UNSTABLE MODULES AND UNSTABLE ALGEBRAS.

APPLICATIONS TO HOMOTOPY THEORY

by Lionel Schwartz

In this set of notes we present part of the work that started at the beginning of the 80’s around the Sullivan and the Segal conjecture. It has lead to major advances in homotopy theory and the work is going on. The works of G. Carlsson, J. Lannes and H. Miller must be recalled here. It has something to do with the classification problem, for example it has lead to :

- (i) classifying maps from classifying spaces up to homotopy by algebraic invariants in a wide range of situation (Lannes, Jackowski, McClure, Oliver,...),

- (ii) classifying finite loop spaces (Dwyer, Wilkerson,...),

- (iii) related is the question of classification of delooping of finite loop spaces (Dwyer, Miller, Wilkerson, Notbohm,...),

- (iv) Steenrod’s problem : existence and classification of spaces with polynomial cohomology (Aguade, Broto, Notbohm,...).

We first present the algebraic background, then present a sample of applications.

The mod 2 Steenrod algebra A_2 Unstable modules and unstable algebras

by Lionel Schwartz

1.1 The mod 2 Steenrod algebra

The mod 2 Steenrod algebra A_2 is the associative unital graded F_2-algebra generated by elements Sq^i of degree i, i > 0, subject to the following relations, known as the Adem relations

Sq^i Sq^j =

[i=2]∑

0 C^{i−2k}_{j−k−1}Sq^i+^{j−k} Sq^k

for all i, j > 0 such that i < 2j.

In these formulas Sq^0 is understood to be the unit. We will denote in the sequel the singular mod 2 cohomology of a space or of a spectrum X by H^∗X , the reduced cohomology of X will be denoted by H̄^∗X . One has :

Theorem : For any space or spectrum X , H^∗X is in a natural way a graded A_2- module.

In particular it means that for any continuous map f : X → Y the induced map f^∗ : H^∗Y → H^∗X is A_2-linear.

Classically, Sq^1 acts as the Bockstein homomorphism associated to the sequence

0 → Z=2 → Z=4 → Z=2 → 0 .

N. E. Steenrod constructed the operations on the cohomology of spaces, then J. Adem showed that these operations satisfy the aboved mentioned relations. The next theorem is a consequence of the work by H. Cartan and J.-P. Serre on the cohomology of the Eilenberg-Mac Lane spaces.

Theorem : The Steenrod algebra is the algebra of all natural stable transformations of mod 2 cohomology.

Let us recall that a cohomology operation £ of degree d ≥ 0 is a family of natural transformations £_i , i ≥ 0 from the functor H^i (i-th cohomology group) to the functor H^i+^d (i + d-th cohomology group). A cohomology operation is said to be stable if it commutes with the suspension isomorphism ¿_i : H̄^i X → H̄^i+^1ΣX , i.e. if ¿_i £_i = £_i+_1¿_i . Here Σ denotes as usual the reduced suspension of the pointed space X . It is easy to prove that a stable cohomology operation is necessarily additive. The proof consists in the following commutative diagram :

H̄^i X^{£i}−−−−−→ H̄^i+^d X

¿i ¿^i

H̄^i+^1ΣX^{£i+1}−−−−−→ H̄^i+^d+^1ΣX

ś^∗ ś^∗ H̄^i+^1ΣX ∨ ΣX^{£i+1}−−−−−→ H̄^i+^d+^1ΣX ∨ ΣX

where ś : ΣX → ΣX ∨ ΣX is the codiagonal.

1.2 Multiplicative and additive generators for the Steenrod algebra

We describe multiplicative generators for the Steenrod algebra.

Theorem : The operations Sq^{2h} , h ≥ 0 constitute a minimal system of multiplicative generators for A_2.

Proof : This is a consequence of the Adem relations. More precisely one has :

Lemma : The operation Sq^m belongs to the right ideal of A_2 generated by those Sq^{2t} such that t ≥ 0 and 2^t divides m.

Proof :

Write m as 2^‘ + 2^‘+^1a. If a ≠ 0 one has :

Sq^{2‘} Sq^{2‘+1a} =

2^{‘−1}∑

0 C^{2‘−2t}

(2^{‘+1}a−t)−1Sq

m−t Sq^t .

The binomial coefficient C^{2‘}(_{2‘ a−t})_{−1} is easily checked to be non-zero mod 2. Indeed 2^‘ appears in the 2-adic expansion of 2^‘+^1a − t, because t ≤ 2^{‘−1}. Recall that a binomial coefficient C^i_n is non zero mod 2 if and only all the powers of 2 occurring in the 2-adic expansion of i occur in the 2-adic expansion of n.

Therefore,

Sq^{2‘} Sq^{2‘+1a} = Sq^m +

2^{‘−1}∑

1 "_t Sq^m−^t Sq^t .

For t between 1 and 2^{‘−1}, the integer m − t is not divisible by 2^‘. We can apply an induction hypothesis and assume that these operations Sq^{m−t} are in the right ideal generated by the operations Sq^{2‘} for t ≤ ‘ − 1.

The demonstration of the theorem follows.

This system of generators is a minimal one. This is proved by looking at the action of the Steenrod algebra on H^∗BZ=2. It will be done later.

We now describe an additive basis for the Steenrod algebra. In order to do that we need to describe certain monomial elements in A_2. For a sequence of integers I = (i_1, . . . , i_n ), let Sq^I denote the operation Sq^{i1} . . . Sq^{in} . The sequence I is said to be admissible if i_h ≥ 2i_h+_1 for all h ≥ 1, (i_n+_1 = 0). The operation Sq^I with I admissible is called an admissible monomials if I is admissible.

Theorem : The admissible monomials Sq^I form a basis for A_2.

Again it is a consequence of the Adem relations. We prove here just that the operations Sq^I I admissible span the graded vector space A_2. Let I = (i_1, . . . , i_n ) be an admissible sequence. Its moment is defined to be the integer i_1 + 2i_2+. . . +ni_n . If I is not admissible there exists h, 1 ≤ h ≤ n − 1 such that i_h < 2i_h+_1. Using the Adem relations one gets:

Sq^I =

[i_h =2]∑

0 "_t Sq^{I ′} Sq^{ih}+^{ih+1}−^t Sq^t Sq^{I ′′} ,

where "_t ∈ F_2, 0 ≤ t ≤ [i_h=2],

I^′ = (i_1, . . . , i_{h−1}) and I^{′′} = (i_h+_2, . . . , i_n ).

The moment of any sequence occurring on the right i.e. (I^′, i_h + i_h+_1 − t, t, I^{′′}), 0 ≤ t ≤ [i_h=2]) is strictly lower than the moment of I . The result follows by induction on the moment (note that it is defined for all sequences).

We will come back in the next paragraph to what we have not yet proved : minimality of the system of multiplicative generators, freeness of the system consisting of the Sq^I , I admissible.

1.3. Instability

The mod 2 cohomology

of a space X has, as an A_2-module, a certain property called

instability :

- if x ∈ H^∗X and

i > |x|, then Sq^i x = 0.

Here |x| denotes

the degree of x.

Definition : An A_2-module M unstable if it satisfies the preceding property.

In particular, it implies that an unstable A_2-module M is trivial in negative degrees, indeed Sq^0 is identified with the unit, thus Sq^0x = x is equal to 0 if |x| < 0. The cohomology of a spectrum, which need not be non trivial in negative degrees, is not in general an unstable A_2-module. We will abbreviate “unstable A-module” to “unstable module” most of the time. The category of Z-graded A-modules with morphisms A_2-linear map of degree zero will be denoted by M. The full subcategory whose objects are unstable modules. will be denoted by U.

It is clear that the quotient of an unstable module is unstable, it is also clear that a sub-module of an unstable module is unstable. However it is not true that if one has a short exact sequence :

0 → M^′ → M → M^{′′} → 0

with M^′ and M^{′′} both unstable that M is unstable.

The mod-2 cohomology of a space has some more structure. It supports a product compatible with the unstable module structure, it is an unstable A_2-algebra : the cup product determines in a natural way on the mod 2 cohomology of a space X the structure of an F_2-graded commutative algebra. This algebra structure is related to the unstable module structure by two properties, the first one is known has the Cartan formula :

Sq^i (xy) = ∑ k+‘=i

Sq^k x Sq^‘y for all x and any y ∈ H^∗X ,

Sq^{|x|}x = x^2 for any x ∈ H^∗X .

Definition : An unstable A_2-algebra K is an unstable module provided with maps ź : K ⨂ K → K and ť : F_2 → K which determine a commutative, unital, F_2-algebra structure on K and such that the two properties stated above hold.

We will denote by K the category of unstable A_2- algebras, morphisms being A_2- linear algebra maps of degree zero. For convenience, we will abbreviate “unstable A_2- algebra” to “unstable algebra”.

The Cartan formula can be reformulated as follows :

Proposition : There is an algebra map ś (diagonal) from A_2 in A_2 ⨂ A_2 which is determined by the following formula :

ś(Sq^i ) = ∑ k+‘=i

Sq^k ⊗ Sq^‘ .

