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by
Emmanuel Peyre & Yuri Tschinkel

Abstract. — A refined version of Manin’s conjecture about the asymptotics of
points of bounded height on Fano varieties has been developped by Batyrev and
the authors. We test numerically this refined conjecture for some diagonal cubic
surfaces.

Résumé. — Une version raffinée d’une conjecture de Manin sur le comportement
asymptotique des points de hauteur bornée sur les variétés de Fano a été proposée
par Batyrev et les auteurs. Nous testons numériquement cette conjecture pour
diverses surfaces cubiques.

1. Introduction

The aim of this paper is to test numerically a refined version of a conjecture of
Manin concerning the asymptotic for the number of rational points of bounded
height on Fano varieties (see [BM] or [FMT] for Manin’s conjecture and [Pel]]
or [BT3] for its refined versions).

Let V" be a smooth Fano variety over a number field F and w;l its anticanon-
ical line bundle. Let Pic(¥") be the Picard group and NS(¥") the Néron-Severi
group of V. We denote by Val(F) the set of all places of F and by F, the v-adic

completion of F. Let (||-|[,),eval(r) be an adelic metric on w;l. By definition,

this is a family of v-adically continuous metrics on w;l ® F, which for almost all
valuations v are given by a smooth model of 7 (see [Pe2]). These data define a
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height H on the set of rational points V' (F) given by
VxeV(F), Vyewp't, HE= II Ibl,"

veVal(F)
For every open subset U C 7" and every real number A we have
nyy(H) =#{x € U(F) |H(x) < H} < oo.

The problem is to understand the asymptotic behavior of 7,1y (H) as H goes to
infinity. It is expected that at least for Del Pezzo surfaces the following asymptotic
formula holds:

nyu(H) =84V H(log H)' ! (1+0(1))

as H — o0, over appropriate finite extensions E/F of the groundfield. Here the
open set U is the complement to exceptional curves, 8;(7) > 0 and ¢ is the rank
of the Picard group of /" over E. We have counter-examples to this conjecture
in every dimension > 3 [BT2] (see [BT3] for a discussion of higher dimensional
varieties).

In this paper we focus on the constant 84(7). On the one hand, there is a
theoretical description

(1) O (V) = a(V)B(V )ru(V)

where t7(7) is a Tamagawa number associated to the metrized anticanonical
line bundle [Pell], a(?) is a rational number defined in terms of the cone of
effective divisors [Pell] and the integer B(7") is a cohomological invariant, which
first appeared in asymptotic formulas in [BT1].

On the other hand, let us consider a diagonal cubic surface V" C P?(’1 given by

axs + by3 v +dP = 0,

with 4,6,¢,d € Z and abed # 0. Our counting problem can be formulated as
follows: find all quadruples of integers (x; y, 2, ) with

gcd.(x,9,26) =1 and max{|x| |y} |2 7|} <H

which satisfy the equation above. Quadruples differing by a sign are counted
once. A proof of an asymptotic of the type (I) for smooth cubic surfaces seems
to be out of reach of available methods, but one can numerically search for so-
lutions of bounded height. The cubics with coefficients (1, 1, 1,2) and (1, 1, 1, 3)
and height A < 2000 were treated by Heath-Brown in [HB]. In both cases
weak approximation fails. Swinnerton-Dyer made substantial progress towards
an interpretation of the constant ty(¥) [SD]. In particular, he suggested that
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the adelic integral defining tgy(¥7") should be taken over the closure of rational
points V' (F) C V(A ), rather than the whole adelic space.

Our goal is to compute the theoretical constant 8;(7") explicitely for certain
diagonal cubic surfaces with and without obstruction to weak approximation
and to compare the result with numerical data (with height A < 100000). We
observe a very good accordance.

In section 2 we define the Tamagawa number. This definition is slightly dif-
ferent from the one in [Pel], but the numbers coincide conjecturally. In sections
3, 4 and 5 we explain how to compute it. There is a subtlety at the places of
bad reduction, notable at 3, overlooked previously. In section 6 we compute the
Brauer-Manin obstruction to weak approximation. And in section 7 we present
the numerical results. These computations were made using a program of Bern-
stein which is described in [Be].

2. Conjectural constant

Notations 2.1. — If 'V is a scheme over a ring 4 and B an A-algebra, we denote
by 73 the product ¥ X spec.4 SpecB and by 7#'(B) the set of B-points, that is

Homg, 4(SpecB, ¥). For any field E, we denote by E a fixed algebraic closure

and by 7 the variety V%.

If F is a number field, we identify the set of finite places with the set of prime
ideals in 0. We denote by dy the absolute value of its discriminant. If p is a
finite place of F, then ﬁp is the ring of integers in Fp and Fp its residue field.

