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Chapter 2

The CAS functions

2.1 Symbolic constants : ¢ pi infinity i

e is the number exp(1);

pi is the number 7.
infinity is unsigned co.
+infinity is 4o0o0.
—infinityis —oo.

i is the complex number 4.

2.2 Booleans

2.2.1 The values of a boolean : true false

The value of a boolean is t rue or false.
The synonyms are :

true or TRUE or 1,

false or FALSE or 0.

Tests or conditions are boolean functions.

222 Tests:==, !'=, >, >=, <, =<

==, =, > , <, =< are infixed operators.
==D tests the equality between a and b and returns 1 if a is equal to b and 0
otherwise.
a!=b returns 1 if a and b are different and 0 otherwise.
a>=Db returns 1 if a is superior or equal to b and 0 otherwise.
a>Db returns 1 if a is strictly superior to b and 0 otherwise.
a<=Db returns 1 if a is inferior or equal to b and 0 otherwise.
a<b returns 1 if a is strictly inferior to b and 0 otherwise.
To write an algebraic function having the same resultasanif...then...else,
we use the boolean function ifte.

For example :

>=

14

f(x):=ifte (x>0, true, false)

27
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defines the boolean function f suchthat £ (x) = trueifz €]0;+oo[and £ (x)=false
if z €] — 00;0].
Input :

Output :

Look out !
a=b is not a boolean !!!!
a==Db is a boolean.

2.2.3 Boolean operators : or xor and not

or (or | |), xor, and (or &&) are infixed operators.
not is a prefixed operators.
If a and b are two booleans :

(a or b) (a || b) returns 0 (or false)if a and b are equal to O and returns
1 (or true) otherwise.

(a xor Db) returns 1 if a is equal to 1 and b is equal to O or if a is equal to 0 and
b is equal to 1 and returns O if a and b are equal to O or if a and b are equal to 1 (it
is the "exclusive or").

(a and Db) or (a && Db) returns 1 (or true) if a and b are equal to 1 and 0
(or false) otherwise.
not (a) returns 1 (or true)if a is equal to O (or false), and O (or false) if
aisequal to 1 (or true).

Input :
1>=0 or 1<0
Output :
1
Input :
1>=0 xor 1>0
Output :
0
Input :
1>=0 and 1>0
Output :
1
Input :
not (0==0)
Output :
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2.2.4 Transform a boolean expression as a list : exp21list

exp2list returnsthelist [expr0, exprl] when the argumentis (var=expr0)
or (var=exprl).

exp2list is used in TI mode for easier processing of the answer of a solve
command.

Input :
exp2list ((x=2) or (x=0))
Output :
[2,0]
Input :
exp2list ((x>0) or (x<2))
Output :
[0,2]
In TI mode input :
exp2list (solve ((x—1)*(x-2)))
Output :

(1,2]

2.2.5 Evaluate booleans : evalb

Inside Maple, evalb evaluates an boolean expression. Since Xcas evaluates
booleans automatically, evalb is only here for compatibility and is equivalent
toeval

Input :
evalb (sgrt (2)>1.41)
Or:
sqrt (2)>1.41
Output :
1
Input :
evalb (sgrt (2)>1.42)
Or:
sqrt (2)>1.42
Output :
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2.3 Operators bit to bit

2.3.1 Operators bitor, bitxor, bitand

The integers may be written using hexadecimal notation 0x... for example Ox1f rep-
resents 16+15=31 in decimal writting. Integers may also be outputted in hexadeci-
mal notation (click on the red CAS status button and select Base (Integers)).
bitor is the logical inclusive or (bit to bit).

Input :
bitor (0x12, 0x38)
or:
bitor(18,56)
Output :
58
because :

18 is written 0x12 in base 16 or 0b010010 in base 2,
56 1s written 0x38 in base 16 or 0b111000 in base 2,
hence bitor (18, 56) is 0111010 in base 2 and so is equal to 58.

bitxor is the logical exclusive or (bit to bit).

Input :
bitxor (0x12, 0x38)
or input :
bitxor (18, 56)
Output :
42
because :

18 is written 0x12 in base 16 and 0b010010 in base 2,
56 is written 0x38 in base 16 and 0b111000 in base 2,
bitxor (18,56) is written 0101010 en base 2 and so, is equal to 42.

bitand is the logical and (bit to bit).

Input :
bitand (0x12, 0x38)
or input :
bitand(18,56)
Output :
16
because :

18 is written 0x12 in base 16 and 0b010010 in base 2,
56 1s written 0x38 in base 16 and 0b111000 in base 2,
bitand (18, 56) is written 0010000 in base 2 and so is equal to 16.
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2.3.2 Hamming distance bit to bit : hamdist

The Hamming distance is the number of differences of the bits of the two argu-
ments.

Input :
hamdist (0x12, 0x38)

or input

ha

mdist (18,56)

Output :

3
because :

18 is written 0x12 in base 16 and 0b010010 in base 2,
56 is written 0x38 in base 16 and 0b111000 in base 2,
hamdist (18, 56) isequal to 1+0+1+0+1+0 and so is equal to 3.

2.4 Strings

2.4.1 Character and string : "

" is used to delimit a string. A character is a string of length one.

Do not confuse " with * (or quote) which is used to avoid evaluation of an expres-
sion . For example, "a" returns a string of one character but  a’ or quote (a)
returns the variable a unevaluated.

When a string is input in a command line, it is evaluated to itself hence the
output is the same string. Use + to concatenate two strings or a string and another

object.
Example :
Input :
"Hello"

"Hello" is the input and also the output.
Input :

"Hello"+", how are you?"
Output :

"Hello, how are you?"

The index notation is used to get the n-th character of a string, (as for lists). Indices
begin at 0 in Xcas mode, 1 in other modes.

Example :

Input :

"Hello"[1]
Output :
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2.4.2 First character, middle and end of a string : head mid tail

e head (s) returns the first character of the string s.
Input :

head ("Hello")
Output :
n H nw

e mid (s, p, q) returns the part of size g of the string s begining at the char-
acter of index p.
Remember that the first index is 0 in Xcas mode.
Input :

mid("Hello", 1, 3)
Output :
"ell"

e tail (s) returns the string s without its first character.
Input :

tail ("Hello")
Output :

"elloll

2.4.3 Concatenation of a sequence of words : cumSum

cumSum works on strings like on expressions by doing partial concatenation.
cumSum takes as argument a list of strings.

cumSum returns a list of strings where the element of index k is the concatenation
of the string of index k, with the strings of indicesOto k — 1.

Input :

cumSum ("Hello, ","is ","that ","you?")
Output :

"Hello, ","Hello, is ","Hello, is that ","Hello, is
that you?
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2.4.4 ASCII code of a character : ord

ord takes as argument a string s (resp. a list 1 of strings).
ord returns the ASCII code of the first character of s (resp the list of the ASCII
codes of the first character of the elements of 1).

Input :
ord("a")
Output :
97
Input :
ord ("abcd")
Output :
97
Input :
ord(["abcd", "cde"])
Output :
[97,99]
Input :
ord(["a","b","c","d"])
Output :

[97,98,99,100]

2.4.5 ASCII code of a string : asc

asc takes as argument a string s. asc returns the list of the ASCII codes of the
characters of s.

Input :
asc ("abcd")
Output :
[97,98,99,100]
Input :
asc("a")
Output :
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2.4.6 String defined by the ASCII codes of its characters : char

char takes as argument a list 1 of ASCII codes.
char returns the string whose characters have as ASCII codes the elements of the
list 1.

Input :
char([97,98,99,100])
Output :
"abcd"
Input :
char (97)
Output :
wam
Input :
char (353)
Output :
mam

En effet 353-256=97.

2.4.7 Find a character in a string : inString

inString takes two arguments : a string S and a character c.

inString tests if the character c is in the string S.

inStringreturns "the index of its first occurence" or-1ifc
isnotin S.

Input :
inString ("abcded", "d")
Output :
3
Input :
inString ("abcd", "e")
Output :
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2.4.8 Concat objects into a string : cat

cat takes as argument a sequence of objects.
cat concat these objects into a string.

Input :
cat ("abcd", 3, "d")
Output :
"abcd3d"
Input :
c:=5
cat ("abcd",c,"e")
Output :
"abcdbe"
Input :
purge (c)
cat (15, ¢, 3)
Output :
"15c3"

2.4.9 Add an object to a string : +

+ is an infixed operator (resp ' +’ is a prefixed operator.

If + (resp ’ +7 ) takes as argument a string (resp. a sequence of objects with a string
as first or second argument), the result is the concatenation of these objects into a
string.

warning

+is infixed and ’ +’ is prefixed.

Input :

"+’ ("abcd", 3,"d")
Ou on tape :
"abcd"+3+"d"
Output :
"abcd3d"

Input :
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Then input:
"abcd"+ct+"e"
Or input:
"+’ ("abcd", c,"d")
Output :

"abcdbe"

2.4.10 Transform an integer into a string : cat +

Use cat with the integer as argument, or add the integer to an empty string
Input :

"ni123
Or:
cat (123)
Output :
"123"

2.4.11 Transform a string into a number : expr
Use expr, the parser with a string representing a number.

e For integers, enter the string representing the integer without leading O for
basis 10, with prefix 0x for basis 16, 0 for basis 8 or Ob for basis 2. Input :

expr ("123")
Output :
123
Input :
expr ("0123")
Output :
83

Because : 1 %82 +2 %8 + 3 = 83 Input :
expr ("0x12f")

Output :
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303

Because : 1% 162 + 2% 16 + 15 = 303

e For decimal numbers, use a string with a . or e inside.

Input :
expr("123.4567")
Output :
123.4567
Input :
expr ("123e-5")
Output :

0.00123

e Note that expr more generally transforms a string into a command if the
command exists.

Input :
expr ("a:=1")

Output :

1
Then, input :

a
Output :

1

2.5 Write an integer in a b basis: convert

convert or convertir can do different kind of conversions depending on the
option given as the second argument.

To convert an integer n into the list of its coefficients in a basis b, the option is
base. The arguments of convert or convertir are an integer n, base and
b the value of the basis.
convert or convertir returns the list of coefficients in a b basis of the integer
n Input :
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convert (123, base, 8)
Output :
[3,7,1]

To check the answer, input expr ("0173") orhorner (revlist ([3,7,1]1),8)
or convert ([3,7,1],base, 8) and outputis 123
Input :

convert (142,base, 12)
Output :
[10,11]

To convert the list of coefficients in a basis b of an integer n, the option is also
base. convert or convertir returns the integer n.

Input :
convert ([3,7,1],base, 8)
Or
horner (revlist ([3,7,11),8)
Output :
123
Input :
convert ([10,11],base, 12)
Or
horner (revlist ([10,11]1),12)
Output :

142

2.6 Integers (and Gaussian Integers)

For all functions in this section, you can use Gaussian integers (numbers of the
form a + ib, where a and b in Z) in the place of integers.

