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cusps, and counting function of the embedded
eigenvalues of the Laplace operator
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Outline

The hyperbolic setup

°

The constant magnetic Laplacian on the Poincaré half-plane

°

Geometrically finite hyperbolic surfaces
o The spectrum of the magnetic Laplacian
» The Weyl formula (case of finite area)

® Higher dimensions: manifolds with cusps
o The spectrum of the magnetic Laplacian
# The Weyl formula with sharp remainder
» Estimate on the embedded values of the Laplacian
» Outline of proofs

Joint work with A. Morame (Nantes)
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Framework

Let (M, g) be a connected and oriented Riemannian manifold of T
dimension n.

For any real one-form A on M , define
—Ay = (1d+A)*(id+A), (d+Au=idu+uld,Vu € CT(M)) .

The magnetic field is the two-form dA .

|
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Framework

Let (M, g) be a connected and oriented Riemannian manifold of T
dimension n.

For any real one-form A on M , define
—Ay = (1d+A)*(id+A), (d+Au=idu+uld,Vu € CT(M)) .
The magnetic field is the two-form dA .

To dA is associated the linear operator B defined on the tangent
space by dA(X,Y) = ¢g(B.X,Y); VX.,Y eTMxTM.

. . L 1
The magnetic intensity b is given by b = S ((B*B)W) .
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Framework

Let (M, g) be a connected and oriented Riemannian manifold of T
dimension n.

For any real one-form A on M , define
—Ay = (1d+A)*(id+A), (d+Au=idu+uld,Vu € CT(M)) .
The magnetic field is the two-form dA .

To dA is associated the linear operator B defined on the tangent
space by dA(X,Y) = ¢g(B.X,Y); VX.,Y eTMxTM.

. . L 1
The magnetic intensity b is given by b = S ((B*B)W) .

If dim(M) = 2, then
o dA = bdv,with |b| = b,
dv the Riemannian measure on M. J

# The magnetic field is constant <= b Is constant.
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The Poincaré half-plane

Let M = H be the hyperbolic half-plane : T

dz? + dy?
H = Rx]0,+o0], g = =T
y

® A4 = (Do~ A1) + Dy — A2)?
with A = A (z,y) de + As(x,y) dy,and A,(z,y) € C*(H;R),

o |
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The Poincaré half-plane

Let M = H be the hyperbolic half-plane :
dx? + dy?
H = Rx]0,+00[, g = ;2 .

® A4 = (Do~ A1) + Dy — A2)?
with A = A (z,y) de + As(x,y) dy,and A,(z,y) € C*(H;R),

~

® b = y? (0,4 — 0y A1)
® b = |bl,
® dv = y 3dxdy .
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The Poincaré half-plane

Let M = H be the hyperbolic half-plane :
dx? + dy?
H = Rx]0,+00[, g = ;2 .

® A4 = (Do~ A1) + Dy — A2)?
with A = A (z,y) de + As(x,y) dy,and A,(z,y) € C*(H;R),

~

® b = y? (0,4 — 0y A1)
® b = |bl,
® dv = y 3dxdy .

Properties
® A, isessentially self-adjoint on L?(H) .

® We are interested on its spectrum : sp(—A_,).
Gauge invariance:

o

sp(—A4) = sp(—Datdp); Ve € CT(H;R). J
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The spectrum for constant magnetic field

The spectrum of —A 4» IS essential:
Sp(—Aup) =8pg(—Aar) US(b) .

Its absolutely continuous part is given by
SPee(—An) = [b2 4+ 1, 400 .

|
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L

The spectrum for constant magnetic field

The spectrum of —A 4» IS essential:

Sp(—Aup) =8pg(—Aar) US(b) .

Its absolutely continuous part is given by
Spac(_AAb) — [b2 + i? _|_OO[ .

If 0 < b <1/2 the remaining part S(b) is empty,

if b > 1/2 itis formed by a finite number of eigenvalues of infinite
multiplicity given by

S(b) = {2/ + Db —j(i+1):j € N, j<b-}.

|
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Related results : hyperbolic context

- N

® Results on the hyperbolic space

# Maass Laplacian: Elstrodt(73), Grosche(88), Comtet(87),
lkeda-Matsumoto (99), Kim-Lee(02)

# Asympt. constant magnetic fields ,Pauli operators :
Inahama-Shirai (03)

# Asymptotic distribution for Schrédinger operators
Inahama-Shirai (04)

» Asymptotic distribution for magnetic bottles . Morame-Truc (08)

® conformally cusp manifolds :
Asymptotic distribution for Schrdodinger operators
Goléenia-Moroianu (08)
Weyl law for magnetic Laplacian : Golenia-Moroianu (08)

® Geometrically finite hyperbolic surfaces
L Asymptotic distribution for magnetic bottles : Morame-Truc (09) J

Mainz,10/09/12 — p. 6



Geometrically finite hyperbolic surface of infinite area

- N

® Definition
(M, g) : asmooth connected Riemannian manifold of dimension

J1 Jo
two M = UMj U(UFk>7
§=0 k=1

e M; , I}, open sets of M , M, compact closure,
o (j #0: M; isometric to Sx]a?, +oo[ , (cuspidal ends)

ds? = y_2(L? do? + dyz)

(a; and L, are strictly positive constants)

® Fj isometric to Sx|a?, +ool , (funnel ends)
dsi = 7 cosh®tdf* + dt?

