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Abstract
For a prime number p > 5, consider a primitive cusp

eigenform f = fr of weight & > 2, f =3 | anq", and consider
a family of cusp eigenforms fj/ of weight k' > 2,

k' — fir =327 an(k')g"™, containing f for k' = k, such that
the Fourier coefficients a, (k') are given by certain p-adic
analytic functions k' — a, (k") for (n,p) = 1, and let a, (k') be a
Satake p-parameter of f.

Slide 1 In "The Eigencurve" (1998), R.Coleman and B.Mazur stated
the following problem:

Given a prime p and a family {fx} of cusp eigenforms of a
fixed positive slope o = ord,(a, (k")) > 0, to construct a two
variable p-adic L-function interpolating on all k¥’ the Amice-Vélu
p-adic L-functions L, (fx/) studied in [Am-Ve] , [Vi76] and in
[MTT].

A solution (2003, see [PaTV]) is described using the
Rankin-Selberg method and the theory of p-adic integration with
values in a p-adic Banach algebra A.

*A talk held in Kyoto on September 22, 2005, 10:30-12:00.
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Our p-adic L-functions are Mellin transforms of certain
measures with values in A. We construct such measures from
products of classical Eisenstein series, which produce
distributions with values in certain Banach A-modules
M = M(N;A) of modular forms with coefficients in the algebra
A.

Another approach, based on modular symbols, was
developed by Glenn Stevens. Applications of these results to the
p-adic Birch and Swinnerton-Dyer conjecture were discussed by
P.Colmez (Bourbaki talk, June 2003, [Colm03]).

Contents

0 Statement of the problem of Coleman-Mazur 4
1 p-adic integration and the p-adic weight space 18
2 Coleman’s families 26
3 Main results 31
4 Construction of the admissible measure [ 36
5 Criterion of admissibility 40
6 Modular Eisenstein distributions ®; 43
7 Algebraic A-linear form ¢, : My (¢; A)* — A 48
8 Proof of Main Theorem 49




Slide 4

Slide 5

0 Statement of the problem of

Coleman-Mazur

This talk is about the paper [PaTV]| by A.P., Two variable p-adic L
functions attached to eigenfamilies of positive slope, Invent. Math.
v. 154, N3 (2003), pp. 551 - 615.

The Tate field C,

~

Fix a prime p, and let C, = Q We fix an embedding

P
be the Tate field i, : Q — C,, and view
(the completion of the field algebraic numbers as
of p-adic numbers) p-adic numbers via i),.

A primitive cusp eigenform f

f=fi= Z ang” € S(To(N), 1), 2 primitive cusp eigenform

n>1 f = fr of weight k£ > 2
(where g = e(z) = exp(2miz), for To(N) with a
Im(z) > 0) Dirichlet character ¢» (mod N).

The special values of the L-function attached to f at
s=1,---,k—1:

where 1 — a, X + ¥(p)p*~1 X?

_ _ _ /
Li(s.0) = Y x(man™, = (1= aX)I—a'X)
n>1 is the Hecke polynomial

(x are Dirichlet characters) o and o are called

the Satake parameters of f
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Periods of f

Following a known theorem of Manin [Ma73|, there exist two
non-zero complex constants ¢t (f),c™(f) € C* (the periods of f)
such that for all s =1,--- ,k — 1 and for all Dirichlet characters
of fixed parity, (—1)¥=%x(—1) = £1, the normalized special values

are algebraic numbers:

Li(s,x) = (in)—s;(f})l/f(s’)() €Q. (0.1)

A family of slope o > 0 of cusp eigenforms f;; of weight
k' > 2 containing f

1) the Fourier coefficients a, (k") of fi
and the Satake p-parameter o, (k')
. are given by certain
k/ — fk’ = Z an(k/)qn & Y
ot p-adic analytic functions k" — a,, (k')
€ Q[q] € Cpld] for (n,p) =1
2) the slope is constant and positive:

ord(ay (k') =0 >0




A model example of a p-adic family (not cusp and o = 0):

Eisenstein series

the Fourier coefficients a,, (k')

