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Introductory Remarks

These notes are based on a series of lectures given at the Tata Institute
of Fundamental Research at Mumbai during the months of november and
december 2007. In fact only Lectures have been delivered at that time.
These concern the absolute case. The remaining Lectures deal with Hodge-
theoretic aspects of families of varieties.

The main theme of the notes is the Hodge theoretic motive associated to
various geometric objects. Starting with the topological setting (Lecture (1))
I pass to Hodge theory and mixed Hodge theory on the cohomology of
varieties (Lectures . Next comes degenerations and the limiting mixed
Hodge structure and the relation to singularities (Lectures .

Bittner’s theorem plays an important role; the (original) proof is pre-
sented as an appendix to Lecture It also contains some applications of
this theorem, the most important of which is the relation to Chow motives.

The main theme continues by generalizing to the situation of relative
varieties. Here the machinery of mixed Hodge modules come into play. See
Lectures [TOHI3L

In Lecture [I4] I consider an important application to the topology of
singular varieties. To be more specific, the Riemann-Roch formalism inspires
a way to consider Chern classes for singular varieties which can be explained
in the motivic setting using Bittner’s approach. The full functorial meaning
however becomes only apparent using mixed Hodge modules.

As a final remark, I want to point out that the Hodge characteristic
originally appeared in relation with motivic integration and string theory,
a subject that will be explained in Appendix B. The treatment of this Ap-
pendix is much inspired by [Craw] and [Blick].

The lectures were partially meant to popularize certain major parts of
the monograph [P-S|. For this reason, in the lectures I merely explained
and motivated the main results from loc. cit. with only a hint at proofs. To
counterbalance this, all results are amply illustrated by examples, some of
which are useful in themselves. For instance I give a modern treatment of
the Hodge theoretic part of Persson’s thesis [Per| extending his results to
the motivic framework. Also, several new examples are given related to the
motivic nearby and vanishing cycle functors.

I clearly owe a lot to my co-author of [P-S|, Joseph Steenbrink. This
is equally true for the motivic interpretation of the nearby cycles; indeed
Lectures 7-9 contain a simplified version of [P-S07|. The short outline
[Sr] containing relevant background for the lectures has also been extremely
useful in preparing the lectures.



6 INTRODUCTORY REMARKS

Special thanks go to the members and visitors of the Tata Institute who
participated in my lectures. Their pertinent questions and remarks owe a
lot to this presentation.



LECTURE 1

Motives and Topology

1.1. Introduction

Let me first introduce the motivic viewpoint in the topological category.
To make this work, one has to restrict to a certain category of “good”
topological spaces X which include those that are coming from complex
algebraic geometry. More about this a in little while; roughly, one wants
compactly supported cohomologyﬂ to behave nicely. In particular:
i) The Betti numbers b$(X) = dim H¥(X; Q) are finite;
ii) the Betti numbers are zero for i > 0 so that the topolog-
ical Euler characteristic X{o,(X) = S(=DFbE(X) is well
defined.

Moreover, there should be a long exact sequence for cohomology with com-
pact cohomology for pairs (X,Y) of topological spaces where ¥ C X is
closed:

. — HYU) — HE(X) — HNY) —» HFP (U) = -, U:=X-Y. (1)

This last condition is known to be satisfied for locally compact and locally
contractible Hausdorff topological spaces which have a countable basis for
the topology. Call such topological spaces perfect.

So one could take for the category C of topological spaces those that are
perfect and satisfy (i) and (ii) above. Complex algebraic varieties as well as
complex analytic spaces are examples of perfect topological spaces. They
also satisfy (i); the first also satisfies (ii) and for the second one needs the
space to have at most finitely many irreducible components.

The point of is that is implies the scissor relation:

Xgop(X) = Xgop(U) + Xgop(Y) whenever X, Y € C. (2)

Note that this makes sense: if X is perfect, automatically U is. Hence (|1
can be used. Then condition (i) and (ii) for X and Y are true for U as is
seen by induction using .

This can be reformulated as follows. Consider the free group generated
by homeomorphism classes {X } of spaces X € C. Divide out by the equiv-
alence relation generated by the scissor relations: {X} = {U} + {Y}. The
resulting factor group is the group Ko(C).

On the target side the character x{,, can be refined: take the alternate

sum of the Q-vector spaces H¥(X) inside the K-group Ko(Vecté) for the

category Vecté of finite dimensional QQ-vector spaces. By definition this is

1y always take (co)homology with Q-coefficients

7
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the free group on finite dimensional Q-vector spaces modulo the equivalence
relation generated by

VaoU+W — 0-U—->V->W-—=0

is an exact sequence of Q-vector spaces.

The topological Euler characteristic can thus be seen as the composition
Xiop * Ko(C) — Ko(Veetl)) = Z

where the last isomorphism is induced by taking dimg V.

The word “motivic” relates to everything which respects the scissor re-
lations. Often the motivic point of view allows to make deductions about
Betti numbers.

Examples 1.1.1. (1) Write the complex projective plane P? as the
disjoint union of the affine plane and the line at infinity which itself
further breaks up into a the affine line and the point at infinity:

P? = Cz uCu {p} = Xgop(ﬂjﬁ) = Xgop((CQ) + Xgop((c) + Xgop(p) =3.

This alone together with the fact that there are no odd Betti-
numbers together with the standard fact that by = by = 1 implies
that bg =1.

(2) Let me consider a smooth degree d curve C'in P?. Calculate x{,,(C)
by projecting onto P! from a general point p in the plane. There
are d(d — 1) tangents to C from P each having a simple tangency.
Hence x6op(C) —d(d—1)% = d(xop(P)—d(d—1)) 50 that x5p(C) =
—d? + 3d in accord with g(C) = 1(d — 1)(d — 2). v Similarly, one
can compute the Betti numbers of a smooth hypersurface S in
P™ of degree d. Let me just explain this for n = 3. Project the
surface onto P2. If the centre is sufficiently general, the tangents
from P form a cone of degree d(d — 1) and again, they will be
simply tangent along a smooth curve C' of degree d(d — 1) which
projects isomorphically to a plane curve whose topological Euler
characteristic just has been computed. One then gets xgop(S) =
d(1—4d+6d?) and since S is known to be simply connected by (S) =
b3(S) = 0 so that by(S) = d(6 — 4d + d?) — 2.

(3) To see that additivity does not work for the Euler characteristic e,
look at St with e(S1) = 0. Remove a point and you get the interval
which is contractible and hence has the same Euler characteristic
as a point. Hence e(S1) # e(S! — p) + e(p).

Suppose now that one restricts to a subcategory D C C for which the
H{ have extra structure, say they all belong to some abelian category 2.
Then there is an additive refinement

Xiop : Ko(D) 22 Ko(2) 5 Ko(Vecth) = Z,

where F' is the forgetful map. In good cases this works also multiplicatively.
The idea is to apply this to the category D of complex algebraic varieties
and 2l the category of Hodge structures. This point of view makes it pos-
sible to extract information about the Hodge theoretic invariants by doing
calculations on simpler locally closed subsets of a given variety, as we shall
see.
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1.2. Pure Hodge Structures
Here are the relevant definitions:

Definition 1.2.1. (1) A pure (rational) Hodge structure of weight k is
a couple (V,{VP4}, . 1) where V is a finite dimensional rational
vector space and Ve = V@qoC = @, .y, VP with VP2 = VP (the
reality constraint). The conjugation is coming from conjugation on
C. The numbers h?4(V') := dim VP4 are the Hodge numbers of the
Hodge structure.

(2) A graded pure Hodge structure is a direct sum of Hodge structures,
possibly of different weights.

(3) A morphism of Hodge structures f : V. — W is a Q-linear map
which induces fc : Vo — We having the property that it preserves
types, i.e. fc(VP9) C WP for all p and q.

Examples 1.2.2. (1) The standard example of a weight k Hodge struc-
ture is H¥(X) for X a smooth complex projective variety. To
explain this, consider H¥(X)c as the De Rham group of closed
complex valued k-forms modulo exact ones. Each such form has
a decomposition into types: a form of type (p,q) in any coordi-
nate patch with coordinates (z1,...,2,) is a linear combination
Z fllln . d,zil VANERIIVAY dzip VAN dZiPJrl VANKIEEIVA dfin. where lezn is a
C*function. For general complex varieties this type decomposition
does not descend to cohomology, but for Kéahler varieties it does.
Since any smooth complex projective variety is a Kéhler variety
(use the Fubini-Study metric) this holds for X. The reality con-
straint is obvious. Hence the entire cohomology H(X) = @ H*(X)
is a graded pure Hodge structure.

(2) If f: X — Y is a morphism between smooth complex projective
varieties the induced map f* : H*(Y') — H¥(X) is a morphism of
Hodge structures since f induces on forms a map which preserves
the type decomposition because f is holomorphic.

(3) The Hodge structure of Tate type Q(k) is the pair {Q(27i)¥,C =
C—*~k}. A special case is Q(—1) = H?(P') = L, the homological
Lefschetz motive.

Various linear algebra constructions can be applied to Hodge structures,
like the direct sum, tensor product and Hom. The first operation is clear.
For the last two assume (V,{VP4},, ;) and (W, {WP4},, ) then set

VewPrd = b view
a+c=p;b+d=q

Hom?P4(V,W) = {f: Ve — Wc| f(V“vb) C WPt for all a,b € Z}.

Clearly, V @ W has weight k + ¢ and Hom(V, W) has weight —k + £. As a
special case the dual V* has weight —k.

Examples 1.2.3. (1) The homology group Hy(X) of a smooth com-
plex projective variety X, as the dual of H*(X) has a weight (—k)
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Hodge structure and for a morphism of smooth complex varieties
the induced maps in homology are morphisms of Hodge structures.

(2) Q(1) = Hy(P2).

(3) The Kiinneth decomposition H*(X xY) = @, ,,_, H*(X)@QH"(Y)
(remember: we are working with rational coefficients here) for
smooth projective X and Y is an isomorphism of Hodge structures.
This is not entirely trivial and I give a proof in Lecture

It is not hard to show that the above linear algebra constructions imply
that the category of Hodge structures forms an abelian category hs with
tensor-products so that Ko(hs) is a ring. One has:

Lemma 1.2.4. The Hodge number polynomial for a graded pure Hodge
structure (V,{VP1})

P(V):= Z hPIuPy? € Zlu,v,u~t vl
defines a ring homomorphism from Ko(hs) — Z[u,v,u~t, 071

Proof: The map P is easily seen to be well defined and additive. That it
is also multiplicative follows from Example @)
O



LECTURE 2

The Hodge Characteristic Makes its Appearance

2.1. The Hodge Characteristic

For a smooth complex projective variety X the Hodge characteristic is
defined by
Xag(X) = Y (=) [H*(X)] € Ko(bs). (3)
k
My aim is to show that this leads to a character from the Grothendieck
group on the category of complex algebraic varieties to Ko(hs). But first I
need to study the blow-up diagram

E L Z=BhLX

[ g

y % X,

where X is smooth projective and Y C X is a smooth subvariety; the map
1 is the inclusion and 7 : Bly X — X is the blow-up of X along Y’; finally
is the exceptional divisor included in Z through the inclusion j.

Claim. There is a long exact sequence of Hodge structures, the Mayer-
Vietoris sequence for blow-up diagrams:

B =By
—_—

O—>Hk(X)

HYZ) & H*(Y)

H*E)—0. (5

FIGURE 1. The mapping cone of f: X — Y
11
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I shall give a proof of the claim which is adapted to later needs. In this
proof the topological mapping cone plays an important role. It is constructed
as follows. Let f : X — Y be any continuous map. Then Cone( f) is obtained
from the disjoint union X x [0, 1] [[Y by collapsing X x {0} to a point (this
gives Cone(X) and identifying a point (z,1) with f(z) € Y. In other words,
take a Cone(X) and glue any point of the base of onto its image in Y. See

Fig[l]

Example 2.1.1. Note that Cone(X) always contracts to a its vertex, so
if j : Z — X is an inclusion of a closed set, its cone consists of X with
Z contracted to a point. This topological space is denoted X/Z. One has
HY(X,Z) = H1(X/Z), i.e the reduced cohomology of Y = X/Z defined by
taking the cokernel of aj : HY(pt) — H?(Y). So, and this is important
for what follows, relative cohomology can be viewed as the cohomology of
a topological cone. It will be explained later that this cohomology also
can be realized using a cone construction on the level of complexes. See
Remark Looking ahead, I want to point out that this will be the
crucial construction making it possible to put mixed Hodge structures on
relative cohomology.

Proof of the Claim. The mapping cone Cone(7) is constructed by gluing the
mapping cone Cone(7|E) to Z along the base E x {1} of Cone(r). Let U the
open set coming from Y x [0, 3[ and V be the set coming from Z LY x]1,1].
Clearly U retracts to Y, V to Z and UNV to E. Moreover UUV = Cone(r)
retracts to X. So one can use the usual Mayer-Vietoris sequence.

What remains to be checked “by hand” is that the first map in is
into and the last map is onto. Since both fit into a long exact sequence, it is
sufficient to prove that the first map is into. This in turn is a consequence
of the fact that ©* : H¥(X) — HF(Z) is into, or equivalently that T, :
Hy(Z) — Hy(X) is onto which is clear: every k-cycle in X can be moved to
a cycle v which meets Y transversally and the closure in Z of y —yNY is
cycle whose class maps onto the class of +. U

FIGURE 2. Mayer-Vietoris for a blow-up
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Remark 2.1.2. Setting Xo =Y, Xo1=F, X1 =27, Xg =X and d07{01} =
TXos d1{0,1} = Js dzo = i, dz1 = 7 one obtains a 2-cubical variety X,. It
gives an augmented 1-simplicial variety whose geometric realization is just
the natural map Cone(w) — X. This will be explained in Lecture [f]

First I recall the notion Ko (C) from Lecture[1} where C was some suitable
category of topological spaces. For C = Var this formally becomes:

Definition 2.1.3. Let Var be the category of complex algebraic varieties.
Define Ko(Var) to be the quotient ring Z[Var]/J of finite formal sums
d>ony{V}, ny € Z of isomorphism classes {V'} of varieties V' modulo the
ideal J generated by{X} —{Y} —{X — Y} for any closed subvariety Y C X.
This means that in Ko(Var) the scissor-relations [X]| = [Y] + [X — Y] hold.
Here [X] denotes the class of {X} in Kq(Var).

Next I shall prove:

Theorem 2.1.4. There is a unique homomorphism of rings

xHdg : Ko(Var) — Ko(bhs)
such that

(1) Foxuag = Xtop, where F' : Ko(hs) — KO(Vecté) is the forgetful
morphism,
(2) For a smooth and projective X one has xuag(X) = > (—1)*H*(X).

Here is an “easy proof” of the theorem: Use the fact that by the
Hodge characteristic is compatible with the blow-up relation and then
apply the following theorem:

Theorem 2.1.5 ([Bittl]). Ko(Var) is generated by classes [X]| of smooth
projective varieties subject to the following two relations
(1) [2] = 0.
(2) the blow-up relation [X| — [Y]| = [Z] — [E] where X,Y,Z, E are as
i the blow-up diagram .

The proof of this theorem is not hard provided you admit another deep
theorem, the weak factorization theorem [A-K-M-W]| which describes how
birational maps can be composed in blowups along smooth centers and their
inverses. This is carried out in the Appendix to this Lecture.

Remark 2.1.6. Bittner’s theorem has an interesting consequence: on the
category of complex algebraic varieties xf,, equals the ordinary topological
Euler characteristic e. This is because on compact projective varieties they
are the same. Note that for a smooth but not complete variety X, Poincaré
duality implies that x{,,(X) = e(X), but this uses that dim X is even. This
already hints at the non-triviality of this consequence. Note also that as
a corollary, on the category Var the scissor relations are respected by the
ordinary Euler characteristic.

A more elementary proof of this runs as follows. Recall that complex
algebraic varieties admit stratifications that satisfy the two Whitney condi-
tions (see e.g. [P-S| Appendix C]) so that in particular the local topology
near open strata does not change. This implies that each closed stratum
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is a strong deformation retract of a tubular neighbourhood. In particu-
lar, if Y is a closed stratum, there is a Mayer-Vietoris sequence for the
decomposition X = Y U (X —Y) so that e(X) = e(Y) +e(X - Y). If
X = UpegD is a Whitney stratification in smooth strata, for each stratum
one has e(D) = x{,,(D). Let Y be a stratum of minimal dimension (and
hence closed). By induction on the number of strata, one may assume that
e(X - Y) = X‘Eop(X - Y) Hence e(X) = X‘gop(y) + Xiczop(X - Y) = Xgop(X)
by additivity for x{,,-

Another, similar approach uses the stratification of varieties into smooth
and singular loci and resolution of singularities to reduce to smooth varieties.
See the appendix of [K-P] where this is explained in detail.

Examples 2.1.7. (1) Let E — Y be a P*-bundle over Y, a projective
variety. Since F is locally trivial in the Zariski topology, the scissor relations
imply

[B]=[Y]-[P]=[Y]-(1+L+---LF), L=A' (6)
where A! is the affine line, the geometric incarnation of the Lefschetz motive.

(2) Using the preceding, for a blow up Bly X where codimy X = ¢ one gets
[Bly X] — [X] = [Y]- ([P'] - 1). (7)

In the following lectures a proof of Theorem is sketched based on
the existence of a functorial mixed Hodge structure on the cohomology of
complex algebraic varieties. For the moment I would like to draw atten-

tion to the following results, which uses that cohomology groups of smooth
projective varieties have weights > 0:

Corollary 2.1.8. The Hodge number polynomial
Prgg := Poxndg : Ko(Var) — Zlu, v] (8)
s a morphism of rings.
The existence of such a polynomial does not say anything about the

actual values of the coefficients in front of uPv?. It will be shown that these
can be calculated with the help of mixed Hodge theory.

2.2. Mixed Hodge Theory

Before giving the definition let me rephrase the concept of a Hodge
structure in terms of filtrations rather than decompositions. This goes as
follows. Let (H,{H™%},,,—r) be a Hodge structure of weight k. Put F? =

@p,zp HP4'. Then one verifies that FP @ Fk—p+1 = Hc. Conversely, given a

decreasing filtration with this property one gets a Hodge structure of weight

k by putting HP9 = FP N F4. The filtration F is called the Hodge filtration.
Now the definition of a mixed Hodge structure can be stated:

Definition 2.2.1. (1) A mized Hodge structure is a triple (H, W, F')

where W is an increasing filtration on H, the weight filtration and

F' a decreasing filtration on Hc, the Hodge filtration, such that F

induces a pure Hodge structure of weight k£ on GrZV = Wi/ Wi_q.

(2) Morphisms of mized Hodge structure are Q-linear maps preserving
weight and Hodge filtrations.
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(3) The Hodge numbers are h?4(H) = dim¢ Grh, Grg[fq Hc where W€ :=
W ®q C.

One word of explanation: if there are two (decreasing) filtrations F, G
on the same vector space V', one of these induces a filtration on the gradeds
of the other as follows. The natural maps G* N FP/GF N FP+l — FP N
G*/FP+l — Grf, = FP/FP*! are injective and hence if one puts G*(Gr%,) =
G* N FP/G* N FPHL this gives a filtration on Gr?.. Similar remarks apply to
the situation where one of the filtration is increasing, which is the situation
of the above definition.

The same linear algebra constructions as for the pure case apply: one has
internal direct sums, tensor products and “Homs”. This makes the category
of mixed Hodge structures abelian. The only non-trivial point here is the fact
that, given a morphism f : H — H’ of mixed Hodge structures, the natural
morphism H/Ker(f) — Im(f) is an isomorphism. This fact is equivalent to
strictness which I prove now:

Lemma 2.2.2. A morphism f : H — H' of mirved Hodge structures is
strict for both the weight and Hodge filtrations, i.e. f[Wyi(H)] = Wi(H') N
Im(f)and similarly for the F-filtration.

Here I only give a sketch of proof. See also [C-K-S86, Theorem 2.13].

First note that for a pure Hodge structure this poses no problem because
the Hodge decomposition is completely canonically associated to the Hodge
filtration. For the mixed situation there is something similar, the Deligne
decomposition

_ , q C g C —j C
He= @ 179, P9=raws , nEFEINWE,+Y Frinwg, )
p,qEZ Jj=>2

with the property that W,S = ®p+q§k IP% and FP = ®p’2p IP>%, Such a
splitting is completely canonical and hence is preserved under morphisms;
as in the pure case this guarantees strictness. O

Remark 2.2.3. Projection gives an isomorphism of complex vector spaces
P9~ Gih Gl He so that dime IP9 = hP9(H).

A first important consequence of strictness is the following test for iso-
morphisms of mixed Hodge structures:

Corollary 2.2.4. A morphism of mized Hodge structures is an isomorphism
if and only if it is a vector space isomorphism.

The K-group associated to the abelian category of mixed Hodge struc-
tures is just Ko(hs) since in Kq there is the relation [H] = > [Gr})’ H]. This
suggests to define xpgq(X) using a mixed Hodge structure on HF(X). That
this is indeed possible is a consequence of the following central result:

Theorem 2.2.5 (|Del71), Del74)]). Let U be a complex algebraic variety and
V C U a closed subvariety (V may be empty). Then H*(U, V) has a mized
Hodge structure which is functorial in the sense that if f : (U, V) — (U, V")
is a morphism of pairs, the induced morphism H*(V',U") — H*(U,V) is a
morphism of Hodge structures. Moreover
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(1) For U smooth projective, the mized Hodge structure on H*(U) is
the classical one, i.e. the pure weight k Hodge structure coming
from the decomposition of forms into types;

(2) If U is smooth with smooth compactification X, then H¥(U) has
weights > k and Im[H*(X) — H*(U)] = W H*(U);

(3) If U is projective H*(U) has weights < k and in the interval [2k —
2n, k| if k > n;

(4) If U,V are smooth then the weights of H*(U,V) are in the range
[k —1,2k]; if U,V are complete, then the weights of H*(U, V') are
in the range [0, k];

(5) Duality: cap product with the orientation class of U in Borel-Moore
homology induces a morphism of mized Hodge structures

H(U)(n) — Hyp((U) = [H* M(U)]" (n=dimU)
which is an isomorphism if U is smooth.

Since compactly supported cohomology on U can be calculated with
the help of a compactification X of U as relative cohomology: H¥(U) =
H*(X,T) where T = X — U, for the weights one has:

Corollary 2.2.6. H*(U) has weights in the interval [0, k].

The Hodge characteristic can now be defined by setting:

Xuag(U) = Y _[Gr)¥ HE(U)] € Ko(bs),
k
and turns out to respect the scissor relations and to be multiplicative.

The fact that the scissor relations are respected uses the long exact se-
quence for pairs. That this long exact sequence is compatible with the mixed
Hodge structures follows from the functoriality statement in Theorem [2.2.5
the trick here is to describe the connecting homomorphism as coming from a
morphism of complexes so that functoriality also applies to this morphism.
How this is done will be explained in Lecture [ In that Lecture also the
multiplicative structure will be treated. This will be preceded by a rough
sketch of the proof of Theorem first, in Lectures this is done for
pairs (U, V) where V is empty, and then the general case is explained after
having given the cone construction in Lecture [6]



Appendix A: A Proof of Bittner’s Theorem and
Some Applications

A-1. Statement of the Weak Factorization Theorem

This theorem is actually is true over any field k of characteristic zero
(not necessarily algebraically closed).

Theorem (Weak Factorization [A-K-M-W]J). Let ¢ : X; --+ X3 be a
birational map between complete smooth connected varieties over k, let U C
X1 be an open set where ¢ is an isomorphism. Then ¢ can be factored into
a sequence of blow-ups and blow-downs with smooth centers disjoint from U,
i.e. there exists a sequence of birational maps

X, =V RN Vi P2 Vi Pit1 A $ivz P2 Vi, RN Vi = X
where ¢ = @regy_10- - poop1. Moreover, each factor ¢; is an isomorphism
over U, and ¢; : V; — Viyq or qﬁ;l : Vier — Vi is a morphism obtained by
blowing up a smooth center disjoint from U (here U is identified with an
open subset of V).

Moreover, there is an index ig such that for all i < ig the map V; --+ X1
s defined everywhere and projective, and for all i > ig the map V; --» Xq is
defined everywhere and projective.

If X1—U (respectively, Xo—U ) is a simple normal crossings divisor, then
the factorization can be chosen such that the inverse images of this divisor
under V; — X1 (respectively, V; — Xa) are also simple normal crossing
divisors, and the centers of blowing up have normal crossings with these
divisors.

A-2. A Proof of Bittner’s Theorem

Step 1: reduction to smooth varieties — modulo the scissor relations.

Introduce the group Ko(Var)s™, by definition the free abelian group on
isomorphism classes of smooth varieties modulo the scissor relations with
respect to smooth closed subvarieties Y of smooth varieties X. It is a com-
mutative ring with respect to the product of varieties. The class of X in
Ko(Var)*™ will be denoted by [X]sm

Claim. The ring homomorphism Kg(Var)s™ — Ko(Var), [X]sm — [X] is
an isomorphism.

The group Ko(Var) can in fact be generated by classes of smooth quasi-
projective varieties subject to the scissor relations (restricted to smooth
varieties).

17
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Proof:  Construct an inverse as follows For any variety X stratify X =
Iyveg N in such a way that all N € S are smooth and equidimensional,
and such that the closure of IV is a union of strata. Consider the expression
> negNlsm in Ko(Var)s™. If X is itself smooth, then } 5. g[N]sm equals
[X]sm as can be seen by induction on the number of elements of S: let N € S
be an element of minimal dimension, then [X|sn = [X — Nlsm + [V]sm, and
by the induction hypothesis [X — N]gy, = ZN,EI_{N} [N]sm-

Two stratifications S and S” of X have a common refinement 7. The
above argument shows that [N]sm = > [L]sm where L runs over the strata
from T" which make up N. Hence ) ; c[L]sm is equal to )y cg[N]sm and, in
the same way, it equals ) ¢ [N]sm, therefore Dy g[N]sm is independent
of the choice of the stratification and one can set

e(X) =Y [Nlsm.

NeS

If Y C X is a closed subvariety there is a stratification for which Y is a union
of strata. Hence e(X) = e(X —Y)+e(Y), i.e. e respects the scissor relations
and hence factors through Ko(Var) and the induced map on Ko(Var) is an
inverse for Ko(Var)*™ — Ky(Var).

Decomposing into connected components and noting that instead of cut-
ting a smooth closed subvariety Y out of a smooth connected variety X one
can also take out the connected components of Y one by one, shows that
one can restrict to smooth connected varieties. Stratifying by smooth quasi-
projective varieties shows that one can even restrict to smooth (connected)
quasi-projective varieties. O

Step 2: passing to the blow-up relations.

Introduce the auxiliary group Ko(Var)P!, the free abelian group on iso-
morphism classes [X]p; of smooth complete varieties X modulo the blow-up
relations for blow-ups of smooth complete varieties X along smooth closed
subvarieties Y and the relation [&], = 0 (then [X U Y]y = [X]p + [Y]b1,
which can be seen by blowing up along Y).

Decomposing into connected components and noting that the blow-up
along a disjoint union is the successive blow-up along the connected com-
ponents one sees that this can also be described as the free abelian group
on isomorphism classes [X|,) of connected smooth complete varieties with
imposed relations [@]bl = 0 and [BlyX]bl — [E]bl = [X]bl - [Y]bh where
Y C X is a connected closed smooth subvariety.

Also Ko(Var)?' carries a commutative ring structure induced by the
product of varieties.

Claim. The ring homomorphism Kq(Var)? — K(Var) which sends [X]y,
to [X] is an isomorphism.