(ax and 7 are strictly positive constants) .
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"Constant” magnetic field on M

- -
e (0e)ofir)

® |tis not always possible to have a constant
magnetic field on M , but

o |
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"Constant” magnetic field on M

o (G)ul()

k=1

® |tis not always possible to have a constant
magnetic field on M , but

® V(b)) € R"xR? 3 A, s. t. dA satisfies

- b(z) = b;Vz € M,

b(Z) = 0. Vz € Fj

|
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The essential spectrum of magnetic Laplacians (1)

® IfJ; = 0and.J, > 0,

Decs(~Aa) = [ +inf 57, ool [ (U swk)) |

o |
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L I

The essential spectrum of magnetic Laplacians (1)

If J; = 0 and J, > 0,

Decs(~Aa) = [ +inf 57, ool [ (U swk)) |

k=1

If0 < B <1/2 S(0k) is empty,

If 3. > 1/2 itis formed by a finite number of eigenvalues of infinite
multiplicity given by

S(5) = {5+ 15— 3G +1)5 5 € N, j<fr— ).

|
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The essential spectrum of magnetic Laplacians (2)

|—|f Ji > 0, then —‘

® VvV, 1<5<J andVz € M,
3 a unique closed curve C; . through z, in ( M;, g) , not
contractible and with zero g—curvature.

® The following limit exists and is finite:

d(z)—+o00 Je

J,z

® Define: Ji* = {jeN, 1<j<J; st [Alm, €27Z }.

o |
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The essential spectrum of magnetic Laplacians (2)

|—|le > 0, then —‘
9

Vi, 1<j<J andVz € M;
3 a unique closed curve C; . through z, in ( M;, g) , not
contractible and with zero g—curvature.

® The following limit exists and is finite:

d(z)—+o00 Je

J,z

® Define: Ji* = {jeN, 1<j<J; st [Alm, €27Z }.
Theorem 2
Assume that J; > 0,.J, >0,and J* # (. Then

< Spess(_AA) —

J2
1 . . 2 . 2
3 +min{inf 5, inf 87}, +oof 9 (H S(@)) -

o |
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Weyl law ( M of finite area, A "non exact at oo™ )

|7 ®» Theorem 3 T

Consider a geometrically finite hyperbolic surface (M, ¢g) of finite
area, (J, = 0) , and assume that J* = (. Then
» (I) Spess(_AA) — @ :

—A 4 has purely discrete spectrum , (its resolvent is compact).

o (i) N\, —Ay) = A% + O(VAIn\) .

o |
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Weyl law ( M of finite area, A "non exact at oo™ )

|7 ®» Theorem 3 T

Consider a geometrically finite hyperbolic surface (M, ¢g) of finite
area, (J, = 0) , and assume that J* = (. Then

» (I) Spess(_AA) — @ :
—A 4 has purely discrete spectrum , (its resolvent is compact).

o (i) N\, —Ay) = A% + O(VAIn\) .

® (Definitions) In the case when sp(—A4) is discrete,
» denote by (),); the increasing sequence of eigenvalues of —A 4 ,
(each eigenvalue repeated according to its multiplicity)
o define N\, —Ay) = ZAj<A 1.

o Weyl law for the Laplacian on a compact n-dim Riemannian
manifold M

_AMN . yn/2 ‘M‘ 0 n/2
L N —a07) = A (4m)n/2T(n/2 4+ 1) oA J
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Remarks (1)

f ® Theorem 3 is a conseguence of the following T
Proposition ( Weyl law for one cusp)

» Consider M = Sx]a?, +o0o| equipped with the metric
ds® = L?e~%'dh? + dt* forsomea >0and L >0 .

» Denote by —A’%! the Dirichlet op. on M , ass. to —A,4 .
$

M
N, =AM = A% + O(VAIn ).

® Stability under perturbation of the metric
Theorem 3 still holds if the metric of M is modified in a compact set.

o |
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Remarks (1)

f ® Theorem 3 is a conseguence of the following T
Proposition ( Weyl law for one cusp)

» Consider M = Sx]a?, +o0o| equipped with the metric
ds® = L?e~%'dh? + dt* forsomea >0and L >0 .

