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Introduction

These lectures will be devoted to Semi-Classical Trace Formulae (SCTF). The
aim of SCTF is to derive properties of the eigenvalues of a Schrodinger operator
H,, in the semi-classical regime where h, the Planck constant, is very small. From
the mathematical point of view, h will tend to 0. The formal idea is to compute
the trace of a suitable function of Hj in two ways

e Trace(f(H,)) = >_; f(E;(h)) where E;(h) are the eigenvalues of H,

o Trace(f(H,)) = fX[f(]:Ih)](x,x)|d:p| where [A](x,y) denotes the Schwartz
kernel of the operator A.

Then comes the hard part which is to find suitable formulae or approximations
to [f(Hp)|(x,y) using methods of partial differential equations.

For example, if A, is the Laplace operator on a compact Riemannian manifold,
we start with H = %QAg. There are several possibilities for f:

o f(E) = e *f which corresponds to heat equation

o f(E) = e itV2E/h — ¢~/ A9 which corresponds to the wave equation



o f(E) = e /" which corresponds to the Schrédinger equation.

The trace of heat kernel > exp(—th?);/2) where \; are the eigenvalues of A,
admits as h — 0 (or t — 0 with A = 1) an asymptotic expansion whose coefficients
are related to locally computable quantities like curvature and see nothing about
the classical dynamics [BGMT71].

Wave equations give the more natural results for the Laplace operator, but
are working only for the Laplace operator. Moreover they make a strong use of
Schwartz’s distributions [Du-GuT75].

We will use Schrodinger equation. Our goal is to derive a rather elementary
proof which is not using the full symbolic calculus of Fourier integral operators,
but only the metaplectic representation.

We will start with a more simpler type of operator which is the quantization
of a twist map and then see how to reduce the Schrodinger case to the previous
case.

There will be three main parts:

1. We will first write a trace formula for a Fourier Integral Operators U
associated with a twist canonical transformation: the Schwartz kernel of
such an operator admits a WKB form and the asymptotics of the traces
ty := Trace(U") can be derived from the stationnary phase approxima-
tion. The main result is a rather explicit asymptotic expansion involving
the fixed points of x.

2. From the previous formula, we will derive a trace formula for Schrodinger
operators in the semi-classical limit and the expression of the smoothed den-
sity of states known as Gutzwiller formula. Gutzwiller formula expresses the
smoothed density of states in terms of periodic orbits of the classical limit
which is an Hamiltonian system. We will need the short time asymptotic
of the propagator which goes back to Lax and Hérmander [La57, Hor68].

3. One of the main difficulties is the computation of the stationnary phase
expansions. We will show how the calculus of determinants can be achieved
using the metaplectic representation. In particular, we will give formulae
for some determinants of discrete Sturm-Liouville operators (Jacobi type
matrices) which goes back to a formula of Levit and Smilansky [Lev-Smil77]
in the continous case (see also [K-T91]).

1 About the history

SCTF has several origines : on one side, Selberg’s trace formula [Sel56] is an
exact summation formula concerning the case of locally symmetric spaces; this
formula was interpreted by H. Huber [Hub59] as a formula relating eigenvalues



of the Laplace operator and lengths of closed geodesics (also called the “lengths
spectrum”) on a closed surface of curvature —1.

On the other side, around 1970, 2 groups of physicists developped indepen-
dently asymptotic trace formulae:

M. Gutzwiller [Gut71] for the Schrédinger operator, using the quasi-classical
approximation of the Green function; it is interesting to note that the word
“trace formula” is not written, but Gutzwiller instead speaks of a new
“quantization method” (the old one being “EBK” or “Bohr-Sommerfeld
rules”).

R. Balian and C. Bloch [BB70, BB71, BB72| for the eigenfrequencies of
a cavity use what they call “multiple reflection expansions”. They asked
about a possible application to Kac’s problem.

At the same time, under the influence of Mark Kac’s famous paper [Kac66]
“Can one hear the shape of a drum?”, mathematicians became quite interested
into inverse spectral problems, mainly using heat kernel expansions (for the state
of the art around 1970, see [BGMT71]).

The SCTF was put into its final mathematical form for the Laplace operator
on compact Riemannian manifolds without boundary by 3 groups:

In my thesis [CdV73a, CAV73b], I used the short time expansion of the
Schrodinger kernel and an approximate Feynman path integral. I proved
that the spectrum of the Laplace operator determines generically the lengths
of closed geodesics

J. Chazarain [Cha74] derived the qualitative form of the trace for the wave
kernel using FIO’s

Using the full power of the symbolic calculus of FIO’s, H. Duistermaat
and V. Guillemin [Du-Gu75] were able to compute the main term of the
singularity from the Poincaré map of the closed orbit. Their paper became,
at least for mathematicians, the canonical reference on the subject.

After that, people were able to extend SCTF to:

General semi-classical Hamiltonians [Br-Ur91, Mei92]
Manifolds with boundary [Gu-Me79]
Surfaces with conical singularities and polygonal billiards [Bo-Pa-Sc00, Hill02]

Several operators commuting operators [Cha-Po99]

Recently, people [Gu96, Zel97, Zel98] become able to say something about the non
principal terms in the singularities expansion which come from the semi-classical
Birkhoff normal form.



2 The trace formula for a quantized twist map

2.1 Twist maps

Definition 1 A twist map is a canonical diffeomorphism x : V. — W where V
and W are open sets of the cotangent bundle T*X of a smooth d—manifold X,
which satisfies: the projection m : I'y, — X x X where Iy, is the graph of x is a
diffeomorphism of I'y onto an open subset Q2 of X x X.

The twist map x will be called exact if the closed form o, which is the re-
striction of the the Liouville 1-form {dx — ndy of T*(X x X) to I'y is ezact.