2.6.1 The factorial : factorial

Xcas can manage integers with unlimited precision, such as the following:
Input :

factorial (100)
Output :

9332621544394415268169923885626670049071596826438162
1468592963895217599993229915608941463976156518286253
697920827223758251185210916864000000000000000000000000
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2.6.2 GCD:gcd igcd

gcd or igcd denotes the ged (greatest common divisor) of several integers (for
polynomials see also 2.25.7).
gcd or 1gcd returns the GCD of all integers.

Input :
gcd (18,15)

Output :

3
Input :

gcd (18,15,21,36)

Output :

3
Input :

gcd([18,15,21,36])

Output :

3

We can also put as parameters two lists of same size (or a matrix with 2 lines), in
this case gcd returns the greatest common divisor of the elements with same index
(or of the same column). Input :

ged([6,10,12],[21,5,8])

or:
gcd([[6,10,12],121,5,811)
Output :
[3,5,4]
An example

Find the greatest common divisor of 4n + 1 and 5n + 3 when n € N.
Input :

f(n) :=gcd (4*n+1l, 5+n+3)

Then, input :
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essai (n) :={
local j,a,L;
L:=NULL;
for (Jj:=-n;j<n; j++) {
a:=f(3);
if (al=1) {
L:=L, [Jj,al;

}

return L;

}

Then, input :

essail (20)
Output :
[_161 7]/ [_91 7]/ [_21 7]1 [5/ 7]/ [12/ 7]/ [19/7]

So we have now to prove that :

ifn! =54+ kx7(fork € Z), 4n + 1 and 5n + 3 are mutually prime,

and

if n =5+ k7 (for k € Z), the greatest common divisor of 4n 4 1 and 5n + 3 is
7.

2,63 GCD:Gcd

Gced is the inert form of gcd. See the section ?? for polynomials with coefficients
in Z/pZ for using this instruction.
Input :

Gcd(18,15)
Output :

gcd (18,15)

2.6.4 GCD of alist of integers : 1gcd

lgcd has a list of integers (or of a list of polynomials) as argument.
1lgcd returns the gcd of all integers of the list (or the gcd of all polynomials of
the list).

Input :
lgcd([18,15,21,36])
Output :
3
Remark

1gcd does not accept two lists (even if they have the same size) as arguments.
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2.6.5 The least common multiple : 1cm

1cm returns the least common multiple of two integers (or of two polynomials see
also 2.25.10).
Input :

lcm (18,15)
Output :
90

2.6.6 Decomposition into prime factors : i factor

ifactor has an integer as parameter.
ifactor decomposes an integer into its prime factors.

Input :
ifactor (90)
Output :
2%372%5
Input :
ifactor (-90)
Output :

(=1) *2%x372%5

2.6.7 List of prime factors : ifactors

ifactors has an integer (or a list of integers) as parameter.

ifactors decomposes the integer (or the integers of the list) into prime factors,
but the result is given as a list (or a list of lists) in which each prime factor is
followed by its multiplicity.

Input :
ifactors (90)
Output :
[2,1,3,2,5,1]
Input :
ifactors (-90)
Output :
[-1,1,2,1,3,2,5,1]
Input :
ifactor ([36,52])
Output :

(2,2,3,21,102,2,13,11]
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2.6.8 Matrix of factors : maple_ifactors

maple_ifactors has an integer n (or a list of integers) as parameter.
maple_ifactors decomposes the integer (or the integers of the list) into prime
factors, but the output follows the Maple syntax :

it is a list with +1 or -1 (for the sign) and a matrix with 2 columns and where the
lines are the prime factors and their multiplicity (or a list of lists...).

Input :

maple_ifactors (90)

Output :

(1, 002,11,103,21,[05,111]
Input :

maple_ifactor ([36,52])
Output :

(e, 2,23, 03,2111, (1, 012,21, (13,1111

2.6.9 The divisors of anumber : idivis divisors

idivis or divisors gives the list of the divisors of a number (or of a list of
numbers).

Input :
idivis (36)
Output :
(1,2,4,3,6,12,9,18,36]
Input :
idivis ([36,22])
Output :

[(1,2,4,3,6,12,9,18,36]1,11,2,11,22]1

2.6.10 The integer Euclidean quotient : iquo intDiv

iquo (or intDiv) returns the integer quotient ¢ of the Euclidean division of two
integers ¢ and b given as arguments. (¢ = b x ¢ + r with 0 < r < b).

For Gaussian integers, we choose ¢ so that b * ¢ is as near by a as possible and it
can be proved that » may be choosen so that |r|2 < [b|2/2.

Input :

iquo (148,5)
Output :

29
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iquo works with integers or with Gaussian integers.

Input :
iquo (factorial (148), factorial (145)+2 )
Output :
3176375
Input :
iquo (25+12%x1i,5+7*1)
Output :

3-2%1

Herea —b*q=—4+iand | —4+i> =17 < |5+ T*i|?/2 =T74/2 = 37

2.6.11 The integer Euclidean remainder: irem remain smod mods
mod %

irem (or remain) returns the integer remainder r from the Euclidean division of
two integers a and b given as arguments (@ = b * g + r avec 0 < r < b).

For Gaussian integers, we choose ¢ so that b * ¢ is as near by «a as possible and it
can be proved that » may be choosen so that |r|? < [b|2/2.

Input :
irem (148, 5)
Output :
3
irem works with long integers or with Gaussian integers.
Example :
irem(factorial (148), factorial (45)+2 )
Output :

111615339728229933018338917803008301992120942047239639312
Another example
irem (254+12+1i, 5+7*1)
Output :
—-4+1

Herea —bxq=—4+iand | —4+i> =17 < |5+ 7*i|?/2 =74/2 =37
smod or mods is a prefixed function and has two integers a and b as arguments.

smod or mods returns the symetric remainder s of the Euclidean division of the

arguments ¢ and b (a = b * ¢+ s with —b/2 < s < b/2).

Input :
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smod (148, 5)
Output :
-2

mod (or %) is an infixed function and has two integers a and b as arguments.
mod (or %) returns r%b of Z/bZ where r is the remainder of the Euclidean division
of the arguments a and b.

Input :
148 mod 5
or
148 % 5
Output :
3 %5

Note that the answer 3 % 5 is not an integer (3) but an element of Z/57 (see 2.31
to have the possible operations in Z/52).

2.6.12 Euclidean quotient and euclidean remainder of two integers :
igquorem

iquorem returns the list of the quotient ¢ and the remainder r of the Euclidean
division between two integers a and b given as arguments (¢ = b *x ¢ + r with
0<r<hb).

Input :

iquorem(148,5)
Output :

[29, 3]

2.6.13 Test of evenness : even

even takes as argument an integer n.
even returns 1 if n is even and returns 0 if n is odd.

Input :
even (148)
Output :
1
Input :
even (149)
Output :
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2.6.14 Test of oddness : odd

odd takes as argument an integer n.
odd returns 1 if n is odd and returns O if n is even.

Input :
odd (148)
Output :
0
Input :
odd (149)
Output :
1

2.6.15 Test of pseudo-primality : is_pseudoprime

If is_pseudoprime (n) returns 2 (true), then n is prime.

If it returns 1, then n is pseudo-prime (most probably prime).

If it returns O, then n is not prime.

DEFINITION: For numbers less than 104, pseudo-prime and prime are equivalent.
But for numbers greater than 104, a pseudo-prime is a number with a large prob-
ability of being prime (cf. Rabin’s Algorithm and Miller-Rabin’s Algorithm in the
Algorithmic part (menu Help->Manuals->Programming)).

Input :

is_pseudoprime (100003)

Output :

2
Input :

is_pseudoprime (9856989898997)

Output :

2
Input :

is_pseudoprime (14)

Output :

0
Input :

is_pseudoprime (9856989898997789789)

Output :
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2.6.16 Test of primality : is_prime isprime isPrime

is_prime (n) returns 1 (true) if n is prime and 0 (false) if n is not prime.
isprime returns true or false.

Use the command pari ("isprime", n, 1) to have a primality certificat (see
the documentation PARI/GP with the menu Aide—->Manuels—->PARI-GP) and
pari ("isprime", n, 2) touse the APRCL test.

Input :
is_prime (100003)

Output :

1
Input :

isprime (100003)
Output :
true
Input :
is_prime (98569898989987)

Output :

1
Input :

is_prime (14)

Output :

0
Input :

isprime (14)
Output :
false

Input :

pari("isprime", 9856989898997789789,1)

This returns the coefficients giving the proof of primality by the p — 1 Selfridge-
Pocklington-Lehmer test :

[[2,2,1],1[19,2,1],1941,2,11,1[1873,2,1],194907,2,1]]
Input :
isprime (9856989898997789789)
Output :

true
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2.6.17 The smallest pseudo-prime greater than n : nextprime

nextprime (n) returns the smallest pseudo-prime (or prime) greater than n.
Input :

nextprime (75)
Output :

79

2.6.18 The greatest pseudo-prime less than n : prevprime

prevprime (n) returns the greatest pseudo-prime (or prime) less than n.
Input :

prevprime (75)
Output :

73

2.6.19 The n-th prime number : ithprime

ithprime (n) returns the n-th prime number less than 10000 (current limita-
tion).

Input :
ithprime (75)
Output :
379
Input :
ithprime (1229)
Output :
9973
Input :
ithprime (1230)
Output :

ithprime (1230)

because ithprime (1230) is greater than 10000.
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2.6.20 Bézout’s Identity : iegcd igcdex

iegcd(a,b) or igcdex (a, b) returns the coefficients of the Bézout’s Identity
for two integers given as argument.

iegcd(a,b) or igcdex (a,b) returns [u,v,d] such that au+bv=d and
d=gcd (a,b).

Input :

iegcd (48, 30)
Output :
[2,-3,6]
In other words :
2484+ (-3)-30=6
2.6.21 Solving au+bv=cin Z: iabcuv

iabcuv (a, b, c¢) returns [u, v] so that au+bv=c.
c must be a multiple of gcd (a, b) for the existence of a solution.
Input :

iabcuv (48,30, 18)
Output :

[6,-9]

2.6.22 Chinese remainders : ichinrem, ichrem

ichinrem([a,pl, [b,g]) orichrem([a,p]l, [b,gl) returnsalist [c, lcm (p, q) ]
of 2 integers.
The first number c is such that

VkeZ, d=c+kxlem(p,q)
has the properties
d=a (modp), d=b (mod q)

If p and g are coprime, a solution d always exists and all the solutions are congru-
ent modulo p*q.