» Denote by —A’%! the Dirichlet op. on M , ass. to —A,4 .
$

M
N, =AM = A% + O(VAIn ).

® Stability under perturbation of the metric
Theorem 3 still holds if the metric of M is modified in a compact set.

® One can see the case J* = () as an Aharonov-Bohm phenomenon :
# the magnetic field dA is not sufficient to describe —A 4

» the use of the magnetic potential A is essential :

one can have magnetic bottle (magnetic Laplacian with compact

resolvent) with null intensity.
Mainz,10/09/12 — p. 12



Remarks (2)

|7 ®» When A=0, —A = —A( has embedded eigenvalues in its essentialj

1
SpeCtrum : (Spess(_A) — [17 _|_OOD .
» Denote by N..s(\, —A) the number of these eigenvalues in

[+, A, then

® Ngs(\,—A) < A'f—‘ : (Colin de Verdiere, Hejhal)
70

o |
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Remarks (2)

|7 ®» When A=0, —A = —A( has embedded eigenvalues in its essentialj

1
SpeCtrum : (Spess(_A) — [17 _|_OOD .
» Denote by N..s(\, —A) the number of these eigenvalues in

[+, A, then
|M‘ Ll =\ n
® Ngs(\,—A) < )\4— : (Colin de Verdiere, Hejhal)
70

® [ocally symmetric spaces and automorphic forms
Consider M = T'(N)\H, with

I'(N)={ye€ SL(2,Z) : v=Idmod N}
then (Mdaller '07)

Ness(N, —A) = ML O(VAln M) .

A J

Mainz,10/09/12 — p. 13
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Remarks (3)

Definition T

A Maass automorphic form is a smooth function H — C s.t.

®» f(yz)=f(z) VyeTl(N)
o NSt Af=\f
» fis slowly increasing

Exemples : Eisenstein series, cusp forms

|
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Remarks (3)

® Definition o

A Maass automorphic form is a smooth function H — C s.t.

®» f(yz)=f(z) VyeTl(N)
o NSt Af=\f
» fis slowly increasing

® Exemples : Eisenstein series, cusp forms

® Selberg formula (derived from the trace formula)
For any lattice I" € SL(2,R):
[C\H]

NF()\, —A)—|— MF()\,—A) ~ A 1 .
T

e Mr(A,—A) : winding number of the determinant of the scattering
matrix (given by the zeroth Fourier coefficients of the Eisenstein

\_ series) J
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Higher dimensions

|7(/\/l, g) . asmooth connected n-dim. Riemannian manifold T
M = MoU (U M;) 5
® M;N M =0,
® ), open sets of M, M, compact closure,
® V5> 1,3aclosed compact (n — 1)-dim. Riem. manifold (X, h;) s.t.
M; is isometric to X x]a?, +o00[, (a; > 0) (M; 5 # 0 cuspidal ends)

ds? =y 2% (h; + dy*); (1/n<d;<1)

o |
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Higher dimensions

|7(/\/l, g) . asmooth connected n-dim. Riemannian manifold T
M = MoU (U M;) 5
® M;N M, =10,
® ), open sets of M, M, compact closure,

® V5> 1,3aclosed compact (n — 1)-dim. Riem. manifold (X, h;) s.t.
M; is isometric to X x]a?, +o00[, (a; > 0) (M; 5 # 0 cuspidal ends)

ds? =y 2% (h; + dy*); (1/n<d;<1)

—Vj > 1,3 a smooth real one-form A; € T*(X,), s.t.
9o dAJ 7é 0 or

® JA;, =0and |A,]is notinteger

L( 3 a smooth closed curve ~ in X; such that / A; & 217 ) J
i
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f’ ® Onecanfind A € T*(M) s.t. T
Vi, 1<j<J, A= A; on M.
» Define the magnetic Laplacian,
—Ay = (id+A)*(id+ A),
(td+Au=idu+uA,Vu € C;7(M;C)

o |
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f’ ® Onecanfind A € T*(M) s.t. T
Vi, 1<j<J, A= A; on M.
» Define the magnetic Laplacian,
—Ay = (id+A)*(id+ A),
(td+Au=idu+uA,Vu € C;7(M;C)

® M complete metric space
— by Hopf-Rinow theorem M is geodesically complete
——A 4 has a unique self-adjoint extension on L?(M) .

o |
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The essential spectrum

f ® Theorem4 (The case A =0) T

Under the above assumptions on M,
the essential spectrum of —A = —Ay on M is given by

® Sp.(—A)=10,+400] if 1/n<i<1

—1)2
o sp(—A) = [ ; S hoo| if =1,
® 0= min 0, .
1<j<J

o |
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The essential spectrum

f ® Theorem4 (The case A =0) T

Under the above assumptions on M,
the essential spectrum of —A = —Ay on M is given by