Slide 8 and one of the Satake p-parameters
_ k' —1 _
“n—;d e =Ee )y =1
dln
are p-adic analytic functions,
and ord,(ay, (k")) = ord,(1) =0
The existence of families of slope o > 0: R.Coleman,
[CoPB]
Slide 9 and a program in PARI for computing

He gave an example with
p="T f=A k=12
ar =7(7)=—-7-2392,0 =1,

such families is contained in [CST98|
(see also the Web-page of W.Stein,
http://modular.fas.harvard.edu/ )




The Problem, see [Co-Ma] R. Coleman, B. Mazur, The
eigencurve. Galois representations in arithmetic algebraic
geometry, (Durham, 1996), London Math. Soc. Lecture
Note Ser., 254, at p.6

Slide 10
Given a p-adic analytic family k' — fi = Z an(K')q" € Q[q] of
n=1
positive slope o > 0, to construct a two-variable p-adic L-function
interpolating L} (s, x) on (s, k').
Known cases:
treated in [Am-Ve| by Y. Amice, J. Vélu,
e One-variable case in [Vi76] by M.M. Visik, and in
Slide 11| 4 _ 1/ is fixed, 0 > 0),  [MTT]| by

B. Mazur; J. Tate; J. Teitelbaum
e 0 =0 (H.Hida)

(see in [Hi93])
(“ordinary families”)
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e Special values of L-functions
attached to families f
of Yu.I. Manin and M. M.Vishik,

[Ma-Vi] : fr = Z A (a)g™e
aCOxk
and of N.M.Katz, [Kat]),

which are are certain

ordinary families

they correspond to powers of a
grossen-character A

of an imaginary quadratic field K
at a splitting prime p,

(resp. to grossencharacters

of type Ag

of the idéle class group A%, /K*
(in the sense of Weil [We56],)

of a CM-field K.

Motivation comes from the conjecture of Birch and

Swinnerton-Dyer, see in [Colm03] , Colmez, P.: La conjecture de

Birch et Swinnerton-Dyer p-adique. Séminaire Bourbaki. [Exposé

N°.919] (Juin 2003). For a cusp eigenform f = fs, corresponding to

an elliptic curve E by Wiles [Wi|, we consider a family containing f.
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One can try to approach k =2,s =1 ] A duEEL umEL JEEEL

from the other direction, taking k' — 2 E- ol e He

instead of s — 1, this leads to a formul: i_ $E

linking the derivative over s at s =1 ’:_ {

of the p-adic L-function with the

derivative over k" at k' = 2 0

of the p-adic analytic function HAtH 5 ey 4 ISS

a,(k'), see in [CSTIS|:
pt (1) = Lp () Lp, (1)

. dovy (K)
with L,(f) = —2#

The validity of this formula

k/=2 .
needs the existence of

our two variable L-function!

Our method

is a combination of the Rankin-Selberg method, the theory of
p-adic integration with values in p-adic Banach algebras A and the
spectral theory of Atkin’s U-operator: U = U, : A[q] — Alq]
defined by:

U Z anq" | = Z apnq” € Alq].

n>1 n>1
Here A = A(B) is a certain p-adic Banach algebra of functions on
an open analytic subspace B C X of the weight space
X = Homgont (Y, (C;). This is an analytic space over C,, which
consists of all continuous characters of a profinite group
Y = (Z/NZ)* x L2,
The classical analogue of the weight space is the whole complex plane

C= Homcont(Riac*)v S = (y = ys)'
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The weights &k’ correspond to certain points in B C X. Any series
f=>,>1anq" € Alg| produces a family of g-expansions

{frr = evw (f) = Z evr: (an)q" € Cplg]}, which can be classical

n>1
modular forms in Q[q].

e We construct first an analytic function £, : X — A = A(B) as
the Mellin transform

L,(x) = /Y z(y) du(y) (where z € X = Homeons (Y, Cy), 2 = x(y)),

1t is a certain measure with values in A, on the profinite group Y.

e For each s € B C X, there is the evaluation homomorphism
evs : A(B) — Cp; we obtain L, (z, s) by evaluation of an A-valued
integral:

L, (2, 8) = L(2)(s) = evs ( /Y xdu) (r€X, Lu(z)eA).