In the sequel we will always assume that 7 is a smooth projective geometrically
integral variety over a number field F satisfying the following conditions:
(i) The group H (¥, 0),) is trivial for i = 1 or 2,
(ii) Pic(¥) has no torsion,
(iii) w;l belongs to the interior of the cone of classes of effective divisors
Aeff( V).
Since V' is projective, the adelic space V' (Af) of ¥ coincides with the product

I V&)

veVal(F)

One says that weak approximation holds for V' if the diagonal map from V' (F) to
V' (Ap) has a dense image. Our definition of the conjectural asymptotic constant
8g1(7) uses the notion of the Brauer-Manin obstruction to weak approximation,
which we now recall.



4 EMMANUEL PEYRE & YURI TSCHINKEL

Notations 2.2. — Let Br(V") be the étale cohomology group Hézt(V, G,) If4
belongs to Br(/") and E is a field over F then, for any P in V'(E), we denote by

A(P) the evaluation of A4 at P. For any class 4, there exists a finite set of places §
of F such that

Yogs, VYP,eV(F,), AP, =0,

(see, for example, [CT2, lemma 1]). For any v in Val(F), letinv, : Br(F,) - Q/Z
be the invariant given by local class field theory normalized so that the sequence

va
0 — Br(F @ Br(F,) —5 Q/Z—0
veVal(F)
is exact. Let p 4 be the composite map
va
@ Br(F,) —— Q/Z.
veVal(F)
Then one defines
AeBrV

The above exact sequence gives an inclusion V' (F) C V(A F)Br . The Brauer-

Manin obstruction to weak approximation, introduced by Manin in [Mal] and by
Colliot-Thélene and Sansuc in [[CTS] is defined as the condition

V(AR ¢V (Ap).

Remark 2.1. — 1t is conjectured that the closure of the set of rational points
V(F) C V(Ag) in fact coincides with (A F)Br , at least for Del Pezzo surfaces.
This has been proved, for example, by Salberger and Skorobogatov for a smooth
complete intersection of two quadrics in P if 7 (F) is not empty (see [SaSK]).
It would be very interesting to see an example of a cubic surface J with ¢ =
tkPic(V) = 1 where weak approximation holds, or where one could actually
prove that V' (F) = V(A F)Br, assuming that V'(F) is Zariski dense, which by a
result of B. Segre (see [Ma2l §29, §30]) is equivalent to V' (F) 7-{ .

Notations 2.3. — Let (|| - ||v>v€Val( ) be an adelic metric on w, and H the
associated height function on V' (F). The adelic metrization of the anticanonical
line bundle yields for any place v of F a measure wpy , on the locally compact
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space V' (F,), given by the local formula

d d
A A——

axl,,, ox Ly ™

v

v

c"’H,v = ‘

v

. . . ) J .
where X e Xy, ATE local v-adic analytic coordinates, Fro Ao A Tor is seen

as a section of w;l and the Haar measures dx]-’y (forj = 1,..., #) are normalized
by

- if v is a finite place then |, o, dx]-’y =1,

- if v is real then dx]-’y is the standard Lebesgue measure,

- if v is complex then dx]-’y =dzdz.
We choose a finite set S of bad places containing the archimedean ones and a
smooth projective model ¥ of V" over the ring of S-integers €. For any p in

Val(F) — S, the local term of the Z-function corresponding to the Picard group
is defined by

1

L ,
Det(1— (#Fp)_s Fr | Pic(”f/Fp) ®Q)

(s, Pic(V)) =

p

where Fr is the Frobenius map. The corresponding global Z-function is given by
L S(s, Pic(?)) = H Lp (s, Pic(l7)),
peVal(F)—S

it converges for Re(s) > 1 and has a meromorphic continuation to C with a pole
of order # = tk Pic(¥") at 1. The local convergence factors are defined by

v 1 otherwise.

N = {Lv(l) Pic(7)) if v € Val(F) — 5,

The Weil conjectures, proved by Deligne, imply that the adelic measure

converges on V' (Af) (see [Pell, proposition 2.2.2]).

Definition 2.4. — The Tamagawa measure corresponding to H is defined by

1 . L= _
wy = th_r}r}(s— 1)’ Lg(s, Pic(V)) I » le,y.
dr veVal(F)
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The Tamagawa number is defined by

(V) = oy (V(Ap)™).
The cohomological constant is given by

B(V) = #H (E Pic(V)).

Let NS(¥)Y be the lattice dual to NS(¥). It defines a natural Lebesgue mea-
sure dy on NS(#)¥ ® R. Denote by Ag(V) CNS(V) ® R the cone of effective
divisors and by A g( )V c NS(7)Y @R the dual cone.

Definition 2.5. — We define

(V)= —

. — ()
(r—1)! /Aeff(V)V e VT dy.