® Sp.(—A)=10,+400] if 1/n<i<1

—1)2
o sp(—A) = [ ; S hoo| if =1,
® 0= min 0, .
1<j<J

® Theorem5 (The case A #0)
Under the above assumptions on M and A,

o the magnetic Laplacian —A 4 has a compact resolvent.
o Sp(—AA) — Spd(—AA) = {)\j,j < N*} with
£ Aj S Aj+
® lim; 400 Aj = 400,
& N> 0.
\_ » the sequence of normalized eigenfunctions (y, ) en+ IS a Hilbert J
basis of L*(M). Mainz,10/09/12 — p. 17



Weyl formula

|7 ® Theorem6 (The case A #0) T
Under the above assumptions on M and on A,
we have the Weyl formula with remainder as A — +oo

Wn n/2 r
A+ 0 (N)

N(A, —Ax) = M|

A=D/2In()), if 1/(n—1)<$§

with »(\) =
W) { AL/ (29) if 1/n< d<1/(n—1)

o |
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Weyl formula

f ® Theorem6 (The case A # 0)

o

® o, the euclidian volume of the unit ball of R? : w,

Under the above assumptions on M and on A,
we have the Weyl formula with remainder as A — +oo

0 _\n2 1 0(r(N)

N()‘7_AA) — ‘M|(2ﬂ-)n

A=D/2In()), if 1/(n—1)<$§

with r(\) =
AL/ (29), if 1/n< §d<1/(n—1)

® )= min 9;,

1<j<J

| M| is the Riemannian measure of M

Mainz,10/09/12 — p. 18



Remarks T

K

The asymptotic formula is given without remainder by Golenia
-Moroianu (in a larger context),

Theorem 3 is a particular case of Theorem 6 ( for n = 2 and
0, =1forany 1 <5 <J).

|
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|7 ® Remarks T

The asymptotic formula is given without remainder by Golenia
-Moroianu (in a larger context),

o Theorem 3 is a particular case of Theorem 6 ( for n = 2 and
0, =1forany 1 <5 <J).

® Consequences

# The Laplace-Beltrami operator —A = —Ay may have embedded
eigenvalues in its essential spectrum sp . (—A).

» Denote by N (A, —A) the number of eigenvalues of —A,
(counted according to their multiplicity), less then .

# Theorem 6 can be mimicked to get an upperbound for
Negs(A, —A) .

o |
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» Theorem 7

|7 There exists a constant C'y, such that, forany A >> 1, T
Nowe(A, —A) < LA4|(£;37LAn/2 L Curo(N) (%),

A2 In()), if 2/n<di<1
n—(nd—1)

with ro(A) defined by ro(\) =
Az, if 1/n<d<2/n

o defined as in Theorem 6 .

o |
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» Theorem 7

|7 There exists a constant C'y, such that, forany A >> 1, T
Nowe(A, —A) < LA4|(£;37LAn/2 L Curo(N) (%),

| | A2 In()), if 2/n<di<1
with ro(A) defined by ro(\) = e (n5—1)
Az, if 1/n<d<2/n

o defined as in Theorem 6 .

®» Remarks

® (x) = any eigenvalue of —A has finite multiplicity.
® (x)is sharp whenn = 2. (Muller '07: M = T'(NV)\H, with
['(N)={ye€ SL(2,Z) : v=Id mod N})
» when n = 2, a compact perturbation of the metric can destroy all
\_ embedded eigenvalues (Colin de Verdiere '83). J
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Proof of Theorems 4-5

/ M,;.D .
® spo(—A4) = [ Jspes(—A47") (The essential spectrum of an
j=1

elliptic operator on a manifold is invariant by compact perturbation)
. —Aﬁfj’D . the self-adjoint operator on L?(M;) associated to —A 4
with Dirichlet boundary conditions on the boundary 9M/; of M.

o |

Mainz,10/09/12 — p. 21



Proof of Theorems 4-5

! Mj’D i —‘
SPess(—A4) = | SPess(—A47"7) (The essential spectrum of an
j=1

elliptic operator on a manifold is invariant by compact perturbation)
. —Aﬁfj’D . the self-adjoint operator on L?(M;) associated to —A 4
with Dirichlet boundary conditions on the boundary 9M/; of M.

