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Exercise sheet 2

Series with positive terms

Exercise 1.
1. Find real numbers a, b, ¢ such that for all x € R with x # 0,1, —1 we have

1 a b c

x(z2 —1) x—1+x+az+1'

2. Using the previous relation for x € [2,n], find for all integers n > 2 a simple expression for

n

1 1 1 1
S”:Zj(j2—1) “o2_1) T3@—1  Tamon

=2

3. Deduce from above that (S, )nen converges and find its limit.
4. Prove that )., 1/(k(k* — 1)) converges and find its sum.
Exercise 2. Convergence of a series

Let (un)nen be a sequence of nonnegative terms. Prove the series ) ., u, converges if and only if

2
the sequence (D }_; ug)n eN converges.
Exercise 3. Convergent or divergent series

Indicate whether the series associated to following sequences diverge or converge.

1. u, =e"/(n®+1) 6. u, =nln(l + 1/n?)
2. u, = 2"/(3"n?) 7. wn = nl/n"
3. up =€ "/(4+sin(n))
4. up, =n/2"
)

. un:el/”/(n—f—l) 9. un:( —%)

Exercise 4. Convergent or divergent series

Consider the series of the sequences (uy,)neny Whose general term is given by:

1. u, = 1_71111(1"‘1/"), 6. up, =tan(l/n) —1/n,
vn+1
2. u, = In(n)/n, 7. up=(1-1/y/n)",
3. up =(1+1/y/n)",
( /vn) 8. up = In(n)/n® (discuss the problem in terms of «),
4. uy, = (/" —1)/n,
5. up, =ne V7", 9. up =n? (sin(1/n) + cos(1/n) + In?(1—1/n) — 61/"), n > 2.
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Decide if they converge or diverge.
Exercise 5. Computation of sums of series

Consider the following series:

1. Zn€N3_n’ 3. ZnEN 1/n!, 5. ZneN(n—l—Q)/n!,
2. Y ,>32/5%, 4. Y ,593/(n=1), 6. Sen(n? +n+1)/nl

Prove that they converge and compute their sums.
Exercise 6.
Let (un)nen be a sequence with positive terms such that ) _yu, converges. Prove that the series

U
Zunil

neN

converges.
Exercise 7. Comparison between series and integrals
1. Give an equivalent to Y, 1/k“ when 0 < a < 1.

[e.9]

2. Give an equivalent to .7°° 1/k® when a > 1.

3. Prove that In(n!) ~ nln(n) when n tends to +o00.
Exercise 8. FEquivalence of partial sums
Let (up)nen and (v, )nen be two positive sequences such that u, ~ v, when n tends to +oc.

1. Suppose that the series ) _un converges. Show that >, up ~ >, vr when n tends to
+00.

2. Suppose that the series )y u, diverges. Show that Y 7 up ~ > 7' vx when n tends to +oo.

3. Prove that there exists a constant C' such that

= 1 1 <1>
oL e (h)
pt k;2 + \/E n—-+o0o n n
Exercise 9. Series and decimal expressions
1. Let (an)nen be a sequence taking value in [0,9]. Show that the series
n
neN* 107

converges.

2. Prove that if the sequence (ay,)nen+ is periodic (from some point on), then the sum ) - @y /10"
is a rational number.
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3. For x € [0,1[, let 21 be the integral part of 10.z, and define by induction z,41 to be the integral

part of
n
+1 Tk
k=1
Prove by induction that z,, € [0,9] and

n . Lk
10 <.’E— 10k>€[0,1[,
k=1
for all n € N.

4. Deduce from the above that ) . 2,/10" converges to x. We say that (z,),ecn+ is the associ-
ated sequence of the decimals of z.

5. Prove that if z is rational, then the associated sequence (x,)nen+ is periodic from some point
on.

Exercise 10. Another proof of the convergence of Riemann series using block summation
Let (up)n be a decreasing sequence of real numbers. Set v, = 2™ ugn.

1. Prove that the series ) un €t ),y vn converge or diverge simultaneously.

2. Deduce from the previous point that the Riemann series converge.

3. Study the convergence of the series

1 1
; nln(n) and nz: nlin(n)In(ln(n))

>3

Exercise 11. Series with positive and decreasing general term

Let (up)nen € R§0 be a positive and decreasing sequence such that ZneN Uy, CONverges.
1. Show that for any € > 0 there exists N € N such that for any n > N we have (n — N)u,, <e.
2. Prove that nu, converges to 0 when n tends to +ooc.

3. Give an example of a positive sequence (v,)nen such that ) v, converges and nwv,, doesn’t
tend to 0 as n goes to +oo.



