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Abstract. This paper develops a representation-theoretic approach to the
isogeny category C of commutative group schemes of finite type over a field

k, studied in [Br16]. We construct a ring R such that C is equivalent to

the category R-mod of all left R-modules of finite length. We also construct

an abelian category of R-modules, R-m̃od, which is hereditary, has enough
projectives, and contains R-mod as a Serre subcategory; this yields a more

conceptual proof of the main result of [Br16], asserting that C is hereditary.

We show that R-m̃od is equivalent to the isogeny category of commutative

quasi-compact k-group schemes.
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1. Introduction

In this paper, we develop a representation-theoretic approach to the isogeny
category of commutative algebraic groups over a field k, studied in [Br16]. This
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abelian category, that we denote by C, is equivalent to the quotient of the abelian
category C of group schemes of finite type over k by the Serre subcategory F of
finite k-group schemes. The main result of [Br16] asserts that C is hereditary, i.e.,
ExtiC(G,H) = 0 for all i ≥ 2 and all G,H ∈ C. By a theorem of Serre (see [Se60,

10.1]) which was the starting point of our work, this also holds for the original
category C when k is algebraically closed of characteristic 0. But for certain fields
k, the extension groups in C can be non-zero in arbitrarily large degrees, as a
consequence of [Mi70, Thm. 1].

To prove that C is hereditary, the approach of [Br16] is similar to that of Serre
in [Se60], generalized by Oort in [Oo66] to determine the extension groups in C
when k is algebraically closed of positive characteristic. As C is easily seen to be a
finite length category, it suffices to check the vanishing of higher extension groups
for all simple objects G,H ∈ C. These are the additive group, the simple tori and
the simple abelian varieties, and one may then adapt the case-by-case analysis of
[Se60, Oo66] to the easier setting of the isogeny category.

In this paper, we obtain a more conceptual proof, by constructing a ring R
such that C is equivalent to the category R-mod of all left R-modules of finite

length; moreover, R-mod is a Serre category of an abelian category R-m̃od of left
R-modules, which is hereditary and has enough projectives. For a more precise
statement, we refer to Theorem 3.5 in §3.2.5, which can be read independently of
the rest of the paper. Our result generalizes, and builds on, the equivalence of the
isogeny category of unipotent groups over a perfect field of positive characteristic
with the category of modules of finite length over a localization of the Dieudonné
ring (see [DG70, V.3.6.7]).

More specifically, the abelian category C has very few projectives: the unipotent
groups in characteristic 0, and the trivial group otherwise (see [Br16, Thm. 2.9,
Cor. 5.15])). This drawback was remedied in [Se60] by considering the abelian

category Ĉ of pro-algebraic groups. If k is algebraically closed of characteristic 0,

then Ĉ is hereditary, has enough projectives, and contains C as a Serre subcategory.
We obtain a similar result for the isogeny category C over an arbitrary field; this
category has more projectives than C (e.g., the tori), but still not enough of them.

We show that C is a Serre subcategory of the isogeny category C̃ of quasi-compact
group schemes, which is a hereditary abelian category having enough projectives.

In addition, C̃ is equivalent to the category R-m̃od mentioned above (see again
§3.2.5 for a more precise statement). The quasi-compact group schemes, studied by
Perrin in [Pe75, Pe76], form a restricted class of pro-algebraic groups, discussed
in more details in §3.2.2.

Since C is a length category, it is equivalent to the category of all left modules of
finite length over a basic pseudo-compact ring A, which is then uniquely determined
(this result is due to Gabriel, see [Ga62, IV.4] and [Ga71, 7.2]). The ring R that
we construct is also basic, but not pseudo-compact; it may be viewed as a dense

subring of A. Its main advantage for our purposes is that the above category R-m̃od
consists of R-modules but not of A-modules.

This paper is organized as follows. In Section 2, we study homological proper-
ties of abelian categories equipped with a torsion pair. This setting turns out to be
very useful when dealing with algebraic groups, since these are obtained as exten-
sions of groups of special types: for example, every connected algebraic group is an
extension of an abelian variety by a affine algebraic group, and these are unique up
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to isogeny. The main result of Section 2 is Theorem 2.13, which explicitly describes
certain abelian categories equipped with a torsion pair, in terms of modules over
triangular matrix rings.

Section 3 begins with a brief survey of the structure theory for commutative
algebraic groups, with emphasis on categorical aspects. We also treat in parallel
the affine group schemes (which form the pro-completion of the abelian category
of affine algebraic groups) and the quasi-compact group schemes. We then obtain
our main Theorem 3.5 by combining all these structure results with Theorem 2.13.
Next, after some auxiliary developments in Subsection 3.3, we study the finiteness
properties of the spaces of morphisms and extensions in the isogeny category C. In
particular, we show that C is Q-linear, Hom- and Ext-finite if and only if k is a
number field (Proposition 3.15). The final Subsection 3.5 initiates the study of the
indecomposable objects of C, by considering a very special situation: extensions of
abelian varieties with prescribed simple factors by unipotent groups, over the field
of rational numbers. Using a classical result of Dlab and Ringel on representations
of species (see [DR76]), we obtain a characterization of finite representation type
in that setting (Proposition 3.16).

Notation and conventions. All considered categories are assumed to be small.
We denote categories by calligraphic letters, e.g., X ,Y, and functors by boldface
letters, e.g., L,R. By abuse of notation, we write X ∈ X if X is an object of X .
Also, we say that X contains Y if Y is a full subcategory of X .

For any ring R, we denote by R-Mod the category of left R-modules, and by
R-Modfg (resp. R-Modss, R-mod) the full subcategory of finitely generated modules
(resp. of semi-simple modules, of modules of finite length).

2. A construction of hereditary categories

2.1. Two preliminary results. Let C be an abelian category. Recall that
the homological dimension of C is the smallest non-negative integer n =: hd(C)
such that Extn+1

C (X,Y ) = 0 for all X,Y ∈ C; equivalently, ExtmC (X,Y ) = 0 for all
X,Y ∈ C and all m > n. If there is no such integer, then hd(C) is understood to
be infinite.

Also, recall that C is said to be semi-simple if hd(C) = 0; equivalently, every
short exact sequence in C splits. If hd(C) ≤ 1, then C is said to be hereditary.

We now record two easy lemmas, for which we could not locate appropriate
references.

Lemma 2.1. The following conditions are equivalent for an abelian category C
and a non-negative integer n:

(i) hd(C) ≤ n.
(ii) The functor ExtnC(X, ?) is right exact for any X ∈ C.

(iii) The functor ExtnC(?, Y ) is right exact for any Y ∈ C.

Proof. (i) ⇒ (ii), (i) ⇒ (iii) Both assertions follow from the vanishing of
Extn+1

C (X, ?) in view of the long exact sequence of Ext groups.

(ii) ⇒ (i) Let ξ ∈ Extn+1
C (X,Y ) be the class of an exact sequence

0 −→ Y −→ Xn+1 −→ · · · −→ X1 −→ X −→ 0

in C. We cut this sequence in two short exact sequences

0 −→ Y −→ Xn+1 −→ Z −→ 0, 0 −→ Z −→ Xn −→ · · · −→ X1 −→ X −→ 0
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with classes ξ1 ∈ Ext1
C(Z, Y ), ξ2 ∈ ExtnC(X,Z) respectively. Then ξ is the Yoneda

product ξ1 · ξ2. Since the natural map ExtnC(X,Xn+1)→ ExtnC(X,Z) is surjective,
there exists a commutative diagram with exact rows

0 −−−−→ Xn+1 −−−−→ X ′n −−−−→ · · · −−−−→ X ′1 −−−−→ X −−−−→ 0y y y id
y

0 −−−−→ Z −−−−→ Xn −−−−→ · · · −−−−→ X1 −−−−→ X −−−−→ 0.

Also, we have a commutative diagram with exact rows

0 −−−−→ Y −−−−→ X ′n+1
f ′

−−−−→ Xn+1 −−−−→ 0

id
y y f

y
0 −−−−→ Y −−−−→ Xn+1

f−−−−→ Z −−−−→ 0,

where the top exact sequence is split (as idXn+1 yields a section of f ′). Thus,

f∗(ξ1) = 0 in Ext1
C(Xn+1, Y ). By concatenating both diagrams, we obtain a mor-

phism of extensions

0 −−−−→ Y −−−−→ X ′n+1 −−−−→ · · · −−−−→ X ′1 −−−−→ X −−−−→ 0

id
y y y id

y
0 −−−−→ Y −−−−→ Xn+1 −−−−→ · · · −−−−→ X1 −−−−→ X −−−−→ 0.

Thus, ξ is also represented by the top exact sequence, and hence ξ = f∗(ξ1) ·ξ2 = 0.
This completes the proof of (ii) ⇒ (i).

A dual argument shows that (iii) ⇒ (i). �

Next, recall that a subcategory D of an abelian category C is said to be a Serre
subcategory if D is non-empty, strictly full in C, and stable under taking subobjects,
quotients and extensions.

Lemma 2.2. Let C be a hereditary abelian category, and D a Serre subcategory.
Then D is hereditary.

Proof. In view of the assumption on D, the natural map Ext1
D(X,Y ) →

Ext1
C(X,Y ) is an isomorphism for any X,Y ∈ D. So the assertion follows from

Lemma 2.1. �

2.2. Torsion pairs. Throughout this subsection, we consider an abelian cat-
egory C equipped with a torsion pair, that is, a pair of strictly full subcategories
X , Y satisfying the following conditions:

(i) HomC(X,Y ) = 0 for all X ∈ X , Y ∈ Y.
(ii) For any C ∈ C, there exists an exact sequence in C

(2.1) 0 −→ XC
fC−→ C

gC−→ YC −→ 0,

where XC ∈ X and YC ∈ Y.

