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Introduction

These notes were written for a mini-course given at the Differen-
tial Geometry School (Fortaleza - Brazil, July 2008) — XV Escola de
geometria diferencial, em homenagem aos 80 anos de Manfredo do
Carmo).

The notes are intended for geometry students and they aim at giving
an elementary introduction to eigenvalue problems based on varia-
tional methods (min-max principle). They should in principle address
undergraduate students with a fair understanding of advanced calcu-
lus (Ascoli’s theorem and the Cauchy-Lipschitz theorem for linear
ordinary differential equations). For this purpose, we have avoided
using Hilbert space techniques. Chapter 1 is introductory and de-
voted to eigenvalues of symmetric matrices. Chapter 2 deals with
the Dirichlet eigenvalue problem for a Sturm-Liouville operator with
continuous potential on a closed interval. Chapter 3 gives an appli-
cation of the techniques developed in Chapter 2 to the computation
of the index of the catenoid in R3. This chapter should address more
advanced geometry students. In Chapter 4 we give some glimpses at
spectral geometry and eigenvalue problems in minimal surface the-
ory. This chapter is meant as a motivation and encouragement to the
students for further reading.
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We thank the Organizing committee of the Differential Geometry
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Chapter 1

Eigenvalue problems for
real symmetric
endomorphisms

Summary. In this chapter we show how to diagonal-
ize real symmetric endomorphisms in a finite dimensional
Euclidean space using the variational method. As a by-
product, we derive some properties of the eigenvalues.

1.1 Notations

Let E be a real Euclidean space with finite dimension n, inner product
(-,+) and associated norm || - ||. We let E® denote E \ {0} and Sg
denote the unit sphere Sp := {z € E | [|z]| = 1}.

Let A € S(E) be a symmetric endomorphism of F, i.e. (A(x),y) =
(x, A(y)) for all z,y € E. We introduce the quadratic form Q 4,
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and the Rayleigh quotient R4,

(A(z), =)

Ry(x) := w.2)

, for x #0,
associated with A.
We recall the following result.

Proposition 1.1 Let A be a symmetric endomorphism of a finite
dimensional Euclidean space (E,(-,-)). Assume that E = FE@G is
an orthogonal decomposition of E (i.e. for all x € E, there exists a
unique pair tp € F, xg € G such that x = zp+xg and (y,z) =0 for
ally € F and z € G). Assume furthermore that the endomorphism A
leaves the subspace F' invariant (i.e. for ally € F, A(y) € F'). Then
A also leaves the subspace G invariant.

Proof. Left to the reader. O

1.2 [Existence of eigenvalues

Proposition 1.2 Let (E,(-,-)) be a finite dimensional (real) Eu-
clidean space and let A be a symmetric endomorphism of E. The
Rayleigh quotient R4 of A is bounded on E® and hence

Amin(4) = inf{Ra(z) | z € E*}
(1.1) and
Amax(A4) = sup {RA(x) ‘ T € E'}

exist. Furthermore, there exist unit vectors emin and emax in Sg (not
necessarily unique) such that

)\min(A) = RA(emin) - QA(emin)a
(1.2) and
)\maX(A) = RA(emaX) = QA(emax)-
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The vectors emin and emax are eigenvectors of A, associated respec-
tively to the eigenvalues Amin(A) and Amax(A4),

A(emin) = Amin €min;
(1.3) and
A(emax) = Amax €max-

Proof. Observe that R4 is dilation invariant, i.e. Ra(ax) = Ra(z)
for all z € E*® and all a € R®. It follows that it suffices to consider
R 4, or equivalently @ 4, on the compact set Sg. Since these functions
are continuous they are bounded from below and from above and they
achieve their infimum and supremum on the compact set Sg.

Choose any y € F and take t small enough so that e, +ty # 0. For
t small we have the expansion

RA(emin + ty) = Amin + Qt{ <A(emin)7 y> — Amin <emin7 y>} + O(t)

where o(t) denotes a function which tends to zero with ¢. Since
Ra(emin + ty) > Amin for all ¢ sufficiently small, we conclude that
(A(emin)s ¥) = Amin (€min, y) for all y € F and hence that A(epin) =

Amin €min-

A similar proof applies for Amax, €max as well. a

Exercise 1.1 Give a proof of the preceding Proposition considering
a C1 curve c(t) on Sg such that c(0) = emin and ¢(0) = y.

Exercise 1.2 Give a proof of the preceding Proposition using La-
grange multipliers.
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Theorem 1.3 Let (E,(-,-)) be an n-dimensional (real) Euclidean
space and let A be a symmetric endomorphism of E. Then there
exists an orthonormal basis {e1, - ,e,} of eigenvectors of A, asso-
ciated with the eigenvalues {\1,- -+, \p}.

More precisely, the eigenvalues and eigenvectors can be constructed
inductively as follows.

o Let A\ := inf {RA(ZC) ‘ T € E'} and let e; be a unit vector at
which R4 achieves the value \q.

e For 2 < k <mn, construct A\, and e inductively in such a way
that
Ap i=inf {Ra(z) | z € F=y,2 # 0}
where Fy_q := Vect{ey, - ,ex_1} and e is a vector in Sg N
F/,CJ-_1 at which Ra achieves its infimum. Here FL s the sub-
space orthogonal to F in E, with respect to the inner product

<'> > .
In this construction, the eigenvalues appear in increasing order, \; <
con < Ay

Proof. Apply Proposition 1.2 to the triple (E, (-,-), A) and let (with
obvious notations)

)\1 = )\min(Ev A)v
(14) €1 = €mm(E,A),
Fy = Rey.

Then A(e;) = A1e; and hence A leaves F) invariant.

Let By := FlL By Proposition 1.1, A leaves E5 invariant. Let As
be the restriction of A to Fo. Apply Proposition 1.2 to the triple
(B2, (-,-), A2) and let (with obvious notations)

AQ = Amin(-EQ)142)7
(15) €9 = emin(Eg, Ag),
F2 = F1 @Reg.
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Then A(eg) = Az(e2) = A2 ea and A leaves F; invariant.

Let Fyxiq = FkL By Proposition 1.1, A leaves Ej,1 invariant. Let
Aj+1 be the restriction of A to Ej41. Apply Proposition 1.2 to the
triple (Eg41, (-, ), Ag+1) and let (with obvious notations)

M+l = Amin(Er1, Ap11)s
(1.6) ekr1 =  emin(Brt1, Apy1),
Fk+1 = Fk@Rek+1.