We refer to [SE] for the proof (we just indicate the basic idea).

In fact, this map determines a cocommutative Hopf algebra structure on A_2. It can be used to provide the tensor product M ⨂ N of two unstable modules M and N with an unstable module structure. This structure being determined by the formula :

(ţ ⊗ ţ^′)(m ⊗ n) = ţm ⊗ ţ^′m^′

for all ţ, ţ^′ ∈ A_2, m ∈ M and n ∈ N . Then M ⨂ N becomes an unstable module by restriction via the diagonal map ś. If M ∼= H^∗X and N ∼= H^∗Y the structure determined on M ⊗ N ∼= H^∗(X × Y ) agrees with the natural one.

Yet another equivalent way to express the Cartan formula is to say that the map ź : K ⨂ K → K is A_2-linear.

1.4 Basic examples and applications

The basic example is the mod 2 cohomology of the space BZ=2, H^∗BZ=2 is the polynomial algebra F_2[u] on one generator u of degree 1. The action of A_2 on F_2[u] is completely determined by the fact it is an unstable algebra and one proves easily by induction on n that Sq^i u^n = C^i_n u^n+^i .

It is also worth to note the following easy consequences :

- Sq^i u^{2h} ≠ 0 if and only if i = 0 or i = 2^h.

- Sq^I u = 0 unless I is of the form Δ_n = (2^{n−1}, 2^{n−1}, . . . , 1),

- Sq^{Δn} = u^{2n} .

This is nothing else than the description of the unstable module F (1) which is done in the next paragraph.

This computation allows us to prove that the elements Sq^{2h} , h ≥ 0, form a minimal set of multiplicative generators of A_2. We need to show that the operation Sq^{2t} is not a sum of products of elements of strictly lower degree). But it acts non-trivially on H^{2t} BZ=2 whereas decomposable elements act trivially.

Let V will be an elementary abelian p-group , in other words a finite dimensional F_2-vector space. The mod 2 cohomology of BV will be denoted by H^∗V , the reduced mod 2 cohomology of BV will be denoted by H̄^∗V . As a functor of V the cohomology H^∗V identifies with the graded symmetric algebra on the dual vector space V^∗ : S^∗(V^∗), the elements of V^∗ having degree 1. Recall that the symmetric algebra over V^∗ is the smallest quotient of the tensor algebra over V^∗ which is commutative. If we denote by d the dimension of the vector space V and by {x_1, . . . , x_d } a basis of the dual V^∗ it identifies with the polynomial algebra F_2[x_1, . . . , x_d ].

A map ’ of unstable A-algebras from H^∗W in H^∗V is uniquely determined by its behavior in degree 1. Indeed it is completely determined by its action on the multiplicative generators that are in degree 1. So it is determined by the dual map of its restriction in degree 1 which nothing than a linear map ’ : V → W . It follows easily that the map

Hom(V, W ) → Hom_K(H^∗W, H^∗V ) ’ → ’^∗

is a bijection.

1.5 Free objects in the category U

The category U is abelian. It has enough projective objects. This is implied by :

Proposition : There is, up to isomorphism, a unique unstable module F (n) with a class ű_n of degree n such that the natural transformation :

Hom_U (F (n), M ) → M^n , f → f (ű_n)

is an equivalence of functors.

As the functor M → M^n from U to the category F of F_2 vector spaces is right exact, the unstable module F (n) is projective. The unstable module F (n) is called the free unstable module on one generator of degree n.

Let us define the excess of an admissible sequence I to be (i_1 − 2i_2) + (i_2 − 2i_3) + . . . + (i_{n−1} − 2i_n) + i_n and denote it by e(I ).

The suspension functor Σ : M → M is defined as follows : given an unstable module M , ΣM is given by (ΣM )^n ∼= M^{n−1}. The A_2-action is given by ţ(Σm) = Σţm for all m ∈ M , ţ ∈ A_2.

We now describe the unstable module F (n) :

Theorem : The unstable module F (n) is isomorphic to Σ^n(A_2=(Sq^I , I admissible and e(I ) > n).

Hence this module has as an F_2-basis the elements Σ^nSq^I , with I admissible and e(I ) ≤ n. We will denote Σ^n Sq^I by Sq^I ű_n .

Proof : We are not going to give it in detail and refer to [SE] or [Sc] for that. We indicate what one has to do. Consider the n-th suspension of A_2. Let ű_n = Σ^n1 be the generator. By an abuse of notation we will keep the same name for the generator of F (n).

A priori, all the elements Sq^I ű_n with e(I ) > n are mapped to zero in an unstable module. We have to show that the F_2-span of the elements Sq^I ith I admissible and e(I ) > n is a sub-module, denoted B(n) of A_2. This implies that any map from the n-th suspension of A_2 to an unstable module factors the quotient by B(n), that we denote F (n). This means that the span of a class of degree n in an unstable module is always a quotient of F (n) via the map sending ű_n to x.

The unstable module F (1) can be identified with the sub-module of H^∗Z=2 generated by the class u. The set {u, u^2, u^4, . . . } is a basis for F (1). Indeed note that the admissible monomial of excess less than one are just the Sq^{Δn} .

If n = 2 the admissible monomial of excess less than 2 are outside the Sq^{Δn} the monomials of the form Sq^{Δi,j} with Δ_{i,j} = (2^i+^j + 2^j , . . . , 2^i + 1, 2^{i−1}, . . . , 1) with i ≥ 1 and j ≥ 0, or Sq^{Δ0,j} with Δ_{0,j} = (2^j+^1, . . . , 2) and j ≥ 0.

It is easy to check that if M and N are unstable, M ⊗ N equipped with the diagonal action is unstable. Consider the unstable module F (1)^{⊗n} ; it is of dimension 1 in degree n. Therefore, there is just one non trivial map !_n : F (n) → F (1)^{⊗n} . The symmetric group S_n acts on F (1)^{⊗n} by permutation of the coordinates. If p = 2 the non trivial class of degree n of F (1)^{⊗n} is S_n-invariant. Therefore, !_n takes values in the invariants under the action of S_n which are denoted (F (1)^{⊗n})^{Sn} .

As an application we now prove that the Sq^I , I admissible form a linearly independent set.

To do that consider the map

Sq^I → Sq^I (x_1 . . . x_n) ∈ H^∗Z=2^{⊕n} ∼= F_2[x_1, . . . , x_n] .

We claim that this map is an injection when restricted to the subspace generated by elements such that e(I ) ≤ n. Let Δ_k be the sequence (2^{k−1}, . . . , 1). If I is admissible it writes uniquely as I = Δ_{k1} + . . . + Δ_{ks} , with k_1 ≥ k_2 ≥ . . . ≥ k_s . If the excess is less than n the ineger s has to be less than n. The element Sq^I (x_1 . . . x_n) contains the monomial x^{2k1}_1 . . . x^{2ks}_s x_s+_1 . . . x_n. It is the largest in the reverse lexichographic order that appears. The result follows easily.

Here is another description of F (n) which is a consequence of what precedes :

Theorem : The map !_n is an isomorphism from F (n) onto (F (1)^{⊗n})^{Sn} .

Proof :

In fact the preceding argument shows that the map is a monomorphism, and an inductive argument along the same kind of ideas shows that it is surjective.

1.6 Instability and the Adem relations

The Adem relations are delicate to use. However some of them simplify in an unstable module M . Let us introduce an operation Sq_0. On an element x ∈ M , M unstable, it is given by :

Sq_0x = Sq^{|x|}x .

Proposition : One has :

- Sq^i Sq_0x = Sq_0Sq^{i=2}x if i is even, - Sq^i Sq_0x = 0 if i is odd.

Proof : Indeed, one applies the Adem relations and one gets:

Sq^i Sq^{|x|}x =

[i=2]∑

0 C^{i−2t}_{|x|−t−1}Sq^{|x|}+^{i−t} Sq^t x

But Sq^{|x|}+^{i−t} (Sq^t x) is trivial as soon as |x| + i − t > t + |x|, i.e. i > 2t. Therefore the term on the right reduces to zero if i is odd and to Sq^{|x|}+^{i=2}Sq^{i=2}x if i is even.

This leads us to introduce the following functor Φ from U to itself. Given M ∈ U, define ΦM as a graded vector space by (ΦM )^n = M^{n=2} if n is even, (ΦM )^n = {0} if n is odd.

If x is an element of M we denote by Φx the corresponding element in ΦM . The following formulas define an action of the Steenrod algebra on ΦM : Sq^i Φx = ΦSq^{i=2}x , if i is even, and Sq^i Φx = 0 if i is odd.

The above relations express the fact that the map ÿ_M : ΦM → M , Φx → Sq_0x is A_2-linear.