Then X is stable under quotients, extensions and coproducts, and Y is stable
under subobjects, extensions and products. Moreover, the assignment C 7→ XC

extends to an additive functor R : C → X , right adjoint to the inclusion. Dually,
the assignment C 7→ YC extends to an additive functor L : C → Y, left adjoint to
the inclusion (see e.g. [BR07, Sec. 1.1] for these results).
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Lemma 2.3. Assume that X , Y are Serre subcategories of C. Then:

(i) R, L are exact.
(ii) ExtnC(X,Y ) = 0 for all X ∈ X , Y ∈ Y and n ≥ 1.
(iii) hd(C) ≤ hd(X ) + hd(Y) + 1.

Proof. (i) Let C ∈ C and consider a subobject i : C1 ↪→ C. Denote by
q : C → C2 := C/C1 the quotient map, and by C1 ∩ XC the kernel of the map
(q, gC) : C → C2 × YC . Then C1 ∩XC ↪→ XC , and hence C1 ∩XC ∈ C. Moreover,
C1/C1∩XC ↪→ C/XC

∼= YC , and hence C1/C1∩XC ∈ Y. Thus, C1∩XC = R(C1)
and C1/C1∩XC = L(C1). So we obtain a commutative diagram of exact sequences

0 −−−−→ R(C1)
R(i)−−−−→ R(C) −−−−→ R(C)/R(C1) −−−−→ 0

fC1

y fC

y g
y

0 −−−−→ C1
i−−−−→ C

q−−−−→ C2 −−−−→ 0.

As we just showed, the left square is cartesian; it follows that g is a monomorphism.
This yields a commutative diagram with exact rows and columns

0 0 0y y y
0 −−−−→ R(C1)

R(i)−−−−→ R(C) −−−−→ R(C)/R(C1) −−−−→ 0

fC1

y fC

y g
y

0 −−−−→ C1
i−−−−→ C

q−−−−→ C2 −−−−→ 0y y y
0 −−−−→ L(C1) −−−−→ L(C) −−−−→ C2/Im(g) −−−−→ 0y y y

0 0 0

Moreover, R(C)/R(C1) ∈ X and C2/Im(g) ∈ Y by our assumption on X , Y. It
follows that R(C)/R(C1) = R(C2) and C2/Im(g) = L(C2). Thus, R,L are exact.

(ii) We first show that Ext1
C(X,Y ) = 0. Consider an exact sequence

0 −→ Y −→ C −→ X −→ 0

in C. Then the induced map R(C) → R(X) = X is an isomorphism, since R
is exact and R(Y ) = 0. Thus, the above exact sequence splits; this yields the
assertion.

Next, we show the vanishing of any ξ ∈ ExtnC(X,Y ). For this, we adapt the
argument of Lemma 2.1. Choose a representative of ξ by an exact sequence

0 −→ Y −→ Cn −→ · · · −→ C1 −→ X −→ 0

in C and cut it in two short exact sequences

0 −→ Y −→ Cn −→ Z −→ 0, 0 −→ Z −→ Cn−1 −→ · · · −→ C1 −→ X −→ 0.

This yields an exact sequence

0 −→ R(Z) −→ R(Cn−1) −→ · · · −→ R(C1) −→ X −→ 0.
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Also, we obtain a commutative diagram of exact sequences

0 −−−−→ Y −−−−→ C ′n −−−−→ R(Z) −−−−→ 0

id
y y y

0 −−−−→ Y −−−−→ Cn −−−−→ Z −−−−→ 0,

where the top sequence splits by the above step. So ξ is also represented by the
exact sequence

0 −→ Y −→ C ′n −→ R(Cn−1) −→ · · · −→ R(C1) −→ X −→ 0,

which has a trivial class in ExtnC(X,Y ).
(iii) We may assume that hd(X ) := m and hd(Y) := n are both finite. In view

of the exact sequence (2.1) and the long exact sequence for Ext groups, it suffices
to show that Extm+n+2

C (C,C ′) = 0 for all C,C ′ in X or Y. By (ii), this holds

whenever C ∈ X and C ′ ∈ Y. Also, if C,C ′ ∈ X , then Extm+1
C (C,C ′) = 0: indeed,

every exact sequence

0 −→ C ′ −→ Cm+1 −→ · · · −→ C1 −→ C −→ 0

is Yoneda equivalent to the exact sequence

0 −→ C ′ −→ R(Cm+1) −→ · · · −→ R(C1) −→ C −→ 0,

which in turn is equivalent to 0 by assumption. Likewise, Extn+1
C (C,C ′) = 0 for all

C,C ′ ∈ Y. So we are reduced to checking that Extm+n+2
C (Y,X) = 0 for all X ∈ X ,

Y ∈ Y.
For this, we adapt again the argument of Lemma 2.1. Let ξ ∈ Extm+n+2

C (Y,X)
be represented by an exact sequence

0 −→ X −→ Cm+n+2 −→ · · · −→ C1 −→ Y −→ 0

in C. This yields two exact sequences

0 −→ X −→ Cm+n+2 −→ · · · −→ Cn+2 −→ Z −→ 0,

0 −→ Z −→ Cn+1 −→ · · · −→ C1 −→ Y −→ 0.

As Extn+1
C (Y,L(Z)) = 0 by the above step, the exact sequence

0 −→ R(Z) −→ Z −→ L(Z) −→ 0

yields a surjection Extn+1
C (Y,R(Z))→ Extn+1

C (Y, Z). Thus, there exists a commu-
tative diagram of exact sequences

0 −−−−→ R(Z) −−−−→ C ′n+1 −−−−→ · · · −−−−→ C ′1 −−−−→ Y −−−−→ 0y y y id
y

0 −−−−→ Z −−−−→ Cn+1 −−−−→ · · · −−−−→ C1 −−−−→ Y −−−−→ 0.

Also, we have an exact sequence

0 −→ X −→ R(Cm+n+2) −→ · · · −→ R(Cn+2) −→ R(Z) −→ 0,

with trivial class as Extm+1
C (R(Z), X) = 0. Hence ξ is also represented by the exact

sequence

0→ X → R(Cm+n+2)→ · · · → R(Cn+2)→ C ′n+1 → · · · → C ′1 → Y → 0,

which has a trivial class as well. �
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Corollary 2.4. Assume that X and Y are semi-simple Serre subcategories of
C. Then:

(i) Every object of X is projective in C.
(ii) Every object of Y is injective in C.
(iii) C is hereditary.

Proof. (i) Let X ∈ X . Then Ext1
C(X,Y ) = 0 for all Y ∈ Y, by Lemma 2.3.

Moreover, Ext1
C(X,X

′) = 0 for all X ′ ∈ X by our assumption. In view of the exact
sequence (2.1), it follows that Ext1

C(X,C) = 0 for all C ∈ C, i.e., X is projective in
C.

(ii) This is checked similarly.
(iii) This follows from Lemma 2.3 (iii).

�

2.3. The category of extensions. We still consider an abelian category
C equipped with a torsion pair (X ,Y). Let E be the category with objects the
triples (X,Y, ξ), where X ∈ X , Y ∈ Y and ξ ∈ Ext1

C(Y,X); the morphisms from
(X,Y, ξ) to (X ′, Y ′, ξ′) are the pairs of morphisms (u : X → X ′, v : Y → Y ′) such
that u∗(ξ) = v∗(ξ′) in Ext1

C(Y,X
′). We say that E is the category of extensions

associated with the triple (C,X ,Y).
We may assign to any C ∈ C, the triple

T(C) := (R(C),L(C), ξ(C)),

where ξ(C) ∈ Ext1
C(L(C),R(C)) denotes the class of the extension (2.1),

0 −→ R(C) −→ C −→ L(C) −→ 0.

Lemma 2.5. Assume that X ,Y are Serre subcategories of C, and HomC(Y,X) =
0 for all X ∈ X , Y ∈ Y. Then the above assignment extends to a covariant functor
T : C → E, which is an equivalence of categories.

Proof. Consider a morphism f : C → C ′ in C. Then f lies in a unique
commutative diagram of exact sequences

0 −−−−→ XC
fC−−−−→ C

gC−−−−→ YC −−−−→ 0

u
y f

y v
y

0 −−−−→ XC′ −−−−→ C ′ −−−−→ YC′ −−−−→ 0.

Denote by ξ ∈ Ext1
C(YC , XC), ξ′ ∈ Ext1

C(YC′ , XC′) the classes of the above exten-
sions and set u =: R(f), v =: L(f). These fit into a commutative diagram with
exact rows

0 −−−−→ R(C) −−−−→ C −−−−→ L(C) −−−−→ 0

R(f)
y y id

y
0 −−−−→ R(C ′) −−−−→ D −−−−→ L(C) −−−−→ 0

id
y y L(f)

y
0 −−−−→ R(C ′) −−−−→ C ′ −−−−→ L(C ′) −−−−→ 0
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It follows that R(f)∗(ξ) = L(f)∗(ξ′). Thus, the assignment f 7→ (R(f),L(f))
defines the desired covariant functor T. We now show that T is an equivalence of
categories.

Since (X ,Y) is a torsion pair, T is essentially surjective. We check that it is
faithful. Let C,C ′ ∈ C and consider f ∈ HomC(C,C

′) such that R(f) = 0 = L(f).

Then the composition XC
fC−→ C

f−→ C ′ is zero, and hence f factors through

g : YC → C ′. Moreover, the composition YC
g−→ C ′

gC′−→ YC′ is zero, and hence g
factors through h : YC → XC′ . By our assumption, h = 0; thus, f = 0.