Remarks 2.2. — (i) Of course, for nonsplit cubic surfaces with rk Pic(}V) = 1
the constant a(7”) = 1. However, it is a challenge to compute this constant for a
split cubic surface with tk Pic(V) = 7.

(ii) As Salberger, we use w (V' (A F)Br ) instead of wH(m) in the definition
of tg(¥). By remark [2.T] these numbers are conjecturally the same, but only the
first one is computable for a general cubic. Also we use the convention of [Pel,

§2.2.5] for the definition of a(V).

Definition 2.6. — We define the constant corresponding to 7 and H as

O (V) = (VB )ru (V).

3. Measures and density

In this section we relate the local volumes of the variety with the density of
solutions modulo p”. Lemma 5.4.6 in [Pel] relates the local volume for wy b

to the volume for Leray’s measure. We now compare the latter to the density
modulo p”.

Notations 3.1. — Let F be a number field and 77 a smooth complete in-

tersection in P¥ defined by 7 homogeneous polynomials f; in the algebra
OplXp ..., Xn] Let 6 =N +1—=>"2 degf;. We assume that & > 1. We denote
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by W C Ag“ — {0} the cone above 7" and by f : A%;l — A%F the map
induced by the f;. Then the Leray form on 7 is defined locally by

—1

—S72 k&, of;
@) wp = ()24 | Der /
Xy,

77 1<ij<m

x dXo A+ AdXy A AdXy A AdXy

where 0 < 44

<--+ <k, <N. Forany v in Val(F), this form yields a measure
wy , on W(F,).

The following result is well known in the setting of the circle method (see
for example [Lac, proposition 1.14]) where it is generally proved using a Fourier
inversion formula. It may also be deduced from a more general result of Salberger
[Sal, theorem 2.13]. We prove it here in a direct and elementary way.

Proposition 3.1. — We fix a finite place v = Vp of F. If allf; have the same degree,
then
e (O | £ =0in (0,/)")
/ wr .= lim . .
(e o1\ () oo (#F, ) dim ¥

This proposition follows from the next two lemmata. In fact, in the explicit
computations, we shall only use lemma[3.2]and the first assertion of lemma 3.4l

Lemma 3.2. — For any r > 0 we consider the set
WH(O/0) = {x € (Cp/p N — (p/p"YNH | f(x) =0 in (6,/p7)"}
and put N*(p7) = #W*(O/p"). Then there is an integer ry > 0 such that

/ o o N0
{xeﬁév“—pN“V(x[)’iJO} (#Fp)rdimW
ifr > 7.

Remark 3.3. — It will follow from the proof that it is in fact sufficient to take
7o to be

2inf{r€Z, | Vx € G '—pN*L, f(x)=0mod p"=>(p")” CIm(df, )} +1.
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Proof. — For any r > 0,

O p = >
/{xeﬁf.v+1—pN+l|f<aﬁéJ0} NEp e NH/{yeﬁN“wf%andu =)

er* Oo/v") /{YEﬁNHIf(nyand[y ], =x)

where for any y in ﬁév ™1 we denote by [y], its class modulo p”. Since V" is
smooth, the cone 7 does not intersect the cone defined by the equations

J

et i =0 for 0<ky< - <k, <N

o
1<ij<im

Therefore, for » big enough and for any x in (ﬁp/p’)N+1 —(p/p")N+1 such that
f(x)=0in (ﬁp/pr)m one has that

inf Yy det ( ;j; )
k) 5/ 1 <ij<m

is finite and constant on the class defined by x. Let ¢ be its value. We may
assume that 7 > ¢ and choose a family 0 <4 <--- <k,, <INV which realizes this

minimum. We may assume that k;=N—m+j. Then ifye ﬁév 1 represents x

N+1
ﬁp

and if z belongs to , one has

3) fiy+2)=£0) +j=20 a—Xj(ﬁzj + .kZ:IOPiJ,/e(% )2z

where the P, ik Are polynomials in 2V + 2 variables with coefficients in &),. Let

L, be the image of the linear map defined by <W()’ ) on ﬁp)N 1 then one
J

has the inclusions

()" C ()" CL,C(0,)”
and #((ﬁp )m/Ly) = (#Fp)c. In particular, for any z in (p”)™ *! one has Ly =1,
We put L = L,. By (3) we have that for any z in (p"YNHL,

FOo+2)—f@) ep'L.
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Therefore, the image of f(y) in ﬁgz /p"L depends only on x and we denote it by
(). If f*(x) 7(0 then the set

{u€ﬁ£v+l|f( =0 and [#], = x}
is empty and the integral is trivial. On the other hand, the set
(€ (Op/p™ YN* | fu) = 0in (6,/p™*)” and [u], = x}

is also empty. If f*(x) = 0 then it follows from Hensel’s lemma that the coordi-
nates Xg,..., Xp_,, define an isomorphism from