We will call S : Q@ — R any function which satisfies dS = «,,. Such a function
S is called a generating function of .

A locally twist map is a canonical diffeomorphism x : V. — W wich is locally
a twist map.

If x is a twist map with generating function S, we have

oS oS
X5 =50

Also, if A := x/(20) is the derivative of y at the point zy and if y is twist
at zg, A is a twist linear map whose generating function is the Hessian of the
generating function S of y at the point (xg, o) corresponding to z.

Example 2.1 (Twist maps of the annulus)
This is a much studied example since Poincaré and Birkhoff (see [Be94]). We
take X = R/Z:

e The Poincaré map P of an elliptic periodic orbit of an Hamiltonian system
with 2 degrees of freedom: the map P admits in the generic case a so-called
Birkhoff normal form

P:(0,p) = 0+ F(p) +0(p™), p+0(p"))
and hence is a twist map of the annulus for p close to 0 if F’(0) # 0.

e The Frenkel-Kontorova map x(y,n) = (y + a(y) + n,a(y) + n) is a twist
canonical map which is exact iff a(y) is the derivative of a periodic function
f(y). In the latter case, we can take

Sa,y) = 50— 0+ (o)

e The billiard map: if X is a smooth convex billiard plane table, the return
map, T'(s,sinf) = (s',sin ) where s is the arc length and 6 the incidence
angle on the boundary at the point m(s), contains the main part of the
dynamics and is a twist map [K-T91]. It admits the distance S(s,s’) =
d(m(s), m(s")) as a generating function.
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Example 2.2 (Small time flow of a regular Lagrangian) Let us start with
a Lagrangian L(z,v) : TX — R and assume that the Legendre transform Leg :
(z,v) — (z,%) is a global diffeomorphism from 7X onto T*X. Let ¢; be the
associated Hamiltonian flow: ¢; : T* X — T*X. If V C T* X is an open bounded
set, the flow ¢ restricted to V' is a twist map for ¢ # 0 small enough.

The proof: consider the expansion

OH
ei(y,m) = (y +t—-

e )+ O(). = 15 (1) + O(¢)

and apply inverse function Theorem using the fact that 2 52 15 1nvertible.

Let us consider the open set 2 C X x X as before, for any (x,y) € §2 there
exists an unique extremal curve %y [0, t] — X from y to x so that Leg(y,¥(0)) €
V. The action integral S(x,y) fo (Yay(8); Yay(s))ds is a generating function
for o, : V. — W.

A more specific example:

Example 2.3 (X, g) is a Riemannian manifold, Q : X — R, L = $|v|* - Q(x),
H = 1|¢* + Q(z) and Qs = liminf, oo Q(z). We can take E < Qo and
V={H(y,n) < E}.

If Q =0, we have S(x,y) = d*(z,y)/2t where d is the Riemannian distance
and we can take Q = {(x,y)|d(x,y) < p} where p is the injectivity radius of (X, g).
In this case, the map (y,n) — x(vi(y,n)) is the exponential map: x = exp(y, tn).
wr 18 locally twist near (y,n) with x = exp(y,tn) if © and y are not conjugate
points along the geodesic vy(s) = exp(y, stn), 0 < s < 1.

2.2 Quantizations of a twist map

We will consider, for & > 0, an operator U}, : L?*(X) — L?(X) whose (Schwartz)
kernel is )
Un)(w, y) = (2mih)~a(w, y)s(z, y)e /" dedy|2

with a € C2°(Q) and s(z,y) = |det(8§7y5)|%. The fonction s is a normalization
which makes U}, unitary in case a = 1 and S is quadratic (see Section 4.2).
The operator U is smoothing, with compactly supported kernel and is called a
quantization of x. It would be nice to know about its spectrum in the semi-
classical limit!

It is interesting to note that in general U} is not a normal operator. It would
imply, by stationnary phase approximation, that, if a(y,n) = a(z,y) with (z,£) =
X(y,7n), then |a| is constant along the trajectories of x which is impossible if they
escape to infinity!

An important exception will be ¢(H)exp(—itH /h)) with H a semi-classical
Schrédinger operator and the support of ¢ is contained in | — 0o, E[ (see Section
3.1).



2.3 Discrete Feynman path integrals

One way to get some informations on the eigenvalues of U is to derive “trace
formulae” expressing the asymptotic behaviour of ¢y := Trace(U") as h — 0.
We can formally write [UN] and ¢y as discrete Feynman integrals: a path ~y
of length N will be a sequence (y = xg, -+ ,x = xxn) with (zg, zx11) € Q. We
will denote by P, the set of such paths with the measure |dvy| = |dz; - - - dzy_4].
The action of the path v = (y,--- ,z) will be S(vy) := S(z,2n-1)+-- -+ S (21, 9).
We have
0¥ = (2mim) N2 [ eSO A ). )

PY,
and
by = (2mih) N9/ / da ( / ef’%swwcm) . 2)
X Pé\fz

Using Fubini and defining P" as the set of periodic sequences (zq, 1, -+ , Ty_1,To),
so that Vi, (x;,z,41) € 0, we get

ty = (2mib) 2 [ eSO

PN
We will evaluate the previous expressions by the stationnary phase.
Lemma 1 e The critical points of S(7) : P,Y, — R are sequences (y,x1,- -+ ,Tn_1,)

which are the projections of orbits x*(y,m), k =0,--- N —1: x*(y,n) =
(zr, &k)

e The critical points of S(xg,x1, - ,TN_1,%9) are the projections of closed
orbits sitting in V.

Proof.—

Let us define {g = —05S(z1,y) andfork =1,--+ | N, & = 015 (xp, xp—1)-
The criticality condition is, for all k =1,--+ | N — 1, 055 (241, Tx) =
—01S (g, xx—1) which is equivalent to say that, for k=1,--- /N —1,
we have (Tpt1, {rg1) = X(T, &k)-

The same argument extends to the cylic case.

