SINGULARITIES OF THE WAVE TRACE
NEAR CLUSTER POINTS OF THE LENGTH SPECTRUM

YVES COLIN DE VERDIERE, VICTOR GUILLEMIN, AND DAVID JERISON

1. INTRODUCTION

Consider the Laplace operator A on the disk D,
A=092 4+02; D={zeR:zi+2}<1}

and let u; be the (real-valued, normalized) Dirichlet eigenfunctions
Auj = —Njuj,x € D;  ¢i(x) =0, v € 0D; / uj(z)?de =1
D

with eigenvalues 0 < A} < A2 < A3 < -+, indexed with multiplicity. The wave
trace is the sum

t) = i eiﬁt,

which converges in the sense of distributions. The purpose of this article is to
announce the following theorem.

Theorem 1.1. h(t), an infinitely differentiable function on 2m <t < 8, has a finite
limit and is infinitely differentiable at t = 27 from the right.

The significance of 27 is that it is a cluster point of the length spectrum from
the left (¢ < 27), as described in more detail below. In brief, the length spectrum
is the closure of the set of lengths of periodic geodesics. The number 27 represents
the length of the (generalized) geodesic that follows the circumference of the circle.
The number 8 is the geodesic that follows a diameter of the circle four times. It
is well known that there are no geodesics of lengths in between 27 and 8 and that
h(t) is smooth in 27 < ¢t < 8. The content of the theorem is that h is smooth from
the right up to the endpoint 2w. The same proof applies to every cluster point 27/
of the length spectrum of geodesic flow on the disk.

We recall now the relationship between h(t) and the wave equation. Consider
the initial value problem for the wave equation,

(0 — Au(t,x) =0, z€ D, t >0
u(t,z) =0, x € 9D, t >0
u(0,2) = f(z), x € D

Ou(0,2) = g(x), x € D

The solution is

u(t, x) / KM (z,y)f )dy+/ K g(y)dy
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where

Kt(l) x, :OOCOS Ajt)ug(x)uj(y); Kt(Q) x, :mwujxuj
(y);(\f)()(y) (y);\/)\—j (@)u;(y)

and the trace of the operator with kernel Kt(l) is

/ Kt(l)(ac,m)dx = icos(\/)\»jt) = Reh(t)
D =

The same proof that shows that h(t) is smooth as ¢ — (27)*" also shows that the
trace

[ K@ ade =3 sin(/A0/ VA

is smooth as t — (2m)*.

The close connection between between the length spectrum and the singularities
of h(t) was discovered by way of spectral and inverse spectral problems. In [CdV],
Colin de Verdiere showed that on a generic compact Riemannian manifold without
boundary, the length spectrum is determined by the spectrum (list of eigenvalues of
the Laplacian with multiplicity). Duistermaat and Guillemin [DG] and Chazarain
[C] showed that the singular support of h(t) is contained in the length spectrum
and that the two sets are equal generically. Indeed, in the generic case, the sin-
gularity of h(t) for ¢ near L, the length of a geodesic, resembles a negative power
of t — L, or, more precisely, a conormal distribution. In case the boundary is non-
empty, Andersson and Melrose [AM] introduced the notion of generalized geodesic
length spectrum and proved the analogous inclusion for the singular support of h.
Subsequent work on inverse spectral problems for domains in the plane and, more
generally, for manifolds with boundary can be found in [GM, CdV, Z, HeZ].

The periodic geodesics on the disk (with reflecting boundary) have lengths

Lipo = k(2sin(ml/k), =41, 42,... k=23 4,...

with & the number of segments (or reflections) of the trajectory and ¢ the winding
number of the trajectory around the origin. The degenerate cases, (2,1), (4,2),
(6,3), ..., correspond to the trajectory that traverses a diameter 2, 4, 6, ... times.
It follows from [GM] that h(¢) is singular at ¢ = +Lj, and smooth in the com-
plement of the closure of these points. In particular, h(¢) is singular when ¢ is the
circumference of each regular polygon,

L271<L3,1<L471<"'<Lk,14>2ﬂ' k — oo

and h(t) is smooth in 27 < ¢ < 8, since the shortest periodic geodesic with length
greater than 27 has length 8 = Ly o (the 2-gon traced twice).

Thus the issue addressed here that is not addressed in previous works, is the
behavior of h(t) near a cluster point of the length spectrum. Although we examine
only the case of the disk, which is far from generic, we expect the analogue of
Theorem 1.1 to be valid for any convex domain in place of the disk. See the final
remarks, below.

It is reasonable to conjecture that h(t) has some power law (classical conormal)
behavior as ¢ — (27)*. What is surprising is that the power is 0 and h(t) is in-
finitely differentiable. The spikes at ¢ = L ; are asymmetrical and decay rapidly
for ¢ > Ly 1, so rapidly that an infinite sum of them with singularities at points
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closer and closer to 2w still converges at t = 2w . This is explained on a technical
level by the fact that h(t) is represented by sum of oscillatory integrals in which
the first derivative of the phase function tends to infinity along one ray. Because
the derivative of the phase is large, the phase changes quickly, and the correspond-
ing integrals have more cancellation than one would obtain from a classical phase
function.

2. OUTLINE OF THE PROOF

Our theorem is proved from systematic, optimal symbol properties of the zeros
of Bessel functions (or, equivalently, the eigenvalues of the Laplace operator for the
Dirichlet problem on the disk.

Let p(m, n) denote the mth zero of the nth Bessel function J,,, p(1,n) < p(2,n) <
-++. In polar coordinates x1 = rcosf, xo = rsinf, the eigenfunctions on the disk
have the form

Jn(p(m,n)r)cosnb, J,(p(m,n)r)sinnd
with eigenvalue —\ = —p(m,n)2. Since the multiplicity of the eigenvalue is two
when n > 1 and one when n = 0,

W)=Y i(m)ps(n)ertmm)
(m,n)€Z?

for any smooth cut-off functions 1, and v satisfying

0, n<—1/4

_J1L,m>7/8 B
¢1(m)—{0’m<3/4 ;o a(n) = ; ;/14/8<1n<1/8

Below we will extend p(m,n) in a natural way to be defined for real numbers m.
(The extension to real numbers n will be the standard one for Bessel functions.)
The Poisson summation formula then yields

h(t) = heet)
(k,0)ez?
where
hka(t) :/ 1/)1 (m)¢2(n)eitp(m,n)727ri(k‘m+5n)dm dn
R2
Our main result, Theorem 1.1, follows immediately from

Theorem 2.1.
™ T
0] < O (1 8+ 1)

for 2w <t < 2w +1/10

The domain of integration for hy ¢ is the quadrant m > 3/4, n > —1/4. We will
deduce the estimates on hy ¢ from symbol estimates for p(m,n).

In the sector range of the parameters, m > cn, for any fixed ¢ > 0, the zeros of
the Bessel functions satisfy ordinary symbol estimates as follows.

Proposition 2.2. Fiz a constant cg > 0. If m > 3/4, n > —1/4 and m > con,
then ‘ ‘
o) 103,85 p(m, m)| < Ca(m + n)i=i*
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b) (Omp, Onp) = (1/sina,a/sina) + O((m +n)~1) as (m,n) — oo where a is
defined by
tana — a = mm/n

In the range of values of (m,n) complementary to Proposition 2.2, the appropri-
ate symbol-type estimates involve fractional powers of m and n, and 0,,p does tend
to infinity. (For m fixed n — oo it turns out that d,,p ~ n'/3. For our purposes
the subtlest and most important bound will be the lower bound on the size of 9,,p.)

