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Abstract
For a prime number p > 5, we consider three classical cusp
eigenforms

fi(z) = Zan’je(n'z) € Skj (Nj,5), (1=1,2,3)

n=1

of weights k1, k2, k3, of conductors N1, N2, N3, and of
nebentypus characters ¢; mod N; (j = 1,2, 3).

Slide 1 According to H.Hida [Hi86] and R.Coleman [CoPB], one can
include each f; (7 =1,2,3) (under suitable assumptions on p
and on f;) into a p-adic analytic family

k; = {fj,k:;. = Z an(fj,kg.)qn}
n=1

of cusp eigenforms f; K of weights k:; in such a way that
fik; = fi (4 =1,2,3), and that all their Fourier coefficients
an(f;, k;) are given by certain p-adic analytic functions

k‘; — an,j(kg-).
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The purpose of this talk is to describe a four variable p-adic
L function attached to Garrett’s triple product of three

Coleman’s families

kj — {fj,k;. = Zan,j(k/)qn} (J=1,2,3)
n=1

of cusp eigenforms of three fixed slopes o; = vp(al(ij)- (k%)) >0
where a;%;- = 041(3171)- (k%) is an eigenvalue (which depends on k) of

Atkin’s operator U = U, acting on Fourier expansions by

U(Zfzo anqn> = ZZOZO anpqn-
Let us consider the product of three eigenvalues:

A= AR KD, k) = oy (K ag ) (K a3 (k)
and assume that the slope of this product
g = UP(A(klh ké) ké)) = U(kiv kéa k::/3) =01+ 02+ 03

is constant and positive for all triplets (K, k5, k3) in an
appropriate p-adic neighbourhood of the fixed triplet of weights

(K1, ko, ks). The each value o; is fixed throughout this section.
Our p-adic L-functions are Mellin transforms of certain
measures with values in A, where A = A(B) denotes an affinoid
algebra associated with an affinoid space B as in [CoPB|, where
B =B1 X Ba x Bs, is an affinoid neighbourhood around
(k1, ko, k3) € W? (with a given integer k and Dirichlet character
1 mod N). We construct such a measure from higher twists of
classical Siegel-Eisenstein series, which produce distributions with
values in certain Banach A-modules M = M(N;A) of triple

modular forms with coefficients in the algebra A.
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0 Introduction and Main results

Let p be a prime. The purpose of this talk is to describe a four
variable p-adic L function attached to Garrett’s triple product of
three Coleman’s families

K = {fj,k; =2 an,m’)q"}

n=1

of cusp eigenforms of three fixed slopes o; = vp(al(i])- (k3)) > 0 where

1) X),qay - . . / e
a, ;= a,, ;(k}) is an eigenvalue (which depends on £7) of Atkin’s
operator U = U,, acting on Fourier expansions by
U(fo;o ang") = ZZOZO Unpq"-

For this purpose we use the theory of p-adic integration with values

in spaces of nearly holomorphic modular forms (in the sense of
Shimura, see [ShiAr]).

A family of slope o > 0 of cusp eigenforms f;; of weight
k' > 2 containing f

Koo fo =Y an(k)q”
n=1

_ - 1) the Fourier coefficients a, (k') of fi/
€ Qlqdl € Gyldl

and one of the Satake

p-parameters oy, (k')

A model example ) ) ) )
are given by certain p-adic analytic

f a p-adic famil
ol a p-adic Tamily functions k' — a, (k') for (n,p) =1

(not cusp and o = 0): ‘ o
2) the slope is constant and positive:

ord(ay (k') =0 >0

Fisenstein series

an =Y d" 7 fr = Ep

d|n
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1 Generalities on triple products

Consider three primitive cusp eigenforms
o0
=Y an;q" € Sk, (Nj, 1), (j=1,2,3) (1.1)
n=1

of weights ki, ko, k3, of conductors Ny, No, N3, and of nebentypus
characters ¥; mod Nj, and let x denote a varying Dirichlet

character.

The triple product with a Dirichlet character y is defined as the
following complex L-function (an Euler product of degree eight):

Lfi®fhefssx)= ] L(A®LfH)xmpr™), (1.2)

ptN1 N2 N3

where L((f1 @ fo ® f3)p, X) ™" = (1.3)

(1) (1) (1)

0 0 0

det (15 =X [ “P1 o )@ (P2 oo P o

0 a,; 0 a,; 0 a3

1 3

_ H (77( ) ](3772( ) 1()773() ))X)

1) (1) (1 1) (2 2) (2) (2
:(1_@;{ apap s X) (1= agiagha X)L = a3 X)
product taken over all n: {1,2,3} — {1,2}, and
L ap X =y (p)ph T X2 = (1 0 J(0) X) (1 0 () X),

are three Hecke p—polynomials of forms f;. We always assume that

ki > ko > ks, and k1 < kg + k3 — 2 (“balanced” weights)  (1.4)




We use the corresponding normalized L function (see [De79], [Col,
|Co-PeRi|), which has the form:

A(f1 @ fa® f3,8,x) = (1.5)
Te(s)Te(s — ks + 1)Te(s =k + 1)lc(s — k1 + 1) L(f1 ® fa ® f3,5,X),

Slide 10 where I'c(s) = 2(27)~*I'(s). The Gamma-factor determines the

critical values s = ky,--- , ko + k3 — 2 of A(s), which we explicitely
2
evaluate (like ((2) = %)

A functional equation of A(s) has the form:

s+ ki 4+ ko + ks —2—s.

According to H.Hida [Hi86] and R.Coleman [CoPB]|, one can
include each f; (j = 1,2,3) (under suitable assumptions on p and
on f;) into a p-adic analytic family

n=1

of cusp eigenforms fj,k; of weights k:; in such a way that f;x, = fj,
Slide 11 and that all their Fourier coefficients a,,( fj,k;) are given by certain

p-adic analytic functions £ +— a, (k).

Our previous result: a two variable p-adic L-function constructed
interpolating on all &’ a function

(k',8) — L*(frr,s,x)(s =1,--- k' — 1) for such a family (see
[PaTV] by A.P., Two variable p-adic L functions attached to
eigenfamilies of positive slope, Invent. Math. v. 154, N3 (2003), pp.
551 - 615).




2 Statement of the problem

Given three p-adic analytic families f; of positive slope o; > 0, to
construct a four-variable p-adic L-function attached to Garrett's triple
product of these families

(we may view such function as interpolating the special values
. A(fir; @ faky ® f3xy,8,X) at critical points s = K, -+, ky + ky — 2;
Slide 12 we prove that these values are algebraic numbers afters dividing by
certain “periods”). However the construction uses directly modular
forms, and not the L-values in question, and a comparaison of

special values of two functions is done after the construction.

We consider the p-adic weight space X = Hom ot (Y, (C;). This is
an analytic space over C,, which consists of all continuous
characters of the profinite group Y = (Z/NZ)* x Z;,, containing all
classical weights (k7,;), j = 1,2,3.

Consider the product of the Satake parmeters
1) (1) (1
Ay = aplagiafy = Ap(ki, kb, k)

We assume that |Ozz()lj)|p < \ai?ﬂp and that the slope

o = ord, (A, (k], kb, k%) is constant and positive for all triplets

(K1, kb, k%) in a p-adic neighbourhood B C X3 of the fixed triplet of
weights (kq, ko, k3).