Examples :
Solve :
x = 3(mod 5)
x = 9 (mod 13)
Input :
ichinrem([3,5]1,19,13])
or input :

ichrem([3,5],[9,13])
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Output :
[-17,65]

so x=-17 (mod 65)
we can also input :

ichrem(3%5,9%13)

Output :
-17%65
Solve :
x = 3 (mod5)
r = 4(mod?7)
z = 1(mod?9)

First input :

tmp:=ichinrem([3,5]1,[4,7])

or input :
tmp:=ichrem([3,5],[4,7])
output :
[-17,35]
then input :
ichinrem([1, 9], tmp)
or input :
ichrem([1,9], tmp)
Output :
[-17,315]
hence x=-17 (mod 315)
Alternative :
ichinrem ([3%5,4%7,1%9])
Output :
-17%315
Remark

ichrem (orichinrem)may be used to find coefficients of polynomial which
class are known modulo several integers, for example find ax + b modulo 315 =
5 X 7 x 9 under the assumptions:

a= 3 (mod 5) b= 1 (mod 5)
a= 4(mod?7) , b= 2(mod7)
a= 1(mod9) b= 3 (mod9)

Input :
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ichrem ((3x+1) %5, (4x+2)%7, (x+3)%9)
Output :
(-17%315%x x+156%315

hence a=-17 (mod 315) andb=156 (mod 315).

2.6.23 Chinese remainders for lists of integers : chrem

chrem takes as argument 2 lists of integers of the same size.

chrem returns a list of 2 integers.

For example, chrem ([a, b, c], [p,q, r]) returns thelist [x, lcm(p, g, r) ]
where x=a mod p and x=b mod gand x=c mod r.

A solution x always exists if p, g, r are mutually primes, and all the solutions
are equal modulo pxgxr.

BE CAREFULL with the order of the parameters, indeed :

chrem([a,b]l, [p,g]l)=ichrem([a,p], [b,q])=

ichinrem([a,p], [b,q])

Examples :
Solve :

r = 3 (mod 5)

x = 9 (mod 13)
Input :

chrem([3,9]1,[5,13])
Output :
[-17,65]

$0, x=—17 (mod 65)
Solve :

= 3 (mod 5)

= 4 (mod 6)

= 1(mod9)
Input :

chrem([3,4,1],[5,6,9])

Output :

[28,90]

so x=28 (mod 90)

Remark

chrem may be used to find coefficients of polynomial which class are known
modulo several integers, for example find ax + b modulo 315 = 5 X 7 x 9 under
the assumptions:

a= 3 (mod5) b= 1 (mod5)
a= 4(mod7) , b= 2(mod7)
a= 1(mod?9) b= 3(mod?9)

Input :
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chrem([3x+1,4x+2,x+31,1[5,7,91)
Output :
[-17x+156),315]

hence, a=-17 (mod 315) etque b=156 (mod 315).

2.6.24 Solving a®> + V> = pinZ: pa2b2

pa2b2 decompose a prime integer p congruent to 1 modulo 4, as a sum of squares
p= a? 4 b2. The result is the list [a, b].
Input :

raz2b2(17)
Output :
(4,1]

indeed 17 = 42 + 12

2.6.25 The Euler indicatrix : euler phi

euler (or phi) returns the Euler indicatrix for a integer.

euler (n) (or phi (n)) is equal to the number of integers less than n and prime
with n.

Input :

euler (21)
Output :
12

In other words E={2.4,5,7,8,10,11,13,15,16,17,19} is the set of integers less than
21 and coprime with 21. There are 12 members in this set, hence Cardinal(E)=12.
Euler has introduced this function to generalize the little Fermat theorem:

If @ and n are mutually prime then a€“¢"(") =1 mod n

2.6.26 Legendre symbol : 1egendre_symbol

If n is prime, we define the Legendre symbol of a written (£) by :

a 0 ifa=0 modn
(—)z 1 ifa # 0 mod n and if a = b> mod n
—1 ifa # 0 mod n and if a # b? mod n

Some properties

e If nis prime :
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(Z) . <§> = (—1)%1.(—1)(17 if p and ¢ are odd and positive

legendre_symbol takes two arguments a and n and returns the Legendre sym-

bol (£).
Input :
legendre_symbol (26,17)
Output :
1
Input :
legendre_symbol (27,17)
Output :
-1
Input :
legendre_symbol (34,17)
Output :

2.6.27 Jacobi symbol : jacobi_symbol

If n is not prime, the Jacobi symbol of a, denoted as (%), is defined from the

Legendre symbol and from the decomposition of n into prime factors. Let

(0% (0%
n=p.p."

where p; is prime and «; is an integer for j = 1..k. The Jacobi symbol of a is

n p o Pk

jacobi_symbol takes two arguments a and n, and it returns the Jacobi symbol
a
(%)-
Input :
jacobi_symbol (25,12)

Output :
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1
Input :
jacobi_symbol (35,12)
Output :
-1
Input :
Jjacobi_symbol (33,12)
Output :

2.7 Combinatory analysis

2.7.1 Factorial : factorial !

factorial (prefix) or ! (postfix) takes as argument an integer n.
factorial (n) orn! returns n!l.

Input :
factorial (10)
or
10!
Output :
3628800

2.7.2 Binomial coefficients : binomial comb nCr

comb or nCr or binomial takes as argument two integers n and p.
comb (n,p) ornCr (n,p) orbinomial (n, p) returns (Z) = Cﬁ.
Input :

comb (5, 2)
Output :
10

Remark

53

binomial (unlike comb, nCr) may have a third real argument, in this case

binomial (n,p,a) returns () a?(1 — a)" 7.
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2.7.3 Arrangements : perm nPr

perm ou nPr takes as argument two integers n and p.
perm (n, p) ornPr (n, p) returns A,
Input :

perm(5,2)
Output :

20

2.7.4 Random integers : rand

rand takes as argument an integer 7 or no argument.

e rand (n) returns a random integer p such that 0 < p < n.
Input :

rand (10)

Output for example :

e rand () returns a random integer p such that 0 < p < 231 (or on 64 bits
architecture 0 < p < 263).
Input :

rand ()
Output for example :

846930886

2.8 Rationals

2.8.1 Transform a floating point number into a rational : exact
float2rational

float2rational or exact takes as argument a floating point number d and
returns a rational number g approaching d such that abs (d—q) <epsilon. epsilon
is defined in the cas configuration (Cfg menu) or with the cas_setup com-
mand.

Input :

float2rational (0.3670520231)
Output when epsilon=1e-10:

127/346
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Input :
evalf (363/28)
Output :
12.9642857143
Input :
float2rational (12.9642857143)
Output :

363/28
If two representations are mixed, for example :

1/2+0.7
the rational is converted to a float, output :

1.2
Input :
1/2+float2rational (0.7)

Output :

6/5

2.8.2 Integer and fractional part: propfrac propFrac
propfrac (A/B) or propFrac (A/B) returns
q—i—% with 0 <7 < b

A
if = = % with ged(a,b) = 1 and a = bg + 7
For rational fractions, cf. 2.28.8.

Input :
propfrac(42/15)
Output :
2+4/5
Input :
propfrac (43/12)
Output :

3+7/12

55
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2.8.3 Numerator of a fraction after simplification : numer
getNum

numer or getNum takes as argument a fraction and returns the numerator of this
fraction after simplification (for rational fractions, see 2.28.2).

Input :
numer (42/12)
Or:
getNum (42/12)
Output :
-

To avoid simplifications, the argument must be quoted (for rational fractions see
2.28.1).

Input :

numer ("42/127")
Or:

getNum (’42/12")
Output :

42

2.8.4 Denominator of a fraction after simplification : denom getDenom

denom or getDenom takes as argument a fraction and returns the denominator of
this fraction after simplification (for rational fractions see 2.28.4).
Input :

denom (42/12)

getDenom (42/12)
Output :
2

To avoid simplifications, the argument must be quoted (for rational fractions see
2.28.3).

Input :
denom (’42/12")
Or:
getDenom (' 42/12")
Output :

12



2.8. RATIONALS 57

2.8.5 Numerator and denominator of a fraction : f2nd fxnd

f2nd (or £xnd) takes as argument a fraction and returns, the list of the numera-
tor and denominator of this fraction after simplification (for rational fractions see
2.28.5).

Input :

f2nd (42/12)
Output :

(7,2]

2.8.6 Simplification of a pair of integers : simp2

simp2 takes as argument two integers or a list of two integers which represent a
fraction (for two polynomals see 2.28.6).

simp?2 returns the list of the numerator and the denominator of an irreducible
representant of this fraction (i.e. after simplification).

Input :
simp2(18,15)
Output :
[6,5]
Input :
simp2([42,12])
Output :

(7,2]

2.8.7 Continued fraction representation of a real : dfc

dfc takes as argument a real or a rational or a floating point number a and an
integer n (or areal epsilon).
dfc returns the list of the continued fraction representation of a of order n (or
with precision epsilon i.e. the continued fraction representation which ap-
proachs a or evalf (a) with precision epsilon, by default epsilon is the
value of the epsilon defined in the cas configuration with the menu Cfgp»Cas
Configuration).
convert with the option confrac has a similar functionnality: in that case the
value of epsilon is the value of the epsilon defined in the cas configuration
with the menu Cfgp»Cas Configuration (see 2.21.23) and the answer may
be stored in an optionnal third argument.

Remarks

o If the last element of the result is a list, the representation is ultimaltely
periodic, and the last element is the period. It means that the real is a root of
an equation of order 2 with integer coefficients.
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o if the last element of the result is not an integer, it represents a remainder r
(a=a0+1/....4 1/an + 1/r). Be aware that this remainder has lost most
of it’s accuracy.

If dfc(a)=[a0,al, a2, [b0,bl] that means :

a::aO%-a1+_ ! T
a2+7b0+b1+%
If dfc(a)=[a0,al, a2, r] that means :
azaO—I—*1
al + o5
Input :
dfc (sqgrt(2),5)
Output :
[(1,2,12]1]
Input :
dfc(evalf (sgrt (2)),1le-9)
Or:
dfc(sqgrt (2),1e-9)
Output :
(1,2,2,2,2,2,2,2,2,2,2,2,2]
Input :

convert (sqgrt (2),confrac, 'dev’
Output (if in the cas configuration epsilon=1e-9):
(1,2,2,2,2,2,2,2,2,2,2,2,2]

and [1,2,2,2,2,2,2,2,2,2,2,2,2] 18 stored in dev.
Input :

dfc(9976/6961,5)
Output :
[1,2,3,4,5,43/7]

Input to verify:

1+1/(2+1/ (3+1/ (4+1/ (5+7/43))))
Output :

9976/6961

Input :
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convert (9976/6961, confrac,’1’)
Output (if in the cas configuration epsilon=1e-9):
[(1,2,3,4,5,6,7]

and [1,2,3,4,5,6,7] isstoredin 1

Input :
dfc (pi, b)
Output :
[3,7,15,1,292, (-113xpi+355)/(33102+xp1i-103993)]
Input :

dfc(evalf (pi), 5)

Output (if floats are hardware floats, e.g. for Digits=12) :
[3,7,15,1,292,1.57581843574]
Input :
dfc(evalf (pi),1le-9)
Or:
dfc (pi, 1e-9)
Or (if in the cas configuration epsilon=1e-9):
convert (pi, confrac,’11’)

Output :

[3,7,15,1,292]

2.8.8 Transform a continued fraction representation intoareal : dfc2f
dfc2f takes as argument a list, a continued fraction representation
e a list of integers for a rational number

e a list whose last element is a list for an ultimately periodic representation,
i.e. a quadratic number, that is a root of a second order equation with integer
coefficients.