Finally, we show that T is full. Let again C,C ′ ∈ C and consider u : XC → XC′ ,
v : YC → YC′ such that u∗(ξ) = v∗(ξ′), where ξ (resp. ξ′) denotes the class of the
extension (2.1) for C (resp. C ′). Since HomC(Y,X) = 0 for all X ∈ X and Y ∈ Y,
these extensions are uniquely determined by their classes, and in turn by C, C ′.
Thus, we have a commutative diagram of extensions in C

0 −−−−→ XC
fC−−−−→ C

gC−−−−→ YC −−−−→ 0

u
y y id

y
0 −−−−→ XC′

i−−−−→ D
q−−−−→ YC −−−−→ 0

id
y y v

y
0 −−−−→ XC′

fC′−−−−→ C ′
gC′−−−−→ YC′ −−−−→ 0.

This yields a morphism f : C → C ′ such that R(f) = u and L(f) = v. �

With the assumptions of Lemma 2.5, the subcategory X (resp. Y) of C is
identified via T with the full subcategory of E with objects the triples of the form
(X, 0, 0) (resp. (0, Y, 0)). Assuming in addition that X and Y are semi-simple, we
now obtain a description of homomorphism and extension groups in E :

Proposition 2.6. With the above assumptions, there is an exact sequence

0 −→ HomE(Z,Z
′)

ι−→ HomX (X,X ′)×HomY(Y, Y ′) −→
ϕ−→ Ext1

C(Y,X
′) −→ Ext1

E(Z,Z
′) −→ 0

for any Z = (X,Y, ξ), Z ′ = (X ′, Y ′, ξ′) ∈ E, where ι denotes the inclusion, and
ϕ(u, v) := u∗(ξ

′)− v∗(ξ).

Proof. We have Ker(ι) = 0 and Im(ι) = Ker(ϕ) by the definition of the
morphisms in E . Thus, it suffices to check that Coker(ϕ) ∼= Ext1

E(Z,Z
′).

Consider the exact sequence

0 −→ X ′ −→ Z ′ −→ Y ′ −→ 0

in E , with class ξ′ ∈ Ext1
E(Y

′, X ′) = Ext1
C(Y

′, X ′). This yields an exact sequence

HomE(Y, Y
′)

∂′

−→ Ext1
E(Y,X

′) −→ Ext1
E(Y,Z

′) −→ Ext1
E(Y, Y

′),

where ∂′(v) := v∗(ξ′) for any v ∈ HomE(Y, Y
′). Moreover, since Y is a semi-simple

Serre subcategory of E , we have HomE(Y, Y
′) = HomY(Y, Y ′) and Ext1

E(Y, Y
′) = 0.

So we obtain a natural isomorphism

(2.2) Ext1
E(Y,Z

′) ∼= Ext1
E(Y,X

′)/{v∗(ξ′) | v ∈ HomY(Y, Y ′)}.
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Similarly, the exact sequence

0 −→ X −→ Z −→ Y −→ 0

in E , with class ξ ∈ Ext1
C(Y,X), yields an exact sequence

HomE(X,Z
′)

∂−→ Ext1
E(Y, Z

′) −→ Ext1
E(Z,Z

′) −→ Ext1
E(X,Z

′),

where ∂(u) := u∗(ξ) for any u ∈ HomE(X,Z
′). Moreover, the natural map

HomX (X,X ′) −→ HomE(X,Z
′)

is an isomorphism, since HomE(X,Y
′) = 0. Also, Ext1

E(X,Z
′) = 0 by Corollary

2.4. Hence we obtain a natural isomorphism

(2.3) Ext1
E(Z,Z

′) ∼= Ext1
E(Y,Z

′)/{u∗(ξ) | u ∈ HomX (X,X ′)}.
Putting together the isomorphisms (2.2) and (2.3) yields the desired assertion. �

2.4. Universal extensions. We still consider an abelian category C equipped
with a torsion pair (X ,Y), and make the following assumptions:

(a) X ,Y are Serre subcategories of C.
(b) X ,Y are semi-simple.
(c) HomC(Y,X) = 0 for all X ∈ X , Y ∈ Y.

(d) There exists a covariant exact functor F : Y → X̃ , where X̃ is a semi-
simple abelian category containing X as a Serre subcategory, and a bi-
functorial isomorphism

(2.4) Ext1
C(Y,X)

∼=−→ HomX̃ (F(Y ), X)

for all X ∈ X , Y ∈ Y.

Remark 2.7. The above assumptions are satisfied by the isogeny category of
algebraic groups and some natural Serre subcategories, as we will see in Subsection
3.2. Also, assumptions (a), (b) and (c) are just those of Corollary 2.4 and Proposi-

tion 2.6. Note that a weak version of (d) always holds, where we only require X̃ to

be a category containing X : take X̃ to be the opposite category of covariant func-

tors from X to sets; then the functor Ext1
C(Y, ?) is an object of X̃ for any Y ∈ Y,

and the isomorphism (2.4) follows from Yoneda’s lemma. But requiring X̃ to be
abelian and semi-simple is a restrictive assumption.

Under the four above assumptions, every C ∈ C defines an extension class
ξ(C) ∈ Ext1

C(YC , XC), and in turn a morphism η(C) ∈ HomX̃ (F(YC), XC). More-
over, every morphism f : C → C ′ in C induces morphisms u : XC → XC′ ,
v : YC → YC′ such that the push-forward u∗ξ(C) ∈ Ext1

C(Y,X
′) is identified with

u ◦ η(C) ∈ HomX̃ (F(YC), XC′), and the pull-back v∗ξ(C ′) ∈ Ext1
C(Y,X

′) is identi-
fied with η(C ′) ◦ F (v) ∈ HomX̃ (F(YC), XC′).

It follows that the category of extensions E (considered in Subsection 2.3) is
equivalent to the category F with objects the triples (X,Y, η), where X ∈ X , Y ∈ Y
and η ∈ HomX̃ (F(Y ), X); the morphisms from (X,Y, η) to (X ′, Y ′, η′) are the pairs
of morphisms (u : X → X ′, v : Y → Y ′) such that the diagram

F(Y )
F (v)−−−−→ F(Y ′)

η
y η′

y
X

u−−−−→ X ′
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commutes. With this notation, Lemma 2.5 yields readily:

Lemma 2.8. The assignment C 7→ (R(C),L(C), η(C)) extends to an equiva-

lence of categories C
∼=→ F .

Next, consider the category F̃ with objects the triples (X,Y, η), where X ∈ X̃ ,
Y ∈ Y and η ∈ HomX̃ (F(Y ), X); the morphisms are defined like those of F . Then
one may readily check the following:

Lemma 2.9. With the above notation, F is a Serre subcategory of F̃ . Moreover,

the triple (F̃ , X̃ ,Y) satisfies the assumptions (a), (b), (c), and (d) with the same

functor F. For any Z = (X,Y, η) and Z ′ = (X ′, Y ′, η′) ∈ F̃ , we have an exact
sequence

0 −→ HomF̃ (Z,Z ′)
ι−→ HomX (X,X ′)×HomY(Y, Y ′) −→

ψ−→ HomX̃ (X̃,X ′) −→ Ext1
F̃ (Z,Z ′) −→ 0,

where X̃ := F(Y ) and ψ(u, v) := u ◦ η − η′ ◦ F(v).

We now consider the covariant exact functors like in Lemma 2.3:

R̃ : F̃ −→ X̃ , (X,Y, η) 7−→ X, (u, v) 7−→ u,

L̃ : F̃ −→ Y, (X,Y, η) 7−→ Y, (u, v) 7−→ v.

Lemma 2.10. With the above notation, the assignment Y 7→ (F(Y ), Y, idF(Y ))

extends to a covariant exact functor E : Y → X̃ , which is left adjoint to L̃.

Proof. For any morphism v : Y1 → Y2 in Y, the induced morphism F(v) :
F(Y1) → F(Y2) satisfies (F(v), v) ∈ HomF̃ (E(Y1),E(Y2)) by the definition of the

morphisms in F̃ . We may thus set E(v) := (F(v), v). As F is a covariant exact
functor, so is E. We now check the adjunction assertion: let Y ∈ Y and (X,Y ′, η) ∈
F̃ . Then HomF̃ (E(Y ), (X,Y ′, η)) consists of the pairs (u ∈ HomX̃ (F(Y ), X), v ∈
HomY(Y, Y ′)) such that u = η ◦ F (v). Thus, the map induced by L̃,

HomF̃ (E(Y ), (X,Y ′, η)) −→ HomY(Y, Y ′), (u, v) 7−→ v

is an isomorphism. �

For any Y ∈ Y, there is a tautological exact sequence

(2.5) 0 −→ F(Y )
ι−→ E(Y )

π−→ Y −→ 0

in F̃ , which is universal in the following sense:

Proposition 2.11. Let Z = (X,Y, η) ∈ F̃ .

(i) There exists a unique morphism µ : E(Y )→ Z in F̃ such that the diagram

0 −−−−→ F(Y )
ι−−−−→ E(Y )

π−−−−→ Y −−−−→ 0

η
y µ

y idY

y
0 −−−−→ X

f−−−−→ Z
g−−−−→ Y −−−−→ 0

commutes, and the left square is cartesian.
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(ii) The resulting exact sequence

(2.6) 0 −→ F(Y )
(η,ι)−→ X ×E(Y )

f−µ−→ Z −→ 0

is a projective resolution of Z in F̃ . In particular, F̃ has enough projec-
tives.