This gives a p-adic analytic L-function in two variables
(r,s) e X xBC X x X:

(x,s) — L, (z,s).

e We check an equality relating the algebraic numbers L}k, (s, %)
(s=1,---,k —1) with the values L, (x,k’) at certain points z € X
(more precisely, at x = x - y]’,f/).




1 p-adic integration and the p-adic

weight space

Consider the group ( a profinite group with
Y = Uim(Z/Np"Z)* = (Z/NZ)" X Ly| 4 projection y, : Y — Z)
Slide 18 !

and the group of p-adic characters

X = Xy = Homeon (Y, CX) 3 x, y2, (the p-adic weight space,
which is a C,-analytic group)

where
x mod Np*Z: (Z/Np*Z)* — CJ (a Dirichlet character)
Yp 1Y — LS (the canonical projection,

a p-adic character of V)

The analytic structure on X = X = Homeon (Y, C)) over C,, is

given by the decomposition:
X = Hom((Z/NpZ)*,C)) x Homeont (T, C)Y)

Slide 19 where Y = (Z/NpZ)* xI', T' = (1 + pZ,)™, is a procyclic group of
generator v = 1 + p, and we see that X is a finite cover of the
p-adic unit disc:
X —Hom (T, C;) SU=
{teCp|t—1p, <1} ={xt:y—1t|teU}.

10
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Notation

is a point on the weight space X

(k,v) = y]],fz/} € X (we write simply k)

A (a p-adic Banach algebra)

Vv (an A-module)

C(Y,A) (the A-Banach algebra

U of continuous functionson'Y )

Qloc—const(y A) (the A-algebra

of locally constant functions on'Y )

DEFINITION 1.1 a) A distribution D on'Y with values in V is an
A-linear form

D : Qo (Y, A) > V, @ D(p) = / pdD.
Y

b) A measure p on'Y with values in V is a continuous A-linear
form

p:CY,A) =V, wH/wd/uu
Y

The integral / wdy can be defined for any continuous function ¢,

Y
and any bounded distribution p, using the Riemann sums.

11




Slide 22

Slide 23

Admissible measures of Amice-Vélu

A more delicate notion of an hA-admissible measure was introduced
in [Am-Ve| by Y. Amice, J. Vélu (see also [MTT], [Vi76]):

DEFINITION 1.2

a) For h € N,h > 1 let P"(Y,.A) denote the A-module of locally
polynomial functions of degree < h of the variable
Yp Y — Ly — A*; in particular,

iPl(Y,A) _ Gloc—const(Y,‘A)

(the A-submodule of locally constant functions). Let also denote
Qlec=an(y A) the A-module of locally analytic functions, so that

PHY,A) C PH(Y,A) C Clocman (Y, A) C C(Y, A).

b) Let V' be a normed A-module with the norm |- |, . For a given
positive integer h an h-admissible measure on'Y with values in

V' is an A-module homomorphism
d:PNY,A) =V

such that for fired a € Y and for v — oo the following growth
condition is satisfied:
=o(p™™M) (11

/ (yp — ap)hldCiD
a+(Np?) .V

for all R '=0,1,...,h—1,a, :=yp,(a)

The condition (1.1) allows to integrate only the locally-analytic
functions: there exists a unique extension of ® to @loc=an (Y, A=V
(via the embedding P" (Y, A) C €lo¢=an(Y, A)). The integral is
defined using generalized Riemann sums: take the beginning of the
Taylor expansion of a locally-analytic function ¢ € Clo¢=a7(Y, A)
(of order h — 1) instead of just values of a function ¢.

12
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The p-adic Mellin transform and two variable p-adic
analytic functions

Any h-admissible measure i on Y with values in a p-adic Banach
algebra A can be caracterized by the logarithmic growth o(logh('))
of its Mellin transform L;(z) (see [Am-Ve|, [Vi76], [HaH]):

Lji: X — A, defined by L;(x) = / x(y)di(y),
Y

where z € X, L;(z) € A, X C Clocman (Y, A)>

Key property of h-admissible measures fi: its Mellin transform L is
analytic with values in A.

Then we obtain the function £, (x, s) by evaluation at (s,): this is
a p-adic analytic function in two variables (z,s) € X x B C X x X:

Lia(x,s) =evs(Ly) (xeX, Lyp(z)eA).