The following result is particularly useful. Let Σű_{n−1} : F (n) → ΣF (n − 1) be the map which sends ű_n to Σű_{n−1} :

Proposition : The following is an exact sequence of unstable modules 0−−−−−→ΦF (n)^{ÿF (n)}−−−−−→F (n)^{Σűn−1}−−−−−→ΣF (n − 1)−−−−−→0 . This is proved by using the canonical basis of F (n). One checks that ΦF (n) identifies as a submodule of F (n) with the F_2-span of those Sq^I ű_n where e(I ) = n, i.e. all classes of the form Sq_0x. Therefore ÿ_F (_n) is injective. Next a class of the form Sq_0x is always trivial in a suspension, by the instability condition. Thus the composite

map Σű_{n−1} ∘ ÿ_F (_n) is trivial. Exactness at F (n) and ΣF (n − 1)is proved using the canonical basis ot these modules.

More generally for any integer k one has the following exact sequences : 0−−−−−→Φ^k+^1F (n)

ÿΦk F (n) −−−−−→Φ^k F (n)−−−−−→Σ^{2k} Φ^k F (n − 1)−−−−−→0 . They are obtained by applying the functor Φ to the preceding one. One has only to take care of exactness and to observe that for any unstable module M one has ΦΣM ∼= Σ^2ΦM .

To conclude observe that Ker ÿ_M and Coker ÿ_M are, by the very definition, suspensions. One defines functors Ω and Ω_1 from U to itself by Kerÿ_M = ΣΩ_1M ,

Cokerÿ_M = ΣΩM .

In other words we have an exact sequence 0 → ΣΩ_1M → ΦM → M → ΣΩM → 0 .

Theorem : The functor Ω is the left adjoint of the suspension functor Σ. The functor Ω_1 is the first left derived functor of Ω.

1.7 The category U is locally noetherian

Theorem : Let M be an unstable module which has finitely many generators as an A_2-module. Then any sub A_2-module of M has also finitely many generators as A_2- module.

This is due to W. Massey and F. Peterson. It implies that the category U is locally noetherian, let us recall the definition.

Definition : An object in an abelian category is noetherian if it has the ascending chain property, i.e. if any ascending sequence of subobjects stabilizes.

Definition : A category is locally noetherian if it has a set of noetherian generators.

Recall that a set of objects {M_ő}, ő ∈ A, in an abelian category is called a set of generators, if for any object M in the category, there is an epimorphism from a certain direct sum of the M_ő’s onto M . We assume moreover, as part of the definition, that the category has exact filtered colimits.

The unstable modules F (n) are obviously a set of generators for U.

Proof :

We show that an unstable module which is finitely generated as module over the Steenrod algebra is noetherian. To do that it is enough to show it for the F (n)’s because, as we have seen, a finitely generated unstable module is the quotient of a finite direct sum of F (n)’s.

We note that this result would be false in the category of all modules over the Steenrod algebra, as shown by the following example : consider the Steenrod algebra A_2 itself, the submodule of elements of strictly positive degree is not finitely generated as an A_2 module.

Let us show that a sub-module M of F (n) is finitely generated. We will work by induction on n and assume that n > 0. Let us suppose that the result is known for n − 1. Let k be a given integer. Define M_k to be the sub A_2-module of F (n) of those x such that Sq^k_0 x is in M . It is clear that M_k ⊂ M_k+_1. Let ΣM^′_k be the image of M_k into ΣF (n − 1) under the map Σű_{n−1}. By the induction hypothesis one can assume that for k ≥ k_0 one has M^′_k = M^′_k+_1. It implies that, if k ≥ k_0, one has also M_k = M_k+_1. One concludes that

M_k , k ≥ k_0, is finitely generated. Indeed one checks that the lift of a generating system for ΣM^′_k (which can be supposed to be finite by induction) is a generating system for M_k .

Then to finish the proof one uses the exact sequences :

0 → ΦM_k → M_{k−1} → ΣM^′_k → 0

and the facts that M^′_k is finitely generated by induction hypothesis and if M is finitely generated so is ΦM .

Theorem : The unstable module F (p) ⊗ F (q) is finitely generated for all p and q. Therefore, the tensor product of two finitely generated unstable modules is finitely generated.

We will not give the proof, just say that one can reduce to show that F (1)^{⊗n} is finitely generated (see [Sc]).

1.8 Nilpotent and locally finite unstable modules

Definition : An unstable module is locally finite if it is a direct limit of finite modules. An unstable module is nilpotent if it is the direct limit of unstable which have a finite filtration whose quotients are suspensions.

Proposition : The full sub-category of U whose objects are locally finite modules (resp. nilpotent modules) is a thick sub-category.

A full sub-category is thick whenever given a short exact sequence :

0 → M^′ → M → M ” → 0

as soon as two objects are in the sub-category so is the third.

Proof :

In the case of nilpotent modules it is obvious by definition. In the case of locally finite modules it is not. Indeed, the fact that M is locally finite if M^′ and M ” are deserves a proof [Sc], it can also be done as an application of Brown-Gitler modules (exercice!). This is false in the category M as shown by the following where Ā_2 denotes the suset of elements of non-zero degree of A_2 :

0 → Ā_2=Ā_2. Ā_2 → A_2=Ā_2. Ā_2 → F_2 → 0 .

In this example the action on M^′ which generated over F_2 by Sq^{2h} , h ≥ 0, is trivial. Whereas M is cyclic over A_2, generated by 1 and infinite.

Here is another characterization of the nilpotent modules :

Proposition : An unstable module is nilpotent iff the following hold : for any x ∈ M , Sq^n_0 x = 0 as soon as n is sufficiently large.

The proof is left to the reader. Note that a non-trivial nilpotent module always contains a non-trivial suspension.

Proposition : The full sub-category of U whose objects are locally finite modules (resp. nilpotent modules) is stable under direct limits and tensor product.

Definition : An unstable module is reduced its largest nilpotent submodule is trivial.

As an example H^∗Z=2 is reduced as is more generally H^∗V .

Injective objects in U Lannes’ T functor

In this chapter we will describe objects in the category U and discuss Lannes’ T functors and give examples of computations.

Let us first recall that {C_ő}, ő ∈ A, is a set of cogenerators for a category C if any object of the category embeds in a product of C_ő’s.

There are three basic types of injective objects in the category U. - The Brown-Gitler modules which are the obvious cogenerators for U; - The Carlsson modules which are cogenerators for the subcategory of reduced objects in U;

- The Lannes-Zarati modules that are tensor product of Brown-Gitler modules by Carlsson modules.

2.1 Generalities and representability

Let Ab be the category of abelian groups. Recall that :

Definition : An object I in an abelian category C is injective if and only if the functor C → Ab, M → Hom_C (M , I ) is exact.

From the definition it is clear that any product of injective objects is again injective. For convenience, we will often abbreviate “injective unstable module” to “U-injective”.

The following statement is true in any locally noetherian abelian category which has exact filtered direct limits.

Proposition : Any filtered direct limit, in particular any direct sum, of U-injectives is U-injective.

The converse is also true, if any filtered colimit of injective objects is an injective object the category is locally noetherian.

An A_2-module which is finite dimensional as an F_2-vector space in every degree will be said to be of finite type

In order to construct U-injectives, we construct contravariant functors from U to the category E of F_p -vector spaces. The functors that we will consider will be representable and left exact. Thus the representing modules will be U-injective.

The following lemma tell us when a contravariant functor R : U → Ab is representable. It is classical and true in a much more general context. One essentially needs the existence of a set of projective generators.

Lemma : The functor R is representable if and only if it is right exact and transforms direct sums into products.

That the conditions are necessary is obvious. We discuss the aspects of the other implication that are useful for us. Suppose that the problem is solved and that the functor is represented by an unstable module B(R). Thus we have a natural equivalence

ř : R → HomU (−, B(R))

In particular we have

R(F (n)) ∼= Hom_U (F (n)), B(R)) = B(R)^n .

which defines B(R) as a graded vector space. An unstable module structure is defined on this graded vector space as follows: the operation ţ ∈ A_2 acts as R(u_ţ), where u_ţ : F (n + |ţ|) → F (n) is the A_2-linear map associated to ţi_n ∈ F (n)^n+^{|ţ|}.

One defines the natural transformation as follows Let M be in U and x be in R(M ). An element y ∈ M can be identified with a map ŷ : F (|y|) → M . We set ř_M (x) to be the (A_2-linear) map which sends y ∈ M to the element R(ŷ)(x) ∈ R(F (|y|) = B(R)^{|y|}. By the very construction ř_F (_n) is an isomorphism. To show thatř_M is an isomorphism, M being given in U, one considers the beginning of a projective resolution of M :

P_1 → P_0 → M → 0 , where P_0 and P_1 are direct sums of F (n)’s and one considers an appropriate the diagram using the properties of R.

Next we consider three examples of functors that satisfy the conditions of the lemma and are left exact.

Consider the following functor :

H_n : M → M^{n∗} = Hom_E (M^n , F_2) .

It is obviously right exact and transforms direct sums into products. Therefore it is representable. As it is also left exact the representing module is injective.

Definition : The Brown-Gitler module J (n) is the representing module for the functor H_n .