Then A(egt1) = Agti(eg+1) = Air1ex+1 and A leaves Fj4q invari-
ant.

After (n — 1) such steps, we find an orthonormal basis {e1, - ,e,}.
Note that this basis is not uniquely defined. a

Exercise 1.3 Give another proof of the existence of an orthonormal
basis of eigenvectors of A whose output is the eigenvalues arranged
i decreasing order.

1.3 Variational characterization of eigenval-
ues

One drawback of the method described in Section 1.2 is that in order
to derive A2 (or more generally \;) we need to know e; (or more
generally ey, -+, ex_1).

Given a vector space E, we denote by Gi(E) the set of all linear
subspaces of E of dimension k, for 0 < k < dim(FE).
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Theorem 1.4 Let (E,(-,-)) be a (real) Euclidean space with dimen-
ston n and let A be a symmetric endomorphism of E. Write the
eigenvalues of A in increasing order, \y < --- < A\, (allowing multi-
plicities). Then we have the min-max characterization,

(1.7) A = FeigI}iE) (sup {Ra(z) | z € F*}).

Proof. Call py the right-hand side of equality (1.7). Let {e1,--- ,en}
be an orthonormal basis of F associated with the eigenvalues A1 <
-+- < \p, as given by Theorem 1.3. Let F} := Vect{ey, - ,ex}.

For x € F?, write x = x1e1 + - - - + xex. It is clear that

k k
Ry(x) = Z)\jxi/ Zx?
j=1 j=1

and hence that Ra(z) < . It follows that
sup {Ra(z) | z € Fg} <\,
and we can conclude that p; < Ag.

Take any F' € Gi(F). Since dim F' = k and dikaJ-_l =n+1-—k,
there exists some v € F'N Fi- |\ {0}. By construction,

Ra(u) > inf {Ra(y) | y € Ftiy# 0} =: Ak

and hence
sup {Ra(z) | z € F*} > Ay

Since this is true for any k-dimensional subspace F', it follows that
Mk = Ak O
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Theorem 1.5 Let (E,(-,-)) be a (real) Euclidean space with dimen-
sion n and let A be a symmetric endomorphism of E. Write the
eigenvalues of A in increasing order, A\; < --- < X\, (allowing multi-
plicities). Then we have the max-min characterization,

(1.8) A= sup (inf {Ra(x) | ZL'EFL,J'#O}).
FeGr_1(F)

Proof. We use the same notations as in the proof of Theorem 1.4.
Let v, denote the right hand side of equality (1.8). Take F' = Fj_1.

Then we have
A =inf {Ra(z) |z € Fir |z # 0}

and hence v > \. Take any F' € Gy_1(FE). Then dim F* =n—k+1
and hence there exists some u € F+ N F}, \ {0}. For such a vector u,
we have R4(u) < A, and hence inf {Ra(z) | € F& z # 0} < Ay
Since this is true for any F' € Gy_1(E), we conclude that vy < Ay O

1.4 Applications

Let (E,(-,-)) be an n-dimensional real Euclidean space. Given a
symmetric endomorphism A of E, we write the eigenvalues of A in
increasing order (see Theorem 1.3),

M(A) < - < A ().

We leave the proofs of the following results to the reader.
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1.4.1 Monotonicity of eigenvalues

Let A, B be two symmetric endomorphisms of E. Assume that A <
B, i.e.
(A(z),z) < (B(x),z) forall z € E.

Then
Me(A) < X\g(B), forall k, 1 <k<n.

Exercise 1.4 Let A be a symmetric endomorphism of E. Let F' be
a k-dimensional subspace of E and let B be the symmetric endomor-
phism of (F,(-,-)|F) associated with the restriction of the quadratic
form Q4 to the subspace F.

1. Show that Q A|F is the quadratic form associated with the sym-
metric operator Pro Ao Pr where Pr is the orthogonal projection
onto the subspace F'.

2. Prove that

N(A) S N(B), forany j, 1<j<k.

3. Give a geometric interpretation of these inequalities for ellip-
soids.

1.4.2 Continuity of eigenvalues

Let A, B be two symmetric endomorphisms of £. Then

|Ak(A) = Ae(B)| < ||[A— B2 for any k,1<k<n,
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where || A||2 denotes the norm of the endomorphism A associated with
(-,-), namely

|All2 := sup {[A@)]| | 2 € B, 2] < 1},

In particular, if A(¢) is a continuous family of symmetric endomor-
phisms, depending on a parameter ¢, then the eigenvalues, A;(A(t)) <
-+ < A\ (A(t)) written in increasing order, are continuous functions
of t.

Note. When the symmetric endomorphism A depends smoothly or
analytically on a parameter ¢ the situation is more complicated. We
refer the reader to [21, 25] for more details.

Exercise 1.5 Let A, B be two symmetric endomorphisms of E. Give
an estimate of the eigenvalue Ay (tA+(1—t)B) fort € [0,1] (convezity

property).
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Chapter 2

Sturm-Liouville eigenvalue
problems

2.1 Introduction

In this section we investigate the Dirichlet eigenvalue problem for the
Sturm-Liouville operator.

For the sake of simplicity, we shall restrict ourselves to the particular
Sturm-Liouville operator

(2.1) Ly (y)(t) := =g (t) + V()y(t),

where y(t) := %y(t)7 with Dirichlet boundary conditions, y(a) = 0
and y(b) = 0. We refer to [26] for the general case.

More precisely, given a closed interval [a,b] C R and a continuous
real function V' : [a,b] — R, we seek the pairs (A, y) of a real number
A and a C? real valued function y (y # 0) such that

—3(t) + V(t)y(t) = Ay(t) for t €la,b],
(22) { y(a) = y(b) = 0.

17
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The eigenvalue problem (2.2) is closely related to the Dirichlet bound-
ary value problem for the Sturm-Liouville operator, namely, given a
continuous real valued function f and two real numbers «, 3, find the
functions y, if any, satisfying

Ly(y) = |/,
(2.3) y(a) = a and,
y) = p

Historically, the motivations for studying the Dirichlet eigenvalue
problem for the Sturm-Liouville operator came from mathematical
physics (vibrating string ; reduction of the vibrating membrane equa-
tion to Sturm-Liouville problems after separation of variables). This
was developped in the 19*" century and gave birth to the modern
functional analysis (see [14] for an account).