(iii) Z is projective if and only if η is a monomorphism; then Z ∼= X ′ ×E(Y )
for some subobject X ′ ↪→ X.

(iv) E(Y ) is a projective cover of Y .

Proof. (i) This follows from the isomorphism (2.5) together with Yoneda’s
lemma.

(ii) By Corollary 2.4, X and F(Y ) are projective objects of F̃ . Moreover, E(Y )

is projective as well, since HomF̃ (E(Y ), ?) ∼= HomY(Y, L̃(?)), where L̃ is exact and
Y is semi-simple.

(iii) If Z is projective, then of course Ext1
F̃ (Z,X ′) = 0 for all X ′ ∈ X̃ . In view

of the projective resolution (2.6), it follows that the map

HomX̃ (X,X ′)×HomX̃ (E(Y ), X ′) −→ HomX̃ (F(Y ), X ′), (u, v) 7−→ u ◦ η + v ◦ ι
is surjective. As HomX̃ (E(Y ), X ′) = 0 by Lemma 2.10, this just means that the
map

HomX̃ (X,X ′) −→ HomX̃ (F(Y ), X ′), (u, v) 7−→ u ◦ η
is surjective (alternatively, this follows from the exact sequence of Lemma 2.9).

Since X̃ is semi-simple, the pull-back map

HomX̃ (F(Y ), X ′) −→ HomX̃ (Ker(η), X ′)

is surjective as well. Thus, HomX̃ (Ker(η), X ′) = 0 for all X ′, i.e., Ker(η) = 0.

Using the semi-simplicity of X̃ again, we may choose a subobject X ′ ↪→ X such
that X = X ′ ⊕ Im(η); then the natural map X ′ × E(Y ) → Z is an isomorphism.
Conversely, X ′ ×E(Y ) is projective by (ii).

(iv) This follows from (iii), since we have HomF̃ (X ′, Y ) = 0 for any X ′ ∈ X̃ ,
and HomF̃ (E(Y ′), Y ) ∼= HomY(Y ′, Y ) for any Y ′ ∈ Y. �

Finally, we obtain two homological characterizations of the universal objects
E(Y ), the first one being somewhat analogous to the notion of exceptional objects:

Lemma 2.12. The following conditions are equivalent for Z = (X,Y, η) ∈ F̃ :

(i) Z ∼= E(Y ).

(ii) EndF̃ (Z) ∼= EndY(Y ) via L̃, and Ext1
F̃ (Z,Z) = 0.

(iii) HomF̃ (Z,X ′) = 0 = Ext1
F̃ (Z,X ′) for all X ′ ∈ X̃ .

Proof. (i) ⇒ (ii), (i) ⇒ (iii) This follows from Lemma 2.10 and Proposition
2.11.

(ii) ⇒ (i) In view of the exact sequence of Lemma 2.9, we may rephrase the
assumption as follows: for any v ∈ EndY(Y ), there exists a unique u ∈ EndX̃ (X)
such that u ◦ η = η ◦ F (v); moreover, the map ψ : (f, g) 7→ f ◦ η − η ◦ F (g) is
surjective. As a consequence, η is an epimorphism (by the uniqueness of u), and
Ker(η) is stable under F (v) for any v ∈ EndY(Y ) (by the existence of u). Then
ψ(u, v) vanishes identically on Ker(η) for any u ∈ EndX̃ (X), v ∈ EndY(Y ). As ψ
is surjective, this forces Ker(η) = 0. Thus, η is an isomorphism, and hence the pair

(η : F(Y )→ X, id : Y → Y ) yields an isomorphism E(Y )→ Z in F̃ .
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(iii) ⇒ (i) In view of the long exact exact sequence of Lemma 2.9 again, the
map

ψ : HomX̃ (X,X ′) −→ HomX̃ (F(Y ), X ′), u 7−→ u ◦ η
is an isomorphism for any η ∈ X̃ . It follows that η is an isomorphism as well. �

2.5. Relation to module categories. Let C be an abelian category equipped
with a torsion pair (X ,Y) satisfying the assumptions (a), (b), (c), (d) of Subsection
2.4. We assume in addition that C is a finite length category, i.e., every object has
a composition series. Then the semi-simple categories X , Y are of finite length as
well; as a consequence, each of them is equivalent to the category of all left modules
of finite length over a ring, which can be constructed as follows.

Denote by I the set of isomorphism classes of simple objects of X . Choose a
representative S for each class, and let

DS := EndX (S)op;

then DS is a division ring. Given X ∈ X , the group HomX (S,X) is a left DS-
vector space of finite dimension; moreover, HomX (S,X) = 0 for all but finitely
many S ∈ I. Thus,

M(X) :=
⊕
S∈I

HomX (S,X)

is a left module of finite length over the ring

RX :=
⊕
S∈I

DS .

(Notice that every RX -module of finite length is semi-simple; moreover, the ring
RX is semi-simple if and only if I is finite). The assignment X 7→M(X) extends
to a covariant functor

(2.7) MX : X
∼=−→ RX -mod,

which is easily seen to be an equivalence of categories. Likewise, we have an equiv-
alence of categories

MY : Y −→ RY -mod,

where RY :=
⊕

T∈J DT .
We now make a further (and final) assumption:

(e) The equivalence (2.7) extends to an equivalence of categories

(2.8) MX̃ : X̃
∼=−→ RX -Modss.

The right-hand side of (2.8) is a semi-simple category containing X as a Serre
subcategory, as required by assumption (d). When the set I is finite, assumption

(e) just means that X̃ = RX -Mod. For an arbitrary set I, the objects of X̃ are the
direct sums X =

⊕
S∈I XS , where each XS is a left DS-vector space. We say that

XS is the isotypical component of X of type S; its dimension (possibly infinite) is
the multiplicity of S in X.

We now turn to the covariant exact functor F : Y → X̃ . We may identify each
simple object T of Y with DT , on which RY acts via left multiplication. Then
F(DT ) is a semi-simple left RX -module. Also, F(DT ) is a right DT -module, via
the action of DT on itself via right multiplication, which yields an isomorphism

DT

∼=−→ EndRY (DT ),
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and the ring homomorphism EndRY (DT )→ EndRX (F(DT )) induced by F. As the
left and right actions of DT on itself commute, F(DT ) is a DT -RY -bimodule, which
we view as a RX -RY -bimodule. Let

M :=
⊕
T∈J

F(DT ).

This is again a RX -RY -bimodule, semi-simple as a RX -module and as a RY -module.
So we may form the triangular matrix ring

R :=

(
RY 0
M RX

)
as in [ARS97, §III.2]. More specifically, R consists of the triples (x, y,m), where
x ∈ RX , y ∈ RY , and m ∈ M ; the addition and multiplication are those of
the matrices ( y 0

m x ), using the bimodule structure of M . Note the decomposition
R = (RX ⊕RY)⊕M , where RX ⊕RY is a subring, and M is an ideal of square 0.

We say that a R-module Z is locally finite, if Z = X⊕Y as an RX⊕RY -module,
where X is a semi-simple RX -module and Y is an RY -module of finite length. We

denote by R-m̃od the full subcategory of R-Mod with objects the locally finite

modules; then R-mod is a Serre subcategory of R-m̃od. We may now state our
main homological result:

Theorem 2.13. With the above notation and assumptions (a), (b), (c), (d),

(e), the abelian categories F and F̃ are hereditary, and F̃ has enough projectives.
Moreover, there are compatible equivalences of categories

M : F
∼=−→ R-mod, M̃ : F̃

∼=−→ R-m̃od.

Proof. The first assertion follows by combining Corollary 2.4, Lemma 2.5 and
Proposition 2.11.

To show the second assertion, we can freely replace X , X̃ , Y with compatibly

equivalent categories in the construction of F , F̃ . Thus, we may assume that

X = RX -mod, X̃ = RX -Modss and Y = RY -mod.
The category of all left R-modules is equivalent to the category of triples

(X,Y, f), where X is a RX -module, Y a RY -module, and f : M ⊗RY Y → X
a morphism of RX -modules. The morphisms from (X,Y, f) to (X ′, Y ′, f ′) are the
pairs (u, v), where u ∈ HomX (X,X ′), v ∈ HomY(Y, Y ′), and the following diagram
commutes:

M ⊗RY Y
idM⊗v−−−−→ M ⊗RY Y

′

f
y f ′

y
X

u−−−−→ X ′.
(This result is obtained in [ARS97, Prop. III.2.2] for modules of finite length over
an Artin algebra. The proof adapts without change to the present setting). More-

over, the full subcategory R-mod (resp. R-m̃od) is equivalent to the full subcategory
of triples (X,Y, f), where X and Y have finite length (resp. X is semi-simple and
Y has finite length).

To complete the proof, it suffices to show that the covariant exact functor

F : Y → X̃ is isomorphic to M ⊗RY −. As F commutes with finite direct sums,

we have F =
⊕

T∈J FT for covariant exact functors FT : DT -mod → X̃ . We now
argue as in the proof of the Eilenberg-Watts theorem (see [Ba68, Thm. II.2.3]).
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Given a left DT -vector space V , every v ∈ V yields a DT -morphism v : DT → V ,
and hence a RX -morphism FT (v) : FT (DT ) = F(DT ) → FT (V ). The resulting
map V → HomRX (F(DT ),FT (V )) is easily checked to be a DT -morphism. In view
of the natural isomorphism

HomDT
(V,HomRX (F(DT ),FT (V ))) ∼= HomRX (F(DT )⊗DT

V,FT (V )),

this yields a functorial map

fV : F(DT )⊗DT
V −→ FT (V ).