Next, consider the functor :

K_i : M → (dirlim_q {M^{2q i} , Sq^{2q i} })^∗ .

It is obviously right exact and transforms direct sums into products. Therefore it is representable. As it is also left exact the representing module is injective.

Definition : The Carlsson module K (i) is the representing module for the functor K_i .

Finally, consider :

L_{i,n} : M → (dirlim_q {M^{2q i}+^n, Sq^{2qi} })^∗ .

It is obviously right exact and transforms direct sums into products. Therefore it is representable. As it is also left exact the representing module is injective.

Definition : The Lannes-Zarati module L(i, n) is the representing module for the functor L_{i,n} .

2.2 Brown-Gitler’s modules

Here are basic facts about the unstable modules J (n) :

- J (0) is isomorphic to the unstable module F_2; - J (n)^m = F (m)^{n∗}, thus J (n) is of finite type; - J (n)^m = 0 if m > n; - J (n)^n = F_2,

the generator of H_n(J (n)) corresponding to the identity map of J (n), it will be denoted by b_n;

- the restriction to degree n : Hom_U (M , J (n)) → Hom_E (M^n , J (n)^n ) identifies with the isomorphism Hom_U (M , J (n)) ∼= (M^n )^∗.

This remark implies that for any unstable module M the unstable modules there is a map M → ∏ n ∏ u∈H_n (M )

J (n) ,

where the map from M to the component labelled by u on the right hand side is the one determined by u. It is clearly injective. Therefore the category U has enough injective objects.

An operation ţ ∈ A_2 determines an A_2-linear map ţ̃ : J (n + |ţ|) → J (n) as follows. It is the map corresponding to the linear form i_n ∘ ţ : J (n + |ţ|)^n → F_2, where ű_n ∈ F (n)^n ∼= (J (n)^n )∗ is the generator. In the sequel we will consider in particular the map Λ = S̄q^{n=2} : J (n) → J (n=2), which is understood to be trivial if n=2 is not an integer.

The class ű_n ⊗ ű_n in H_m+_n(J (m) ⊗ J (n)) determines an A_2-linear map ź_{m,n} : J (m) ⨂ J (n) → J (m + n) .

In degree m + n the map ź_{m,n} is just the identity of F_2. If we set m = 1, since J (1) = ΣF_2, we get an A_2-linear map ź_{1,n} : ΣJ (n) → J (n + 1).

Theorem : (Mahowald’s exact sequences) The following is an exact sequence of unstable modules 0 → ΣJ (n − 1)^{ź1,n−1}−−−−→J (n)^Λ−−−−→J (n=2) → 0 , where J (n=2) is trivial if n is odd.

Proof : Apply the functor H_n to the exact sequence

0 → ΦF (m) → F (m) → ΣF (m − 1) → 0

for all m ≥ 0.

The connectivity c(M ) of an unstable module M is the smallest n such that M^n+^1 is non zero. The preceding sequence allows computation of the connectivity of J (n). For an integer n, denote by ő(n) the sum of the coefficients of its 2-adic expansion.

Theorem : The connectivity c(J (n)) of J (n) is ő(n) − 1.

The proof is done by induction on n using Mahowald’s exact sequences.

Finally we note the following ;

Proposition : A finite, or more generally a locally finite unstable module embeds into a direct sum (and not a product) of Brown-Gitler modules.

This is an exercice, it shows that the sub-category of locally finite unstable module is thick.

2.3 Miller’s bigraded algebra J^∗_∗

To understand the structure of the Brown-Gitler modules it is convenient, following Miller, to consider the N × N bigraded object J^∗_∗ defined by J^‘_k = J (k)^‘, where the bidegree of x ∈ J^‘_k is denoted by ‖x‖ = (|x|_1 , |x|_2) = (‘, k).

This object has a very rich structure :

- it is an unstable module, for it is just the direct sum of the unstable modules J (k), the action of the Steenrod algebra leaves fixed the second degree and increases the first one;

- there is a map Λ : J^∗_∗ → J^∗_∗ which leaves fixed the first degree and divides the second one. This map is A_2-linear;

- the maps ź_{m,n} : J (m) ⨂ J (n) → J (m + n) define the structure of a commutative, associative, unital, F_2-bigraded algebra;

- the Cartan formula holds for this product, and the map Λ is multiplicative.

All the preceding properties are more or less straightforward to check and left to the reader.

The algebra J^∗_∗ is not an unstable algebra because the second condition does not hold. In fact one has :

Lemma : For any x ∈ J^∗_∗ one has

Sq^0x = (Λx)^2.

Proof :

We indicate here the main steps. Given an unstable module M let us denote by S_2(M ) its second symmetric power, i.e. the quotient of M ⊗ M by the sub-module of elements of the form x ⊗ y + y ⊗ x. If M is a commutative algebra (not necessary unstable) the product map ź : M ⊗ M → M factors as ź = ź̃ ∘ ĳ, where ĳ : M ⊗ M → S_2(M ) is the canonical projection and ź̃ maps S_2(M ) into M . Consider now the following diagram :

ΦJ (2k)^i−−−−→ S_2(J (2k))^{ź̃2k,2k}−−−−→ J (4k)

Φ(S̄q^k )

S2(^¯Sq^k )

ΦJ (k) −−−−→ S_2(J (k))^{ź̃k,k}−−−−→ J (2k)

where we recall that Sq^k is nothing else that Λ, and i sends x to the image of x ⊗ x into S_2(J (2k)).

Lemma : This diagram is commutative.

Proof :

The fact that the left hand side square is commutative is just naturality. For the right hand side one it is enough to show commutativity of :

J (2k) ⨂ J (2k)^{ź2k,2k}−−−−→ J (4k)

S̄q^k ⊗S̄q^k

¯^{Sqk} J (k) ⨂ J (k)^{źk,k}−−−−→ J (2k)

which follows from the Cartan formula, the instability, and the :

Lemma : Let ţ be in A_2, M an unstable module and u ∈ H_n(M )=Hom_U (M , J (n)). Then the map ţ̃∘u ∈= Hom_U (M , J (n−|ţ|)) as an element of H_{n−|ţ|}(M ) is the composite M^{n−|ţ| ţ}−−−−→M^{n u}−−−−→F_2 .

The proof of the Lemma is left to the reader. It remains to observe that the composite from ΦJ (2k) to J (2k) in the first diagram is just ÿ_J (_{2k}).

We conclude by describing the structure of J^∗_∗ :

Theorem : The algebra J^∗_∗ is isomorphic to the bigraded polynomial algebra F_2[x_0, . . . , x_i , . . .]

on generators

x_i of bidegree (1, 2^i ). It has an A_2-action such that :

- it is an unstable module; - the Cartan formula holds; - Sq^1(x_i ) = x^2_{i−1};

- the multiplicative map Λ determined by Λ(x_0) = 0 and Λ(x_i ) = x_{i−1}, i > 0 is A_2-linear.

Proof : The Mahowald exact sequences allow us to define non-zero elements ő_i ∈ J (2^i )^1. The polynomial algebra T^∗_∗ abstractly defined by the theorem is mapped into J^∗_∗ in a unique way by declaring that x_i is sent to ő_i . What we said before shows that all the structure is preserved. In particular the span of monomials whose second degree is n is mapped into J (n). We have for the subspace T^n_∗ the exact sequences strictly analogous to the Mahowald exact sequences. The result follows by induction considering the commutative diagram :

0 −−−−→ T^∗_{n−1}^{×x0}−−−−→ T^∗_n^Λ−−−−→ ΣT^∗_{n=2} −−−−→ 0

0 −−−−→ J^∗_{n−1}^{×"0}−−−−→ J^∗_n^Λ−−−−→ ΣJ^∗_{n=2} −−−−→ 0

with the usual conventions.

2.4 Carlsson’s modules and the Carlsson algebra

We now consider the case of the functors K_i . The corresponding modules were introduced by Carlsson in his proof of the Segal conjecture for elementary abelian 2-groups. Let i be a given integer. First observe that by definition the functors K_i and K_{2i} are naturally equivalent. Thus the unstable module K (i) is isomorphic to the unstable module K (2i). The following lemma is a direct consequence of the definition, and of the fact that the Brown-Gitler modules are of finite type :

Lemma : The unstable module K (i) is the inverse limit of the following system {J (2^qi), S̃q^{2q−1i} ; q ∈ N} .

Proof : Indeed, one has for any unstable module :

Hom_U (M , K (i)) ∼= {lim_q M^{2q i} }^∗ ∼= Hom_U (M , {lim_q J (2^q i)}) , where the inverse limits are taken over the maps S̃q^{2qi} . The first isomorphism is by definition, the second one follows from the interpretation of the maps S̃q^{2qi} given in 2.2. The result follows.

The following is a consequence of the preceding and of the Mahowald exact sequences that show that the connectivity of the maps S̃q^{2q i} increase with q.

Corollary : The unstable module K (i) is of finite type.

Proposition : The unstable modules K (i) are reduced.