The Sturm-Liouville equations are also very much related to the
study of geodesics on Riemannian surfaces (or more generally on any
Riemannian manifold, for vector-valued Sturm-Liouville problems).
They also appear in the theory of minimal or constant mean cur-
vature surfaces or hypersurfaces of revolution. More generally, they
provide an interesting insight in the study of spectral geometry prob-
lems on Riemannian manifolds.

2.2 Initial value versus boundary value prob-
lems

Before proceeding with the study of the Dirichlet eigenvalue problem
for Sturm-Liouville operators, we point out that the Dirichlet problem
(2.3) is quite different from the initial value problem (or Cauchy prob-
lem) which is studied in the ordinary differential equations classes.
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Recall the general existence and uniqueness theorem (or Cauchy-
Lipschitz theorem, see [26]) for our Sturm-Liouville equation. Given
a, € R and a continuous real function f on [a,b], there exists a
unique function u satisfying the Cauchy problem

LV(y) = f in [a7b]7
(2.4) y(a) = o,
yla) = B

In contrast with this result, we have the following examples for the
Dirichlet problem.

e Take V =0,a =0,b=1 and choose f =0,a =0,8 = 0. Then
the corresponding Dirichlet problem (2.3) has only one solution

0.

e Take V = 0,a = 0,b = 7 and choose f = 0,a = 0,0 =
0. Then the corresponding Dirichlet problem (2.3) has a one-
dimensional set of solutions, ¢ sint (c € R).

e Take V = —1,a = 0,b = 7 and choose o = 0,3 = 0. A neces-
sary condition for the corresponding Dirichlet problem (2.3) to
have a solution is that [J sin(t)f(t) dt = 0.

2.3 Setting-up the eigenvalue problem

e Spaces of functions for the Dirichlet eigenvalue problem

Considering the operator Ly := —ij(t) + V (t)y(t) (where V : [a,b] —
R is a continuous function), and the Dirichlet boundary conditions,
a natural space of functions to work with is
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(2.5) By = {y € 02([(1, b, R) ’ y(a) =y(b) = 0}.

the space of functions which are twice continuously differentiable
in Ja, b[, with first and second derivatives extending continuously to
[a, b], and which vanish at a and b (to take into account the Dirichlet
boundary conditions).

In comparison with the eigenvalue problem for symmetric endomor-
phisms in finite dimensional Euclidean spaces, one difficulty here is
that the operator Ly does not leave the space Es invariant (Ly (E2) ¢
Es).

For later use, we introduce the space

(26)  Br={yeClylablB) | y(a) = y(b) = 0}.

of functions which are piece-wise C! and continuous on [a,b], and
which vanish at a and b and the space

(2.7) Ey = {y € C°([a, 8], R) | y(a) = y(b) = 0}.
of continuous functions on [a, b], vanishing at a and b.

e Adapted norms for the Dirichlet eigenvalue problem

We consider the inner product (-,-)o given by

b
(2.8) (u,v)o ::/ u(t)v(t) dt

on any of the spaces E;,i € {0,1,2} and the associated norm || - |o.

We consider the inner product (-,-); given by
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b
(2.9) (1, vy 1= / (a(t)olt) + u(t)o(t)) dt

on the spaces Ej,i € {1,2}, and the associated norm || - [|;.

Observation. The above notations are classical in functional ana-
lysis and correspond to natural norms in the scale of Sobolev spaces
H* (where HO is the usual L? space of functions). The indices 0, 1
refer to the number of derivatives we consider.

We finally introduce the uniform norm

(2.10) [ul| oo == sup{|u(t)| | t € [a,b]}.

Exercise 2.1 Consider the space E1([a,b]).

1. Show that the following inequalities hold for any y € E1 and
any t € [a,b].

@ < Vi—allgllo < vb—alylh,
[Ylle < Vb—algllo < vb—allyl.

(2.11)

2. Let {yn} be a ||-||1-Cauchy sequence in Ey. Show that {y,} is a
| - lloo-Cauchy sequence in Ey and hence that there exists some
y € Ey such that {y,} converges uniformly to y in Ey.

3. Let H} be the completion of the space (Ey,| - ||1). Show that
H} can be viewed as a subspace of Ey.

Indication. Use the formula y(t) —y(a) = fat y(s)ds for any y € Ej.
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Exercise 2.2 1. Let z € Ey. Let {yn} be a||-||1-Cauchy sequence
in By and let y be its limit in Ey (see Ezercise 2.1). Show that

b
i (g, 2 = | 9(0) (2(0) — £0)) de = (.2~ 2.

2. Show that one can extend the (-,-)1-inner product on Ej to an
ner product on H&. For such an extension, show that

b
(4, 2)1 = / y(t) (1) — 51)) dt = (y, 2 — )o.

For more details on the space H{, see [9].

2.4 Existence of eigenvalues, variational
method

Let us first make the following observation.

Lemma 2.1 The operator Ly is symmetric on (Ea, (-,-)o), i.e.

(Ly(u),v)o = (u, Ly (v))o, for all u,v € Es.

Proof. Use integration by parts and the fact that « and v vanish at
a and b. |

Observation. Yet another difference with the finite dimensional
case: the boundary conditions appear in the fact that Ly is symme-
tric.
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2.4.1 First eigenvalue and eigenfunction

Mimicking Chapter 1, we introduce the quadratic form )1, and the
Rayleigh quotient Ry, associated with the Sturm-Liouville operator
Ly with Dirichlet boundary conditions, namely

Qry(v) = [P () +V()2®)dt for ye Ei,
(2.12)

Ri,(y) = Qr,(y)/ [Py*(t)dt for y e Ei,y+#0.

We also view @1, as a bilinear form.

Note. The natural space to work with would actually be L?([a, b], dt).

Proposition 2.2 The quadratic form Qr,, is continuous and boun-
ded from below, more precisely

(imfv-1) Iylly < QL (v), for all y € Ey.