{ueﬁé\Hl | f(#) =0and [«], =x}

N

0 (Yoo - > IN—m) + (PN +1 Therefore, using (2) and the definition of ¢, we

get that

/{yeﬁf)\“’l |f()’):0 ;%%(ﬁ):?}/(yo,...,y]v_m)+(pV)N—m+1 (#Fp) duO;P toe d“N—m,p

_ ape—rdim W
= #Fp .
Let x/p"*¢ be the set
{u e (ﬁ’ /p7+C)N+1 |

u), = x}.
Then f induces a map from x/p”* to (Op/p” )" given by

N
f([)/+z]r+[) = [f(y)]r+c+z

Jj=0

-(0)z;

ﬁé\&é

the image of which is p”L/(p"*“)”. Therefore, we obtain

#Hucx/p™ | fw)=0in (ﬁp/prﬂ)m}
— #(prL/(pr+c>m>—1 x #(pr/pr+C)N+l
_ #F;ﬂdim w

and
#Huex/p™|f(u)=0in (ﬁp/prﬂ)m}
#Fl(arﬂ) dim W

— 4T dim W
= #F), .

Finally, we get the result. O
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Lemma 3.4. — With notation as in proposition[3.1} one has

1
=[1——
/{xeﬁév N+ Ay} ( #Fg) /{xeﬁév +|f (=0} P

1\ o #Hee@yp)M T Fx) =0in (G,/0)")
=(1——| lim S :
4D | ro+oo (#F, ) dim

Proof. — By definition, one has for any A in Fg the relation

which implies the first assertion.
For the second one, let 4 be the common degree of the f;. If » > id + 1, one
has the relations

#{x e (pi/pr>N+1 _ (pi+1/pr>N+1 |f(x)EO mod pr}
=#{x € (0, /pr_i)N+1 —(p/p"™) N+l | £ (x)=0 mod pr_id}

#FI(JN-H)( #{ G p/pr—zd>N+1 (p/pr—id>N+1 | f(x)EO mod pr—id}-

Thus we get

#Hx € (Op/p )N £(x) = 0in (6,/p7)")

Z #FN+1 )d— l)iN*(pr—id)
0<i<a

+#xe (PN £(x) = 0mod p)

where r—ry = ad+bwith b <d. We have a > (r—rq—d)/d and N+ 1—md > 1.
Thus

N+1)(r—(r—ry )/d) (N +1—m—1/d)+(N+1)ro/d

1, r\N+1 (
#p®T /)T < #Fy <#Fp
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Dividing by #ngim W and using the previous lemma, we get that

#v € (G0 | £() = 0in (007"}
(#Fp)rdimW

—1
1 N*(p") —/d
The equations (f;); <; <, define an isomorphism

Wt == O(3).

Therefore, for any place v of F the metric on &,(8) induced by the monomi-
als of degree 8 defines a metric || - ||, on w;l. The height H defined by the
corresponding metrized line bundle (w;l) (1 1l)veval(r)) verifies

VxeV(F), Hx)= [ sup (x],)°>

veVal(F) (USA

Corollary 3.5. — With notations as in proposition 3.1 one has for any finite place
p of F

1—#F,? #{xe(Oy/p N | £()=0in (6/p")"
? 1—#Fp r—+00 #F;; m
Proof. — This follows from proposition[3.1]and [Pel) lemme 5.4.6]. O
Remark 3.6. — In particular, a factor 1/3 is erroneously introduced in the first

formula giving the constant Cyp(?") on page 148 in [Pel] (see also [SD) p.
374]) and therefore a factor 3 is missing in proposition 5.6.1 of [Pel]. In fact, if
V' is the cubic surface defined by the equation

X3+ X3 + X5 = kX5

with £ =2 or 3, one gets the equality

Sy =a(V)BV )ru(V),
where &, is the constant defined by Heath-Brown in [HB]. Therefore, the

numerical experiments made by Heath-Brown are compatible with the constant
g (7) as in definition and the remark 2.3.2 in [Pell] has to be corrected
accordingly.
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4. Points on cubics over Fp

We now describe explicitely the cardinal of V(F,) when " is the diagonal
cubic surface given by the equation

(4) X3 +q* X3 + X3 +77X3 =0
where g,7 € Z| are squarefree and coprime. We put K; = Q(4V3), K, =
Q("3) and K3 =Q((g7) 173 and consider

Vg (p) = #{i | p is torally splitin K }.

Proposition 4.1. — ifp | 3qr, then

) 1+l+]é if p=2mod3,

#V(F,) | 70
P 2 1+ 3 0) =2 + Lz otherwise.
? ?
Remark 4.2. — By a result of Weil (see [Ma2, theorem 23.1]),
#V (Fp)

Piz =1 +Tr(Frp | P1C7>P +p2

and the only difficulty is to determine Tr(Frp | Pic 7). We have chosen to avoid

this computation by using a general formula valid for diagonal hypersurfaces.