Consider a cusp M; = X x]a7, +-oc[ equipped with the metric
ds? =y 2 (h; + dy*); (I/n<d; <1)
» Then for any u € C*(M;),
AL = P A — "0, (y T Ou)
» Afj Is the magnetic Laplacian on X :
o if for local coordinates h; = » |, , G/ dxpdx, and
A; = Z;ll a; r dzry, then |

X; . :
AN = ks Celi0n, +ags) (VAHGIGH (10, +a0) ) N

Mainz,10/09/12 — p. 21



|7 ® Perform the change of variables y = ¢?, T
® define the unitary operator U : L?(X,; x]21n(a;), +oo[) — L*(M;)
U(f):=ymoi—D/2f.
o —UrAVPUS =

TN (nd; —1)[3+d;(n—4)]

. 62t(5j—1)f . at(€2t(5j_1)atf) .

o |
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L

Perform the change of variables y = €',

define the unitary operator U : L*(X,; x]21In(a;), +oo]) — L?*(M;)
U(f):=ymoi—D/2f.

~UAYPUS =

C astaXs e, (0 —1)[34d;(n—4)]
e AAj f+ 1

62t(5j—1)f . at(€2t(5j_1)atf) .

(11e(7))een : the increasing sequence of eigenvalues of —Aﬁj

M;,D 00
sp(—A, ") = Sp(EBZ:o Lfﬁ)a

L7, : the Dirichlet operator on L*(]2In(a;), +-00[) associated to

ij — 626jtﬂ£(j) + %[3_'_53,(”_4)]621;(53‘_1) . at(GQt(éj—l)at).

|
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f ® If uy(j) =0then Sp(Lfg) = SpeSS(Lfg) = |ap, +00], —‘
s o,=0 If ¢; <1,
® a,=(n-1)2/4 if §,=1.
O A=0,= po(j) =0 = 8pegs(—A0) = |, +00[.

o |
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f ® 1f y1,(j) = 0 then sp(L7)) = spess (L) = [an, 400l T
® o,=0 If (Sj < 1,
X ozn:(n—l)z/él If 5]:1
O A=0,=— po(j) = 0= 8p(—Ag) = |ap, +0|.

® If pp(j) > 0thensp(L7) = spy(L7)) = {per(5); k € N},
® (ue1(7))ken the increasing sequence of eigenvalues of
Lf% kgrfoo fe,k(J) = +oo.

® |[f A satisfies the previous assumptions, then 0 < uo(j) < pe(y) for all
jand ¥, , —

o sp(—A4"") = {uen(i); (k) € N2},
o lim py () =400, = each u, 1(j) is an eigenvalue of

f—+00
— A" of finite multiplicity,

MjaD MjaD J
— Sp(_AA ) — Spd(_AA ) — Spess(_AA) — @ L]
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Proof of Theorem 6

—> wanted: Weyl formula for M, with —Aﬁfj’D Instead of —A 4.
® /, =1 = same change of variables and functions as before

® 1/n<d;<1,=sety=][(1-5;)t1=%) and define the unitary
operator

2(1-6,)
U: L*(X;x]aj,+oo]) — L*(M;), (a;= j1—6j )

M;,D
o sp(—A,77) = sp(B 5 LP,)

|
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Proof of Theorem 6

—> wanted: Weyl formula for M, with —Aﬁfj’D Instead of —A 4.
® /, =1 = same change of variables and functions as before

® 1/n<d;<1,=sety=][(1-5;)t1=%) and define the unitary
operator

2(1-6,)
U: L*(X;x]aj,+oo]) — L*(M;), (a;= j1—6j )

M;,D
o sp(—A,77) = sp(B 5 LP,)

a2(1—5j)

o Lfg . the Dirichlet operator on L?(] = , +00]) associated to

B Vi) = el -6y + Ll =Dt N
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f ® Titchmarsh’'s method — there exists C' > 1 so that forany A >> 1 T

andany (€ Ky ={l € N; pe(j) € [0, \/a[},
1 .
IN(A L7y) — —wje(N)] < Cn(A) , with
’ T

+o0o
wie(p) = / 1 — V() at

J

o |
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f ® Titchmarsh’'s method — there exists C' > 1 so that forany A >> 1 T

andany /€ Ky ={l € N; uy(j) €0, )\/a '},

1
IN(A, LY, — ;wj,g(m < Cln()\) , with

+o0o
wie(p) = / 1 — V() at

J
» Use

o the sharp asymptotic Weyl formula of L. Hormander (SAWFH)
s +thefactthat N(A\, L7,) =0when( ¢ Kj,

» + the formula N(A,—AMj’D) = SSON(, Lfg)
® toget [N\ -ALTY) =52 Ly ()] < CAC=D/2In()) .