ExamMpLE 1.3 ([AM-VE|, [MTT], [VI76]) For a primitive cusp
eigenform f = fr. =3, <1 anq" € 81(I'o(IN),v) of weight k > 2 for
To(N) with a Dirichlet character 1 and positive slope o = ord, ()
define the integer h = [o] + 1 (where o < k — 1, and

1—ap,X +9(p)p* X2 =(1-aX)(1-a'X) as above).

Then there exists an h-admissible C,-valued measure fi = fi, £(y)
on 'Y such that for all couples (j,x) with 0 < j <k —2, and for any

nontrivial primitive Dirichlet character x mod p¥ satisfying
x&(=1) = (=1)k=173, there is the following equality (in C,):

[ xw) =i, (I&v(X)L?(lJFLX)) (=Lalxsd), (12)
v «

where G(x) is the Gauss sum of the character x mod p¥, and
L3(1+ j,X) is given by a choice of periods (0.1). In other words,
the complex L-values (1.2) attached to f coincide with the values

Li(x yi) of the p-adic Mellin transform of [i.

13
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2 Coleman’s families

The proof of the existence of families of slope ¢ > 0 by R.Coleman,

[CoPB|, uses the following ideas:

Notation
(K :Qp] < o0 — a finite extension of @, contaning
all the Fourier coefficients
ip(an) of f
A=Ak (B) — the K-Banach algebra
of rigid-analytic functions
evp T A — K — the evaluation map
defined for all (k',) € B
(a neigbourhood around (k,v) € X).
J\/[T( N;A) — a Banach A-module of overconvergent
_ U MT( Np¥, 1, A) families of modular forms:
v>1 this module is generated by some
c Aldl

9= pr1bng" € Ald]

such that evi/(g) € K|[q]

are classical cusp eigenforms for all £
with (K, ) in a neighbourhood

B of (k,v) € X.

14
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Coleman proved:

e The operator U acts as — there exists

a completely continuous operator the Fredholm determinant
on each A-submodule MT(Np?;A) Py (T)

C Alq] (i.e. U is a limit =det(Id—T-U) € A[T]

of finite-dimensional operators)

such that evy/(g) € K[q]
e there is a version
are classical cusp eigenforms
for all &’ such that (k',)

is in a neigbourhood

B around (k,9) € X

(see in [CoPB])

of the Riesz theory:
for any inverse root a € A*
of Py(T') there exists

an eigenfunction g, Ug = ag

DEFINITION 2.1

a) A function g € MT(Np¥; A) C Alq] is called Coleman’s family if
Ug = ag, and the functions evy/ (g) € K[q] are cusp eigenforms
for all k' such that (k',1) is in a neigbourhood B around (k,v)
in the p-adic weight space X, and ord,(a(k’)) =0 > 0 is

constant and positive, where a(k') = evi () € K Ni,(Q)

b) Let fir € Q[q] denote the primitive cusp eigenform attached to
evi(g) € K[q]. Then the family {fi'} of classical primitive
cusp forms is also called Coleman’s family.

REMARK 2.2 Hida’s families correspond to o = 0, they were
constructed in [Hi86] (see also [Hi93]).

There exist analogues of Hida’s families in the Siegel modular case

(see [Bue/, [Hi04]).

15
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In the ordinary case such p-adic families of Siegel modular forms
were studied by K.Buecker (Dissertation of Cambridge University,
UK, 1994, under the direction of R. Taylor, see in [Buel), and by
J.Tilouine and E.Urban [Ti-U]. A more general approach is
developed in new Hida’s book [Hi04].

3 Main results

MAIN THEOREM 3.1 Consider a nonzero analytic function
a = a(s) € A* defined in a neigbourhood B of (k,v) € X, and
consider Coleman’s family

f= {fk’ = Zan(k')qn} € Aldl

(with coefficients in the algebra A = A(B)) a € A is the
corresponding etgenvalue of U. Suppose that the slope

ord,(a) = o > 0 is fized for all o = (k") with (K',4) in B, and
define the integer h = [o] + 1.