e or a list with a remainder 7 as last element (a = a0 + 1/.... + 1/an + 1/r).

dfc2f returns the rational number or the quadratic number with the argument as
continued fraction representation.
Input :

dfc2f([1,2,[2]])

Output :
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1/(1/(1+sgrt(2))+2)+1

After simplification with normal :

sgrt (2)

Input :
dfc2f([1,2,3])
Output :
10/7
Input :
normal (dfc2f([3,3,6,[3,6]11))

Output :

sgrt (11)
Input :

dfc2f([1,2,3,4,5,6,71)

Output :

9976/6961

Input to verify :
1+1/(241/ (3+1/ (441/ (5+1/(6+1/7)))))
Output :

9976/6961

Input :

dfc2f([1,2,3,4,5,43/71)
Output :
9976/6961
Input to verify :
1+1/(2+1/(3+1/ (4+1/ (5+7/43))))

Output :
9976/6961
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2.8.9 The n-th Bernoulli number : bernoulli

bernoulli takes as argument an integer n.
bernoulli returns the n-th Bernoulli number B(n).
The Bernoulli numbers are defined by :

+o0o

t B,
et—l_z n! t

n=0

Bernoulli polynomials By, are defined by :

1
Bo=1, By(z)= kB 1(z). / Bi(z)dz = 0
0
and the relation B(n) = B,,(0) holds.
Input :
bernoulli (6)
Output :

1/42

2.8.10 Access to PARI/GP commands: pari

e pari with a string as first argument (the PARI command name) execute the
corresponding PARI command with the remaining arguments. For exam-
ple pari ("weber", 1+1) executes the PARI command weber with the
argument 1+1.

e pari without argument exports all PARI/GP functions

— with the same command name if they are not already defined inside
Xcas

— with their original command name with the prefix pari_

For example, after calling pari (), pari_weber (1+1i) orweber (1+1)
will execute the PARI command weber with the argument 1+1.

The documentation of PARI/GP is available with the menu Help->Manuals.

2.9 Real numbers

2.9.1 Eval areal at a given precision : evalf and Digits,DIGITS)

e A real number is an exact number and its numeric evaluation at a given pre-
cision is a floating number represented in base 2.
The precision of a floating number is the number of bits of it’s mantissa,
which is at least 53 (hardware float numbers, also known as doub1e). Float-
ing numbers are displayed in base 10 with a number of digits controlled by
the user either by assigning the Digits variable or by modifying the Cas
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configuration. By default Digits is equal to 12. The number of digits dis-
played controls the number of bits of the mantissa, if Digits is less than 15,
53 bits are used, if Digits is strictly greater than 15, the number of bits is a
roundoff of Digits times the log of 10 in base 2.

e An expression is coerced into a floating number with the evalf command.
evalf may have an optional second argument which will be used to evalu-
ate with a given precision.

e Note that if an expression contains a floating number, evaluation will try
to convert other arguments to floating point numbers in order to coerce the
whole expression to a single floating number.

Input :
1+1/2

Output :

3/2
Input :

1.0+1/2

Output :

1.5
Input:

exp (pixsqgrt (20))

Output :

exp (pi*2xsqrt (5))
With evalf, input :

evalf (exp (pi*2xsqgrt (5)))

Output :
1263794.75367
Input :
1.1720
Output :
6.72749994933
Input :

sgrt (2) 721

Output :
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sgrt (2) x2710
Input for a result with 30 digits :
Digits:=30
Input for the numeric value of ™V 163:
evalf (exp (pixsqgrt (163)))
Output :
0.262537412640768743999999999985e138

Note that Digits is now set to 30. If you don’t want to change the value of
Digits you may input

evalf (exp (pi*sqrt (163)),30)

2.9.2 Usual infixed functionsonreals: +,—, x, /, "~

+,-,%,/," are the usual operators to do additions, substractions, multiplica-
tions, divisions and for raising to a power.

Input :
3+2
Output :
5
Input :
3-2
Output :
1
Input :
3%2
Output :
6
Input :
3/2
Output :
3/2
Input :

3.2/2.1
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Output :

1.52380952381
Input :

372
Output :
9
Input :
3.272.1

Output :

11.5031015682

Remark

You may use the square key or the cube key if your keyboard has one, for example
: 32 returns 9.
Remark on non integral powers

e If  is not an integer, then a” = exp(z In(a)), hence a” is well-defined only
for a > 0 if x is not rational. If x is rational and a < 0, the principal
determination of the logarithm is used, leading to a complex number.

. 1 .

e Hence be aware of the difference between {/a and a» when n is an odd
integer.
For example, to draw the graph of y = v/x3 — 22, input :

plotfunc (ifte (x>0, (x"3-x"2)"(1/3),
- (x"2-x"3)"(1/3)),%x,xstep=0.01)

You might also input :

plotimplicit (y"3=x"3-x"2)
but this is much slower and much less accurate.

2.9.3 Usual prefixed functions on reals : rdiv

rdiv is the prefixed form of the division function.

Input :
rdiv (3, 2)
Output :
3/2
Input :
rdiv(3.2,2.1
Output :

1.52380952381
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2.9.4 n-throot: root

root takes two arguments : an integer n and a number a.
root returns the n-th root of a (i.e. at/ ™). If a < 0, the n-th root is a complex
number of argument 27 /n.

Input :
root (3, 2)
Output :
27 (1/3)
Input :
root (3,2.0)

Output :

1.259921049892
Input :

root (3, sqrt (2))
Output :

27 (1/6)

2.9.5 Error function : erf

erf takes as argument a number a.
erf returns the floating point value of the error function at x = a, where the error

function is defined by :
2 T 9
erf(z) = —— [ e Vdt
5

The normalization is choosen so that:

erf(+00) =1, erf(—o0) = —1

since : N
o

/ e dt = ﬁ

0 2
Input :

erf (1)

Output :

0.84270079295
Input :

erf(1/(sqrt(2)))*1/2+0.5

Output :
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0.841344746069

Remark
The relation between erf and normal cdfis:

1_cdf(z) = 1+1 f(x)
normal_c — erf(—
7
Indeed, making the change of variable ¢ = u * /2 in
normal_cdf(z) = = + — / e 2t
gives :
Vi 1 T
normal_cdf(z) = = + / eV du == + erf(—)
7
Check :

normal_cdf (1)=0.841344746069

2.9.6 Complementary error function: erfc

erfc takes as argument a number a.
er fc returns the value of the complementary error function at x = a, this function

is defined by :
+00
erfc(x / dt—l—erf( )
f

Hence erfc(0) = 1, since :

2
Input :
erfc (1)
Output :
0.15729920705
Input :
1- erfc(l/(sqrt(2)))*1/2
Output :
0.841344746069
Remark

The relation between erfc and normal_cdfis:

)

1 _cdf(z) =1 L fo °
normal_c r)=1— —erfc(—
_ 5 NG
Verification :

normal_cdf (1)=0.841344746069
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2.9.7 TheT function : Gamma

Gamma takes as argument a number a.
Gamma returns the value of the I" function in a, defined by :

“+o00
['(x) :/ e 't ldt, if 2 >0
0

If = is a positive integer, I" is computed by applying the recurrence :

T(z+1)=z+D(z), (1) =1

Hence :

'n+1)=n!
Input :

Gamma (5)
Output :
24

Input :

Gamma (0.7)
Output :

1.29805533265

Input :

Gamma (-0.3)
Output :

-4.32685110883

Indeed : Gamma (0.7)=-0.3*xGamma (-0.3)
Input :

Gamma (=-1.3)
Output :
3.32834700679

Indeed Gamma (0.7)=-0.3xGamma (-0.3)=(-0.3) % (-1.3) *xGamma (-1.3)
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2.9.8 The 3 function : Beta

Beta takes as argument two reals a, b.
Bet a returns the value of the § function at a, b € R, defined by :

e o1 D)+ T(y)
ﬁ(%y)—/o N1 —t)Y l—m

Remarkable values :

1 1
Beta (x,y) is defined for x and y positive reals (to insure the convergence of the
integral) and by prolongation for x and y if they are not negative integers.
Input :

Beta (5, 2)

Output :
1/30

Input :

Beta (x,V)
Output :

Gamma (x) *Gamma (y) /Gamma (x+y)
Input :
Beta(5.1,2.2)

Output :

0.0242053671402

2.9.9 Derivatives of the DiGamma fonction : Psi

Psi takes as arguments a real a and an integer n (by default n = 0).

Psi returns the value of the n-th derivative of the DiGamma function at z = a,
where the DiGamma fonction is the first derivative of In(I'(x)). This function is
used to evaluated sums of rational functions having poles at integers.

Input :

Psi(3,1)
Output :
pit2/6-5/4

If n=0, you may use Psi (a) instead of Psi (a, 0) to compute the value of
the DiGamma fonction at = a.
Input :
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Psi (3)
Output :
Psi(1l)+3/2
Input :
evalf (Psi(3))
Output :

.922784335098

2.9.10 The ¢ function : Zeta

Zeta takes as argument a real z.

Zetareturns forz > 1:
+o0o 1
(x)=) —

n«
n=1

and for x < 1 it’s meromorphic continuation.

Input :

Zeta (2)
Output :

pit2/6
Input :

Zeta (4)
Output :

pi~4/90

2.9.11 Airy functions : Airy_Ai and Airy_Bi

Airy_Aiand Airy_Bi takes as argument a real x.
Airy_Aiand Airy_Ri are two independant solutions of the equation

' —xxy=0

They are defined by :
Airy_Ai(z) = (1/71)/ cos(t3/3 + x * t)dt
0
Airy_Bi(z) = (1/m) / (e /3 1 sin(3/3 + 2+ £))dt
0

Properties :

Airy_Ai(x) = Airy_Ai(0) * f(x) + Airy_Ai'(0) * g(x)
Airy_Bi(x) = V3(Airy_Ai(0) * f(x) — Airy_Ai'(0) * g(x))
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where f and g are two entire series solutions of
w' —xxw=0

more precisely :

5 = ok [T+1) 2%
f@) = kzzo?’ ( Tl )(3k)!

> I'(k+2) g3kt
gle) = ;03k< I( )3 > 3k + 1)1

2
3
Input :
Airy_Ai (1)
Output :
0.135292416313
Input :
Airy Bi (1)
Output :
1.20742359495
Input :
Airy_Ai (0)
Output :
0.355028053888
Input :
Airy Bi (0)
Output :

0.614926627446

2.10 Permutations

A permutation p of size n is a bijection from [0..n — 1] on [0..n — 1] and is repre-
sented by the list : [p(0),p(1),p(2)...p(n — 1)].

For example, the permutation p represented by [1, 3,2, 0] is the application from
[0,1,2,3] on [0, 1,2, 3] defined by :

p(0) =1, p(1) =3, p(2) =2, p(3) =0

A cycle c of size p is represented by the list [ag, ...,ap—1] (0 < ap < n —1)itis
the permutation such that

c(a;) = ajpq for (i =0..p—2), c(ap—1) =ao, c(k) =k otherwise

A cycle c is represented by a list and a cycle decomposition is represented by a list
of lists.