® (SAWFH) There exists C' > 0 so that for any © >> 1
XJ Wn—1 n— n—
IN(p, —AY) — e X |u =072 < cpn=2/2

J

|
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Estimate on©;()\) = >, Law; o(N)

f O Write V; o(t) = pe()V;(¢) + W;(2) T

1 B A — W;(t) |
® — 0\ = ;/' le/2(t)Rj( Vj(tj)( )dt . with

® Ri(p) = S5 — )Y

o |
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-

Estimate on©;()\) = >, Law; o(N)

Write V., (£) = 1 (j)V; (1) + W (1) -
0,0\ = % / b Vj1/2(t)Rj()\_VZ§(t))dt.With

Ri(u) = S5l — (i)Y

Use then
» (SAWFH) and
1 [T —1/2 X
r Rj(,u):§/0 = s] N(s,—AAj)ds,
to get that
There exists a constant C' > 0 such that, for any u >> 1,
R = sl b = 722 < o,
and use the definitions of V; and W, to conclude. J
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Proof of Theorem 7

f ® Proposition 1 When A satisfies the previous assumptions (A) and if T
A; verifies property (P) forany j € {1,...,J},, thenas A — +oo,

Wn, n/2 o
A 4 O(r(N)

N =Apra) = IM

th 1/2, if 2/n<d<1
with p =
(no —1)/2, if 1/n<d<2/n

o |
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Proof of Theorem 7

f ® Proposition 1 When A satisfies the previous assumptions (A) and if T
A; verifies property (P) forany j € {1,...,J},, thenas A — +oo,

Wn n
N =Bpen) = Mg S /2 4+ O(ro(N)
th 1/2, if 2/n<d<1
with p =
(no —1)/2, if 1/n<d<2/n

® Property (P)
There exists 7o = 79(A4;) > 0and C' = C(A;) > 0 such that, if e(, 5)
denotes the first eigenvalue of —Afjj, then
e(r,5) > Ct*; V7€0,7).

® Proposition 2 Forany j € {1,...,J}, there exists a one-form A,
verifying assumptions (A) and property (P).

o |
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Proof of Proposition 1

|7 ® A satisfies (P) = C/A*’ < ug(j) and C < pi(j) . T
X

® (ue(7))een - the increasing sequence of eigenvalues of —AA_ij.

® mimick the proof of Theorem 6.
# Titchmarsh's method holds forany ¢ € K,/ # 0
# it remains to prove that N(\, L7,) = O(ro(N)) .

o |
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Proof of Proposition 1

|7 ® A satisfies (P) = C/A*’ < ug(j) and C < pi(j) . T

® (ue(7))een - the increasing sequence of eigenvalues of —Afﬁij.

® mimick the proof of Theorem 6.
# Titchmarsh's method holds forany ¢ € K,/ # 0
# it remains to prove that N(\, L7,) = O(ro(N)) .

® 5, =1(p=1/2) = N\ L) < NA+C,LP?*) < CAY?In(N),

where LP- is the Dirichlet operator on ]0, 4+oc[ associated to
%e% — 07
® 0<0;<l=—
N()‘aLfo) < N((\+ C)1+2p(1_6j),LD) < O \1+2p(1=0;))/(20;) ’
wlherijLD IS the Dirichlet operator on |0, +oc| associated to

\— Etl—%‘ — 07 J
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End of proof of Theorem 7

Take a one-form A satisfying the assumptions (A) and (P).

any eigenfunction v of —A on M associated to an eigenvalue in
| inf sp.(—A), +00], verifies
Vi=1,...,J, / u(z;,y)dr; =0, Vy E]a?,—koo[,
X
this implies that
1

p1()

o |lidu+1uAl7 vy < (14 7Ca)idullF2( gy + CallullFzamy -

o ullizx,) < lidullZs(x,) » =

Denote by H) the subspace of L?(M) spanned by eigenfunctions of
—A associated to eigenvaluesin |0, +A[ . Do 7 = 1/)”,

-

|
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End of proof of Theorem 7

Take a one-form A satisfying the assumptions (A) and (P). T

any eigenfunction v of —A on M associated to an eigenvalue in
| inf sp.(—A), +00], verifies
Vi=1,...,J, / u(z;,y)dr; =0, Vy E]af,—koo[,
X
this implies that

1
2 . 2
U . < — Zdu . ,:>
[ullz2(x,) < 1(])H 172(x.)

lidu + TuAl|F2pgy < (14 7Ca)llidullTz pg) + Callullz g -

Denote by H) the subspace of L?(M) spanned by eigenfunctions of
—A associated to eigenvaluesin |0, +A[ . Do 7 = 1/)”,

. 1 Ca
Vu € Hy, idut Zudlfzm < (1452 dullTe v +CallullZe

2\
—

. Ca
d’Lm(H)\) S N((1—|— V))\—FCA,—A()\—pA)) . J

finally notice that A™/2/X” = O(ro())) Mainz,10/09/12 — p. 29
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Proof of Theorems 1,2, 3(i)

B ) ) -
© Spess(_AA) — (U Spess(A%])) U (U Spess(Aik)> 3
j=1 k=1

o |
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Proof of Theorems 1,2, 3(i)