Proof. Note that Qr,, (y) = ||y||%+ff (V(t) —1)y?(t) dt. The second

term is bounded from below by (inf [ap) V — 1) fab y*(t) dt. Further-
more

b b
]/ (V)= 1) (y°(t) = 2%()) dt| < (sup|V|+1)/ ly? — 22| dt

and the right-hand side can be bounded by (sup|V|+ 1) [ly — zlo
(llyllo + l1zllo)- 0
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Theorem 2.3 Let

A = inf {RLV(y) y e B,y # 0}
= inf{Qr,(y) | y € B |ylo =1}.

Then, there exists a function uy € Fy such that ||uillo =1 and A\ =
Qry (u1). Furthermore uy satisfies the Dirichlet eigenvalue problem
for the Sturm-Liouville operator Ly, with eigenvalue A1, i.e.

Ly(u1) = M up and u(a) = u(b) =0.
Proof. The existence of A1 follows from Proposition 2.2. The proof
of the other assertions is divided into three steps.

Step 1. By the definition of the infimum, there exists a sequence
{zn} in By such that ||lz,|lo =1 and Ay < Qr, (zn) < A1 + 2. Then

b b
1
0 < ||zn]? = / (22(t) + 22 (t)) dt <1+ Aj + - +/ |V |22 dt

and hence
[znlli < C :=|\i|+2+sup|V].

Using the fact that y(t) — y(s) = fst y(7) dm we have the inequality

ly(t) = y(s)] < VIt = s| |yl

The preceding inequality applied to {x,,} and the fact that ||z, ||? < C
tell us that {x,(t)} is uniformly bounded for all ¢t and that {z,} is an
equicontinuous sequence. It follows from Ascoli’s theorem ([13, 23])
that {x,} is relatively compact in (Ep, || - [|co)-
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By redefining the sequence {z,} if necessary, we may assume that
{zy,} converges uniformly to some u; € Ey.

Step 2. By the definition of A\; and for any s € R and any y € Es,
we have Qr, (2, + sy) > A1]|x,, + sy||3. Developing this inequality,
we find

Qry (20)+25QLy (Tn, y) +5*QLy (y) > M (llznll§+25(zn, y)o+5* [yll5)

The second term in the left-hand side can be written as
b b
QLV (xm y) = / (xny + Vxny) dt = / $n( —y+ Vy) dt

and hence tends to ff ul( -4+ Vy) dt when n tends to infinity.
Letting n tend to infinity in the above inequality, it follows that

b
23/ wr( =i+ Vy— Aiy) di+ 52(Quy (9) — M ll2) = 0

for all s € R and all y € Fs. Using again the definition of A;, the
coefficient of s? is non-negative and we may conclude that

b
(2.13) / ul(—gj—i-Vy—)\ly) dt =0 for all y € Fs.

In view of equality (2.13), we say that the function u; is a weak
solution of the Dirichlet eigenvalue problem for the Sturm-Liouville
equation associated with the value A1, or that it satisfies the equation
in the weak sense.

Step 3. Because V and w; are continuous, there is a uniquely defined
C? function w such that @ = (V — A1)u; and w(a) = w(b) = 0. For
such a function w, the equality
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b
(2.14) /1“@—vy+Awﬁu—o

can be rewritten as

b
/ (ulgj —yql')) dt =0

and hence, after integration by parts taking into account the fact that
the functions vanish at a and b,

LWU—MQZO

We can now choose y € Fs such that § = u; —w and y(a) = y(b) = 0.
We then get fab(u —w)?dt = 0 and hence u; = w which shows that
uy € Fs.

Once we know that u; € Fs, we can integrate equation (2.14) by
parts twice (using the fact that the functions vanish at a and b) and
conclude that Ly (u1) — Ajuq is (-, -)p-orthogonal to all functions y in
E,. Tt follows, from a density argument, that Ly (u;) — Adju; = 0.
Multiplying this last identity by u; and integrating by parts once, we
conclude that Qr, (u1) = A1. O

Remarks.

e Step 1 is a compacity argument. This argument is always
present in similar proofs (using compact Sobolev embeddings).

e Step 2 is a trick which shows that the continuous function
up given by Step 1 is a weak solution. In general this can
be achieved more simply using Hilbert space methods (namely
weak convergence).

e Step 3 is a regularity result. It is very simple here because
we deal with ordinary differential equations. The regularity
argument in higher dimensions is much more involved.
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2.4.2 Higher eigenvalues

Let us first of all mention the following result which is very specific to
the Dirichlet eigenvalue problem for the Sturm-Liouville operator (it
is not true in higher dimensions ; it is not true for the Sturm-Liouville
operator with periodic boundary conditions).

Proposition 2.4 The eigenvalues of the Dirichlet problem for the
Sturm-Liouville operator are simple, i.e. if (A\,u) is a non-trivial
solution of the Dirichlet eigenvalue problem (2.2), then u is unique
up to a multiplicative constant.

Proof. This is an immediate consequence of the uniqueness of the
Cauchy problem for the Sturm-Liouville equation. a

By Section 2.4.1, there exists an eigenvalue A; and an associated
eigenfunction u; € Fj of the Dirichlet eigenvalue problem (2.2) for
the Sturm-Liouville operator. We now introduce

(2.15) Ao :=inf {Qr, (y) | y € B, (y,u1)o=0lyllo=1}.

The infimum exists by Proposition 2.2. We have the following result.

Lemma 2.5 There exists a function us € Eo such that
<UQ,U1>0 =0 and HUQ”O = 1,

Qry, (u2) = X2 and Ly (u2) = Aaus.

The couple (A2, u2) is a solution of the Dirichlet eigenvalue problem
(2.2) for the Sturm-Liouville operator.
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Proof. Follow the steps of the proof of Theorem 2.3.

Step 1. As in the proof of Theorem 2.3, there exists a sequence
{z,} in E; and a function uy € Ej such that Qr, (z,) tends to Ag,
|lznllo =1, (xn,u1)o = 0 for all n and {z,} tends to ug in the || - ||oo-
norm. Furthermore, (uj,u2)o = 0.

Step 2. As in the proof of Theorem 2.3, one shows that (ua,j—Vy+
A2y)o = 0 for any function y € F5 such that (uj,y)o = 0. Note that
(ug, i1 — Vug + Agui)p = 0 is true also because u; is an eigenfunction
of Ly and (uj,u2)o = 0. It follows that (ug,j — Vy + \ay)o = 0 for
any function y € FEy and that us is a weak solution of the Dirichlet
eigenvalue problem for the Sturm-Liouville equation, associated with
the eigenvalue Ao.