Remark 4.3. — 1f p = 1 mod 3 then F,, contains the cubic roots of 1. Therefore
v q,r(P) is either 3, 1 or 0. In other words, the possible values in this case are
AL S S P
r P r P p P
Proof. — Let N(p) be the number of solutions of (4) in (Fp)4. By [IR| §8.7,
theorem 5], we have the formula
N(p)=p> + >0 (D@ s To (e - - 14)

where the sum is taken over the quadruples of nontrivial cubic characters x;, x5,
13> X4 from F to C* such that y; x,73x4 is the trivial character and where

1+

4
Jobw o= D Tlw@)

f+ety=0i=1
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with the convention y;(0) = 0. If p = 2 mod 3, then there are no nontrivial
characters and we get that

N(p)—1 )
#V(F,)=————=1+p+p".

(F,) =1 prp

Otherwise, there are exactly two nontrivial characters which are conjugate and

will be denoted by  and . By [IR, §8.5, theorem 4], we have
Voo %01 =2 —1).

But, by definition, this complex number may be written as

Joewx = Y. xnn)xsts)

t+-+24=0

= Z Z w(t1ty)

L1 t+iy=a
aer 175

2

and is a positive real number. Finally we get

N@)=p> +p(— 1> 11(d)a(Hxs(gr)

where the sum is taken over all nontrivial cublc characters such that x;x,x3 is
nontrivial. This sum may be written as

S 1@ xalar) = 1@ ) +x(
+ 7P u(rg)

+ 7P xgr)
=x(g) +x(q) +x(r) +

Observe that for any integer # prime to p, one has

(7))
(%0 )aar)
a7 ular)
2r) +x(gr) +7(qr).

+
+

. e .. 1/3
X(”)"‘)_((”):{Zl if p is not split in Q(»"/?),

otherwise. [

Lemma 4.4. — With notation as above, ifp =2 mod 3, p #2, and plqr then
N*(p")

p3t
Proof. — We may assume that p|r Let = (xq, x1, %, x3) be a solution of the

equation (4) in the set (Z/p* 7 — (pZ/'Z) 7% 1f plx; then by the equation plx
and then = € (p)4

1
=1—- ifr>0.
P

which gives a contradiction. Since the group of invertible



14 EMMANUEL PEYRE & YURI TSCHINKEL

elements in Z/p’Z is isomorphic to Z/p* ! (p — 1)Z, any element in this group
has a unique cubic root. Therefore, the set of solutions is parametrized by the

(%1, 2, x3) IS Z/ptZ such that p [ x. O

Lemma 4.5. — With notations as above, if g = £r mod 9 and 3 ) qr, then the
possible values for N*(3%)/3% are given by the following table:

grmod9 | 1| £2 | +4
N*(32)/3¢ | 2 |22/3|2/3

Proof. — Up to multiplication by units, the equation in this case may be written
over Qg as
x° +q2Y3 +q2Z3 +¢]2T3 =0
which is equivalent to
X34+ Y2+ 23 +47° =0

and the result follows from [HB] or a direct computation. O

5. Convergence factors and residues

As in Heath-Brown [HBJ, for the explicit computation of the constant we
need a family of convergence factors related to zeta functions of cubic extensions

of Q. If V is defined by (4), it follows from [CTKS| p. 12] that ¢ = rk Pic /" = 1.

Proposition 5.1. — If V is the diagonal cubic given by the equation (4) and K,
are the fields defined in the previous paragraph, then the measure wyy coincides with
the measure

H?zl ZKi (5)

lim (s—1) X:/w v
s—1 ZQ(S ) g vE\:gl[(Q) "
where
3 —1
7\; _ {%Eva((ll(i)m—Lyl})Z if p is a prime number and )‘i{ =L
4

Remark 5.2. — 1f p does not divide 347, we can use the term X;wH, p(V (Qp))
which by lemma 3.2, lemma [3.4] and lemma 5.4.6 in [Pel] coincides with
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7\;)#V (Fp)/p (see also [Pell lemme 2.2.1]) and by proposition [4.1]is equal to
(1 %) ( %+]é) ifp=1mod3andv,,(p) =3
(1 },) (1 5 2(1+},+P—12> ifp= 1 mod 3 and v,,,(p) = 1
(1- ;,)( 3 8 (1=24 ) ifp=1mod3and s, () =0