Theorem 2.3. There is an absolute constant ¢y > 0 such that if 3/4 < m < con
(co from Proposition 2.2) then

a) 105,07 (p(m, n) = n)| < Cjpm® >~ (m )13

b) On(p(m,n) —n) > cym?/3p=2/3

Proposition 2.2 and Theorem 2.3 will be proved using asymptotic expansions of
Bessel functions, which we derive by the method of Watson ([W], p. 251) starting
from the Debye contour integral representation.

1 co+mi )
(2.1) Jo(z)+1iY,(z) = — / ersinhz=vz g,

T J_ oo
We cannot merely quote Watson’s asymptotic expansion because we need to differ-
entiate it. To some extent these differentiated estimates were carried out already
by Tonescu and Jerison [LJ], but we need quite a bit more detailed asymptotics, es-
pecially in the transition region where 2 —n ~ Cn'/3. Also, one needs to choose the
right coordinate system since differentiation in some directions behaves differently
from others.

Theorem 2.1 is proved by integration by parts. Consider the phase function of
hk,e(t)v

Q =i(tp(m,n) — 2rkm — 27ln)

Since @ is smooth, the only issue is the asymptotic behavior as (m,n) tends to
infinity. It is easy to show from Proposition 2.2 (b) that for large (m,n) the critical
points of the phase @ occur near t = Ly s (o = wl/k).

The rest of the paper is organized as follows. In Section 3, we carry out the
proof of Theorem 2.1, dividing the (m,n) quadrant of integration into two sectors.
In the sector where m — oo, Proposition 2.2 and standard integration by parts and
non-stationary phase methods apply. In the sector where n — oo, 3/4 < m < ¢yn,
the lower bound on 0,,Q given by Theorem 2.3 is used when integrating by parts
with respect to n. On the other hand, when integrating by parts in the m variable,
we will use the oscillation of e”*™ only and include the rest of the factors in the
exponential €9 in the amplitude.

In Section 4, we prove the symbol estimates and asymptotic expansions for Bessel
function following the method of steepest descent (Debye contours). In Section 5,
we deduce the symbol estimates for the zeros of Bessel functions stated above.
We conclude with remarks about the relationship with earlier work and about the
methods that can be expected to lead to the analogous result when the disk is
replaced by a convex domain.

1We extend the definition of o continuously across n = 0, « = 7/2 by the reciprocal equation
1/(tana — ) = n/mm.
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3. INTEGRATION BY PARTS

We now deduce our main estimate, Theorem 2.1, from the symbol estimates for
p(m,n), Proposition 2.2 and Theorem 2.3. Denote

Q =i(tp(m,n) — 2rkm — 2mwln)

Then
—1
3.1 Q= — — 9,e%
(3:-1) T 10,p— 2t
Q _ z(tp 27ln i —2mimk
(3.2) e o= k@ m€

We will divide the region of integration into sectors. Consider first the “non-
classical” region 3/4 < m < con. Define

Tre(t / W1 (m)apy (enfm)eltPUmm) =2mkm=2mtn) gy, gy,

We focus at first on the case £ =1, Q = i(tp(m,n) — 2rkm — 27n) from which all
the singularities near ¢t = 27 arise. Applying formula 3.1 and integrating by parts,

Ipq(t /1/)1 JLCA cn/m) 8 e?dmdn

= / (t@?%wl (m)wQ(cn/m)eQdm dn

+ / %1/)1 (m)wll (Cn/m)meQdm dn

Repeating we obtain

ea®) =1 [ o (m)u (enfm) s Cdm dn

(tOnp — 27)2
l ’ tOnnp Q
+co / mi/q(m)@/)l (cn/m)i(tanp —on)? e“dmdn
c3(95p)? catdyp

Q

m cn/m - | e“dmdn

+ /1/’1( Jr(en/m) (tBnp — 2m)% " (t,p — 27)3

for appropriate coefficients c;(¢) (polynomial in t). After N integrations by parts,
I} 1 is expressed as a linear combination of terms with integrand

0 (D2p)*2(5p)™ --- (D H p)on+r
(tanp _ 271—)N+a2+a3+"'+a1\7+1 ’

(a2 +2a3+---+ Nanyt1 = N)
times cutoff functions 11 (m)yy(ecn/m) or derivatives of these cutoff functions. For
t > 27, the denominator has the lower bound

t0np — 210 > 27 (Opp — 1) > em?/3n=2/3
from Theorem 2.3(b). Moreover, Theorem 2.3(a) says, in particular, that

0hp] S m?/ 1/
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Denote B =as + a3+ ---+ any1. Then each of the integrands is bounded by

(02)°2(D3p) -+ (ON T p)+1 | (mind=2)®2(mind=3) ... (mind=(V+D)avss

(tanp — 271—)N+a2+a3+---+a1\7+1 ~ (m%n—%)N+az+a3+-~~+aN+1
m%BnéBn—(2a2+3a3+~~+(N+1)aN+1)

(m2/3n*2/3)Nm§Bn_%B

n—(a2+2as++Nani1) n—N
(m2/3n—2/3)N - (mz/gn—z/s)N
= m 3Np—sN

In particular, Iy 1 (t) is represented by a convergent integral.
Next, to prove rapid decay in k we integrate by parts in m using substitution
3.2. The first step is

I (t) = /ei(tpd’m)ﬁ@medm‘mkibl(m)d)l(cn/m)dmdn

s

- / _;i}:pele (m)ip1(cn/m)dm dn

—Cn

+/ﬁeQ¢i(mwl(cn/m)dmdn+/ZszzkeQ%(m)w&(cn/m)dmdn

The term with the factor n/m? also has 1} (cn/m) so that it is supported where
en &~ m and the term n/m? is comparable to 1/n ~ 1/m. All terms have a gain of
a factor 1/k except the one in which the derivative 9,, falls on p. In that case,

Onupl 3V
In all, one step of type (3.2) yields the factor
n1/3m—1/3
k

Now we consider systematically what happens when steps of type (3.2) are applied
after N steps of type (3.1). If the derivative J,, in the integration by parts falls on
a factor 9 p, then this gets replaced by 87 0,,p/k and thus the bound is improved

by the very favorable factor
1

mk
If the derivative 9y, falls on the e’(**=27) a5 in the first step, we have, as before a
factor
nl/3m—1/3
k
If the derivative falls on a cutoff, then the gain is 1/k. Finally, if the derivative falls
on the denominator (£9,,r — 2m) then it produces a factor

OnOmp m—1/3p2/3 1

=< -
|k(t8np —2m) 3 km2/3n=2/3  km

In all, the worst case is the factor n'/3m=1/3 /k for each integration by parts in m.
Thus if we integrate by parts N times in n and M times in m, the integrand will

be bounded by

—2N N, M —4Mj—M

6
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Therefore, if we choose N sufficiently large that

1 1
“N—-—-M>2
3 3
then we obtain a convergent integrand that gives a bound on the integral by k.
For ¢ # 1, the bound is much simpler. 9,p is very close to 1 for small m/n, so
if 2r <t < 4w — ¢ for any fixed § > 0, then the denominator in the integrands,

[tOnp — 27| = |¢|
for all integers £ # 1. By integrating by parts N times, one finds the bound
[T 307N

for each N. The rapid decrease in k follows from similar reasoning to that given
above for I ;.