Step 3. The proof of Theorem 2.3 applies without modification. O

Note that by Proposition 2.4, we have A1 < Ao.

We can now repeat this construction to obtain higher eigenvalues.

Assume that we have constructed couples (A1, u1), ..., (Mg, ug) for
k > 2, with
A < Ag << A and uq,...,ug (-, -)o-orthogonal functions € Es.

We obtain the couple (Agi1,ug4+1) by minimizing Qr,, (y) over the
functions y € Ej such that y is (-, -)g-orthogonal to uq,...,u; and

lyllo = 1.
Because F; is infinite dimensional, we obtain an infinite sequence

{ Ak, ug) b>1 with {Ag}e>1 strictly increasing and {ug}r>1 an (-, -)o-
orthonormal family in Fjs.

Lemma 2.6 The sequence {\;}x>1 tends to infinity.
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Proof. Since the sequence {A;}xr>1 is increasing it either tends to
infinity or it is bounded. If it were bounded, the sequence {uj}r>1
would be uniformly bounded in the || - ||;-norm and hence by Ascoli’s
theorem (compare with Step 1 in the proof of Theorem 2.3) it would
have a converging subsequence in the || - [[co-norm and hence in the
|| - |lo-norm which is not possible because {uy}x>1 is an orthonormal
sequence. O

Lemma 2.7 The vector space Vect{ui,ua,...} (finite linear combi-
nations in the functions uy’s) is dense in Ey with respect to the ||-||o-
norm.

Proof. Assume Vect{uj,ug, ...} is not dense in E; with respect to
the || - [[o-norm. Then there would exist a function u € E; such that
(u,ug)o = 0 for all £ > 1 and ||ul]|p = 1. By the construction of the
sequence {(Ag,ux)}r>1, we would have Qr, (u) > Mg for all & > 1
and hence the sequence {A;}r>1 would be bounded from above, a
contradiction. O

One can summarize the preceding results in the following theorem.

Theorem 2.8 There exists a sequence \1 < Ay < --- of real num-
bers and an (-,-)g-orthonormal sequence uy,k > 1, of C? functions
vanishing at a and b, which satisfy the following properties.

1. For k =1, Ay = inf{Qr, () | vy € E1,|yllo = 1} and the
infimum is achieved at uy.

2. For k Z 27 )‘k - lnf{QLv(y) ‘ Y € E17 HyHO == ]-7 <y7Fk—1>0 -
O}, where Fj,_1 := Vect{ei,...,up_1} and the infimum is achie-
ved at up.
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3. The sequence of eigenvalues {\}r>1 tends to infinity and the
sequence of eigenfunctions {uy }r>1 is dense in Ey in the || - ||o-
norm.

4. The pairs (A, ug) are solutions of the Dirichlet eigenvalue prob-
lem (2.2) for the Sturm-Liouville operator Ly, i.e.

Ly (ug) = —iig(t) + V() ur(t) = Apur(t), ur(a) = uk(b) = 0.

5. Any non-trivial solution (A, u) of the Dirichlet eigenvalue prob-
lem (2.2) for the Sturm-Liouville operator Ly is simple (i.e.
w is unique up to multiplication by a scalar) and is one of the

(Mg, ug).

As in the finite dimensional case, we have the min-max and max-min
principles.

Theorem 2.9 Let G denote the set of k-dimensional linear sub-
spaces of the space Ey of piece-wise C* functions in [a,b], vanishing
at a and b. Write the eigenvalues of the Dirichlet problem (2.2)
for the Sturm-Liouville operator in increasing order A\ < Ao < ---.
Then,

1. maz-min characterization,
A1 = inf {RLV(y) ‘ yE€ EI}
and,

Ay = sup inf {RLV(y) ’ y € E}, (y,N)y = 0} for k>2
NeGy_1

2. min-max characterization,

Ai = inf sup {Rr, (y) | y € N*}
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Proof. The proof is left to the reader (mimick the proofs of Theorems
1.4 and 1.5). O

2.5 Nodal sets and nodal domains of eigen-
functions

Proposition 2.10 Let {\;}r>1 be the eigenvalues of the Dirichlet
problem (2.2) for the Sturm-Liouville operator written in increasing
order. Let {uy}r>1 be a corresponding orthonormal sequence of as-
sociated eigenfunctions. The function uy is characterized by the fact
that it has exactly (k — 1) zeroes in |a,b.

Proof.

Step 1. We first prove that an eigenfunction u associated with the
k*™_cigenvalue A, has at most (k — 1) zeroes in ]a, b].

Assume w is not identically 0. Let z €]a,b] be a zero of u. By
the uniqueness of the Cauchy problem for second order differential
equations, 4(z) # 0. It follows that w can only have finitely many
zeroes in [a, b] and that u changes sign whenever it vanishes in |a, b].
Let zo:=a < 21 < 20 < -+ < Zpy < Zm+1 := b be the zeroes of u and
assume that & < m. For 1 < j < k, define the functions v; by the
relations

vj(t) = u(t), for te€ [zj_1,2;] and v;(t) =0, for t¢ [zj_1,%].

The function v := Z?Zl ajvj belongs to E; and vanishes identi-
cally on the open set z; < t < b. One can choose the coefficients
aj,1 < j <k, in such a way that v is orthogonal to the eigenfunc-
tions uy,...,ur—1 and v not identically zero. Furthermore, it is easy
to check that R, (v) = A;. It follows from the proof of Theorem
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2.3 (see steps 2 and 3), that v is an eigenfunction associated with
the eigenvalue \. It follows that v satisfies the differential equation
—0(t) + V(t) v(t) — Ag v(t) = 0 and vanishes on an open set. By the
uniqueness of the Cauchy problem this implies that v is identically
zero, a contradiction.

Step 2. We prove that an eigenfunction u associated with the ktP-
eigenvalue \; has at least (k — 1) zeroes in ]a, b].

We first prove the following assertion. Let «, (3 be two consecutive
zeroes of an eigenfunction v associated with Ap_1, then v must vanish
in the open interval |a, 3.

Indeed, assume u does not vanish in the interval |a, 8[. We may
assume that u and v are positive on this interval. Consider the
function W (t) := W(u,v)(t) := u(t)o(t) — v(t)u(t). Then W(t) =
(A — Ag—1)u(t)v(t) > 0. On the other-hand, W (a) = u(a)v(a) > 0
and W (B) = u(B)v(6) < 0, a contradiction.