Then there exists an h-admissible measure [i = pq,r with values in
A on the group Y, determind by the following property: for all

couples (j,x) with 0 < j <k —2, k' > 20 + 2, any primitive

Dirichlet character x mod p¥ satisfying x§(—1) = (—l)k/_l_j, there

16
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is the following equality

e ([ xtwwgan) =i, (me 20N 1450.) 6

where G(x) is the Gauss sums of x mod p¥, and Ry € Q* is an

elementary factor coming from an explicit choice of periods c*(fi).

The choice of periods:

(—=20m)¥ Y fur, i) np
Tk — DLy, (K — 1,6

E(frr) = , where £(—1) = +(-1)%. (3.2)

Recall that by [Ra52|, [Za77| and [Sh77|, the numbers

Ly(1+5,X)Ly(k —1,€)
Wk/+r<fl€’a fk’>Np

XE(=1) = (=1)¥ =17 (here (fu, frr)np denotes the Petersson
scalar product.

are algebraic for all j € Z with 0 < j < k'—2

A key ingredient in our construction is the use of a linear form

ga(k‘) : Mk(NP,@b,@) - @7

such that
a(k:) e Q*, Ea(k)(Uph) = Oééa(k)(h) for all h € M;de,Qﬁ,@), and
1 —apX +(p)p* X% = (1 — a(k)X)(1 — a(k) X) for a primitive

cusp eigenform f = Z anq™ € 81 (o(N), 1), Q) of weight k > 2 for
n=1

['o(N) with a Dirichlet character ¢» (mod N). One can define such
(%, h)
<f07 f0>

fo is an eigenfunction of Uy,: fo|U, = (k') fo, and

linear form by ¢, : h — , where

fY is the corresponding eigenfunction of Uy: fO|U;; = a(k)f°,

17




fo=Y ang"a> ang” =Y alfo,n)q" € 81(To(Np), ¢, Q), and

n>1 n>1 n>1

0 -1 -
fozféj‘k ) f(/))zza(f()vn)qnESK(FO(Np>7¢;Q)
Slide 34 Np 0 nz1

is an eigenfunction of the adjoint operator U, and the ratio

(FO, foV/(f, f) € Q" is explicitely computed in [Go-Ro.

An answer to the question of Coleman—Mazur is given by the
function (3.3) of the following theorem:

THEOREM 3.2 Under the assumptions and notations of Theorem
3.2 there exists a unique p-adic analytic function on X X B (of two
variables x, s),

Lafl1,2,6f) : X xB =G, (3:3)
such that
i) for any fized (s,1) € B, the function Lo ¢(x,5;€, f) of the
Slide 35 variable x is Cp-analytic and has the logarithmic growth o(logh(:c)),

ii) for each couple (x,j) with 0 < j <k’ —2, k' > 20+ 2 and any
primitive Dirichlet character x mod p¥ € X' with values in K*
satisfying v > 2, x&(—1) = (=1)¥ =179 the special value

L(Xyg, K'5 &, fr) is given by the image under i, of the algebraic
P G(x)
(k')
of x mod p”, and Ry € Q* is an elementary factor given by the

number Ry - L%, (L+j,X), where G(x) is the Gauss sums

explicit choice of periods ¢ (fir), as in (3.2).

18
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4 Construction of the admissible

measure /i

Recall that by Definition 1.2, an h-admissible measure on a
profinite group Y with values in an A-module V' is given as an

A-module homomorphism
i PMY,A) =V,
satisfying a certain growth condition (1.1).

This means that fi is given by a sequence {1, } of certain
distributions on Y, in such a way that for j =0,1,--- ;A — 1 and
for all compact open subsets U C Y one has

| vidn=my(0) (4.1
U

The growth condition (1.1) has the form: for ¢t =0,1,--- ,h—1

/ (yp - ap)td/1
a+(Np©)

=2 (D (—ap)" ™ pja+ (Np?))| = o(p*"~") for v — oo.