J1 J2
Spess(_AA) — (U Spess(A%J)) U (U Spess(Aka)> 3

j=1 k=1
Lemma 1
1 /2
Spess(_Aik) — [Z _I_ﬁl% , _|_OO[ U (U S(ﬁk)> .
k=1
Lemma 2
f1<j<J, andj ¢ J{ , then
Spess(_A%j) — @
If j € Ji*,then
. 1
Pes(—AY") = [7 4+, +od]. -

Mainz,10/09/12 — p. 31



Proof of Lemma 2 (1)

-

® M; isometric to Sx]a3, 400, (cuspidal ends)

ds? = y ?(L;d0® + dy*) (a; >0and L; >0)

® Use the coordinate t = Iny instead of y , so
s M, = SX]O&?,"‘OO[ and ds? = L?e_%dﬁz + dt?;

(o =€%) .

o |
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Proof of Lemma 2 (1)

- N

® M; isometric to Sx]a3, 400, (cuspidal ends)
ds? = y ?(L;d0® + dy*) (a; >0and L; >0)
® Use the coordinate t = Iny instead of y , so

® M, = SX]O&?,"‘OO[ and ds? = L?e_%dﬁz + dt*;
(Oéj = e“j) .

s _A%j = Lj_2€2t(D9 — A1) 4 €e'(Dy — Az) (e (Dy — A2))
» b=0b;= L;'e"(9pAs — 0;4;) and dm = Lje~dfdt .

o |
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Proof of Lemma 2 (1)

® M; isometric to Sx]a3, 400, (cuspidal ends)
ds? = y ?(L;d0® + dy*) (a; >0and L; >0)
® Use the coordinate t = Iny instead of y , so
s M, = SX]O&?,"‘O@[ and ds? = L?e_%dﬁz + dt? ;

(o =€%) .

s _A%j = Lj_QGQt(De — A1) 4 €e'(Dy — Az) (e (Dy — A2))
» b=0b;= L;'e"(9pAs — 0;4;) and dm = Lje~dfdt .

» we have

~

A—A = dpif A= (£+ L;bje ")do , (for some constant £) .

~

®» — wecanassumethat A = A.

o |
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Proof of Lemma 2 (2)

-

® DefineUf =+/Lje”/f

| 1
® —P=-UAJU*"=L;2*(Dy— A;)* + D} + R

o |
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Proof of Lemma 2 (2)

Define Uf = \/Lje”"/2f

| 1
—P =-UN,"U* = L;%*(Dg — A1)* + D} + R

—sp(—AY7) =sp(P) = | Jsp(Pr)
e,

1 [t ?
J

for the Dirichlet condition on L*(I;dt) ; I =]a7, +oo] .

|
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Proof of Lemma 2 (2)

Define Uf = \/Lje”"/2f

| 1
—P =-UN,"U* = L;%*(Dg — A1)* + D} + R

—=sp(—A47) =sp(P) = | sp(P)
Lez
1 (£+€) ’
Py =D? 4 - t ~
: t+4+(e L; +b]> |
for the Dirichlet condition on L*(I;dt) ; I =]a7, +oo] .

When 7 + ¢ = 0, the spectrum of F; is discrete.

. 1
More precisely : sp(P,) = sp(P¥) PT =D?+ 7t (e’ + b;)?
for the Dirichlet condition on

l+
L2(1;.dt) ; 1.0 =)o + (£ + €]/L;), +00] , and & =

Mainz,10/09/12 — p. 33



Proof of Lemma 2 (3)

f’ = f{ +&§ A0Vl € Z,limy_ infsp(Fy) = o0, —‘

® — the spectrum of —A’" is discrete.

o |
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Proof of Lemma 2 (3)

= if L+ {# 0V € Z, limy o infsp(Fy) = +o0, —‘

— the spectrum of —A'\" is discrete.

What means this condition ? Recall
o A= (f -+ ijje_t)dﬁ ,

d(z)—+o0 Cjz
27
:>[A]MJ = , 115_11 (f + ijje_t)dﬁ = 27’(’6, SO

(+EA£0VEL < [Alm, €212 <+~ J{ =10.

|
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Proof of Lemma 2 (3)

= if L+ {# 0V € Z, limy o infsp(Fy) = +o0, —‘

— the spectrum of —A'\" is discrete.

What means this condition ? Recall
o A= (f -+ ijje_t)dﬁ ,

d(z)—+o0 Cjz
27
:>[A]MJ = , 115_11 (f + ijje_t)dﬁ = 27’(’6, SO

(+EA£0VEL < [Alm, €212 <+~ J{ =10.