To conclude the proof we reason by induction. According to Step 1, uy
cannot vanish in Ja, b[. The function us is orthogonal to u; and hence
it must vanish at least once in |a,b]. According to Step 1, it must
vanish exactly once in ]a, b[. Assume (induction assumption) that ug
vanishes exactly (k — 1) times in ]a,b[. According to the previous
argument, the function ug41 must vanish at least once between two
consecutive zeroes of uy, (including a and b) and hence it must vanish
at least k times in |a,b]. According to Step 1, the function wujiq
vanishes exactly k times in ]a, b]. O

Remark. A nodal domain of an eigenfunction wu, is a connected
component of [a,b] \ u~1(0) i.e. a maximal interval on which u does
not vanish. The preceding Theorem can be restated as follows

1. An eigenfunction corresponding to the k' eigenvalue has at
most k nodal domains.
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2. An eigenfunction corresponding to the k' eigenvalue has at
least k£ nodal domains.

The first assertion is true in higher dimensions. This is the so-called
Courant nodal domain theorem (see [12]). The second assertion is
very specific to the Dirichlet boundary value problem for the Sturm-
Liouville operator. It holds also for the Neumann problem (vanishing
derivatives at a and b instead of vanishing of functions), but not
for the periodic boundary value problem (periodic functions) for the
Sturm-Liouville operator.

2.6 Further properties of eigenvalues

We leave the following properties as Exercises for the reader.

2.6.1 Monotonicity of eigenvalues

Proposition 2.11 Let V and W be two continuous real valued func-
tions. Let {\p(Lv)}r>1 and {\g(Lw)}r>1 be the eigenvalues of the
Dirichlet problem for the corresponding Sturm-Liouville operators,
listed in increasing order. Assume that V (t) < W (t) for allt € [a,b].
Then \i(Ly) < A\p(Lw) for all k > 1.

Proposition 2.12 Let Ly be a Sturm-Liouville operator on [a,b]
and let

{Ae(Lv, [a, b]) be>1

be the eigenvalues of Ly for the Dirichlet problem, listed in increasing
order. If [, B8] C [a,b], then

Me(Lv, [a,b]) < Ae(Lv, [, B])
forallk > 1.
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2.6.2 Continuity of eigenvalues

Proposition 2.13 Let V and W be two continuous real valued func-
tions. Let {\p(Lv)}r>1 and {A\g(Lw)}r>1 be the eigenvalues of the
Dirichlet problem for the corresponding Sturm-Liouville operators,
listed in increasing order. Then

|/\k(LV) - Ak(LW)‘ < HV - WHOO, fOT’ all k > 1.

Exercise 2.3 Let V and W be two continuous real valued functions.
Give and estimate of M\ (tV + (1 — t)W) for t € [0,1] (convezity
property).

2.6.3 Asymptotic behaviour of eigenvalues

Proposition 2.14 Let Ly be a Sturm-Liouville operator on [a,b]
with a continuous potential V. Let {\i(Ly,[a,b]),k > 1} be the
eigenvalues of Ly for the Dirichlet problem, listed in increasing order.
Then

Me(Ly, [a,b]) ~ k272 /(b —a)? when k — oo



Chapter 3

Application to catenoids
in R’

We will show how the preceding chapter can be used to understand
the stability properties of catenoids in R3.

Given a > 0, let

(3.1) Xa(t,¢) := (acosh(t) cos(¢),acosh(t) sin(p), at)
fort € R and ¢ € [0,27].

This is a parametrization of a family of catenoids in R? (minimal
surfaces indexed by a). The associated Jacobi operator (or stability
operator, see [22]) is the operator J, = —A, + 2K, where A, is
the (non-positive) Laplacian and K, the intrinsic curvature for the
induced metric on the catenoids. This operator is associated with
the second variation of the area functional when the catenoids are
deformed in the normal direction. In the parameters (t, ¢), the Jacobi
operator is given by

35
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1 0?2 0?2 2

3.2 A S - .
(3:2) a2 cosh?(t) (8752 * 3902) a2 cosh’(t)

We now consider the domains C, 7 defined, for T > 0, by

(3.3) Cor = Xo([-T,T) x [0, 27])

and the eigenvalue problem for J,, with Dirichlet boundary conditions
in Cy.r,

(3.4) Jo(f)=Af in Cur and f|0C,r =0.

We will prove the following result.

Theorem 3.1 Let J, = —A, + 2K, be the Jacobi operator with
Dirichlet boundary conditions in C,r. Let Ty be the positive zero
of the equation t tanh(t) = 1. Then,

1. For 0 < T < Tjy the operator J, has only positive eigenvalues
(we say that the domain C, 1 is stable).

2. ForT' =Ty the operator J, is non-negative and has 0 as simple
eigenvalue (we say that the domain C, 1, is weakly stable).

3. For T > Ty the operator J, has exactly one negative simple
eigenvalue and all other eigenvalues are positive (we say that
the domain C, r is unstable and has index 1).
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Proof. The eigenvalues of problem (3.4) are decreasing in 7' and
positive when T is small. We investigate for which value of T" an
eigenvalue can pass from a positive value to a negative value.

In the parameters (t, ), problem (3.4) for the domains C, 1 boils
down to

9% 0

(3.5) (@ + 87<p2)f(t’ ©v)+ ft, o)+ \a? coshz(t)f(t, ©) =0

cosh?(t)

Assume that, for some T', problem (3.4) has a negative eigenvalue
A, with associated eigenfunction f(¢, ). Fix ¢t and expand f(¢,¢) in
Fourier series in the ¢ variable,

o) =3 Folt)e™.

PEZL

Using (3.5), we see that the coefficient f, satisfies the equation

2

(3.6) ii(t)+ (m

—p?)u(t)+Aa® cosh*(t)u(t) =0, in |—T,T]

with the boundary conditions u(—T") = u(T") = 0.

We introduce the operators

2

(3.7) Lp(u) = —ii(t) + (P2 - m

Ju(t)
with Dirichlet boundary conditions in [T, 7.