Proof:  Again one constructs an inverse. Using the Claim of Step 1, one
may restrict to smooth connected varieties. Let X be a smooth connected
variety, let X C X be a smooth completion with D = X — X a simple normal
crossing divisor. Let D® be the normalization of the I-fold intersections of
D, where D is understood to be X (so DW is the disjoint union of the i-fold
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intersections of the irreducible components of D). Consider the expression
S (=1)'DW]1 in Ko(Var)"'.

ThlS expression is independent of the choice of the completion: Let
X C X and X C X be two smooth completions of X with X — X = D and
X-X=D simple normal crossmgs divisors. Due to the weak factorization
theorem the birational map X' --» X can be factored into a sequence of
blow-ups and blow-downs with smooth centers disjoint from X which have
normal crossings with the complement of X. Hence we may assume that
X = Blz(X) with Z C D smooth and connected such that Z has normal
crossings with D.

Let Dy be the irreducible component of D containing Z and let {D; |
i € I} be the remaining irreducible components. Then the irreducible com-
ponents of D" are D} = Blznp,(D;) (where i € {0} UI) and the exceptional
divisor E of the blow- up. For K C {0}UI we put Dk :=(;cx D; (Where Dy
is understood to be X), D} = ﬂ]eK DJ, Zx = ZNDk and EK = ENDY.
As Z has normal crossings with D we get D = Bly, (Dg) with exceptional
divisor E, hence

(D)ol — [Ex]bl = [Dklot — [Zk b1

Denote by E® the preimage of F in D'® and by Z® the preimage of Z in
DW. Then for I = 0,...,n the preceding identity yields

(D" = > [Dilw+ D [Exlu

|K|=l |K|=1—-1
= Z ([Dklbl + [Exlo — [Zk]n1) + Z [Ex]b
K=t |K|=1—1

= DOy + [EOp = 2] 4 [EC Y]y,

(for I = 0 the last term is zero). As Z C Dy we get Zygyux = Zk for K C I,
thus >°(—1){[Z®]y, = 0. Taking the alternating sum hence yields

S D YT =S (- )ID O]y

Therefore one can put

e(X) =Y _(-)'DY].

One has to check that e(X) = e(X —Y) +e(Y) for Y C X a connected
closed smooth subvariety of a connected smooth variety X. Choose X D X
smooth and complete such that D = X — X is a simple normal crossings
divisor and such that the closure Y of Y in X is also smooth and has
normal crossings with D (one can take first a smooth completion of X with
boundary a simple normal crossing divisor and then an embedded resolution
of the closure of Y compatible with this divisor — compare e.g. [A-K-M-W|
Section 1.2]). In particular D N'Y is a simple normal crossings divisor in
Y. Denote the irreducible components of D by {D Vier, for K C 1 let
Dy be defined as above, let Y := Y N Dg and YO |_|‘K‘ 1 Yx. Then

e(Y) = (=)' [Y Dy
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Let X := Bly-(X) and denote the exceptional divisor by E. Denote the
proper transform of D; by D;. The complement Dof X —Y in X is the
simple normal crossings divisor |J l~?z UE. If Ex == EnN D K then as above
ﬁK is the blow-up of Dg along Yy with exceptional divisor Ex and hence

(Dot — [Ex)o = [Drlbi — [Yiclbl-

Thus
DU = > [Dxlu+ Y. [Exln
| K=l |K|=1-1
= Z ([Drlot — Ykl + [Ex]n) + [Ex]bl
|K|=l |K|=l—1

= DOy = [Y Oy + [ED ]y + [ECY)y,

where E() denotes the preimage of E in DO, Taking the alternating sum
yields e(X —Y) = e(X) — e(Y). Hence e induces a morphism Ky(Var) —
Ko(Var)P! which clearly is an inverse for the mapping Ko(Var)P — Kq(Var).
Using the fact that we can restrict to quasi-projective generators in the
smooth presentation given in Step 1, and that a connected smooth quasi-
projective variety has a smooth projective simple normal crossings comple-
tion one sees that one can restrict to projective generators. U

A-3. Applications

Duality. There are various reasons to enlarge the Grothendieck ring
Ko(Var) by inverting the Lefschetz motive L. The new ring is called the
naive motivic ring

M := Ko (Var)[L™"]. 9)
There is a duality involution D on M characterized by the property
D[X] =L™%[X], X smooth ,dyx = dimX.

Indeed, using Bittner’s theorem, one needs to show that this operator re-
spects the blow-up relation. So let Z = Bly(X) be the blow up and E the
exceptional divisor. Since F is a projective bundle over Y it is locally trivial
in the Zariski-topology and hence [E] = [Y]-[P*7!] = [V]- (1 +L+---+L¢1)
with ¢ the codimension of Y in X, the blow-up relation can be rewritten as

[Z] - L-[E] = [X] - L°- [Y]. (10)
and hence D[Z] — D[E] = D[ X] — D[Y]. This proves the claim.

Chow Motives. The idea is to enlarge the category of smooth complex
projective varieties to include projectors, i.e. idempotent correspondences.
Recall that a correspondence from X to Y of degree s is an element of

Corr®*(X,Y) := Chow™* (X x V) @ Q

where dx = dim X and Chow* (X) denotes the Chow group of cycles of codi-
mension k on X. Correspondences can be composed (using the morphisms
induced by the various projections): if f € Corr®(X,Y), g € Corr!(Y, Z),
then gof € Corr®*t'(X,Z). More precisely, if one denotes the projection
from X xY x Z to X x Z by pxz, then gof =prxz({(f x Z)N (X x g)},
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where N is the intersection product of algebraic cycle classes on X x Y x Z.
One speaks of a projector p € Corr?(X, X) if pop = p. A pair (X, p) con-
sisting of a smooth variety and a projector is called an effective motive. A
morphism (X,p) — (Y,q) is a correspondence which is of the form gofop
where f € Cort’(X,Y). Pure motives are triples (X, p,n) where (X,p) is
effective and n € Z. A morphism (X, p,n) — (Y, ¢, m) is a correspondence
of the form gofop with f € Corr”™ " (X,Y"). The category of pure motives is
denoted Mot.
A correspondence f € Corr"(X,Y) operates on cohomology:

fior H(X) — HT(Y),  z fu(z) = (pry){f0(prx)* ()}, o € HI(X).

Here px and py are the obvious projections from X x Y onto X, respectively
Y.
Any smooth projective variety X defines an effective motive

h(X) := (X,id).
One can extend this functorially by letting a morphisms f : X — Y corre-
spond to the transpose of the graph TFf € Corr(Y, X): the functor goes
from the opposite of the category of varieties to Grothendieck motives.

There are other motives that play a crucial role: the Lefschetz motive
L := (point, id, —1) and the Tate motive T = (point,id, 1).

The disjoint sum of varieties induces a direct sum on the level of motives:
set h(X) @ h(Y) = h(X][Y). More generally, ift M = (X,p,m), N =
(X', p',m’) with m < m’ one first rewrites

M@L™ ™= (X xP™""™,q,m') = (Y,q,m)
for a suitable projector ¢ and then
M®N = (YHX’,qu',m').
In any case, h(P') = 1 ® L as motives. There is also a tensor product:
(X,p,m)@ (X', p/,m) = (X x X',pxp/,m+m).
With this product, L& T =1, i.e. T =L"%

Example A-3.1. Manin [Manin| has shown that for a projective bundle
E =P(V) of a vector bundle over Y of rank & one has:

k—1
hE) =) nY)eL/ (11)
j=0

This can be used to calculate the motive of a blow-up Z = Bly X of X in
the codimension ¢ subvariety Y from the split exact sequence (loc. cit.)

0— h(Y) QL — h(X)® (h(E) ®L) — h(Z) — 0.

Indeed, this sequence implies that in the Grothendieck ring Ko(Mot) one
has [A(Y) ® L¢] 4 [h(Z2)] = [R(X)] + [R(E) @ L] and then shows

[1(2)] = [R(E)] = [M(X)] = [2(Y)] (12)
in accordance with ([L0).
One has the following comparison between Ko(Var) and Ko(Mot):
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Theorem A-3.2. The map X — h(X) induces a ring homomorphism
Xinot + M = Ko(Var)[L] ™! — Ko(Mot).

It sends the class of the affine line A to the motive L = h(P') — 1.

Proof: This follows directly from (12)). O

The Grothendieck group of pairs. For a good duality theory com-
patible with Grothendieck motives one needs the Grothendieck group Ko(Var)
for pairs (X, Y') of varieties where Y C X is a closed subvariety. It is the free
group on those pairs modulo certain relations generated by excision, Gysin
maps and ezactness as explained below. The isomorphism class of (X,Y)
in this ring is denoted {(X,Y)}. The class of (X, @) is also denoted {X}.

e FExcision: If f: X’ — X is proper and Y C X is a closed subvariety
such that f induces an isomorphism X’ — f~'Y = X — Y, then
{(X" 1Y)} = (X, Y).
e Gysin maps: If X is smooth and connected and D C X is a smooth
divisor, then {X — D} = {X} — {(P! x D,{c0} x D)}.
e Exactness: If X DY D Z, Y closed in X and Z closed in Y, then
(X, 2)} = {(X, )} + {(V; 2)}.
Excision implies that {(X,Y)} only depends on the isomorphism class of the
pair (X,Y"). Using exactness one gets {(X,Y)} = {X}—{Y}. Exactness and
excision yield {(XUY)} ={XUY, Y} +{YV} ={X}+{Y} and {(@)} =0.
Set

X(X) ={(W, W -X)}, X CW, X open and W complete.

The excision property implies that {(WW,W — X)} is independent of the
choice of the open embedding. For Y C X closed we have

XX) ={(WW = X)} = {(W,Y U(W — X))} +
H{YUW = X), W - X)} = x“(X = Y) + x°(Y),

where Y denotes the closure of Y in W. Hence x° factors through Ko (Var),
i.e. there is a group homomorphism

X° : Ko(Var) — Ko(Var), [X]— {X}.

One can show that this extends to a ring homomorphism where Ko(Var)
gets a ring structure from

(X, )} (XY} ={(X x X', X xY' UY x X')}.
One has:

Theorem A-3.3 ([Bittl, Theorem 4.2]|). The ring homomorphism x¢ is
an isomorphism.

The proof is of the same level of difficulty as Bittner’s main theorem
The main point consists in showing that an inverse of x“ can be
explicitly given in terms of a smooth simple normal completion (X, D) of
a given smooth variety X: assign to {X} the element > (—L)/[D"] where

DW is the disjoint union of I-fold intersections of the irreducible components
of D.
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Note that one can also define
Xmot : Ko(Var) — Ko(Mot), {(X,Y)} = h(X) = h(Y).
If one sets M := Ky (Var)[L]~!, then x¢ extends to an isomorphism
XM — M.
The dual motive for h(X) is
M(X)]* :=L"% @ [h(X)], dy =dimX.
Then the duality operator D extends to M and it exchanges the two motivic
characters:
Dot {X " = L™ @ Xf0[X] = Xfaot D(X))-

The obvious diagram

Xmot

M \X?not

X l Ko(Mot)
P /
M

is not commutative. This is shown by the following simple example: let Y
be a smooth projective variety and let X be an affine cone on Y. Then,
since X is contractible we have xmot(X) = 1, but since X — {vertex v}=
Y x (A—v), we have x50t (X) = XmotoX“(X) = Xiot (X) =1 = Xpuot (V) (L—1).
This proves in fact that the difference of the two motives belongs to the ideal
generated by 1 — L € KoMot(k).

Lifting the Hodge characteristic to Chow motives. For motives
cohomology can be defined as follows:

H*(M) := Im(p* : H*?"(X) —» H?(X)), M = (X,p,n).

Here p* denotes the induced action of the correspondence on cohomology.
This action preserves the Hodge structures. Note however that H*(M) is
pure of weight k + 2n reflecting the weight n of the motive M = (X, p,n).
Nevertheless, one clearly has:

Theorem. The Hodge characteristic “lifts to motives”, i.e. one has a com-
mutative diagram

M —Xmet Ko (Mot)
)& A)t

Ko(bs)
where for a motive M one sets XHdgmot(M) = Y (—=1)FH*(M).

There is strong refinement of this result due to Gillet and Soulé and,
independently, to Guillen and Navarro Aznar. El First of all one needs to
replace the category Var by ZVar whose objects are the same but where now

1To explain this result I freely make use of some concepts and results that will be
treated in later chapters.
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a morphism X — Y is a finite formal sum ) nysf, ny € Z of morphisms
f: X — Y. Chain complexes in this new category exist:

- Cp—Cpqg — -+ —Cy, Cj€ Var

and form an abelian category C'(ZVar). These arise naturally if you consider
simplicial varieties (see Lecture [5))

d L —
X, = X, <% x X X
{Xo 1 . 2 <—dor 3 }

Indeed its associated simple complex

d do—d do—dy +d
sX.::{X0<_°X1 0Th g, STt Xs}

belongs to this category C(ZVar). The functor X +— h(X) which maps
X € Var to the motive (X,idx) now extends to a functor

C(h) : C(ZVar) — HMot,

where for any abelian category 2 one lets H(2() be the homotopy category
of cochain complezes in 2.

In Lecture [5| a mixed Hodge structure will be put on the cohomology
of any variety U. A basic step is Theorem [5.2.6] which asserts that for
any sufficiently nice compactification X of U the pair (X,D := X — U)
admits a so called cubical hyperresolution whose associated augmented semi-
simplicial variety is denoted

¢: (X, Do) — (X, D).

Here we don’t need to know the precise definition. It is sufficient to know
that each of the X; are smooth varieties and the D; C X, are normal crossing
divisors and that together they form a simplicial object in the category of
such pairs. One associates to the augmentation € the inclusion of semi-
simplicial varieties
le i Do — Xeo

which induces a map of complexes sio : sSDs — sX, and yields the main new
invariant from [G-S], the weight complex

W*(U) := [Cone* ' (C(h)sis)] € H(Mot).

There is a spectral sequence convergingﬂ to compactly supported cohomology
for U:

E)" = H (e —» H'(W*(U)) = H’'"™(X,D)=HI"™"(U) (13)
Let me explain the left hand side. The individual varieties V}, := Dy L Xj_1
which occur in the cone complex assemble into a chain complex. Cohomology
behaving contravariantly, this then gives the cochain complex

c—= H"(Vg) = H" (Vi) — -+

and E;n is the j-th cohomology of this cochain complex.
The result alluded to is:

21 degenerates at Fs for Q-coefficients
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Theorem A-3.4 ([G-S, [G-N]). The weight complex W (U) up to canonical
isomorphism depends only on the original variety U. The construction is
categorical in the sense that
e a proper map f : X — Y induces f* : W(Y) — W(X) and com-
posable proper maps f,g satisfy (gof)* = f*og*;
o open immersions i : U — X induce i, : W(U) — W(X); compos-
able open immersion behave likewise functorial;
It obeys the product rule W (X xY) =W (X) @ W(Y) and it has a motivic
property: If i : Y — X is a closed immersion with complement j : U =
X —Y < X one has a distinguished triangle (see §

WU) = w(x) L w) - [].

As an application, if I' : Mot — 2l is any covariant functor to an abelian
category 2, for any variety X one gets a complex I'(W (X)) in 2 for which
one calculates the cohomology H‘T'(W(X)). The theorem implies for in-
stance that this assigment is contravariantly functorial in X and one has
long exact sequences associated to pairs (X,Y) where Y C X is a closed
subvariety. This can first of all be used to put a weight filtration on inte-
gral cohomology with compact support which induces the one on rational
cohomology: just take I' = H™ and apply . In [G-9] it is shown, using
the product rule, that the torsion group H”(S x S’) where S is a (singular)
Kummer surface (i.e. the quotient of an abelian surface by the standard
involution) and S’ an Enriques surface admits a weight filtration with at
least 2 non-trivial steps so that this gives new motivic invariants which do
not follow from the mixed Hodge structure!

Furthermore, the motivic property can be used to prove directly without
any Hodge theory that there exists a Hodge characteristic which lifts to
motives. I refer to [G-S|, [G-N] for details.






LECTURE 3

The Hodge Characteristic, Examples

Assuming that the Hodge characteristic is additive and multiplicative 1
shall now illustrate how in some cases the Hodge structures on the graded
parts of the weight filtration can be found.

Example 1: A punctured curve C = C — ¥ where C is a smooth projec-
tive curve and X is a set of M points. Additivity implies that xwae(C) =
xndg(C) — N - 1. Let V, = H'(C) be the usual weight one Hodge structure.
it follows that XHodge(C) = (1 — M) -1 =V, + L. Topological consider-
ations give that by(C) = b5(C) = 1. Also H*(C) = 0 since C is affine.
Then Theorem [2.2.5 gives that H'(C)(1) = [H(C)]* and W1H(C) =
HY(C) = Vgy. Again using restriction on the weights given by Theorem
and Corr. one calculates the graded Hodge structure Gry H*(C) and
Grw H;(C): From the table one finds xnag(C) = (1—-M)-1-V;(-1) +L.

TABLE 3.1. Cohomology of the punctured curve C'

HY HY [H?[H?’[] HI [HY
weight 0| 1 0 00 [M-1]0
weight 1| 0 v, 0 [0 [V, o0
weight 2| 0 |(M—1DL| 0 || L 0 0

That V' (—1) =V, follows from the existence of a non-degenerate skew pair-
ing on V,, the cup-product pairing. It gives a polarization for the Hodge
structure. See Remark Note also that the analogous character for
ordinary cohomology reads 1 — V, + (M — 1) - L which is different from the
Hodge characteristic!

Example 2: U is the complement inside P? of d lines in general position,
meaning that at most two lines pass through a point. The scissor relations
give

Yiag(U) = g — (d — 1)L+ L2,
where g =1+ ( 3) , the genus of a smoothing of the d lines.

To find the actual Hodge structures, one needs some topological results:
since U is affine of dimension 2, there is no cohomology beyond degree 2.
Moreover, the fundamental group of U is known to be the free abelian group
on (d — 1) generators and so by (U) = b3(U) = (d — 1). Then one finds for
Gryy H(U):

Example 3: D a singular curve with N double points forming > C D. Con-
sider the normalization n : D — D, a curve of genus g with H YD ) Vg, a
Hodge structure of weight one. Since n~ 'Y consists of 2N points, one has

27
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TABLE 3.2. Cohomology of the complement of d lines

HY[ H' [HZ[HZ| H® |[H?
0l 1 0 0 [ g 0
210 |[@d=DL| 0 || 0 [d=DL]| 0
170 0 |gLZ[ 0 0 L2

Xtdg(C) = N -1 = xpag(D) — 2N -1 and hence ygag(D) = (1—N) -V, +L.

TABLE 3.3. Cohomology of the singular curve D

HO | H'| H?
weight 0| 1 | N | 0
weight 1| 0 | V, | O
weight 2| 0 0| L

Example 4: Consider a singular connected surface X consisting of k smooth
surfaces X1, ..., X meeting transversally in £ smooth curves C1, ..., Cy. Fi-
nally suppose that X has m ordinary triple points. The intersection config-
uration is described by a dual graph I'; a triangulated real surface. For any
smooth projective variety Y write

Voy = H'(Y), gy =h""(Y),

a Hodge structure of weight 1 with Hodge numbers h%! = p%! = ¢y, and

WPY,QY (Y) = HQ(Y)? by = h270(Y)7 q= hl’l(y)7

a Hodge structure of weight 2 with Hodge numbers h?? = h02 = py, hb! =
gy . By the Lefschetz decomposition, which is recalled in a later Lecture (see
([43)), one has H3 =1LV, and hence

Xudg(X) = ZXHdg ZXHdg )+m-1

= Xitop(T (ZVQX )(1+1L) +ngc ))

+ Z Wx, ax, (Xi) + kL2

Example 5: Let S; C P? be a smooth surface of degree d. The Betti-
numbers have been calculated earlier (Example [1.1.1] (3)): by = b3 = 0 and
by = d(6—4d+d?)—2. The Hodge structure Hz(Sd) sphts into L@Hgnm(Sd)
and

W08y = pai= (d; 1) (14)

1
Y(Sy) = qii= gd(2d3 —6d+17). (15)
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Then one has xpag(Sq) = (1 +L +L?) + W), 4,—1(S4)-

Example 6: The singular fibre X, of the family tF + F|F, = 0 inside
P3 x C where deg F = d,deg I} = dy,deg F» = dy. The surfaces F = 0,
Dy = {Fy = 0} and Dy = {F, = 0} are supposed to be smooth and the
total space X of the family is supposed to have only ordinary double point
singularities at the M = didad points T] of intersection of F' = 0 with
D; and Dy. Blow up P3 x A at these points. The proper transform X
of X is smooth and the new fibre at 0 consists of two components, the
proper transforms D; of Dy and D», the proper transform of D,. These
are isomorphic to hypersurfaces of P3 of degrees di,ds respectively blown
up in the 7). The exceptional P3 meets X in M quadrics E;. The original
double curve C' = {F} = F, = 0} stays isomorphic to its proper transform
C, but the point Tj, originally on the curve C' gets replaced by the quadric
E; which meets the C' in a new point T}, a triple point on the new fibre

Xo=DiUDyU Uj E;. The new double locus consists of C'U Uj L§-1) U L§2)

where Lgl) and L§2) are two rulings of F; in which this quadric meets Dy
and Ds.

Note that there is another possible degeneration obtained by blowing
up the indeterminacy locus F' = 0 = FjF5 of the meromorphic function
P3 — A given by F}Fy/F which consists of two curves C; = {F = F| =
0} and Cy = {F = F, = 0}. One either first blows up P in C; and
then in the proper transform of Cs or the other way around. This gives a
morphism BI(P3) — A. The resulting degeneration is different: one gets a
two-component degeneration. Depending on the order of blowing up, the
first component is isomorphic to the hypersurface F; = 0 and the second
component isomorphic to F» = 0 blown up in didsd points, or the other
way around. These meet transversally in a curve isomorphic to C. See
[Per, p. 125] for details. This degeneration is obtained if one blows down
the exceptional quadrics of the first degeneration along either one of the
rulings. This makes the quadrics disappear and only one of the remaining
components is a blown up hypersurface.

Let me calculate the Hodge characteristic in the two cases using the
calculations of Example 5. In the first case one gets

XHdg = 1+(2M+1))-L+M-L?+ V1 (dda(dy +da—)+1
+Wpd1 1qdq —1 + Wpd27qd2_17 M = dld?(dl + d2)-
while for the second case one has
XHdg = 1+ (M+1) L+ 2L% + Vi (drds(dy +dr—2)11
+Wpd1 1qdq —1 + Wpdz,%*l'
These two characters are completely different!

To find the actual Hodge structures more information is needed which will
be explained later. See § and more specifically f Table

Example 7: The singular fibre X of the family {Q1Q2 + tFy = 0} C
P3 x C, where Q1, Q2 are homogeneous quadric forms with zero locus smooth
quadrics and Fy a quartic form whose zero locus is a smooth surface. The
total space of this family has 16 isolated singularities at {t = Q1 = Q2 =
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Fy = 0} C P3 and hence one blows up once at each of these points to get
a family p : X — C. The original double curve C' = {t = Q1 = Q2 = 0},
a smooth elliptic curve passes through these points p; and after blowing up
the exceptional surface F; meets the proper transform of C' at a new point
g; which becomes a triple point for the fibre S = p~1(0) over the origin.
The surface E; is a quadric and the two rulings through g; are the two
curves along which the proper transforms of the two quadrics {@Q1 = 0} and
{Q2 = 0} meet. So the double locus of S consists of C' and 32 exceptional
curves isomorphic to P! and there are 16 triple points g;. It follows that

xudg(Xo) = 1+ (V4 + 35L) + 18L2.

For topological reasons (or using a Mayer-Vietoris argument) one has H'(S) =
H3(S) = 0. With HY(C) = Vi, a weight one Hodge structure, one thus finds
for the even cohomology:

TABLE 3.4. Cohomology of the singular surface Xg

HY| H? | H?
weight 0 | 1 0 0
weight 1| 0 | W1 0
weight 2| 0 [35L[ O
weight 3| 0 0 0
weight 4] 0 | 0 | 18L2

The entry 18LL2 reflects the fact that S has 18 components.



LECTURE 4

Hodge Theory Revisited

4.1. A Digression: Cones in the Derived Category

I shall give a brief summary of what is needed from the theory cones in
the derived categories. See for instance [P-S| Appendix A].

Start from any abelian category 2. In the homotopy category H(2() of
complexes in 2 the objects are the complexes of objects in 2 while the mor-
phisms are the equivalence classes [f] of morphisms between complexes up
to homotopy. In the derived category D(2) more flexibility is allowed in that
the quasi-isomorphism become invertible. Recall that a quasi-isomorphism,
denoted gis
s: KL
is a morphism between complexes such that the induced morphisms H9(s) :
HY(K) — HY(L) are all isomorphisms. Hence, if f: K — M is a morphism
of complexes K — L <~ K defines a morphism the derived category, usu-
ally denoted [f]/[s] because it resembles fractions of homotopy classes of
maps. One of the problems with derived categories is that exact sequences
don’t make sense. These should be replaced by distinguished triangles. By
definition these come from the exact sequence of the cone as I now explain.

Definition 4.1.1. Let K, L be two complexes in an additive category and
let f: K — L be a morphism of complexes. The cone Cone(f) over f is the
complex

Cone®(f) = KFlgLF

. — —-d 0
differential = ( f d)'

Suppose now that there is a short exact sequence of complexes

0 KL 1% M—o (16)

Then the map Cone(f) — M given by <:§> — ¢g(z) is a quasi-isomorphism

and so in D(2) one may replace M by Cone(f). Note that there also is a
projection morphism

p1 : Cone(f) — K[1], (ﬁ) — (17)

where the (—)-sign is needed since one wants a morphism of complexes.
The important point here is that this morphism gives the coboundary for
the long exact sequence in cohomology associated to . Indeed, this map
fits into another short exact sequence. the sequence of the cone:

0 — L — Cone(f) — KJ[1] — 0. (18)

31
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If you consider in D(2() you get the standard example of a distinguished
triangle which is usually written as

X

or, equivalently, as
KL L= Cone(f) — [1].

The meaning of this is as follows. The arrows are morphisms in the de-
rived category which are represented by the morphism f, the injection
L — Cone(f) and the projection p; : Cone(f) — K[1] from (L7). In the
derived category the first two maps can also be represented by the two maps
in the short exact sequence . Its associated long exact sequence involves
induced morphisms and hence do not depend on choices within D(2(). So
already two of the maps in the above triangle induce the same maps as those
from . As for the connecting morphism, one can easily prove that it is
induced by the map p; from . Hence, and this is the crucial advantage
of working with cones in the derived category, all morphisms in the long
exact sequence

~ HU(K) — HY(L) — H(M) = H(Cone(f)) — H™(K) = HI(K[1]) ---

are induced by morphisms of complexes.

4.2. Classical Hodge Theory via Hodge Complexes

The flexibility of the derived category is needed to change between dif-
ferent complexes computing cohomology in order to construct compatible
weight and Hodge filtrations: in one incarnation the weight filtration is
more natural, in another the Hodge filtration is easier to define.

At the base of this lies a functorial construction at the level of sheaves
and which is due to Godement. For any sheaf of abelian groups F on a
topological space X, the Godement resolution C'(F) is inductively defined
as follows. Put C%(F)(U) = [[,cy Fo» which generates a presheaf with
associated sheaf CO(F); next put Z%(F) = F, CF(F) = C°(2* 1) and
ZK(F) = CF(F)/ZF"Y(F). There are natural morphisms d : C¥(F) —
C*+1(F) obtained as follows. By definition Z**!(F) is a quotient sheaf of
C*(F) while it is a subsheaf of C**1(F) and d is the composition C*(F) —»
ZFHL(F) «— CFFY(F) of the obvious two natural morphisms. One has dod =
0 since ZFt1(F) gets killed in forming Z¥+2(F) = CF1(F)/Z*(F) and
hence {C(F),d} is a complex.