=0

(4.2)

p

p

We construct {y;} out of the algebraic special values L} (1 + j,x)
in such a way that the equality (3.1) of the Main Theorem 3.1 is
satisfied:

vy (/Y X(¥) v dpa (y; f)) = ip (ka : % o (L7, X),)

19




We construct the sequence p; as follows:

1221 :Ka(ﬂ'a(@j))? (J 20717"' 7k_2)

e &, is a sequence of modular distributions on ¥ with values in
an A-module M = My (¢; A) of of modular forms with
coefficients in A (it has INFINITE RANK):

(i A) = | MNp", 5 A),
Slide 38 v>0
(the modular forms ®;(x) are products of certain classical

Fisenstein series in A[q])

e 7, is the canonical projector onto the characteristic
A-submodule M* = M*(A) of Atkin’s operator

U (ano bnqn) = ano bpnq"

(KEY POINT: THE A-MODULE M®(A) IS LOCALLY FREE OF
FINITE RANK)

e /, € Homy4(M* A) is a A-linear form (given by the Petersson
(%, h)
<f0, f0> 7

Slide 39 scalar product with h € M, as in Section 3: h —

normalized by the equality ¢,(g) = 1 for Coleman’s
eigenfunction g = fo € M“.

20
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5 Criterion of admissibility

THEOREM 5.1 Let 0 < |a|, < 1 and Suppose that there exists a
positive integer »x such that the following conditions are satisfied:
for allr =0,1,---,h — 1 with h = [»ord,a] + 1, and v > 1,

®,.(a+ (Np¥)) € M(Np™)(the level condition) (5.1)
and the following p-adic congruence holds: for all w > max (v, 1)
and for allt =0,1,---,h —1
t
t t— —vt
v - "D, Np?)) = dp™® 2
U Z()( 0)' ", (a + (V")) = 0 mod p (52)
(the divisibility condition)
Then the linear form given by é“(éaHNpu)y;) = 7o (Pr(a+ (Np))

on local monomials (for all j =0,1,--- h — 1), is an h-admissible
measure: ®* : P(Y,Q) - M* c M

Proof uses the commutative diagram:

ME(Npott g A) 28 MEe(NpP+L s A)

0| e

MI(Np,g;A)  —  MI(Np,pyA) = MI(Np s A).

Ta,0

The existence of the projectors m, , comes from Coleman’s
Theorem A.4.3 [CoPB].

On the right: U acts on the locally free A-module M*(Np?*1, A)

21
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via the matrix:

Q *
0 a -

where v € A%
0O O
0o 0 - «

= U" is an isomorphism over Frac(A),

and one controls the denominators of the modular forms of all

levels v by the relation:
Taw(h) = U "7ma0(U%h) =: mo(h) (5.3)

The equality (5.3) can be used as the definition of m,. The growth
condition (1.1) for 7, (®,) is deduced from the congruences (5.2)
between modular forms, using the relation (5.3).

6 Modular Eisenstein distributions &;

Let us fix an auxiliary Dirichlet character & mod p, {(—1) = +1,
and use the method of Rankin-Selberg for the convolution

D(s, f,g) =Ln(2s +2—k — I,9€x) Z anb,n~%, where  (6.1)
n=1

b =01_136(n) = Y X(d)é(n/d)d ",

d|n,d>0

are the Fourier coefficients of an Eisenstein series g = Y b,¢™ of

weight [ (and of Dirichlet character y¢) if x¢(—1) = (—1)!, so that

Lg(s) = byn™* = L(s — 1+ 1,)L(s,£).
n=1

22
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The Rankin lemma (cf. [Rab2|) expresses D(s, f, g) through the
function

Lf(s_l+17>_()Lf(87€)' (62)
Let us define the modular distributions ®; on a profinite group
Y = lim(Z/Mp°Z)* (for some M, divisible by N) in such a way

that the modular form ®,(x) € A[q] is a product of two Eisenstein
series with coefficients in A:

evp (R (X)) = (1) B -1 5(§, X) E1 15 (W€X) =: @0 (X)-

Explicitely, the Fourier coefficients of ®; (for j =0,...,k" —2) are
given by

®;(a+ Mp?) (6.3)

= Z ¢E(b> Z Z Aj(ny,ab)yBj(ng, b),q" € Alg], where

bEYMpv n>0ni+ne=n
Aj(ny,ab)y (k) = 3 ¢(dy)sgn (di)d¥ ~279(6.4)
dq|n
(nl/dl)Eyb rlnod Mp®
Bj(ng,b), (k') = > sgn (dg)(ng/dg)’ for ng > 0.
da|ng

d2=b mod Mp"®

(Note that the last series has constant coefficients). One verifies
coefficient-by-coefficient that the distributions ®; satisfy the level
condition with > = 1, and the divisibility condition (5.1), (5.2):
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MAIN CONGRUENCE: For all w > wq(v) one has

w t t —a t—j (a v
U g(J)< 9B, (a + (Mp®) (6.5)

= Z (j) (_ap)t_j Z Z (_1)1Aj (n1, ab)UBj (n2,b)vq"”

n>0ni1+nz=p¥n

?