For example, the cycle c represented by the list [3, 2, 1] is the permutation ¢ defined
by ¢(3) = 2, ¢(2) =1, ¢(1) = 3, ¢(0) = 0 (i.e. the permutation represented by
the list [0, 3, 1, 2]).
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2.10.1 Random permutation : randperm

randperm takes as argument an integer n.
randperm returns a random permutation of [0..n — 1].
Input :

randperm(3)
Output :
[2,0,1]
2.10.2 Decomposition as a product of disjoint cycles :
permu2cycles

permu2cycles takes as argument a permutation.
permu2cycles returns its decomposition as a product of disjoint cycles.
Input :

permu2cycles([1,3,4,5,2,0])
Output :
[(0,1,3,51,12,411

In the answer the cycles of size 1 are omitted, except if n — 1 is a fixed point of the
permutation (this is required to find the value of n from the cycle decomposition).
Input :

permu2cycles([0,1,2,4,3,5])
Output :
[[51,03,4]1]
Input :
permu2cycles([0,1,2,3,5,4])
Output :

([4,5]]

2.10.3 Product of disjoint cycles to permutation: cycles2permu

cycles2permu takes as argument a list of cycles.

cycles2permu returns the permutation (of size n choosen as small as possible)
that is the product of the given cycles (it is the inverse of permu2cycles).
Input :

cyclesZ2permu([[1,3,5],12,41])
Output :

(0,3,4,5,2,1]
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Input :
cycles2permu([[2,4]])
Output :
[0,1,4,3,2]
Input :
cycles2permu([[5],[2,411)
Output :

(0,1,4,3,2,5]

2.10.4 Transform a cycle into permutation : cycle2perm

cycle2perm takes on cycle as argument.

cycle2perm returns the permutation of size n corresponding to the cycle given
as argument, where n is choosen as small as possible (see also permu2cycles
and cycles2permu).

Input :

cycle2perm([1,3,5])
Output :

(0,3,2,5,4,1]

2.10.5 Transform a permutation into a matrix : permu2mat

permu2mat takes as argument a permutation p of size n.

permu2mat returns the matrix of the permutation, that is the matrix obtained by
permuting the rows of the identity matrix of size n with the permutation p.

Input :

permu2mat ([2,0,1])
Output :

(eo,0,11,11,0,0],[0,1,0]]

2.10.6 Checking for a permutation : is_permu

is_permu is a boolean function.

is_permu takes as argument a list.

is_permureturns 1 if the argument is a permutation and returns O if the argument
is not a permutation.

Input :

is_permu([2,1,3])

Output :
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Input :
is_permu([2,1,3,01)

Output :

2.10.7 Checking for acycle: is_cycle

is_cycle is a boolean function.
is_cycle takes a list as argument.
is_cycle returns 1 if the argument is a cycle and returns O if the argument is not

a cycle.
Input :
is_cycle([2,1,3])
Output :
1
Input :
is_cycle([2,1,3,2])

Output :

2.10.8 Product of two permutations : plop?2

plop2 takes as arguments two permutations.
plop?2 returns the permutation obtained by composition :

1Starg oond

arg
Input :
plop2([3,4,5,2,0,1]1,[2,0,1,4,3,51])
Output :
[5,3,4,0,2,1]
Warning

Composition is done using the standard mathematical notation, that is the permu-
tation given as second argument is performed first.
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2.10.9 Composition of a cycle and a permutation : c1op?2

clop?2 takes as arguments a cycle and a permutation.
clop? returns the permutation obtained by composition :

1Starg o 2ndarg

Input :
clop2([3,4,51,102,0,1,4,3,5])
Output :
[2,0,1,5,4,3]
Warning

Composition is done using the standard mathematical notation, that is the permu-
tation given as second argument is performed first.

2.10.10 Composition of a permutation and a cycle : ploc?2

ploc2 takes as arguments a permutation and a cycle.
ploc? returns the permutation obtained by composition :

1Starg o 2ndarg

Input :
ploc2([3,4,5,2,0,1]1,12,0,1])
Output :
[4,5,3,2,0,1]
Warning

Composition is done using the standard mathematical notation, that is the cycle
given as second argument is performed first.

2.10.11 Product of two cycles : cloc2

cloc? takes as arguments two cycles.
cloc? returns the permutation obtained by composition :

1Starg o 2ndarg

Input :
cloc2([3,4,51,102,0,11)
Output :
[1,2,0,4,5,3]
Warning

Composition is done using the standard mathematical notation, that is the cycle
given as second argument is performed first.
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2.10.12 Signature of a permutation : signature

signature takes as argument a permutation.
signature returns the signature of the permutation given as argument.
The signature of a permutation is equal to :

o 1 if the permutation is equal to an even product of transpositions,
e -1 if the permutation is equal to an odd product of transpositions.

The signature of a cycle of size k is : (—1)**1,
Input :

signature([3,4,5,2,0,1])
Output :
-1

Indeed permu2cycles([(3,4,5,2,0,1]1)=[1[0,3,2,5,1,4]11].

2.10.13 Inverse of a permutation : perminv

perminv takes as argument a permutation.

perminv returns the permutation that is the inverse of the permutation given as
argument.

Input :

perminv ([1,2,0])
Output

(2,0,1]

2.10.14 Inverse of a cycle: cycleinv

cycleinv takes as argument a cycle.
cycleinv returns the cycle that is the inverse of the cycle given as argument.
Input :

cycleinv([2,0,1])
Output

[1,0,2]

2.10.15 Order of a permutation : permuorder

permuorder takes as argument a permutation.

permuorder returns the order k of the permutation p given as argument, that is
the smallest integer m such that p™ is the identity.

Input :

permuorder ([0,2,117)
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Output

Input :
permuorder ([3,2,1,4,0])

Output

2.10.16 Group generated by two permutations : groupermu

groupermu takes as argument two permutations a and b.
groupermnu returns the group of the permutations generated by a and b.
Input :

groupermu<[or2rlr 3] ’ [311121 O])
Output

(eo,2,1,3J1,103,1,2,01,10,1,2,3],[3,2,1,0]]

2.11 Complex numbers

Note that complex numbers are also used to represent a point in the plan or a 1-d
function graph.
2.11.1 Usual complex functions : +, -, x, /, *

+,-,%,/," are the usual operators to perform additions, substractions, multi-
plications, divisions and for raising to an integer or a fractional power.
Input :

(1+2x1) "2
Output :

—3+4%1i

2.11.2 Real part of a complex number : re real

re (or real) takes as argument a complex number (resp a point A).

re (or real) returns the real part of this complex number (resp the projection on
the x axis of A).

Input :

re (3+4«1)

Output :



2.11. COMPLEX NUMBERS 77

2.11.3 Imaginary part of a complex number : im imag

im (or imag) takes as argument a complex number (resp a point A).

im (or imag) returns imaginary part of this complex number (resp the projection
on the y axis of A).

Input :

im(3+4x1)

Output :

2.11.4 Write a complex as re (z) +ixim(z) : evalc

evalc takes as argument a complex number z.
evalc returns of this complex number, written as re (z) +ixim(z).
Input :

evalc (sqrt (2) xexp (ixpi/4))

Output :

1+1

2.11.5 Modulus of a complex number : abs

abs takes as argument a complex number.
abs returns the modulus of this complex number.
Input :

abs (3+4x1)

Output :

2.11.6 Argument of a complex number : arg

arg takes as argument a complex number.
arg returns the argument of this complex number.
Input :

arg(3+4.1)

Output :

atan (4/3)
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2.11.7 The normalized complex number : normalize unitV

normalize or unitV takes as argument a complex number.

normalize or unitV returns the complex number divided by the modulus of
this complex number.

Input :

normalize (3+4x1)
Output :

(3+4%1) /5

2.11.8 Conjuguate of a complex number : conj

conj takes as argument a complex number.
con 7 returns the complex conjuguate of this complex number.
Input :

conj(3+4x1i)
Output :

3-4%1i

2.11.9 Multiplication by the complex conjugate :
mult_c_conjugate

mult_c_conjugate takes as argument an complex expression.

If this expression has a complex denominator, mult_c_conjugate multiplies
the numerator and the denominator of this expression by the complex conjuguate
of the denominator.

If this expression has not a complex denominator, mult_c_conjugate multi-
plies the numerator and the denominator of this expression by the complex con-
juguate of the numerator.

Input :
mult_c_conjugate ((24+1)/ (2+3%1))
Output :
(241) * (243% (=1) ) / ((243% (1) ) * (24+3% (=1)))
Input :
mult_c_conjugate ((2+1)/2)
Output :

(2+1) % (2+=1) / (2% (2+-1))
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2.11.10 Barycenter of complex numbers : barycentre

See also : ?? and ??.
barycentre takes as argument two lists of the same size (resp. a matrix with
two columns):

o the elements of the first list (resp column) are points A; or complex numbers
a; (the affixes of the points),

e the elements of the second list (resp column) are real coefficients «; such

that > a; # 0.

barycentre returns the barycenter point of the points A; weighted by the real
coefficients a;. If )~ «j = 0, barycentre returns an error.
Warning To have a complex number in the output, the input must be :

affixe (barycentre(...,...)) because barycentre(...,...) re-
turns a point, not a complex number.
Input :

affixe (barycentre ([1+i,1-1]1,1[1,1]))
Or:
affixe (barycentre([[1+i,1],[1-1,111))

Output :

2.12 Algebraic expressions

2.12.1 Evaluate an expression : eval

eval is used to evaluate an expression. Since Xcas always evaluate expressions
entered in the commandline, eval is mainly used to evaluate a sub-expression in
the equation writer.

Input :

a:=2
Output :

2
Input :
eval (2+3xa)

or

2+3x*a
Output :
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2.12.2 Evaluate algebraic expressions : evala

In Maple, evala is used to evaluate an expression with algebraic extensions. In
Xcas, evala is not necessary, it behaves like eval.

2.12.3 Prevent evaluation : quote hold ’

A quoted subexpression (either with * or with the quote or hold) command will
not be evaluated.

Remark a:=quote (a) (ora:=hold (a))is equivalent to purge (a) (for the
sake of Maple compatibility). It returns the value of this variable (or the hypothesis
done on this variable).

Input :
a:=2;quote (2+3xa)
or
a:=2;"2+3xa’
Output :

(2,2+3.a)

2.12.4 Force evaluation : unquote

unquote is used to evaluate inside a quoted expression.

For example in an affectation, the variable is automatically quoted (not evaluated)
so that the user does not have to quote it explicitely each time he want to modify
it’s value. In some circumstances, you might however want to evaluate it.

Input:

purge (b) ;ja:=b;unquote (a) :=3
Output :

b contains 3, hence a evals to 3

2.12.5 Distributivity : expand fdistrib

expand or £distrib takes as argument an expression.
expand ou £distrib returns the expression where the distributivity of the mul-
tiplication with respect to the addition is applied.