Next, consider derivatives (d/dt)N1Iy,. The integral representing this expres-
sion just has an extra factor of p™' in the integrand. This extra factor has size
(n'/3m?/3)N1 and symbol type bounds of the obvious kind after differentiation with
respect to m and n. Thus one can compensate for these higher powers by more
integrations by parts, and nearly the same proof as above shows that the derivatives
of Iy ¢(t) are also rapidly decreasing in (k,¢). This ends the main portion of the
proof.

What remains is to make estimates for the integrand in the region region m > cn
of integration.

(3.3) hie — 210 = /[z/Jl (m)aha(n) — 241 (m)1 (en/m)]|e®dmdn

For this region we use Proposition 2.2. The informal idea is as follows. Fix a > 0,
and consider a ray in (m,n) space defined by

tana — a = m/n
If VQ — (0,0) as (m,n) — oo along this ray, then the asymptotic formula implies
tr/sina = 2rk; tasina = 27d,

Thus if @ has a “critical point near infinity” we can solve these equations for o and
t and find
a=m7l/k; t=2ksin(2nl/k) = Ly,

This explains the singularities at ¢t = Ly ¢. The fact that the phase is nonstationary
at other values of t will lead to a proof that hy ¢(t) is smooth at each point ¢ # Ly, ;.

In more detail, first consider the range |(m,n)| < C, truncating the integrand
with a smooth bump function in (m,n) variables. In that range, since the deriva-
tives of p are bounded,

0nQ] = clt],  [0m@Q| = c|k],
for sufficiently large |k| and |¢|. Hence, writing
e? = (1/0,Q)0,e°, €9 = (1/0,,Q)Ime?,

and integrating by parts, one finds that the integral decays like 1/(|k| + |¢]). Re-
peating N times, one finds that the integral decays like O(1/(|k| + |¢])V) for any
N.



Next we turn to the range |(m,n)| > C, m > cn. In this case, we will also do
integration by parts either in the variable m or n, and use lower bounds on |9, Q)|
or |0, Q).

Here we will use the asymptotic formula for (9,,p, dnp) of Proposition 2.2 b and
restrict ¢ to 27 < ¢t < 27 + § for suitable small number §.

First we confirm

(3.4) |0nQ| = |ta/sina — 27l + O(1/(m +n))| > c(|¢| + 1),

Recall that « is defined by tana — a = mm/n. If n > 0, then, since m > cn, we
have ag < o < /2 for some fixed ag > 0 depending on c. In the remaining range,
0>n>—-1/4 and m > C — 1/4, which implies that 7/2 < o < 7/2 4+ § for some
small 0 of size on the order of 1/C'. It follows that

1+a2/10 < afsina < /2445

The lower bound? on a/ sin @ bounds |9, Q| from below when ¢ < 1 and the upper

bound on «/ sin @ bounds |9,,Q| from below in the case £ > 2. Thus we have proved

(3.4). We use this bound and integration by parts in n in the range. |¢| + Cy > |k|.
Lastly, if k > |¢| + C3, then (taking Co = 10/ sin ag) we have

(3.5) |0m@| = |tr/sina — 2wk + O(1/(m +n))| > c(|k] + 1).

On the other hand, if k& < 0, then (3.5) is obvious since tw/sinag > 272. In the
range |k| > |¢| + C2, we use (3.5) and integration by parts in the m variable. This
concludes the proof of Theorem 2.1.

4. ASYMPTOTICS OF BESSEL FUNCTIONS

In this section, we establish the optimal symbol properties of
H,(x) := Ju(x) + 1Y, (x)
as a functions of two variables (x,n). (The function H,(z), known as a Hankel

function or Bessel function of the third kind, is denoted H, m () in Watson’s treatise
[W] p. 73.) The asymptotic formula for the Bessel functions as the order and
variable tend to infinity was discovered by Nicholson in 1910. In 1918, Watson used
the Debye contour representation to give an appropriate bound on the error term.
In his treatise on Bessel functions ([W] p. 249), Watson says of his own method
that it is “theoretically simple (though actually it is very laborious).” To prove
Theorem 2.3, we will carry out the even more laborious process of differentiating
Watson’s asymptotic formulas.

To state the symbol properties of H,(z) in the sector n < x < 2n, especially in
the so-called transition region in which z is very close to n, will require a different
coordinate system (3, v). For x > n > 0, we write v = n and define 8 by z cos 5 = n.
Define a(v, 8) by

(4.1) H,(vsecB) = et B8=0)q(y, 5)
Proposition 4.1. If v > 1/2 and 0 < 8 < «w/4, and a(v, ) is defined by (4.1),
then

o5kl S

2The key here is that in the case £ = 1, tasina — 27 > 2ma2/10 > 0. We have avoided the
critical points associated with ¢t = Ly 1 — 2m. They occur at infinity along a rays in (m,n) space
near the n axis, rays that are not in the sector m > cn.
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We will also need more detailed asymptotics involving Airy functions. Define
the function A(y) for y € R as the solution to the equation

A"(y) +2yA(y) =0
with initial conditions
A(0) =T(1/3)67**(3+iv3);  A'(0) =T(2/3)6~"/3(=3 +iV/3)

Proposition 4.2. Denote b(v,3) = eiv(tan® BI3y=13 A(y) withy = (1/2)v*/3 tan® 3
and a(v, 3) from Proposition 4.1. Then for 0 < 3 < /4,

a)la—0b 2vi

b) 00— b)| 3 2.

&) 10p(a — b)| S /3 falso 3 1/vB if B> v1/3]

Corollary 4.3. Ifv >>1 and 0 < 8 < /4, and a(v, B) is defined by (4.1), then
a) |a| ~ v237Y2 provided v='/3 < 3 < m /4.
b) |a| ~ v~3 provided § < v=1/3.

In the remainder of the section, we will prove Propositions 4.1 and 4.2 and the
corollary. The range, x > 2n will be discussed at the end of the section.
Proof of Proposition 4.1. Define the phase function ¢(z) by

1
p(z) = ;(m sinhz — vz) =secfSsinhz — 2

The contour integral (2.1) can then be written

oo+

1
H,(vsecp) = —Z/ e"?(#dz
™

— 00
The contour of steepest descent® passes through z = i and is parametrized by the

two curves, z = (1(r, 8) + 6 and z = (2(r, §) + 5, in which the functions {;(r, 8),
7 =1,2, solve

(4.2) (¢ +if) — p(if) = (sec ) sinh(C +if) — ¢ —itan f = —r, >0,

and Sa‘tiSfy Cl(ovﬁ) = CZ(Ovﬁ) =0, ReCl(ﬁ ﬁ) <0, Rec2(rv ﬁ) > 0. MOI'GOVGI‘,
G(r,B8) = —o0 —if and (a(r, 8) — oo +i(m — ) as r — oco. Thus

vp(iB) oo+ )
Hy(vsecf) = & / (2 (2)—(B) g
T

eiu(tan B-=0)

— 00

T

/0 T (0,Ca(r, B) — ByCu(r, B))dr,

and we have derived the formula for a(v, 8),

(43) olw.8) = = [ 0,60 - 0.1 )

Lemma 4.4. For j=1,2,

—-1/23-1/2—k 3
) rMEETAE <
|0,95¢,(r, B)| 3 {T_<2+k>/3, g <r

3We follow [W] p. 244 and pp. 249-252, except that where Watson uses e~ *", we use e ™" so
our expressions differ from his by factors z/v = cos 3.