2.4 Non degeneracy

There are several possible non degeneracy assumptions. They can be formulated
“a la Morse-Bott” (critical point of action integrals) or purely symplectically.



Definition 2 Two submanifolds Y and Z of X intersect cleanly iff Y N Z is a
manifold whose tangent space is the intersection of the tangent spaces of Y and
Z.

A diffeomorphism F' admits a clean manifold of fized points if the graph of F
intersects cleanly the diagonal.

A manifold Z of critical points of a function f is Morse-Bott ND if the Hessian
of f is ND transversally to Z.

We will need the

Lemma 2 Using the previous notations, X~ admits a clean manifold W of fized
points if and only if the action S(x1,xq, -+ ,xN_1,21) admits a Morse-Bott ND
critical manifold.

The following statement will be explained in Section 4.4:

Lemma 3 (Canonical measures) If W is a clean manifold of fized points of
a symplectic map, W s equipped with a canonical smooth measure dpiy .

2.5 Van Vleck’s formula

Theorem 1 Let us give x,y € X so that X" is a locally twist map near each
(y,n) so that XN (y,n) = (z,.) (which is true for almost all pairs (z,y) thanks to
Sard’s Theorem), we have

[UN(z,y) ~ (2mih)~%? <Z |det8§y5a|%e_i““”/ZeiSO‘/h Z B;‘h])
« 7=0
where

o « labels the solutions of XV (y,m.) = (z,.) We will denote by v = (2§ =
y,x$, -+ oy = x) the projection of the trajectories: xX*(y,na) = (2, £2)

® ji is the Morse index ' of S(v) : Py, — R for the critical point q.

o S.(z,y) = kN;(} Sz, 27), with 2% = x, 2§ = y (a local generating
function for xV)

o By = HkNg)la(xz‘+1,xg).

Proof.—

This formula is a consequence of stationnary phase (Theorem 9) and
of the formula for the determinant of a Jacobi matrix (Theorem 11).

g

'The Morse index of a critical point = of a smooth function F : X — R is the maximal
dimension of a subspace of the tangent space 7, X on which the hessian of F' is < 0
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2.6 Trace formulae

We get:

Theorem 2 Let us assume that x admits (a finite number of ) clean connected
manifolds W, of periodic points, i.e. points satisfying X (z) = z. We get the

following asymptotic expansion of the trace ty:

ty := Trace(UY) ~ Z(Qm’h)_”a/Ze_iL“”/QeiS(W")/h <Z A?‘hj> ,
=0

«

with

A5 = [ I alr(0d (). 000 ()

[e3

with dp, 1s the canonical measure on W,

e v, =dimW,

e 1, is the Morse index of the action S(vy) on the periodic path ~y, = (xg, 1, - - -

l‘o)

Proof.—

The proof is by application of the stationnary phase for ND critical
manifolds (Section 4.1) and computation of the canonical measure
(Section 4.5).

In general, it is difficult to extract precise informations on the asymptotic
behaviour of the eigenvalues of U, from the trace formula. We will now see that

the situation is much better in case of a flow U(t).

3 'Trace formula for Schrodinger operators

The purpose of this section is to describe the so-called “semi-classical trace for-
mula” (SCTF) relating the spectrum of a semi-classical Hamiltonian to the pe-
riods of closed orbits of its classical limit. We will mainly describe the case of
the Schrodinger operator on a Riemannian manifold which contains the purely

Riemannian case.

y TN =



3.1 Schrodinger operators on Riemannian manifolds
3.1.1 The Laplace operator

Let (X, g) be a smooth compact connected Riemannian manifold of dimension
d. Let us denote by |dz| = |g||dz; - - - dxg4|, with |g| = y/det(g;;), the canonical
volume element on (X, g) and L*(X,|dz|) the associated Hilbert space. There
exists a canonical symmetric differential operator of order 2, the Laplace operator
on (X, g), denoted A,, which is given in local coordinates by:

Ay = —|g|7'0ilglg”0; .

Beause X is compact, A, admits an unique self-adjoint extension and L*(X, |dx|,)
admits an orthonormal basis of (smooth) eigenfunctions. It will be convenient to
label such a basis by integers (¢;,j =1,---) so that Ayp; = A;p,; and

)\1:0<)\2§)\3§...§)\j§...

with A; — co. Note that the sequence ()\;) is uniquely defined, but the ¢; are
not unique, only the eigenspaces are.

With the exception of a very few cases (compact rank one symmetric spaces,
tori) the eigenvalues are not explicitely computable.

It is known (Weyl’s law) that A; ~ cq(vol(X)~%/452/? with c¢; > 0 an universal
constant.

The goal of the SCTF is the description in terms of the geodesic flow of some
asymptotic properties as j — oo (the classical limit) of the eigenvalues of A,.

3.1.2 Semi-classical Schrodinger operators

If (X,g) is a (possibly non compact) Riemannian manifold and @ : X — R a
smooth function which satisfies liminf, .. Q(z) = Es > —oo, the differential
operator H = %hQA + @ is semi-bounded from below and admits self-adjoint
extensions. For all those extensions the spectrum is discrete in the intervall
| — 00, Ex] and eigenfunctions ﬁcpj = F;p; are localized in the domain @) < Ej.
If X is compact and Q = 0, we recover the case of the Laplace operator.
We will denote by
inf Q < Ey(h) < Ey(h) <--- < Ej(h) <--- < Ey

this part of the spectrum.

The SCTF can also be derived the same way for Schrédinger operators with
magnetic field ... One can even extend it to Hamiltonian systems which are not
obtained by Legendre transform from a regular Lagrangian. In this case, Morse
indices have to be replaced by the more general Maslov indices.