Clearly this construction is functorial and can be extended also to com-
plexes of sheaves F: the CP(FY) form a double complex and one takes
sC(F), the associated single complex. One way of defining the sheaf coho-
mology is to take the cohomology of the complex of global sections for the
Godement resolution:

H*(X,F) = H¥D(X,C(F)).
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For a complex F it is convenient to use the language of the derived section
functor RI' which from a complex of sheaves of abelian groups produces a
complex of abelian groups :
RT(F) =T(X,sCF).
Its cohomology gives hypercohomology:
H*(X, F) = RU*(F) := H* [[(sC(F))] .

If f:F — G is a quasi-isomorphism (of complexes of sheaves) the induced
morphisms H¥ (X, F) — H¥(X, G) turn out to be isomorphisms.

Remark 4.2.1. The following constructions employing the Godement res-
olution are constantly used:

(1) If a complex F comes with a filtration F', then it induces one on
sC(F) and one writes RI'(F, F) for the derived section complex
equipped with this filtration.

(2) If f: X — Y is a continuous map, F a complex of sheaves on X,
the derived direct image RfiJF is a complex of sheaves on Y given
by sf«(C(F)). Almost by definition one then has

H*(Y, Rf.F) ~ H* (X, F).

(3) If G is a complex of sheaves on Y there is a natural adjunction
morphism
f7:G = Rf(f71G).

Combing this with the previous remark one thus has induced maps
H*(f7) : HY(Y, G) — HY(X, f*G).

Remark 4.2.2. Let f : X — Y be any continuous map. The relation of
the cone-complex with the topological cone Cone(f) can now be explained.
The adjunction map for Q,, reads

#:Q, — Rf.(Qy)
and I claim that
HY(Y, Cone(f#)) = HI*'(Cone(f)).
The proof goes as follows. The exact sequence of the cone yields
= HIY,Q,) — HY(Y, Rf.Qx) — H?(Cone(f#)) — HIT (Y,Q,) — ...
and hence
-+ — HIUY) L, HY(X) — HY(Cone(f#)) — HITY(Y) — ... .
On the topological side there is the exact sequence
HIY) L BUX) - B (Cone(f)) L HIX)--- (20)
as will be explained shortly. From this it follows that indeed
HY(Y, Cone(f#)) ~ HI*'(Cone(f)).

To explain , one argues as follows. If f: X — Y is a continuous map,
the cylinder Cyl(f) over f is obtained by gluing the usual cylinder X x I
to Y upon identifying a bottom point (x,1) € X x I with f(z) € Y. The
map i : x +— (x,0) identifies X as a subspace of Cyl(f). The inclusion
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Y — Cyl(f) of Y as the bottom of this cylinder is a homotopy equivalence
since the cylinder retracts onto Y. Under this retraction the inclusion X —
Cyl(f) (as the top) deforms into the map f : X — Y. The (topological)
mapping cone Cone(f) is obtained by collapsing the top of the mapping
cylinder to a single point v. The quotient space Cyl(f)/X is canonically
homeomorphic to Cone(f). Since for any pair (X, A) with A closed, we
have H*(X, A) = H*(X/A) the long exact sequence associated to the pair
(Cyl(f), X) therefore can be identified with (20]), whereby completing the
proof of the claim.

A particular case of the above is relative cohomology which comes from
the cone on the inclusion map as explained before (Example [2.1.1]).

If X is a perfect topological space (see the first lecture), the (singular)
cohomology group H¥(X) coincides with H*(X, Q. ), the cohomology for

the constant sheaf Q, and so it is possible to calculate H (X)) using any
complex quasi-isomorphic to the constant sheaf. For example, if X is a
complex manifold, complex cohomology H*(X;C) = H*(X) ® C can be
calculated as the hypercohomology of the holomorphic De Rham complex

% since the inclusion Cy — Q% is a quasi-isomorphism (the holomorpic
Poincaré lemma). The trivial filtration

FPO%)=0—- 2005 - - Q% -0}, n=dimX

passes to hypercohomology and it follows from classical Hodge theory that
for smooth projective manifolds this F-filtration on complex cohomology
coincides with the Hodge filtration. The morphism of complexes « : Qy —
Cyx — Q% where the first morphism is inclusion, is called the comparison
morphism. The triple

QHdg = (Qy, (Q%, F),a) (the Hodge-De Rham complex of sheaves on X)

is the basic example of a so-called Hodge complex of sheaves of weight 0.
In order to define this concept one needs to enlarge the collection of
allowed “maps”.

Definition 4.2.3. Let K, L two bounded below complexes in an abelian
category. A pseudo-morphism between K and L is a chain of morphisms of

complexes , ,
qls qls qis

KL K< Ky~ ... 5K, =L.
It induces a morphism in the derived category. I shall denote such a pseudo-
morphism by
K---->L.

If also f is a quasi-isomorphism I shall call it a pseudo-isomorphism. It
becomes invertible in the derived category. These will be denoted by
(:(1\i/s
K---- L.
f qls C}LS

A morphzsm between two pseudo-morphisms K - Kj«— --- — K,, and
L% Ly« ... = L,, consists of a sequence of morphism K/ — L7, j =
1,...,m such that the obvious diagrams commute. Note that such mor-
phisms are only possible between chains of equal length.
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Definition 4.2.4. Let X be a topological space. A Hodge complex of
sheaves of weight m on X consists of the following data

— A bounded below complex of sheaves of Q-vector spaces K such
that dimHF (X, K) < oo,

— A filtered complex of sheaves of complex vector spaces (K¢, F') and
a comparison morphism: a pseudo-morphism a : £----+ ¢ in the
category of sheaves of Q-vector spaces on X inducing a pseudo-
isomorphism (of sheaves of C-vector spaces)

qis

a®id: K®C --=-5 K¢,

and such that the Q-structure on H¥(KC¢) induced by o and the
filtration induced by F determine a Hodge structure of weight k+m
for all k. Moreover, there is a technical condition: one requires that
the differentials of the derived complex RI'(X, K¢) strictly preserve
the F-filtration.

The notion of a morphism (f, fc,x) : (K, (Kc, W), ax) — (£, (Lc, W), ar)
between sheaves of Hodge complexes of weight m is what you think it is; for
instance k : ax — a, is a morphism of pseudo-morphisms.

If one passes to the derived section functor, morphisms of Hodge com-
plexes of sheaves clearly give morphisms between the associated Hodge com-
plexes and hence, on the level of hypercohomology there are induced mor-
phisms of Hodge structures. Note also that for the relevant Hodge structures
morphisms of Hodge complexes of sheaves that are quasi-isomorphisms give
isomorphisms so that one can employ the derived category

bounded below filtered complexes

+ .
DTFCx of sheaves of C-vector spaces on X.

Note that the category of filtered complexes of sheaves of C-vector spaces is
not abelian. Indeed this would mean that the derivatives are strict, which
is not automatic. However, there still is a canonical way to form the derived
category. In this category filtered quasi-isomorphisms f: (K, F) — (K', F’)
are inverted. By definition these are morphism of filtered complexes which
on the graded parts induces quasi-isomorphisms. Note that using this no-
tion one can also speak of pseudo-(iso)morphisms in the category of filtered
complexes.

As explained in [P-SI Chap 2.3], using this language, classical Hodge
theory can be summarized as follows:

Theorem 4.2.5. Let X be a smooth projective variety. The Hodge-De Rham
complex Q)H(dg which was introduced just above Defiition induces the
classical Hodge structure on H*(X); this structure only depends on the class
ong{(dg in (Db@X, DY FCy). Indeed, one has (H*(X), F,a)) = RI’(@%dg),
where o : H¥(X) — H¥(X;C) is the coefficient homomorphism.

Remark 4.2.6. Given a Hodge complex of sheaves (of weight m) L, the

triple RI'L is called a Hodge complex of weight m. Its cohomology groups
HF(RT'L) are weight k 4+ m Hodge structures.
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For what follows it should be remarked that several algebraic construc-
tions can now be done: direct sums, tensor products, Tate twists and shifts.
The direct sum construction is obvious, the other ones require an explana-
tion:

1) Tensor products. This uses a universal construction for filtered complex
(K, F), (L,G):

(K@L" = P K'el, dzoy) =d+(-1)""2xdy
i+j=n

(Fea)™ = > FKeGL
i+j=m

For Hodge complexes of sheaves of weight m and m’ put
(K, (K¢, F),0) ® (L, (Lc, G), B) = (K ® L, (K¢, F) ® (L, G),a @ 3).

It gives a Hodge complexes of sheaves of weight m + m/.
2) Tate twists

(K, (Kc, F),a)(k) = (K ® (2m1)", (Kc, FIk]), a(k)).

where a(k) is induced by « followed by multiplication by (27i)*. This is a
Hodge complex of sheaves of weight m — 2k.
3) Shifts
(K, (Kc, F), a)[k] = (K[k], (Kc[k], F[K]), a[k]),

a Hodge complex of sheaves of weight m + k.

Let me illustrate these constructions by giving a proof of the fact that the
Kiinneth decomposition for a product X x Y of smooth projective varieties
X and Y is an isomorphism of Hodge structures. Consider the natural map

Hdg Hdg Hdg
Qy* HQy™ — Qy %y
Both complexes are Hodge complexes of sheaves on X x Y and on the level
of hypercohomology they thus give a morphism of Hodge structures

P H(X)RHI(X) - H (X xY).

itj=Fk
This is exactly the map which gives the Kiinneth isomorphism. Now apply
Cor. which implies that the above morphism is indeed an isomorphism
of mixed Hodge structures.

One important construction, that of the cone cannot be done in this

framework because by its very nature it will mix up the weights and so can
only be performed if one enlarges the scope so as to include mixed complexes.
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Mixed Hodge Theory

5.1. Mixed Hodge Complexes

Definition 5.1.1. A mized Hodge complex of sheaves on X
K= ((K,W),(Kc, W, F), )
consists of the following data

— A bounded complex of sheaves of Q-vector spaces K equipped with
an increasing filtration W;

— a complex of sheaves of complex vector spaces K¢ equipped with an
increasing filtration W and a decreasing filtration F', together with
a pseudo-morphism in the category of sheaves of filtered Q-vector
spaces on X, the comparison pseudo-morphism

a: (K, W)----»(Kg, W).
The latter is required to induce a pseudo-isomorphism
a®id: (K C,W) - (Ke, W)
such that the following axiom is satisfied:

for all m € Z the tripleGr)y K = (G} K, (Gryy K¢, F),Gryy (o))
is a Hodge complex of sheaves of weight m.

The following theorem is a basic observation due to Deligne (see e.g. [P-S|
Theorem 3.18] for a proof).

Proposition 5.1.2. Let (IC, (K¢, W), a) be a mized Hodge complex of sheaves
on X. Let W and F stand for the filtrations they induce on the hyperco-
homology groups HF(X,F). Then (H*(X,K),W[k],F) is a mized Hodge
structure.

Remark 5.1.3. Given a mixed Hodge complex of sheaves L, the triple RI'L
is called a mived Hodge complex. So its cohomology groups H¥(RI'L) have
natural mixed Hodge structures.

One can form direct sums, tensor products, Tate twists and shifts as
in the pure case. Likewise, the definition of a morphism of mixed Hodge
complexes of sheaves resembles the one in the pure case and should be
obvious. Since after tensoring with C the pseudo-morphisms become pseudo-
isomorphisms it is natural to work in the derived category

bounded below bi-filtered complexes
of sheaves of C-vector spaces on X.

Again the category of bi-filtered complexes in an abelian category in general
is not abelian, but one can still form the derived category.

37
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5.2. Cohomology of Varieties Have a Mixed Hodge Structure

Let me first say a few words about the cohomology of a smooth complex
variety U. Details are to be found in [P-S| Ch 4]. One chooses a compact-
ification X such that D = X — U is a simple normal crossing divisor. The
log-complex Q% (log D) of rational forms on X, regular on U and with at
most logarithmic poles along D can be defined as follows.

Consider a local chart with coordinates (z1, ..., z2y,) in which D has the
equation 2 - - - z; = 0. Then Q!(log D) by definition is freely generated over
Ox by {dz1/z1, . .., dz,/ 2k, d2ps1, - - -, dzy } and Q& (log D) = \¥ Q% (log D).
The usual derivative on forms makes this into a complex. It comes with a
weight filtration which counts the number of dz;/z; in local coordinates
(21, ...,2n) adapted to the normal crossing divisor. In other words

0— Ox-— Q¥ *(log D) —
— 0% (log D) A [Ox — Q — -+ — Q%™

Let me explain why this can be defined over the rationals. First note
that the logarithmic complex computes complex cohomology on U. For
rational cohomology one uses the complex Rj,Q,,, a complex on X which
by definition consists of the direct image of the Godement resolution, i.e.
Rj.Q, = j*(C’@U). There is a filtration which can be put on any complex

K, the so called canonical filtration:
[r(K))p= [ — KP"' - Ker(d) —» 0---0].

One then proves that the inclusion (2% (log D), W) — (2% (log D), 7) is a
filtered quasi-isomorphism. So one can put the canonical filtration on Rj*@U
which provides the rational component of a Hodge complex of sheaves and
a comparison pseudo-morphism

Wi (% (log D) =

qis
a: (RjQy, 7)) — (% (log D), 7)«— (2% (log D), W).
The Hodge filtration is the same as in the smooth projective case: you take
the trivial filtration F' on the log-complex. This then gives a canonical way
to associate to the pair (X, D) the mixed Hodge complex denoted

Q%) = ((Rj.Qy;, 1), (% (log D), W, F), o).

One can show that moreover, the resulting mixed Hodge structure on H*(U)
does not depend on choices.

To handle singular varieties one uses the concepts of simplicial and cu-
bical varieties. For details see [P-S| Ch. 5].

Definition 5.2.1. (1) The simplicial category A is the category with
objects the ordered sets [n] := {0,...,n}, n € Z>¢, and with mor-
phisms non-decreasing maps. If one only considers the strictly in-
creasing maps one speaks of the semi-simplicial category /. The
cubical category is the category [ whose objects are the finite
subsets of N and for which Hom(Z,.J) consists of a single ele-
ment if I C J and else is empty. In this category the face maps
87 ¢ [n — 1] — [n] are non-decreasing maps defined by §/(k) = k
if ¥k < jand = (k+ 1) if & > j. The n-truncated simplicial,
semi-simplicial category, respectively cubical category is the full
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sub-category of the category A,, A,, respectively [J whose objects
are the [k] with k € [n — 1].

(2) A simplicial object in a category € is a contravariant functor K, :
A — €. A morphism between such objects is to be understood
as a morphism of corresponding functors. Similarly one speaks
of a semi-simplicial objects and cubical objects. One obtains an
n-simplicial object by replacing A by A,, and similarly for n-semi-
simplicial objects. Set

K, = K.[n] (the set of n-simplices), d; = K(67).

Moreover, for a cubical object X and I C N finite write

X; = X(I)

dry = X(I‘—>J):XJ—>X], IcCJ
So, a simplicial object K, in € consists of objects K, € €, n =
0,..., and for each non-decreasing map « : [n] — [m], there are

morphisms d,, : K,, — K,.

Every (n + 1)-cubical variety (X7) gives rise to an augmented n-semi-
simplicial variety Xo — Y in the following way. Put

Xk: H X[, k::(),...,n
I|=k+1
and for each inclusion 3 : [s] — [r] and I C [n] with |I| = r + 1 writing
I ={ig,...,ir}, 70 < ... <y, one lets
X(B)|x; =drs,  J=BU) = {igo),--»ipes)}
For all I C [n] there is a well-defined map dgr : X; — Xg =Y. This is the

desired augmentation. Note that this correspondence is functorial.

Examples 5.2.2. (1) The blow-up diagram in § is an example of a 2-
cubical variety. See Remark

(2) The normalization n : C — Cofa singular curve C can be viewed as
a 2-cubical variety: let Xg = C, Xy = C~’, X1 = singular points X C C,
Xo1 = n~ 'Y with the obvious maps:

X01 — X1
Xo — Xg.

(3) Let X be a normal crossing variety, i.e. X = Ule X where X}
are smooth projective varieties of the same dimension d meeting like the
coordinate hyperplanes in C4*!. Set

X; = Xilﬂ-"ﬂXZ'm, I:{Zl,,lm}
ar : X[‘—>X
xX(m) = [ x:

[I|l=m

A = H ar: X(m) — X.

[[=m
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The X (m) are smooth projective. For I = (i1,...,%y) put
L= (i1, iy sim)-

There are m natural inclusions aJI' : X; — X; C X(m + 1) which assemble
to give a an augmented semi-simplicial space

-~

X — X X(2) X(3)

-~

Suppose that € : Xq — Y is an augmentation. A sheaf F on X, is a
collection of sheaves F*) on the X}, compatible with the maps induced by
the face maps. More precisely, a sheaf on a simplicial space is a simplicial
object in the category of pairs (X, F) of topological spaces and sheaves on

them whose morphisms are pairs (X ER Y, f*:G — f.F).

The vector spaces T'(X,, CP(F(9)) form a double complex I'C/(F). Now
define

H*(X,, F) := H*(sTC(F)).
The sheaves e,CP(F@) form a double complex e,C(F) on Y and one then
sets
Re, F = s[e,C(F)], (21)
a complex of sheaves on Y whose k-th hypercohomology equals H*(X,, F):
H*(X,,F) = H*(Y, Re..F).

Examples are the sheaves Ql}}. and the constant sheaf Q .

The natural map )

e Q, — ReQ X.

plays an important role for calculating the cohomology of Y: the kind
of cubical varieties one needs are such that this map induces an isomor-
phism H*(X,,Q v.) =~ H ¥(Y)). This is guaranteed provided ¢ is a quasi-
isomorphism. Such augmentations are called of cohomological descent.

There is a simple test for cohomological descent which uses the construc-
tion of the geometric realization | Xe| which is defined as follows. Let K4 be
a simplicial space. Every non-decreasing map f : [¢] — [p] has a geometric
realization |f| : Ay — A, where Ay, is the standard affine k-simplex. Set

oo
1| = [T Ay x Kp/R,

p=0
where the equivalence relation R is generated by identifying (s,z) € Ay x K,
and (|f|(s),y) € A, x K, if © = K(f)y for all non-decreasing maps f :
[q) — [p]. The topology on |K]| is the quotient topology under R obtained
from the direct product topology (note that the K, are topological spaces
by assumption). If € : Xq — Y is an augmented semi-simplicial complex
variety, there is an induced continuous map |e| : | Xo| — Y. I quote without
proof:

Proposition 5.2.3. Let € : Xq — Y be an augmented semi-simplicial com-
plex variety. If |e| : |Xe| — Y is proper and has contractible fibres, the
augmented semi-simplicial complex variety is of cohomological descent.
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Examples 5.2.4. (1) The geometric realization of the blow-up diagram has
been described in Lecture |2} From it one sees that the fibre of |¢| over x € X
is a point if ¢ Y and the cone over 7'z if z € Y. It follows that the
blow-up diagram is of cohomological descent.

(2) Consider example 2), the normalization of the curve C. The
geometric realization of the 2-cubical variety of the example consists of the
normalization C' to which for each singular point p of C' with counter-images
P1,--.,pr € C you glue a graph which is a “star” with vertex p and edges
from p to the points p;. The map |e| contracts these stars to the point p € C
and it is the identity on C' — 3. Hence the fibre of |¢| over x € C is either
a point or a contractible star. It follows that the augmented semi-simplicial
variety is of cohomological descent.

(3 Continue with Example [5.2.2]3). Each variety X; with [I| = m + 1
meets exactly m of the X; for which |J| = m. So the associated geometric
realisation |e| has as fibres exactly one m-simplex over each point lying on
X1. It follows that € is of cohomological descent.

Note that being of cohomological descent is a purely local property and
so if for some locally closed subvariety U C Y with e 'U = U,, one also has
Hk(U.,QU.) = H*(U), a remark to be used for open varieties.

But let me first suppose that X is proper. One wants of course all the
X1 be smooth and proper so that the Hodge complexes Q hdg can be used

which push down to X. Indeed, by all of its constituénts push down
to X giving Re,Q ' Hdg which is a mixed Hodge complex of sheaves on X.
Since the dimensions of the X 1 in general vary, this complex is usually not
pure. To calculate cohomology of X one uses a cubical hyperresolution, i.e.
a cubical variety such that the Xy, I # & are smooth and proper and the
associated augmented simplicial variety is of cohomological descent. It can
be shown that these exist (see Theorem for the full statement) and
that the resulting mixed Hodge structure on the H*(X) no longer depends
on choices.

The case of an open variety is slightly more complicated, but the idea
is the same. One needs the concept of a log-pair (X, D). To say what this
is, first suppose that X is irreducible. Then by definition U = X — D is
smooth and D is a simple normal crossing divisor. If X is reducible, possibly
with components of different dimensions, this definition should be modified:
(X, D) is a log-pair if a given component of X either
— does not meet D,

— or is entirely contained in D,
— or is cut by D in a normal crossing divisor.

Definition 5.2.5. Let X be a compactification U. Put T' = X —U. A
cubical hyperresolution of (X,T') is a cubical variety { X} whose associated
augmented variety € : Xq — X has the following properties:
(1) the augmentation maps are proper;
(2) the X} are smooth and the inverse images ¢ 1T on each component
C of the X} are either empty, or C in its entirety, or a normal
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crossing divisor on C'. Set
De=¢'T.

It follows that X,, Ds) — (X,T) is an augmental simplicial log-
pair.
(3) the augmentation X, — X is of cohomological descent.

The full result reads as follows:

Theorem 5.2.6. Let U be a complex algebraic variety. There exists a cu-
bical hyperresolution of (X,T), where X is a compactification of U and

T=X-U. Then RG*Q?)?? Du) is a mized Hodge complex of sheaves on U.

The resulting mized Hodge structure on H*(U) does not depend on choices.



LECTURE 6

Motivic Hodge Theory

6.1. The Hodge Characteristic Revisited

A first goal is to show that given a pair of complex algebraic varieties
(U, V) the resulting exact sequence in cohomology is a sequence of mixed
Hodge structures. But first one has to reinterpret the relative cohomology
group H*(U, V).

Lemma 6.1.1. Let j : V — U be the inclusion of a closed set. and let
g7 C(Q,) — C(j:Q,, be the induced map. Then

H*(U, V) = H* 1 (Cone(j7)).

Proof: This is the conjunction of two facts proven earlier. See Exam-
ple and Remark H¥(U,V) = H*(Cone(5)) = H*(Cone(j7)).
O
Next, replace Q by the mixed Hodge complex of sheaves QHdg con-
structed from suitable compactifications U, V of U and V respectively.
The third step uses a construction which provides a mixed Hodge com-
plex of sheaves on the cone of a morphism f : K = (K, (K¢, F),a) - L =
(L, (Lc, F),3) between such complexes. This construction, the mized cone
(Cone(f), W), (a, B)) goes as follows:
Put

Wy Cone(f)P = W, 1 KPTL & W, LP,  FCone(f)h. = FTKET™ @ FTLE,
together with the comparison morphism given by
(ar, B) : Cone(W)----+Cone(W, F)c.
Lemma 6.1.2. The mized cone is a mixed Hodge complex of sheaves.

Proof: A morphism of pseudo-morphisms consists of morphisms between
the constituents of the chains which make up a pseudo-morphisms, and such
that the obvious diagrams commute. This implies that each such diagram
defines a morphism of cones or a quasi-isomorphism of cones or an inverse
of such. In this way one gets the pseudo-morphism defining the comparison
morphism for a cone.

The map f maps W,,,(K) to W,,,(£) and so on the graded mixed cone

Gr/” (Cone(f) = Gr)Y_ K[1] ® Gr)V (L)

the contribution of f to the differential <fd 2) vanishes. Since both

Gr!V_, K[1] and Gr’¥(L) are pure Hodge complexes of sheaves of weight
m the results follows. O

43
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Remark 6.1.3. If one would work with comparison morphisms in the de-
rived category, as Deligne does, one cannot define such cones since a mor-
phism in this set-up involves diagrams which commute only up to homotopy.
Indeed, there is no guarantee that the comparison maps for the cone as de-
fined above commute with the derivative (remember that the derivative of
the cone of a map involves the map itself). They might for one choice, but
they might not commute for another choice.

For this reason Deligne’s set-up has to be modified. In the geomet-
ric setting one has explicit representatives, as I have explained in previous
Lectures. It follows that one then automatically gets morphisms of mixed
complexes (of sheaves) and hence the above cone construction can be ap-
plied.

To achieve the goal formulated at the start of this section, the crucial
point now is to apply the cone construction to a suitable derived category
associated to mixed Hodge complexes of sheaves on U where. Indeed, one
can consider the “fibre product” of D¥WQ and D*FWCy; in the sense
that one only considers pairs ([£], [Lc]) € DTWQp x DY FWCy related by
some morphism £ — L¢ in the derived category which becomes an isomor-
phism after tensoring with C. In this category there is the triangle of the
cone and its associated long exact sequence automatically gives a long exact
sequence of mixed Hodge structures for the pair (U, V):

.-H¥U,V) - H*U) —» H*(V) - H*Y U, V)--- .

Looking at triples (U, V, W) of algebraic varieties one gets an exact se-
quence of mixed Hodge structures

- HMU,V) — HY(U,W) - HY(V,W) - H*Y U, V)--- .
To see this, look at the coboundary map H*(V,W) — H*tL(U, V). This
is the composition H*(V,W) — H*(V) — H**(U,V) where the first is
restriction and the second is the coboundary for the pair (U, V).

After all this preparation, the promised proof for the scissor relations
can be given:

Proposition 6.1.4. Let X be an algebraic variety and Y C X a closed
subvariety. Then Xudg(X) = XHdg(Y) + Xndg(X —Y).

Proof: Let X be a compactification of X, T = X — X, and Y C X the
closure of Y in X. Consider the triple (X,Y UT,T). Since H¥(X —Y) =
H* (X,YUT) and since Y UT is also a compactification of Y, the resulting
exact sequence becomes

- HNMX -Y) - HYX) - HY YY) - HYY (X -Y)... O

6.2. Products

The fact that the Hodge characteristic preserves products can be shown
in two steps as follows.
Step 1: external products. Let (X,Y) and X'|Y’) be two pairs of
complex algebraic varieties. The external product

H(X,)Y)® H(X')Y) - HY(X x X', (Y x X'UX xY"))
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is a morphism of Hodge structures. Roughly this goes as follows: start
from cubical hyperresolutions for (X,Y) and (X’,Y’). Then, using the
first barycenter-construction one obtains a cubical hyperresolution ((X X
Y)e, (X x D'UD xY"),)) of the pair (X x X', (Y x X’UX xY')). Let
€:(Xey Do) — (X,Y), ¢ : (X, D) = (X', Y)and €’ : (X xY)s, (X xD'U
D x Y"),)) be the associated augmented simplicial varieties. The natural
morphism of mixed Hodge complexes of sheaves

Hd Hd Hd
RG*Q(X.g,D.) X RE;@(X?D;) - Reik/f((ngY).,(X><D’UD><Y’).)

does the job. See [P-S| pp 134-135] for the details of the proof in a similar
case.
Step 2: completion of the proof. Apply the previous step to a compacti-
fication (X, X) of X and a compactification (Y,Y) of Y. For better visibility,
write 9X = X — X and similarly for Y. Then 9(X xY) = X x0Y UOX x Y.
Since HY(X) = H'(X,0X) and likewise for Y the previous step gives a mor-
phism
P HiX)e HI(X)— HI(X xY)

itj=k
of mixed Hodge structures which at the same time is a Q-vector space
isomorphism. Now apply Corr. It follows that xmae(X x Y) =
xndg (X)xua(Y).