Proof : It is enough that there are no non-trivial suspensions in K (i). Let ΣM be a suspension contained in K (i). By the definition of a nilpotent module Hom_U (ΣM , K (i)) is trivial, therefore and ΣM is trivial.

They are cogenerators for reduced modules in the sense that any reduced module embeds in a product of K (i)’s.

Because of the isomorphism K (i) ∼= K (2i) one can define of the K (i) for all rationals in N[1=2] by the following formulas K (i) = K (2^q i) for 2^q i ∈ N , it makes sense because the value does depend on q.

We can define a N × N[1=2]-bigraded object K^∗_∗ by K^j_i = K (i)^j . Let us introduce for q ≥ 0 the N × N[1=2] bigraded algebras J (q)^∗ defined by :

- J (q)^j_i = J (2^qi)^j if 2^q i ∈ N, 0 otherwise.

The bigraded object J (q)^∗ should be thought of as a copy of J^∗_∗ “shifted multiplicatively down” q-times with respect to the second grading. It has all properties of J^∗_∗ , one has:

J (q)^∗ = F_2[x_{q,i} , i ≥ −q] .

The action of the Steenrod algebra is determined by the Cartan formula and Sq^1x_{q,i} = x^2_{q,i−1} is i > −q, and 0 if i = −q.

Then consider the inverse limit of these algebras taken over the algebra maps Γ_q : J (q)^∗ → J (q − 1)^∗ .

Where the map Γ_q is given by Γ_q (x_{q,i} ) = x_{q−1,i} if i > −q, and 0 if i = −q.

Note that the map Γ_q from J (q)^∗_{2i} to J (q)^∗_i identifies with the map S̃q^{2q−1} i : J (2^q i) → J (2^{q−1}i). Thus, the above results implies that the inverse limit identifies with K^∗_∗ .

The bigraded object K^∗_∗ has an unstable module structure which preserves the second degree. It has a bigraded algebra structure. Moreover

The maps Λ : J (q)^∗ → J (q)^∗ determine a map Λ : K^∗_∗ → K^∗_∗ which preserves the first degree and divides the second by 2.

The following theorem due to J. Lannes and S. Zarati (it is implicit in Carlsson) describes the structure of K^∗_∗ :

Theorem : The Carlsson algebra K^∗_∗ is isomorphic to the polynomial algebra

F_2[x̂_i , i ∈ Z]

where

- ‖x̂_i ‖ = (1, 2^i ),

- Λx̂_i = x̂_{i−1}, and

- the relation Sq^1x̂_i = x̂^2_{i−1} and the Cartan formula determine the unstable module structure.

2.5 Tensor products of injective unstable modules

In this section we give the following theorem due to Lannes and Zarati and describe the consequences. The proofs are technical and will not be given here and for them we refer to [Sc], nevertheless we note they are the logical sequel of the preceding ones.

Theorem : The representing unstable module for the functor L_{i,n} is the unstable module K (i) ⨂ J (n). It is an injective unstable module.

In fact only the first statement deserves a proof.

Here is an essential Corollary :

Theorem : Let I and J be two U-injectives such that J is a reduced unstable module, and I or J is of finite type;

Then I ⊗ J is injective.

2.6. Commutation of T_V with tensor products

After exactness the second main property of the functor T_V is its behaviour with respect to tensor product. The following theorem of Lannes shows that the result is the best possible :

Theorem : For any unstable modules M_1 and M_2, there is a natural isomorphism

ž_{M1,M2} : T_V (M_1 ⊗ M_2) → T_V (M_1) ⊗ T_V (M_2) .

The proof of this result is to long to be given in these notes. Using right exactness of T_V it reduces easily to compute T_V on a tensor product of the form F (m) ⨂ F (n). In this context the fact that T commutes with Φ is very useful. The following lemma which has its own interest is needed to do the computation in degree zero :

Proposition : For q large enough the unstable module F (m) ⊗ Φ^q F (n) is monogenic.

Note that if we take m_1 = ΣF_2 one gets the commutation with suspension.

We are only going to describe the above mentioned natural map.

Let M_1, M_2, L_1, L_2 be in U. Consider the maps ’_i : M_i → L_i ⊗ (M_i : L_i )_U (i = 0, 1) adjoint to the identity of (M_i : L_i )_U . The adjoint of (1 ⊗ £ ⊗ 1) ∘ (’_1 ⊗ ’_2) (£ being the obvious twisting map) is by definition

ž^{L1,L2}_{M1,M2} : (M_1 ⊗ M_2 : L_1 ⊗ L_2)U → (M_1 : L_1)U ⊗ (M_2 : L_2)U .

Let L_1 = L_2 = L be an unstable algebra. Then the multiplication ź : L ⊗ L → L defines a map ź^∗_M : (M : L)_U → (M : L ⊗ L)_U .

If L = H^∗V , one defines ž_{M1,M2} to be the composite ž^{H ∗V,H ∗V}_{M1,M2} ∘ ź^∗_{M1⊗M2} .

The fundamental application of what precedes shows that the behaviour of T_V on unstable algebras is, again, as best as possible, it is due to Lannes:

Theorem : Let K , L be unstable algebras. The unstable module T_V (K ) is in a natural way an unstable algebra and there is a natural isomorphism

Hom_K(K , H^∗V ⊗ L) ∼= Hom_K(T_V (K ), L) .

We will not give the full proof of this statement, but comment certain important parts. We need to show :

- that the functor K → K, L → H^∗V ⊗ L has a left adjoint K → (K : H^∗V )_K; and

- that, (K : H^∗V )_K identifies with T_V (K ).

Here is the first proposition:

Proposition : Let C be an unstable A-algebra of finite type. The functor L → L ⊗ C from the category K to itself has a left adjoint K → (K : C)_K. For any K , L in K, there is a natural isomorphism Hom_K(K , C ⊗ L) ∼= Hom_K((K : C)_K, L) .

As in the case of the category U this is implied by Freyd’s adjoint functor theorem. Thus, the first part of the result is formal. What is not is the subsequent identification. The main point of the proof is :

Theorem : Let K be an unstable algebra. Then T_V (K ) is in a natural way an unstable algebra.

The product is defined to be the composite :

T_V (K ) ⊗ T_V (K ) ∼= T_V (K ⊗ K ) →^{TV ź}−−−−→T_V (K ) .

That this defines an unstable algebra algebra structure is not hard. Except for the axiom concerning Sq_0. We refer to [Sc]. We give now a very important application. Observe that if K is an unstable algebra K^0 is a Boolean algebra. Then :

Theorem : Let K be an unstable algebra which is noetherian as an algebra. Then the Boolean algebra T_V (K )^0 is isomorphic to the one of maps from Hom_K(K , H^∗V ) to_b f F_2. In other words the canonical linear extension : F_2[Hom_K(K , H^∗V )] ∼= Hom_U (K , H^∗V ) is an isomorphism.

This result extends if one removes the finiteness condition on K , but one needs to introduce profinite topology. We note also that it implies injectivity of H^∗V in the categorical sense in K.

Finally, we note that given an unstable algebra K and a primitive idempotent ĳ in K^0, ĳK is a connected unstable algebra. In particular the above result shows that primitive idempotents in the Boolean algebra T_V (K )^0 are in one to one correspondence with elements of Hom_K(K , H^∗V ). So for ’ ∈ Hom_K(K , H^∗V ), there is a primitive idempotent "_’ and one can consider "_’T_V (K ).

2.7 Important examples

We collect here a few examples of important computations with T_V . The most basic example is the case of the mod p-cohomology of an elementary abelian 2-group W :

T_V H^∗W ∼= H^∗W^{Hom}(^{V,W} ) .

The degree zero part of this result is known as the Adams-Gunawardena- Miller- Lannes-Zarati theorem. After dualization it writes as

Hom_U (H^∗W, H^∗V ) ∼= F_2[Hom(V, W )] .

Let us consider the “case of very nice algebras”. Let M be an unstable module the algebra U (M ) is described as follows. The functor U is the Steenrod-Epstein functor which is left adjoint to the forgetful functor K → U. Therefore, for any K ∈ K and M ∈ U, one has Hom_U (M , OK ) ∼= Hom_K(U (M ), K ) .

Consider the symmetric algebra S(M ), it is the quotient of the tensor algebra T (M ) by the ideal generated by the elements x ⊗ y ⊗ x for all x and y in M . Therefore, S(M ) is an unstable module and has a product for which the Cartan formula holds. However it is not true that it is an unstable algebra. One defines the unstable algebra U (M ) to be the quotient of S(M ) by the ideal generated by the elements Sq_0y + y^{⊗2} for any y ∈ M . It is nothing other than the universal enveloping algebra of M regarded as an abelian restricted Lie algebra. The functor M → U (M ) is clearly left adjoint to the forgetful functor K → U.

The cohomology of Eilenberg-MacLane spaces has this form, recall that Serre has shown

Theorem :

H^∗(K (Z=2)) ∼= U (F (n)) .

If K ∼= U (M ) for some unstable module M , then

T_V U (M ) ∼= U (T_V M ) .