It follows that equation (3.4) has a negative eigenvalue if and only if
equation (3.6) has a (non-trivial) solution f, for some value p.
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We know investigate the eigenvalue problem (3.6). The quadratic
form associated with L, is given by

T
(38)  Lo(u):= /_ 0+ 0 - COSEQ(t))u(t)) .

It is clear that the quadratic form £, is positive for [p| > 2, so that
we only need look at the cases p =0 and |p| = 1.

We leave the following lemma as an exercise for the reader.

1
cosh(t)

Lemma 3.2 Define the functions ky(t) := tanh(t), kp(t) :=
and kq(t) :== 1 —t tanh(t). Then

1. The function k, is positive on ]0,00[ and satisfies Lo(k,) = 0.
2. The function ky, is positive on R and satisfies Lyq(kp) = 0.

8. The function k, has exactly one zero Ty on [0,00[. It satisfies
Lo(kq) =0, kq(0) =1 and kq(0) = 0.

Remark. The function k, (resp. kp) has a geometric interpretation.
It comes from the Killing field associated with translations parallel
to the rotation axis of the catenoids in R® (resp. the Killing field
associated with the a-translations in R3). There is also a geometric
interpretation for the function k, : it is associated with the variation
of the family of catenoids with respect to the parameter a. It de-
scribes the point where a catenoid touches the envelope (Tplt|,t) of
the family.

We need another lemma.
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Lemma 3.3 Let Ly be the Sturm-Liouville operator
Ly(y):==—§+Vy in [a,b],

with V : [a,b] — R a continuous function. Assume that there exists
some function w > 0,w # 0 such that Ly (w) =0 on [a,b]. Then, the
eigenvalues of Ly for the Dirichlet problem in [a,b] are non-negative.
Furthermore, if w(a) > 0 or w(b) > 0, then the eigenvalues are
positive.

Proof. Assume there exists a negative eigenvalue of the Dirichlet
problem for Ly on [a,b]. Then the least eigenvalue p is negative and
we may select an associated eigenfunction u such that u(a) = u(b) =0
and v > 0 in ]a, b[. It follows that u(a) > 0 and u(b) < 0. Consider
the Wronskian of v and w, namely the function

W () = w(t)i(t) — u(t)i(t).

We have W(t) = —pu(t)w(t) > 0. It follows from the previous
inequality and our assumption that, W (b) > W(a). On the other-
hand, W (b) < 0 and W(a) > 0, a contradiction. The proof of the
second assertion is similar. O

Proof of Theorem 3.1.

Step 1. Let us first analyze Lg. Recall that a first eigenfunction
may be chosen to be positive and that it is characterized by this
property. It follows that k, is a first eigenfunction of the operator
Lo in [—To,Tp] (associated with the eigenvalue 0). By the (strict)
monotonicity of eigenvalues, we deduce that Ly is positive on [-T, T
for T' < Ty. Because £, > Lo, we have proved the first assertion of
the Theorem.

Step 2. We already know that L, is positive for |p| > 2. Using
the function kj, it follows from Lemma 3.3 that Li; is positive as
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well. This means that an eigenfunction associated with a negative
eigenvalue must be a radial function (all Fourier coefficients f, of f are
zero except fp). Using the function k, and the preceding obervation,
Assertion 2 follows.

Step 2. Assume that, for some [-T,T], the operator Ly has at
least two negative eigenvalues. An eigenfunction associated with the
second negative eigenvalue must vanish exactly once in | — 7', T[. One
can then get a contradiction by using the function k, and Lemma 3.3.
O

Remark. One can use the same method to study the index of
complete minimal rotation hypersurfaces in R™ and in other spaces
(see for example [7] for a recent result).



Chapter 4

Eigenvalues in geometry

In this Chapter we describe some extensions of the results described
in the preceding sections as a motivation for further study. We do
not aim at giving an exhaustive account. We rather point out some
striking results.

The higher dimensional analogues of the Sturm-Liouville operator
are operators of the form Ly := —A + V (the so-called Schridinger
operators of mathematical physics). Here A is the Laplace operator
A= 88;2 +t 8 > acting on functions on some open domain 2 C R"

and V is a real functlon on ).

More generally, one considers Schrodinger operators on an n-dimen-
sional Riemannian manifold (M, g). The corresponding operator Ay,
the so-called Laplace-Beltrami operator is given in local coordinates
{z;}7_, on M by the formula

_ 0
1 Z axj Jk )

where (¢7%) denotes the inverse of the matrix (g,;) representing the
metric g in the local coordinates and v = /Det(gqp) is the density of
the Riemannian measure in the local coordinates.

41
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As for Sturm-Liouville operators, and under suitable assumptions
(e.g. M is compact without boundary or M is compact with bound-
ary and Dirichlet boundary conditions are imposed on the boundary;
V' is continuous) one can prove the existence of an infinite sequence
of eigenvalues

and of an orthonormal sequence of corresponding eigenfunctions
{ug tr>1.

The motivations for studying eigenvalue problems for Schrédinger
operators on domains in R™ come from mathematical physics. We
refer the reader to the classical books by R. Courant and D. Hilbert
[12] and by M. Reed and B. Simon [24]. An important historical
reference is the paper by H. Weyl [28].

4.1 Spectral geometry for itself

The book [8] by M. Berger, P. Gauduchon and E. Mazet, has had a
seminal influence on a domain of research known as spectral geom-
etry which comprises studying eigenvalue problems on Riemannian
manifolds. We refer to [4, 5, 10] for more recent introductions.

The main issue is the relationship between the eigenvalues of the
Laplace-Beltrami operator and the geometry of the manifold (M, g).
More precisely, one can ask two types of questions: (i) Given a Rie-
mannian manifold (M, g), what kind of information on the eigen-
values (lower bounds, upper bounds, ...) or eigenfunctions can one
derive from information on geometric data (direct problem) 7 (i)
Assuming one knows the eigenvalues of A, on some (unknown) man-
ifold (M, g), what kind of geometric information can one derive on
the geometry of (M, g) (inverse problem) 7
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Let us give some classical results.

Courant’s nodal domain theorem

Let (M,g) we a compact manifold with or without boundary (in
that case, use for example the Dirichlet boundary conditions). Let
{M\e(M, g) }k<1 be the eigenvalues of (M, g) listed in increasing order.
Given an non-zero eigenfunction u associated with A, denote by D(u)
the number of connected components of M \ u~*(0), the so-called
nodal domains of u. Courant’s nodal domain theorem (compare with
Section 2.5) states that

D(u) < k.