6.3. Further Examples

Since this is the first time spectral sequences come up in these Lectures
I digress a bit to recall the salient facts needed about these. A spectral
sequence in an abelian category 2l consists of terms (E,,d.) r = 0,1...,
each of which is a complex in 2 and whose cohomology gives the next term
FE, 1. The terms E, are bigraded, say E, = EBH €z EP? and d, has bidegree
(r,—r+1).

A filtered complex (K, F') in an abelian category gives the standard
example of such a spectral sequence. Let me assume that the filtration is
decreasing and, in addition, obeys a certain finiteness condition: on each K™
it has finite length. The spectral sequence associated to such a filtration is
defined by

ZP7 = Ker (d: FPKPTe — KPHatl /(Frer gpratl))
BP? = prrigrta 4 q(pp-rtlgpta-l)
E71?7q — Z7I?7Q/(B?7q N ZTP?(J)'

This makes also sense for r = oo. The finiteness condition implies for p and
q fixed, from a certain index r on one has

7Pt = ZP0 — .. = 7B .= Ker(d : FPKP — Kpratl)
BP =Bl = = BRI = FPHIKrta 4 dRrta!

and so the E?? = E2? from a certain index r on. For the first terms of the
spectral sequence one has
EPY = Grh(KP*a) }

B = HPHI(Gr (K)) 2
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An easy calculation shows that the differential of the complex K induces the
differentials d, : EP? — EPTTL of a spectral sequence; indeed dyod, = 0
and F,;1 is the cohomology of the resulting complex. Next, a computation
shows that

EPY = Grh HPTM(K),
where F' is the filtration induced on cohomology:
H™(i
FP(HM(K)) = Tm(H" (FP(K)) —— H7(K)),
with ¢ : FP(K) < K the inclusion.

One summarises this by saying that the spectral sequence converges to the
filtered cohomology of the complex or that the spectral sequence abuts to
HPI(K) or that HP9(K) is the abutment of the spectral sequence, and
one writes

HPT(Grh(K)) = HPTI(K).

Let me now come back to the example of a normal crossing variety (Exam-
ple (3)). Recall that X = |JX; where the X; are smooth projective
and meet as the coordinate hyperplanes in C4t!, d = dim X. The disjoint
union of the m-fold intersections was denoted X (m). The cohomology of
the X (m) carry Hodge structures and

XHdg(X) = Z(_l)mXHdg(X(m))'

To calculate the actual graded parts of the weight filtration one proceeds
as follows. For I = (i1,...,%y) and I; = (il,...,z{;,...,im) the natural
inclusions a; : X1 = Xy, combine into al, = @mzma; : X(m) — X(m—1)
which induce the Mayer-Vietoris maps

o) = @,(~1)1(al, )" By~ = HY(X(m — 1) — HX(X(m)) = B},

which are the differentials of the Mayer-Vietoris spectral sequence. This
spectral sequence abuts to the cohomology of X (since the associated aug-
mented semi-simplicial variety is of cohomological descent). The associated
filtration is known to coincide with the weight filtration of the the mixed
Hodge structure. Moreover, from the general theory of mixed Hodge struc-
tures it is known that the Mayer-Vietoris spectral sequence, which coincides
with the weight spectral sequence, degenerates at the Es-term. Each of the
terms in this spectral sequence has a Hodge structure and this makes it
possible to give explicit expressions for the Hodge structure on the graded
parts of the weight filtration. Indeed, E3" * is a subquotient of HF (X(m))
and is isomorphic as a Hodge structure to Gr FH k+m=1(X). 1 explain how
this works in the following example.

Example 6.3.1. Normal surface degenerations. In this case the Mayer-
Vietoris spectral sequence is rather simple. There are two maps which are
relevant:

P H (X)) 2 P HNC), ar=a k=12
( J
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Recall that T' is the dual graph for the configuration of the intersecting
surfaces. One finds:

HY(X) = WyHY(X) = @, H' (X))

Gr} H*(X) = @, H* (X)) Gr} H3(X) = Coker(az)
GrlVH?*(X) = Ker(az) Gr|VH?*(X) = Coker(a;) WoH?*(X) = H?*(T)
GrVHY(X) = Ker(ay) WoH(X) = HY(T).

From this the following table can be constructed.

TABLE 6.1. Cohomology of the singular surface X

HY HY H? H3 H?
Weight 0 1 bl (F) bQ(F) 0 0
weight 1 | 0 | Ker(a;) | Coker(ay) 0 0
weight 2 | 0 0 Ker(az2) Coker(az) 0
weight 3 | 0 0 0 D, LoV, (Xi)| 0
weight 4 | 0 0 0 0 kL2

The reader can verify that this agrees with the value for the Hodge charac-
teristic as given in Example 2 of Lecture






LECTURE 7

Motivic Aspects of Degenerations

7.1. The Nearby Cycle Complex

Let me summarise some results from [P-S| Ch. 11]. Consider a relative
situation; X is a complex manifold, A C C the unit disk and f: X — A a
holomorphic map which is smooth over the punctured disk A*. Let me say
that f is a one-parameter degeneration. Let X; = f~'t be the fibre over t
and x € Xg a point on the singular fibre.

In this setting one has the notion of the Milnor fibre of f at x, Mily ,:
take t very close to 0, say at a distance n > 0, and form X; N B(x,r)
where 0 < n < r < 1. For small enough n < r the diffeomorphism
type of this manifold does not depend on 1 and r and any representative
is called the Milnor fibre. It is well known that there is a fibre preserving
retraction r : X — X so that there are induced maps r; : X; — Xo. The
complex of sheaves (Rn)*QQt lives on the singular fibre Xy and is called
the (topological) complex of sheaves of nearby cycles. The stalk at x of its
cohomology sheaves give the cohomology of the Milnor fibre. Observe at
this point that

B (Xo, (Rro).Qg,) = BN (X6 Q) = HY(X0) (23
This description is however not complex-analytic and one has to replace it

with one which is. Consider the specialisation diagram

X, 5 x & x,

rol ]

h = A — {0}
where b is the complex upper half plane, e(z) := exp(27iz) and where
Xoo := X xXax b

Note that this manifold retracts onto any of the smooth fibres X, and can be
seen as an object in the homotopy category which is canonically associated
to the smooth part of the family. It can be used to define the monodromy
action: the translation z +— z + 1 in the upper half-plane can be lifted
(non-canonically) to a diffeomorphism X, — X,.;, whence an action on
Xy, t = e(z), the so-called geometric monodromy. Geometric monodromy is
well-defined up to homotopy and hence there is a well-defined map

T: H* (X)) — H*(X,), te A",

the monodromy operator. This gives an action of the fundamental group
m1(A*).

49
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For ¢ real and positive the map z — (z, lgiit) embeds X; in X, and
setting V,.., = B(z,r) N f~1B(0,n) the Milnor fibre embeds in £~V and
this embedding can be proven to be a homotopy equivalence. Shrinking r
one can see that

H*(Mily,,) = Tim B (V) = ((R*R).Qy ) (24)
r—> T

—A oo

So the previous construction can be replaced by a canonical object, the
(analytic) nearby cycle complexr on Xj:

bQy, = @ RE(FQy)-
From one concludes that its hypercohomology computes the cohomol-
ogy of Xy:
H* (Xo,45Qy ) = H*(Xy).
Now apply this to the algebraic situation. Assume from now on that one

has a one-parameter projective degeneration, i.e. all fibres of f are pro-
jective. Let me also make a simplifying assumption which will be justified

later on (see §[0.1):

Xo = UiE 7 I is a divisor with strict normal crossings on X.

An involved construction shows that one can enlarge the nearby cycle
complex to give it the structure of a mixed Hodge complex of sheaves

lﬂ?dg = ((waXo’ W)7 (¢f%7 Wa F)v a)a

the Hodge-theoretic nearby cycle complex. To define the Hodge filtration is
relatively easy by finding a different representative of ¢;Cy,  in DT(C Xo)-
Indeed, the relative log-complex Q% / A(log EY) when restricted to E gives
such a representative and for the Hodge filtration F' just take the trivial
filtration on this complex. It is called the limit Hodge filtration on ¢ ;Cy.
The weight filtration is more complicated to define. I won’t describe it on
the level of sheaves, but only on the level of cohomology groups. It uses the
action of the monodromy T on %@XO' The point here is that a nilpotent
endomorphism comes with a natural filtration. So one has to construct such
a morphism out of T'. This is possible thanks to the following result.

Lemma 7.1.1. Suppose that the multiplicities of f along E; are all 1. Then
the eigenvalues of the monodromy operator T are all 1, i.e. T is unipotent.
In the general case a power of T is unipotent; one says that T is quasi-
unipotent.

Remark. This result is a weak form of the so-called monodromy theorem
which, in addition, gives more information on the size of the Jordan blocks:
it states that the size is at most equal to the level of the Hodge structure,
i.e. the largest difference |p — ¢| for which there is a non-zero Hodge number
hP4. See [P-S| Corr.11.42].

Let me for simplicity assume that the multiplicities of f along FE; are all
1 so that the monodromy action is unipotent. One then puts

N =logT.

It is a nilpotent and, as promised, comes with an intrinsic filtration:
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Lemma 7.1.2. Let N be a nilpotent endomorphism of a finite dimensional
rational vector space H. There is a unique increasing filtration W = W (N)
on H, the such that N(W;) C Wj_o and N7 : Gr}/v — GrKVj is an isomor-
phism for all j > 0. This filtration is called the weight filtration of N.

If N = logT the shifted filtration W[k] on H¥(X,) is called the mon-
odromy weight filtration.

This can also be used to give a more geometric interpretation of the limit
mixed Hodge structure. For ¢t = e(z) fix a choice of logarithm z = 27ilog(t)
and let FP(z) = FPH*(X,) C H*(X«) ® C. Now consider exp(—zN)F(z).
Since exp(—(z +1)N) = exp(—zN)T~! one has exp(—(z + 1)N)F(z + 1) =
exp(—2z)F(z) as a subset of H*(Xs). So exp(—2zN)FP(z) defines a subspace
of H¥(X,,) ® C which simply can be written FP(t). One of Schmid’s results
[Schm)] is that this subspace converges (in the sense of points in a Grass-
mannian) to a limit F%, when ¢ approaches 0 along radii. This limit, for
different p indeed gives the limit mixed Hodge structure.

The basic result is:

Theorem 7.1.3 (Steenbrink, Schmid). Assume that f is a projective one-
parameter degeneration. The Hodge-theoretic nearby cycle complex puts a
mized Hodge structure on the cohomology groups H*(Xo), the limit mixed
Hodge structure. One has:
(1) The weight filtration is the monodromy weight filtration;
(2) the limit Hodge filtration on H*(X.), coincides with the above de-
fined limit Fy of the classical Hodge filtration FH"*(X;). In par-
ticular for all p,k one has dim FPH*(X ) = dim FPH*(X}).

Corollary 7.1.4. One has hP9(Xs) = 3 o0 WP (HPT (X )).
A strengthening of Lemma is needed which holds in the above

setting and which describes which types of Jordan blocs occur in terms of a
canonical decomposition:

Lemma 7.1.5 ([Schm| Lemma 6.4]). There is a Lefschetz-type decomposi-
tion

k l
G HR (X ) = @ @ N" Py,
£=0 r=0
where Py ts pure of weight k + . The endomorphism N has dim Py yp,—1
Jordan blocs of size m.

Example 7.1.6.

For H! one has: and for H?:
. .
1;1 Py
0 2 1 ~ 3
Ne o Ty A S
0 2 4
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You see that in the first case there are dim Gr}’ Jordan blocs of size 2 and
dim Gr¥v ones of size 1. In the second case the primitive part in weight 2
is needed which gives the Jordan blocs of size 1. Then there are dim Gr}y’
blocs of size 2 and Gry’ blocs of size 3.

There is an important result, which will be used later on in the examples:

Theorem 7.1.7 (Local Invariant Cycle Theorem). The invariants in H*(X )
under local monodromy form a subspace whose mized Hodge structure is nat-
urally isomorphic to the mized Hodge structure of H*(Xy).

Example 7.1.8. For k = 1 the above diagram shows that Gryy Ker N =
NP, @ P; and hence WoNKer N = NPy = WoH!(Xo) ~ WoH'(X0). The
last result stays true for all k, as one easily sees.

For k = 2 one has Gr|"H?*(X,) = NP3 @ NP, so that Gr|" Ker N =
NP3 = GrVH?(Xy).

7.2. The Motivic Nearby Cycle: Unipotent Monodromy

The goal of this section is to calculate xndg(Xoo). It uses the weight
filtration and the spectral sequence related to it. I have treated this in
Lecture|6.3] But in the situation at hand the weight filtration W is increasing
and one needs to reindex the terms the spectral sequence so as to obtain

E;s7q+s _ H_S’Q+S(Gr?/(¢?dg)) — Hq(XJIc{dg)

This a spectral sequence of mixed Hodge structures; it can be shown that
Grgv (1,/1?dg) is a complex of Hodge structures on the smooth components of
the normalizations of partial intersection of the components of Xy = f~1(0).
Indeed, put
Ey= ﬂEja E(m) = H E;y
i€J |J|=m

so that the E(m) are all smooth projective. One shows that up to quasi-
isomorphisms

Gy (47%) = D Qo) [5 + 2K (=5 — k).
k

so that the Fi-term is the graded Hodge structure

P HI T HEQE+r+1))(—s — k) = H(Xo).
k>0,s
Let me now step back to the definition of the Hodge characteristic for
a variety. It is defined in two steps: first one associates to a variety a
certain mixed Hodge structure and secondly one takes the associated class
in Ko(hs). This last step can be performed abstractly: to any mixed Hodge
structure H one associates its class [H| € Ko(bs), its Hodge characteristic.
It behaves well with respect to spectral sequences. To see this, let (E,, d,) be
the r-th term of a spectral sequence of mixed Hodge structures converging
to Ex. By definition E, is a complex with cohomology E, ;1. Hence [Ey] =
(Biost] = -+ = [Eno].
In our case this implies that it suffices to calculate the Hodge charac-
teristic [Ep]. Let me simplify this calculation as follows. Set s + k = a,
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2k+s+1=0b,q—s— 2k = c. If one goes back to the construction of the
mixed Hodge complex of sheaves X Hde yne can show that a,c>0,b>1.
Since k = b — a — 1, one has the restriction 0 < a < b — 1. One finds:

b—1
Xidg(Xoo) = Y D (DFHHAED))(~a)]

b>1,c>0 a=0
b—1

= D ()" xnag(E®) - | YL
b>1 a=0

One obtains:

Niag(Xoo) = Spor (1) xrag (B)) - |55 1] } 25)
= Zb21(_1)b71XHdg(E(b) x P71,
It suggest the following definition:

Definition 7.2.1. Suppose that the fibres of f are projective varieties. Fol-
lowing [Bitt2, Ch. 2] let me define the motivic nearby fibre of f by

PFoti= > (=)™ E(m) x P71 € Ko(Var).

m>1
The motivic fibre is indeed an invariant of the nearby smooth fibre:

Lemma 7.2.2. Suppose that o : Y — X is a bimeromorphic proper map
which is an isomorphism over X — E. Put g = fooc Assume that g~1(0) is
a divisor with strict normal crossings. Then

wf = wg~

Proof: 1In [Bitt2], the proof relies on the theory of motivic integration
[D-L99Db]. I sketch a simplified version of the proof from [P-S07] which is
based on the weak factorization theorem [A-K-M-W]. See Appendix 1 to
Lecture|2l This theorem reduces the problem to the following situation: ¢ is
the blowing-up of X in a connected submanifold Z C E with the following
property: with A C I the set of indices ¢ for which Z C F; the manifold Z
intersects the divisor Uig 4 I; transversely so that in particular Z N Ui€ 4 B
is a divisor with normal crossings in Z.

Suppose for simplicity that |[A| = 1 so that Z is contained in just one
divisor, say Z C Fp and that Ej is the only component of E meeting Z.
This guarantees that the components of g~1(0) all have multiplicity one. Let
¢ = codimyz X so that codimyz F = codimyz, F12 = c—1 and codimg, Fs = c.
The special fibre g~!(0) has one extra component, namely the exceptional
divisor which is denoted E{. The proper transforms of the E; are called
E’. There are two new 2-fold intersections Ej, and Eg, and one new triple
intersection Efy5. It follows that

vy — vy = ([B1] = [E1]) + ([Bs] — [Ea]) + [Ep] +
—([E12) — [Br2)) + [Epy] + [Epg)) x [P+
+[E12) x [P?].

Now use that Ej is the blow-up of E; along Z, and that F) is the blow-up
of Ey along Zy := Z N Ey. For these use the formula @ Now the full



54 7. MOTIVIC ASPECTS OF DEGENERATIONS

exceptional divisor Ejj is a P°"L-bundle over Z, Ej, is a P°"2-bundle over
Z, Ey, is a P¢~L-bundle over Z5 while El5 is a P¢~2-bundle over Z5. For

these apply .
The coefficient of [Z] is found to be equal to

[P+ (%] = 1) = [P - [P'] = 0
and the coefficient of [Z5] equals
(B = 1) = ([P — 14+ B - [P + [P [P¥] =0,

As a consequence:

Corollary 7.2.3.
Xtdg(VF) = Xtag(Xoo)-
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Motivic Nearby Fibre, Examples

Example 1: Let F, Ly,..., Ly € C[Xp, X1, X2] be homogeneous forms with
deg F =dand degL; =1fori=1,...,d, such that F'- Ly --- Ly = 0 defines
a reduced divisor with normal crossings on P?(C). Consider the space

d
X = {([z0, 1, 72],t) € P* x A| [ Li(o, 21, 22) + tF (0, 21, 72) = 0}
i=1
where A is a small disk around 0 € C. Then X is smooth and the map
f: X — A given by the projection to the second factor has as its zero fibre

the union Fy U --- U Ej; of the lines F; : L; = 0. These lines are in general
position. The formula gives

XHdg(l/f}nOt) =(1-9g)(1+L)

where g = (dgl) is the genus of the general fibre X;, a smooth projective
curve of degree d. The table is

HY] HT [ H?
weight 0 | 1 g 0
weight 2| 0 |[g(L) | L
One sees that there are only even weight terms for H!(X.) and its only
primitive subspace has weight 2 and dimension g (since dim H!(X) = 2¢)
and in particular, by Lemma N has g Jordan blocs of size 2, i.e. is
“maximally unipotent”. Indeed the monodromy diagram is

0 2
° ~ °
g1 N g

Example 2: In the same example, replace P? by P? and curves by surfaces,
lines by planes. Then the space X will not be smooth but has ordinary
double points at the points of the zero fibre where two of the planes meet the
surface F' = 0. There are d (g) of such points, d on each line of intersection.
Blow these up to obtain a family f : Xo, — A whose zero fibre D = F U F
is the union of components F;, i = 1,...,d which are copies of P? blown up
in d(d — 1) points, and components Fj,j = 1,... ,d(g) which are copies of
P! x PL. Thus

xadg(D(1)) = d(1 4+ (d* —d + 1)L + L?) + d@) (1+L)2

The double point locus D(2) consists of the (g) lines of intersections of the
E; together with the d?(d — 1) exceptional lines in the E;. So

XHdg(D(2)) = d(d — 1)(d + %)(1 +L).
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Finally D(3) consists of the (gl) intersection points of the E; together with
one point on each component F}, so

w0 = () +4(5) = - 2.

Using the Hodge numbers for a smooth degree d surface are
d—1 1
R0 = p0% = ( 3 ) At = §d(zcz? —6d+7)

one finds
XHdg(w}nOt) = (h2’0 + 1) (1 4 Lz) + RULL.
The table is

HO H? H?
weight 0 [ 1 h20 0
weight 2| 0 [ AMI(L) | O
weight 4 | 0 [ A20(L?) | L2

There are only weight 4 and 2 primitive spaces, that dim Gr}) = hb! and
one has dim Wy = h?Y. The monodromy diagram simplifies to

2

L]
[h1’17h270]]]_4
0 ~ 2 ~ 4
L] ¢ L] < L
1h2,0.1 N K201, N h2.0],2

and hence there are h%? Jordan blocs of size 3 and ht! — h20 blocks of size
1.

Interlude: An arbitrary degeneration into a normal crossing sur-
face. I use the same notation as in Example from Lecture [f] The
Hodge characteristic for 1/™°! is immediately found from the degeneration:

Xitag (@) = x(T)(1+L2) + (m — 20)L
+(Zj Vgcj - Zz Vgxi)(l“‘ll) (26)
+ Zz pri,QXi'

Let me now calculate the limit mixed Hodge structures using the Hodge
numbers g = h0(X;) = RO (Xy), p = h20(X;) and ¢ = RYH(X;) on the
nearby smooth surface X;.

First look at the mixed Hodge structure H!(X.). Example ex-
hibits the gradeds of the weight filtration. Let

Vgoe = Gr{" H'(Xs), g—c:=h"0Cr"HY(X)).
Then the diagram reads:

1
.
Ve
0 -~ 2
L] — L]
c N clL

By Example one has ¢ = h}(T") = dim WoH(Xj).
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Next, consider H?(Xo.). Let V, = Gr}V H?(X4) and let Wi, i, be the
primitive of part of Gr} H?(Xs). The relevant numbers are
a=h"0(H?), h=h*°(H?), k= hVY(H?), b= "0 (H?).

The diagram becomes

Wh ke
1 o 3
Vo£ TN val
0 o 2 - 4
b TN L Ty e

It follows that b is the number of Jordan blocks of size 3, a the number of
Jordan blocks of size 2.
By Example and by inspecting Table one finds

b=WoH?(Xo) = h*(I"), V,=Cr|"H?*(X,) = Coker(ay).
Note also that
p=h*"X)=h+a+b q=h""(X))=k+2a+b.

This follows from Cor. So, finally, the relevant information can be
summarized as follows.

g=h"9(Xy) p=h*(X;) q¢=h"(X;) (Hodge numbers
of nearby fibre)
R'I) =c R2(I) =b (invariants of local monodromy T')

a = dim Coker(az) b (number of Jordan blocks
of T|H?(X;) of size 2, 3).

The table for the graded parts of the limit mixed Hodge structure is:

HY HY H? H3 H?
weight 0| 1 | AI(T) h%(T) 0 0
weight 1| 0 Vy—ec V. 0 0
weight 2 [ 0 [AN(T)-L | 0L+ Wy | RIT)-L | O
weight 3| 0 0 V.- L Vg—e - L 0
weight 4 [ 0 0 RYT) - L2 [ AN(T) - L2 | L2

Compare these results with :
Proposition 8.1.4. One has the following equalities in Ko(hs):

Vo= Vge > Vgc]- B Zi Vgx,-
(m—20)-L+3 Wpy g, = (—2c+0) L+ Wpyy.

In particular

g = ngi—chjJraJrc
i J

P = pri+a+b
i

¢ = > ax,+m+2a+2 2L

(2
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Remark. These results make the results from [Per Ch. II] more explicit.

Let me illustrate the above with some concrete examples.

Example 3: I come back to Example 6 from Lecture 3| the degeneration
tF + F1Fy = 0 inside P? x C where deg F = d,deg F} = di,deg Fy = do. 1
explained in Lecture [3|that there are two possible degenerations. It is a nice
exercise to calculate that in both cases

XHdg(@Z)Eant) = 1+didod-L+1L%+ Wpd1 qd; —1 + Wpd274d2*1
V1 4y (dy -y 1 (1 1)
The table thus becomes

HO H? H?
weight 0 1 0 0
weight 1 0 Vididy(ditdo—a)+1 0
weight 2 0 didod - L + Wde#Idl_l +Wpd27qd2_1 0
weight 3 0 V%d1d2(d1+d2—4)+1 -IL 0
weight 4 0 0 L?

Hence the weight filtration is W, = W3 D Wse D W1 D Wy = 0 which implies

that N2 = 0, and the monodromy diagram simplifies to
2

L]
dldzd]L-i-Wpdl ady *1+Wpd2 4y —1

0 - 4
L] —
V%(dldz(d1+d2*4)+1 N V%(dldQ(d1+d2—4)+1']L

Hence the monodromy has dids(d; 4+ d2 — 4) + 2 Jordan blocs of size 2 and
2N + 2+ 2pq, + 2pa, + qa, + qq, blocs of size 1.

Example 4: Now I go back to Example 4 from Lecture [3] the degeneration
given by {Q1Q2+tFy = 0} C P3xC, where Q1, Q2 are homogeneous quadric
forms with zero locus smooth quadrics and Fj; a quartic form whose zero
locus is a smooth surface. After blowing up the 16 double points {t =
Q1 = Q2 = Fy = 0} of the total space of the family (a hypersurface inside
A x P3); the special fibre consists of eighteen smooth components which
intersect transversally according to the pattern described in loc. cit. One
gets
Xrag (W) = 1+ (18L + V1) + (L2 + V; - L).

where V1 := H!(C); note that C = {t = Q1 = Q2 = 0} is an elliptic curve.
The table becomes

H°] H? [ H?
weight 0 | 1 0 0
weight 1| 0 \%] 0
weight 2| 0 | 18L | 0
weight 3| 0 |[V3-L| O
weight 4 | 0 0 | L2

Hence the monodromy has two Jordan blocs of size 2 and 18 blocs of size 1.



LECTURE 9

Motivic Aspects of Degenerations, Applications

9.1. The Motivic Nearby Cycle: the General Case

Now I no longer assume that ordg, f = e;, the multiplicity of f along
FE; is one. Let ]7: X — A denote the normalization of the pull-back of X
under the map p. : A — A given by 7 +— 7¢ = t. It fits into a commutative
diagram describing the e-th root of f :

X 2 x
A
A A

Note that X is in general not a smooth variety so that one has to perform
blowings up introducing possibly new components of higher multiplicity. So
one should continue extracting roots. One can show [P-S, Theorem 11.11]
that the process terminates, say at

X' = A (f)yY0)=D=DyU---UDp

where the base change A — A has order a multiple of e which is still called
e.

Example 9.1.1. The simplest case is an ordinary multiple point, say of
order e. Extracting the e-th root produces a total space X which has a
unique singularity which is an ordinary multiple point, and blowing it up
gives a smooth variety X with new fibre D1 U D3, a union of the exceptional
component D; which is a hypersurface of degree e in P"*!' and D, the
strict transform of the original singular fibre. The intersection D N Do is
a hyperplane section of D;. Indeed, locally inside (¢,z1,...,x,+1)-Space
one has an equation f = t + g(z1,...,Tp+1) = 0 where g starts off with
a homogeneous polynomial g, of degree e. Extracting the e-th root means
replacing ¢ by t¢. Blowing up in the origin can be done by setting x; = tyx,
k=1,...,n+ 1 and then f pulls back to

= te(l + ge(ylv oo vynJrl) + th(yla oo ,yn+1)) =t Joew-

The proper transform of the total space becomes fiew = 0 with exceptional
divisor ¢ = 0. The exceptional component of the zero fibre is the homoge-
neous hypersurface inside P"*1 given by y§ + ge(y1, .-, yn+1) = 0. In the
given (t,y1,. .., Yn+1)-chart the equationist = 0 = 14gc(y1,- . ., Yn+1) which
in this chart does not meets the proper transform of the old fibre. In the
(u,uy, ..., upt1)-chart given by 1 = u, t = vuy, v = vug, k=2,...,n+1
one finds the equation

Joew = u§ + ge(1,u2,y ... upt1) + uh(ua, ..., upy1) =0
59



60 9. MOTIVIC ASPECTS OF DEGENERATIONS, APPLICATIONS

with exceptional locus given by u = 0 = {u§ + ge(1,u2,...,upt1) = 0} and
the proper transform of the old fibre by u;1 = 0 = {ge(1,u2,...,upt1) +
uh(ug, ..., un+1) = 0} so that the intersection of Dy and Do in this chart is
the smooth hypersurface in (ug, ..., un+1)-space with equation

ge(L ug, ... upy1) = 0.