’ +%+p—12) if p=2mod 3

/N
um—
|
=
S~
TN
um—
|
N|’—‘
/N
um—

and the good places yield a product C; C, C3 where

o 1 (- (5

PP3qr
p=1mod3

Vgr(P)=3

PP3qr
p=1mod3

)#3

Pi3qr
p=2mod3

Proof. — Tt follows from the proof of proposition 4.1l that, if p 347,

#V (F,) alp) 1

5) =1+ +—
»* r P

where

©) _J1ifp=2mod (3),

1+x(q) +%(q) + x(r) + () + x(g7) + %(q7) otherwise,
where ¥ is a nontrivial cubic character of Fp, if p = 1 mod 3. It follows from a
theorem of Weil (see [Ma2, theorem 23.1]) that, outside a finite set of places,

#V(F )=1+Tx( Fr |P1ch+p
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Since the action of the Galois group on the Picard group splits over a finite
extension of &, the eigenvalues of the Frobenius map for this action are roots of
unity. Therefore we get that

7) L Pie@) " =1—"?) g (i)

where the R, are polynomials of order at least 2 with uniformly bounded coefh-
cients with respect to p.

But for any cubefree integer 7, the zeta function of Q(» 173 may be written as
an Euler product with local terms CQ(nl/S L (s) which for p { 37 are given by

1 . _
) L (1 —5> < P—) lfp =2 mod3
X

) (125 itp= 1 moas

—
\s) “
N~ —

|

|

[S—

|
I
S

+
VR
| =
~

ZK P()
(ZQP(S)Z-zl ZQP( )

where the Q,, are polynomials of order at least 2 with bounded coefficients. Using

(5D we get that the product of measures given in the proposition defines a Borel
measure on the adelic points of 7 and by (7) that the Euler product defining the
quotient

H?zl Z](l (5)

Lg(s, Pic(V)) ZQ(S)Z
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converges absolutely in s = 1. Since dQ =1, we get that

wy = Sh_r)ri((s— 1)Lg(s Pic7)) H )‘v_le,u

veVal(Q)
:nml((s_nLS(s,PicV)) II kk;/l T %eu,
o veVal(Q) M veval(Q)
(ﬁ ” <s>>/zQ<s>2
_ }i_rg((s— 1)Lg(5 Pic7)) lim Z=1LS T UEV];[KQ)x;wHU

3
= lim(s—l)HlLlKé(S) 11 X;wHy. O
1 Q)7 eva

6. Brauer-Manin obstruction to weak approximation

In this paragraph, using the work of Colliot-Thélene, Kanevsky and Sansuc
[CTKS], we shall compute the quotient

(8) wo(V(AQ)™ ) wy(V(AQ))
when 7 is the diagonal cubic defined by the equation (4) and V (Aq) 40

In the following, we assume that ¢ and 7 are distinct prime numbers such
that 3 f gr. It follows from [CTKS, p. 28] that 7 (AQ) # & if and only if the

following condition is satisfied
(9) (g=2mod3 or rEij) and (»=2mod3 or qEF’:3)

Proposition 6.1. — Under these assumptions, the value for the quotient (8) de-
pends only on the classes of p and q modulo 9. These values are given in the following
table:

N124578
1111 ]1]1]1
21 (0500 LA 1
40 110 |LslLsl 0|1
s 10 (L3 L3] 0] 1
7110500 |La]1
sl 111 ]1]1]1
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Proof. — Let be a primitive third root of unity, # = Q(j) and K = k(ql/ 37173,
We have the following diagram of fields

K

/ 1\
k(qY3) k((g7)V3) k(+/3)
N/

k
7/27

Q

and the group G = Gal(K/Q) may be described as the semi-direct product
(Z/3Z)* x Z/2Z where Z/2Z acts by —1d on (Z/3Z)%>. By [CTKS, proposi-
tion 1, p. 7], we have that

Br(V X &)/ Br(k) = H' (k Pic(V)) = Z/3Z.

But the Hochschild-Serre spectral sequence gives an exact sequence

0— H'(2/22, (0ie(7) D)  H'(Q Pic(7))
— (H(k, Pic(7))) ¥ - H*(2/2Z, (pic(V))(ZBZ)Z)

By [CTKS! p. 12], Pic(V)Gal(%/ kK -7 and, since a map from a group killed by 3

to one killed by 2 is trivial, we obtain an isomorphism
HYQ, Pic(7)) = H (k, Pic(7))Z/*Z.
By the proof of [CTKS, lemme 3, p. 13], we have isomorphisms
H(k PicV) = H(2/32, 20 Q) = H'(Z/3Z, Q)
where Q is the Z/3Z-module defined by the exact sequence
025 2(2/32) > 0 —o.
But for any cyclic group C and any C-module M there is canonical injection

HY(C, M) — Hom(C, M)
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where M denotes the group of coinvariants and which sends the class of a
cocycle y onto the induced morphism ¥ from C to M, so that the diagram

CLM

|

C—)MC

commutes. If C is a normal subgroup of a group A then the above morphism
is compatible with the natural actions of H/C on H'(C, M) and Hom(C, M, c)-
It follows from [CTKS, lemme 3] that Z/2Z acts by —Id on the torsion part of
Qyz/37 and by the above description of G as a semi-direct product, Z/2Z acts by