Slide 13
The existence of families of slope ¢ > 0 was established by
R.Coleman in [CoPB]

A program in PARI for computing
He gave an example with
p="T f=A k=12

ar =7(7) = —-7-2392,0 = 1.

such families is contained in [CST9S§]

(see also the Web-page of W.Stein,

http://modular.fas.harvard.edu/ )
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Our method

uses a version of Garrett's integral representation for the triple
L-functions of the form: for r =0, -+ k) + k} — k] — 2

A(fr e @ fory @ fary, ko + ks — ):
/// f1 K, (21) f2k'(22)f3k’(23)8(21722723;—TaX)H(%gyj

;Y

(FO(N2 21) \H
where € is the triple modular form of weight (k}, k5, k%), and of

fixed character (¢1,2,3), obtained from a nearly holomorphic
Siegel-Eisenstein series by applying Boecherer’s higher twist and
Ibukiyama’s differential operator;

the theory of p-adic integration with values in A-modules Mp(A) of
triple nearly holomorphic modular forms over p-adic Banach
algebras A, which allows to view € as an element of My (A);

the spectral theory of Atkin's U-operator allows to evaluate the
integral using a projection of Mr(A) to the A-part Mz (A)* .

)

Here A = A(B) is a certain p-adic Banach algebra of functions on

an open analytic subspace B C X3 in the product of three copies of

the weight space X = Homon¢(Y,Cy). This is an analytic space over

C,, which consists of all continuous characters of the profinite group
= (Z/NZ)* x Zy,.

The weights k' correspond to certain points in the weight space X.

Let B; C X denote an open analytic subspace conaining k; € X,
and let A; = A;(B;) be the p-adic Banach algebra attached to B;.
Any series f; = 3" ., anq™ € Aj[q] produces a family of

q- expansions -

{fj K, = evk/ i Z eV (an)q" € C, [[q]]}, which happen to be

n>1
classical modular forms in Q[¢] under a fixed embedding
ip Q— C,, and the specialization maps eV, A — C,.
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e We may assume that B = B; x By x Bg, and consider the
specialization maps evy: : A — C,, where k' = (k{, k5, k) € B.

e We construct an analytic function £, : X — A = A(B) as the
p-adic Mellin transform

L,(x)= /Y x(y) du(y) (where z € X = Homeone(Y,Cy), v = x(y)),

of a certain measure ;1 with values in A on the profinite group Y.

We obtain the function in question £,,(x,s) by evaluation at
s = ((s1,91), (s2,%2), (s3,13)) € B: this is a p-adic analytic function
in four variables (z,8) € X X B; X By x B3 C X x X x X x X:

L,(z,s) =evs(Ly(x)) (e X, se€ By xByxBs, Lylz)eA).

e We check an equality relating the values of the constructed
analytic function L, (z,s) at the arithmetical characters
r =yyx € X, and at triple weights s = (K1, k3, k3) € B, with the

normalized critical special values
L*(flk/l ®f2,k"2 ®f3.,k’é7 ké+ké_2_7ﬂ7 X) (T‘ - 07 e ;k/2+k§/3_k/1_2)7

for certain Dirichlet characters x mod Np”,v > 1. These are
algebraic numbers, embedded into C, = @p (the Tate field of p-adic
numbers). The normalisation of L* includes at the same time
Gauss sums, Petersson scalar products, powers of m, \,(k, k5, k),

and a certain finite Euler product.
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3 Arithmetical nearly holomorphic

modular forms

Let A be a commutative ring (a subring of C or a normed O-algebra
A where O is the ring of integers in a finite extension K of Q).

Arithmetical nearly holomorphic modular forms (in the sense of
Shimura, [ShiAr| are certain formal series

oo

g= Z a(n; R)q"™ € A[q][R], with the property
n=0
that for A =C, z =2 +iy € H, R = (4wy)~!, the series converges
to a C>°-modular form on H of a given weight k£ and Dirichlet
character 9. The coefficients a(n; R) are polynomials in A[R]. If
degp a(n; R) < r for all n, we call g nearly holomorphic of type r (it
is annihilated by (£)"*!, see [ShiAr]).

z

We use the notation My ,.(N, v, .A) or M(N, v, A) for A-modules of
such forms. (In our constructions the weight k varies).

A known example (see the introduction to [ShiAr]) is given by the

series

—12R+ By :=—12R+1-24) o1(n)q"
n=1

3 .. ! _ _ _
= 2y’ Zez<m1 +ma2z) "2 ma + maz| 7, (R = (4my) ™)
mi,ma2

where o1 (n) =3, d.

There is the action of the Shimura differential operator

5k : Mkz,r(Nﬂ/}wA) - Mk+2,r+1(N7 77/}7‘A)7

given over C by 0x(f) = (7—=— — —)f.

10
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This operator is a correction of the Ramanujan operator

oo

o 8 o0
H(ZO anq" Znanq 5735 Z qa—q(z0 anq™)

which does not preserve the modularity. For example A = Es A,
where Fs is a quasimodular form (in the sense of Kaneko and
Zagier, see |Ka-Zal).

Notice that §xf = (0 — kR) f, and that Serre's operator
f—0f— %ng takes My to My o.

Note that that the arithmetical twist operator

(D and") = x(n)ang"
n=0 n=1

is a natural analog of the Ramanujan operator.

Let A be a commutative ring. The tensor product over A
Mka(N? ¢7A) = Mkl,T(N7 wl?‘A)@Mkzﬂ“(N’ 1/)27‘A)®Mk3,7“ (Nv 1/}37‘A)

consists of triple arithmetical modular forms as certain formal series
of the form

oo

g = Z a(n17n’27ni’nR171%27R?)>q11q7272qgS

ni,n2,n3=0

c .A[[ql,qg,Q3]][R1,R27R3], where Zj = ZL’j + 7yJ € H./ Rj = (47Tyj>_l,

with the property that for A = C, the series converges to a
C>°-modular form on H? of a given weight (k1, ko, k3) and character
(1,19,13), j = 1,2,3. The coefficients a(nq,ns, n3; R1, R, R3) are
polynomials in A[Ry, Ry, R3]. Examples of such modular forms
come from the restriction to the diagonal of Siegel modular forms
of degree 3.

11
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4 Siegel-Eisenstein series

Recall some definitions concerning Siegel modular forms.

m _1m

Let Jop, = . The symplectic group
1y Om

Spm(R) = {g € GLQm(R)’fg : J2mg - JQm} )
acts on the Siegel upper half plane

H,, = {z ="z € M,,,(C)Imz > 0}

n

v g(2) = (az + b)(cz + d)~1, where we use the bloc notation
9= ZZ) € Sp,,,(R), and the congruence subgroup

§'(N) ={v€8p,(Z) | 7= (51)} CSp(Z).

—

A Siegel modular form f € My (T'J*(IN), x) of degree m > 1, weight
k and a Dirichlet chracter x mod N is a holomorphic function
f: H,, — C such that for every v = (gg) € I'f*(N) one has

F(4(2)) = x(det d)det(cz + d)* f(2).