9



Lemma 4.4 follows in a straightforward way from implicit differentiation and
induction, but the proof takes a few pages. Abbreviate by ¢ the functions (;(r, 3)
along the contour of steepest descent satisfying (4.2). Differentiating (4.2) with
respect to 3 yields

[cosh(iB + ¢) — cosh(i3)]05¢ + (tan ) sinh(¢ + i) + i cosh(¢ +i6) —isec S =0

Therefore, using cosh(a + b) = coshacoshd + sinhasinhd with ¢ = ¢ + i3 and

b= _‘6,
% —i(cosh ¢ — 1) secf

cosh(¢ +if3) — cosh(if3)

9pC =
Define
Fi(¢) = 1/sinh(¢/2);  Fa(¢,B) = 1/sinh(¢/2+if3);  G((,8) = (cosh(—1)(sec 8)/¢?
Since
cosh(if + ¢) — cosh(if) = 2sinh(¢/2) sinh (i + (/2),

we may write

(4.4) 98¢ = %ZFIFQGQQ
Similarly,

-1
(4.5) 0.C = 7F1F2 cos 3

Lemma 4.5. Along the contour of steepest descent ¢ = (1(r,3) and ¢ = (a(r, ),
for allk >0,

—1 —k
" agﬂ(cw))z{'f'mff“ﬂ) for /<1

for (| >1
B4 for [¢] <1
b) |8’§F2(C(7“7 B),B8) 2 {6|4|/2 for || >1

" B+ for [¢]<1
C) |86G(C(T7 ﬂ)aﬁ” /5 {6C/|<|2 fO?” |C‘ Z 1

ht1 IK(B+ICH™ Y for [¢]<1
) 105 C(r,ﬁ)lj{l o 121

To begin the proof of Lemma 4.5, denote by D¢ F (¢, 3) the derivative of F(¢, 3)
with § fixed and let DgF((,3) represent the derivative of F((, ) with ¢ fixed.
(This is to distinguish from the partial derivative dzF(((r, ), 3) representing the
derivative with r fixed.) We bound D, and Dg derivatives of Fy, F> and G as
follows. On the curve of steepest descent ({ = ¢;(r,3), j =1,2)

|¢|~Ft for |¢| <1
(4.6) IDZF(Q)] = |(d/dOPFi(¢)] 3 {ecl/z for [¢] > 1
s (B+IcHP>=t for[¢] <1
(4.7) IDEDEF>(C,0)] 3 {e—l<l/2 for |¢| > 1
1 for [¢| <1
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To prove (4.6) when p = 0, note that if { =& 4 in and £ > 0, then

£/4, £>0
65/2/4, £>2

Along the contour ¢ = £ +in = (a(r,8), 0 <np <7 — . (Recall that 0 < 8 < 7/2.)
Furthermore, the slope of 1 as a function of ¢ is at most v/3 ([W] 8.32, p. 240) so
that &€ > || — m and & > |¢|/10. Tt follows that |F;(¢)| = |1/sinh(¢)| < 40[¢|~! for
all ¢ = (a(r, 8). For || > 20, we have £ > 2 and consequently |F;(z)| < 4e~8/% <
4e™/2e~161/2 | This proves (4.6) for p = 0 and ¢ = (o(r, 3). The other branch ¢ = ¢,
is similar, with the only difference that the curve (7 is in a horizontal strip of the
complex plane is below the £-axis: —3 < n =1Im{; < 0. The case of p =1,2,...
are easy consequences of the same estimates. A very similar proof to the one for
(4.6) gives (4.7) because

[sinh(¢/2)| > (/2 —1)/2 > {

i+ (|~ B+
along the contour. The estimate (4.8) is easy.
We can now carry out the proof of Lemma 4.5 by induction. Parts (a)—(c) for
k = 0 are the same as (4.6-4.8) for p = 0. Part (d) for kK =0 (k+ 1 = 1) follows
from (a)—(c) for k = 0 and the formula (4.4).
For the induction step, assume (a)—(d) are valid up to k. Part (a), 8§+1F1 ¢(r, 8)),
is a linear combination of terms
(DZF) 05 O0FC0) -+ (95°C) (a+-+agp=k+1; ¢ >1)
Part (b), 8§+1Fg(((r, B3), ), is a linear combination of terms
(DZD3F2(2,8)) (05 O0FC) -+ (95°C) (a+ - +agp+s=k+1; ¢ =1)
Part (c), 8’5+1G(C(T, B),8), is a linear combination of terms
(DEDRG (2, B)(9F O)OFC) - (95°C) (a+ - +apt+s=k+1; g >1)
Since the induction hypothesis says that 3%( has the given bounds for all 1 < g <
k + 1, each of the factors has appropriate bounds and multiplying them yields the
appropriate bounds for (a)—(c) with k replaced by &k + 1.
Lastly, to prove the induction step for (d), observe that
07 (00) = 57 (~i/ D RG]
is a linear combination of terms of the form

(95 F1(O)(95° F2(¢. ) (95 G) (95 ) (95°¢)
with ki + ko + -+ + ks = k+ 1. Since k; < k + 1, we have already proved the
appropriate bounds on each factor. Multiplying them yields the correct bound for
815”2(. This ends the proof of Lemma 4.5.
To convert the implicit bounds of Lemma 4.5 to ones in terms of r and 3, observe

that for ¢ = (;(r, B),
r1/23-1/2, r< 3
SRR B<r<i
1+logr, 1<r
In the range r > 1, there is also a more precise estimate along the contour, namely,

el elél (¢ =E+1n)
11



It follows that

B, r<p
liB+ (|~ B+ |¢] ~ < rt/3, B <r<i
1+ logr, 1<r

With these upper and lower bounds on || and 3 + |¢|, one can rewrite Lemma
4.5 as

Lemma 4.6. Along the contour of steepest descent ¢ = (1(r,3) and ¢ = (a(r, 3),
for all k >0,
7‘_1/2ﬁ1/2_k r< 53
W OEE(C(r ) S 4 b0+ e <
F—1/2 1<
ﬂ*(kJFl) r< 63
b) |815F2(<(7"7 6),0)] 3 r—3(k+1) ﬂ3 <r<i1

r1/2 1<r
p* r<p?
¢) [05G(C(r, 8), B)| 3 4 r=k/3 pr<r<i
r/(1+ logr)? 1<r
r1/23-3/2-k r< @
d) |05 ¢(r, B) 3 g rat B<r<i
1 1<r

It is now routine to confirm Lemma 4.4. Differentiate (4.5),
950,¢ = (—1/2)95(F1 Fy cos 3)
The right-hand side is a linear combination of terms of the form
(05 1) (O Fa) (0% cos B),  ky+hka+ks =k

which are bounded using Lemma 4.6. Now that Lemma 4.4 is proved, Proposition
4.1 follows from the formula (4.3) for a(v, ).