Input :
expand ( (x+1) % (x-2))
Or:
fdistrib ((x+1) * (x-2))
Output :

XN2-2*X+xX-2
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2.12.6 Canonical form : canonical_ form

canonical_form takes as argument a trinomial of second degree.
canonical_form returns the canonical form of the argument.
Example :
Find the canonical form of :

22— 6z +1

Input :
canonical_ form(x"2-6xx+1)
Outpout :
(x—3)"2-8
2.12.7 Multiplication by the conjugate quantity :
mult_conjugate

mult_conjugate takes as argument an expression with a denominator or a nu-
merator supposed to contain a square root :

o if the denominator contains a square root,
mult_conjugate multiplies the numerator and the denominator of the
expression by the conjugate quantity of the denominator.

e otherwise, if the numerator contains a square root,
mult_conjugate multiplies the numerator and the denominator of this
expression by the conjugate quantity of the numerator.

Input :
mult_conjugate ((2+sqrt (2))/ (2+sqgrt (3)))
Output :

(2+sgrt (2) ) *» (2=sgrt (3)) / ((2+sqgrt (3) ) » (2—-sqrt (3)))

Input :
mult_conjugate ((2+sgqrt (2))/ (sqgrt (2) +sgrt (3)))

Output :

(2+sqrt (2)) * (—-sqrt (2) +sqrt (3)) /

((sgrt (2)+sqgrt (3)) * (—sgrt (2) +sqgrt (3)))

Input :

mult_conjugate ( (2+sqrt (2))/2)
Output :

(2+sgrt (2) ) *» (2=sgrt (2))/ (2% (2-sqrt (2)))
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2.12.8 Separation of variables : split

split takes two arguments : an expression depending on two variables and the
list of these two variables.

If the expression may be factorized into two factors where each factor depends only
of one variable, split returns the list of this two factors, otherwise it returns the
list [0].

Input :

split ((x+1)*(y-2), [x,v])
Or:

Split (xxy-2*x+y-2, [X,Vv])
Output :

[x+1,v-2]

Input :

split ((x"2xy~2-1, [x,v])
Output :

2.12.9 Factorisation : factor

factor takes as argument an expression.

factor factorizes this expression on the field of it’s coefficients, with the addition
of 7 in complex mode. If sgrt is enabled in the Cas configuration, polynomials
of order 2 are factorized in complex mode or in real mode if the discriminant is
positive.

Examples

1. Factorize z* — 1 over Q.
Input :

factor (x"4-1)
Output :
(x"2+1) » (x+1) * (x-1)
The coefficients are rationals, hence the factors are polynomials with ratio-

nals coefficients.

2. Factorize * — 1 over Q[i]
To have a complex factorisation, check complex in the cas configuration
(red button displaying the status line).
Input :
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factor (x"4-1)
Output :
—ix (—xX+—1) * (Ixx+1) * (—x+1) * (x+1)

3. Factorize 2% 4+ 1 over Q
Input :

factor (x~4+1)
Output :
x~4+1

Indeed z* + 1 has no factor with rational coefficients.

4. Factorize z* + 1 over Q[i]
Check complex in the cas configuration (red button rouge displaying the
status line).
Input :

factor (x74-1)
Output :
(x72+1) * (x72+-1)

5. Factorize * + 1 over R.
You have to provide the square root required for extending the rationals. In
order to do that with the help of Xcas, first check complex in the cas
configuration and input :

solve (x™4+1, x)

Output :

[sqrt (2) /2+ (1) xsqrt (2) /2, sqrt (2) /2+ (1) *x (= (sqrt (2)/2)),
—sqrt (2) /2+ (1) »sqrt (2) /2, —sqrt (2) /2+ (1) » (= (sqrt (2) /2)) ]

The roots depends on v/2. Uncheck complex mode in the Cas configuration
and input :

factor (x"4+1,sqgrt(2))
Output :
(x"2+sgrt (2) *x+1) * (x*2+ (= (sgrt (2)) ) »x+1)

To factorize over C, check complex in the cas configuration and input
cFactor (x"4+1,sqrt (2)) (cf cFactor).
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2.12.10 Complex factorisation : cFactor

cFactor takes as argument an expression.

cFactor factorizes this expression on the field Q[i] C C (or over the complexi-
fied field of the coefficients of the argument) even if you are in real mode.
Examples

1. Factorize x* — 1 over Z[i].
Input :

cFactor (x74-1)
Output :
—((x+=1) * ( (1) *x+1) * ((—1) »x+1)*(x+1))

2. Factorize z* + 1 over Z][i].
Input :

cFactor (x74+1)
Output :
(x"2+1) » (x"2+-1)

3. For a complete factorization of z* + 1, check the sqrt box in the Cas config-
uration or input :

cFactor (x"4+1, sqgrt (2))

Output :

sqrt (2) *1/2* (sqgrt (2) *x+1-1) * (sqrt (2) *x—-1+1i) *sqrt (2) *
1/2% (sqgrt (2) »x+1+1) * (sqrt (2) *x—-1-1)

2.12.11 Zeros of an expression : zeros

zeros takes as argument an expression depending on .

zeros returns a list of values of x where the expression vanishes. The list may

be incomplete in exact mode if the expression is not polynomial or if intermediate
factorizations have irreducible factors of order strictly greater than 2.

In real mode, (complex box unchecked in the Cas configuration or complex_mode :=0),
only reals zeros are returned. In (complex_mode:=1) reals and complex zeros

are returned. See also cZeros to get complex zeros in real mode.

Input in real mode :

zeros (x"2+4)

Output :
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Input in complex mode :
zeros (x"2+4)
Output :
[-2%1,2%1]
Input in real mode :
zeros (1ln (x) "2-2)

Output :

[exp (sgrt (2)) ,exp (—-(sqgrt (2)))]
Input in real mode :

zeros (1n(y) "2-2,vy)

Output :

[exp (sqgrt (2)),exp (- (sqgrt (2)))]
Input in real mode :

zeros (xx (exp (X)) "2-2%xx—2* (exp (x) ) "2+4)

Output :

[[log(sgrt(2)),2]

2.12.12 Complex zeros of an expression : cZeros

czZeros takes as argument an expression depending on z.

cZeros returns a list of comnplex values of x where the expression vanishes.
The list may be incomplete in exact mode if the expression is not polynomial or if
intermediate factorizations have irreducible factors of order strictly greater than 2.
Input in real or complex mode :

cZeros (x"2+4)

Output :
[-2%1,2%1]
Input :
czeros (1ln (x) ~2-2)
Output :

[exp (sgrt (2)),exp (- (sgrt(2)))]

Input :
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cZeros (1ln(y)"~2-2,vy)

Output :
[exp (sqrt (2)),exp (- (sqrt(2)))]
Input :
CZeros (x*x (exp (x) ) "2-2xx-2+* (exp (x)) "2+4)
Output :

[[log(sgrt(2)),log(-sqrt(2)),2]

2.12.13 Normal form : normal

normal takes as argument an expression. The expression is considered as a ra-
tional fraction with respect to generalized identifiers (either true identifiers or tran-
scendental functions replaced by a temporary identifiers) with coefficients in Q or
Q4] or in an algebraic extension (e.g. Q[v/2]). normal returns the expanded irre-
ducible representation of this rational fraction. See also ratnormal for pure ra-
tional fractions or simplify if the transcendental functions are not algebraically

independant.
Input :
normal ((x—1)* (x+1))
Output :
x"2-1
Remarks

e Unlike simplify, normal does nottry to find algebraic relations between
transcendental functions like cos(z)? + sin(z)? = 1.

e [t is sometimes necessary to run the normal command twice to get a fully
irreducible representation of an expression containing algebraic extensions.

2.12.14 Simplify : simplify

simplify simplifies an expression. It behaves like normal for rational frac-
tions and algebraic extensions. For expressions containing transcendental func-
tions, simplify tries first to rewrite them in terms of algebraically independant
transcendental functions. For trigonometric expressions, this requires radian mode
(check radian in the cas configuration or input angle_radian:=1).

Input :

simplify ((x—1)*(x+1))
Output :
x"2-1

Input :
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simplify (3-54*sqrt (1/162))

Output :
—-3%sgrt (2)+3
Input :
simplify ((sin (3%x)+sin(7xx))/sin (5%x))
Output :

4% (cos (x))"2-2

2.12.15 Normal form for rational fractions : ratnormal

ratnormal rewrites an expression using it’s irreductible representation. The ex-
pression is viewed as a multivariate rational fraction with coefficients in Q (or
Q[i]). The variables are generalized identifiers which are assumed to be alge-
braically independant. Unlike with normal, an algebraic extension is considered
as a generalized identifier. Therefore ratnormal is faster but might miss some
simplifications if the expression contains radicals or algebraically dependant tran-
scendental functions.

Input :
ratnormal ( (x*3-1)/(x"2-1))
Output :
(x72+x+1) / (x+1)
Input :
ratnormal ( (-2x"3+3x"2+5x-6) / (x"2-2x+1))
Output :

(=2%xx"2+x+6) / (x-1)

2.12.16 Substitue a variable by a value : subst

subst takes two or three arguments :

e an expression depending on a variable, an equality (variable=value of sub-
stitution) or a list of equalities.

e an expression depending on a variable, a variable or a list of variables, a
value or a list of values for substitution.

subst returns the expression with the substitution done. Note that subst does
not quote it’s argument, hence in a normal evaluation process, the substitution vari-
able should be purged otherwise it will be replaced by it’s assigned value before
substitution is done.

Input :
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subst (a”2+1, a=2)
or:
subst (a”2+1,a,2)
Output (if the variable a is purged else first input purge (a))
5
Input :

subst (a*2+b, [a,b], [2,1])

subst (a*2+b, [a=2,b=1])
Output (if the variables a and b are purged else first input purge (a, b)) :
27241

subst may also be used to make a change of variable in an integral. In this
case the integrate command should be quoted (otherwise, the integral would
be computed before substitution) or the inert form Int should be used. In both
cases, the name of the integration variable must be given as argument of Int or
integrate even you are integrating with respect to x.

Input :

subst (/ integrate (sin (x"2) *x,x,0,pi/2)’,x=sqrt (t))

subst (Int (sin(x"2) *x,x,0,pi/2),x=sqgrt (t))
Output

integrate (sin(t) *sqrt (t)«1/2*1/t*sqgrt(t),t,0, (pi/2)"2)

Input :
subst (" integrate (sin(x"2) *x,x)’ ,x=sgrt (t))
Or:
subst (Int (sin(x"2) *x, x) , x=sqrt (t))
Output

integrate (sin(t) xsqrt (t) «1/2+1/t*xsqrt(t),t)
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2.12.17 Substitue a variable by a value (Maple and Mupad compati-
bility) : subs

In Maple and in Mupad, one would use the subs command to substitue a vari-
able by a value in an expression. But the order of the arguments differ between
Maple and Mupad. Therefore, to achieve compatibility, Xcas subs command
arguments order depends on the mode

e InMaple mode, subs takes two arguments : an equality (variable=substitution
value) and the expression.
To substitue several variables in an expression, use a list of equality (variable
names = substitution value) as first argument.

e In Mupad or Xcas or TI, subs takes two or three arguments : an expres-
sion and an equality (variable=substitution value) or an expression, a variable
name and the substitution value.