The Fourier expansion of f uses the semi-group
By, = {T ='T7>0|T half-integral} :

f(z)= > a(T)q” € C[¢Pm](a formal g-expansion € C[qBm]),
JeB,,
where ¢7 = exp(2mitr(T2))

m
Tis 2Tij -
= qu‘z‘ qu‘j 7 CClains- - gmmlais, qz‘jl]i,j:L---,m
i=1 <)

and ¢;; = exp(2m(v/—1z;;)).

12
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EXAMPLE 4.1 (SIEGEL-EISENSTEIN SERIES) (see in [Nag2|, p.408):

EP) (2) =1 + 240q11 + 240q20 + 216062, + (240557 + 13440¢7"
30240 + 13440q12 + 240q%,)q11Ga2 + 2160g3, + . . .

E(2) =1 — 504¢1; — 504qas — 16632¢%, + (—540q732 + 44352¢7,)
166320 + 44352q12 — 504¢2, )q11qaz — 1663262, + . . ..

Arithmetical nearly holomorphic Siegel modular forms

Consider a commutative ring A, the formal variables
q=1(qi;)ij=1,...ms B=(Rij)ij=1..m,and the ring of formal

Fourier series

AlgB][R: ;) = {f = Y a(T,R)q’ ‘ a(T,R) € A[Ri,j]} (4.1)

JE€Bm

(over the complex numbers this notation corresponds to
q° = exp(27itr(Tz)), R = (4nlm(z))~1).

The formal Fourier expansion of a nearly holomorphic Siegel
modular form f with coefficients in A is a certain element of
AlgPm][R; ;]. We call f arithmetical in the sense of Shimura
[ShiAr], if A = Q.

13




Slide 26

Slide 27

4.1 Algebraic differential operators of Maass
and Shimura

Let us consider the Maass differential operator (see [Maal) A,, of
degree m, acting on complex C*°-functions on H,, by:

its algebraic version is the Ramanujan operator of degree m:

1 - 1

O, 1= det(%aij) = det((%j) = WAW (4.3)

where 6;; = 271(1 + 51']')%3'%, O, (q7) = det(T)q” .

The Shimura differential operator (see [Shi76, ShiAr]):
O f(2) = det(R)*t1770,, [det(R)* ' f], where R = (4my)~ !,

acts on arithmetic nearly holomorphic Siegel modular forms, and
the composition is defined

8 = Bprop 9008 : MPH(N,1; Q) = Mo, (N, ;Q),  (4.4)

where

opf(z) = <;> det(y) " Ldet(z — 2)*FA,, [det(z — Z)R_%Hf(z)} :

14
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Let f = Z ¢(T)q” € M7 (N, ) be a formal holomorphic Fourier
JeB,

expansion. One shows that (5,(!") f is given by
o0 = Y QR Tk )e(T)g".
TEeBm

Here we use a universal polynomial (4.5) which can be defined for
all k € C, and it expresses the action of the Shimura operator on
the exponential (of degree m):

5(¢7) = Q(R, T: k,r)q”

If m = 1, r arbitrary (see [Shi76]),

" . Ck+r) .. .
o) =3 (1) j(r-) LRI
=2 D ) Tk + )

=0

If » = 1, m arbitrary, one has (see [Maa]):

5kf( Z Z Tn l(m lk+1 %)tl‘( Pm— Z(R) P?(T» q‘T

TeB, =
Ip(a+ k)
here R = (47y)~" = (Ri;) € My (R), cm(a) = ’
where R = (47y) (Rij) € (R), em(a) Tp(a+r—1)
m—1
yu(s) = #0n=0/4 T] (s = (3/2).
=0

Here we use the natural representation p, : GL,,(C) — GL(A"C™)
(0 < r < m) of the group GL,,(C) on the vector space A"C™. Thus
pr(z) is a matrix of size (') x (") composed of the subdeterminants
of z of degree r. Put px(2) = det(2)pm_r ()7L

Then the representations p, and p) turn out to be polynomial
representations so that for each z € M,,(C) the linear operators

pr(2), pr(z) are well defined.

15
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In general (see [CourPal, Theorem 3.14) one has:

Q(Rv T) - Q(Ra T; k,T) (45)
=3 (D) denr Y Rl k- nQuR)
t=0 |L|<mt—t

QL(B,T) = tr (oney (R)PF, (1)) - ... - tr (Yo, (R) 1, (7).

In (4.5), L goes over all the multi-indices 0 < 1; < --- <[y < m,
such that |L| =11 4+---+1; <mt—t, and R.(8) € Z[1/2][5] in (4.5)
are polynomials in (3 of degree (mt — |L|) (used with =k — k —r).

Note the differentiation rule of degree m (see [Sh83|, p.466):

m

A(fg) =Dt (1:(8/02)f - - (8/02)g)

r=0

EXAMPLE 4.2 (SIEGEL-EISENSTEIN SERIES OF HIGHER LEVEL)

G*(z, 87k, x,N) (4.6)
= det(y)® Z x(det ¢) det(cz + d)~*|det(cz + d)| 72 -
c,d
) fm /2]
-T'(k,s)Ly(k + 2s, %) H Ln(2k 4+ 4s —2i,x?) | , where
i=1

(c,d) runs over all “non-associated coprime symmetric pairs” with
det(c) coprime to N, k = (m +1)/2, and for m odd the T-factor
has the form: (2.134)
D(k,s) = imko—mbE+Dpr=ms+h)D (k4 s).

m+1

We use this series with m = 3, k = —5 = 2, [m/2] = 1.

16
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THEOREM 4.3 (SIEGEL, SHIMURA [SH83|, P. FEIT |[FEI86|) Let
m be an odd integer such that 2k > m, and N > 1 be an integer,
then:

For an integer s such that s = —r, 0 < r < k — &, there is the
following Fourier expansion
G*(z,—r)=G*(z,—r;k,x,N) = Z a(T,R)q”, (4.7)
Am>T>0

where for s > (m + 2 — 2k)/4 in (4.7) the only non-zero terms
occur for positive definite T > 0, polynomials Q(R,T; k — 2r,r) are
given by (4.5) , and for all T >0, T € A,,, where

a(T,R) = M(T,x,k —2r) - det(T)* 2" "Q(R, T; k — 2r,7), (4.8)

M(T k—2r,x)= ][ M(T, x(@)e*+n) (4.9)
2| det(27)

is a finite Euler product, in which My(T,x) € Zlz]. 1

5 Distributions and admissible measures

Notation
A (a p-adic Banach algebra)
Vv (an A-module)
C(Y, A) (the A-Banach algebra
U of continuous functions on Y )

Qloc—const(y A)  (the A-algebra

of locally constant functions on Y )

17
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DEFINITION 5.1 a) A distribution D on Y with values in V is an

A-linear form

D lecmeonst(y A) — V, i D(p) = /Y odD.

b) A measure p on'Y with values in V is a continuous A-linear

form

p:CY,A) =V, sOH/sodu-
Y

The integral / wdu can be defined for any continuous function ¢,
Y

and any bounded distribution x, using the Riemann sums.