The cyclic group p. acts on the component

Dy =Vepi1 = {(y0: Y1, Yn+1) € P | 46 + ge(y1, .., Yns1) = O}

as follows

-1 2mi
(Y0, Y1, Y25 - s Ynt1) = (€Y0, € Y1,Y25 -+, Ynt1), €=€c .
So on the intersection Dy N Dy it also acts non-trivially. In fact the same
action is reproduced on a hypersurface of the same degree but one dimension
less.

So I have reduced the general situation to the case treated in the previous
Lecture. Here the first NV components correspond to the ‘old’ components D;
while the others come from possible blow-ups. The special fibre E' = f'~1(0)
is now a complex variety equipped with the action of the cyclic group of order
a multiple of e. Let me introduce the associated Grothendieck-group:

Definition 9.1.2. Let K5(Var) denote the Grothendieck group Ko(Var®)
of complex algebraic varieties with an action of a finite cyclic order auto-
morphism modulo the subgroup generated by expressions [P(V')] — [P™ x X]
where V' is a vector bundle of rank n + 1 over X with action which is linear
over the action on X. See [Bitt2] Sect. 2.2] for details.

To explain why one should divide out by the relations [P(V)] — [P™ x
X], recall (Example. 1) that in the ordinary Grothendieck group the
relation [P(V)] = [P x X] holds. These relations extend to the case where
one has a group action.

Still assume that the fibres of f are projective varieties. Following
[Bitt2, Ch. 2] define the motivic nearby fibre of f in this setting by

YPoti= 3" (1) [D(m) x P! € K (Var)
m>1
Actually, all constructions give varieties with natural morphisms to the orig-

inal fibre Xo = f~1(0). So it is natural to use a relative version of the
Grothendieck group Ko(Var) which came up in §

Definition 9.1.3. Let S be a complex algebraic variety. Then Varg denotes
the category of varieties over S to be thought of as morphisms X — S.
Let Ko(Var / g) be the free abelian group on isomorphism classes of complex
algebraic varieties over S modulo the scissor relations where the class [X] of
X gets identified with [X — Y]+ [Y] whenever Y C X is a closed subvariety
over S. Identify Ko(Var,,;) with Ko(Var).

The direct product between a variety over S and a variety over T gives a
variety over S x T'. This is compatible with the scissor relations and defines
an “exterior” product Ko(Var,g) x Ko(Var,r) — Ko(Var,g,7). When S =
T, taking instead the fibred product, defines a ring structure on Kq(Varg)
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with unit the class [S] of the identity morphism S s Taking T' = pt,
the exterior product makes Ko(Var,g) into a Ko(Var)-module.

For a morphism ¢ : .S — T, composition defines a push forward mor-
phism ¢y : Ko(Var,g) — Ko(Var/T') and the fibre product construction gives

a pull back =1 : Ko(Var,p) — Ko(Var,g) which are Ko(Var)-linear.
Remark 9.1.4. One has indeed that w}n‘)t € Kg(ﬂxo)-

Example 9.1.5 (Continuation of Example . The cyclic group G = pie
acts. The component Di = X, ,11 is a smooth hypersurface in PtL of
degree e, and D; N Dy can be identified with a smooth hypersurface X,
inside P". The Hodge characteristic becomes

Xtdg(D2) + (=1)" [Him (Xens1) = Hgn (Xen)(1+ L)) = (L4 -+ L")

The G-invariant part can be found by noting that G acts on X, 41 with
P™ as quotient; indeed the projection along the yp-axis exhibits X, 1 as a
cyclic quotient of P" ramified along X, and this implies that the splitting
XHdg(Xen+1) = xuag(P") + (—1)"ngim(Xe,n+1) reflects the splitting into
the G-invariant part and the part on which GG acts non-trivially. The same
holds for xwdg(Xen)-

Let me continue with the general theory. As in the case where all the e;
are one, one can show that

(1) " only depends on the nearby fibre;
(2) xmag(¥F") = xmag(Xoo)

Note however that the individual hypercohomology groups HF (Q,Z)}m’t) still
have an action of a finite group and so there is finer information floating
around of which I want to take advantage. Let me do this by introducing
the category of graded real Hodge structures with finite automorphisms hs'.
Its objects are pairs (H,~y) consisting of a graded Hodge structure (i.e. di-
rect sum of pure Hodge structures of possibly different weights) H and an
automorphism v of finite order of this Hodge structure.

I am going to consider a kind of tensor product of two such objects,
which is called convolution (see [SchS|, where this operation was defined
for mixed Hodge structures and called join). I shall explain this by settling
an equivalence of categories between hs” and a category fhs of so-called
fractional Hodge structures. Note that the weights are not fractional, but
the indices of the Hodge filtration!

Definition 9.1.6 (see [L]). A fractional Hodge structure of weight k is a
rational vector space H of finite dimension, equipped with a decomposition

He— @ 1
a+b=k

where a,b € Q, such that H»® = Hab. A fractional Hodge structure is de-
fined as a direct sum of pure fractional Hodge structures of possibly different
weights.

Lemma 9.1.7. There is an equivalence of categories G : hsi* — fbs.
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Proof: Let (H,7v) be an object of hs” pure of weight k. Define H, =
Ker(y — exp(27ia); He) for 0 < a <1 and for 0 < a < 1 put

Hrtak-ptll-al — gpk—p  ppk-p Hgkap
a

This transforms (H,~) into a direct sum H =: G(H,~) of fractional Hodge
structures of weights k + 1 and k respectively. Conversely, for a fractional
Hodge structure H of weight k& one has a unique automorphism ~ of finite
order which is multiplication by exp(27ib) on HO*—b,

Note that this equivalence of categories does not preserve tensor products!
Hence it makes sense to make the following definition:

Definition 9.1.8. The convolution (H' ') * (H",~") of two objects in hs”
is the object corresponding to the tensor product of their images in fhs:
G((H' )+ (H",9")) = GH',y) @ GH",~").
Note that the Hodge character refines to
Xt Kb (Var) — Ko(bs") = Ko(fbs)-

Now the Hodge number polynomial P introduced in Lemma [1.2.4] must be
redefined slightly as to accommodate rational exponents:

P" Ko (fhs) — limZ[u%,v%,ufl,vfl].

Example 9.1.9. Let u,, be the cyclic group of order n. For each divisor m of
n there is a unique irreducible rational representation W, := Q[t]/ (P, (t))
where ®,,, is the m-th cyclotomic polynomial. It is of degree ¢(m). The sum
of these W,,, over all divisors m of n is precisely the regular representation.

Over the complex numbers one has the one-dimensional representations

Ux = C[t]/(t — ") and

MES

W ®C = @ U
(k,m)=1

k.
m

Suppose now that W, carries a Hodge structure of weight w. Then the HP4
split into such irreducible modules. Since HP¢ is the complex conjugate of
H?P | if HPY contains Uk , H?P has to contain Um—x. The sum Uy ® Un—r

can then be considered as a fractional real Hodge structure with Hoage num-

k m—k m—k k
bers APt w9t "m = h?t 7w Pt = 1. One can consider the corresponding
fractional (rational) Hodge structure on W,

~ +£7 _‘_L—k
" (kym)=1
with all non-zero fractional Hodge numbers equal to 1 and W,,, then underlies
a weight w + 1 fractional Hodge structure.

— For w = 0 this fractional Hodge structure will be denoted Vo =
Vojo.
— If w =1, there is no choice: one must have that W,,, ® C = ‘7% .

— If w = 2 one has more possibilities: N
(1) W,, is pure of type (1,1) and W, = Vy2.

m



9.1. THE MOTIVIC NEARBY CYCLE: THE GENERAL CASE 63

(2) Wit =0 and W,, = Voo

(3) A mixed situation. Let I,, = {i1, -, i,(m)} the increasing set
of integers between 1 and m coprime with m and let o be a
permutation of I,,.

2,0 1
Wi = Usip @ ®@Usp, k< 30(m)
N 11 " "
Wio := Wa™ = Ustixyp) ®'”Uw
" WS = Uy @ & Usqs,
m 7Co(m) 7Cp(m)—k) -

Suppose that ¢ = id and m an odd prime; then the corre-
sponding nonzero fractional Hodge numbers are

k k 1 1
pl-E.2+E s
1+ 85 2kl p2-tit R
1 1 k k
h2tml—m h2tmol—m

Intermezzo: cohomology of smooth hypersurfaces. See for instance
[Grif69] or [C-M-P}, Ch. 3.2] for what follows. Let Xz C P"*! be a smooth
hypersurface given by a homogeneous equation F' = 0 of degree d. Let
{&0,---,&+1} be homogeneous coordinates and set

Q= (=1)&do A+ dgi N+ Adnya.
J

n .

prim

certain closed rational forms on P"*! having poles along X of order at

most n + 1:

A
WQ’ degA=tl)=dn—0+1)—n—-2, £=0,...,n

Then the primitive cohomology group (XF) can be represented by

For fixed £ one gets F'* where A represents an element in F**! if and only if
A belongs to the Jacobian ideal of F'. In particular, for £ = n a basis for the
homogeneous polynomials of degree d — n — 2 gives a basis for H™?(Xf).

Example 9.1.10 (Continuation of Example [9.1.1). Apply the above con-
siderations to the hypersurface X, 1 which has an action of G. The de-
scription for H™? as given in the intermezzo shows that H™%(X, ;1) splits
into the following eigenspaces:
HmO(Xe,nJrl) = Ul,e ® V[e—n—2] ® U2,e & V[e—n—iﬂ DD Uefn73,e
V. = Cly1,--+Ynt1], yid = degree d-part of V.
This should help to determine the splitting of ngim(XeynH) into rational
G-modules carrying a Hodge structure. I shall treat two special cases
(1) An ordinary curve singularity of order e. One must have
HY(X.2) = Vol -
(Xe2) EB V%
dle,d#1,e

The intersection X, 1 consists of e points which G' permutes cycli-
cally. So this gives the direct sum as representation space the reg-
ular representation ®d|e Wy, or as a Hodge structure, ®d|e Wo.

d
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This implies that the Hodge theoretic nearby fibre is

1= > Wo)-(1+L) - H'(Dy) - > Vo||1.
dle, d#£1 dle, d#1

(2) An ordinary surface singularity of multiplicity 5. The exceptional
component is a smooth surface of degree 5 in P3 meeting the proper
transform of the original fibre in a smooth plane curve of degree 5,
hence of genus 6.

One has h?0 =4, b1l = 4.13. Here H2(X53) = U1 5+ 3Us5

prlm

so that H2, (X53) = VL @ 2W1”(2143> <) 10V The Hodge

rim
p 5

theoretic nearby fibre is

XHdg(DQ) - ‘N/% (1+L)-L+ ‘7% + 2W1|\(2,1,4,3) + loﬁﬂ
5 5 5 5

9.2. Vanishing Cycle Sheaf and Applications to Singularities

I shall first explain the construction of the vanishing cycle sheaf ¢ (K)
for a complex K on the total space. It is based on the cone construction on
the adjunction morphism k% : K — (Rk).k™1K:

¢7(K) := Cone(i*k* : i* K — i*(Rk)k 1K = 97 (K)).
The Hodge theoretic vanishing cycle complex
¢ := Cone(QY™® — v %))

as a cone over a morphism of Hodge complexes of sheaves on D has a canon-

ical structure of a Hodge complexes of sheaves on D. Its stalk at x € D

computes the reduced cohomology of the Milnor fibre /' = Mily .. This is a

direct consequence of the comparison result explained in Remark
The long exact sequence of the cone shows that

SO D, 0% = (DD(-1FHHD, vE) — xiag(B)
= xudg(V7 — [D]),

so that it makes sense to define

$Fet:= 3 (17T D(j) x PI% x Al) = ¢ — [D] € K (Var).
Examples 9.2.1 (Continuation of Example |9.1.1]). (1) Note that in the
curve case the above expression simplifies to qﬁ;n‘)t = —D(2) x Al

and that D(1) consists of points permuted by the action of . It
follows that the Hodge theoretic vanishing cycle is just

> Wy L
dle,d#1

(2) In the surface case the expression for the motivic vanishing cycle
simplifies to —D(2) x A+ D(3) x Al x P1. For an isolated ordinary
surface singularity of prime multiplicity e one then gets

—~(1=Vopu +L) - L=—(L+1) L+ Vo - L.
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Suppose that now v : W — C is a projective morphism where W is
smooth, of relative dimension n and that there is a single isolated critical
point x such that u(z) = 0. Construct f : X — A by replacing the zero
fibre u=1(0) by a divisor with normal crossings E as above. In particular,
there is a complex analytic map ¢ : X — W. The Milnor fibre of F' of u at
x corresponds to the Milnor fibre of f at any of the points y € :~'x. Since

5 Hd
HE(F) = H"(6;,f)

a spectral sequence argument which will be omitted shows that H* (F) =
HF(E, qﬁ?dg), the reduced cohomology of F' has a mixed Hodge structure. It
is known that F' has the homotopy type of a wedge of spheres of dimension
n = dim F so that only H™(F) is possibly non-zero. Hence

Xtiag(F) = Xigag (07) = (=1)"[H"(F)].
Write A o
e!(F) = P”oxlﬁdg(F) = Z m(o, w)u v ™.
a€Q, weZ
In the literature several numerical invariants have been attached to the sin-
gularity f: (X,z) — (C,0). These are all related to the numbers m(a, w)
as follows:

(1) The characteristic pairs [SteT7, Sect. 5].
Chp(f7 iL’) = Z m(av w) ’ (n -, w)

(2) The spectral pairs [N=-S]:
Spp(fax) = Z m(aaw) : (oz,w) + Z m(a7w) : (a,w + 1)
adl,w aEZ,w
(3) The singularity spectrum in Saito’s sense [Sal:
Spga(fs ) = e (F)(t,1).
(4) The singularity spectrum in Varchenko’s sense [Var]:
SpV(fv SC) = t_leﬂ(F))(ta 1)

As a consequence, calculation of the motivic vanishing cycle gives a way to
find all of these invariants.

Examples 9.2.2 (Continuation of Example[9.1.1). (1) For an ordinary
curve singularity of prime order e one finds

e—1
e[‘(F) = — Zugve;k
k=1
e—1

and hence, for example, Chp(f,z) =—->7_;(1 — %, 1).
(2) For an ordinary surface singularity of prime order e one finds

e—1
AMF) = —uv — u*0® + w (Z u§v2_§>

k=1

which gives for instance Spp(f,z) = 32621 (£,2) — (1,3) — (2,4).

e



66 9. MOTIVIC ASPECTS OF DEGENERATIONS, APPLICATIONS

As a last illustration of a motivic link I shall rephrase the original Thom-
Sebastiani theorem (i.e. for the case of isolated singularities):

Theorem. Consider holomorphic germs f : (C"*1,0) — (C,0) and g :
(C™*L0) — (C,0) with isolated singularity. Then the germ

f@g: (CTxC™1(0,0) = C, (fog)(z,y)=flz)+g(y), (27

the join of f and g, has also an isolated singularity, and

Xﬁdg(¢f®g) = _Xﬁdg(%‘) * Xﬁdg(¢g)
S0
e ($eg) = " (95) - €(6y) € ImZ[un, v u" 071

This theorem states that the Hodge theoretic vanishing cycle of the join
of f and g is up to a sign equal to the convolution-product of the Hodge
theoretic vanishing cycles of f and g. It makes you wonder whether there
is a general construction on the level of Kf(Var). Looijenga [L] gave such a
construction, but only after making the Lefschetz motive invertible, e.g. in

M =K (Var)[L7").

He shows that the Thom-Sebastiani property holds already in this ring.
In fact, in view of Remark it is more natural to work with the
relative versions (see Definition [9.1.3))

M = K (Varg)[L71].

Indeed, starting from a function f : X — C constructions leading up to the
motive associated to the join take place in the relative motives over the
fibre over 0. This explained in the next section.

9.3. Motivic Convolution

Here is an excerpt from [L] explaining the crucial construction of joins
and convolutions in the motivic context.

Instead of considering varieties admitting an action of some finite cyclic
group p, it is more efficient to consider them all at once by assembling
these in the pro-cyclic group p, thereby explaining the notation Varf. An
element of p can be thought of an infinite sequence (ai,asg,---) where only
those a; € p; are different from 1 for which j = kn, a multiple of some
integer n and such that for those the compatibility restrictions ag, = a,’i
hold. Clearly, if a variety admits a p-action it admits a u,-action for some n
and conversely. If X and Y admit a p-action, also X x Y admit a (diagonal)
p-action, but X might have a p,-action, Y a um,-action with n # m and
then X xY admits a p,-action with » = lem(m, n). The convolution product
is defined with the aid of the Fermat curve

Jn = {(u,v) € (C*)? | u™ + 0" =1}
It is invariant under the subgroup p2 C (C*)2. Define
Tn(X,Y) = T X gy (X X Y,

(If a group G acts on varieties A and B, then A x B stands for the quotient
of A x B by the equivalence relation (ga,b) ~ (a, gb) with G acting on it



9.3. MOTIVIC CONVOLUTION 67

by gla,b] := [ga,b] = [a,gb]). The group u, acts diagonally on J,(X,Y),
ie. ([(u,v),(z,y)] := [(Cu,Cv), (z,y)]. Summarizing: from a couple (X,Y)
of varieties with p,-action I have produced a new variety J,(X,Y) with
tn-action. Clearly, J,,(X,Y) = J,(Y, X) and if m is a divisor of n and the
action of p, on X and Y is through g, then J,,,(X,Y) = J,(X,Y). So this
induces a binary operation, the join

J : Var x Var' — Var”
and likewise on the level of K-theory:

J: MPx MP— ME.
To define the convolution, one needs the augmentation by passing to the
quotient A A

e: M= M — MF €[X] = [X/p].
The last map comes from considering X/u as a variety with trivial p-action.
The convolution can now be defined as follows:
axb=—J(a,b)+ (L—1)-e(ab), a,bec M~

This definition is set up just so that 1 is a unit for * and € transfers * into
the usual product. In the relative situation, say X — S and Y — T, one
has X xY — S X T and if X and Y have a p-action, there is an exterior
convolution product [X]* [Y] € Mk, .

Consider now the Thom-Sebastiani property. So let X and Y be smooth
connected varieties and f : X — C, g : Y — C non-constant morphisms. Set
Xo = f71(0) and Yy = g~ 1(0). Note that in general (f @ g)~'(0) D Xy x Yp
but equality does not necessarily hold. This explains that some care has to
be taken:

Theorem. In the preceding situation one has

[0 paglxoxel = [07] % [0g] € My -






LECTURE 10

Motives in the Relative Setting, Topological
Aspects

10.1. The Relative Approach

I started the lectures with the motivic topological point of view in the
topological category. I can do this in a relative way, i.e. one can consider
topological spaces equipped with a continuous map to some fixed base space
S. For such a relative topological space f : X — S one should consider a
relative Euler characteristic built from the sheaves R f+Q e These belong
to the category of sheaves of Q-vector spaces on S.

To get a well-defined Euler characteristic, one needs some finite dimen-
sionality condition as in the absolute case. In the algebraic setting this is
automatic and I shall not make this condition explicit but loosely refer to
it as f has finite dimensional fibres. As to functoriality, given a continuous
map f: X — Y, to sheaves F,G of Q-vector spaces on X, respectively G,
one can associate f~'G, the topological pull back, f.F, the push forward,
and, if f has finite dimensional fibres, there is also fiF', the push forward
with proper support.

To an abelian category 2 one has associated its derived category DP ()
consisting of bounded complexes K in 2. Recall (§ that the morphisms
between two complexes K — L are the fractions [f]/[s] where f : K — M
and s : M <~ K are morphisms of complexes, s a quasi-isomorphism. The
brackets denote homotopy classes. Here I shall consider

DP(S) = DP(sheaves of Q-spaces on S).

The topological pull back f~! is exact, while the push forward f, is only left
exact. They induce the functors f~1 : DP(Y) — D"(X) and Rf, : DP(X) —
DP(Y) respectively. The push forward with proper support induces Rf :
DP(X) — DP(Y). Although there is no functor f' on the level of sheaves,
there is a pull back functor with proper support f': DP(Y) — DP(X). This
is somewhat subtle. See [P-S| Chap. 13.1.4].

These four functors are related by adjoint relations

Hom(f 'L, K) = Hom(L, Rf.K)
Hom(RfiK, L) = Hom(K, f'L)

If you apply the first to K = f~!'L and the second one to K = f'L, and
with the identity morphism, one gets the adjunction morphisms

f*:L— Rff 'L, fu:RAFL— L. (28)

The preceding constructions should be considered in relation with the
Verdier duality operator

} K e D"(S),L € D(T).
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Dy : D’(X) — DP(X)

which is an involution. It intertwines f, and f; and also f~! and f':

Rf.Dx = Dys(Rf);, f~'eDy =Dx-f".

The definition of the Verdier duality operator is a bit involved. See [P-S|
Chap. 13.1.3]. The following example explains how it relates to the usual
Poincaré duality operator.

Example 10.1.1. The Verdier dual of the constant sheaf, DxQ, by defi-
nition computes Borel-Moore homology and ordinary homology:

HP(X,DxQy) = HyM(X), H.P(X,DxQy) = Hy(X).  (29)
If X is a smooth complex algebraic variety, DxQ, is the sheaf Q. placed
in degree —2d, d = dim X so that HPM(X) = HP(X, Q. [2d]) = H?-P(X)
and Hy(X) = HoP(X,Q, [2d)) = HZ*7P(X). This shows that Verdier dual-
ity generalises Poincaré duality in a natural way.

The four functors just introduced have the following important proper-
ties. Details can be gleaned from [P-S| Chap. 13.1.4 and Appendix B.2.5-6].

Properties 10.1.2. (1) Hypercohomology comes from the constant map
ax : X — pt. Indeed for K € D one has

H"(X, K) = H*((Rax).K), H¥(X, K) = H*((Rax )1 K)). (30)
It follows that for a morphism f : X — Y, the induced map H*(Y, K) —
HF(X, f7'K) comes from the adjunction morphism
#
(Y, L) L WAV, Rf. L) = HE(X, £1L).
Since for a proper morphism f one has HE(Y, Rf.f~1L) = H¥(X, f~1L),
this gives in this case an induced map
#
(Y, L) L5 HE(X, L),
The other adjunction relation gives an induced map
HA(X, 1'L) = BN(Y, (RF)S'L) 5 HE(Y, D).

(2) Let i : Z — X be a closed embedding and U = X — Z the complement
with embedding j : U < X. Then there is an adjunction triangle in DP(X)
which is a distinguished triangle:

Ri,i'K — K — Rj,j 'K — [1]. (31)
The left exact functor (Rax ). preserves distinguished triangles and so
(Raz)«i'K — K — (Ray).j 'K — [1].

The cohomology of the first term, HF(Z,i'K) by definition gives HY (X, K),
the cohomology with support in Z. This yields the long exact sequence

S HE(X,K) — B (X, K) 2 HE U, K) — -

For K = Q, this is the usual long exact sequence for cohomology with
supports.
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(3) There is a different adjunction triangle which you get applying Verdier
duality to (31):

(Rj)j 'K — K — Ri,i 'K — [1]. (32)
For K = Q,,, but now with compactly supported cohomology (i.e. applying
the functor (ax);) this gives

o RO D HE O -S HEZ) =

This is clearly related to the motivic approach and can be generalised
to the relative situation as will be seen in § [10.2]

As a first step, let me introduce constructible sheaves: by definition these
are sheaves of Q-vector spaces restricting to a local constant system on the
open strata with respect to some stratification of S.

Example 10.1.3. In the algebraic category the sheaves R* [:Qy clearly
have this property: they are locally constant over the Zariski open subset
S0 over which f is smooth, then restrict f to the inverse image X' of the
complement S;_; = S — SY. It is of locally differentiable trivial over some
Zariski-open subset S C Sy_; and hence the sheaf R* [+Q 1y will be locally
constant over S'. Continuing in this way one gets the desired stratification
So>8°>8t ...,

It is then crucial that local systems as in the preceding system have finite
dimensional stalks. However, from the point of view of derived categories it is
better to have complexes whose stalks are not necessarily finite dimensional,
but whose cohomology is finite dimensional. For instance, in the above
example, one considers the entire derived complex Rf,Q - In this way one
arrives at the following definition

Definition 10.1.4. A complex of sheaves K of Q-vector spaces on S is called
a constructible complez if each cohomology sheaf H*(K) is a constructible
sheaf of finite dimensional Q-vector spaces and if moreover H¥(K) = 0
for |k| > 0, i.e. K has bounded cohomology. The corresponding derived
category is denoted

DP (S) = DP(constructible complexes of sheaves of Q-spaces on S).

If K € DP,(S), one may put
(K] =) (~D)*H*(K)] € Ko(De(S))

Example 10.1.5 (Continuation of Example . The alternating sum
Xtop(X/S) = Z(—l)k[R’“f*QX] = [Rf.Q,] is a well-defined object in
Ko(X, D2(S)) and it generalises the topological Euler characteristic. How-
ever, only the Euler characteristic with compact support behaves motivi-
cally, as we have seen, and so I need to refine the preceding theory to
incorporate compact supports; one has to replace the functor Rf by the

compactly supported derived image functor R f; and then
Xiop(X/S) = [(RAQy]- (33)

I shall next explain that this has a motivic interpretation.
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10.2. Perverse Sheaves

If X is a smooth variety there is a good topological duality theory. For
singular varieties one has to replace the constant sheaf Q by a complex
which takes into account the singularities of X and which behaves well with
respect to Verdier duality. So, even if X is smooth, it is better to work
with Q[d], i.e. one should place the complex in degree —d. Indeed, since
Dx(K|[n]) = (DxK)[—n] the complex Q, [d] is thus self-dual; it is the first
basic example of a perverse sheaf.

To explain what these are in general, recall the constructible complexes
introduced in § [I0.1] Let X be a possibly singular variety and let U C X
be a Zariski open subset consisting entirely of smooth points of X. Given
any local system V' of finite dimensional Q-vector spaces on U such as Q,;

there is a canonical way of extending it to a constructible complex Von X
which turns out to be self-dual under Verdier duality provided one places V'
in degree —d, d = dim X. The resulting complex

ICx(V) :=V[d] € D2(X) (34)
is called the intersection complex and one has Dx(IC(V)) = IC(V). Such
a complex is called a perverse sheaf. See [P-S, Chap. 13.2] for details
on this and on what follows. More generally, if V' is a local system of

finite dimensional Q-vector spaces on a Zariski dense open smooth subset
j: Z% < Z of a closed subvariety i : Z — X, its perverse extension

"V =i [V[dz]] = i.[IC2(V)], dz =dimZ

is a perverse sheaf on X. Note that this complex is zero outside of Z: it is
entirely supported on Z.

Examples 10.2.1. (1) Let V be a local system on A*. Its perverse
extension to A is j,.V[1] where j : A* — A is the inclusion. Its
stalk over 0 is the subspace of invariants under the monodromy
acting on the general stalk of V.

(2) This becomes more involved if V is a local system over (A*)¢ with
local monodromy operators 77, ...,Ty acting on the generic stalk
W. The perverse extension over the coordinate hyperplanes is the
sheaf 7, V[d] but already the extension to the codimension-2 bound-
ary gives a 2-step complex and so on. For instance, (cf. [C-K-S87,
§ 1]) the fibre at the origin is a certain subcomplex of the full
Koszul complex on N, =T}, —id, k= 1,...,d. The full complex is
as follows:

=W UeoW 2 N2UeW — ... = AU W — 0,
where U = Qe; & - -- @ Qeyq and
dj(uil/\---uij®w):Zek/\ui1/\-~uij®Nkw.