Let K be an unstable A -algebra provided with the action of a finite group G. Then, by naturality, G acts on T_V K and

T_V (K^G ) ∼= (T_V K )^G .

Consider now a subgroup G of the automorphism group AutV of an elementary abelian p-group V , ř ∈ G acts on H^∗V by x → (ř^{−1})^∗x. Let K be the subalgebra of invariants (H^∗V )^G , i the inclusion of K in H^∗V and ’ an element of Hom(W, V ).

Theorem : The unstable A -algebra T_W K is isomorphic to the (graded) set of Gequivariant maps from Hom(W, V ) to H^∗V . The component (T_W K )_’∗_{∘i} is isomorphic to the subalgebra of invariants H^∗V^{G’} , where G_’ is the subgroup of G of elements ř such that ř ∘ ’ = ’

Let G be a finite group, recall a theorem of Quillen. Let C(G) be the category whose objects are the abelian p-subgroups E of G; the morphisms being subconjugacy. There is a natural map q_G : H^∗BG → lim_C(_G)H^∗BE .

Quillen’s theorem says that q_G is an F -isomorphism. It means that any element in the kernel of q_G is nilpotent, and that for any element y in the target, there exist n such that y^{2n} is in the image. In our terminology this means that

Ker q_G and Coker q_G are nilpotent unstable modules.

Proposition : Let M be a nilpotent unstable module. Then T^0_V M is trivial.

Indeed the operation Sq_0 is injective on H^∗Z=2 and nilpotent on any element of M . Let Rep(V, G) be the set of homomorphisms Hom(V, G) modulo conjugacy at the target. There is a canonical bijection

colim_C(_G)Hom(V, E) → Rep(V, G) .

The following consequence of Quillen’s theorem has been proved by various people, among them J.-F. Adams, Lannes, Miller and C. Wilkerson.

Theorem : The Boolean algebra T^0_V H^∗BG is isomorphic to the p-Boolean algebra of functions from Rep(V, G) to F_2.

Let ’ be in Rep(V, G) and let

Z_’ = (g ∈ G=g ’(v)g^{−1} = ’(v)∀v ∈ V ) .

be the centralizer of ’. The homomorphism V × Z_’ → G determines a map a_’ : T_V H ∗BG → H^∗BZ_’, Lannes proved :

Theorem : The sum map ⊕_’ a_’ : T_V H^∗BG → ⊕ H^∗BZ_’ is an isomorphism.

Our last example is of a different nature. Let K be an unstable augmented algebra, let M be an unstable module, which is moreover a K -module. Suppose also that the structure map K ⊗ M → M is A_2-linear. Then the bar resolution determines on the functors Tor^∗_K (M , F_2) an unstable module structure. Moreover T_V (M ) comes with a T_V (K )-module structure, T_V (K ) being augmented.

Theorem : One has an isomorphism :

T_V (Tor^∗_K (M , F_2) ∼= Tor^∗_{TV} (_K )(T_V (M ), F_2) .

This follows from exactness of T and commutation with tensor products.

2.8 The functor T , locally finite and nilpotent modules

We will only state two results. The first one is :

Theorem : An unstable module is nilpotent if and only if T_V (M )^0 is trivial for any V .

The second one concerns locally finite modules :

Theorem : An unstable module is locally finite if and only if T̄ (M ) = 0.

Both are consequences of the classification of U-injectives which essentially says that an indecomposable U-injective embeds in H^∗V ⊗ J (n) for some V and some n.

Applications of the functor T

In this chapter we give homotopical and cohomological applications of what precedes. Some of them use also the Eilenberg-Moore spectral sequence that we briefly recall. They are :

- a conjecture of Serre proved by C. McGibbon and J. Neisendorfer;

- a result on the cohomology of fibrations;

- the computation of the cohomology of mapping spaces whose source is the classifying space of an elementary abelian 2-groups;

We mention also the possibility to prove Quillen’s theorem on the cohomology of finite groups mentioned above using this machinery, and in fact to extend it.

3.1 The Eilenberg-Moore spectral sequence

First, we recall some facts about the Eilenberg-Moore spectral sequence. The basic references are [Sm] and [R]. Consider the fibre square

F^i−−−−→ E

p pt −−−−→ B

The Eilenberg-Moore spectral sequence is a second quadrant cohomological spectral sequence. It converges strongly towards H^∗ΩF as soon as ĳ_1B = 0. A more general result has been given by W. Dwyer, in fact the spectral sequence converge as soon as ĳ_1(B) is a finite 2-group. The exact condition is that the fundamental group of the base acts nilpotently on the cohomology (supposed of finite type) of the fiber.

Its E^{s,∗}_2 -term identifies, as an A_2-module, with Tor^s_H ∗_X (F_2, F_2) provided with the A_2-module structure defined by the Cartan formula. The columns E^{s,∗}_r , s ≤ 0, 2 ≤ r ≤

∞ are unstable modules and it is convenient to interpret the differentials as A_2-linear of degree zero from E^{s,∗}_r to Σ^{r−1}E^{s,∗}_r :

d_r : E^{s,∗}_r → Σ^{r−1}E^s+^{r,∗}_r .

There is a convergent filtration by unstable modules on H^∗F :

H^∗F ⊃. . . F_s ⊃ F_s+_1 ⊃. . . ⊃ F_{−1} ⊃ F_0 ,

such that Σ^{−s} F_s =F_s+_1 ∼= E^{s,∗}_∞ . The unstable module F_0 is the image of H^∗E.

The kernel K of the edge homomorphism

E^{0,∗}_2 ∼= H^∗E ⨂ H^∗B

F_2 → ΣH^∗F

has a convergent filtration : K ⊃. . . K_s ⊃ K_s+_1 ⊃. . . ⊃ K_{−1} = 0 such that

Σ^{−s−1}K_s =K_s+_1 ∼= d_{−s} E^{s,∗}_{−s} .

3.2 A conjecture of Serre

The following theorem of McGibbon and Neisendorfer was conjectured by J.-P. Serre :

Theorem : Let X be a 1-connected finite space whose reduced mod-2 cohomology is non-trivial. Then, an infinite number of homotopy groups of X contain 2-torsion.

J.-P Serre proved that infinitely many homotopy groups have to contain 2-torsion or Z. The proof of McGibbon and Neisendorfer depends on a fundamental theorem of Miller that we will state later. The proof of J. Lannes and the author depends on :

Theorem : Let X be a 1-connected space such that H^∗X is of finite type. Then, if H^∗X is locally finite as an A_2-module, so is H^∗Ω^nX for any n.

Proof : Let us do the case n = 1. The result follows from what we said above on the Eilenberg-Moore spectral sequence. Indeed assume that the cohomology of X is locally finite. Then each column of the E_2-term of the spectral sequence is also locally finite, and also each column of the E_∞-term. Next as the category of locally finite unstable module is thick this is true for the term F_t in the filtration> Hence this is true for H^∗ΩX which is the direct limit.

When one iterates to get H^∗Ω^nX this argument has to be modified a bit to deal with the problem of a non-trivial fundamental group of the base. However this is easily done by observing that :

- if we have a factor Z in the fundamental group and as we are dealing now with loop spaces an S^1 will split off the space, so we can neglect it;

- we can localize at 2, therefore ignore odd primary torsion;

- finally we are left with a ĳ_1 that is a finite 2-group, thus we can apply Dwyer’s criterion.

In fact an elementary proof can also be given using Gysin exact sequences for 2- sheeted covering spaces :

Proposition : Let ~X → X a 2-sheeted covering of spaces. Assume that the mod-2 cohomology of X is locally finite and of finite type. Then so is the cohomology of ~X .

It follows by induction that if we have a space whose cohomology is locally finite, of finite type and whose fundamental group is a finite 2-group, the cohomology of its universal cover is also locally finite.

Then the proof of the theorem is the same as in McGibbon and Neisendorfer. One supposes that the theorem is false. Using Serre’s theorem by looping down enough times we get a space Ω^nY(_2) so that the localisation at 2 of its universal cover satisfies :

- ĳ_2 ~Y(_2) contains Z(_2);

- the homotopy groups do not contain 2-torsion.

Then standard obstruction theory shows that ~Y(_2) writes as a product K (Z(_2) × Z . Indeed the obstructions to lift the map ~Ω^nY(_2) → K (Z=2, 2) are in torsion free groups : H^n (K (Z=2, 2), ĳ_n+_1(F ) where F is the homotopy fiber. Moreover they are zero rationally, indeed ~Ω^nY(_2) is an H -space and an H -space rationally is a product of Eilenberg-MacLane spaces.

But the cohomology of this space is not locally finite, this is a contradiction.

3.3 A result on the cohomology of fibrations

The result we have in mind is the following :

Theorem : Let F^i−−−−→E^p−−−−→B be a fibration. Assume that all spaces have cohomology of finite type and that ĳ_1(B) is trivial. Then the kernel of the edge homomorphism of the Eilenberg-Moore spectral sequence E^{0,∗}_2 ∼= F_2 ⨂ H^∗B

H^∗E → H^∗F

is a nilpotent unstable module.