We now turn to the proof of Proposition 4.2. The function ¢ from (4.2) can be
rewritten

(4.9) o(z+1i0) — p(ifB) = (itan B)(coshz — 1) + (sinh z — z)

The Taylor approximations coshz — 1 ~ 22/2 and sinhz — z = 23/6 so the cubic
approximation to (4.9) is

(4.10) ®(z) = (itan B)2?/2 + 2° /6

Following Watson, we prove Proposition 4.2 by comparing ¢; (r, 8) and (a(r, 8), the
two solutions to (4.2), to the functions Z;(r, 8) and Zs(r, B) solving the correspond-
ing equation

(4.11) o Z)=-r, r>0

with Z1(0,8) = Z2(0,5) =0, and Re Z1(r, 8) < 0, Re Z5(r, 8) > 0.
12



Following Watson again, curve Z;(r) — —oo — itan 8 as r — 0o, whereas Zs (1)
is asymptotic to the ray whose argument is 77/3 as r — oco. Thus we define
IRETEI

b(B,v) = / ez
—oo—1t tan

In order to show that this function b(3, v) is the same as the function b of Proposi-
tion 4.2, we evaluate it using the contour consisting of the two rays Z = —itan 8 —¢
and Z = —itan 3 + £e'™/3, € > 0, rather than the steepest descent contour defined
using Z7 and Zy. With the parametrization given for these rays, and the change of
variable £ = u/y1/3, one obtains

(4.12)  b(B,v) = e i(vtan®B)/3 /0<> o e /6 {,ye’y(ugtanz B)/2 | o= (v&tan’ 5)/2] dé
0

_ e—i(ytan3 ﬁ)/31/—1/3A((V2/3 tan?2 3)/2) (v = e‘n’i/?))
where A(t) is defined by
Alt) = / e_“3/6[7e7t“ + e ] du
0
We claim that
A"(t) +2tA(t) =0
Indeed, for A € C, define

Fi(t) = / emu /Ot gy
0

Then
—-1= / (d/du)e_“3/6+/\t“du
0
_ / (7’[1,2/2 + At)€7u3/6+Atudu
0
= (=1/2)0H) F{(t) + MF\(1)
Hence,

1
-5 V(t) + NtFy(t) = —\?

Then A(t) = vF,(t) + F_1(t) and v = —1 give the equation A”(t) + 2tA(t) = 0,
as desired.
Thus A(t) is an Airy-type function, identified uniquely by its value and derivative

A(0) =T(1/3)672/3(3+iV3);  A'(0) =T(2/3)6™/3(=3 +iV/3)

Writing A in terms of its real and imaginary parts, A(t) = u(t) 4 iv(t), we find that
the Wronskian takes the constant value

(4.13)  w(t)'(t) — ' (t)v(t) = w(0)v'(0) — «'(0)v(0) = T'(1/3)1'(2/3)V3 = 27

Having identified b with the function of Proposition 4.2, we can now proceed
with the proof.

Lemma 4.7. Forj=1,2,0<8<7/4,

1/23—-1/2 3
Gl41z, 2470 r<b
~ pt/3 r> 33

13



Lemma 4.7 is routine and the proof is omitted. In fact ; grows more slowly than
Zj for for r >> 1 (like log ), but we don’t make use of this.

Lemma 4.8. Forj=1, 2,
r1/251/2 r< @
a) |¢'(¢;)| = |itan Bsinh ¢ + cosh ¢; — 1| 1 ¢ /3 B <r<i
r 1<r
1/231/2 3
N7 — s ‘ 2005 )7 164 r<p
b) |®'(Z;)| = litan BZ; + Z5 /2| 2 {ng s

Part (a) of this lemma is proved in [IJ] 9.15 and 9.16, p. 1072. The proof of part
(b) is similar and is omitted.

Lemma 4.9. Forj=1, 2, 0<8<7/4,
7,3/26—3/2 r< 63
IGG—Zi| < <r BB <r<i
ri/3 1<r
Proof. Fix a small number ry > 0. For Or > rq, the estimate follows immediately
from Lemma 4.7. For this argument we will use subscripts on the constants, because
some will depend on others. For |z| < 1, |p(2) — ®(2)| < C1(B]z|* + |2]°). Fix

r, B and j = 1 or 2. We consider first the case 0 < r < B33. Denote w; =
¢i(r,B8) — Z;(r,B) and Z; = Z;(r, 3). Our goal is to show that

w,| < Cr3/23-3/2
The root in the appropriate half-plane of
pw+2Z;)+r=0
is w = w;. We will show that for a suitable constant C' to be chosen later, the curve
S = {p(w+ Z;)+r: |w =Cr¥2373/2}

encloses the origin. Thus the root w; is inside. We will show that S enclosed the
origin by showing that ¢(w + Z;) + r — ®'(Z;)w is suitably small. Recall that
|®'(Z;)| > c1rt/231/2. Tt follows that the circle

So ={¥'(Z;)w : |w| = Cr¥/?p=3/%}

has radius at least Cc;r? /3.
By Lemma 4.7, |Z;| < Cor'/23-1/2. We will require that

(4.14) Cr32373/2 < Cyrt/2371/2
so that |w + Z;| < 2Cor'/2371/2 and
lo(w + Z;) = ®(w + Zj)| < CL(Blw + Z;* + |w + Z;|°) < C3r®/8

with a constant C3 depending only on C; and Cy (using r < 3%). Furthermore,
since F(Z;) = —r,

d(w+ Z;) = —r + &(Z))w+ (1/2)(itan 8 + Z;)w* + w® /6
and

|(itan B + Zj)w® /2 + w® /6] < C?B2r® 4 CoC?rT/2377/2 4 391237912
14



We will require

(4.15) C2372r3 + CLC?r 7237712 4 309723792 < (1/100)e,Cr2 /3
Now our final requirement on C is the lower bound

Combining these estimates, we have for |w| = Cr3/2373/2,
lp(w + Z;) + 1 — @' (Z;)w| < Csr? /B + (1/100)c1Cr? /B < (1/2)e1 Cr? /B
so that
lp(w + Zj) + 7| > (1/2)e1Cr? /3.

On the other hand |®'(Z;)w| > ¢;Cr?/B. So S is a loop surrounding the origin.

Finally, we check that all three requirements on C' are satisfied. For (4.16) fix
C = 4C3/c;. Now that C is fixed, we choose rg > 0 sufficiently small that the other
two inequalities (4.14) and (4.15) are satisfied for all , 0 < r < 79, 0 < r < 33
(0 < B3 < 7/4). The remaining case, 3* < r < rq is similar and slightly simpler. It
will be omitted. This concludes the proof of Lemma 4.9.