This complex calculates the stalk at the origin of Rj,V. For in-
stance, if d = 1 its H? gives the invariants and its H' gives the
co-invariants.

The stalk at 0 of the perverse extension of V is obtained first by
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shifting the above complex so that it starts in degree —d and next,
one replaces A*U @ W by

@D, Qer ® NfW, I = (ig,...,i) (strictly increasing),
613:‘%0/\"'/\8% NI:NiQO"'ONik'

For instance, if d = 1 this has the effect of naming the previous H°
now H~' and replacing the old H' by 0.

The perverse sheaves form an abelian subcategory Perv(X) of DY (X)
and DP(Perv(X)) = DE,(X). This is not obvious at all and is explained in
[B-B-DJ. One can also show that in a certain sense the category Perv(X)
is generated by intersection complexes of local systems on the smooth locus
of lower dimensional subvarieties:

Proposition 10.2.2. Kq(Perv X) is generated by the classes of the perverse

extensions of local systems defined on the smooth locus of closed subvarieties
of X.

The direct image functors do not preserve perversity: one has to consider
the derived functors Rf., Rfi : D(X) — DP(Y), and so even if K €
Perv(X), Rf.K in general belongs to the larger category D (Y).

Example 10.2.3. Regardless whether K is perverse or not, in D2 (X) one
has [K] = [ixi' K] + [Rj.j 1 K].

With triangle one finds [K] = [i,i 'K] + [R5 'K]. In the spe-
cial case K = Q, this reads [Q,] = [4Q,] + [[27Q,] (note that i, =

i1). Since (Rax ) preserves triangles, this gives the relation [(Rax)Q,]

[(Raz)Q,] + [(Rap)Q,] which is compatible with the scissor relation.

I shall explain that these considerations can be made relative and thus
will lead to a motivic interpretation of the relative Euler characteristic. I
can now state and prove the promised motivic interpretation of :

Lemma 10.2.4. The relative Euler class defines a ring homomorphism
Xtop * Ko(Varg) — Ko(Perv(S5)).

Proof: Let K be a constructible complex on X. Apply Rfi to the distin-
guished triangle . This yields a new distinguished triangle in DE(S).
take now K = Q.. Hence, as in Example [10.2.3| one gets the relation

[RAQ,] = [(RFN@,) + [(R(F)1Qy] in KolPerv(S)), Le. xiup(X)s) =
Xfop(Z/S) +X€0p(U/S)' U
One of the difficulties of working with the categories Perv(X) and D2, (X)
is that the cohomology sheaves of an object in any of these categories rarely
are perverse. However, there is a modified cohomology theory which behaves
better: for a complex K € DL (X) the perverse cohomology "H*(K) is a
perverse sheaf. This is in general not a single sheaf, but a whole complex
of sheaves. I shall not give details on how to compute perverse cohomology
which is explained for instance in [deC-M], but rather give some relevant
examples which can be worked out given the explanation in loc. cit.

Examples 10.2.5. (1) If K € Perv(X), "H°(K) = K and "H¥(K) =
0 for k # 0.
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(2) If K is locally constant on a smooth variety X, one has "H/(K) = 0
unless j = d = dim X and then "H%(K) = K[d]. More generally
take for K any complex whose cohomology sheaves are locally con-
stant on X. Then "H/(K) = (H/~4(K)) [d].

(3) This is a relative version of the previous example. Let f: X — Y
be a smooth morphism between complex manifolds and K a local
system on X. Then the direct images R* f,K are local systems on
Y. The perverse cohomology of such a local system is

"REfK = "H*Rf.K = (RF°f,K)[e], e=dimY.

(4) Let f : X — Y be a surjective morphism between smooth vari-
eties. Let Y be the subset of the regular values of f and put
fOr X0 = (%)Y - YO Fix some k and let V¥ = RFf0.Q .
This is a local system. Its perverse extension is 1% [e] (see ([34]
for the notation). The perverse direct image ™RF € [+Qy always

contains the perverse complex V% [e] as a summand but it may
contain further summands entirely supported on the discriminant
locus Y — YO, For instance, if dimX = 2, dimY =1 and k = 1
one has to add the summand Ker(R?f,Q v = 3+V?) coming from
the Leray spectral sequence. This is somewhat involved and I refer
to [deC-M| Remark 3.4.12] for the calculation.

Recall that Deligne has shown [Del68] that the Leray spectral sequence
for a projective smooth morphism f : X — Y degenerates at F5. In fact
something stronger holds: one has a non-canonical decomposition

Rf.Q, ~ PR 1.Q k] (35)

which generalizes for perverse sheaves such as K = Q. [d] to the existence

XX
of a non-canonical isomorphism
Rf.K ~ @D "R f. K[ k] (36)

If f is no longer smooth in general is false, but I shall explain (Theo-
rem that remains true provided f is still projective. This is a
deep theorem, originally proved in [B-B-D] using characteristic p-methods
and later in [Sa88| by analytic means.

To hint at why such a theorem could be true, go back to the last ex-
ample. The k-th perverse image in general splits into objects constructed
from cohomology sheaves in different degrees and can become rather compli-
cated. The idea is that these extra pieces need to be present to compensate
for the fact that the ordinary Leray spectral sequence in general does not
degenerate at Es.



LECTURE 11

Variations of Hodge Structure

11.1. Basic Definitions

Up to now only one mixed Hodge structure at a time has been considered.
Instead, one can also consider mixed Hodge structures on a fixed vector space
that depend on parameters. The proper concept is that of a local system, i.e.
a locally constant sheaf of finite dimensional Q-vector spaces. Such a system
can be trivialized over a simply connected base and hence it pulls back to a
trivial system over the universal cover. This implies that such a system can
be seen as defined by a finite dimensional representation of the fundamental
group of the base. The image of the latter in the automorphisms of the
vector space is called the monodromy group of the local system. Suppose
that the local system is such that each stalk carries a Hodge structure. If
these fit nicely together, one speaks of a variation of Hodge structure:

Definition 11.1.1. Let S be a complex manifold. A wvariation of Hodge
structure of weight k on S is a pair (V, F') consisting of a local system V'
of finite dimensional Q-vector spaces groups on S and a finite decreasing
filtration F' on the holomorphic vector bundle V = V ®q Og by holomorphic
subbundles (the Hodge filtration). These data should satisfy the following
conditions:

i) for each s € S the filtration F' induces a Hodge structure
of weight k on the stalk of V;

ii) the connection V : V — V®p4 Qg whose sheaf of horizontal
sections is V¢ satisfies the Griffiths’ transversality condition

V(FP) c FPFl e Q. (37)

The notion of a morphism of variations of Hodge structure is defined in the
obvious way. Moreover, given two variations V, V' of Hodge structure over
S of weights k and k', there is an obvious structure of variation of Hodge
structure on the underlying local systems of V ® V' and Hom(V,V’) of
weights k + k' and k — k' respectively.

Example 11.1.2. The standard example comes from geometry as follows.
Let f : X — S be a proper and smooth morphism between complex al-
gebraic manifolds. Such a morphism is locally differentiable trivial by the
Ehresmann theorem [Ehr]. Therefore the cohomology groups H*(X,) of
the fibres X fit together into a local system. By the fundamental results of
Griffiths [Grif68] this local system underlies a variation of Hodge structure
on S such that the Hodge structure at s is just the Hodge structure one has
on H*(Xj).
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This leads immediately to the abelian category bhs g of variations of
Hodge structures over S. If f : X — S is smooth and projective the relative
Euler-class morphism can be refined since by Example the RF [ Qy
carry variations of Hodge structures. Indeed, then the class | ngX] =

[£:Q,] = S (-D*RFfQ | identified as the relative Euler characteristic
(see ), lives naturally in the K-group of the category of variations of
Hodge structures over S.

To go further one has to extend the category to variations of Hodge struc-
tures which are supported over a Zariski-open subset consisting of smooth
points of a Zariski-closed subvariety Z C S. This leads to the following
category:

Definition 11.1.3. The category hs g of Hodge structures over S consists
of variations of Hodge structures supported over the smooth points of closed
subvarieties of S.

Theorem 11.1.4 (Existence of the relative motivic Hodge characteristic).
There is a morphism of rings

Xjs : Ko(Varg) — Ko(bs/s),
which, when composed with the morphism
rats : Ko(hs,g) — Ko(Perv(S5))
induced by the forgetful map, yields x{,,-

Examples 11.1.5. (1) If f: X — S is a smooth map between projec-
tive manifolds, one has x§4(X) = Z(—l)k[ka*@X] € Ko(bs/g) if
one equips the direct image sheaves with their natural structure of
variation of Hodge structure.

(2) Let f : X — S be a smooth projective surface fibered over a smooth
projective curve. Let Sy be the set of regular values of f and let
A =5 —Sp. Suppose that X,,p € A is irreducible and has only
ordinary double points, say IV, of them and that the genus of the
normalization of X, equals g,. The variation of weight one Hodge
structure R [:Q|Sp is complete determined by the period map ¢ :
SO — hy/T" where g = genus of a smooth fibre, I' = the monodromy
group of the family. Let me denote this variation by Vslo. The
underlying local system extends to a constructible sheaf whose stalk
over any point p € A is the subspace inside H'(X;), t close to p
of invariants under the local monodromy-action. This subspace is
isomorphic to H'(X,). Hodge-theoretically, one has to consider
the limit mixed Hodge structure on H'(X;) and then H(X,) is a
mixed Hodge substructure. So, mixed Hodge structures come up
inevitably. By Example 3 in Lecture |3| one has that xmae(X,) =

1 — N, — [Vg,]p + [L],. Then one finds

XGs(X) = Q¢ — V4, +Lg — > ((N)[Qp + [Vg,Jp) - (38)
pEA

Here [M], denotes the class of the Hodge structure M supported
on p and Lg is the constant variation on S with stalk L at every
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point p € S. Note that this is indeed an expression involving only
variations of pure Hodge structures.

One way to prove the preceding theorem is to note that Theorem [2.1.5]
remains true in the relative setting [Bitt1l, Theorem 5.1]. As a consequence,
one only needs to define the relative Hodge characteristic for X,.S smooth
and f projective. If f is smooth, variations of Hodge structure suffice to de-
fine it. To define X? g one has to deal with the problem posed by the singular
fibres and one has to prove that the definition is stable under the blow-up
relation. Instead, I shall follow a different route which makes use of mixed
Hodge modules. These are the natural objects extending the variations of
Hodge structure coming from geometry.

Since it takes several Lectures to complete this route, let me give first
an outline of the proof of Theorem [11.1.4
— A variation of Hodge structures contains a rational part, the underlying
local system, and a part governed by the flat connection operating on the
vector bundle associated to the local system and which shifts the Hodge
filtration by one. The action of the flat connection can be seen as providing
the bundle with the structure of a so-called D-module. This is explained in
§[M1.2
— The D-module structure is linked to the rational structure through the
Riemann-Hilbert correspondence. One needs to generalise this to include
the so-called perverse sheaves. This is to take care of possibly singular vari-
eties and to describe suitable extensions of variations initially only defined
over certain subsets which are locally closed in the Zariski topology. The
remainder of Lecture [11]is devoted to this.

— One thus is naturally led to the so-called Hodge modules. These are
introduced in Lecture 12l In it a reformulation of Theorem I1.1.4] will be
given in terms of these: Theorem [12.2.10

— But this does not yet suffice. As amply shown in the examples that will
be treated below, mixed Hodge structures come up inevitably and one needs
to enlarge the setting to mixed Hodge modules. In Lecture [13| these will be
explained and the proof of the theorem can be completed.

11.2. D-modules

Let me recall the definition of a D-module on a smooth complex vari-
ety S. The formal definition is maybe best preceded by an informal local
discussion. Let U C C¢ be an open set (in the classical topology) and let
(#1,...,2n) be the standard coordinates on U. Then taking a partial differ-
ential with respect to z; of a holomorphic function on U is an example of
a differential operator of order 1, written 0r. Using multi-index notation,
m-th order operators are of the form

> pof, o' =op---0.

[|<m

0
Now 0y, is associated to the constant holomorphic vector field —— and
T
composing m vector fields in general gives an operator of order < m.
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To arrive at a coordinate free definition, observe first that the Leibniz
rule can be reinterpreted by saying that for any two holomorphic functions
f and g on U, and any vector field X, the map f — X(gf) — gX(f) is
multiplication by X(g). This is a differential operator of order 0. Simi-
larly, starting with two holomorphic vector fields X1, Xo the composition
of the two X = X;X5 by the Leibniz rule yields a differential operator
f— X(gf) — gX(f) of order < 1 consisting of the sum of the first order
operator X1(f)Xe + Xo(f)X1 and multiplication by X;Xa(f). Continu-
ing in this manner, one finds the following coordinate free definition which
proceeds by induction:

— An operator of order 0 is multiplication by a function;
— an operator P is of order < m if for all holomorphic functions f, g
on U the operator f — P(gf)— gP(f) is of order < (m — 1);

The differential operators (of any order) are gotten by taking the union over
all orders m. They give a ring Dy and hence a sheaf Dy;. This also makes
sense for any smooth complex variety S and can be done with the Zariski-
topology or with the classical topology. A sheaf of left Dg-modules is simply
called a Dg-module, or, if no confusion arises, a D-module.

The definition of coherence for D-modules mimics the definition for or-
dinary Og-modules and I will not dwell on this. See for instance [P-S|
Chap 13.4].

Example 11.2.1. Let V¢ be a local system of complex vector spaces on a
complex manifold S. Then the corresponding vector bundle V = Ve @c_ Og
carries the flat connection V = 1®d, i.e. VoV = 0. The pair (V,V) is
a (left) Dg-module, i.e. differential operators act on V. Indeed, any local
holomorphic vector field § acts on germs of sections v of V as v — V¢v and
the Leibniz rule guarantees that this action can be extended as an action of
differential operators of any order, just as composition of vector fields acting
on holomorphic functions give differential operators of any order. This D-
module turns out to be coherent.

The preceding example can be used to rephrase the concept of a variation
of Hodge structure with base S in terms of D-modules on S. Suppose that
V' underlies a variation of Hodge structure. Then the Griffiths transver-
sality condition (37)) states that the first order differential operators shift
the Hodge filtration by —1. Hence the corresponding increasing filtration
Fo = F~* is shifted by 1 and such a pair ((V, V), F,)) is a filtered D-module:

Definition 11.2.2. A filtered D-module (M, F'), consists of a D-module M
equipped with an exhaustive increasing filtration F by coherent Og-modules
such that the operators of order 1 increase the filter degree of F' by 1.

Remark 11.2.3. The D-module (V, V) is quite special since it comes from
a local system V¢. Let me summarise this as follows: a variation of Hodge
structure (V, F'*) on a complex manifold S yields the filtered Dg-module

Dmod(V, F*) := ((V,V), F,). (39)
Ve is a resolution of the corresponding De Rham complex

VL Vel - Vel d=din(S). (40)
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This leads to the Riemann-Hilbert correspondence, the subject of the
next section.

11.3. The Riemann-Hilbert Correspondence

The exposition which follows summarizes [P-S|, Chap. 13.5-13.6] where
further references can be found.

Let me come back to the vector bundle (V,V) coming from a local
system V¢ of C-vector spaces on a complex manifold S. Let d = dim S. The
complex V¢[d] is a perverse sheaf, hence so is the De Rham complex (40))
provided one shifts it as follows:

Drs(V, V) :=[V 2 Ve ... -5 Ve Qd][d.
Put

Dlgoh(S ) :  the derived category of bounded complexes
of Dg-modules with coherent cohomology.

So the assignment (V,V) — Drg(V, V) associates to a class of D-modules
a class of perverse sheaves in a canonical way. Which class of D-modules is
needed to make this a full one to one correspondence? Clearly, in order to
make this work, one has to have an analogue of the Verdier duality operator
on the level of D-modules. Indeed, there exists such an operator Dg which
can be defined on the entire derived category DEOh(S). This operator has
the desired property that the De Rham complex of DgM is the (derived)
dual M* = RHomDS (M, OS)Z

DrgeDgM = M*. (41)

To see what sort of special D-modules one then needs, consider the basic
example of the vector bundle V associated to a local system V. In this case
RHomp,(V,Og) = V¢, the dual of the local system V¢ so that DgV = VY,
the dual vector bundle of V. It is a complex concentrated in degree 0 and
hence this also holds for its cohomology. Such a Dg-module M = (V, V) is
called a holonomic Dg-module M:

Definition 11.3.1. A Dg-module M is holonomic if the complex DgM only
has cohomology in degree 0.

One now has a crude version of the desired correspondence:

Theorem (Riemann-Hilbert correspondence-I). Let S be a smooth com-
pact complex algebraic variety. The assignment M +— DrgM establishes a
one-to-one correspondence between holonomic Dg-modules and the category
Pervc(S) of perverse sheaves of C-vector spaces on S.

If S is a no longer compact one has to modify this construction. First
note that S always admits a good compactification S; i.e. S is smooth and
S —S = D is a normal crossing divisor D. Suppose that V¢ is a local system
of C-vector spaces on S.

Definition 11.3.2. One says that the Dg-module (V, V) admits a regular
meromorphic extension to S if V extends to a vector bundle ¥V on S and V
extends with logarithmic poles along D. This means that V extends to an
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operator V — Q%(log D)® V which satisfies Leibniz’ rule. This property is
independent of the chosen compactification. Indeed, one can show that this
is the case if for instance all the local monodromy operators for the local
system V¢ around infinity are quasi-unipotent. This is known to be the case
in the geometric situation. Moreover, such a regular extension is holonomic.

This then leads to the following full fledged version of the correspon-
dence:

Theorem (Riemann-Hilbert correspondence—I1). The De Rham-functor gives
a one-to-one correspondence

{Regular holonomic Dg-modules} Drs, Pervc(S).

The full category DP,(S)C Perve(S) on the right corresponds to the subcat-
egory D, (S) of D2 (S) on the left consisting of complexes of Dg-modules

coh
whose cohomology groups are reqular holonomic:

This should be complemented by the following assertions which describe
the functorial behaviour. If ¢ : S — T is a morphism of complex alge-
braic manifolds there are (derived) functors ¢., ¢ : D2 (S) — D2 (T) and

coh

©*, ' DP L (T) — DB, (S) which intertwine the duality operator in that

coh

oDy = Dgogpy, "D = @Dy
just as for constructible complexes. Indeed, they are fully compatible with
the De Rham functor:

¢'oDrg = Dryop',  @.eDrp = Drgep,
and by the duality-operator on the level of regular holonomic complexes
corresponds to the Verdier duality operator.

Remark. Usually one employs the notation ¢* and ¢y instead of ¢* and
@4 since the latter two have a different meaning for D-modules. However in
these Lectures this does not play a role.

Let me summarise what has been done so far. I have introduced the
category of varieties over S (Def. and the relative Euler characteristic
(Lemma which factors over the Hodge theoretic Euler characteristic.
This makes use of variations of Hodge structures. Any variation of Hodge
structure gives rise to a perverse sheaf and a D-module on the base. These
constructions fit into a big commutative diagram

¥ Dmod, g

Ko(Varg) —2 Ko(bs)s) — "2 Ko(Dn(S))

x@‘c\‘ }at/s /Dé (42)
Ko

(Perv(S)c).

Example 11.3.3. Let f : X — S be a smooth projective family. Then
RF [+Q, underlies a variation of Hodge structure V*) of weight k so that
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(Example 1)
Xjs(X) =D (=¥ VW] € Ko(hs)s).

The vector bundle Dmod /S(V(k)) underlying V*) is a regular holonomic
Ds-module.

To extend example[I1.3.3]to a general proper morphism between smooth
varieties I need a new concept, that of the canonical extension ™V of a
regular holonomic Dy-module V defined on any Zariski-open dense subset
J U = Z of a subvariety ¢ : Z C S consisting of smooth points. This
is done in two steps. First, the Dz-submodule V of j,V generated by V is
regular holonomic. Then set

™V =i,V € D(9).

Example 11.3.4. Let f : X — S be a projective morphism between smooth
projective manifolds. Fix k and let V be the D-module underlying the
restriction V of R* [+Q, over the open subset consisting of the regular values

of f. The De Rham complex of its canonical extension V is exactly the

perverse extension "V of V. The pair (17, V') is an example of a Hodge
module of weight k, a concept that will be treated more fully in Section[12.2]






LECTURE 12

Hodge Modules

12.1. Digression: Polarizations

The category of Hodge structures is not semi-simple, but it becomes
so if one restricts to those Hodge structures that admit a polarization. To
give the definition, suppose V is a Hodge structure of weight k with Hodge
decomposition Vo = @ HPY and Hodge filtration F'*. The Weil-operator
C : Vg — V¢ is defined to be multiplication by i?~¢ on VP4,

Definition 12.1.1. A polarization of Hodge structure V of weight k is a
Q-valued bilinear form

Q: VeV —Q
which is (—1)¥-symmetric and such that the two Riemann bilinear relations
hold:

(1) The orthogonal complement of F™ is Fk=m+1,
(2) The hermitian form on V®C given by (u, v) — Q(C'u, v) is positive-
definite.
A Hodge structure that admits a polarization is said to be polarizable.

Clearly, the category of polarizable Hodge structures is semi-simple: if
(V, Q) is a polarized Hodge structure and W C V a sub Hodge structure, the
polarization restricts to a polarization on W and the orthogonal complement
W of W with respect to Q is also a Hodge structure.

The classical example of a polarized Hodge structure is given by the
primitive cohomology groups on a complex projective manifold X of dimen-
sion d. Recall that primitive cohomology is defined using the L-operator

L:H*(X)— H(X)[2](-2),

which comes from cup-product with the hyperplane class.

For details, see [P-S| Chap. 1.2 and 2.1]. It is however helpful to give one
word of explanation. The hyperplane class should be viewed as an element
not of H?(X) but of H*(X;Q(—1)), i.e. with coefficients ;--Q. This is
because the Chern form for the Fubini-Study metric has periods in ﬁZ

and the class of this form defines the hyperplane class. It has pure type
(1,1) and so defines a generator for L.

prim

m (X) = Ker (Ldferl Hm(X) N H2d7m+2(X)>7 if m < d.

If m > d there is no primitive cohomology and one has the Lefschetz decom-
position
H"(X)= @ LUH(X)= @ HE(X@).  (43)
r>(p+q—d)+ r>(p+q—d)+

83
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The orientation coming from the complex structure defines a preferred gen-
erator for the top-cohomology which will be written as

Trx : H*(X) = Q(—d).
The polarizing form @ on H¥(X) can then be given by
Q(a,8) = (1D Tey (aUBURTE) a8 € HY(X),

The Riemann bilinear relations state exactly that this form restricts to a
polarization on ngim(X ). To get a polarization on all of H*(X) one has to
change signs on the constituents of the primitive decomposition as follows.
Write a = > L"a,, b=>_ L"b", a,,b, € Hg;ilff(X) and then

Q(a.b) = (~1)FFED S (1) Try (Ld_k+2r(ar U br)> L (44)

r

Remark 12.1.2. Observe that there is a concise alternative definition of a
polarization as a (—1)* symmetric morphism of Hodge structures Q : V ®
V — Q(—k) which satisfies the positivity condition expressed by the second
Riemann bilinear relation. The validity of the first relation is equivalent to
(@ being a morphism of Hodge structures. Note that the polarization induces
an identification V* = V(—k).

This last version of the definition generalises immediately to a polarized
variation:

Definition 12.1.3. A polarization of a variation of Hodge structure V of
weight & on S is a morphism of variations Q : V@ V — Q(—k) ¢ Which
induces on each fibre a polarization of the corresponding Hodge structure

The cohomology groups of the fibres of a proper smooth morphism
f X — Y of complex algebraic manifolds give the standard example, i.e.
the local system V = RFf,Q ¢ carries a natural polarized variation of Hodge

structure which comes from the polarization on the fibres H*(f~1(s))
in which L comes from a relative hyperplane section for f.

12.2. Hodge Modules

Polarizable variations of Hodge structure over a smooth compact alge-
braic variety S form the basic examples of Hodge modules which is the topic
of this section.

Here is a summary of what will be done.

— Polarizable variations over smooth algebraic varieties are inter-
preted as rational D-modules;

— extensions of polarizable variations are rational D-modules; this
is done in two steps: first one goes from a Zariski-open subset of
smooth points to a compactification and then one considers exten-
sions from locally closed subvarieties;

— Hodge modules correspond precisely to extensions.

So let me start by defining the notion of a rational D-module:
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Definition 12.2.1. Let S be a complex manifold A rational Dg-module
is a triple (M, o, Mg) where M is a regular holonomic Dg-module, Mg a
perverse sheaf on S and a : Mc = Mg ® C — Drg(M) a quasi-isomorphism
in Perv(S). Such a rational D-module is said to be filtered if M admits a
filtration in the sense of Def. The complex Mg is called the rational
component of the rational Dg-module.

By Remark a variation of Hodge structure (V, F*) on a smooth
compact algebraic variety S gives a filtered rational D-module: just take
((V,V), Fe = F~*) as the filtered Dg-module and take V[d] as the rational
component. Then shows that the inclusion ¢ = (id®1) : Vg — V =
Vo ® Og gives the desired quasi-isomorphism.

If the base S is no longer complete, one restricts to D-modules (V, V)
on S admitting a regular extension to a good compactification S, i.e. the
D-module should be regular holonomic.

Example 12.2.2. Suppose that the D-module (V, V) comes from a varia-
tion of Hodge structure on S, say (V, F). By Lemma the local mon-
odromy operators around infinity of V¢ are all quasi-unipotent and hence
the module (V, V) is indeed regular holonomic so that (V, F) gives a filtered
rational D-module on S.

The preceding example turns out to give a so-called Hodge module pro-
vided (V, F') is polarizable. I am not going to give the definition, since it is
rather complicated and the only thing which is used in these lectures is the
final result Corollary [12.2.9] The full theory can be found in [Sa88]; for a
first light introduction, see [P-S, Chap. 14.2-14.3].

The concept of weight transfers to Hodge modules, provided one adds
the dimension of its base. Let me summarise this as follows:

Theorem. Let S be a smooth complex algebraic variety of dimension d and
let V.= (V,F) a polarizable variation of Hodge structure of weight m. Let
t=(id®1): Vo = V = Ve ® Og be the inclusion. Then

VI = (0, V), Fu,, V[d)
1s a Hodge module of weight m + d.

Example 12.2.3. As before, let S be a smooth algebraic variety. The con-
stant sheaf Q underlies a weight 0 variation of Hodge structure on S. The
corresponding Hodge module will be denoted dig, d =dim S. This is con-
sistent with the previous notation for variations of Hodge structures. Note
that it has weight d as a Hodge module and that the underlying perverse
sheaf is Qg[d]. The constant sheaf Q, underlies an object in the derived

category of Hodge modules, namely the complex dig[—d] consisting of a
single Hodge module placed in degree d. One also needs a name for it:

Hd
Qg = Qg"8[~d]. (45)
I now pass to the construction of extensions of variations (V, F') to any
good compactification S of S. For the D-module extension one takes the

extension of (V, V) to a vector bundle VonS equipped with the extension of
V to a connection V with regular poles along D = S — S (Def. [11.3.2). It is
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well known that the F filtration also extends in such a way that V becomes
a filtered D-module on S. For the rational component one then takes the
intersection complex ICg(V) defined in (34). One can show that its De
Rham complex is a resolution of ICg(V'), which provides the comparison
map ¢ : ICs(V) — V[d]. Hence:

Theorem. Let U be a smooth complex algebraic variety with good compacti-
fication S. Let (V, F) a polarizable variation of Hodge structure of weight m

with corresponding rational Dy -module ngg =((V,V), Fe,1,V[d]). Then

vide — (Y, V), F., 1, IC(V))

is a Hodge module of weight m 4+ d, the Hodge module extension of ngg.
For the next step assume that S is just any compactification of U which
might singular. We have seen that ICg(V) still exists and is the rational
component of a Hodge module ngg supported on Z. More generally, if
i:Z — S is the inclusion of a closed subvariety of S then i, ICg(V) is still
perverse on S. Also Hodge modules behave well under such inclusions:

Lemma 12.2.4. Leti: Z — S be an inclusion of a closed subvariety and
let V be a Hodge module on Z. Then i,V is a Hodge module on S.

