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THE ISING MODEL’S LOW TEMPERATURE REPRESENTATION AND PHASE TRANSITION

Spontaneous symmetry Low-temperature representation
breaking at low A low temperature favors the alignment of nearest-neighbour spins.
temp eratures Therefore the contours, which are lines that seperate regions of + and
| | . — spins, should be sparse. This geometric observation is used, for the
It 1s shown tdhat for th? ne@rest—nelghbour Ising case d = 2, to derive an expression of 3, 3 called the low-temperature
model on Z° the critical inverse temperature representation. Peierls’ argument

B.(d) satisfies B.(d) < oo, for all dimensions
d > 2, implying that the model undergoes a

_ oy 2 +
phase transition at low temperatures. Let B, = 1—n,..,n}" For any w € {1p, let

['(w) be the set of contours of w as in Fig.1.
For all 5 > 0 and any contour ~,
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The Ising model

For a finite subset A C Z%, the set of configura-
tions is 0y = {—1,1}*. The spin o; at vertex
i € Z is the random variable giving the value of
the configuration at vertex 1.

The interactions among spins in the nearest-
neighbour model are only between neighbouring
spins and favour agreement of spin values.

The distribution of configurations, with (+)
boundary, is given by the Gibbs measure ,uX; 5

Extension to higher
dimensions

revd0000000008L
40/ 60100 ol ole oo oo 0]
PONSSECHGINGIEG=
4l LT 4o oo ol ole

14 ¢ o0 00 ol elo 0 o0leole
POSOGIVNNOGIE=I

POOGIGINSNET=I
076 6-0/616140-06 0000 0o
ror=I00000000004
v r il r r r r 1r 1 1v T T

MIOOSNONNOSETTS
rO0CHOGFIO0NOCS

o
o
e
)®
)e
e
3l
X
e
e
)®
e
hdh

rwO00NG-I00008

One may extend 7, g on all of 7 to the infinite

volume Gibbs state, under which, expectation
shall be denoted <>;

Using the two-dimensional low temperature rep-
resentation and Peierls’ argument, it is shown
that £.(2) < oco. This analysis is extended for
all d > 3 by embedding Z% into Z*! and using
the GKS inequalities to show that S.(d) is non-
Phase transition and the ncreasing n

critical temperature

We say that a phase transition occurs at temper-
ature [ if at least two distinct Gibbs states can
be constructed at 5. The spontaneous magneti-

sation m*([3) is defined to be m*(3) = <00>;

N i References
and the critical inverse temperature B.(d) = ) e
inf{5 > 0| m*(8) > 0. o model, Theony of Probabiity & Tis Appiications, 10(o 105213, 1068, "

[FV17] Sacha Friedli and Yvan Velenik. Statistical Mechanics of Lattice Systems: A Concrete
Mathematical Introduction. Cambridge University Press, 2017.

[Gri64] Robert B. Griffiths. Peierls proof of spontaneous magnetization in a two-dimensional ising
ferromagnet. Phys. Rev., 136:A437-A439, Oct 1964.

Flg. 1: Given the contrours of a configuration, which are paths on the dual lattice, it may be uniquely reconstructed. [Pei36]  R. Peierls. On ising’s model of ferromagnetism. Mathematical Proceedings of the Cambridge

Philosophical Society, 32(3):477481, 1936.