Admissible measures of Amice-Vélu

Let h be a positive integer. A more delicate notion of an
h-admissible measure was introduced in [Am-V| by Y. Amice, J.
Vélu (see also [MTT], [V]):

DEFINITION 5.2

a) For h € N,h > 1 let P*(Y,.A) denote the A-module of locally
polynomial functions of degree < h of the variable
Yp Y — L) — A*; in particular,

g)l (Y,.A) — Gloc—const(Y,A)

(the A-submodule of locally constant functions). Let also denote
Qloc=an(y A) the A-module of locally analytic functions, so that

PHY,A) C PH(Y,A) C Clecman(Y, A) C C(Y, A).

b) Let V' be a normed A-module with the norm |- |, . For a given

18
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positive integer h an h-admissible measure on 'Y with values in
V' is an A-module homomorphism

d:PHY,A) -V

such that for fired a € Y and for v — oo the following growth
condition is satisfied:

/ (vp — ap)h/d(i) = 0(p_v(h/_h)) (5.10)
a+(Np?) p,V
for all R '=0,1,...,h—1,a, :=yp(a)

The condition (5.10) allows to integrate only the locally-analytic
functions: there exists a unique extension of P to
Qloc=an(y  A) — V (via the embedding P*(Y, A) C Cloc=an(y, A)).

This condition allows to integrate locally-analytic functions on Y along
® using Taylor's expansions!

5.1 U,—Operator and the method of canonical
projection

We construct an h-admissible measure ®* : Ph(Y, A) — M(A) out
of a sequence of distributions @, : P1(Y,.A) — M(A) on local
monomials y of each degree 7 by

/ yr 8 = m\(@,((a),)), where B, ((a),)) € M = M(A).
(a)w
Here ®, take values in an A-module

M = M(A) C Alq1, g2, ¢3][R1, Ro, R3]

of nearly holomorphic triple modular forms over A (for
0<r<h-—1, h=[2ordy\,] + 1)

19




Here A is an Cj-algebra, and A € A” is a fixed non-zero eigenvalue

of triple Atkin’s operator Uy = Ur,,, acting on M(A),

Tt M(A) — M(A)

Slide 38 is the canonical projection operator onto the maximal A-submodule

M(A)* over which the operator Uy — AI is nilpotent (we call
M(A)* the A-characteristic submodule of M(A)).

The projector 7y is defined by its kernel:

Kermy :=),,»; Im (Upr — AI)".

Triple modular forms are certain formal series

oo

g = Z a<n17n27n3;R17R27R3)Q?1q32q§3

ni,n2,n3=0

€ Alq1, 42, g3][R1, Ra, R3], where z; = x; +iy; € H, R; = (4my;) ",

Slide 39 with the property that for A = C, the series converges to a
C>°-modular form on H? of a given weight (k1, ko, k3) and character
(1,19,13), j = 1,2,3. The coefficients a(nq,ns,n3; R1, R, R3) are
polynomials in A[R1, Ra, R3], and the triple Atkin’s operator is
given by
o0
mny N2 N3

Ur(g)= Y.  a(pni,pne,pns;pR1,pRa, pR3)q" g5 q5°.

ni,no,m3=0
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Eigenfunctions of U, and of Uj;.

Recall that for a primitive cusp eigenform f; = > | a,(f)q"™,
there is an eigenfunction fj o= > "~ a,(fj0)¢" € Qlq] of U = U,
with the eigenvalue o = az(j])- € Q (U(fo) = afy) given by

_ p0
fio=fi =) filVe = f; — ol lp M2 g (o 1) (5-11)
S an(fion ™ =Y an(f)n (1 —allp) 7L
n=1 n=1
ptn

Moreover, there is an eigenfunction fj(-) of U, given by

0 —1 N
1= £l <Np 0 ) where fo = a(n. foa".  (5.12)
n=1

Therefore, Ur(f1,0 ® f2,0 @ f3,0) = AMf1,0 ® f2,0 @ f3,0)-

Let us describe in more detail critical values of the L function
L(fl 0%y f2 X f37S7X)'

For an arbitrary Dirichlet character y mod Np" consider the
following Dirichlet characters:

x1 mod Np¥ = x, x2 mod Np¥ = b3, (5.13)
x3 mod Np¥ = 193X, ¥ = X P1at)s;

later on we impose the condition that the conductors of the
corresponding primitive characters xo,1, X0,2, Xo0,3 are INp-completes
(i.e. have the same prime divisors as resp. those of Np).
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THEOREM A (ALGEBRAIC PROPERTIES OF THE TRIPLE PRODUCT)
Assume that ko + ks — k1 > 2, then for all pairs (x,r) such that the
corresonding Dirichlet characters x; have Np-complete conductors,
and 0 < r < kg + k3 — k1 — 2, we have that

A(flp®f§®f3p,k2—|—k3—2—7’,1/)1¢2x) cD
(T [1®ffef)r

where

(floffeff, [l e f)r = fONSE ONE N
= (f1, fiyn{f2, fo)n 3, f3) N

Fix a positive integer N, a Dirichlet character v» mod N and
consider the commutative profinite group

Y=Yy, = lirp(Z/Np“Z)* and its group Xy, = Homeen: (Y, C)

of (continuouos) p-adic characters (this is a Cp,-analytic Lie group).
The group Xy, is isomorphic to a finite union of discs
U={z€C, | |z|, <1}

A p-adic L-function L, : Xnj, — C, is a certain meromorphic
function on Xy ,. Such a function often come from a p-adic
measure (i) on Y (bounded or admissible in the sense of
Amice-Vélu, see [Am-V]). The p-adic Mellin transform of 1,y is
given for all x € Xy, by

Ly () = /Y 2()due (1), Ly (@) : X — C,
N,p
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THEOREM B (ON ADMISSIBLE MEASURES ATTCHED TO THE
TRIPLE PRODUCT:FIXED BALANCED WEIGHTS CASE). Under the
assumptions as above there exist a C,-valued measure ﬂ?1®f2®f3 on
Yn p, and a Cp-analytic function

Dipy(z, f1 @ f2® f3) : Xp — Cp, given for all z € Xy, by the
integral D, (z, f1 @ fo ® f3) = fYN,p x(y)dﬁ}@h@fs (y), and having
the following properties:

(i) for all pairs (r,x) such that x € X¢'5, and all three
corresonding Dirichlet characters x; have Np-complete conductor
(1 =1,2,3), and r € Z is an integer with 0 < r < ko + kg — k1 — 2,
the following equality holds:

(1/111/}2) (2)C§(k‘2+k3_2_7,)
G(x1)G(x2)G(x3)G(Y1Pax1) A2

AT ® f5 @ f§ ko + kg —2—, wlwm)

(e @ f9, f1,0® f2,0® f3.0)7,Np
where v = ord,(Cy ), G(x) denotes the Gauf$ sum of a primitive

Dy (xps f1 @ f2 @ f) = i

Dirichlet character xo attached to x (modulo the conductor of xo),
(ii) if ordp A, = 0 then the holomorphic function in (i) is a bounded
Cp-analytic function;

(iii) in the general case (but assuming that A\, # 0) the holomorphic
function in (i) belongs to the type o(log(x]!)) with

H = [2ordy\,| 4+ 1 and it can be represented as the Mellin
transform of the H-admissible Cp,-valued measure ﬁ}@fz@fg (in the
sense of Amice-Vélu) on'Y

(iv) Let k = ky + k3 — k1 — 2. If H < k — 2 then the function D
is uniquely determined by the above conditions (i).
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Let us describe now a p-adic measures attached to Garrett’s triple
product of three Coleman’s families

Ky Sy = D an(K)d"} (G = 1,2,3). (5.14)
n=1

Consider the product of three eigenvalues:
= A (K] K, k) = ) (kg o (k) 3 (KS)
and assume that the slope of this product
o = ord,(A(k}, ky, k%)) = o(ky, kb, k5) = 01 + 02 + 03
is constant and positive for all triplets (k}, k5, k%) in an appropriate

p-adic neighbourhood of the fixed triplet of weights (kq, ko, k3).