When V = DT , one checks that fV is identified to the identity map of F(DT );
moreover, the formation of fV commutes with finite direct sums, since so does FT .
So fV yields an isomorphism of functors FT ∼= F(DT )⊗DT

−. �

Remark 2.14. Instead of assumption (e), we may make the stronger and much

simpler assumption that X̃ = X . (This holds for the isogeny category of vector
extensions of abelian varieties, as we will see in §3.2.3). Then we obtain as in the

proof of Theorem 3.5 that F̃ = F is hereditary, has enough projectives, and is
equivalent to R-mod.

Next, we obtain a separation property of the above ring R, and we describe its
center Z(R) as well as the center of the abelian category R-mod. We denote by ZS
(resp. ZT ) the center of the division ring DS (resp. DT ) for any S ∈ I, T ∈ J .

Proposition 2.15. (i) The intersection of all the left ideals of finite
colength in R is zero.

(ii) The center Z(R) consists of the triples (x, y, 0), where x =
∑
S xS ∈⊕

S∈I ZS, y =
∑
T yT ∈

⊕
T∈J ZT and xSm = myT for all m ∈ F(DT ).

(iii) The center of R-mod is the completion of Z(R), consisting of the pairs
(x, y), where x = (xS) ∈

∏
S∈I ZS, y = (yT ) ∈

∏
T∈J ZT and xSm = myT

for all m ∈ F(DT ).

Proof. (i) Given S ∈ I and T ∈ J , we may form the triangular matrix ring

RS,T :=

(
DT 0

F(DT )S DS

)
,

where F(DT )S denotes the isotypical component of type S of the RX -module
F(DT ). Clearly, RS,T is the quotient of R by a two-sided ideal IS,T , and

⋂
S,T IS,T =

0. Thus, it suffices to show the assertion for R replaced with RS,T .
The left DS-vector space F(DT )S contains a family of subspaces (Ma)a∈A such

that the dimension of each quotient F(DT )/Ma is finite, and
⋂
a∈AMa = 0. Then(

0 0
Ma 0

)
is a left ideal of RS,T , as well as

(
DT 0
0 0

)
and

(
0 0
0 DS

)
. Moreover, all these

left ideals have finite colength, and their intersection is zero.
(ii) This is a direct verification.
(iii) Recall that the center of R-mod consists of the families z = (zN )N∈R-mod

such that zN ∈ EndR(N) and f ◦ zN = zN ′ ◦ f for any f ∈ HomR(N,N ′); in
particular, zN is central in EndR(N). Thus, zS ∈ ZS and zT ∈ ZT for all S, T .
Since N = X ⊕ Y as a RX ⊕RY -module, we see that z is uniquely determined by
the families (zS)S∈I , (zT )T∈J . Moreover, we have zSm = mzT for all m ∈ F(DT )S ,
as follows e.g. from Lemma 2.9. Thus, the center of R-mod is contained in the
completion of Z(R). The opposite inclusion follows from (i). �
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Remark 2.16. Assume that each DS-DT -bimodule F(DT )S contains a family
of sub-bimodules (Na)a∈A such that each quotient F(DT )S has finite length as aDS-
module, and

⋂
a∈ANa = 0. Then R satisfies a stronger separation property, namely,

its two-sided ideals of finite colength (as left modules) have zero intersection.
The above assumption obviously holds if F(DT )S has finite length as a DS-

module.It also holds if both DS and DT are (say) of characteristic 0 and finite-
dimensional over Q; indeed, F(DT )S is a module over DS ⊗Q D

op
T , and the latter

is a finite-dimensional semi-simple Q-algebra.

3. Applications to commutative algebraic groups

3.1. Some isogeny categories.
3.1.1. Algebraic groups [DG70, SGA3, Br16]. Throughout this section, we

fix a ground field k, with algebraic closure k̄ and characteristic char(k). An algebraic
group G is a group scheme of finite type over k. A subgroup H ⊂ G is a k-subgroup
scheme; then H is a closed subscheme of G. When char(k) = 0, every algebraic
group is smooth.

Unless otherwise mentioned, all algebraic groups will be assumed commutative.
They form the objects of an abelian category C, with morphisms the homomor-
phisms of k-group schemes (see [SGA3, VIA, Thm. 5.4.2]). Every object in C is
artinian (since every decreasing sequence of closed subschemes of a scheme of finite
type eventually terminates), but generally not noetherian: in the multiplicative
group Gm, the subgroups of roots of unity of order `n, where ` is a fixed prime and
n a non-negative integer, form an infinite ascending chain.

The finite group schemes form a Serre subcategory F of C. The quotient cat-
egory C/F is equivalent to the localization of C with respect to the multiplicative
system of isogenies, i.e., of morphisms with finite kernel and cokernel. Also, C/F
is equivalent to its full subcategory C with objects the smooth connected algebraic
groups (see [Br16, Lem. 3.1]). We say that C is the isogeny category of algebraic
groups. Every object of C is artinian and noetherian, i.e., C is a finite length category
(see [Br16, Prop. 3.2]).

Let G be an algebraic group, with group law denoted additively. For any integer
n, we have the multiplication map

nG : G −→ G, x 7−→ nx.

We say thatG is divisible, if nG is an epimorphism for any n 6= 0. When char(k) = 0,
this is equivalent to G being connected; when char(k) > 0, the divisible algebraic
groups are the semi-abelian varieties (these will be discussed in detail in §3.2.4).

If G is divisible, then the natural map

Z −→ EndC(G), n 7−→ nG

extends to a homomorphism Q→ EndC(G); in other terms, EndC(G) is a Q-algebra.
As a consequence, ExtnC(G,G

′) is a Q-vector space for any divisible algebraic groups

G, G′ and any integer n ≥ 0. By [Br16, Prop. 3.6]), the induced maps

(3.1) HomC(G,G
′)Q −→ HomC(G,G

′), Ext1
C(G,G

′)Q −→ Ext1
C(G,G

′),

are isomorphisms, where we set MQ := M ⊗Z Q for any abelian group M .
In particular, the isogeny category C is Q-linear when char(k) = 0; then its

objects are just the connected algebraic groups, and its morphisms are the rational
multiples of morphisms in C.
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Given an extension of fields K/k and an algebraic group G over k, we obtain
an algebraic group over K,

GK := G⊗k K = G×Spec(k) Spec(K),

by extension of scalars. The assignment G 7→ GK extends to the base change
functor

⊗kK : C = Ck −→ CK ,
which is exact and faithful. Also, G is finite if and only if GK is finite. As a
consequence, we obtain a base change functor, still denoted by

⊗kK : Ck −→ CK ,

and which is still exact and faithful. When K/k is purely inseparable, the above
functor is an equivalence of categories (see [Br16, Thm. 3.11]). We say that Ck is
invariant under purely inseparable field extensions.

Thus, to study Ck when char(k) = p > 0, we may replace k with its perfect
closure, ki :=

⋃
n≥0 k

1/pn ⊂ k̄, and hence assume that k is perfect. This will be
very useful, since the structure of algebraic groups is much better understood over
a perfect ground field (see e.g. §3.1.5).

3.1.2. Linear algebraic groups, affine group schemes [DG70, III.3]. A (possibly
non-commutative) algebraic groupG is called linear ifG is isomorphic to a subgroup
scheme of the general linear group GLn for some integer n > 0; this is equivalent
to G being affine (see e.g. [Br15, Prop. 3.1.1]). The smooth linear algebraic groups
are the “linear algebraic groups defined over k” in the sense of [Bo91].

For any exact sequence

0 −→ G1 −→ G −→ G2 −→ 0

in C, the group G is affine if and only if G1 and G2 are affine (see e.g. [Br15,
Prop. 3.1.2]). Thus, the (commutative) linear algebraic groups form a Serre sub-
category L of C, which contains F .

The property of being affine is also invariant under field extensions and iso-
genies, in the following sense: an algebraic group G is affine if and only if GK is
affine for some field extension K of k, if and only if H is affine for some isogeny
f : G→ H. It follows that the quotient category L/F is equivalent to its full sub-
category L with objects the smooth connected linear algebraic groups. Moreover,
L is invariant under purely inseparable field extensions.

The affine k-group schemes (not necessarily of finite type) form an abelian

category L̃, containing L as a Serre subcategory. Moreover, every affine group
scheme G is the filtered inverse limit of linear algebraic groups, quotients of G

(see [DG70, III.3.7.4, III.3.7.5]). In fact, L̃ is the pro-completion of the abelian
category L, in the sense of [DG70, V.2.3.1].

We say that a group scheme G is pro-finite, if G is an inverse limit of finite group
schemes; equivalently, G is affine and every algebraic quotient group of G is finite.

The pro-finite group schemes form a Serre subcategory F̃L of L̃. The quotient

category L̃/F̃L is the isogeny category of affine group schemes; it contains L/F as
a Serre subcategory.

3.1.3. Groups of multiplicative type [DG70, IV.1]. The invertible diagonal ma-
trices form a subgroup scheme Dn ⊂ GLn, which is commutative, smooth and con-
nected; moreover, D1 = GL1 is isomorphic to the multiplicative group Gm, and
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Dn
∼= Gnm (the product of n copies of Gm). An algebraic group G is said to be di-

agonalizable, if G is isomorphic to a subgroup of Dn for some n. Also, G is called of
multiplicative type (resp. a torus), if the base change Gk̄ is diagonalizable (resp. iso-
morphic to some Dn,k̄). Both properties are invariant under field extensions, but
not under isogenies. Also, the tori are the smooth connected algebraic groups of
multiplicative type. The diagonalizable algebraic groups (resp. the algebraic groups
of multiplicative type) form a Serre subcategory D (resp. M) of C.

