H)

with H = O(z, ). My is fixed such a way 7 is small enough on the domain. Now
we can write:

emp4,z(7i7 &7 T) = 22 (a’pp:i,l(fﬁa 67 T) + (Z'T3a 2Y3, 0))7
with

hr —he(—2t + 6A%2 cos(a + 2¢0) + 9AF sin(a + 2¢0)) A2
app3,1 - (%7 47_[_ 75)

Therefore the singularity of the jet is Az or As (if sin(a + 2¢g) = 0, and then, if z
is small enough, the singularity of the exponential map is A5 or A3z at the point we
consider. But the set of (6, ) of the domain is a compact set hence we can conclude
that on the domain there is a 7 such that if 0 < z < n then the exponential map
has first singularity Ay or Asz. Because py =< z, we find the same condition on pg
on the domain. The theorem is proved on the domain.

From now, we use the second parameterization of S2.

Remark: in the sequel, we change a little our point of view. In the two first
domains, we knew the existence of the first conjugate time and the jets allowed to
estimate it. From now, we don’t know a priori the existence of the conjugate time.
We have informations about it in the case it exists but we don’t have yet the proof
of its existence. Hence we first study the jet, we find that it has first conjugate
time for any initial condition, we prove that its singularity at this first conjugate
time is stable, and finally, by stability, we obtain that the exponential map itself,
as a perturbation of the jet, has also singularity, of the same type.

8.3. Third domain: we look at the conjugate time of the jet close to 27. First,
as for the previous domain, we can change pg for z and ¢ for 7 = ¢t — 2.

Because we can ask pg to be as small as we want, then |1 — pi| can be as close
to 0 as we want on the domain. Therefore we can define this third domain with pg
or z equivalently.
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Then we change 6 for § = —M—L sin(l)+¢, ¢ for ¢ = 3B+‘DS(Z))—L cos(l)+%
and 7 for 7 = T — A + 3Acos(a + 2I) (hear, L and [ determine the point we are
looking at in the domain and z(7A — 3A cos(a + 21)) is the conjugate value for the
variable 7 computed with the jet).

Remark: now the domain can be contained in the set of (L,I, z) such that L €
[@, 2Ms] if pg is small enough.

After a linear transformation depending on z one can find (we forget the z-
coordinate):

5 ~ o~ 5 ~ o~ z z z
exps(2,0,0,7) = appa(0, 9, 7) + (Exéla zy47 ﬁw5)7

where x4, y4 and ws are smooth functions. We make an affine change of coordinates
on (z,y,w) depending on (L,l,z) and some polynomial changes of the variables
(0, ,7) fixing (0,0,0) (see appendix 10.9) and we find:
e when a + 21 = 7[2x], then:
appa(0,3,7) = (2425 - 3*)F, 0(3A6° +7),5) + 0*(8,5,7).
= 0.

appy4 has singularity As at 6=p=7

e when a + 2] = 0[27], then:
appa(0,3,7) = (2+ 25 — 327, 0(—3A40% + 7),3) + 040, 5, 7).

appy has singularity As at = p=7=0.
e when sin(a + 21) # 0 then:

C(aapm Oappy 8app4) _0
dp 7 Ot T 90
and )
Oappy Oapps O0”appy

This prove that appy has singularity A, at g = p=7=0.

Now, at each point of the domain, we have that if + is small enough then the
exponential map is equivalent to its jet hence it has the same singularity. The set
of (L,l,z) such that L € [@,ZMQ] being compact, there is a common 7 such
that if ¥ <, then the first singularities of the exponential map are Ay and Aj.

8.4. Last domain. In this case, we make the changes of variables as for the third
domain, to introduce L and [. Then we change z for U?, L for L= %, 0 for ¥ = %
and ¢ for ¢ = §&.

Remark: now the domain can be contained in the set of (Z, [,U) such that Le

[0,2y/313).
After a linear transformation on the exponential map (depending on U), we
get(we forget the z coordinate):

exps = apps(V, ¢, t) + U(xs, ys, wi1),

where g, ys and wi; are smooth functions. B

After some linear changes of coordinates on (z,y,w) depending on (U, L,1) and
some polynomial changes of variables fixing (¢ = 0, = 0) and sending the conju-
gate time for the jet to 0 (see 10.10), we find:
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o If a + 2] = 0[27]:
apps (9, ¢, t) = (Ap, t9 — 6AT393, 1) + O*(9, ¢, 1),

hence apps has singularity As aLtN(O7 0,0).
o If a + 2] = n[27] and 27AB? — 2273 < 0:

apps (9, @, 1) = (—Ap, t9 — 6AT393,t) + OY(0, ¢, 1),
hence apps has singularity As aLtN(O7 0,0).
o If a + 2] = n[27] and 27AB? — 2L%73 = 0:
apps (9, o, 1) = (t, Apd, 3A(3¢? +9%) 4 2pt) + O (W, p, 1),
hence apps has singularity D} at (0,0,0). N
e If a + 2] = 7[27] and 27AB? — 2L2%7% > 0 and L > 0:

(3app5 Oapps Oapps
99 ot ' oy

)=0

and

(3app5 dapps 32app5) 40
09 7 ot 7 92 '
This implies that apps has singularity Ay at (0,0,0).
e If sin(a + 21) # 0 and L>0: apps 5 is such that, if we denote apps =

(Z,9,w), v1 = %, Uy = g—g and if we use the new variables # and @

such that ¥ = v10 + v2¢ and ¢ = —v1p + v2f, then a‘g—’g’s = 0 but

Det(a’g’;’“, aaa’?’f‘, 82‘?55) # 0, which implies that apps has singularity As
at (0,0,0).

In all the different cases, expg can be seen as a lagrangian perturbation of a stable
lagrangian map. The set of (E, l) being compact, we can find n such that if U < ¢
then for any (Z, [,U), we have that the exponential map has only singularities of
type Az, Az or D at the first conjugate locus. Therefore there is a 1’ such that if
po < n' we have the same conclusion.

This ends the proof of the theorem.
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9. IMAGES OF THE CONJUGATE LOCUS

In this section, we present some pictures of the intersection of the first caustic
with two special 3-subspaces of R*.

In figure 6, one can find pictures of the intersection of the caustic with {z = 2o}
with 29 # 0. One can see two singularities of type D where two of the lines of
cusp points stop.
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FIGURE 6. Pictures corresponding to the last domain