Let A = A(B) denote an affinoid algebra A associated with an
analytic space B = By x By x Bj, a neighbourhood around
(k1, ko, k3) € X3 (with a given k and ¢ mod N).

THEOREM C (ON p-ADIC MEASURES FOR FAMILIES OF TRIPLE
PRODUCTS) Put H = [2ord,()\)] + 1. There exists a sequence of
distributions ®, on'Y with values in M = M(A) giving an

H -admissible measure ® with values in M» C M with the

following properties:

There exists an A-linear form { = g, gt 08,2 : M(A) — A (given
by (5.16), such that the composition

. o A
= g e6hetn =l enoa(27)

is an H-admissible measure with values in A, and for all (k1, kb, k%)
in the affinoid neighborhood B = By x By X Bs, as above, satisfying
Ky < kb + ki — 2 we have that the evaluated integrals

VK, K}, kY) ((€f1®f2®f3,x)(<i’k)(y;><)>

on the arithmetical chracters y,x coincide with the critical special
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values

A (fre; @ fory ® fany, ko +ky —2—1,X)
forr=0,--- kb + ki — Kk} — 2, and for all Dirichlet characters
x mod NpY,v > 1, with all three corresonding Dirichlet characters
X; given by (5.13), having Np-complete conductors. Here the
normalisation of A* includes at the same time certain Gauss sums,
Petersson scalar products, powers of m and of A(k}, kb, k%), and a

certain finite Fuler product.

The p-adic Mellin transform and four variable p-adic

analytic functions

Any h-admissible measure ji on Y with values in a p-adic Banach
algebra A can be caracterized its Mellin transform L;(x)

Lj: X — A, defined by Lj(x) = [, x(y)dfi(y), where

reX, Ly(z) € A,

Key property of h-admissible measures ji: its Mellin transform L is
analytic with values in A.

Let A = A(B) = A1 ®A:0A3 = A(B1)DA(B)DA(B3) denote
again the Banach algebra A where B is an affinoid neighbourhood
around (ki, ks, k3) € X3 (with a given integer k and Dirichlet
character ¢ mod N).
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THEOREM D (ON p-ADIC ANALYTIC FUNCTION IN FOUR VARIABLES
Put H = [20rd,(\)] + 1. There exists a p-adic analytic function in
four variables (z,8) € X X By X Bo x B3 C X x X x X x X:

La:(z,s) — evs(Lpwmy)) (weX, Laz)cA).

with values in Cp, such that for all (k7, k5, k5) in the affinoid
neighborhood as above B = By x By x Bs, satisfying

ki < kb + ki — 2, we have that the special values Lj(x,s) at the
arithmetical chracters x = y,x, and s = (ky, ks, k3) € B coincide

with the normalized critical special values
AN (fr, @ fo,ry, @[3y, Ko +hy—2—7,x) (r =0, ky+ks—k;—2),

for Dirichlet characters x mod Np¥,v > 1, such that all three
corresonding Dirichlet characters x; given by (5.13), have
Np-complete conductors where the same normalisation of A* as in
Theorem C.

Moreover, for any fized s = (k1, kb, k%) € B the function
x+— Lz, s)

is p-adic analytic of type o(log™ (-)).

Indeed, we obtain the function in question L, (x,s) by evaluation at
s = ((s1,91), (s2,%2), (s3,%3)) € B: this is a p-adic analytic function
in four variables (z,8) € X x By X Bo x B C X x X x X x X:

Li(z,s) =evs(Lp)(z) (xe€ X, se€ By xByxBs, Li(x)eA).
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This is a joint work in progress with S.Boecherer, we use:
1) the higher twists of the Siegel-Eisenstein series, studied in [PaSE]|,

2) Ibukiyama's differential operators (see [Ibu], [BSY]).

5.2 Scheme of the Proof

1) A crucial point of our construction is the higher twist . We define
the higher twist of the series F) , by the characters (5.13) as the
following formal nearly holomorphic Fourier expansion:

X2,X3 — (515)

D Xi(t12)Xa(ti3)Xa(tas) det(T)* > *Q(R, Tik — 2r,r)ay.»(T)q” .
T

Here for an arbitrary Dirichlet character y mod Np¥ we consider

the Dirichlet characters (5.13):

x1 mod Np” = x, X2 mod Np¥ = a3,
x3 mod Np¥ = 113y, ¥ = x*P1921)5.

We use the Siegel-Eisenstein series F) , which depends on the
character y, but its precise nebentypus character is 9 = X2¢1¢2E37
and it is defined by F, , = G*(z, —r; k, (Np”)27¢), where z denotes
a variable in the Siegel upper half space Hs, and the normalized
series G*(z, s; k, (Np)?, %) is given by (4.6).

This series depends on s = —r, and for the critical values at integral
points s € Z such that 2 — k < s <0, it represents a (nearly)
holomorphic Siegel modular form in the sense of Shimura [ShiAr]:

Fyp =Y det(T) > "Q(R,T; k — 2r,7)ay »(T)q” .
T
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2) We use an algebraic version of Ibukiyama's differential operator,
which generalizes the algebraic “pull-back”™ it transforms a nearly
holomorphic Siegel modular form of weight &’

to a nearly holomorphic triple modular form of weight (kf, k%, k%)
(k' = k5 + ks — k7).

On a holomorphic Siegel modular form F = > a(T)q”, this
operator has the form

)\/7’// _ / / / t1 ta t3
Ly (F) = E E Pk, Ky, k3, T)a(T)qy g5 qs3”,
t1,t2,t3>0 T:t11=ty1,
tap=tg,t23=t3

where N = k{ — kg > p' = ki — k5 > 0, and P(k}, b, ks 73 T)
= (t11t29ts3)™ (t1at13ta3)” is certain Ibukiyama’s polynomial.

As a result we obtain a sequence of triple modular distributions
®,.(x) with values in the tensor product

My (A) = M(A)DaM(A)D4M(A) of three Banach A-modules of
arithmetical nearly holomorphic modular forms (the normalizing
factor 2" is neeeded in order to prove certain congruences between
®,.). Note that My (A) is again a Banach A-module on which Ur acts
as a completely continuous operator.

The important property of the triple modular forms ®,.(x): the
nebentypus character is fixed and is equal to (1,12, 13) (for all
(k1, kb, k3) and x in question).

Using this property we compute the canonical projection 7y (P, (x))
of the triple modular form ®,(x) onto the A-characteristic
A-submodule Mz (A) of the triple Atkin’s operator Ur:

T Mp(A) — Mpr(A).
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We prove that the resulting sequence of modular distributions

A (®,.) on the profinite group Y produces a certain p-adic
admissible measure ®* (in the sense of Amice-Vélu, [Am-V]) with
values in a certain locally free A-submodule of finite rank

M (A) € My (A) C | Mr(Np, 1y, vz, 4035 A)
v>0
of formal nearly holomorphic triple modular forms of all levels Np"
and the fixed nebentypus characters (41, 2,13). We use
congruences between triple modular forms ®,.(x) € Mp(A) (they
have explicit formal Fourier coefficients).