—1 on Z/3Z. Therefore the action of Z/2Z on H'(Z/3Z, Q) is trivial and
HY(Q,Pic(V)) = Z/3Z.
For any prime p, the canonical pairing

Br(V)x V(Q) — QZ

(ALP) = inv,(4(P))

defines an equivalence relation on V’ (Qp) which is also denoted by Br. If 7 has
good reduction in p, then by [CT1), theorem A (iii)] the rational equivalence on
V (QO) is trivial and therefore the same is true of the Brauer equivalence. The
condition (@) implies that if p|gr then V" is rational over QP (see [CTKS, lemme
8, p. 41]) and #V (QP)/ Br = 1. Using the same type of argument we get that
#V(Qz)/Br = 1 if ¢, r or gr is a cube modulo 9, that is one of them is 1 or
—1 modulo 9. On the other hand, it follows from [CTKS, §5, p. 41] that this
cardinal is 3 at 3 otherwise. This explains the dichotomy between integral and
nonintegral values in the table.

We have to find an element 4 € Br(7") whose class spans Br(7")/Br(Q). Then
the Brauer equivalence and the Brauer obstruction may be computed in terms of
the functions

i, V(Q,) — Z/3Z

-
P — invp(A(P)).

This is an intricate procedure. It is described in detail on pages 19-72 and sum-
marized in an algorithm on pages 73-79 in [CTKS], which we are going to
follow.

Let us first assume that ¢, 7 or g7 is a cube modulo 9. Then all functions z'p

s of the function iP is trivial

are constant and 4 may be chosen so that the value
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except when p equals 3, ¢, or 7. It remains to compute the constant values 3,
'iq, and 4, for such an 4. To this end, we use the additive norm rest symbols

[.,.], from &}, to Z/3Z, for v in Val(k), dividing p (see [CTKS, p. 77]). They are

biadditive, anticommutative and verify the relations
. p—1 .. _
pl,=—— ifp=1mod3
[/ p]], 3 ifp mo

pr—1
3

[]}P]pz— if p=2 mod 3.

If 7 is a cube in Q3, we get that 4 may be chosen so that
7/3 = 0, zq = 0, 7:;, = U, 7'];,.

Since » = %1 mod 9, we have that ¢, = 0 and the Brauer-Manin obstruction is
trivial. If ¢ is a cube modulo 9 the result is similar and the quotient (8) equals 1.

If gr is a cube modulo 9 but g and 7 are not, then the situation is similar to the
one considered in [CTKS, proposition 5, p. 67—69], and one writes the equation
as

X3 +qY3 +qer3 +q47f2T3 =0
and, by [CTKS, §8], 4 may be chosen so that
i3 =0, iq =0 and .=[7].

The values of i, are given by the following table (see [CTKS, p. 78])

rmod9|2|4|5|7
G, |2[1]1]2

and in this case there is a Brauer-Manin obstruction to the Hasse principle and
the quotient (8) is zero.

If none of the ¢, » and ¢r is a cube in Q3, then to complete the proof of
proposition [6.1l we have only to prove that each class in 7(Qj3) for the Brauer
equivalence has the same volume for wy ;.

Up to permutation and change of sign, we may assume that ¢ = » = 2 modulo
9 or ¢ = =4 modulo 9. Therefore the equation modulo 9 may be written as

X3 +4Y3 +473 + 4T3 =0

or
X3 +16Y3 +162° +16T° = 0.

Therefore on Q3 the equation is equivalent to

X>+yv3+234273=0



NUMERICAL EVIDENCE FOR TAMAGAWA NUMBERS 21

or
X>+Y3+23+473=0

A direct computation modulo 9 shows that exactly one of the three first coordi-
nates has to be divisible by 3. But in the first case, it follows from [HB, proof
of theorem 1] that the classes for the Brauer equivalence are determined by the
coordinate which vanishes modulo 3. By a symmetry argument the volumes of
the equivalence classes are the same.

By [CTKS, p. 49], there is a choice of A so that the induced map i3 over
V(Qj3(7)) is given as

(10) i3(% 0,2 1) = =[x+ ), v]3,

where v is the coefficient of 772. Using the commutative diagram

V(Qy) —— Z/3Z

| |2

V(Qu(i) — Z/3Z

we get that the invariants for the second equation may be described, after re-
duction modulo 9, as the double of the ones for the first and we get a similar
description of 77(Q3)/Br. This implies the result in this case. O

7. Numerical tests

The numerical tests for the number of points with bounded heights have been
conducted using an efficient program of Dan Bernstein [Be]. We considered the
following cubic surfaces