Lemma 4.10. Forj =1, 2,
7,71/2[371/2 r< 53

a) ‘67"ZJ| S 7’_2/3 r> 63
r*1/25*1/2 r< B

b) 10, < 7?3 g <r<i
r1 1<r

c)0-((G—Z;)| <1 allr
Proof. Differentiating (4.11), we find
(Z;)0,Z; = 1 ¢'(()0r¢ = —1
and the bounds of Lemma 4.8 imply parts (a) and (b). For part (c),
/ /
_ (G = #(G) |, P(Z) = (G)

(2P (G) | (Z) )

Lemma 4.8 implies
|9(Z;)¢' ()] = max(rg,r/?)
The formula of ®" and Lemmas 4.7 and 4.9 imply
3/23-1/2 r< 3
9'(Z;) = () B B+1Z5| +1GDIZ; = Gl 3 /3 pP<r<i1
r2/3 1<r
Hence, |(®'(Z;) — ®'((;))/®(Z;)¢'(¢;))| 2 1 Lemma 4.7 implies

, ) 3/2ﬂ71/2 < ﬂ?}
1®(G;) — (6 3BIGP + 1614 3 {:4/3 er

Hence, similarly, [(®'({;) — ¢'(¢;))/®'(Z;)¢'(¢;)| Z 1. This concludes Lemma 4.10.
15



Lemma 4.11. Forj =1, 2,

7"_1/2ﬂ_3/2 r< ﬂ?’
o) 10,052;| < {

B <r
7,,—1/26—3/2 r< /83
<
b) |8raﬁ<-]| = {’]"1 /63 S r

¢) 10:95(G — Zj)| 3717
Proof. Differentiate the implicit equation with respect to 3 to obtain
OpZ; = —(isec® B) 23 /29 (Z;)
and
030, Z; = —(isec® )0, 2,22, (Z;) — F"(Z;) 23] |2F'(Z;)?
We have already bounded each of these terms and the bounds combine to give
Lemma 4.11 (a). To prove (b), differentiate (4.2) with respect to 3 to obtain

9p¢; = —i(sec® B)(cosh ¢ — 1) /¢’ (¢5)

Then, differentiating with respect to r,

8r0y(; = —i(sec? B)8,¢;lsinh (' (¢5) — ¢ (¢) (cosh G — 1)]/¢'(¢;)?
The estimates above for ¢;, 9,¢;, ¢'(¢;), and

B r<
(G 3t B<r<l
r 1<r

combine to give part (b) of Lemma 4.11.
To prove (c) write

(4.17)
0s(G; — 2;) = —isec? B2 (G) — @' (2))) + 22 (Z) — ¥ (Z))+
(4.18) (2 — )29 (Z) — 2(cosh ¢ — 1 — /2 (Z,))/¥ (Z))¢ ()
With z is a point on the line segment from Z; to (j,
(4.19)
105(¢5 = Z5)| < CIZiPle" (125 = Gl + 12528125 P+
(4.20) 1Zi1") + 1251125 = G119 (Z3)] + 161119 (Z3)[1/197(Z5)' ()]

Using the preceding bounds and (4.19),

,r3/2ﬁ—5/2 r< ﬁ3
|8ﬁ(<J ZJ)|~{T_2/3 63§T§1

In the range 0 < r < 1, differentiation of (4.17) with respect to r replaces terms Z;
(with the bound r'/2371/2) by 9,7, (with the bound r~1/2371/2) or the similar
replacement of (; with 0,(;. This results in a bound of the same type as (4.19)
with an extra factor of 1/r. In other words,

,,,1/2ﬂ75/2 r< ﬂd

10,05(C; — Z;)| 3 4 r1/3 B <r<i
r1 1<r
16



(The case r > 1 follows separately from parts (a) and (b).) In all three cases this
is less than 7~1/3, so this concludes Lemma 4.11.
Define

W) = [0 200,8) — 0,210 )
0
Then Lemmas 4.10 and 4.11 imply that

(4.21) la(B,v) —b(B,v)| < /000 e dr <1/v
(4.22) |0, [a(B,v) —b(B,v)]| < /OOO re V" dr < 1/v?
(4.23) |0gla(B,v) — b(B,v)]] < /000 rY3emvrdr < 73

This concludes the proof of Proposition 4.2.
Next, in order to deduce Corollary 4.3, we will prove some estimates for b(v, 3)
that will also be needed in the next section.

Proposition 4.12. Ify >0 andv > 1/2, 0 < 3 < /4, then
V_1/3 /6 < V_1/3
a) [l ~ < 1y 1 —~1/3

. y—4/3 B< /3
b) |8"b| ~ V71/255/2 B> p—1/3

LRI LG
BY1~ V1232 3> /3

Proof. The proposition will follow easily from the formula for b in terms of A(y)
and the estimates for y > 0,

(4.24) A~ (L+y) V% A )= (149"
(4.24) is well known, but we include a sketch of a proof. The upper bounds are
standard; indeed, the asymptotic behavior as y — oo follows from the fact that A(y)
is a multiple of the Hankel function Hl/g((2y)3/2/3) [W] p. 252. The lower bounds
(for all y > 0) follow from the upper bounds and the fact that the Wronskian (4.13)
is constant.
Next, using (4.24) we deduce (a). Recall that from (4.12),
(v, B)] = v P A() = v B (L )Ty = (1/2)0 tan® B
When 8 <v=3 |yl 21 and [b] = v~ /3. When 8 > v=1/3,
|b(1/, ﬂ)| ~ 1/71/3(1/2/3ﬂ2)71/4 ~ V71/2ﬂ71/2
Parts (b) and (c) of Proposition 4.12 are proved as follows. Differentiating (4.12)
gives
10,0(v, B)| 3 B2 RIA(R)] + v P2 A (1) 3 min(v™ /2852, 07
and
|0b(v, B)| 3 V*PE2|A)] + v BIA ()] 3 min(W!' /252,012 )
Proposition 4.12 (a) and (4.21) imply Corollary 4.3.
Finally, we discuss the range 7/4 < 8 < /2 and beyond. To formulate this we

return to the variables (z,n). Fix ¢ > 0 and let 5y > 0 be the smallest number such
17



that cos By = 1/(1 + ¢). Let 1, /2 < 1 < 7 satisfy cos 81 = —1/4. For z > 1,
n > —1/4 and z > (14 ¢)n, define B(x,n) as the unique number Gy < 8 < g such
that zcos 3 = n.

Proposition 4.13. Letx > 1, n > —1/4 and x > (1+c)n for a fivzed ¢ > 0. Define
a(x,n) by
H,(z) = !@smB=m8)G(z n).
with 8 = B(x,n) defined above. Then
|3 0na(w, )| 3 a1 /2I

To explain the connection with the previous notation, if ¥ = n and x = v sec 3,
then a(v,3) = a(x,n). The distinction between the coordinate systems is that
0, is the derivative with 8 (or equivalently z/v fixed), whereas 9,, represents the
derivative with x held fixed. The 9, direction is special when f is near 0 and the 0,
direction is special when (3 is near 7/2. The estimates we carried out in the range
u0 < 8 < /4 can be extended to § — 7/2, but they require additional factors of
sec § which tends to infinity. They do not suffice: In the eventual analysis of the
behavior of zeros p(m,n), the range x = p(m,n) > (1 + ¢)n corresponds to m > cn
and estimates in the (v, 3) coordinates give rise to error terms of size O(1/n) when
what is needed is O(1/m) = O(1/p).

Proposition 4.13 was already proved in the case n > 0, j = 0, £k = 0,1,2 in
Theorem 9.1 (i) of [IJ]. (In the notation a,(v) of [LJ], v = n, ax(n)z~"*(z —
n)~Y* = a(x,n), and in the range of variables specified here, z — n ~ z.) The
full proof of Proposition 4.13 follows the same procedure as in [IJ] pp. 1068-1072,
with the only extra ingredient being the systematic treatment of derivatives of all
orders, which was already carried out above in the very similar proof of the symbol
estimates for a(v, 8) in Proposition 4.1 (a). These details will be omitted. We call
attention to one difference. The integrals in the proof of Proposition 4.1 involve
e ""dr as v — oo, whereas in the proof of Proposition 4.13, (following [1J]) the
integrals involve e™*"dr and x — co. We mention this in order to explain why the
proof is unchanged when the range of n is extended fromn =v > 0ton > —1/4.
The range n < 0 would be problematic for integrals on 0 < r < oo involving e~ ""dr,
but these integrands are replaced by ones involving e™*"dr with z > 1.