To substitue several variables, subs takes two ou three arguments :

— an expression of variables and a list of (variable names = substitution
value),

— an expression of variables, a list of variables and a list of their substi-
tution values.

subs returns the expression with the substitution done. Note that subs does not
quote it’s argument, hence in a normal evaluation process, the substitution variable
should be purged otherwise it will be replaced by it’s assigned value before substi-
tution is done.

Input in Maple mode (if the variable a is purged else input purge (a) ) :

subs (a=2,a"2+1)
Output
27°2+1
Inputin Map1le mode (if the variables a and b are purged else input purge (a, b) ):

subs ([a=2,b=1],a"2+b)

Output :
27°2+1
Input :
subs (a”2+1, a=2)
or :

subs (a”2+1,a,2)
Output (if the variable a is purged else input purge (a) ) :

5
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Input :
subs (a”2+b, [a=2,b=11)
or :
subs (a”2+b, [a,b]l, [2,1])
Output (if the variables a and b are purged else input purge (a, b)) :

272+1

2.12.18 Evaluate a primitive at boundaries: preval

preval takes three arguments : an expression F depending on the variable x, and
two expressions a and b.

preval computes Fl,_, — Fl,—,.

preval is used to compute a definite integral when the primitive F' of the inte-
grand f is known. Assume for example that F : =int (f, x),thenpreval (F, a, b)
is equivalent to int (£, x, a,b) but does not require to compute again F from £

if you change the values of a or b.

Input :

preval (x"2+x,2,3)

Output :

2.12.19 Sub-expression of an expression : part

part takes two arguments : an expression and an integer n.
part evaluate the expression and then returns the n-th sub-expression of this ex-
pression.

Input :
part (x*2+x+1,2)
Output :
x
Input :
part (x"2+ (x+1) x (y-2)+2,2)
Output :
(x+1) * (y—2)
Input :
part ((x+1)*(y=-2)/2,2)

Output :

y—2
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2.13 Values of u,,

2.13.1 Array of values of a sequence : tablefunc

tablefunc is a command that should be used inside a spreadsheet (opened with
Alt+t), it returns a template to fill two columns, with the table of values of a
function. If the step value is 1, tablefunc (ex, n,n0,1), where ex is an
expression depending on n, will fill the spreadsheet with the values of the sequence
up = ex forn =n0, n0+1, n0O+2,.....

Example : display the values of the sequence u,, = sin(n)
Select a cell of a spreadsheet (for example C0) and input in the command line :

tablefunc(sin(n),n,0,1)
Output :

two columns : n and sin(n)

e in the column C: the variable name n, the value of the step (this value should
be equal to 1 for a sequence), the value of n0 (here 0), then a recurrence
formula (C2+C$1, ...).

e in the column D: sin (n), "Tablefunc", then a recurrence formula.

e For each row, the values of the sequence u, = sin(n) correspond to the val-
ues of n starting from n=n0 (here 0).

2.13.2 Table of values and graph of a recurrent sequence : tableseq
and plotseqg

tableseq is a command that should be used inside a spreadsheet (opened with
Alt+t), it returns a template to fill one column with ug, upy1 = £(uy) (one-term
recurrence) or more generally ug, ..., Uk, Upigr1 = f(Un, Upt1, - Upsk). The
template fills the column starting from the selected cell, or starting from O if the
whole column was selected.
See also plotseq (section 3.13) for a graphic representation of a one-term recur-
rence sequence.

Examples :

e display the values of the sequence ug = 3.5, u,, = sin(uy—1)
Select a cell of the spreadsheet (for example B0) and input in the command
line :
tableseg(sin(n),n,3.5)

Output :

a column with sin(n), n, 3.5 and the formula
evalf (subst (B$0,BS$1,B2))

You get the values of the sequence up = 3.5, u, = sin(u,—_4) in the column
B.
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e display the values of the Fibonacci sequence ug = 1,u; = 1 upyo = uy +
Un+1
Select a cell, say BO, and input in the command line

tableseq(x+y, [x,v],[1,1])

This fills the B column sheet with

row | B

X+y

g lwl Nk o
N X

2.14 Operators or infixed functions

An operator is an infixed function.

2.14.1 Usual operators:+, -, *, /, °

+, -, *, /, ~ are the operators to do additions, substractions, multiplica-
tions, divisions and for raising to a power.

2.14.2 Xcas operators

e $ is the infixed version of seq for example :
(2°k)$(k=0..3)= seq(2”k,k=0..3)=(1,2,4,8) (do not forget
to put parenthesis around the arguments),

e mod or % to define a modular number,
e (@ to compose functions for example : (£@g) (x)=f (g (%)),

e @@ tocompose a function many times (like a power, replacing multiplica-
tion by composition), for example : (£Q@3) (x)=£ (£ (f(x))),

e minus union intersect to have the difference, the union and the in-
tersection of two sets,

e —> to define a function,

e := => to store an expression in a une variable (it is the infixed version of
sto and the argument order is permuted for :=), for example : a:=2 or
2=>aorsto(2,a).
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e =< to store an expression in a variable, but the storage is done by reference
if the target is a matrix element or a list element. This is faster if you modify
objects inside an existing list or matrix of large size, because no copy is
made, the change is done in place. Use with care, all objects pointing to this
matrix or list will be modified.

2.14.3 Define an operator: user_operator

user_operator takes as argument :

e astring : the name of the operator,
e a function of two variables with values in R orin true, false,

e an option Binary for the definition or Delete to annulate this definition.

user_operator returns 1 if the definition is done and else returns 0.
Example 1

Let Rbedefinedon Rbyx Ry =xxy+z + y.

To define the law R, input :

user_operator ("R", (x,y)—>x*xy+x+y,Binary)

Output :

1
Input :

5 R 7

Do not forget to put spaces around R.
Output :

477

Example 2

Let S by defined on N by :

for x and y integers, z S y <=> x and y are not coprime.
To define the law .S, input :

user_operator ("S", (x,y)—->(gcd(x,y)) !=1,Binary)

Output :
1
Input :
5 S 7
Do not forget to put spaces around S.
Output :
0
Input :
8 S 12

Do not forget to put spaces around S.
Output :
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2.15 Functions and expressions with symbolic variables

2.15.1 Difference between function and expression

A function f is defined for example by :

f(x):=x"2-1lorby f:=x->x"2-1

that is to say, for all x, f(z) is equal to the expression 2 — 1. In that case, to have
the value of f for x = 2, input :f (2).

But if the input is g : =x~2-1, then g is a variable where the expression 22 — 1 is
stored. In that case, to have the value of g for x = 2, input : subst (g, x=2) (g
is an expression depending on x).

When a command expects a function as argument, this argument should be

either the definition of the function (e.g. x—>x"2-1) or a variable name assigned
to a function (e.g. f previously defined by e.g. £ (x) :=x"2-1).
When a command expects an expression as argument, this argument should be
either the definition of the expression (for example x"~2~-1), or a variable name
assigned to an expression (e.g. g previously defined, for example, by g:=x"2-1),
or the evaluation of a function. e.g. £ (x) if £ is a previously defined function, for
example, by f (x) :=x"2-1).

2.15.2 Transform an expression into a fonction : unapply

unapply is used to transform an expression into a function.

unapply takes two arguments an expression and the name of a variable.

unapply returns the function defined by this expression and this variable.
Warning when a function is defined, the right member of the affectation is

not evaluated, hence g:=sin (x+1); f (x) :=g does not defined the function

f @ — sin(z + 1) but defines the function f : x — g. To defined the former

function, unapply should be used, like in the following example:

Input :

g:= sin(x+1l); f:=unapply (g, x)
Output :
(sin(x+1), (x)->sin(x+1))

hence, the variable g is assigned to a symbolic expression and the variable f is
assigned to a function.

Input :
unapply (exp (x+2) , x)
Output :
(x) —>exp (xt+2)
Input :

f:=unapply(lagrange([1,2,3],1[4,8,12]1),x%)

Output :
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(x) —>4+4x (x—-1)

Input :

f:=unapply(integrate(log(t),t,1,x),x)
Output :

(x) —>x*xlog(x)—x+1

Input :

f:=unapply(integrate(log(t),t,1,x),x)

f(x)

Output :

x*xlog (x)—x+1

Remark Suppose that f is a function of 2 variables f : (z,w) — f(z,w), and
that g is the function defined by g : w — h,, where h,, is the function defined by
hw(z) = f(z,w).

unapply is also used to define g with Xcas.

Input :
f(x,w) :=2+x+w
g (w) :=unapply (f (x,w) , x)
g(3)
Output :
x—=>2- x+3

2.15.3 Top and leaves of an expression : sommet feuille op

An operator is an infixed function : for exemple '+’ is an operator and ’sin’ is a
function.

An expression can be represented by a tree. The top of the tree is either an operator,
or a function and the leaves of the tree are the arguments of the operator or of the
function (see also 2.37.11).

The instruction sommet (resp feuille (or op)) returns the top (resp. the list of
the leaves) of an expression.

Input :

sommet (sin (x+2))
Output :
sin’

Input :
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sommet (x+2*y)

Output :

1
Input :

feuille (sin(x+2))
Or:
op(sin(x+2))

Output :

X+2
Input :

feuille (x+2%y)
Or:
op (X+2%Yy)
Output :
(x,2xy)

Remark

Suppose that a function is defined by a program, for example let us define the pgcd
function :

pgcd(a,b) :={local r; while (b!=0)
{r:=irem(a,b);a:=b;b:=r;} return a;}

Then input :
sommet (pgcd)
Output :
"program’

Then input :

feuille (pgcd) [0]
Output :

(a,b)

Then input :

feuille (pgcd) [1]
Output :

(0,0) or (15,25) if the last input was pgcd(1l5,25)

Then input :

feuille (pgcd) [2]
Output :

The body of the program : {local r;....return(a);}
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2.16 Functions

2.16.1 Context-dependant functions.
Operators + and -
+ (resp —) is an infixed function and ’ +’ (resp ’ —') is a prefixed fonction. The
result depends on the nature of its arguments.
Examples with + (all examples except the last one work also with — instead of +) :
e input (1,2)+(3,4) or (1,2,3)+4 or 1+2+3+4 or *+’(1,2,3,4), output 10,
e input 1+i+2+3%i or *+’(1,1,2,3*i), output 3+4*i,
e input [1,2,3]+[4,1] or [1,2,3]+[4,1,0] or "+°([1,2,3],[4,1]), output [5,3,3],
e input [1,2]+[3,4] or *+°([1,2],[3,4]), output [4,6],
e input [[1,2],[3,4]]+ [[1,2],[3.,4]], output [[2,4],[6,8]],
e input [1,2,3]+4 or *+°([1,2,3],4), output poly1[1,2,7],

e input [1,2,3]+(4,1) or ’+’([1,2,3],4,1), output poly1[1,2,8],

e input "Hel"+"lo" or +’("Hel","lo"), output "Hello".