Then we use a general admissibility criterion saying that these
congruences imply H-admissibility for their projections in M2.(A),
where H = [2\] 4 1.

3) From M7 (A) to A: we use a Q-valued linear forms of type
<f1 ®f2® f3,h>

i) (0 2) (55

defined on the finite dimensional Q-vector characteristic subspace

L :h—

h € My (Q)MK) ¢
Mkl,’r* (Np7 1/}17@) b2y Mkz,r* (Np7 ¢27 @) & Mk:g,’r’* (Np, ¢37 @)
This map is then extended to an A-linear map

0=l ot MA) — A; (5.16)

on the locally free A-module of finite rank M(A)*.
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This map produces a sequence of A-valued distributions u(x) € A
in such a way that for all suitable weights k' € B one has

v (122 (1)) = Llevie (ma(®,) (1)), A € A, AK) € T,

where k' = (K, k5, k%) € B, evw : B — C,, denotes the evaluation
map with the property

eV’ M(.A) — Mk/(Cp).

More precisely, we consider three auxilliary families of modular
forms

Fiwy(2) = (5.17)

Y angue(nz) € Sy (To(Njp™),45), (1< 5 <3, > 1),

n=1
with the same eigenvalues as those of (5.14), for all Hecke operators
T,, with ¢ prime to Np. In our construction we use as fj7k; certain
“easy transforms” of primitive cusp forms in (1.1). In particular, we
choose as f; certain eigenfunctions fj,k; = fj0 . of the adjoint

R

Atkin’s operator U, in this case we denote by fj,k;,,() the
corresponding eigenfunctions of U,.

The Q-linear form £ produces a Cp-valued admissible measure
o = E(i’\) starting from the modular p-adic admissible measure
®* of stage 3), where £ : My (C,) — C, denotes a Cp-linear form,

interpolating L.
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4) We show that for any appropriate Dirichlet character
x mod NpY the integral

i (x) = L(ma(@,(x))) € A

evaluated at (K, k5, k5) € B = By x By x Bg, coincides (up to a
normalisation) with the special L-value

D*(ffk/l ® fgpké ® f?f),k’g’ k,2 + ké —2- ¢1¢2X)

under the above assumptions on y and 7).

We use a general integral representation of Garrett's type. The basic
idea how a Dirichlet character x is incorporated in the integral
representation [Ga87, BoeSP| is somewhat similar to the one used

in [Boe-Schm|, but (surprisingly) more complicated to carry out.

Note however that the existence of a A-valued admissible measure

fi = ((®*) already established at stage 4), does not depend on this
technical computation.
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6 Criterion of admissibility

THEOREM 6.1 Let 0 < |a|, < 1 and suppose that there exists a

positive integer »x such that the following conditions are satisfied:
for allT=0,1,---,h — 1 with h = [»ord,a] + 1, and v > 1,

O, (a+ (Np”)) € M(Np™) (the level condition)  (6.1)
and the following congruence holds: for allt=10,1,---,h —1

Uy Z (t) (—ap)""®,(a+ (Np¥)) = 0 mod p** (6.2)

”
r=0
(the divisibility condition)

Then the linear form given by éa(daHva)y;) = 7o (P (a+ (NpY))
on local monomials (for all ™ =0,1,--- h — 1), is an h-admissible

measure: ®* : P'(YV,Q) — M* C M

Proof uses the commutative diagram:

To,v

M(Np*H 5 A) M (Np“™t, 1y A)

o [

M(Np,;A)  —  M*(Np,; A) = M(NpUt o A).

Ta,0

The existence of the projectors m, , comes from Coleman’s
Theorem A.4.3 [CoPB|.

On the right: U acts on the locally free A-module M*(Np“t1 A) via
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the matrix:

o *
0 « *

where v € A*
0 0
0O 0 - «a

= U" is an isomorphism over Frac(A),

and one controls the denominators of the modular forms of all

levels v by the relation:
Taw(h) =U "1q0(U"h) =: mo(h) (6.3)

The equality (6.3) can be used as the definition of 7,. The growth
condition (see section 5) for 7, (®,) is deduced from the
congruences (6.2) between modular forms, using the relation (6.3).

7 Main congruence for the higher twists

The purpose of this section is to show that the admissibility
criterion of Theorem 6.1 with s = 2 is satisfied by the sequence of

triple modular distributions ®,..

We need to check that the nearly holomorphic triple modular forms
®,.(x) are of level N2x2V, nebentypus (¢1, 12, 13), and satisfy the

congruences

v (Y (1) a2 (@.)

r'=0

<Cp™  (71)

and for all r =0,1,--- ,k — 2.
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7.1 Special Fourier coefficients of the higher
twist of the Siegel-Eisenstein distributions

Let us use the Fourier expansions of ®,(x)|U}" as follows

&, (V|UZ = (72)
Z a(p2vt17p2vt27p21)t3;p2vR17p21;R27p2vR37 7‘)61? qéz qég
th,tat3>0
with

a(p®t1, p*’ta, p*Vt3; p*" R1, p*" Ro, p*  R3, 1)

= Z X(t12t13ta3)that)s (t13) 1113 (t2s) X
T:diag(T)=(p2vt1,p?Vt2,p2?t3)
x det(T)* > Q(p* diag(R1, Re, R3), Tk — 2r,7)2"ay (7)
_ Z Uy, (T, diag(R1, Ra, R3)),

T:diag(T)=(p2vt1,p2Vt2,p2?t3)

where
Uy,r (T, diag(R1, R2, R3)) = X(t12t1stas)haths(tis) 1t (tas) x  (7.3)
x det(T)F~2"=*Q(p*diag(Ry, Ra, R3), T; k — 2r,7)2"ay (7T)
= X(p)(Q)X(p) (T)x° (t12t13ta3)Pat)s (t13) 1903 (taz) X
x det(T)**" 7" Q(p**diag(R1, Ra, R3), Ti k — 2r,7)2" ay (7).
Let us notice that, for any T with diag(T) = (p?“t1, p*°ta, p*“t3) one

has det(‘J’) = 2t12t13t23 mod pzv, X(p) (2ﬁ12t13t23) = X(p) (det(‘J’)) =
X (det(T)x>(det(T),

Zar(T) = [ s,
Y
with x = x® x°, x® mod p®, x° mod N, and pt N,

for a bounded measure F5 on Y with values in Q.
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It follows that
’l)er(‘.T, diag(Rl, RQ, Rg)) =
X (2)x(det(T)) det(T) " x° (det(T)hotps (t1s) b1 ebs (tas)-

. det(T)kir*nQ(pQUdiag(Rb Ry, R3), T:k —2r,7)2"a, . (T)
(7.4)

= det(T)* " "Q(p* diag(R1, Ro, R3), T3 k — 2r,7)x°(2)

/Y Xy;dgj‘f;xo W1,Y2,3

where Fg.y0 4, s, denotes the bounded measure defined by the
equality:

/Y Xy;d97§xo7¢17¢2,¢3 (75)
= x"(2)x°(2)2"x(det(T)) det(T) " x° (det(T)
Vat)s (t13) 113 (ta3) ay,r (T).