3.2 Classical dynamics
3.2.1 Geodesics

The geodesic flow G, of (X, g) is defined as the following 1-parameter group of
diffeomorphisms on the tangent bundle TX: Gy(xo,vo) = (4, v¢) were t — zy is
the geodesic of X so that z(t = 0) = zy and &(t = 0) = v and v; is the speed
at time ¢ of the previous geodesic. It is well known that the geodesic flow can
also be described using the Hamiltonian formulation. On 7% X, one consider the
Hamiltonian Ho(z, &) = 3[|€]|2 and will still denote by G, the geodesic flow on
T°X.

3.2.2 Newton flows

Euler-Lagrange equations for the Lagrangian L(x,v) := 3|jv[|2 — Q(z) admit an
Hamiltonian formulation on T*X whose energy is given by H = £]|¢]|2 4+ Q(x).
We will denote by Xy the Hamiltonian vector field

OH OH

Lj

Preservation of H by the dynamics shows immediately that the Hamiltonian flow
®, restricted to H < E, is complete.

3.2.3 Closed orbits

Definition 3 A closed orbit (v,T) of the Hamiltonian H consists of an orbit v
of Xy which is homeomorphic to a circle and a nonzero real number T so that
Or(2) =z for all z € v. T will be called the period of .

We will denote by To(y) > 0 (the primitive period) the smallest T > 0 for
which ®7(z) = 2.

o The (linear) Poincaré map 11, of a closed orbit (v,T") with H(y) = E: we
restrict the flow to Sgp := {H = E} and take an hypersurface ¥ inside Sg
transversal to v at the point zy. The associated return map P, is a local dif-
feomorphism fixing 2o. Its linearization I, := P (z) is the linear Poincaré
map, an inversible (symplectic) endomorphism of the tangent space 7,,3.

e The Morse index 1(7): closed orbits (vy,T') are critical point of the action
integral fOTL(v(s),ﬁ(s))ds on the manifold C*°(R/TZ, X). They have al-
ways a finite Morse index (see [Mil67]) which is denoted by ¢(vy). For general
Hamiltonian systems, the Morse index is replaced by the Conley-Zehnder
index [Mei94].
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e The nullity indexr v(vy) is the dimension of the space of infinitesimal de-
formations of the closed orbit v by closed orbits. It is the dimension of
the kernel of the map (t,0z) — P/ (20)0z — 6z + 6t Xy. We have always
v(y) = 2.

Example 3.1 (Geodesic flows)

e Manifold with < 0 sectional curvature: in this case, we have for all closed
geodesics t(y) =0, v(y) =2

e Flat tori of dimension d: we have then «(y) =0 and v(y) =d + 1.

e Sphere of dimension 2 with constant curvature: if v, is the nth iterate of
the great circle, we have t(7y,) = 2|n| and v(~,) = 4.

It is a beautiful result of J.-P. Serre [Se50] that any pair of points (a,b) on
a closed Riemannian manifold are end points of infinitely many geometrically
distincts geodesics. Counting geometrically distinct closed geodesics is much
harder especially for simple manifold like the spheres. It is now known that
every closed Riemannian manifold admits infinitely many geometrically distinct
closed geodesics (at least in some cases for a generic metric, [Be00] Chap. V).
Concerning more general Hamiltonian systems a lot is known [Ho-Ze94].

3.2.4 Non degeneracy and orbits cylinders

Definition 4 A closed orbit v will called weakly non degenerate (WND) if 1 is
not an eigenvalue of the Poincaré map 11,.

Remark 1 If v is WND, it does not imply that the iterates are WND, because
some non trivial roots of unity could be eigenvalues of 11,.

Lemma 4 If~yg, is a WND orbit with H(vy) = Ey, there ezists for E close to Ej
a closed orbit vg contained in H = E smoothly depending on E.

Definition 5 The smooth family vg with E close to Ey will be called an orbit
cylinder.

For an orbit cylinder vg we will denote by T(E) the period of vg which is a
smooth function of E.

Definition 6 A closed orbit -y will called strongly non degenerate (SND) if 7y is
weakly non degenerate and T'(Ey) # 0.

Example 3.2 In the case of the Riemannian geodesics, both non degeneracy as-
sumptions coincide. They are true if, for example, the metric has < 0 curvature.
If X is fized, all closed geodesics are (SND) for a generic (in the Baire sense)
Riemannian metric.

11



More general ND assumptions can be introduced in order to cover for example
the case of completely integrable systems. In this case they recover the usual ND
assumptions of KAM theories.

Proposition 1 If v is a WND orbit of period T, there exists an (unique) sym-
plectic splitting of the tangent space to any point z of v so that the differential of
the flow at time T is given by:

1 —dT/dE 0
oh(z)=[0 1 0
0o 0 I,

The first piece of the splitting is the 2d tangent space to the orbit cylinder.

3.2.5 Actions

Definition 7 If (v, T) is a periodic orbit, we define the following quantities which
are both called action of ~:

AG) = [ gdo, B = [(eda—tan = [ a0 50)e

From the definition of the Legendre trasform, we get: A(y) — B(y) = H(y)T.
If v is SND, we have 2 smooth functions A = A(F) and B = B(T') associated
to any orbit cylinder. They satisfies
dA dB
a5~ ") gr
We can summary the previous properties as follows:

Theorem 3 A(E) and —B(T) are Legendre transforms of each other in the sym-
plectic space (R?,dE A dT).

— —B(T)

3.3 Playing with spectral densities: the pre-trace formula

We will define “regularized spectral densities”. The general idea is as follows: we
want to study a sequence of real numbers F;(h) (a spectrum) in some intervall
la,b] depending of a small parameter h. We introduce a non negative function
p € S(R) which satisfy [ p(t)dt =1 and introduce

Doer(B) =32 (LW) |

9 €

It gives the analysis of the spectrum at the scale . Of course, we will adapt
the scaling ¢ to the small parameter h. If the scaling is smaller than the size of
the mean spacing of the spectrum, we will get a very precise resolution of the
spectrum.