In fact, although a complete proof will not be given here, this proves the
better part of the following result:

Theorem 12.2.5. Leti: Z C S is an irreducible complex subvariety. Let
V = (V,F) be a polarisable variation of Hodge structure of weight m on
U C Z, a Zariski open subset consisting of smooth points. Then

Hdg . Hdg
Vi© =6V,

is a Hodge module of weight m~+dim Z whose rational component is i, IC (V).

Set

’ HMg (k) = Category of Hodge modules of weight & supported on S. ‘

There is a converse to Theorem [12.2.5] To formulate it one needs the concept
of strict support:

Definition 12.2.6. A Hodge module has strict support on Z, a subvariety of
S, if its underlying rational component has support on Z, but no submodule
nor quotient module has support on a strictly smaller subvariety.

Theorem 12.2.7. The category HMg (k) is abelian. Any Hodge module
V € HM(k) can be written

V = Pliz)V5E,
Z

where ngg is the Hodge module extension associated to a polarizable varia-
tion of weight k — dim Z supported on a dense open smooth subset of Z and
where iz : Z — S is the inclusion of a closed subvariety.

Finally I can state the converse to Theorem [12.2.5}
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Theorem 12.2.8. Any Hodge module of weight m with strict support Z C X
is of the form i*ngg where V' is a variation of Hodge structures of weight
m — dim Z with base a Zariski dense open subset of smooth points of Z.

So, if one wishes, this can be used as an alternative definition for Hodge
modules and in this way it will be used in these lectures.

Corollary 12.2.9. There is a natural functor hsg — HMg which associates
to a variation of Hodge structure on a Zariski-dense smooth subset of a sub-
variety Z — S the Hodge module extension of its associated Hodge module.
This functor is an equivalence of categories.

This corollary implies that in the statement of Theorem|11.1.4lone should
work with Hodge modules, i.e. one should replace hsg by HMg:

Theorem 12.2.10 (Existence of the relative motivic Hodge characteris-
tic-bis). There is a morphism of rings Xjs - Ko(Varg) — Ko(HM g), fitting
into a commutative diagram

Xjs

Ko(Varg) ——  Ko(HM/g)

X%lc\\ lrat /5

Ko(Perv(S)c).

It is this version which will be proved in §

12.3. Direct Images

The main theorem as reformulated above as Theorem [12.2.10] partly
claims existence of a relative Hodge characteristic. Clearly, the construction
should use the direct images of the constant sheaf. Let me first consider
what to do in the smooth situation.

Example 12.3.1. Continuing example [11.3.4] consider a proper morphism
f: X — S between smooth algebraic varieties. Let f9 : X? — SO be the

restriction of f to the set of regular values of f. Then RFf0Q o under-

lies a polarizable variation V' of Hodge structure of weight k and ngg isa

Hodge module of weight k + dim.S. The underlying perverse sheaf is the
perverse extension of RFf0Q wold]; d = dim S. As remarked above (Exam-
ples 4) this perverse sheaf in general only gives a direct summand of
the perverse direct image ™ RFt¢ J+Q . So these two should not be confused.

However, in two cases one gets everything: since f.Q, = Q ¢ and
R f.Q = L%, n the relative dimension of X/S one gets

7TRdf*@X = @S[d]7 7rRszrdf*@X = Lild].

Surprisingly, if f is projective, for all k the complex ™RF+¢ [+Q is the
perverse component of a Hodge module. See the next theorem [12.3.2

Theorem 12.3.2 (Decomposition theorem, [Sa88, Thm. 5.3.1]). Let
f X — S be a projective morphism between smooth complex algebraic
varieties and let M = (M, a, Mg) be a weight m Hodge module on X. Then
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H*f.M is a Hodge module of weight m + k whose rational component is
”H’“f*M@. There is a non-canonical isomorphism in Db(HM):

REM =P (H’ffM) [—k].
k

Remark 12.3.3. By Theorem there is a further decomposition over

subvarieties Z of S -
k . k
H* £ M = P (iz). (V)5 (46)
Z

where (V”“)gdg is the Hodge module extension of a variation V}, of Hodge
structure of weight k 4+ m — dim Z on a Zariski-dense open subset Z° of Z
consisting of smooth points.

Usually, the conjunction of Theorem [12.3.2| and the above splitting is
called the decomposition theorem. It implies a decomposition for the ratio-
nal component Mg of M:

"R f. My = ) (iz). IC2(V5)).
z
Example 12.3.4. Let f : X — S be a projective map between smooth
algebraic varieties. Apply Theorem [12.3.2| to the Hodge module QHdg. It

follows that
Rf.QY" = @D (H"£.QY") [-#]

k

and hence
[REQYE) =D (- DFH" £.QY*™] € Ko(HMs).

The decomposition (46]) for H* f*QHdg gives contributions from variations
supported on various subvanetles of S. By example one of these
is RF ff@xo, supported on the set S% of regular values of f and further
variations all supported on subvarieties of the discriminant locus of f.

Example 12.3.5. It is instructive to go back to Example [I1.1.52. To the
variation of Hodge structure VS there is associated the Hodge module VHdg
whose underlying perverse sheaf is j,(R! f.Q )1S0)[1] with j : Sp < S the
inclusion. Its stalk at p € A is the subspace inside H'(X}), ¢ close to p of in-
variants under the local monodromy-action. It is no longer a Hodge module
since the restriction functor ¢, does not preserve Hodge modules. The mixed
Hodge structure supported on p that one gets is an example of a mixed Hodge
module. These will be treated in Lecture Note that inside Ko(HM(S)

there still is a decomposition [V §°¢] = [VHdg] — Y en (Np[Ql, + V) into
Hodge modules. To compare thls with (38)), first note that [R f*QHdg] =
[R f*QHdg] where the notation is used Indeed the two complexes differ

by a shift of two. Now, by example 12.3.1, one has H'(Rf. QHdg) Q. 1],
H3(Rf.QY") = Lg[1]. Moreover, H?(Rf. Q%) = V5 hence

[Rf.QY™] = Qg +Lg + [V5*].

: Hd Hd
Since [Vg ¥ = [VSO g]_EpEA (Np[Q]p + Vgp) = _VSO_ZpGA (Np[Q]p + Vgp)
this result coincides with the right hand side of .



LECTURE 13

Motives in the Relative Setting, Mixed Hodge
Modules

13.1. Variations of Mixed Hodge Structure

Suppose that f : X — Y is a morphism of complex algebraic varieties
where X and Y may be singular. The analysis in the previous Lectures
leading to the Hodge theoretic character X? g does not suffice since now the

cohomology groups H*(f~1s) carry mixed Hodge structures instead of pure
Hodge structures. One has to enlarge the scope of the study to variations of
mixed Hodge structures, a concept which comes up naturally in the geomet-
ric setting as I now explain. There exists a Zariski-open dense subset S C Y
consisting of smooth points of Y such that the restriction to S of R* f,Q < s

a local system. The collection of mixed Hodge structures H*(f~'s), s € S
is the prototype of a variation of mixed Hodge structure:

Definition 13.1.1. Let S be a complex manifold. A wvariation of mized
Hodge structure on S is a triple (V, F, W) consisting of a local system V' of
finite dimensional rational vector spaces on S, a finite decreasing filtration
F of V =V ®g Og by holomorphic subbundles (the Hodge filtration), a
finite increasing filtration W of the local system V' by local subsystems (the
weight filtration).

These data should satisfy the following conditions:

i) for each s € S the Hodge and weight filtrations induce a
mixed Hodge structure on the fibre of V" at s;

ii) the connection V: V — V®0, Q% whose sheaf of horizon-
tal sections is V¢ satisfies the Griffiths’ transversality condi-
tion

V(FP)c FP e Ol.

The notion of a morphism of variations of mized Hodge structure is defined
in the obvious way.

A variation of mixed Hodge structure will be called graded-polarizable if the
induced variations of pure Hodge structure Grkw V' are all polarizable.

Example 13.1.2. Suppose that one has a morphism f : X — S as in the
beginning of this section but where RF [+Qy is already a local system and
where S is smooth. Then it underlies a variation of mixed Hodge structure.
If f is quasi-projective, this variation of mixed Hodge structure is graded-
polarizable. Let me refer to this situation as a geometric variation of mixed
Hodge structure. The goal now is to single out the extra properties satisfied

by such geometric variations. It turns out to be crucial to study what

89
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happens at infinity, i.e. near the divisor which compactifies S to a good
compactification.

The first step is to consider a graded polarizable variation of mixed
Hodge structure (V, W, F') over the punctured unit disc A*, say with pa-
rameter t. As W is a filtration of V' by local subsystems, the monodromy
operator preserves W; moreover the monodromy theorem (in the weak form
as stated as Lemma guarantees that the monodromy of each Gr'V V/
is quasi-unipotent. Hence the monodromy of V' is quasi-unipotent. For sim-
plicity one assumes that the monodromy T' of V' is in fact unipotent. Put
Vo = (¥Vg)o and N =logT : Vj — Vp and let W denote the induced filtra-
tion on Vy. Let M be the weight filtration of the nilpotent endomorphism
Gri(N) on G}V Vj as defined in Lemma and let *M = Mk].

Definition 13.1.3. A weight filtration of N relative to W is a filtration w
of V such that

i) ]Y,WZ C WZ;Q

ii) W induces *M on Gr}" V.

By [Del80, (1.6.13)] there is at most one weight filtration of N on Vj
relative to W. If it exists, it is called the weight filtration of N relative to
W denoted M = M (N;W).

Let V denote the canonical extension of V to a holomorphic vector bundle
on A such that the connection extends to one with a logarithmic pole at
0 with nilpotent residue. The filtration W extends to V and Grkwﬁ is
the canonical extension for Grkw V. Let *F denote the Hodge filtration on
Gr,ZV V. It extends to a filtration *F' of GrkW V.

Definition 13.1.4. i) A variation of mixed Hodge structure
(V, W, F') over the punctured unit disc A* is called admissible
if it is graded-polarizable, the monodromy 7" is unipotent and
the weight filtration M(N,W) of N = logT relative to W
exists. Moreover, the filtration F' extends to a filtration F of
V which induces *F on Gr}V' V for each k.

ii) Let Y be a compact complex analytic space and S C Y a
smooth Zariski-open subset. A graded polarizable variation
of mixed Hodge structure (V, W, F) on S is called admissible
(with respect to the embedding S C Y)) if for every holomor-
phic map i : A — Y which maps A* to S and such that i*V
has unipotent monodromy, the variation *(V, W, F) on A*
is admissible.

The following two results are fundamental:

Theorem 13.1.5 ([St-Z, [E1Z86, Kash86]). Geometric variations are ad-
miassible.

Theorem 13.1.6 ([St-Z|, [EIZ03]). Let V' be an admissible variation of
mized Hodge structure on S. Then for each k the vector space HF(S,V)
carries a canonical mized Hodge structure.
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13.2. Mixed Hodge Modules

Admissible variations of mixed Hodge structure on S are the basic ex-
amples of mixed Hodge modules on S. The precise definition is complicated
but it is easy to describe the category MHW(S) they belong to, at least in
the case where S is a smooth algebraic variety.

For the full theory, consult [Sa90|; see also [P-Sl Chap 14] which serves
as a guide for what follows.

First introduce the category of bi-filtered rational D-modules consisting
of a filtered rational D-module (M, F, M) together with a filtration W on
(M, M), the weight filtration. This is a pair of filtrations compatible with
the comparison isomorphism. Note that GrkW(M,F, M, W) is a filtered
rational D-module. One further demands that these be polarizable weight
k Hodge modules on S. The full subcategory generated by such bi-filtered
rational D-modules is the desired category MHW(S). If S is no longer
smooth, one needs to adapt the definition in that one needs to work with D-
modules on arbitrary algebraic varieties. This can be done as follows. The
concept of a D-module is local and locally the variety S can be embedded
in a smooth variety X. By definition, a Dg module is a Dx-module whose
support is contained in S.

Mixed Hodge modules have to satisfy more requirements which I won’t
make explicit. Suffices to say that an admissible variation is a special case
as will be explained next.

Definition 13.2.1. Let V = (V, W, F') be an admissible variation of mixed
Hodge structure on a smooth complex variety S. It gives rise to the holo-
nomic Dg-module V =V ®qg Og which is filtered by Wi,V = W), V ®q Os
and F,V = F~PY. Together with the comparison isomorphism given by

v (V[d],W)®C — Drg(V,W)
the triple (V, V), F,W,,V[d]) belongs to MHW(S). It is a mixed Hodge
module VI8 In fact, it is a so called smooth mized Hodge module on S.

To get a feeling for the usefulness of mixed Hodge modules without
getting bogged down by their construction, the following axiomatic approach
is suitable.

Axioms for mixed Hodge modules
A) For each complex algebraic variety X there exists an abelian sub-
category MHM(X') of MHW(X), the category of mized Hodge mod-
ules on X with the following properties:
— The functor which associates to a mixed Hodge module its
perverse component extends to a faithful functor
ratx : D"MHM(X) — DP(X). (47)
One says that
M € MHM(X) is supported on Z <= ratxMis supported on Z.

— The functor which associates to a mixed Hodge module its
underlying D-module extends to a faithful functor

Dmody : D°"MHM(X) — Db, (Dx). (48)

coh



92 13. MOTIVES IN THE RELATIVE SETTING, MIXED HODGE MODULES

B) The category of mixed Hodge modules supported on a point is the
category of graded polarizable rational mixed Hodge structures; the
functor “rat” associates to the mixed Hodge structure the under-
lying rational vector space.

C) The weight filtration W is such that

— morphisms preserve the weight filtration strictly;

— the object Gr})’ M is semisimple in MHM(X);

— if X is a point, the W-filtration is the usual weight filtration
for the mixed Hodge structure.

— A Hodge module M of weight k is a mixed Hodge module with
a one-step weight filtration WM = M while Wi_1M = 0,
i.e. a pure weight k mixed Hodge module. Conversely, a pure
mixed Hodge module of weight k is a Hodge module of weight
k. Consequently

Ko(MHM(X)) = Ko(HM(X)) (49)

Since MHM(X) is an abelian category, the cohomology groups of
any complex of mixed Hodge modules on X are again mixed Hodge
modules on X. With this in mind, one says that for a complex
M € DPMHM(X) the weight satisfies

fori>j+n

for i < j + n.

Weight[M]{ ;Z — GV HI(M) =0 {

D) The duality functor Dx of Verdier lifts to MHM(X) as an involu-
tion, also denoted Dx, in the sense that D xoratx = ratxoDx.

E) For each morphism f : X — Y between complex algebraic varieties,
there are induced functors f., fi : DPMHM(X) — DPMHM(Y),
5 f : DPMHM(Y) — DPMHM(X) interchanged under duality
and which lifts the analogous functors on the level of constructible
complexes and D-modules. Moreover, the adjoint relation

Hom(f*K,L) = Hom(K, f.L)

holds in DP(MHM(X)) and lift the corresponding adjoint relation
on the level of constructible complexes and D-modules. The ad-
junction morphisms extend to

f#iL— ff'L, fu: ifL—L (50)

F) The functors fi, f* do not increase weights in the sense that if M
has weights < n, the same is true for fiM and f*M.

G) The functors f', f, do not decrease weights in the sense that if M
has weights > n, the same is true for f'M and f,M.

By way of terminology, M € DPMHM(X) is pure of weight n if it has weight
> n and weight < n, i.e. for all j € Z the cohomology sheaf H’/(M) has
pure weight j + n: only Gr EL,LHJ(M) might be non-zero. A Hodge module
M of weight k is an example, since H°(M) = M has pure weight k and all
other cohomology vanishes.

A morphism preserves weights, if it neither decreases or increases weights.
For proper maps, for the ordinary direct images one has f, = fi, almost by
definition. This holds on the level of constructible complexes, but also on
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the level of filtered D-modules, hence for Hodge modules. It follows that
Axiom F) and G) imply:
H) For proper maps between complex algebraic varieties f, = fi and
hence preserves weights.

13.3. Some Consequences of the Axioms

The starting point is the observation that the cohomology groups of any
complex of mixed Hodge modules M on X is a mixed Hodge module on X.
A consequence of Axiom A) then is:

Lemma 13.3.1. The cohomology functors H? : D°MHM(X) — MHM(X)
are compatible with the functor ratx in the sense that for any bounded com-
plex M of mized Hodge modules one has

ratx [H'M] = "H[ratx M].
The right hand side is perverse cohomology as introduced in §[10.3
Axiom E) and B) imply:

Lemma 13.3.2. Let ax : X — pt be the constant map to the point. For
any complex M of mized Hodge modules on X

HP(X,M) := HP((ax).M) (51)
1s a mixzed Hodge structure.

Note that Lemma implies that for a complex of sheaves over a
point perverse cohomology is ordinary cohomology. So, by the rational
component HP((ax).«M) of the hypercohomology group HP(X, M) is just
HP(X, M) which explains the notation. Hence by axiom B):

Corollary 13.3.3. Let M be mixed Hodge module whose rational component
is the perverse sheaf Mg. Then the hypercohomology group HP(X, Mg) has
a natural mixed Hodge structure.

Let me explain how this leads to mixed Hodge structures on ordinary
and compactly supported cohomology. To start with, from axiom A) and B)
it follows that there is a unique element QHde ¢ MHM(pt ) whose rational
component is the unique Hodge structure on Q of type (0,0). Define the
complexes of mixed Hodge modules

Hd, Hd, Hd, ! Hd.
QU8 = a5, Dy QU = QM

Note that even if X is smooth projective, these are not in general mixed
Hodge modules, e.g. by Example D one knows that QHdg QHdg [d],

d = dim X, is a Hodge module and QHdg is a complex of Hodge modules
concentrated entirely in degree —d. In this case this 1s a pure weight 0
complex, but this is not the case in general since a’% and a' 'y do not preserve
weights; the axioms imply only that the first has weights < 0 while the
second has weights > 0. This can be used to show:

Proposition 13.3.4. (1) H*(X) and Hy(X) have mived Hodge structures;
(2) H¥(X) and HPM(X) have mized Hodge structures of weights < k,respectively
> —k.
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(3) A morphism f : X — Y induces morphisms of Hodge structures f* :
HE(Y) — H¥(X), fo: Hy(X) — Hp(Y).

(4) A proper morphism f: X — 'Y induces morphisms of Hodge structures
[ HEY) - HNX), fo: HBM(X) — HPM(Y).

Proof: Since ax lifts the analogous functor on the level of constructible
complexes, the rational component of Q)H(dg is Qx and that of D X@?(dg its
Verdier dual. By Corr. both HP(X) and its Verdier dual, which, using
(29) is the the Borel-Moore homology group H?(X,DxQ,) = H_By(X),
have natural mixed Hodge structures. Similarly, e.g. using , ordinary
homology H,(X) as well as its Verdier dual, H:’(X), cohomology with
compact support, have natural mixed Hodge structures. This proves (1).

As to weights, (ax)a% Q"% has weights < 0 and (ax).a' Q" has
weights > 0. Hence HF(X) = H*((ax)ia% QM) has weights < k and
HPM(X) = H*((ax).a’yQ"98) has weights > —k. This proves (2).

As to morphisms, the adjunction morphism applied to L = dig
directly gives morphisms of mixed Hodge structures

froHNY,Q) — HMNY, £.£°Q, ) = H*(X,Q)

and, similarly, for the compactly supported cohomology.
For homology, apply the second relation to (ay)'Q" to get

(ax)o(ax Q" = (ay) fif'(ay)' Q" — (ay)i(ay)' Q"%

and hence
for H p(X) = H*((ax )1o(ax Q") — H_j((ay)' Q") = H_1(Y).

For Borel-Moore homology, replace (ax ), and (ay ) by (ax)« and (ay).. O

Another example is cohomology with support. In § [I0.1] it was stated
that with ¢ : Z < X a closed embedding, H(X) = Hp(i*i!QX) which is
the rational component of the p-th hypercohomology of the Hodge module
i*i!Q)H(dg. Since i’ and 7, do not decrease weights, i*i!Qg{(dg has weights > 0
and hence H7(X) has weights > k.

Remark 13.3.5. These mixed Hodge structures coincide with the ones
constructed by Deligne and which were discussed in Lecture 2 This is not
hard to prove if X is a smooth algebraic variety, or if X can be embedded
in a smooth algebraic variety. See the remark at end of [Sa90| § 4.5]. It is
true in general, but highly non-trivial since Saito’s approach does not work
well in the setting of cubical or simplicial spaces. See [Sa00l, Cor. 4.3].

13.4. The Motivic Hodge Characteristic

At last, I now can extend the definition from Example [12.3.4] valid for
projective maps between smooth varieties to the general setting:

Definition 13.4.1. Let f : X — S be a morphism between complex alge-
braic varieties. The axioms imply that ng)H(dg is a complex of mixed Hodge
modules. The motivic Hodge characteristic is defined by

XG5(X) = [AQYYE] = > "(—~DF[H* AQ'I%] € Ko(MHM(S)) = Ko(HMs).
The last equality is .
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This gives the construction of the motivic Hodge characteristic claimed
by Theorem What remains to be shown is compatibility with the
scissor relations. To explain how to do this, let me go back to the underlying
rational components. I have shown in Example that for these the
scissor relations are respected because of the distinguished triangle .
The same argument holds for mixed Hodge modules provided I show:

Proposition 13.4.2. Let M be a mized Hodge module on X. Leti: Z — X
be a closed subvariety and let j : U <— X be the inclusion of the complement
U=X—Z into X. Then in D°(MHM(X)) one has distinguished triangles:

ii'M — M — j,j*M — [1],}

Jii*M - M — i, "M — [1]. (52)

Sketch of Proof. The axioms for mixed Hodge modules imply that second
triangle is obtained from the first by the duality operator. It suffices there-
fore to show that the first triangle is distinguished. This can be reduced to
a local construction as follows. One can cover X by affine subsets, still de-
noted by X over which Z is the zero set of some regular functions f1,..., f.
Put X; = X — f7'(0) and for I C {1,...,7}, set X; = (\;c; Xi, and let
jr : X1 — X be the natural inclusion. Note that for I = {1,...,r} one gets
back j : U « X. There are quasi-isomorphisms in the category D"MHM(X)

iWiM =5 [0 M =B — By = B =0, By= @M
\T|=k
M — [--0— By —By— Bs---— B, — 0], By in degree k — 1.

This is a straightforward calculation and using this local description it fol-
lows that j,j*M is quasi-isomorphic to the cone on ,i'M — M, i.e. the
first sequence of is distinguished. It remains to show that these locally
constructed triangles glue together. See [Sa90, 4.4.1] for details. O






LECTURE 14

The Motivic Chern Class Transformation

14.1. Riemann-Roch for Smooth Projective Varieties

If X is any smooth complex algebraic variety and E a vector bundle on
X one has Chern classes

cr(F) € H*(X).
The Chern roots v;(FE) are formally introduced by writing

T

1+ te1(BE) + - t"ce(B) = [ [+ tw(E)), r=rank(E).
k=1

Using these, one defines the Chern and Todd character:

ch(E) = ) e*,
k

td(B) = [[Q(w), Q) :=
k

te?

et —1°

They take values in H®V**(X) = @, H?*(X) — denominators force ratio-
nal coeflicients. These characters occur in the Hirzebruch-Riemann-Roch
theorem [Hir, Theorem 21.1.1] valid when X is compact

X(X,E) := Z(—l)kdimﬂk(X,E):/Xch(E)-td(TX). (53)

The Todd class is well defined on the level of K°(X), the Grothendieck
group of vector bundles on X which for X smooth coincides with Ky(X),
the Grothendieck group of coherent sheaves on X. The 7-class is defined
using the Todd class of X:

T([E]) = ch(F) - td(Tx) € H**(X), 7([0Ox]) =td(Tx) (54)
and Riemann-Roch states that x(X,E) = m4([E]), d = dimX. The x-
characteristic is the specialization for y = 0 of the x, characteristic
Xy(X,E) =YY (-1)"dim H*(X, E @ O} )y” € Z[y]
q20 k>0

The Chern character is the specialization to y = 0 of the generalized Chern

character
chy(E) =Y elltw)m
k

The function Q(t) is a formal power series in t with rational coefficients. It
is obtaind by setting y = 0 in the two following formal power series in two

97
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variables
 t(l+y) ~ (14 ye™V)
Qy(t) := 1oty W Qy(t) := ot
which leads to the following genera in HV*"(X)[y]:
Ty(E) =11 Qu(w) = szo TP(E)yP, (55)
Ty(E) =11 Qylk) = 350 TP(E)YP. (56)

The component Th(E) of TP(E) in H?**(X) is a polynomial in the Chern
classes of E. In the Riemann-Roch theorem only the top-degree expressions
occur, those with n = dim X. These one gets by integrating over X. More
generally, write [Ty,(E)],, for the power series

[Ty(B)]n =Y TE(E)y” € H*"(X)[y].
p=>0

The formula [Hirl 1.8 (15)] can be generalized easily to give the relations
[en(B) - T,(Tx)| = [ehy(E) - Ty(Tx)}, V¥n =0
n

The Hirzebruch-Riemann-Roch theorem then implies the generalized Hirzebruch-
Riemann-Roch theorem (cf. [Hir, 12.1 (8)-(10)])

xy(X, E) = Z / [ch(E ® APQY) - td(Tx)] y”
p X

-,

= / ch(E) - T,(Tx)
X

= [ ey(E)-1(13).
X

ch(E) - > td(Tx) - ch(APQK )y”

14.2. The Motivic Chern Class Transformation
One of the main results from [B-S-Y] is:

Theorem 14.2.1 ( [B-S-Y|, Theorem 3.1]). There exists unique homomor-
phisms
Ty, T, : Ko(Varg) — How(9)[y]
commuting with proper push forwards and satisfying the normalization con-
dition
T,Gd: S — 8) =T,(Ts)N[S], T,(id:S — ) =T,(Ts)N[S],
whenever S is smooth and equi-dimensional.

The proof of Theorem [14.2.1] uses the existence of the motivic Chern
class transformation:

Theorem 14.2.2 ([B-S-Y| Thm. 2.1]). There is a unique group homomor-
phism
xcn : Ko(Varg) — Ko(S)[y]
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commuting with proper push forwards and which satisfies the normalization
condition

Xen(id s § — 8) = [AT0]y°
for S smooth and pure dimensional.