Proof : We need to introduce the definition of nilpotent module of class ‘.

Definition : An unstable module is said to be nilpotent of class ‘ if it is the direct limit of unstable modules which have a finite filtration whose quotients are ‘-suspensions.

One has the following characterization :

Proposition : An unstable module M is nilpotent of class ‘ if and only if T_V (M ) is (‘ − 1)-connected for any V .

The proof of the theorem starts by observing that :

Theorem : Let K be a connected (K^0 ∼= F_2) unstable algebra, and let M be an unstable module which is also a K -module so that the map K ⊗ M → M is A_2-linear. Then, for ‘ ≥ 0, the unstable module :

Tor^{−‘,∗}_K (M , F_2)

is nilpotent of class ‘.

The bar resolution shows that the preceding group is (‘ − 1)-connected.

One applies the preceding criteria, recall that : T_V (Tor^{−‘,∗}_K (M , F_2)) ∼= Tor^{−‘,∗}_{TV} (_K )(T_V (M ), F_2) .

However, it is not clear that this group (‘ − 1)-connected because the unstable algebra T_V (K ) is no longer connected. We now use the fact that T_V (K )^0 is a Boolean algebra. Let " : T_V (K ) → F_2 be the augmentation of T_V (K ) induced by the one of K , consider also the restriction of " to T_V (K )^0. Let T_V (K )_" be T_V (K ) ⨂ T_V (K )^0 F2 and TV (M )" be

T_V (M ) ⨂ T_V (K )^0 F2. A change of ring spectral sequence, using the fact that on the Boolean

algebra T_V (K )^0 all modules are projective show that : Tor^{−‘,∗}_{TV} (_K )(T_V (M ), F_2) ∼= Tor^{−‘,∗}_{TV} (_K )_” (T_V (M )_", F_2) .

But T_V (K )_" is connected, so it finishes the proof. We come back now to the proof of the initial theorem. To complete it we have to come back to the description of the differentials and of the kernel of the edge homomorphism. One observes that this kernel is nilpotent because it is the direct limit of unstable modules who have finite filtrations whose quotients are suspensions. Indeed the −‘-column is the direct limit of unstable modules who have finite filtrations whose quotients are ‘-suspensions. Its image under the differential d_‘ is the direct limit of unstable modules who have finite filtrations whose quotients are suspensions.

We conclude this section by observing that a proof of Serre’s theorem has been given by Lannes and author using that kind of techniques. It depends on evaluating the growth rate, as a function of d, of Hom_K(H^∗X , H^∗Z=2^{⊕d} ) . If X is finite connected this function is constant to 1. But one can show that for a finite Postnikov tower, non-trivial in the sense that some homotopy group either contains 2-torsion either has a non-trivial reduction mod-2, this function is never constant. This is proved by induction on the tower. Note that the argument does not work for Postnikov system.

3.4 The cohomology of mapping spaces

In this section we will consider spaces that have a finite number of connected components and whose homotopy groups are finite 2-groups. We will call them 2-finite. We will moreover suppose that they are complete at the prime 2. We refer to [BK] for all the basics about completion.

This is not a serious restriction because an Eilenberg-MacLane space whose homotopy group is a finite 2-group has these properties. Moreover these properties are preserved, i.e. they hold for F , if one consider a fibration : F → E → B , such that the conditions hold for E and B and B is 1-connected. And it is exactly what we will need.

Next, we consider the construction by D. Rector of the Eilenberg-Moore spectral sequence. Let again F^i−−−−→E^p−−−−→B , be a fibration. We suppose that our spaces are pointed. One constructs a cosimplicial space F.

Recall that a cosimplicial X is a family of spaces X^n with cofaces d^j : X^{n−1} → X^n , 0 ≤ j ≤ n and codegeneracies s^i : X^n → X^{n−1}, 0 ≤ i ≤ n − 1 such that the identities dual of those satisfied by the simplicial maps are satisfied. We will only recall that d^j d^i = d^i d^{j−1} if i < j.

In our case one has : - F^n = B^{×n} × E;

- d^0 (x_1, . . . , x_{n−1}, e) = (∗, x_1, . . . , x_n, e), - d^i (x_1, . . . , x_{n−1}, e) = (x_1, . . . , x_i , x_i , . . . , x_n , e) if 0 < i < n, - d^n (x_1, . . . , x_{n−1}, e) = (x_1, . . . , x_n, p(e), e).

Here ∗ means the base point.

Then one consider the spaces F̄^n = F^n=(Imd^1 ∪ . . . Imd^n). Because of the cosimplicial relations the maps d^0 induce maps ś^n : F̄^{n−1} → F̄^n . The composite ś^n ∘ ś^{n−1} is homotopically trivial. Thus, from the complex of spaces : F̄^{0 ś1}−−−−→F̄^{1 ś2}−−−−→F̄^2 . . .

we can derive an exact couple, and it turns out that this leads to the “ordinary” Eilenberg- Moore spectral sequence.

The following theorem is due to E. Dror and J. Smith.

Theorem : Let us assume that the natural natural maps

T_V H^∗B → H^∗map(BV, B) and T_V H^∗E → H^∗map(BV, E) are isomorphisms so is the natural map T_V H^∗F → H^∗map(BV, F ) .

In particular, let X be a connected 2-finite space which has only finitely many non-trivial homotopy groups. Then T_V H^∗X ∼= H^∗map(BV, X ) .

From this point using a lemma of Bousfield to do a “limit process” one gets the mapping space theorem of Lannes :

Theorem : Let X be a 2-finite space. Assume the moreover that the T_V H^∗X is of finite type and trivial in degree zero. Then the natural map T_V H^∗X → H^∗(map(BV, X ) is an isomorphism.

We just describe the natural map. One starts with the evaluation map map(BV, X ) × BV → X .

It induces a map in cohomology H^∗X → H^∗BV ⊗ H^∗map(BV, X ) and by adjunction a map T_V (H^∗X ) → H^∗map(BV, X ). This is the natural map.

Before giving application of Lannes’ theorem we describe shortly the proof of the Dror-Smith Theorem. On first observes that applying the functor map(BV, −) to the cosimplicial space F^. we get the cosimplicial space associated to the fibration :

map(BV, E) → map(BV, B) .

This is purely formal. Next if we choose as base point in map(BV, B) the constant map at the base point of B the fiber, at this base point, is just map(BV, Y ). Note that the mapping spaces are not connected in general.

The second observation is that one can apply the functor T_V to the Eilenberg-Moore spectral sequence of the fibration F → E → B. Indeed, all the objects in sight are unstable modules. We get a new spectral sequence that converges to T_V (H^∗F ).

Finally there is a natural transformation of this last spectral sequence to the spectral sequence of the fibration : map(BV, E) → map(BV, B) .

This transformation is given as above by the evaluation map : map(BV, F) × BV → F , that generalizes the above map.

The proof of the second part if the Dror-Smith theorem is done by induction on the number of non-trivial homotopy groups. The induction starts with the case of Eilenberg- MacLane spaces that has been known for a long time.

The following, now immediate, corollary is essentially Miller’s celebrated theorem :

Theorem : Let X be a 1-connected space such that H^∗X is of finite type and locally finite. Then the mapping space Map(BV, X ) is homotopically equivalent to X .

In fact the converse is true (Lannes and the author) :

Theorem : Let X be a 1-connected space such that H^∗X is of finite type. Then if the mapping space Map(BV, X ) is homotopically equivalent to X the cohomology of X is locally finite.

Indeed, we have seen that an unstable module M is locally finite if and only if T̄ M =0.

Here is a corollary (conjectured by Miller and proved by Lannes).

Theorem : Let X be a nilpotent space with finite fundamental group. Then the map : [BV, X ] → Hom_K(H^∗X , H^∗BV ), f → f^∗ is a bijection.

3.5 Realizibility of polynomial algebras on one generator

The question of determining which polynomial algebras are the cohomology of a space was raised by Steenrod. Let X be a 2-complete space and assume that H^∗X ∼= F_2[x]. One has :

Theorem : The degree of x is either 1, 2 or 4.

It is easy to show that the degree of x is a power of 2. Indeed as Sq^{|x|}x = x^2, now :

- the cohomology is trivial in degrees strictly between |x| and 2|x|,

- the operation Sq^i is indecomposable if and only if i is a power of 2, thus necessarily |x| is a power of 2.

It was proved by J.-F. Adams that the degree can only be 1, 2 or 4. We will give here a proof of Aguade, Broto and Notbohm [ABN].

We start by considering the space map(BZ=2, X ). The preceding paragraph shows that it has 2-connected component : the one of the trivial map, the maps contained in the other one induce the obvious inclusion F_2[x] → F_2[u] in cohomology. Let E = map(BZ=2, X )_i be the connected component of these last maps. The theorem on the cohomology of mapping spaces allows us to compute the cohomology of this space and it is isomorphic to H^∗X , and in fact E is homotopically equivalent to X .