The general philosophy is:

12



e If h is the semi-classical parameter of a semi-classical Hamiltonian, the
mean spacing AFE is of order h? (Weyl’s law). The trace formula gives
the asymptotic behaviour of D,.,(E) for ¢ ~ h (and hence ¢ >> AFE
except if d = 1) . This behaviour is not universal and thus contains a lot
of informations (in our case, on closed trajectories)

e Better resolution of the spectrum needs the use of the long time behaviour
of the classical dynamics and is conjecturally “universal”

From now one, we choose 2 smooth functions:

e p(7) which is equal to 1 near 0 and so that p(t) = [ e " p(7)dr is compactly
supported

e e (] — 00, Exl).
We define

e The regularized density of states

p(e) = Y wi e ()

If I =[a,b] C] — 00, Ex[, a < E<band 1 =1 near E, we have

D(E)= ) %p (E_TEJ(}”) +O0(h™) .

a<E;<b

e The partition function given by the (finite) sum:
Z(t) = 3 0(Ey)e B/ = Trace(U(1) 3)
j=1

with U(t) = o(H)exp(—itH /h).

Duistermaat-Guillemin’s trick relates the behaviour of D(FE) to the behaviour
of Z(t) thanks to the fundamental pre-trace formula:

1

D(E) = 5

/R EHEIM () Z (1)t (@)

The idea is then to start from a semi-classical approximation of the propagator
[U(1)](z,y) and to insert Z(t) = [, [U(t)](x, z)|dz| into Equation (4).

13



3.4 The Schrodinger trace

Our goal is now to describe the asymptotic behaviour of D(E) around E,. The
main results can be expressed as follows:

Theorem 4 Let us assume that Ey < E., is not a critical value of H and all
periodic trajectories contained in H = Ey and of periods in the support of p are
WND, we have, for E close enough to Ey:

e D(E) = Dwen(E) + >_, Dy(E) + O(h™) where v is one of the (finitely
many) periodic trajectories in H = E and periods in Support(p)

Dweyi(E) = (21h)~ (Zaj ) (5)

with ag(E) = [_,, |dedé/dH|.

e D,(E) is a WKB function whose principal part is, if v is SND:

_E /2,0 ) e/ (@

ez el () (©
with a,(E) = p(T(E))Ty(E)/|det(Id — HW)\%, To(E) the primitive period,
and

(=i fT(E)>0
Tl 1 H#T(E) <0

If v is only WND, the formula is the same except that ce=*7™/2 is now
(the exponential of) a Maslov index.

3.5 The Weyl term

Choose a < E., and let tg(a) > 0 be the smallest period of a non trivial closed tra-
jectory v with H () < a (see [Yo69]). In this section, we fix p so that Support(p) is
contained in | —tg, to[. If E' is not a critical value of H, and, for ¢ € C°(]— o0, a),
we have, insisting on the dependence w.r. to :

Dy(E) = Dy () ~ (2h)™ (Z aj<E,w>hj) ,

with ao(E,v) = [,_gv(H)|dL/dH]|.
If we deﬁne the distributions



we get:
> (B ~ (2mh) (Z Aj(@/))hj) :
=0
Moreover, the previous asymptotics works even if they are critical values of
H inside the support of 1. The A;’s are, for j > 1 of the following form:

N

) = [ 3 uOH &) Pt lduds

and the Pj;(x,&)’s are “locally computable” from the Hamiltonian H(z, &) and
its derivatives [CAV05].

Remark 2 If H(x,—¢§) = H(x,§), we have the “transmission property” and the
Agjr1 vanish.

In the case of the Laplace operator and x(E) = e, the A;’s are called the
“heat invariants” [BGMT1].

From that kind of formula, it is possible to deduce the following estimates on
the remainder term in Weyl’s law :

Theorem 5 If a,b are not critical values of H:
#{jla < E;(h) < b} = (2rh) " “olume({a < H < b})(1 + O(h)) .
This remainder estimate is optimal and was first shown in rather great gen-
erality by Hérmander [Hor68].

3.6 The contributions of periodic orbits

The proof involves the study, for ¢ # 0, of Z(t) = Trace(U(t)) which is given by:

Proposition 2 e [ft is not the period of a trajectory v with H(~y) C Support(t)),
Z(t) = O(h>)

o Ifv isan SND closed trajectory of periodT', Z.,(t) is nearT" a WKB function
whose principal symbol is:

1 —at(y)m )

Gt e (T ™)
1

with by(T) = To|22|?|det(Id — TI,)| 3.

It is then enough to put the previous asymptotic formula in Equation (4) and
to apply once more a stationnary phase argument.
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3.7 Formal derivation from the Feynman path integral
3.7.1 The Feynman integral

R. Feynman ([Fe-Hi65, Mo51]) found a geometric representation of the propaga-
tor, i.e. the kernel p(t,x,y), with ¢ # 0, of the unitary group exp(—itﬁ/h) using
an integral (FPL:= Feynman path integral) on the manifold €2, , of paths from
y to z in the time ¢; if L(v,7) is the Lagrangien, we have, for ¢t > 0:

)= [ ehliHoe g
Qt,w,y

where |dv| is a “Riemannian measure” on the manifold ., with the natural
Riemannian structure.

There is no justification FPI as a flexible tool, but as we will see FPI is a very
efficient tool in semi-classics.