7.2 Main congruence for the Fourier expansions

Let us use the orthogonality relations for Dirichlet characters in
order to prove the admissibility of the distributions given by the
sequence 7 (P, (x)) using the Fourier expansions (7.2). According
to the admissibility criterion of Theorem 6.1 we need to check the

following main congruence:

‘2_:0 (:,) (—ap)™" (7.6)

1 .
Z X H(a)vy (T, p?  diag(Ry, Ro, R3))| < Cp™*",

('Q(va) xmod N p? b

where we use the notation (7.4) for v, (T, diag(R1, Rz, R3)),
implying that the coefficients

z'p(vx,,a/ (T, diag(Rl, RQ, Rg)))
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in (7.3) are given as sums of the following expressions:
Br(x,T) =Xx°(2) det(T)k_r_“/ XYpdTTixe i 2 0° (7.7)
Y
> (Z) det(T)"™" > Rp(k—k+r)Q(p*diag(Ry, Ry, Rs),T)
t=0 |L|<mt—t

where Fy.y0 40,05 denotes the bounded measure defined by (7.5).
Using the expressions (7.7), the main congruence (7.6) is reduced
to proving the congruence for the numbers B,.(y,T): there exists a
non-zero integer C} such that

Ck'Z(:,)<—a2>“r' . S xHa)By(x,T) = 0mod p*"

r’'=0 SO(NPU) xmodNpv
(7.8)
<= () - A=0mod Np"",
where we use the notation
A :A7<‘I’ Xoa7/117¢27¢3) (79)
- T) oNr—r’ 1 —1
=> (—ap) — > x )
= (7“’ PINPY) o
e} 77”/7[4 T‘/ T/ ,r/ T‘/fl
AT [ e 3 () den(r)
t=0
> Rp(k—k+1)Qu(p*diag(Ry, Ry, Rs), 7).

|[LI<mt—t
Note that Ry (k — k + 7’) is a polynomial of degree
mt — |L| =3t — |L| in k — k + 1’ (see (4.5)), hence in r/, and (")) is
a polynomial of degree t in r’. One can therefore write

4t—|L|

r+n+1
( >RL(/€—]€—|—T’ Zun T,/_|_1 )
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Here the coefficients u,, are certain fixed rational numbers
(independent of ).

Using the orthogonality relations for Dirichlet characters mod Np”,
we see that the sum over 7/ in (7.9), denoted by
C=C.(t,L,T;x°,11,%9,13), takes the form

Cr(t, L, T;X°, 1,102, 93) = x°(2) det(T)k—t—x

4t—|L| r

/yEa mod p¥ IINTDD (5)““)7—?/%&1)!@/” dF 7 (y)

n=0 r’'=0

where Fg(y) = Frixe r b s (y)

Note that we write y = x°x?, fix x°, and sommate over all
characters (") mod p¥. We have therefore (y —a)” = 0 mod (p")"

in the integration domain y = a mod p", implying the congruence

Ckcr(t7 L7 ‘Ta XO7 wla 77Z)27 103) =0 (HlOd (p”)T*”) (710)
— =0 (mod (p”)T*“HL‘),

where ¢, € Q* is a nonzero constant coming from the denominators

of the fixed rational numbers u,,, and of the bounded distributions

§7§X° ,1/)1 :1#2’103 °
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7.3 Proof of the Main congruence

Now the expression (7.9) transforms to

”

A(T) =" > det(7) (7.11)

t=0 |L|<2t
C(t, L,T) det(T)*=2"=*Q (p**diag(R1, Ry, R3), T),

where Qr,(p*'diag(R1, R2, R3),T) is a homogeneuos polynomial of
degree 3t — |L| in the variables R;; implying the congruence

Qr(p*diag(Ry, Ra, R3),T) =0 (mod (p?¥)Bt=1LD), (7.12)

On the other hand we know from the description (4.5) of the

polynomial

Q(R,T)=Q(R,T;k—2r,r) =

> C) det(T)"™" Y Rp(s—k+7)QL(R,T),

t=0 N’ |L|<2t
Qr(R,T) = tr (‘ps—1,(R)p, (7)) - - - - tr (‘pa—1, (R)p},, (7)) ,
that 2t — |L| > 0 so we obtain the desired congruence as follows
cxCr(t,L,T) =0 (mod (p¥) ~#+IE
Qr(p*diag(Ry, Rz, B3),T) =0 (mod (p*)*~1ED)
= A (T) =0 (mod p*"),

(7.13)

since v(r —4t + |L|) + 2v(3t — |L|) = vr 4+ 2vt — v|L| > vr, proving
(7.6). 1
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8 Computation of p-adic integrals and

L-values

8.1 Construction of p-adic measures

Let M = MT (.A) =

Upso Mo (Np?, 9015 A) @4 Mo (NDY, 1025 A) @8 My e (NDY, 9035 A)
be the A-module of nearly holomorphic triple modular forms with
formal Fourier coefficients in the C,-Banach algebra A = A(B),
where k' = (K], k5, k5) € B, evw : B — C,, denotes the evaluation

map with the property

evkg : M(A) — My (Cp).

Let us define an A-valued measure
iy £ @ fo @ £3) : ClOTa (Y, A) — A
by applying a certain trilinear form 7  : M(Np”; A) — A
My £ @ fo @ f3) = L 5 (P) (8.1)

to the h-admissible measure ®* of Theorem 6.1 on Y with values in
M(A)*» € M(Np;A). That h-admissible measure was defined as an
A-linear map ®* : P*(Y, A) — M(A)* satisfying for any (a), C Y
and for all r =0,1,...,h — 1 the following equality:

/( B = ma (@ (@) € MV

where h = [2ord,A(p)] + 1, hence

/ yr di (y; f1 ® fo @ f3) = brn (/ y;dé*<y>>- (8.2)
(a)v (a)v
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8.2 Evaluation of the integral

v ( /Y ) L A (41 @ B @ £)

= / X() v, di* (y; frey ® fory @ f3rs)
Y

for r € N, 0 <r <k}, + kf — ki — 2. The result is given in terms of

Garrett’s triple L function
@*(fﬁk/l ® fé’% ® f:f,kg’ kS + kY — 2 — ri1902x). Let us use the

0 -1
action of the involution Wy, = of the exact level N; of
N; 0
e
Gl =0 7 I
',k/- Nj = = ’Y',k/. . e
JoR5 1k Nj 0 L j,k]
Pl = | 0 T =g
i k! N; — =Yk T4k
j,k'j k N 0 IR D

J

where fﬁk; (2) = Z dn,j,k;.e(nz) S Sk; (N, 45),
n=1

(1 =1,2,3) and Vik, is the corresponding root number.
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Recall the notation (5.11) and (5.12):
2 2 _ p0
Tingo = ik, = 00w Vo = Fig = 0 o™ F (0 1>

oo
- 0 —1
_ 0o _ _
L0 = D aln Jo)a"s = Flig ols W = 4y 0|, (Np 0 ) '

n=1
PROPOSITION 8.1 Under the notations and assumptions as in
Theorem C, the value of the integral (8.3) at kX' = (ki, kb, k%) is
gwen for 0 <r < kb + ki — Kk} — 2 by the image under i, of the
following algebraic number
TK) A" Lrp(—7)
D*<ffyk/1 ® f;yké ® fgpvkéa kJQ + ké - kll —2-r, ¢1¢2X>
<f10,k/1 ® fS,ké ® f;?’ké, F110.0 ® fory,0 ® f3h,00) 1, N2p20

where

T(k') =

_, ((NP)3/N1NaN3) /25 1 5o 1 T3 1 (X1 X2X3) (2)p* 0 (Ratha =k =2)
Ni1N1,2N13G(x1,0)G(x2,0)G(X3,0)

k—or N2D* 0(N?p?")(Np®)
[FO(NQPQU) . F(N2p2v)]3’

2 X

x (Np*)

Vi k! is the corresponding root number and the factor Ly, (—r),
given by (8.13).