Proof: The definition of the Chern class character is based on the filtered
De Rham complex (2x, F) as introduced by Du Bois [DuB]|. One sets

Xcn(id : § — ) =Y " (=1)?[Grf. Qg]y”
where by definition

Gl Q] =) (—1)/[HI(Gr}, Qs)] € Ko(S).
j
Note that for S smooth (2g, F') is the usual De Rham complex with the triv-
ial filtration whose graded pieces are locally free sheaves AIQL = Qg placed
in degree p with no higher cohomology sheaves so that [Grh, Qg] = (—1)P[QY]
and xcn(id : S — S) = Y- [Q%]yP which shows the normalization. Then com-
patibility with proper push forwards f : X — S forces the definition

Xenlf 1 X — 8] = (1P f.[Grl Qxy?, (57)

where f,[F] = Y. (~1)/[R/f.F]. To show that this determines the Chern
character completely one uses a different representation of Kg(Varg) as gen-
erated by isomorphism classes of proper f : X — S modulo the acyclity
relation defined as follows: [X'] — [Y'] = [X] — [Y] whenever i : ¥ — X
a closed embedding, 7 : X’ — X a proper morphism, both fitting in a
cartesian diagram

Yy — X
L
Yy — X

The proof is similar in spirit as that of Bittner’s theorem. This is then used
in conjuction with the fact that the filtered Du Bois complex respects the
acyclicity relation [DuBl Prop. 1.3]. O

Remark. 1) The authors of [B-S-Y] use the terminology Chern class trans-
formation mC; they explain that the terminology is inspired by the Chern-
Schwarz-MacPherson Chern class transformation defined for singular vari-
eties and of which it is a generalization. See the Introduction of loc. cit.

2) The normalization xcp(idyx) = > (—1)7[A9Q%] for non-singular X makes
it possible to read off the Chern classes c,(X) := ¢,(Tx) from the classes
[A9Q)] using the easily established formulas

q
cg(X) =) (—1)F ch(A*Q) td(Tx).
k=0
To be able to prove Theorem I need a to extend the constructions
leading up to Riemann-Roch to include singular varieties. First of all, for
possibly singular varieties X one needs to work with Ky(X) and Borel-
Moore homology HEM (X). Instead of the top degree one works with degree

even

0 which is obtained by taking the cap—product with the fundamental class
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[X]. Next the Todd genus generalizes as follows (see [B-F-M]): there is a
homomorphism

7 Ko(X) — HEM (X)

even

with the property that for smooth X, modulo the Poincar-duality isomor-
phism Hev?(X) - HBM “this morphism coincides with . Moreover, if

for arbitrary X one also puts td(7X) := 7([Ox]), the Riemann-Roch for-
mula still holds for vector bundles on X, but one needs a variant. First

extend the homomorphism 7 to

7y Ko(X) — HEU (X)[y, (1+y)7'],

even

as follows. For [F] € Ko(X), let 74[F] € HEM(X) be the degree 2k com-
ponent of 7([F]). Then setting 7,([F]) := > ;=0 ([F]) - (1 +y)~*, one
has -

Theorem (The generalized Hirzebruch-Riemann-Roch formula). For any
vector bundle E on a possibly singular complex algebraic variety X one has

[y ([ED)y = [eh(E) - T,(Tx)] 0 [X] = feby(B) - T,(Tx)] 0 [X].

One further extension is needed: extend 7, linearly to obtain a homo-
morphism 7, : Ko(X)[y] — HEM (X)[y, (1 + y)~!] and now, finally, I can
give the
Proof of Theorem [I4.2.1]. There is a commutative triangle

)Kﬁ

= HEM (S)[y, (1 +y)7Y

Ko (Ms

y
(S)lyl

defining 7T, and Ty. Their uniqueness and normalization conditions follow
from the uniqueness and normalization for xcn. The fact that the maps T,

K

and T, don’t need denominators involving (1 + ) comes from the fact that
these are absent for smooth X by their very definition (see and (56))
and the fact that Ko(Varg) is generated by smooth varieties proper over S,
by the relative variant of Bittner’s theorem. O

Remark. There is a variant of the above in which Borel-Moore homology
has been replaced by the total Chow group @p Chow(X). It uses the Fulton
apprach to Chern classes [Fulton|. This gives finer invariants.

14.3. Hodge Theoretic Aspects

As an application of the theory of mixed Hodge modules, I shall discuss
the Hodge theoretic construction of the Chern class transformation from
[B-S-Y].

Start by recalling that a mixed Hodge module on S contains as part
of its data a filtered (holonomic) Dg-module. Consider the category FDg
of filtered Dg-modules (M, F'). The morphisms are those Dg-linear maps
which respect the filtration. The De Rham complex exists in the context



14.4. STRINGY MATTERS 101

of filtered modules. Loosely speaking, one should consider Q’g as having
filtering degree —k. More formally, introduce

Fg(DI’:gM) == 58
= [FeM — QLFaM) — - — Q (Fé-i-dM)} [—d]. (58)

This defines a filtration of DrgM by subcomplexes, the filtered De Rham
complex Drg(M, F). It is a filtered complex of Og-modules whose mor-
phisms are only Cg-linear. However, for a filtered Dg-module, the mor-
phisms in any of the associated graded complexes are Og-linear. This implies
the following result.

Lemma 14.3.1. Let Ko(S) be the Grothendieck group for the category of
coherent Og-modules. The De Rham functor induces the De Rham charac-
teristic

Drs :  Ko(FDs) — Ko(S)[y, vy~
WVF)] e z<—1>ﬂ'[GrfDr;<v,F>]yﬂx} (59)

This is compatible with proper pushforwards, in the sense that for p : S — T
a proper map between algebraic manifolds, there is a commutative diagram

Ko(FDs) — Ko(S)[y,y']
P [
Ko(FDr) — Ko(T)[y,y~ Y.

Here I have assumed that S is smooth. However, if S is singular, as
mentioned before (see the beginning of D-modules can be defined.
Moreover, this is also true for the De Rham functor and its gradeds give
functors

Grl Dry : DPFDg — DY, (Os).

This is very well explained in [Sa00, § 1]. It follows that the De Rham
characteristic can be defined in the singular case as well.

Proposition 14.3.2. One has the equality
Xcn = Drgexfg : Ko(Var/S) — Ko(S5)[y].

Proof: This follows immediately from the uniqueness statement in Theo-
rem [14.2.2] the fact that by construction the right hand side is compatible
with proper push forwards and the fact that for S smooth the values of the
right hand side on [id : S — S| equals Y [Q%]y9. O

14.4. Stringy Matters

I shall use the results on motivic integration collected in Appendix B.
The naive motivic ring M := Ko(Var)[L™!] and a certain completion, the
so-called dimension completion M (Definition and a certain subring
thereof M (see ) come into play, or rather relative invariants of such.
Since y is invertible in Ko(X)[y,y ] as well as in HZ&(X)[y,y 1], send-
ing L™! to (—y) one can extend the three transformations XCh,Ty,fy to
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homomorphisms
Xén : Ms — Ko(S[y] [y ™"]]
7). T, Ms — HE$ (o)l [y '] -

In this setting, if Z is a subscheme of Y one has introduced the motivic
volume

/ L~ Ordzd,uy eM
Joo (X)

and in the relative situation one can compose it with any of the three trans-

formations x¢,, Ty/\,f;/\ yielding the stringy motivic Chern character, and
stringy motivic T-characteristics associated to pairs (Y, Z) defined over S.
This applies in particular whenever Y is a resolution of singularities of X,
assumed to have only canonical Gorenstein singularities, and Z is the dis-
crepancy divisor (Theorem . When the latter has only simple normal
crossings, the motivic volume of (Y, Z) does not depend on the resolution; it
is the motivic log-volume vol(X) and the corresponding stringy characters
give the invariants x ¢y, vol(X), T;'e vol(X) and T;onol(X).

For the relation with the elliptic class introduced by Borisov-Libgober
see the discussion in [B-S-Yl, Example 3.4].



APPENDIX B

Motivic Integration

B.1. Why Motivic Integration?

Motivic integration was introduced by Kontsevich [Ko] to prove the
following result conjectured by Batyrev: let

X1 Xa
& A
X

be two crepant resolutions of the singularities of a projective Calabi-Yau
variety X having at most canonical Gorenstein singularities. Recall that
a normal projective variety X of dimension n is called Calabi-Yau if the
canonical divisor Ky is trivial and HY(X,0x) = 0 for 0 < i < n. In
the context of mirror symmetry one forgets about these last conditions: it is
customary to call X Calabi-Yau as soon as Kx = 0 (and the singularities are
mild), see [Baty|]. Crepant (as in non discrepant) means that the pullback
of the canonical divisor class on X is the canonical divisor class on X;, i.e.
the discrepancy divisor E; = Kx, — 7 Kx is numerically equivalent to zero.
In this situation Batyrev showed, using p-adic integration, that X; and X»
have the same Betti numbers. Kontsevich used motivic integration to show
that X; and X5 even have the same Hodge numbers.

This problem was motivated by the topological mirror symmetry test of
string theory which asserts that if X and X* are a mirror pair of smooth
Calabi-Yau varieties then they have mirrored Hodge numbers

R (X) = h"H (XH).

As the mirror of a smooth Calabi-Yau might be singular, one cannot restrict
to the smooth case and the equality of Hodge numbers actually fails in this
case. Therefore Batyrev suggested, inspired by string theory, that one should
look instead at the Hodge numbers of a crepant resolution, if such existsﬂ
The independence of these numbers from the chosen crepant resolution is
Kontsevich’s result. This makes the stringy Hodge numbers h!(X) of X,
defined as % (X") for a crepant resolution X’ of X, well defined. The mirror
symmetry conjecture thus has been modified by asserting that the stringy
Hodge numbers of a mirror pair are equal [Baty-Bor|. Batyrev’s conjecture
has been proved as follows:

L Calabi-Yau varieties do not always have crepant resolutions.
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Theorem B.1.1 (Kontsevich). Birationally equivalent smooth Calabi-Yau
varieties have the same Hodge numbersﬂ

For a proof of a more general statement see Prop. [B.4.7] For the moment,
to give an indication where it is all leading to, I give a

Sketch of the proof. The idea is to assign to any variety a wvolume in a
suitable ring M such that the information about the Hodge numbers is
retained. The following diagram illustrates the construction of M:

—~

Var —— K (Var) M M

s | | |

Zlu, v|— Z[u, v, (uv) " Z[u, v, (uv) ="

The diagonal map is the Hodge number polynomial. The Hodge charac-
teristic factors through the naive Grothendieck ring Ko(Var) which is the
universal object with the latter property. This explains the left triangle of
the diagram.

The bottom row of the diagram is the composition of a localization
(inverting uwv) and a completion with respect to negative degree. M is
constructed analogously, by first inverting L™! (a pre-image of uv) and then
completing appropriately (negative dimension). Whereas the bottom maps
are injective, the map Ko(Var) — M is most likely not injective. The need
to work with M instead of Ko(Var) arises in the setup of integration theory
and will become clear later.

Clearly, by construction it is now enough to show that birationally equiv-
alent Calabi-Yau varieties have the same volume, i.e. the same class in M.
This is achieved via the all important birational transformation rule of mo-
tivic integration, to be proved below (Theorem . Roughly it asserts
that for a proper birational map = : ¥ — X the class [X] € M is an
expression in Y and Ky, x only:

[X] = / L~ dpry
Y

To finish the proof let X; and X5 be birationally equivalent Calabi-Yau
varieties. Resolve the birational map to a Hironaka hut:

Y
RN
Xl —————— >X2

By the Calabi-Yau assumption one has Kx, = 0 and therefore Ky, y, =
Ky — m{Kx, = Ky. Hence the divisors Ky/x, and Ky/x, are numer-
ically equivalent. This numerical equivalence implies in fact an equality
of divisors Kx/x, = Kx/x, since, again by the Calabi-Yau assumption,

2 There is also a proof by Ito [Ito] of this result using p-adic integration, thus contin-
uing the ideas of Batyrev who proved the result for Betti numbers using this technique.
Furthermore the weak factorization theorem allows for a proof avoiding integration of any
sort.
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dim H°(X, Ky) = dim H°(X;,Ox,) = 1. By the transformation rule [Xi] is
an expression depending only on Y and Kx/x, = Kx/x,. The same is true
for [Xo] and thus we have [X1] = [X2] as desired. O

B.2. The Space of Formal Arcs of a Complex Algebraic Manifold

Let X be a complex algebraic manifold of dimension d. Any (germ) of
an analytic curve v : A — X at p, say with v(0) = p defines a formal arc at
p, i.e. a morphism

v:SpecClz] — X with ~(0) = p.
Dually this corresponds to a morphism of C-algebras Ox, — C[z]. Com-
posing with the truncation map C [z] — C[z] /(2¥*1) we get a k-th order
arc at p, i.e. a morphism SpecC [z] /(z**!) — X with v(0) = p. Varying
p € X gives an affine bundle J,(X) — X with fibres ~ A% Subsequent

truncations give affine bundles Jy1(X) — Ji,(X) with fibres ~ A¢ and then
the space of all formal arcs in X is

Joo(X) 1= lim J;(X).

k
Mapping arcs at p to the base point p gives the affine bundle
T Joo(X) — X.

The truncation maps induces surjections

Tk ¢ Joo(X) — Ji(X).
Recall that a a formal arc 7 corresponds to a homomorphism v* : Ox —
Clz]. If Y C X is a subvariety, or, more generally, a subscheme, the order

of vanishing ordy () of v of along Y is the supremum of & such that the
map

Ox = C[e] - C[=] /(")
sends Iy to zero. For a (k — 1)-jet v € Ji_1(X) to send Iy to zero means

precisely that v € Ji_1(Y). Thus ordy(v) is the supremum of all £ such
that the truncation 7;_1(7) lies in Jx_1(Y). One clearly has:

ordy(y) #0 & 7(y) €Y,
ordy(y) >k & mp_1(y) € Jg—1Y and (60)
ordy(7) =00 & 7€ Juo(Y).

B.3. The Motivic Measure

Spaces of formal arcs don’t have a class in Ko(Var), but the spaces of
finite order arcs Ji(X) and any subvariety in it has a well defines class in
this ring. The goal is to measure certain subsets in J(X) that are finitely
determined, i.e. of the form C' = W,;I(B) for a certain non-negative integer
k and B any subvariety. The problem is that then also C' = W;_&Z(Bg) with
By the inverse image of B under the projection Jyi¢(X) — Ji(X). The
latter is an affine bundle with fibre ~ A% and so the equation [B] - L™% =

.= [B] - L% . L=dk+0 = [B,] - L=4*+0) shows that the motivic log-volume

ix(C)=[B]-L™" e M =Ko(Var)[L] ', C=m'(B)  (61)
is well defined. More generally, this applies to cylinder sets:
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Definition B.3.1. A subset C' C Jo(X) of the space of formal arcs is called
a cylinder set it C' = 7T,€_1(Bk) for some non-negative integer k and By C
Ji(X) a constructible subset (Recall that a subset of a variety is constructible
if it is a finite, disjoint union of (Zariski) locally closed subvarieties). Its
motivic volume is given by .

The collection of cylinder sets forms an algebra of sets; that is, Joo(X) =
Ty 1 (X) is a cylinder set, as are finite unions and complements (and hence
finite intersections) of cylinder sets.

Example B.3.2. For k > 0, consider the set ordy' (> k) = {7 € Joo(X) |
ordy () > k} consisting of all formal arcs in X which vanish of order at least
k along Y. By what has just been observed ordy! (> k) = 7, (Jp—1(Y)) is
a cylinder. Therefore, the level set ord;l(k) is also a cylinder equal to

ordy' (> k) —ordy (> k+ 1) =t Je1 (V) — 7 k().

For k = 0 one has ordy* (> 0) = 771(X) = Joo(X) and ordy (0) = 771(X)—
T L(Y).

On the other hand, the level set at infinity ordy' (00) = Joo(Y) is not a
cylinder set. One would like to extend the measure to px which is valid on
countable unions of disjoint cylinders and which has the defining property

Hx <|_| Ck) =Y ux(Cr) =Y fix(C). (62)

keN i€EN €N

The problem however is that countable sums are not defined in M. Fur-
thermore it is not clear a priori that the measure as defined by the above
formula is independent of the choice of the decomposition into disjoint Cj.
To overcome these problems Kontsevich [Ko] introduced an auxiliary ring:

Definition B.3.3. Let M denote the completion of the ring M with respect
to the dimension-filtration

. DFRMDFRMDF MDD -

where for each m € Z, F,,V is the subgroup of M generated by elements of
the form [V]-L~% for dimV — i < —m. In other words, giving I dimension
1 the dimension function becomes well-defined on M (on finite formal sums
one extends additively) and £ € M has dimension < —m if and only if
¢ € F,,. Alternatively, with F~" = F,,, one has dim(§) < m if and only if
.

The natural completion map is denoted ¢ : M — M. A series xr € M
converges in M to ¢(z) precisely when (z—xy) € F,, with limy_, ng = oo,
which is equivalent to limy_, o, dim(z — z) = —oc0.

Examples B.3.4. 1) If dim X = d as before and Y C X smooth of codi-
mension ¢, then dim J;(Y) = (d — ¢)(k + 1) and hence dim[J,(Y)] - L=% =
d—c(k+1),ie [J(Y)] L% ¢ Fe(k41)—a and so the limit when k goes to
infinity is 0 € M.

2) (Continuation of Example Under the same assumptions, the level
sets ord;l(k) for k£ > 1 have been expressed as cylinders; since Y is smooth,
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J™(Y) is an affine bundle with fibres ~ A(@=9™ and uy(ordy!'(k)) =
[Y]-L=¢ . (L° - 1). For k = 0 one gets px (ordy*(0)) = [X] — [V].

Replace now the measure px by the M-valued measure ¢opix. Using
this modified measure can indeed be extended to a measure px applica-
ble to countable unions (|_| kEN Ck) of disjoint cylinders Cj with klim ux (Cy) =

—00

0 and complements of such sets. The independence of choices is not trivial.
See [D-L99al §3.2] or [Baty] §6.18]. One has:

Proposition B.3.5. Let Y C X be a nowhere dense subscheme of X, then
Joo(Y') is measurable and has measure pux(Joo(Y')) equal to zero.

Sketch of Proof. Since ordy!(00) = Joo(Y) is the decreasing intersection
of the cylinders ordy' (> k + 1) = F,;ljk(Y) its alleged volume should be
obtained as the limit of the volumes of these cylinders. The volume of
T (YY) s [Ji(Y)] - L=% and the latter tends to zero in M. Therefore,
J(Y), the intersection of these cylinder sets must have volume 0. This

argument, valid only for Y smooth can be adapted to singular Y. See
[Blick! § 4]. O

B.4. The Motivic Integral

As before let X be smooth and Y a subscheme. The motivic log-volume
of the pair (X,Y) is

/ L-oWdpux =Y plordy! (k) - L7*
Joo (X) k=0

Observe that the level set at infinity is already left out from this summation
as it has measure zero. The fact that for cylinder sets A C B we have
dim p1x(A) < dim px(B) when applied to ordy' (k) C Juo(X) gives that
the dimension of p(ordy!(k)) - L™F is less or equal to d — k. The notion of

convergence in the ring M then ensures the convergence of the sum. This
is illustrated by the following

Example B.4.1 (Continuation of Examples 2). If Y is smooth of
codimension ¢ in X, by the calculations of loc. cit. one has

Yorzo ulordyt (k) L7 = [X] = V] 4 V] [LE = 1] - 3oy Lo (HDF
1
Letl —1°
Note that for ¢ = 1 (the case of a smooth divisor) one gets simply X|—[Y]+
Y]

= [X] = [Y]+[Y]-[Le—1]-

P The general formula is :

Proposition B.4.2. Let Y =57, 7;D; (r; > 0) be an effective divisor on
X with normal crossing support and such that all D; are smooth. Then

—or o L—-1 [DO]
/ Ldux = > D5 ] g —7) = Z Lo Pl
oo (X) JC{L,. k) jeJ JCcol,. =

As usual Dy = (,c; Dj with Dg = X, and one puts DG = DJ - UngDj-

jed
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For details see either [Baty, Theorem 6.28] or [Craw, Theorem 1.17].

Corollary B.4.3. Let Y be an effective divisor on X with normal crossing
support. The motiwvic log-volume of the pair (X,Y) belongs to the subring

smwlft),]

of the completed motivic ring M.

The discrepancy divisor Kx — a*Kx of a proper birational morphism
a : X' — X between smooth varieties is the divisor of the Jacobian deter-
minant of a. The next result may therefore be viewed as the “change of
variables formula” for the motivic log-volume.

Theorem B.4.4 (Birational Transformation Rule). Let o : X' — X be
a proper birational morphism of between smooth varieties and let D, :=
Kxr — o*Kx be the discrepancy divisor. Then the motivic log-volumes for
(X',a*D + D,) and (X, D) are the same.

Proof: Composition defines maps o : Ji(X') — Ji(X) for each t € Z>oUoc.
An arc in X which is not contained in the locus of indeterminacy of a~! has
a birational transform as an arc in X’. By and Proposition Qoo
is bijective off a subset of measure zero.

The sets ordl_)i (k), for k € Z>p, partition Joo(X') — ordl_)i (00). Thus,
for any s € Z>o we have, modulo a set of measure zero, a partition

ordp!(s) = |_| Qoo(Cls) where Cj,:= ordBi(k:)ﬂord;,}D(s). (64)
kGZZO

The set ao(Ck,s) as an image of a constructible set is constructible and in
fact a cylinder. Lemma below states that M(Ck,s) = ,u(ozoo(C'k,s)) Lk
Use this identity and the partition to calculate

/ L_ OrdDdlu,X _ Z //L(Oéoo(ck73)) . L_S — Z M(Ck,s) . ]L_(S"rk)_
JOO(X) k,86220 k75€ZZO

Set s’ := s+ k. Clearly Uo<r<s Chs—k = ord;*lD+W(s’). Substituting this
into the above leaves

[oometr = 3 (ol ()L = [ Loy,
Joo (X) s'€Z>0 Joo (X')

as required. O
Lemma B.4.5. ,u(C;ﬁs) = ,u(ozoo(C’k,S)) -L*.

Sketch of Proof. Both Cj s and oo (Cy s) are cylinder sets so there exists
t € Z>( and constructible sets By and B; in Joo(X') and Joo (X)) respectively
such that the following diagram commutes:

Jo(X) D Chs =25 aoo(Chs) C Juo(X)

LT

J(X)D> B, 2% B, CJi(X).
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A local calculation (cf. [D-L99al Lemma 3.4(b)]) then shows that the re-
striction of oy to By is a C*-bundle over B;. It follows that [B)] = [CF] - [By]
and hence

p(Crs) = (B - L7 = [B] - LF - L0 = (0o (Ch ) - L
as required. O

Definition B.4.6. Let X denote a complex algebraic variety with at worst
Gorenstein canonical singularities. The motivic log-volume of X is defined
to be the motivic log-volume of the pair (Y, D), where ¢ : ¥ — X is any
resolution of singularities for which the discrepancy divisor has only simple
normal crossings.

Note first that the discrepancy divisor D is effective because X has at
worst Gorenstein canonical singularities. The crucial point however is that
the motivic log-volume of (Y, D) is independent of the choice of resolution:

Proposition B.4.7. Let p1: Y1 — X and pa: Yo — X be resolutions
of X with discrepancy divisors D1 and Dy respectively. Then the motivic
log-volumes of the pairs (Y1, D1) and (Yo, D2) are equal.

Proof: Form a resolution Yy which is common to the two resolutions:

Yo 2 v
l’t/il l%
v, 2L ox

and let Dy denote the discrepancy divisor of g = @101 = goths. The
discrepancy divisor of 1; is Do — ¢ D;. Indeed

Ky, = ¢3(Kx)+ Do =1; op;(Kx)+ Do = (Ky, — D;) + Do
= ¥ (Ky;) + (Do — i Dy).

The maps ¥;: Yy — Y, are proper birational morphisms between smooth
projective varieties so Theorem applies:

/ 1~ ordp, dpy, = / L~ Ordw;Di+<D0—w;*Di)dMY0

- / L= ordpo dluYo .
Joo (Y0)

This proves the result. O

B.5. Stringy Hodge Numbers and Stringy Motives

Recall that the Hodge number polynomial P4, takes values in the
ring Z[u,v]. Clearly, Pyqq(IL) = uv so that this polynomial extends to

Piag : M = Ko(Var)[L ] — Z[u, v.(uv) 1.

One needs a further extension to the subring My (see (63])). The kernel of
the completion map ¢ : M = Ko(Var)[L™!] — M is

() FmKo(Var)[L™"]. (65)

meZ
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For [V]-L~=* € F,,Ko(Var)[L™!], the degree of the Hodge number polynomial
Puag ([V]-L7) is 2dimV — 2 < —2m. The degree of the Hodge number
polynomial of an element Z in the intersection must therefore be —oo;
that is, Ppqg(Z) = 0. Thus Hodge number annihilates ker ¢ and hence
factors through ¢ (M). The result follows upon setting

Priag (114,1_1> = () — 1)1, ieN

By Corollary the motivic volume of (Y, D) lies in the subring M.

Definition B.5.1. Let X be a complex algebraic variety of dimension n with
at worst Gorenstein canonical singularities. Let ¢: Y — X be a resolution
of singularities for which the discrepancy divisor D = >"7_; a;D; has only
simple normal crossings. The stringy Hodge number function for X is

Pymag(X) = Puag </ LoDy x - ]de>
Joo (Y)

= Y A (M gimeg ] ©9

JC{1,...r} jeJ
where we sum over all subsets J C {1,...,r} including J = @.

Remark B.5.2. That the stringy Hodge function does not change after
composing the resolution with a blow up along a smooth centre can be seen
by a direct calculation. Hence, if one uses the weak factorization theorem
(cf. Appendix 1 to Appendix , it follows directly that the stringy Hodge
function is independent of choices. This proves Batyrev’s conjecture without
integration as alluded to in footnote

Theorem B.5.3 ([Ko]). Let X be a complex projective variety with at worst
Gorenstein canonical singularities. If X admits a crepant resolution p: Y —
X then the Hodge numbers of Y are independent of the choice of crepant
resolution.

Proof: The discrepancy divisor D = !, a;D; of the crepant resolution
@:Y — X is by definition zero, so the motivic log-volume of X is the
motivic log-volume of the pair (Y,0). Since each a; = 0 it’s clear that

Psnag(X) = ZJg{l,...,r}PHdg(Df}) = Phg(Y).

The stringy Hodge number function is independent of the choice of the
resolution ¢. In particular, Paqag(Y) = Psndg(X) = Prag(Y2) for g2 : Yo —
X another crepant resolution. It remains to note that Pyge(Y) determines
the Hodge numbers (here one uses that Y is smooth and projective). (]

I finally want to relate this topic with the topic of Grothendieck motives.
Recall the homomorphism x& . : M — Ky(Mot) explained in Theorem
At present it is unknown whether or not x§,,; annihilates the kernel of
the natural completion map ¢ : M — M. Denef and Loeser conjecture that
it does (see [D-L98|, Remark 1.2.3]). If this is true, extend xmot to a ring
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homomorphism

_ 1
Xst : Mo — Ko(Mot) - [{H}—l} ]
ieN

such that the image of [D9] under x; is equal t0 Xmot (D).

Definition B.5.4. Let X denote a complex algebraic variety with at worst
canonical, Gorenstein singularities and let ¢ : Y — X be any resolution of
singularities for which the discrepancy divisor D = > a;D; has only simple
normal crossings. Assume that the above conjecture of Denef and Loeser

holds (so that xs is defined). The stringy motive of X is the element in

Ko(Mot) - [{ 1 }iEN] given by the expression

Li-1
Xst(X) = Xst (/ L=y - ]de>
Joo(Y)
. o L-1
= Z Xmot(DJ) ’ Leitl — 1
JCA1,...,r} jeJ
where we sum over all subsets J C {1,...,r} including J = @. As with the

definition of the stringy Hodge number function (see Definition [B.5.1)) one
multiplies by L for convenience.

Remark B.5.5. If X has a crepant resolution Y, D = 0 and x«(X) =
ng{l,...,r} Xoot (D) = Xaot (Y). In particular, x5, (Y) is independent of
the crepant resolution which is a consequence of Konsevich’s Theorem.
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