Operator *

* is an infixed function and ’ +’ is a prefixed function. The result depends on the
nature of its arguments.
Examples with * :

e input (1,2)*(3,4) or (1,2,3)*4=1*2%3%*4 or **’(1,2,3,4), output 24,

e input 1*1*2*3*i or **’(1,1,2,3*1), output -6,

e input[10,2,3]*[4,1] or [10,2,3]*[4,1,0] or "+°([10,2,3],[4,1]), output 42 (scalar
product),

e input [1,2]*[3,4]="*"([1,2],[3.4]), output 11 (scalar product),

e input [[1,2],[3,4]]1* [[1,2],[3.,4]], output [[7,10],[15,22]],

e input [1,2,3]*4 or **’([1,2,3],4), output [4,8,12],

e input [1,2,3]*(4,2) or **’([1,2,3],4,2) or [1,2,3]*8, output [8,16,24],

e input (1,2)+i*(2,3) or 14+2+i*2%*3, output 3+6*i.
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Operator /

/ is an infixed function and ’ /' is a prefixed function. The result depends of the
nature of its arguments.
Examples with / :

input [10,2,3]/[4,1], output invalid dim

input [1,2]/[3,4] or */([1,2],[3,4]), output [1/3,1/2],

input 1/[[1,2],[3,4]] or */’(1,[[1,2],[3,4]], output [[-2,1],[3/2,(-1)/2]],
input [[1,2],[3,411*1/ [[1,2],[3,4]], output [[1,0],[0,1]],

input [[1,2],[3,4])/ [[1,2],[3,4]], output [[1,1],[1,1]] (division term by term),

2.16.2 Usual functions

max takes as argument two real numbers and returns their maximum,
min takes as argument two real numbers and returns their minimum,

abs takes as argument a complex number and returns the modulus of the
complex parameter (the absolute value if the complex is real),

sign takes as argument a real number and returns its sign (+1 if it is positive,
0if it is null, and -1 if it is negative),

floor (or iPart) takes as argument a real number r, and returns the
largest integer < 7,

round takes as argument a real number and returns it’s nearest integer,

ceil or ceiling takes as argument a real number and returns the smallest
integer > r

frac (or fPart) takes as argument a real number and returns its fractionnal
part,

trunc takes as argument a real number and returns the integer equal to the
real without its fractionnal part,

id is the identity function,

sq is the square function,

sqrt is the squareroot function,

exp is the exponential function,

log or 1n is the natural logarithm function,
10g10 is the base-10 logarithm function,

logb is the logarithm function where the second argument is the basis of
the logarithm: logb (7,10)=10gl10(7)=1og(7)/log(10),
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sin (resp. cos, tan) is the sinus function, cosinus function, tangent func-
tion,

cot, sec, csc arethe cotangeant, secant, cosecant function

asin(orarcsin),acos (orarccos),atan(orarctan),acot, asec,
acsc are the inverse trigonometric functions (see section 2.21.1 for more
info on trigonometric functions)

sinh (resp. cosh, tanh) is the hyperbolic sinus function, cosinus func-
tion, tangent function,

asinh or arcsinh (resp acosh or arccosh, atanh or arctanh) is
the inverse function of sinh (resp cosh, tanh)

2.16.3 Defining algebraic functions

Defining a function from R? to R

Forp=1,e.g. for f : (z) — x xsin(z), input :

Or:

f(x):=x*sin (x)

f:i=x->x+*sin (x)

Output :

(x)—>x*sin (x)

Ifp>1,eg for f : (z,y) — x *sin(y), input :

Or:

f(x,y) :=xxsin(y)

f:=(x,y)—>x*sin(y)

Output :

(x,y)—>x*sin(y)

Warning !!! the expression after —> is not evaluated. You should use unapply
if you expect the second member to be evaluated before the function is defined.

Defining a function from R” to R¢

For example:

To define the function h : (z,y) — (z * cos(y), x * sin(y)).
Input :

h(x,y) :=(x*xcos(y),x*sin(y))

Output :
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expr (" (x,y)—>{
x*Ccos (y) ,x*sin(y);
1", 0)

e To define the function h : (z,y) — [z * cos(y), x * sin(y)].

Input :
h(x,y) :=[x*cos (y),x*sin(y)];
Or:
h:=(x,y)—>[x*cos (y),x*xsin(y)];
Or:
h(x,y) :={[x*cos(y),x*sin(y)]1};
Or:
h:=(x,y)->return[xxcos (y),x*sin(y)];
Or:
h(x,y) :={return [xxcos(y),x*sin(y)];}
Output :

(x,y)—>{return([xxcos (y),x*sin(y)]);}

Warning !!! the expression after —> is not evaluated.

Defining families of function from R?~! to R? using a function from R? to R?

Suppose that the function f : (x,y) — f(z,y) is defined, and we want to define a
family of functions g(¢) such that g(¢)(y) := f(t,y) (i.e. t is viewed as a parame-
ter). Since the expression after —> (or : =) is not evaluated, we should not define
g(t)by g (t) :=y—>f (t, y), we have to use the unapply command.

For example, assuming that f : (x,y) — zsin(y) and g(¢t) : v — f(t,9),
input :

f(x,y) :=xxsin(y);g(t) :=unapply (f(t,vy),y)
Output :
((x,y)->xxsin(y), (t)->unapply(f(t,y),y))

Input

Output :



2.16. FUNCTIONS 101

Input

Output :
2- sin (1)

Next example, suppose that the function i : (x,y) — [z *cos(y), x *sin(y)] is
defined, and we want to define the family of functions k(¢) having ¢ as parameter
such that k(t)(y) := h(t,y). To define the function h(z,y), input :

h(x,y) :=(x*cos (y),x*sin(y))
To define properly the function k(t), input :

k(t) :=unapply (h(x,t), x)

Output :

(t) —>unapply (h(x,t),x)
Input

k(2)

Output :

(x)—>(x*cos (2),x*sin (2))
Input

k(2) (1)

Output :

(2%cos (l),2xsin (1))

2.16.4 Composition of two functions: @

With Xcas, the composition of functions is done with the infixed operator @.
Input :

(sg@sin+id) (x)

Output :
(sin(x))"2+x
Input :
(sin@sin) (pi/2)
Output :

sin (1)
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2.16.5 Repeted function composition: @@

With Xcas, the repeted composition of a function with itself n € N times is done
with the infixed operator @@.

Input :
(sin@@3) (x)
Output :
sin(sin(sin(x)))
Input :
(sin@E@2) (pi/2)
Output :

sin (1)

2.16.6 Define a fonction with the history : as_function_of

If an entry defined the variable a and if in a later entry defines the variable b
(supposed to be dependant on a), then c: =as_function_of (b, a) will define
a function c such that c (a) =b.

Input :
a:=sin(x)
Output :
sin (x)
Input :
b:=sqgrt (1+a”2)
Output :
sgrt (1+sin (x) *2)
Input :
c:=as_function_of (b, a)

Output :
(a) —>

{ local NULL;
return (sqrt (1+a”2));
}

Input :

Output :
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sgrt (1+x"2)

Input :
a:=2

Output :

2
Input :

b:=1+a”2

Output :

5
Input :

c:=as_function_of (b, a)

Output :
(a) —>

{ local NULL;
return (sqgrt (1+a”2));
}

Input :
c(x)
Output :
1+x72
Warning !!

If the variable b has been assigned several times, the first affectation of b following
the last affectation of a will be used. Moreover, the order used is the order of
validation of the commandlines, which may not be reflected by the Xcas interface
if you reused previous commandlines.

Input for example :

a:=2 then

b:=2*a+1 then

b:=3xa+2 then

c:=as_function_of (b, a)

Output :

(a) => {local NULL; return(2*a+1);}

i.e. c(x) isequal to 2xx+1.
But, input :

:=2 then

:=2xa+1 then

:=2 then

:=3%a+2 then
:=as_function_of (b, a)
Output :

Q O o O W
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(a)—> {local NULL; return(3xa+2);}

i.e. c (x) isequal to 3xx+2.
Hence the line where a is define must be revalided before the good definition of b.

2.17 Derivation and applications.

2.17.1 Functional derivative : function_diff

function_diff takes a function as argument.
function_diff returns the derivative function of this function.
Input :

function_diff (sin)

Output :
(Y xY)—->cos (' xV)
Input :
function_diff (sin) (x)
Output :
cos (x)
Input :
f(x) :=x"2+x*cos (X)
function_diff (f)
Output :
(Y xY)—>2+" x'tcos (Y xV)+Y xYx(—(sin(" xV)))
Input :
function_diff (f) (x)
Output :

Ccos (xX)+x* (—(sin(x)))+2+*x

To define the function g as f’, input :

g:=function_diff (f)

The function_diff instruction has the same effect as using the expression
derivative in conjonction with unapply :

g:=unapply (diff (f(x),x),x)

g (x)
Output :
cos (xX)+x* (—(sin(x)))+2+*x

Warning !!!

In Maple mode, for compatibility, D may be used in place of function_diff.
For this reason, it is impossible to assign a variable named D in Maple mode
(hence you can not name a geometric object D).
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2.17.2 Lengthof anarc: arclLen

arcLen takes four arguments : an expression ex (resp a list of two expressions
[ex]1, ex2]), the name of a parameter and two values a and b of this parameter.
arcLen computes the length of the curve define by the equation y = f(x) = ex
(resp by x = exl,y = ex2) when the parameter values varies from « to b, using
the formula arclLen (f (x), x,a,b) =
integrate(sqrt (diff (f (x),x)"2+1),x,a,b)

or

integrate(sqrt (diff (x(t),t)"2+diff(y(t),t)"2),t,a,b).

Examples

e Compute the length of the parabola y = 2 from 2 = 0 to = = 1.

Input :
arclLen (x"°2,x,0,1)
or
arcLen([t,t"2],t,0,1)
Output :

-1/4%log(sqgrt (5)-2) - (- (sgrt(5))) /2

e Compute the length of the curve y = cosh(x) from x = 0 to x = In(2).
Input :

arcLen (cosh(x),x,0,1log(2))
Output :
3/4

e Compute the length of the circle x = cos(t),y = sin(¢) from ¢t = 0 to
t=2xm.
Input :

arcLen([cos(t),sin(t)],t,0,2%pi)
Output :

2xpi
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2.17.3 Maximum and minimum of an expression: fMax fMin

fMax and £Min take one or two arguments : an expression of a variable and the
name of this variable (by default x).

fMax returns the abscissa of a maximum of the expression.

fMin returns the abscissa of a minimum of the expression.

Input :
fMax (sin (x), x)
Or:
fMax (sin(x))
Or:
fMax (sin(y),v)
Output :
pi/2
Input :
fMin (sin (