5. ASYMPTOTICS OF arg.J, +iY,, AND OF THE ZEROS OF BESSEL FUNCTIONS

Denote H,(z) = Jy(z) + iY,(z). It is well known that for all real numbers n,
|H,,(0%)] = oo and |H,,(z)| is a decreasing function of = for x > 0 (Watson [W] p.
446). Moreover,

Hy, () _ J(@)Ya(x) = Yi(z)Ju(z) _ 2 50
H,(xz) Jn(2)?2 + Y, (x)? - x|H,(x)]?
Therefore, for all real values of n, as > 0 increases, H, (z) traces a simple spiral
counterclockwise in the complex plane. To choose a well-defined branch of the
argument

0y arg(Hp(z)) = Im

0(x,n) = arg(Hn(z))
note that Y, (z) = (J,(z) cos(nm) — J_p(x))/sin(nm) and one has the asymptotic
formula J,(z) ~ (z/2)"/T(n + 1) as  — 07. We deduce that for n > 0,

Ho(2)/|Ho(@)] — —i= e asz —0F
18



whereas for 0 <n < —1/2,

i(n+1/2)w

H,(z)/|H,(z)| — —sinnm —icosnm = e~ asx — 0"

Therefore, for > 0 sufficiently small H,, () is in the 4th quadrant. and a consistent
definition of the branch is given by

60", n) =—-m/2 (n>0)
and
(0T, n)=—-(n+1/2)r 0>n>-1/2
It then follows that the mth positive zero of J,(z) satisfies
(5.1) O(p(m,n),n) =mn — /2

for m = 1,2,.... This implicit equation can then be used to extend the definition
of p(m,n) for all real m and n satisfying m +n > 0.

Next, we establish a few preliminary upper and lower bounds for p(m,n). It
follows from the fact that 0,0(x,n) > 0 that p(m,n) well-defined and infinitely
differentiable. In the range |n| < 1/4, the formula for d,6(z,n) and the estimates
|H,(z)| 22 Y*in0 <z <1and |H,(z)] 2272 in 1 <z < oo imply that

(5.2) pmyn)~=m (m>1/2, |n|<1/4)
In the range n > 1/4, m > 3/4, we prove (well-known) upper and lower bounds
(5.3) p(m,n) —n ~m+m?>3nt/3

Let n > 0, then according to [W] (p. 485-487), n < y,, where y,, = p(1/2,n) is the
smallest positive zero of Y, (x). Since 0(y,,n) =0,

p(m,n)
mr —7/2 = / 0.0(x,n) dx
For all n > 1/4, |H,(z)] ~ n~ Y3 inn < 2 < n+n'/? and |H,(2)| =~ 27 /4(z —
n)~%in x > n+n'/3. These estimates along with the formula for 8,6(z,n) above
yield (5.3).
To prove Theorem 2.3, we require symbol estimates for 8(x, n) expressed in terms
of the variables (3,v) with x = vsec3, n = v.

Lemma 5.1. Denote
o(v,3) = 0(vsecf,v)
There is an absolute constant C such that if Cv=13 < B <m/4, then
a) |0)05[0(B,v) —v(tan B = B)]| Iv 787" j+k=>1
b) 0)05[0(B, )| IV 7B k=1

In the transition region, where ¢ < v3® < C, for some absolute constants 0 <
¢ < C < 0o more detailed asymptotics are required. Denote y = (v2/3 tan? 3)/2
and define the derivative of arg A(y) by

A'ly) _ . w)v'(y) — o' (y)oly)
Aly) |A(y)[2

where A(y) = u(y) +iv(y) is the Airy function in (4.13). The asymptotic expansion
for o(v, B) is given by

B(y) =Im
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Lemma 5.2. If j+k > 1, then
0) B0 = 5 (7 tan B)B(u)(1 + O(F + /357
b) Ogo = (1/2/3 tan Bsec? B)B(y)(1 + O(p% + v~ 1371

Proof of Lemma 5.1. First note that the definition of o and (4.1) imply
7)
dpo = (sec® B — 1)v +Im %a
and 5
0,0 = (tan§ — ) + Im va
a

Thus Lemma 5.1 follows from Proposition 4.1 and Corollary 4.3.
Next, we prove Lemma 5.2.

0,0 =tan B — 4+ Im(d,a/a)
=tan 8 — B+ Im(9,b/b) + Im[(0,a — 9,b)/a] + Im[(0,b)(1/a — 1/b)]
= tan f — 3+ Im(0,b/b) + O(|0,(a — b)|/la| + [Onbl|a — b]/|abl)
= tan # — 8+ Im(9,b/b) + O((B + v~ '/?)?)
Moreover (with y = (¢?/%tan® 8)/2), and recalling that B(y) = Im(A’(y)/A(y)),

~1/3
Im% = —tan®3/3 + Y

tan® BB(y)

and tan 3 — 3 — (tan® 8)/3 2 3°. Thus,
,-1/3

dyo = tan® BB(y) + O((B + v~ '/%)")

Similarly,
dpo = v(sec? B — 1) +Im(dsa/a)
= v[sec? 3 — 1 + Im(dpb/b) + Im[(dga — Igb)/a] + Im[(dpb)(1/a — 1/b)]
= v[sec? § — 1] 4+ Im(dgb/b) + O(w(B + v~ 1/3)h)
Moreover,
Im ? = —vtan? Bsec? § 4 v2/3(tan 3)(sec? B)B(y)
Since v[sec? 3 — 1] — vtan? Bsec? 3 X v,
dpo = v?/3(tan B)(sec® B)B(y) + O(v(6 + v~ /3%
Finally, in order to write the error as a multiplicative expression, we use |B(y)| ~
(1 +y)'/? which follows from the upper and lower bounds on A(y) and A’(y) (and
ultimately from the Wronskian formula).
We can now deduce Theorem 2.3 from Lemmas 5.1 and 5.2. Consider the func-
tions v and [ of n and m defined by
v=mn; cosfB=n/p(m,n)
For 3/4 < m < 3n, p(m,n) —n ~m?/3n!/3 implies
B(m,n) =~ (m/n)Y/? if3/4 <m <3n
V3 = m?Pnld — B~ (m/n)V/3
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In particular when m > 3/4, 3 > en~'/3 for some small absolute constant ¢ > 0.
We will be treating three ranges of § in different ways. One is the transition region
where en=1/3 < 8 < Cn~'/3 where C is a large constant. The second is the region
Cn~1/3 < 8 < f3y for some small absolute constant 3y, and the third is the classical
region By < 3. We will never need to consider § smaller than c¢n~/3.
Differentiating o(v, ) = mn — 7/2, we find the implicit formulas

0,0 o7
anﬂ - 6,80 ) 8Tn/6 - 8570'

We are going to prove by induction the property Q(j, k) that says that for all
0</ <jandall0 </l <Kk,

|arl;;aflgﬁ| '_5 ﬁ1—3€1 p—él—ig (% m1/3—21n—1/3—€2)

B ~ (m/n)'/3) The property Q(0,0) is trivial. For Q(0, 1), observe that by Lemma
5.2
('“),,70 v1/3 tan? 3