For any diagonalizable algebraic group G, the character group

X(G) := HomC(G,Gm)

is a finitely generated abelian group. Moreover, the assignment G 7→ X(G) extends
to an anti-equivalence of categories

X : D −→ Z-Modfg,

where the right-hand side denotes the category of finitely generated abelian groups
(see [DG70, IV.1.1] for these results).

Given an algebraic group of multiplicative type G, there exists a finite Galois
extension of fields K/k such that GK is diagonalizable. Thus, Gks is diagonalizable,
where ks denotes the separable closure of k in k̄. Let

Γ := Gal(ks/k) = Aut(k̄/k)

denote the absolute Galois group of k. Then Γ is a pro-finite topological group, the
inverse limit of its finite quotients Gal(K/k), where K runs over the finite Galois
field extensions of k. Also, Γ acts on the character group,

X(G) := HomCks
(Gks ,Gm,ks),

and the stabilizer of any character is an open subgroup. Thus, X(G) is a discrete
Galois module in the sense of [Se97, §2.1]. Moreover, G is diagonalizable if and
only if Γ fixes X(G) pointwise; then the base change map

HomCk(G,Gm,k) −→ HomCks
(Gks ,Gm,ks)

is an isomorphism, i.e., the two notions of character groups are compatible. Fur-
thermore, G is a torus (resp. finite) if and only if the abelian group X(G) is free
(resp. finite); also, note that the tori are the divisible algebraic groups of multi-
plicative type.

The above assignment G 7→ X(G) yields an anti-equivalence of categories

(3.2) X :M−→ ZΓ-Modfg

(Cartier duality), where the right-hand side denotes the category of discrete Γ-
modules which are finitely generated as abelian groups. Moreover, the abelian
group HomC(T, T

′) is free of finite rank, for any tori T and T ′ (see [DG70, IV.1.2,
IV.1.3] for these results).

Consider the full subcategory FM ofM with objects the finite group schemes
of multiplicative type. Then FM is a Serre subcategory of M, anti-equivalent via
X to the category of finite discrete Γ-modules. Moreover, the quotient category
M/FM is equivalent to its full subcategory T with objects the tori, and we have
an anti-equivalence of categories

(3.3) XQ : T −→ QΓ-mod, T 7−→ X(T )Q.
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Here QΓ-mod denotes the category of finite-dimensional Q-vector spaces equipped
with a discrete linear action of Γ; note that QΓ-mod is semi-simple, Q-linear and
invariant under purely inseparable field extensions. In view of (3.1), this yields
natural isomorphisms

HomT (T, T ′) ∼= HomC(T, T
′)Q ∼= HomΓ(X(T ′)Q,X(T )Q)

for any tori T , T ′. As a consequence, the isogeny category T is semi-simple, Q-
linear, Hom-finite, and invariant under purely inseparable field extensions.

Next, we extend the above results to affine k-group schemes, not necessarily
algebraic, by using again results of [DG70, IV.1.2, IV.1.3]. We say that an affine
group scheme G is of multiplicative type, if so are all its algebraic quotient groups.

Denote by M̃ the full subcategory of L̃ with objects the group schemes of multi-

plicative type; then M̃ is a Serre subcategory of L̃. Moreover, the Cartier duality
(3.2) extends to an anti-equivalence of categories

(3.4) X : M̃ −→ ZΓ-Mod,

where ZΓ-Mod stands for the category of all discrete Γ-modules. Note that ZΓ-Mod
is an abelian category, containing ZΓ-Modfg as a Serre subcategory.

Consider the full subcategory ZΓ-Modtors ⊂ ZΓ-Mod with objects the discrete
Γ-modules which are torsion as abelian groups. Then ZΓ-Modtors is a Serre sub-

category of ZΓ-Mod, anti-equivalent via X to the full subcategory F̃M ⊂ M̃ with
objects the pro-finite group schemes of multiplicative type.

For any M ∈ ZΓ-Mod, the kernel and cokernel of the natural map M →MQ are
torsion. It follows readily that the induced covariant functor ZΓ-Mod → QΓ-Mod
yields an equivalence of categories

(ZΓ-Mod)/(ZΓ-Modtors)
∼=−→ QΓ-Mod,

where QΓ-Mod denotes the category of all Q-vector spaces equipped with a discrete

linear action of Γ. Thus, the category QΓ-Mod is anti-equivalent to M̃/FM̃. In
turn, the latter category is equivalent to its full subcategory with objects the inverse

limits of tori: the isogeny category of pro-tori, that we denote by T̃ . Clearly, the

category QΓ-Mod is semi-simple. Thus, T̃ is semi-simple as well; its simple objects
are the simple tori, i.e., the tori G such that every subgroup H ( G is finite.

As in Subsection 2.5, choose representatives T of the set I of isomorphism
classes of simple tori, and let DT := EndT (T )op; then each DT is a division ring of
finite dimension over Q. Let

RT :=
⊕
T∈I

DT ,

then we have an equivalence of categories

T
∼=−→ RT -mod

which extends to an equivalence of categories

T̃
∼=−→ RT -Modss.

Note finally that T̃ is equivalent to a Serre subcategory of the isogeny category L̃.
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3.1.4. Unipotent groups, structure of linear groups [DG70, IV.2, IV.3]. The
upper triangular matrices with all diagonal entries equal to 1 form a subgroup
scheme Un ⊂ GLn, which is smooth and connected; moreover, U1 is isomorphic to
the additive group Ga. An algebraic group G is called unipotent if G is isomorphic
to a subgroup of Un for some n. The (commutative) unipotent algebraic groups
form a Serre subcategory U of L. Also, the property of being unipotent is invariant
under field extensions, in the sense of §3.1.2.

We say that an affine group scheme G is unipotent, if so are all algebraic
quotients of G (this differs from the definition given in [DG70, IV.2.2.2], but both
notions are equivalent in view of [DG70, IV.2.2.3]). The unipotent group schemes

form a Serre subcategory Ũ of L̃, which is the pro-completion of U (as defined in
[DG70, V.2.3.1]).

By [DG70, IV.2.2.4, IV.3.1.1], every affine group scheme G lies in a unique
exact sequence

(3.5) 0 −→M −→ G −→ U −→ 0,

whereM is of multiplicative type and U is unipotent; moreover, HomL̃(M,U) = 0 =

HomL̃(U,M). Thus, (M̃, Ũ) (resp. (M,U)) is a torsion pair of Serre subcategories

of L̃ (resp. L), as considered in Subsection 2.2.
If the field k is perfect, then the exact sequence (3.5) has a unique splitting

(see [DG70, IV.3.1.1]). It follows that the assignment (M,U) 7→ M × U yields
equivalences of categories

M̃ × Ũ
∼=−→ L̃, M×U

∼=−→ L.

In turn, this yields equivalences of isogeny categories

(3.6) T̃ × Ũ
∼=−→ L̃, T × U

∼=−→ L.

In fact, the latter equivalences hold over an arbitrary field, as T , U and L are
invariant under purely inseparable field extensions.

We now assume that char(k) = 0. Then every unipotent algebraic group G is
isomorphic to the direct sum of n copies of Ga, where n := dim(G). In particular,
G is isomorphic as a scheme to the affine space An, and hence is smooth and
connected. Moreover, every morphism of unipotent groups f : G → H is linear in
the corresponding coordinates x1, . . . , xn on G. Thus, the category U is equivalent
to the category k-mod of finite-dimensional k-vector spaces. This extends to an

equivalence of Ũ to the category k-Mod of all k-vector spaces (see [DG70, IV.2.4.2]).

As every finite unipotent group is trivial, U and Ũ are their own isogeny cat-
egories; they are obviously semi-simple and k-linear, and U is Hom-finite. In view

of the equivalence (3.6), it follows that L and L̃ are semi-simple.
3.1.5. Unipotent groups in positive characteristics [DG70, V.1, V.3]. Through-

out this paragraph, we assume that char(k) = p > 0; then every unipotent algebraic
group G is p-torsion. The structure of these groups is much more complicated than
in characteristic 0. For example, the additive group Ga admits many finite sub-
groups, e.g., the (schematic) kernel of the Frobenius endomorphism

F : Ga −→ Ga, x 7−→ xp.

The ring EndU (Ga) is generated by k (acting by scalar multiplication) and F , with
relations Fx− xpF = 0 for any x ∈ k (see [DG70, II.3.4.4]).
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Assume in addition that k is perfect. Then the categories U and Ũ may be
described in terms of modules over the Dieudonné ring D (see [DG70, V.1]). More
specifically, D is a noetherian domain, generated by the ring of Witt vectors W (k),
the Frobenius F and the Verschiebung V ; also, R is non-commutative unless k = Fp.
The left ideal DV ⊂ D is two-sided, and the quotient ring D/DV is isomorphic to
EndU (Ga). More generally, for any positive integer n, the left ideal DV n is two-
sided and D/DV n ∼= EndU (Wn), where Wn denotes the group of Witt vectors of
length n; this is a smooth connected unipotent group of dimension n, which lies in
an exact sequence

0 −→Wn −→Wn+1 −→ Ga −→ 0.

The EndU (Ga)-module Ext1
U (Ga,Wn) is freely generated by the class of the above

extension. Moreover, the assignment

G 7−→M(G) := lim−→HomU (G,Wn)

extends to an anti-equivalence M of Ũ with the full subcategory of D-Mod with
objects V -torsion modules. Also, G is algebraic (resp. finite) if and only if M(G) is
finitely generated (resp. of finite length); we have M(Wn) = D/DV n for all n. As
a consequence, M restricts to an anti-equivalence of U with the full subcategory of
D-Mod with objects the finitely generated modules M which are V -torsion.