3.7.2 The trace and loop manifolds

Let us try a formal calculation of the partition function and its semi-classical
limit. We get:

Z<t) = / ‘dﬂ?‘ e% f(f L(V(S),ﬁ(S))dS‘d7| .
X Qx,x,t

If we denote by €, the manifold of paths v : R/tZ — X, (loops) and we apply
Fubini (sic !), we get:

Z(t) = / Q%Ig L(’\/(S),"y(s))dg|d’y| .
Q¢

3.7.3 The semi-classical limit

We want to apply stationnary phase in order to get the asymptotic expansion of
Z(t); critical points J; : Q; — R are the closed orbits of the Euler-Lagrange flow
and hence of the Hamiltonian flow of period t. We need

1. The ND assumption (Morse-Bott)
2. The Morse index
3. The determinant of the Hessian

1. The ND assumption is the original Morse-Bott one in Morse theory: we
have smooth manifolds of critical points and the Hessian is transversally ND.
2. The Morse index is the Morse index of the action functionnal on closed

loops: A(7) = fot L(v(s),7(s))ds.
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3. The Hessian is associated to a periodic Sturm-Liouville operator for which
many regularizations have already been proposed (Levit-Smilanski [Lev-Smil77]
and CdV [CdV99], Zeta regularization, see [R-S] ).

We get that way a sum of contributions given by the components W;, of W;:

Z;(t) = (2mih)~2ewB06) A, (h)

with A;(h) ~ > 72, a;,h' and
e~
|0]2

where 1 is the Morse index and ¢ is a regularized determinant.

@j,0

3.8 Sketch of the proof of SCTF

The proof starts with an approximation of the propagator [U(t)](z,y). This
approximation splits into 3 parts:

e Near ¢ = 0, it is known (see [La57]) that, if f(x) = a(z)e*°®/" is a rapidly
oscillating function with a € C§°(X), the solution of the Cauchy problem

%&tu +Hu =0
u(t=0) =f

is given, for ¢ small enough by:
u(z,t) = ap(x, t)e @0/

with

— ap(x,t) = Z;‘io aj(z, t)h
— S(z,t) satifies the Hamilton-jacobi equation 0;S + H(z,0,S5) = 0
B ah(x70) = a(x), S(l‘,O) = SO('I)

Using So(z) = (z|€) and the Fourier transform we get

Uy = (2mhy ¢ [ esseemon (Z Aj<x,f,t>hﬂ‘> @l

with

= S(t,2,y,8) = (x —yl§) —tH(z,§) + O(t?)
- A0<SL’,£,0) = w<H<x7£>>
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e For ¢t # 0 small enough. If F < E and V :={(y,n)|H (y,n) < F'}, then,
for t # 0 and |t| < tp small enough, the Hamiltonian flow of H is a twist
map. If Y € C°(] — oo, F[) and t € [—tp,tp] \ 0, the propagator [U(t)] =
lexp(—itH /h)y(H)] admits a WKB expansion of the form introduced in
Section 2.2. It can be proved by applying the stationnary phase to the
expression (8).

e For ¢ large. We have

A

N (e = (p()e

Bl

>N
and, for any ¢, we will choose N so that t/N < tr. We get then for
[N (H)e "H/")(x,y) an expression of the form given in Equation (1).

3.9 The wave trace

Let (X, g) be a compact Riemannian manifold and Ay = pf < -+ < \; = ,u? < ...
the eigenvalues of A,. The solution of the Cauchy problem for the wave equation
O2u+A,u = 0 is given in terms of the unitary group U" () = exp(—itv/A) whose
trace ZV (t) = > ; e is a Schwartz distribution which is called the wave trace.
We can rewrite in a semi-classical way UY (t) = exp(—itK /h) with K := hyv/A
and the classical Hamiltonian is then K(x,&) = ||£|| which is homogeneous of
degree 1. The associated flow is the geodesic flow with speed = 1. A closed orbit
for K, even if it satisfies WND), is never SND, because periods of K —closed orbits
are independant of energy!

One can pass from the Schrodinger SCTF to the wave trace quite formally
because the eigenvalues F; = hpu; of hvV/A are related to the eigenvalues E; =
h?\;/2 of h*AJ2 by E; = %(E;)Q

The wave trace expansion can be derived from Theorem 4 as applied to hv/A.
One can also pass directly from the trace formula for H to a trace formula for

~

®(H) where @ is a diffeomorphism near the energy F.

Theorem 6 Let us assume that p(t) = 1 near Ty and Y(E) = 1 near Ey. The
expansion corresponding to the periodic orbit v (for both Hamiltonians H and
O(H)) of new period Ty, = Ty /¢’ (Ey) and new energy E) = ®(Ey) is obtained just
by the change of variables E' = ®(E) in the smoothed measures D, .,(E)|dE].

From the Schrédinger trace D(p) := D, y(h, E), with h = p= 1, E = % and
1 € C(]0,1]), equal to 1 near %, we get the asymptotic expansion of ) p(p—p1;)
which is the content of the formula of Duistermaat-Guillemin [Du-Gu75]:

> o= pz) ~ ' D(p)

where ~ means that the asymptotic expansions are the same.
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3.10 Degenerate cases

The trace formula can be extended to much more degenerated cases. The non
trivial contributions to D(E) will come from oscillating integrals with phases
whose critical points are bijectively associated with closed orbits. It implies
that general results on stationnary phase expansions depending on the theory of
singularities can be applied (see for example [AR86, Mal75]).

3.11 The integrable case

As observed by Berry-Tabor [Be-Ta76], the trace formula in this case comes from
the Poisson summation formula. Asymptotics of the eigenvalues to any order
can then be given in the so-called quantum integrable case by Bohr-Sommerfeld
rules.

Using (semi-classical) action-angle coordinates, we start with the Hamiltonian
on the torus R?/27Z? defined by

Hexp(i{v|a)) = H(hv)exp(i{v]z))

and compute the trace Z,(t) of a(hD,)exp(—itH /h) using the expression of the
eigenvalues H (hv):
Zo(t) = a(hv)e I/
vezZd

We will apply Poisson summation formula as well as the approximation of the
h—Fourier transform of a(&)exp(—itH (£)) given from stationnary phase. The ND
condition for stationnary phase will be that £ — VH(£) is a local diffeo. on the
support of a. After some calculations we get, for ¢ # 0:

200) ~ e 3 ¢ @) et (Hiy (6

~EZL

N

with tVH (§,) =~ and tA(y) the action of the closed orbit +.