= g (L+ 08 +v 1272

4 =
(5.4) dgo  3v2/3tan Bsecfl

Moreover,

0B =0(BvY); OB =032
The proof of Q(1,0) is similar. Suppose that Q(j, k) is valid. Differentiating the
implicit formula for 97,0% 3 with respect to m, there are three types of things that
can happen. First the derivative falls on the denominator, which is a power of 930,
in which case the expression is multiplied by a constant times

(050)0m B

858

But recall that |9g0]| 2 f%v, |8§0| = Bv, and |0,,8] 2 87 2v~! so that the product
is majorized by S~3v~1. This is the new factor required for the estimate Q(j+1, k).
If the derivative falls on the numerator, then it may increase the degree of differen-
tiation on a derivative of 3, but always below the level of the induction hypothesis.
Replacing a derivative of § by one derivative higher yields a change in estimation
of the whole by the appropriate factor 373v~!. Finally, the differentiation may
land on a derivative of Do. This replaces Do by (03D0c)0m, 05, so the change in
the estimation is the same (difference between Do and d3Do is a factor 371 and
O is bounded by 8~2v~!. Again the product is S~3v~!, which is the factor we
want. Similarly, to prove Q(j, k + 1), differentiation with respect to n produces an
estimate that differs by the factor »~! from the bound for Q(j, k).

Next we can use Q(j, k) to prove the property P(j, k) that for all 0 < ¢; < j and
all 0 < ly <k,

014082 (plrm. m) — )] 3 B2 1= (s 2/t 1/302)
In fact, implicit differentiation of pcos 8 = n with respect to n and with respect to
m gives
Onp —1=(secB— 1)+ p(tan 5)9,0
and
Omp = p(tan §)0m 3
The induction argument is similar to the proof of Q(j, k) and is left to the reader.

This concludes Theorem 2.3 (a).
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We turn now to the lower bound (Theorem 2.3 b).
Onp — 1= (secf — 1)+ p(tan 3)0,0

— (sec i — 1) — p(tan 9) Z;j

= 352 +0(p*) — %sinﬂtan B +0(8 +v= 3572

:él@2+0(ﬂ4+l/—4/3>

Note that we need the precise asymptotics because the lower bound of order
(% ~ m?/3n=2/3 requires the coefficient 1/2 —1/3 = 1/6 > 0. The error term
is lower order if 8 << 1 and n=%/3 << 32, Thus we have Theorem 2.3 (b) for n
sufficiently large, in which case v=2/3 << 3 < Cr~/3. We do not need smaller
values of 3, because for m > 1/20, and § defined implicitly in terms of p(m,n),
B~ (m/n)t/3 >> v=2/3,

At last, here are some details of the much simpler estimates in what we are
calling the classical region. Let n > 1 and © > (1 4 ¢)n. Then we are in the range
in which (z —n) ~ z. As suggested in the remark of [IJ] p. 1069, following the
methods above one finds

Hn((t) _ $71/4(5U _ n)71/46i(a:sinﬁfn,8)s(x7n)
where (x,n) is defined by x cos 8 = n and s(z,n) satisfies
|20 s(x,n)| 3w F

Moreover, it is well-known that |s(z,n)| > ¢ > 0. It follows that 6(x,n) = arg H, (z)
(defined using any appropriate branch) satisfies

O(xz,n) = zsinf —nf + E(x,n)
where E(z,n) is a symbol satisfying
080 Bz, m)| 5 2~

It is not hard to extend this estimate to negative values of n. Indeed the remaining
range of n is the range —1/2 < n < 1. For a fixed range of the parameter n,
the Hankel formula for H,(x) ([W] pp. 196-198) may be used. Let x > 1 and
—1/2 < n < xcosfy, where By is a small, fixed constant. Then since Gy > 0,
x > (14 ¢)n for some ¢ > 0 and we are in the range in which (x —n) ~ x.
One calculates that
n 1

axﬁ = 5 anﬁ =

"~ 22sing’

 zsin Ié]
and
Ol =—F+0,FE; 0,0+ 0,E
Differentiating the implicit equation for p(m,n)
O(p(m,n),n) =mn — /2
with respect to m and n, we find

™ s

8.0(p(m,n),n)  sinf3
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+F1(p7n)

Omp =



wnd 9.0(p(m.n).m) B
_Yn pim,n),n)
0P = =B bp(mom),m) ~ snp T L)

with F} and F5 satisfying
0J0NF (p,m)| 3 p~ 07"

and pcosf =mn, fp < 0 < /2 + € (B extends a small amount beyond 7/2 to
accomodate the negative values of n — we only care about p sufficiently large, so
€ can be arbitrarily small.)

Finally, this implicit asymptotic formula for p(m,n) can be differentiated many
times expressing derivatives of p(m,n) in terms of lower derivatives. This yields

09,0 p(m,m)| 3 p' K !

for all m > 100+ cn for a small fixed ¢ > 0. For the asymptotic gradient we already
have the implicit formula

(6771107 anp) = (7T/ sinﬂ,ﬂ/ blnﬁ) + F(p, n)
with F' a symbol of order -1 as above. Thus of order O(1/m) since p ~ m in this
range. We also have the implicit equation for p that gives us [ as a function of p
as follows:
n(tan g — 8) + E(p,n) = mm — /2
so that (pcosf =n)

tan B — 8 = ?(1 —(E+1/2)/mm) = %(1 —0(1/m))
Thus if we define a(m, n) by
tana — a =7mm/n

(across m/2 as needed is perfectly ok) then a = 8+ O(1/m) and we get the as-
ymptotic formula we wanted. (We can also characterize the error term as a symbol
rather than with a bound, but we don’t need this.)

6. FINAL REMARKS

The length spectrum of the disk is far from generic. The regular k-gon trajectory
on the disk can be rotated around the circle giving a one-parameter family of
periodic geodesics of the same length, whereas in general the length of the geodesic
with k reflections varies depending on where its vertices are. Nevertheless, we expect
that the contribution to the wave trace at times ¢ greater or equal to the perimeter
from this family of k-reflection periodic trajectories resembles the effect of the family
of regular k-gons in the case of the circle. Indeed the almost integrable behavior of
the dyamical system of geodesic flow on convex planar regions near the generalized
geodesic that follows the boundary has been treated in detail by Lazutkin [L] and by
Melrose and Marvisi [MM]. Moreover, as we saw above, the asymptotics depended
in a fundamental way on nondegeneracy conditions on derivatives of Airy functions.
This is a hopeful sign, since general microlocal constructions of the parametrix of
the wave equation near the boundary also involve Airy functions [AM, MS, MT].

As already mentioned, certain symbol properties of Bessel functions J,(x) as a
function of the two variables x and v were already proved in Ionescu and Jerison in
[LJ]. There are three features of the treatment in [IJ] that are not enough for our
purposes here. First, there is the minor point that we need bounds on derivatives of
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all orders, not just the first two. Second, the full symbol-type estimates (conjectured
in [LJ], p. 1069) while valid are not sufficient here. Those bounds are for derivatives
in the variables (x,v), whereas for the present purpose in the range v < z < 2v,
especially when x is near v, it is necessary to distinguish a special directional
derivative, namely, the derivative with respect to v with the ratio z/v held fixed
(or equivalently with 3 defined by cos 8 = v/x held fixed). Third, [IJ] treats only
upper bounds on J, (x) + 1Y, (x) and its derivatives. We need both upper and lower
bounds on the argument and its derivatives, which require detailed asymptotics,
not just bounds on the Bessel functions and their first derivatives.
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