) X3+ 172X +17 X 53X5 +53°X3 =0
(Sy) X3+ 712X +71 X 53X5 +53°X3 =0
(S3) X3 +52X;7 +23 X 5X5 +23°X35 =0
(Sy) X5 +112X3 +29 x 11X5 +29%X3 = 0

One can take for the open set U the whole surface 7, as there are no rational
points on the exceptional curves. The graphs of 7,y are presented below.
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Let us sum up the description of the theoretical constant. Let /" be a diagonal
cubic over Q defined by the equation (4) with 4 and r distinct prime numbers
such that 3 f ¢r and such that the condition (9) is satisfied.
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By proposition the constant 84 (/") may be written as the product

ag(V(AQ™)
—wH(V(AQ)) #H " (Q, Pic(V))

3
x [1 8 (D T Dyom,p(V (Q))C1 G, Camg g (V(R)
=1 ?l3gr
where the first term which will be denoted by Cg, may be found in proposition
the cardinal of H'(Q, Pic(7)) equals 3, the residues of the zeta functions
Zl*(l (1) have been computed using Dirichlet’s class number formula and the sys-
tem PARI (see also [Co, chapter 4]), 7\‘; is defined in proposition[5.1], the volumes

at the bad places are given in lemmata 4.4 and [4.5 and C}, C,, C5 have been
described as absolutely convergent Euler products (see remark[5.2). The volume
at the real place may be computed directly using the definition of the Leray form.
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The computations are summarized in the following table:

Surface S S5 S3 S4
H 99999 | 99999 | 99999 | 99999
nyu(H) 3773 | 1696 | 2353 | 2904
Cp, 1 1 1/3 1/3
HY(Q, Pic(7)) 3 3 3 3

* 1 1.4680 | 1.8172 | 1.1637 | 1.2284
ZQ(ql/ 3)()

ZQ(VW)(I) 1.8172 | 2.2035 | 1.1879 | 1.6792
* 1 1.9342 | 1.9925 | 1.0865 | 1.0543
‘g ’ 25 ol
Moy (7 (Q3)) 0.5926 | 0.5926 | 0.6667 | 1.3333
hop(V(Qy) 0.9379 | 0.9808 | 0.7680 | 0.9016
Ywg(7(Q,) 0.9808 | 0.9857 | 0.9547 | 0.9644
C, 0.9978 | 0.9989 | 0.9973 | 0.9812
C, 0.9892 | 0.9892 | 0.9892 | 0.9893
C, 0.3103 | 0.3072 | 0.3514 | 0.3158
wg (7 (R)) 0.0148 | 0.0042 | 0.0917 | 0.0389
0 (7) 0.0382 | 0.0175 | 0.0234 | 0.0300
nya(H)/8g(V)H | 0.9882 | 0.9669 | 1.0077 | 0.9665

The new program of Bernstein allows to increase the upper bound for the
height of rational points on the cubic surfaces studied by Heath-Brown in [HB].



NUMERICAL EVIDENCE FOR TAMAGAWA NUMBERS 25

These cubics are defined by the equations

(S5) X3+ X +X5 +2X35 =0
(Sg) X3+ X7 + X5 +3X3 =0.
The graphs of 7,y are drawn below.
250000 120000
.
200000 < 100000 B
© g
- 80000 -
150000 < &
& 60000 _
100000 P &
<>-<> 40000 -
. &
50000 e ol
? & 20000
04 0
0 25000 50000 75000 100000 0 25000 50000 75000 100000
S Se

)
In this case, by remark[3.6land [HB], the constant 8;;(7") may be written as the
product

o (V(AQ)™)

o 7(AQ) #H(Q, Pic(V))

%oy (1 T0m (7 (Q)) €1 G Crogg g (V (R))
7l3q

where the first factor is 1/3 for these cubics, the second 3, 4 is the last coefficient
in the equation, the local factors at the bad places are given by

. 223> ifg=2 ‘ ,
N(32)={2334 ifZ=3 N'(4)=20=2" if g=2

and C, C; and Cj are defined exactly as in remark [5.2]

The results are given in the following table:
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Surface Ss Ss

H 99999 99999
nyu(H) 205431 | 115582
Ch, 1/3 1/3
HY(Q,Pic(7)) 3 3
ga(qm)u) 0.814624 | 1.017615
Vg (V(Q3)) 1.333333 | 0.888889
x;wH(V(Qq)) 0.750000 | 1.000000
C, 0.954038 | 0.976203
c, 0.989387 | 0.989279
Cs 0.830682 | 0.306638
wy (V' (R)) 4.921515 | 4.295619
0(7) 2.086108 | 1.191539
nyu(H)/8g(V)H | 0.984767 | 0.970032

Therefore, the numerical tests for these cubic surfaces are compatible with an

asymptotic behavior of the form

”U,H(H) ~8y(V)H when H — +o00.
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