3.12 The maximally degenerated case

Let us assume that (X,g) is a compact Riemannian manifold for which all
geodesics have the same smallest period Ty = 27. Then we have the following
clustering property [Wei77, CdV79a, Bo-Gu81]:

Theorem 7 There exists some constant C' and some integer a so that

1. the spectrum of A is contained in the union of the intervalls

Ik:[(k+%)2—0,(k+%)2+0]
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2. N(k) = #Spectrum(A)N Iy is a polynomial function of k for k large enough.

The property 2 is consequence of the trace formula [CdV79a).
Another application is:

Example 3.3 (Rational harmonic oscillators)
Let us consider the harmonic oscillator
~ o h? 1
H=—A+ =(2* + 4%
2 2
in (R?, Eucl) whose spectrum is Ex = h(N + 3) with multiplicities ay = #{2k +
l=N | Ek,0l>0}. One can check that
1 3. (=¥

ay = 5(N+5 — 9)

Let us consider the SCTF with a function p so that the compactly supported
Fourier transform p satisfies ., p(t — 2nl) = 1. We have then by applying
Equation (4) with E =1, h= (Ng+ 3)7":

N +3 s ‘
e oo ()
=

2

which is equal to (No + 3)an, and hence

3 (Do + D)+ o{1)

anN = (N +
We easily compute, using formulas (5) and (6)

N+3\*/d Loy o 1 5 (N +3)?
= — — — < =
Diey1 < 5 ) (dE)E:1 Vol{2(§ +n )+2(:c +4y°) < E} +0(1)

e D, forthe “short” orbity(t) = (x = 0,& = 0;y = cos 2t/v/2, = —2sin 2t//2),

with Ty =, 11, = =1d, A(y) =2n: D, = (N+§)ﬂ

2 4

and deduce an equality

1 3 (—I)N
= — N —
an 2( + 2)+ 1

+ EN ,
with eny — 0. Because ey is an integer, ey = 0 for N large. The previous type of

result can be extended to any rational harmonic oscillator (see the contribution
of B. Zhilinskii in [Mi01] pp. 126-136).
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3.13 Applications to the inverse spectral problem

We will now restrict ourselves to the case of the Laplace operator on a compact
Riemannian manifold (X, g). The following result is a corollary of SCTF:

Theorem 8 ([CdV73a, CdV73b]) If X is given, there exists a generic subset
Gx, in the sense of Baire category, of the set of smooth Riemannian metrics on
X, so that, if g € Gx, the length spectrum of (X, g) can be recovered from the
Laplace spectrum. The set Gx contains all metric with < 0 sectional curvature
and (conjecturally) all metrics with < 0 sectional curvature.

We can take the set of metrics for which all closed geodesics are non degenerate
and the length spectrum is simple.

4 Sturm-Liouville determinants and the meta-
plectic representation

4.1 The stationnary phase aproximation

Let us consider the following integral
I(h) = (2m’h)_N/2/ e @/ (z)|dx]
RN

where S : RY — R is smooth and a € C°(RY).

Theorem 9 (stationnary phase)
e If S has no critical point in the support of a, I(h) = O(h*>)

o [f the critical points of S in the support of a belongs to a nmon degenerate
connected critical manifold W of dimension n,

I(h) = (2mih) /2= wm/2giS(W)/h (Z cjhﬂ'> + O(h™)

k=0

with

o= | allay

where v is the Morse index of S along W and |dy| is the quotient of the
measure |dz| by the “Riemannian measure” on the normal bundle to W
associated to the Hessian of S':

|dy| = kd
|det(9255)|2|dz]

where z = (z,) are coordinates on the normal bundle.
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Proof.—

Using Morse lemma, the integral can be reduced to the case where
there are local coordinates (y, z) so that S(y, z) = $Q(z) with @ a non
degenerate quadratic form. The proof then works by first integrating
w.r. to z and using an elegant argument due to Hormander (see

[Hor83] s. 7.7) for the case of a non degenerate critical point.

U

Remark 3 As suggested by Don Zagier, we can reformulate the stationnary
phase formula as follows: let us consider the case of an ND manifold W of critical
points of dimension n and the Schwartz distributions T}, = (2mih)"=N/2¢i5@/h | dy|.
Then the weak limit of Ty, is the Radon measure e*i””/QuW

4.2 The metaplectic representation

Good references for the metaplectic representation are [Fo89] chap. 4 and [Hor85]
Section 18.5.

In what follows, € will denote a number in the set {£1, £i}.

A symplectic linear map x : T*R? — T*R¢ defined by

0 (20)

is a linear twist symplectic map if and only if 3 is invertible; y admits then an
unique quadratic generating function ¢(z,y) = 3(Az|z) + (By|z) + 1 (Cyly) with
A, C' symmetric matrices and B an invertible matrix. We have:

o] = _BC _B!
X'=\tB_AB'c —aAB! ) -

We will define four operators ¥ on L?(R?) by their Schwartz kernels
[R)(x,y) = e(2mih) /20" det(B)

Using unitarity of Fourier transforms, we see that ¥ is an unitary map of L*(R?).
Moreover, if x1, X2, X2 © x1 are twist maps, we have

5(35(\125)(2/0\%

as follows from the calculus of Fresnel integrals. The closure of all x’s, with x
linear twist maps, is a Lie subgroup M(d) of the Hilbert unitary group U(L?(R%)).
The mapping y — x extends to a group morphism of M(d) onto the symplectic
group Sp(d) whose kernel is Z/47. The connected component of the identity of
M(d) is a two-fold covering of the symplectic groupe called the metaplectic group
Mp(d) and the previous recipe gives a natural unitary representation of Mp(d)
into L?(RY) called the metaplectic representation.
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4.3 Metaplectic traces

Metaplectic maps are not trace class, but they admit traces in the sense of dis-
tribution as follows:

let us consider, for x a linear symplectic map, the distribution 7, on R
defined by I, (p) = Trace(xOp(p)) where Op(p) is the Weyl quantization of p €
C(T*RY) defined by

Op(p))(zy) = (2nh)~ /

Rd

i(x— .ﬁl]—l-y
sy (715, g

Let us denote by F, = ker(y —Id) the space of fixed points of x and n = dim F,.