If ¢ + & =0, the spectrum of P, is absolutely continuous :

1
SP(P—¢) = SPess(P—e) = 8pyo(Pog) = [Z +07, +oo[ ;

|

Mainz,10/09/12 — p. 34
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Proof of Proposition (1)

f.. M = Sx]a?,+o0[ acusp T

ds* = L*e 2'dh? + dt* the metricon M (o > 0and L > 0).
® A= (£+ Lbe ")df , (for some constant &) .
® N -AY) =) N P)

. 1 / ?
WItth:DZ—FZ—F(et( 25) ib) :

for the Dirichlet condition on L3(I;dt) ; I =]a?, +o0] .

o |
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|

Proof of Proposition (1)

M = Sx]a?,+oo| acusp T
ds* = L*e 2'dh? + dt* the metricon M (o > 0and L > 0).

= (£ + Lbe ")df , (for some constant &) .
N =AY = Y NP

Lez
. 1 / ?
with P, :Df+1+ (et( 25) ib) :
for the Dirichlet condition on L3(I;dt) ; I =]a?, +o0] .
: 1 14 2
Define Q, = D7 + 7+ ( Jer) e*'  forthe D. C. on L2(I;dt) .

Then Q, — C\/Q; < Py < Qi +C\/ Q.

|
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Proof of Proposition (1)

f.. M = Sx]a?,+o0[ acusp T

ds* = L*e 2'dh? + dt* the metricon M (o > 0and L > 0).

® A= (£+ Lbe ")df , (for some constant &) .
® N -AY) =) N P)
ez ;
with P, = D? + i + (et(fzé) ib) ,
for the Dirichlet condition on L?(I;dt) ; I =]a?, +oo].
® Define Q, = D7 + % + (£ 225)262’5 , for the D. C. on L*(I;dt) .

® ThenQ,—C\/Q, < P, < Qi+ C/Qq.

® — dJaconstantC(b),s.t. forany A >> 1,

L NA=VAC(b),Q¢) < N\ P) < NA+VAC(),Qy) ; J
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Proof of Proposition (2)

B N
JC>1s.t.Vp>>1andV/ e X, ,

1 1
we(p) =7 < wN(p = 7.Qe) < we(p) + 5lnp+C

o |
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Proof of Proposition (2)

>
f JC>1s.t.Vp>>1andV/ e X, ,

1 1
we(p) =7 < wN(p = 7.Qe) < we(p) + 5lnp+C

1/2

we(p) = /a . [u— (£ 225)2621 dt

2 +

XM:{E/6“2|€Z£| < i—1/i-b}.

|
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Proof of Proposition (2)

>
JC>1s.t.Vp>>1andV/ e X, ,
1 1
we(p) =m < aN(p = 7.Qe) < we(p) + 5 Inp+C

12
+00 /4 6)2 1/2
’UJg(/L) _ / [,LL—( L2§) €2t] dt
o2 +
L2 l+€
X,=1{l]e | 7 | <\pu—1/4-b}.
® Proof of
o define V, = “Z?Qe% : gbﬁ > a solution of Q¢ = (u

1

4

)9.

o Consider zyand yp s. t. Vp(zy) = pand Vi(yy) = v, 0 <v < pto

be determined later.

» 1 (resp. m ): number of zeros of ¢*, on Jo?, /[ (resp. on |a?, y,|)

e recall: n = N(u— 1,Qu).

o

|
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Proof of Proposition (3)

f(Titchmarsh 's lemma) T

Ye
mr :/ 10— V|2 dt + Ry

2

with R < 3 In(s = Vi(a?)) = § In(u = Va(ye)) + 7,

= |nm — / (= Va2 dt] < (0 = ye) (1= )2 + R+ (n — m)m

2

o |
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Proof of Proposition (3)

f(Titchmarsh 's lemma) T

Ye
mr :/ 10— V|2 dt + Ry

2

with R < 3 In(s = Vi(a?)) = § In(u = Va(ye)) + 7,

—>|nm _/ | = Va2 dt) < (0 — we) (0 — )Y + Re + (n — m)w

2

Sturm comparison theorem = (n —m)m < (v; —yo) (1 — )2 + 7
SO

ze 1 1
\m—/ = Vil dt] < (20— )M+ Thnp - Tin(n—v) + 2m
o2 1%

Now take v = 1 — 112/3 to get the

o |
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Proof of Proposition (4)

-

$ We want to compute ) ,_, we(p) with

1/2

wel(p) = /a o [N—“Zf):ﬁ] dt.

: -

o |
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Proof of Proposition (4)

We want to compute ) _,_, we(p) with

~+o00 / _|_€ 2 1/2
UJg(Iu) — / [ILL — ( 72 ) €2t] dt.
a? +
+o00 2 1/2
—> It IS enough to compute 7 = / / [u — (z _L:g) 621 dxdt |
a? R +

7 is equivalent to uLe / 11— xﬂiﬂ dx
R

Use |[M| = 2rLe~* to conclude.

|
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