This yields a description of the isogeny categories U , Ũ in terms of module
categories. Let S := D \ DV ; then we may form the left ring of fractions

S−1D =: R = RU

by [DG70, V.3.6.3]. This is again a (generally non-commutative) noetherian do-
main; its left ideals are the two-sided RV n in view of [DG70, V.3.6.11]. In particu-
lar, R has a unique maximal ideal, namely, RV ; moreover, the quotient ring R/RV
is isomorphic to the division ring of fractions of EndU (Ga). Thus, R is a discrete
valuation domain (not necessarily commutative), as considered in [KT07]. By
[DG70, V.3.6.7], a morphism of unipotent group schemes f : G→ H is an isogeny
if and only if the associated morphism S−1M(f) : S−1M(H) → S−1M(G) is an

isomorphism. As a consequence, S−1M yields an anti-equivalence of U (resp. Ũ)
with R-mod (resp. R-Modtors), where the latter denotes the full subcategory of
R-Mod with objects the V -torsion modules.

We now show that the abelian category R-Modtors is hereditary, and has enough
projectives and a unique indecomposable projective object. Let M ∈ R-Modtors

and choose an exact sequence in R-Mod

0 −→M −→ I −→ J −→ 0,

where I is injective inR-Mod; equivalently, the multiplication by V in I is surjective.
Thus, J is injective in R-Mod as well. Let Itors ⊂ I be the largest V -torsion
submodule. Then we have an exact sequence in R-Mod

0 −→M −→ Itors −→ Jtors −→ 0.

Moreover, Itors, J tors are injective in R-Mod, and hence in R-Modtors as well. As
the injective objects of R-Mod are direct sums of copies of the division ring of
fractions K := Fract(R) and of the quotient K/R (see e.g. [KT07, Thm. 6.3]), it
follows that the abelian category R-Modtors is hereditary and has enough injectives;
moreover, it has a unique indecomposable injective object, namely,

K/R = lim−→RV −n/R ∼= lim−→R/RV n
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(the injective hull of the simple module). Also, note that R-Modtors is equipped
with a duality (i.e., an involutive contravariant exact endofunctor), namely, the
assignment M 7→ HomR(M,K/R). As a consequence, we obtain an equivalence of

Ũ with R-Modtors, which restricts to an equivalence of U with R-mod.

Thus, Ũ is hereditary and has enough projectives; its unique indecomposable
projective object is W := lim←−Wn. Also, by [DG70, V.3.6.11] (see also [KT07,

Thm. 4.8]), every unipotent algebraic group is isogenous to
⊕

n≥1 anWn for uniquely
determined integers an ≥ 0. In other terms, every indecomposable object of U is
isomorphic to Wn for a unique n ≥ 1.

Note finally that the above structure results for U extend to an arbitrary field
k of characteristic p, by invariance under purely inseparable field extensions. More
specifically, U is equivalent to R-mod, where R denotes the ring constructed as
above from the perfect closure ki.

3.2. More isogeny categories.
3.2.1. Abelian varieties [Mi86]. An abelian variety is a smooth, connected al-

gebraic group A which is proper as a k-scheme. Then A is a projective variety and
a divisible commutative group scheme; its group law will be denoted additively.
Like for tori, the abelian group HomC(A,A

′) is free of finite rank for any abelian
varieties A and A′. Moreover, we have the Poincaré complete reducibility theorem:
for any abelian variety A and any abelian subvariety B ⊂ A, there exists an abelian
subvariety C ⊂ A such that the map

B × C −→ A, (x, y) 7−→ x+ y

is an isogeny.
We denote by P the full subcategory of C with objects the proper algebraic

groups; then P is a Serre subcategory of C, containing F and invariant under
field extensions. Moreover, the quotient category P/F is equivalent to its full
subcategory A with objects the abelian varieties.

By (3.1), we have an isomorphism

HomC(A,A
′)Q

∼=−→ HomA(A,A′)

for any abelian varieties A,A′. Also, the base change map

HomCk(A,A′) −→ HomCK (AK , A
′
K)

is an isomorphism for any extension of fields K/k such that k is separably closed
in K (see [Co06, Thm. 3.19] for a modern version of this classical result of Chow).

In view of the above results, the abelian category A is semi-simple, Q-linear,
Hom-finite, and invariant under purely inseparable field extensions. Also, A is a
Serre subcategory of C.

Like for tori again, A is equivalent to the category of all left modules of finite
length over the ring

RA :=
⊕
A∈J

DA,

where J denotes the set of isogeny classes of simple abelian varieties, and we set
DA := EndA(A)op for chosen representatives A of the classes in J . Moreover, each
DA is a division algebra of finite dimension over Q. Such an endomorphism algebra
is a classical object, considered e.g. in [Mu08, Chap. IV] and [Oo88] where it is
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denoted by End0
k(A). The choice of a polarization of A yields an involutory anti-

automorphism of A (the Rosati involution), and hence an isomorphism of DA with
its opposite algebra.

3.2.2. General algebraic groups, quasi-compact group schemes [Br16, Pe75,
Pe76]. The linear algebraic groups form the building blocks for all connected al-
gebraic groups, together with the abelian varieties. Indeed, we have Chevalley’s
structure theorem: for any connected algebraic group G, there exists an exact se-
quence

0 −→ L −→ G −→ A −→ 0,

where L is linear and A is an abelian variety. Moreover, there is a unique smallest
such subgroup L ⊂ G, and this group is connected. If G is smooth and k is perfect,
then L is smooth as well (see [Co02, Br15] for modern expositions of this classical
result).

Returning to an arbitrary ground field k, it is easy to see that HomC(A,L) = 0
for any abelian variety A and any linear algebraic group L; also, the image of any
morphism L→ A is finite (see e.g. [Br16, Prop. 2.5]).

It follows that (L,A) is a torsion pair of Serre subcategories in C, and we have
HomC(A,L) = 0 for all A ∈ A, L ∈ L. Therefore, Ext1

C(L,A) = 0 for all such A,
L by Lemma 2.3. In view of Chevalley’s structure theorem and the vanishing of
Ext1

C(A
′, A) for all A,A′ ∈ A, we obtain that Ext1

C(G,A) = 0 for all G ∈ C and

A ∈ A. Thus, every abelian variety is injective in C (see [Br16, Thm. 5.16] for the
determination of the injective objects of C).

By (3.6), we have Ext1
C(T,U) = 0 = Ext1

C(U, T ) for all T ∈ T , U ∈ U . Also,

recall that Ext1
C(T,A) = 0 for all A ∈ A and Ext1

C(T, T
′) = 0 for all T ′ ∈ T . By

Chevalley’s structure theorem again, it follows that Ext1
C(T,G) = 0 for all G ∈ C.

Thus, every torus is projective in C. If char(k) = 0, then L is semi-simple, as
seen in §3.1.4. In view of Corollary 2.4, it follows that every linear algebraic group
is projective in C (see [Br16, Thm. 5.14] for the determination of the projective
objects of C in arbitrary characteristics).

We now adapt the above results to the setting of quasi-compact group schemes.
Recall that a scheme is quasi-compact if every open covering admits a finite re-
finement. Every affine scheme is quasi-compact, as well as every scheme of finite
type (in particular, every algebraic group). Also, every connected group scheme is
quasi-compact (see [Pe75, II.2.4, II.2.5] or [SGA3, VIA, Thm. 2.6.5]). The quasi-

compact (commutative) group schemes form an abelian category C̃, containing C as

a Serre subcategory. Moreover, every G ∈ C̃ is the limit of a filtered inverse system
((Gi)i∈I , (uij : Gj → Gi)i≤j) such that the Gi are algebraic groups and the uij are
affine morphisms (see [Pe75, V.3.1, V.3.6]). Also, there is a unique exact sequence

in C̃
0 −→ G0 −→ G −→ F −→ 0,

where G0 is connected and F is pro-étale (i.e., a filtered inverse limit of finite étale
group schemes); see [Pe75, II.2.4, V.4.1]. Finally, there is an exact sequence as in
Chevalley’s structure theorem

0 −→ H −→ G0 −→ A −→ 0,

where H is an affine group scheme, and A an abelian variety (see [Pe75, V.4.3.1]).
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Note that C̃ is not the pro-completion of the abelian category C, as infinite

products do not necessarily exist in C̃. For example, the product of infinitely many
copies of a non-zero abelian variety A is not represented by a scheme (this may be
checked by arguing as in [SP16, 91.48], with the morphism SL2 → P1 replaced by
the surjective smooth affine morphism V → A, where V denotes the disjoint union
of finitely many open affine subschemes covering A).

We define the isogeny category of quasi-compact group schemes, C̃, as the quo-

tient category of C̃ by the Serre subcategory F̃C = F̃L of pro-finite group schemes.

Every object of C̃ is isomorphic to an extension of an abelian variety A by an affine
group scheme H. Moreover, HomC̃(A,H) = 0 and the image of every morphism

f : H → A is finite (indeed, f factors through a closed immersion H/Ker(f) → A

by [Pe75, V.3.3]). As a consequence, (L̃,A) is a torsion pair of Serre subcategories

of C̃; moreover, HomC̃(A,H) = 0 for all A ∈ A, H ∈ L̃.

Like for the category C, it follows that every abelian variety is projective in C̃,
and every pro-torus is injective; when char(k) = 0, every affine group scheme is
projective.