Theorem 10 The distributional trace admits the following asymptotic behaviour
L,(p) ~ e(2mih)~"/2 fo pdp,, where dpi,, is a Lebesque measure on F).

Moreover du, is a purely symplectic invariant of x: if X2 = X 'X1Xs dftys =
X (dpiyy )-

Proof.—

The first assertion comes from stationnary phase approximation.
The second comes from ezact Egorov theorem (see [H6r85] p. 158):
XOp(p)x ! = Op(p o x) and the circularity of the trace.

g

Remark 4 If x is twist, one can reduce to p = p(x) and use stationnary phase
on R? instead R?.

4.4 Measures on fixed point sets

Using the fact that dy, is invariant by conjugacy, we can reduce the computations
to suitable normal forms:

Example 4.1 o If F =0, du, = |det(Id — x)|~25(0).

o If[x] = é (11 ) in a symplectic basis (0, O¢) with a # 0, d, = |a|~2|dx].

Both examples can be proved using twist maps and evaluating the trace by
stationnary phase from a generating function.
For the first ezample, we can take:

1 1
q(z,y) = 5(Azl|z) + (Bylz) + 5{Cyly)
with B invertible, and check the identity:

det(Id — y)det(B) = det(A+ B+'B + C) .
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For the second one take

1

a(z,y) = 5-(r = )" .

It is easy to extend the previous construction to the case of a symplectic
diffeomorphism with a clean manifold of fixed points W getting a measure uy
on W.

4.5 Applications to discrete Sturm-Liouville with Dirich-
let or periodic boundary conditions

We assume that F, a d-dimensional real vector space, is equipped with a Lebesgue
measure |dx|. We will consider a “Jacobi matrix” [L] on E®N*1 given by

Ay By O 0 0
‘By A B 0 0
0 'B; A, 0 0
L= 0 0 0 0 :
0 0 -+ --- Ax.1 By
0 0 -+ -+ 'By, 0

and denote by @) = @, the associated quadratic form

1

Q(zg, - ,xN) = §<Lx|:p> )

Our goal is to compute the determinants of L, of the restriction Ly of L to
xo = xy = 0 and of the “restriction” Lye, of L to zg = zn:

Ay By 0 --- 0 Bn_1

'‘By A B 0 0

I T D : O/ P 0

Lol =g g : 0 0
tBN_1 0 e tBN_2 An_1

Let us denote by b; = det(—B;), by x; the canonical transformation generated
by qi(u,v) = $(Asulu) + (Bw|u) and

X=XN-1©9""09Xp -
We have



Theorem 11 We have the following formulae:

det(L) = bo tee bN_ldet(v) s (10)
det(LO) = bo coe bN_ldet(ﬁ) s (]_1)
and
det(Lper) = (—1)%g - - - by_1det(Id — ) . (12)
Proof.—

For the formula (11), we see that
[Xn—10: - -oxol(2,y) = (27”71)Nd/2/eQ(y’ml’m’xN_l’y)/h\bo"'bN1\;|d5€1 dry g

which is equal to [x] and can also be evaluated by stationnary phase
as |bo - - -by_1|2/|detL|z. Tt gives the formula up to a + sign.
The formula (12) is similar evaluating the trace of x in 2 ways.

O
From the previous formulae, we can get the Van Vleck formula (Theorem 1)
and the trace formula (Theorem 2) for a twist map with isolated periodic points.

4.6 Regularized Determinants of continuous Sturm-Liouville
operators

Let us consider the scalar differential operator

2
L=——+q(z), 0<2<T

which we will discretize as follows: let e = T/N, and L. : RM ™! — RN¥~1 defined
by

20 — Ti1 — T . )
(Lex); = = Jg; 2+ q(je)ay, 1<j<N .

We will consider the quadratic form ¢. on R¥*! defined by:

¢-(zg, -+ ,aN) = %(Lx|x)RN_1 _
We introduce the following operators:
® L. pi the restriction of L, to g = xy41 = 0,
® L. New the operator on RN+ associated to .

® L. per the operator on R associated to the restriction of ¢, to 2y = Tn41
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and y. : R? — R? the symplectic map defined by

oo, L) = (o, I
with L.x = 0 and the matrix of y.:
= (7).

From Theorem 11, we get:

o det(L.piy) = ELN%

o det(L: Neu) = ELNﬁe

o det(L.per) = —det(Id — x.).

As e — 0, we get

e For k = 1,---, the eigenvalue A\y(g) of L. pi (resp. LcNeu, I€SP. Le per)

converges to the the eigenvalue )\, of the corresponding boundary value
operator associated to L

e . converges to the map x : (z(0),2/(0)) — (z(T),2'(T)) with Lz = 0.
It is then possible [CdV99] to deduce the result of Levit-Smilansky [Lev-Smil77]:

Theorem 12 Let us consider the Dirichlet eigenvalues \i of Ly, i = 1,2, we

have -
[[a-%
k=1 Ab B
where 3; are the corresponding entries of the matrices of x;.
Similar results holds for the 2 other boundary value problems.
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