8.3 Evaluation of the trilinear form

In the rest of this section we write for simplicity k; , f; and A
instead of k, Jrr,j and A(K).

In order to compute the p-adic integral, the next step of the proof
uses computations similar to those in [Hi85|, §4 and §7. More
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precisely let us write the integral in the form

/Yx(y) ypdin(y; L ® f2® f3) = ) x(a)/) yp dlr A (DY) (y)) =

a€Y, a)v
= 1. (Z x(a)/() vp d@(y)> = 1. (Z X(a)<1>?((a)u)> :
acyY, a)v acyy,
(8.6)

where (a), = (a+ (Np”)) C Y, and by definition (8.1)

PNy J1® f2© f3) = LA (@)(y), (8.7)
[ (@) = @@ €t v) (38)
forr=0,1,...,h — 1. Moreover @r((a)v) is a triple modular form

of level N2p?¥ as a value of a higher twist of a Siegel-Eisenstein

distributions, hence
D200 = Up™ |ma sl (2704 o (F)) | (89)

Taking into account the equalities (8.9), the integral (8.6)
transforms to the following

/Y X(y) yp di* (y; f1 © f2 ® f3) = br» (Z x(a)fbﬁ((a)u))

a€Y,

= b (U™ [m 2 UF (0 (BE)))

Notice that then it follows that the sum in the right hand side of
the equality (8.10) can be expressed through the functions:

LMM%MN%ﬁ@h@M@)

tro (U7 [mamaUR (280 gy (FR )] (8.11)

42




Slide 84

Slide 85

where we use 2’221 ks k1 (Ibukiyama’s operator with
)\Zkl—kgzuzk‘l—k‘QZO).

The Fourier expansion of the function

_ A X1,X2,X3
9= Lk2+k3—k1 <FXaT )

can be computed:

8(2:17 22,23, —T, k17 k?v k37 va7 11["7 X1y X2 X3>
= N1,1N12N1 3(X1X2X3)(2)G (x0,1) G (X0,2)G(X0,3) - 9-

Thus it represents a nearly holomorphic triple modular form in the
Q-module

M(Q) = Mz (N?p*, b1 ® 12 ® 9h3;Q) C
M, (N2, 9013 Q) @ My e (N2, 19023 Q) @ Mg e (N?p*, 103 Q).

Then we have:
L1 :Mp(N?*p?;C) — C, (8.12)

(ff ® @ f§A2U2 9) 1 N2p
(L@ fS@ 9, f1,0® f2,0® fa0)r.n2p

gt—

0 ® fO ® fo )\*2UU2u(g)>TN2
g U—Q’U U2fu — ( <f]. 2 3 T 7 »
7o (Up 2" [ma 11Uz (9)]) = ip (Y@ f3 @[, fr.0® f20 @ f3.0)n2p
= ip ()\—2vp3.2v(k—1) . <V2v(f10 ® f20 ® f:;?),g)T,NQp%H ) .
<f{) ® f20 ® f??a fl,O &® f270 (29 f370>T,N2p

The scalar products in (8.12) can be computed but we omit here
the details. This implies Proposition 8.1 for certain modular forms
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o

fj,zv(z) = Z ajn,20e(nz) as above:

n=1
D(fL @ fy & f,2k —2 —r,p1haxa) (8.13)
N2 2v NQ 2v N v
(p2ye—2r NP p(N"p™)o(Np )SNp(_T) _

[FO(NZPQU) : I‘(N2p2v)]3

<.]F1,2v & f2,2v & .f3,2m E(Zh 22,235 T, k? N2p2vv d)a X1, X2 X3)> )
T7N2p2v

where
Lnp(8) = Enp(8; Fr20 ® fo00 @ f320)

- An, 1,200n,2,200n,3,2v
= E G N (P1Paxa, 2n) 2s 2k 2 ~
n|No°

8.4 Proof of Theorem B

Let us use Propostion 8.1 and (8.13):
27 [ )i e f2 F)0) (5.14)

=270\ <U172U [WA,T,l Uz (9)] >

_ ((Np)? /N1 N2 N3)* 25435735 (x1 x2x3) (2)p *(*=2) X
B A2 Ny 1N 1 N3 1G(x1,0)G(X2,0)G (x3,0)
h—2r N2 o(N?p*")p(Np*)
[To(NZp20) : T(NZp20 )3~
D*(ff ® f5 @ f5,2k — 2 — r,1baxa)
(Y @[, f1,0® f2,0 @ f3,0)7,N2p

x (Np*) (=r)x

Let us show that under the assumptions as above there exist an
admissible C,-valued measure [L?l@ fa0fs 00 YN p, and a Cp-analytic
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function
Dipy(z, 1 ® f2® f3) : X, — Cp,
given for all x € X, by the integral

QMmﬁ®ﬁ®m:/’x@m&w@Mm

Ynp

and having the following properties: for all pairs (7, x) such that for
x € X ;Ors the corresonding Dirichlet characters x; are Np-complete,
and r € Z with 0 <r < k — 2, the following equality holds:

Dy (xp: 1 ® 2@ f3) = (8.15)

in (4192)(Cx
PAG(x1)G(x2)G(x3)G(¥1vax1)A(p)?

D*(fY @ f5 @ f§,2k — 2 — vaﬂﬁzx))
(flofefl ffeffeff)r

where v = ord, (Cy),

x1 mod Np¥ = x, x2 mod Np” = h213, x5 mod Np® = ¢1 93X,
G(x) denotes the Gauft sum of a primitive Dirichlet character xq
attached to x (modulo the conductor of yy).

Indeed, we may write

mmLﬁ®h®ﬁwwram/x@wm%ﬁ®ﬁ®ﬁ>

Y

with an appropriate constant where v = ord, (C,).

Moreover, it follows from the properties of the constructed measure

i onen®) =C 2y f1 ® fa @ f3)
that
(i) if ordpA(p) = O then the holomorphic functions in (i), (ii) are
bounded C,-analytic functions: it suffices to use the binomial

equality with 7 = 1 in order to show that in this case the
measure ®* is just bounded because of [A(p)|, = 1);
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(iii) in the general case (but assuming that A\(p) # 0) the
holomorphic functions in (i) belong to the type o(log(z])) with
h = [2ord,A(p)] + 1 and they can be represented as the Mellin
transform of the h-admissible measure ,&}l@ F2®f5 (in the sense
of Amice-Vélu);

iv) if h = [2ord,A\] + 1 < k — 2 then the function D, is uniquely
P (p)
determined by the above conditions (i). H§
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