Recall now that there is a model for BZ=2 which is a topological abelian group. The space E comes with an action of the group BZ=2, it acts at the source by translation. We can do the Borel construction and get a fibration :

E ∼= X^i−−−−→E ×_{BZ=2} E(BZ=2)^p−−−−→K (Z=2, 2) ,

where E(BZ=2) is a contractible space on which BZ=2 acts freely.

The induced map ! : ΩK (Z=2, 2) ∼= BZ=2 → E induces the inclusion in cohomology. Next recall that the cohomology H^∗K (Z=2, 2) is polynomial on the elements x_n = Sq^{Δn} ű_2, where ű_2 is the generator in degree 2. Consider now the Serre spectral sequence for the above fibration. What we said implies that the image of the transgression £ on x has to be of the form x_n + decomposable. Let us assume that |x| > 1, then Sq^1x = 0. The element Sq^1x_n + Sq^1(decomposable) cannot be the image of a differential for degree reasons , thus it is zero. Assume that n > 1, we get that : Sq^1x_n = x^2_{n−1} is in the image of Sq^1. This is only possible if n = 2.

References

The given references do not claim to be complete in any way. In particular most recent papers concerning further works are not given here.

[AGM] J.F. ADAMS, J.H. GUNAWARDENA, H.R. MILLER, The Segal conjecture for elementary abelian p-groups, Topology 24 (1985), 435-460.

[AW] J.F. ADAMS, C. WIlKERSON, Finite H-spaces and algebras over the Steenrod algebra Ann. of Math. 111 (1980), 95-143.

[ABN] J. Aguade, C. Broto, D. Notbohm, Homotopy classification of spaces with interesting cohomology and a conjecture of G. Cooke Topology 33 (1994), 455-492.

[BF] D. BENSON, V. FRANJOU, Se’ries de compositions de modules instables et injectivité de la cohomologie du groupe Z=2, Math. Z. 208 (1991), 389-399.

[BG] E.H. BROWN, S. GITLER, A spectrum whose cohomology is a certain cyclic module over the Steenrod algebra, Topology 12 (1973), 283-295.

[BK] A.K. BOUSFIELD, D.M. KAN, Homotopy limits, completions and localizations, Springer Lecture Notes in Math. 304, 1972.

[Bo1] A.K. BOUSFIELD, On the homology spectral sequence of a cosimplicial space, Amer. J. of Math. 109 (1987), 361-394.

[BO2] A.K. BOUSFIELD, Homotopy spectral sequences and obstructions, Israël J. of Math. 66 (1989), 54-104.

[CS] H.E.A. CAMPBELL, S.P. SELICK, Polynomial algebras over the Steenrod algebra, Comment. Math. Helv. 65 (1990), 171-180.

[Cl1] G. CARLSSON, G.B. Segal’s Burnside ring conjecture for (Z=2)^k , Topology 22 (1983).

[Cl2] G. CARLSSON, Equivariant stable homotopy and Sullivan’s conjecture, Invent. Math. 103 (1991), 497-525.

[Cl3] G. CARLSSON, Equivariant stable homotopy and Segal’s Burnside ring conjecture, Annals of Math. 120 (1984), 189-224.

[DS] E. DROR FARJOUN, J. SMITH, A geometric interpretation of Lannes’ functor T , Proc. Luminy 1988, Astérisque 191 (1990), 87-95

[D] W.G. DWYER, Strong convergence of the Eilenberg-Moore spectral sequence, Topology 13 (1974), 255-265.

[DMN] W.G. DWYER, H.R. MILLER, J.A. NEISENDORFER, Fibrewise completion and unstable Adams spectral sequence, Israël J. of Math. 66 (1989), 160-178.

[DMW] W.G. DWYER, H.R. MILLER, C. WILKERSON, The homotopy uniqueness of BS^3, Algebraic Topology Proc. 1986, Barcelona, Springer Lect. Notes in Math 1298 (1987), 90-105.

[DW1] W.G. DWYER, C.W. WILKERSON, Smith theory and the functor T , Comm. Math. Helv. 66 (1991), 1-17.

[DW2] W.G. DWYER, C.W. WILKERSON, A new finite H-space at he prime 2, Journal of the Am. Math. Soc....

[DW3] W.G. DWYER, C.W. WILKERSON, A cohomology decomposition theorem, Topology 31 (1992), 433-443.

[DZ] W.G. DWYER, A. ZABRODSKY, Maps between classifying spaces, Algebraic Topology, Proc. Barcelona 1986, Springer Lect. Notes in Math. 1298 (1987), 106-119.

[F] P. FREYD, Abelian categories: an introduction to the theory of functors, New-York, Harper and Row, 1964.

[FS] V. FRANJOU, L. SCHWARTZ, Reduced unstable A_2-modules and the modular representation theory of the symmetric groups, Ann. Scient. Ec. Norm. Sup. 23 (1990), 593-624.

[H] H.-W. HENN, Some finiteness results in the category of unstable modules over the Steenrod algebra and applications to stable splittings , Math. Ann. 291 (1991), 191-203.

[HLS1] H.-W. HENN, J. LANNES, L. SCHWARTZ, The categories of unstable modules and unstable algebras modulo nilpotent objects, Am. J. of Math. 115 (1993) 1053-1106.

[HLS2] H.-W. HENN, J. LANNES, L. SCHWARTZ, Localizations of unstable A_2- modules and equivariant mod p-cohomology , Math. Ann. 301 (1995) 23-68.

[JM] S. JACKOWSKI, J. McCLURE, A homotopy decomposition theorem for classifying spaces of compact Lie groups, Topology 31 (1992), 113-132.

[JMO] S. JACKOWSKI, J. McCLURE, R. OLIVER, Self-maps of classifying spaces of compact simple Lie groups, Bull. Am. Math. Soc. 22 (1990), 65-72; and Ann. of Math. 136 (1991).

[L1] J. LANNES, Sur le n dual du n-ème spectre de Brown-Gitler, Math. Z. 159 (1988), 29-42.

[L2] J. LANNES, Sur les espaces fonctionnels dont la source est le classifiant d’un pgroupe abélien élémentaire, Publ. I.H.E.S. 75 (1992), 135-244.

[LS1] J. LANNES, L. SCHWARTZ, A propos de conjectures de Serre et Sullivan, Invent. Math. 83 (1986), 593-603.

[LS2] J. LANNES, L. SCHWARTZ, Sur la structure des A_2-modules instables injectifs, Topology 28 (1989), 153-169.

[LS3] J. LANNES, L. SCHWARTZ, Sur les groupes d’homotopie des espaces dont la cohomologie modulo 2 est nilpotente, Israël J. of Math. 66 (1989), 260-273.

[LZ1] J. LANNES, S. ZARATI, Sur les U-injectifs, Ann. Scient. Ec. Norm. Sup. 19 (1986), 1-31.

[LZ2] J. LANNES, S. ZARATI, Foncteurs dérivés de la déstabilisation, Math. Z. 194 (1987), 25-59.

[Mh] M. MAHOWALD, A new infinite family in_2ĳ_∗S, Topology 16 (1977), 249-254.

[ML] S. MAC LANE, Categories for the working mathematician, Graduate text in Mathematics 5, Springer, 1971.

[MN] C. McGibbon, J. Neisendorfer, On the homotopy groups of a finite dimensional space Comment. Math. Helv. 59 (1984) 253-257.

[Mi1] H.R. MILLER, Massey-Peterson towers and maps from classifying spaces, Algebraic topology Aarhus 1982 (proceedings), Springer Lect. Notes in Math. 1051 (1984), 401-417.

[Mi2] H.R. MILLER, The Sullivan conjecture on maps from classifying spaces, Annals of Math. 120 (1984), 39-87; and corrigendum, Annals of Math. 121 (1985), 605-609.

[MP] W.S. MASSEY, F. PETERSON, On the mod 2 cohomology structure of certain fibre spaces, Mem. of the Amer. Math. Soc. 74 (1967).

[Q] The spectrum of an equivariant cohomology ring, I, II, Ann. of Math. 94 (1971), 549-572; 573-602.

[R] D. RECTOR, Steenrod operations in the Eilenberg-Moore spectral sequence, Comm. Math. Helv. 45 (1970), 540-552.

[Se] J.-P. SERRE, Cohomologie modulo 2 des complexes d’Eilenberg-Mac-Lane, Comm. Math. Helv. 27 (1953), 198-232.

[SE] N.E. STEENROD, D.B.A. EPSTEIN, Cohomology operations, Annals of Math. Studies 50, Princeton Univ. Press, 1962.

[Sc] L. Schwartz, Unstable modules over the Steenrod algebra and Sullivan’s fixed point set conjecture, The University of Chicago Press (1994).

[Sm] L. SMITH, On Kunneth Theorem I, the Eilenberg-Moore spectral sequence, Math. Z. 116 (1970), 94-140.

[Su] D. SULLIVAN, Genetics of homotopy theory and the Adams conjecture, Annals of Math. 100 (1974), 1-79.