It turns out that, in contrast with the one-dimensional case, there are
examples of domains and eigenfunctions (with large eigenvalue order)
with only 2 or 3 nodal domains. For a proof of Courant’s theorem and
examples see [12]. This theorem has been used to obtained bounds on
eigenvalues multiplicities in dimension 2. An interesting and difficult
related question is to give bounds (upper and lower) on the (n — 1)-
volume of the set u~1(0), the so-called nodal set, see for example [16]
for a recent result.

Faber-Krahn inequality

Let Q be a compact domain in R"™ and let Q* be the Euclidean
ball with volume Vol(£2). Let A\;(€2) be the least eigenvalue of the
Laplace operator —A with Dirichlet boundary conditions on 92, and
let A\1(£2*) be the corresponding eigenvalue for Q*. Then

AL(€2) = Ag(29)
and equality holds if and only if 2 is a Euclidean ball.

This inequality is both a direct result (lower bound on the least eigen-
value in terms of the volume) and an inverse result (the Euclidean ball
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is characterized up to isometry by the least eigenvalue of the Laplace
operator). The main underlying argument is the classical isoperime-
tric inequality in R™. Isoperimetric inequalities play an important
role in eigenvalue estimates (see [4, 5]).

Hermann Weyl’s asymptotic law

Let (M, g) be an n-dimensional compact Riemannian manifold with-
out boundary. Let N(\) denote the counting function

N = 8{j | M(M,g) < VX}

where the eigenvalues A\; (M, g) are listed in increasing order. Weyl’s
asymptotic law states (compare with Section 2.6.3) that

N(A) = (27)"™Vol(B™)Vol(M, g) A" + O(A" 1)

where B™ is the unit ball in R” and where O(A\"~!) denotes a func-
tion such that A~(»~DO(A"~1) is bounded when X tends to infinity.
The principal part (27) " Vol(B")Vol(M, g)A\" is due to H. Weyl [27]
for Euclidean domains. Understanding the remainder term N(\) —
(2m)~™Vol(B™)Vol(M, g) A" turned out to be quite difficult and this
term is related to properties of the geodesic flow on (M, g). The best
result was obtained by L. Hérmander in 1968, see [20] for a review.

As in the previous example, Weyl’s asymptotics can be interpreted
both as a direct result (asymptotic information on the eigenvalues in
terms of dimension and volume) and as an inverse result (knowing
the spectrum determines the dimension and the volume).

Isospectral manifolds

Of particular interest is the question — known as Mark Kac’s question,
Can one here the shape of a drum ? — whether the set of eigenvalues
(the spectrum) of the Laplace-Beltrami operator on a compact man-
ifolds actually determines the manifold (M, g) up to isometry. Some
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manifolds are indeed characterized by their spectrum. This is the
case for Euclidean balls (see the paragraph on Faber-Krahn inequal-
ity) or for spheres. Sporadic pairs of non-isometric compact manifolds
with the same spectrum (isospectral manifolds) were already known
in 1964; many examples of such pairs (or even continuous families)
have been constructed since 1982. We refer the reader to the surveys
6, 19].

Spectral geometry is still an active area of research.

4.2 Eigenvalues and minimal submanifolds

Let 3 an oriented surface immersed into a Riemannian 3-manifold M,
with unit normal field Ns.. The first variation of the area functional
for normal deformations is given by

A(f) = -2 /E f H dpis

where the variation fNy has compact support in 3, where H is the
normalized mean curvature in the direction Ny, and duy the Rieman-
nian measure.

Critical points of the area functional are minimal surfaces. The sec-
ond variation of the area functional is given by

A(f) = /E F( = Asf +2Ksf) dus

where Ay is the Laplace-Beltrami operator for the induced metric on
¥ and Ky the Gauss curvature. See [11] for more details.

We call Jacobi (or stability) operator the operator Jy := —Ay +
2Ks. We say that a compact domain Q C ¥ is stable if the Jacobi
operator Jy, (with Dirichlet boundary conditions on 0f2) has only
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positive eigenvalues. This means that the domain 2 minimizes area
up to second order. In any case, since {2 is compact, the operator Jo
has at most finitely many negative eigenvalues. We call the number
of negative eigenvalues the index of ) and we denote this number by
Ind(£2). This measures the number of ways in which one can decrease
the area of 2.

We say that a minimal surface Y is stable if any compact domain
Q2 C X is stable. We also define the index of a minimal surface ¥ as
the supremum of the indices of all the compact domains,

Ind(X) := sup {Ind() ‘ Qe x}.

It is an interesting question in the theory of minimal surfaces to deter-
mine stable domains and stable surfaces (see Chapter _}refS-sl-appli)
and to relate the index with total curvature. Let us mention some
classical important results (which have been generalized to different
frameworks).

On the size of a minimal surface in R?

Recall that the Gauss map of an oriented minimal surface ¥ 9 R3 is
the map G which sends a point z € ¥ to the point G(z) € S% C R3
which represents the normal Ny (z) of the surface at the point x.
L. Barbosa and M. do Carmo [1] proved the following very nice result
which has had a seminal influence on the subject (see also [2]).

Areag: (G(Q)) < 2m = Q s stable.

The idea is to relate the Jacobi operator on ¥ to an operator on the
sphere and to estimate the least eigenvalue of this latter operator
using an argument a la Faber-Krahn.
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Stable complete orientable minimal surfaces in R3

It has been shown by various authours, independently (M. do Carmo
— C.K. Peng ; D. Fischer-Colbrie — R. Schoen ; A.V. Pogorelov) that
stable complete orientable minimal surface in R? are planes. We refer
to [18] for the proof which involves a careful analysis of the Jacobi
operator.

Index and total curvature

The following result is due to D. Fischer-Colbrie [17].
Let ¥ be a complete orientable minimal surface in R3. Then ¥ has
finite index if and only if X2 has finite total curvature, i.e. the integral

Js | Ks|dus is finite.

See [15] for a generalization of this result to the case of surfaces with
constant mean curvature 1 in the hyperbolic space with curvature —1
(see [3] for an introduction to stability questions for constant mean
curvature hypersurfaces).

See [7] for a recent result on the index of minimal hypersurfaces in
H™ x R.
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