=0(modp™).

Let us fix ny et ny with ny + ny = p¥n, di|ny and da|ny with
(n1/dy) = abmod Mp" et do = bmod MpY, and write only the

terms which depend on j:

() cara (i2) <o (o (7))

t
= d"2d;" (—ad2 + (Z—i)) = 0 mod p“".

The congruence (6.6) is then satisfied for all w > v(k' — 1) > tv
because p t dy and

J J
E'—2—j5 5 2 k= ni v
dy g (—dldQ) =d" 2<d—1) mod p'”.
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7 Algebraic A-linear form
Ea : MN(ID;A)Q — A

Let us describe a linear form ¢, on the locally free module
Mp (; A)® = 1o (My (13 A)) of finite rank.

Let us use a basis {g'} of My (1)) over the field of fractions
Frac(A), such that g' = g is fixed Coleman’s eigenvector as above,
and ¢* are eigenfunctions of all Hecke operators T}, (I Np).
Define ¢, (h) = x1, where h =Y. z;9",x € A

(the first coordinate of h € M(A; N,1)%). An explicit evaluation
in terms of the Peterson product shows:

evk/(ﬁa(h)) = ga(k/)(hk’); where hy = €’Uk/(h) € Mk/(N,w)

The R.H.S can be computed for classical modular forms hg: through
the (normalized) Petersson scalar product, moreover, ¢, (g) = 1.

8 Proof of Main Theorem

Take the admissible measure fi, := £y f(®%), with ®* constructed
by the admissibility criterium of Theorem 5.1 out of products of
Eisenstein series ®; and the linear form ¢, ¢ (the Petersson product
over A). Let us compute the integrals

e ( [ dﬂa,f) = et (Ca(ma (85 (x))) = (8.1)
v (Lo (U7 oU (1))

0 U'®,; 1
= Lagr) (Tar) Pjp (X)) = a(k) ™ <fk<f}3/ (ijc7f1€)<)(>X)>

for primitive Dirichlet characters y mod p", using the relation (5.3):
Ta(h) = U""71q,0(Uh), where
(I)j,k’ = evk/(tﬁj) = (—l)jEk/_l_j (S,X)El_m(’(/}&) The value (81)
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can be computed using the Rankin—Selberg convolution:

Ly, (s=141,X)Ly,, (5,§) = Ly (2s+ 2K —1,96x) Y an(k')bpyn?,
n=1

(8.2)
where b, = 0;_1 5 (1) = 3410450 x(d)é(n/d)d'~!, are the Fourier
coefficients of an Eisenstein series g = > b,¢" of weight [ with
character ¥¢) (if yé(—1) = (=1)}).

Puts=k"-1,1=K —-1—-4,5=0,---k' —2 with ¥’ > 2+ j, into
(8.2):

Ly, (14 5. X)Ly, (K = 1,6) = Ly(1+ j,€x) Y an (K )bun ™" +1.
n=1

Using this equality, the R.H.S. of (8.1): is then computed using the

Rankin—Selberg integral in the form:
P G(x)
o ( k/)l/

(—2im)* Y fir, fur)
I(k—1)Ly,, (k—1,&)’

evps (ba(ma(®5(x))) =ty - Ly, (1+7:%);

where ¢ (fy) =

G(x) denotes the Gauss sum of the character xy mod p¥, and

trr € Q% is an explicit elementary constant. Then one applies
directly theorem 5.1 (the admissibility criterion) with > = 1, and
the congruences (6.5) in order to obtain the required h-admissibles
measures fi = fif o in the form gy = £ (®*) (given by the
sequence of the distributions @ = 7, (®;)).

After having an admissible measure ®* with values in modular
forms over the algebra A, we then construct the required
h-admissibles measures ji = jif o in the form fif o, = £y (®%), as
explained above.
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