3.2.3. Vector extensions of abelian varieties [Br16, 5.1]. The objects of the
title are the algebraic groups G obtained as extensions

(3.7) 0 −→ U −→ G −→ A −→ 0,

where A is an abelian variety and U is a vector group, i.e., U ∼= nGa for some n.
As HomC(U,A) = 0 = HomC(A,U) (see §3.1.2), the data of G and of the extension
(3.9) are equivalent. Also, we have a bi-functorial isomorphism

(3.8) Ext1
C(A,Ga)

∼=−→ H1(A,OA),

where the right-hand side is a k-vector space of dimension dim(A) (see [Oo66,
III.17]).

If char(k) = p > 0, then pU = 0 and hence the class of the extension (3.7) is
killed by p. Thus, this extension splits after pull-back by the isogeny pA : A→ A.

From now on, we assume that char(k) = 0; then the vector extensions of A
are the extensions by unipotent groups. We denote by V the full subcategory of C
with objects the vector extensions of abelian varieties. By the Chevalley structure
theorem (§3.1.2) and the structure of linear algebraic groups (§3.1.4), a connected
algebraic group G is an object of V if and only if HomC(T,G) = 0. As the functor
HomC(T, ?) is exact, it follows that V is a Serre subcategory of C. Moreover, (U ,A)
is a torsion pair of Serre subcategories of V; they are both semi-simple in view of
§§3.1.4 and 3.2.1.

By (3.1), we have an isomorphism

Ext1
C(A,U)Q

∼=−→ Ext1
C(A,U).

In view of (3.8), this yields bi-functorial isomorphisms

(3.9) Ext1
V(A,U) ∼= H1(A,OA)⊗k U ∼= Homk(H1(A,OA)∗, U),

where H1(A,OA)∗ denotes of course the dual k-vector space. Moreover, the assign-
ment A 7→ H1(A,OA)∗ extends to a covariant exact functor

U : A −→ U ,

as follows e.g. from [Br16, Cor. 5.3].
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So the triple (V,U ,A) satisfies the assumptions (a), (b), (c), (d) of Subsection

2.4, with X̃ = U and F = U. With the notation of §3.2.1, set

MA := H1(A,OA)∗

for any A ∈ J ; then MA is a k-DA-bimodule.

Proposition 3.1. With the above notation, there is an equivalence of categories

MV : V
∼=−→ RV -mod,

where RV stands for the triangular matrix ring(⊕
A∈J DA 0⊕
A∈JMA k

)
.

Moreover, the center of V is Q.

Proof. The first assertion follows from Theorem 2.13 and Remark 2.14.
By Proposition 2.15, the center of V consists of the pairs z = (x, (yA)A∈J) where

x ∈ k, yA ∈ ZA (the center of DA) and xm = myA for all m ∈ MA and A ∈ J . In
particular, if the simple abelian variety A satisfies DA = Q, then x = yA ∈ Q. As
such abelian varieties exist (e.g., elliptic curves without complex multiplication),
it follows that x ∈ Q. Then for any A ∈ J , we obtain yA = x as MA 6= 0. So
z ∈ Q. �

Next, recall that every abelian variety A has a universal vector extension E(A),
by the vector group U(A). In view of Proposition 2.11, the projective objects of
V are the products of unipotent groups and universal vector extensions; moreover,
every G ∈ V has a canonical projective resolution,

(3.10) 0 −→ U(A) −→ U ×E(A) −→ G −→ 0,

where A denotes of course the abelian variety quotient of G. In particular, the
abelian category V is hereditary and has enough projectives. This recovers most of
the results in [Br16, Sec. 5.1].

3.2.4. Semi-abelian varieties [Br15, 5.4]. These are the algebraic groups G
obtained as extensions

(3.11) 0 −→ T −→ G −→ A −→ 0,

where A is an abelian variety and T is a torus. Like for vector extensions of abelian
varieties, we have HomC(T,A) = 0 = HomC(A, T ); thus, the data of G and of the
extension (3.11) are equivalent.

The Weil-Barsotti formula (see e.g. [Oo66, III.17, III.18]) yields a bi-functorial
isomorphism

Ext1
C(A, T )

∼=−→ HomΓ(X(T ), Â(ks)).

Here Â denotes the dual of A; this is an abelian variety with dimension dim(A)
and with Lie algebra H1(A,OA). In view of (3.1), this yields in turn a bi-functorial
isomorphism

(3.12) Ext1
C(A, T )

∼=−→ HomΓ(X(T ), Â(ks)Q).

We denote by S the full subcategory of C with objects the semi-abelian varieties.
By [Br15, Lem. 5.4.3, Cor. 5.4.6], S is a Serre subcategory of C, invariant under
purely inseparable field extensions. Moreover, (T ,A) is a torsion pair of Serre

subcategories of S. The assignment A 7→ Â(ks)Q extends to a contravariant exact
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functor A → QΓ-Mod in view of [Br16, Rem. 4.8] (see also Lemma 3.7 below).

Since QΓ-Mod is anti-equivalent to T̃ (§3.1.3), this yields a covariant exact functor

T̃ : A −→ T̃

together with a bi-functorial isomorphism

Ext1
C(A, T )

∼=−→ HomT̃ (T̃(A), T ).

Thus, the triple (S, T ,A) satisfies the assumptions (a), (b), (c), (d) of Subsection

2.4 with X̃ = T̃ and F = T̃; moreover, the assumption (e) of Subsection 2.5 holds
by construction. With the notation of §§3.1.3 and 3.2.1, let

MT,A := HomΓ(X(T ), Â(ks)Q)

for all T ∈ I, A ∈ J ; then MT,A is a DT -DA-bimodule. In view of Theorem 2.13,
we obtain:

Proposition 3.2. There is an equivalence of categories

MS : S
∼=−→ RS-mod,

where RS stands for the triangular matrix ring( ⊕
A∈J DA 0⊕

T∈I,A∈JMT,A

⊕
T∈I DT .

)
.

Remark 3.3. If k is locally finite (i.e., the union of its finite subfields), then the
abelian group A(k) is torsion for any abelian variety A. It follows that S ∼= T ×A
and RS = RT × RA. In particular, the center of RS is an infinite direct sum of
fields.

On the other hand, if k is not locally finite, then the abelian group A(ks) has
infinite rank for any non-zero abelian variety A (see [FJ74, Thm. 9.1]). As a con-
sequence, A admits no universal extension in S. If in addition k is separably closed,
then the center of RS is Q, as follows by arguing as in the proof of Proposition 3.1
with Ga replaced by Gm. We do not know how to determine the center of RS for
an arbitrary (not locally finite) field k.

Next, consider the isogeny category C̃ of quasi-compact group schemes, and

denote by S̃ ⊂ C̃ the full subcategory with objects the group schemes obtained as

extensions of abelian varieties by pro-tori. Then S is a Serre subcategory of S̃;

moreover, (T̃ ,A) is a torsion pair of Serre subcategories of S̃, and HomS̃(A, T ) = 0

for any abelian variety A and any pro-torus T . Thus, S̃ is equivalent to the category
of extensions of abelian varieties by pro-tori (as defined in Subsection 2.3), and in

turn to the category RS -m̃od by Theorem 2.13.
In view of the results of Subsection 2.4, every abelian variety A has a universal

extension in S̃, by the pro-torus with Cartier dual Â(ks)Q. Moreover, the projective

objects of S̃ are the products of pro-tori and universal extensions; also, every G ∈ S̃
has a canonical projective resolution, similar to (3.10). In particular, the abelian

category S̃ is hereditary and has enough projectives.
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3.2.5. General algebraic groups (continued). We return to the setting of §3.2.2,
and consider the isogeny category of algebraic groups, C, as a Serre category of

the isogeny category of quasi-compact group schemes, C̃. Also, recall from §§3.1.4,
3.1.5 the isogeny category of unipotent algebraic groups, U , a Serre subcategory

of that of unipotent group schemes, Ũ . Likewise, we have the isogeny category of
semi-abelian varieties, S, a Serre subcategory of the isogeny category of extensions

of abelian varieties by pro-tori, S̃. These are the ingredients of a structure result

for C, C̃ in positive characteristics:

Proposition 3.4. If char(k) = p > 0, then the assignment (S,U) 7→ S × U
extends to equivalences of categories

S × U
∼=−→ C, S̃ × Ũ

∼=−→ C̃.

Proof. The first equivalence is obtained in [Br16, Prop. 5.10]. We provide
an alternative proof: by Chevalley’s structure theorem, every G ∈ C lies in an exact
sequence in C

0 −→ U −→ G −→ S −→ 0,

where U ∈ U and S ∈ S. Moreover, we have ExtnC(U, S) = 0 = ExtnC(S,U) for all
n ≥ 0, since the multiplication map pS is an isomorphism in C, while pnU = 0 for
n � 0. In particular, the above exact sequence has a unique splitting, which is
functorial in U , S.

The second equivalence follows from the first one, as every quasi-compact group
scheme is the inverse limit of its algebraic quotient groups. �

Next, we obtain the main result of this paper; for this, we gather some notation.
Define a ring R = RC by

R =

{
RS ×RU , if char(k) > 0

RS ×RA RV , if char(k) = 0.

More specifically,

R =

( ⊕
A∈J DA 0⊕

T∈I,A∈JMT,A

⊕
T∈I DT

)
× (D \ DV )−1D

if char(k) > 0, where I (resp. J) denotes the set of isogeny classes of simple
tori (resp. of simple abelian varieties), T ∈ I (resp. A ∈ J) denote represen-
tatives of their classes, DT := EndT (T )op

Q , DA := EndA(A)op
Q , and MT,A :=

HomΓ(X(T ), Â(ks)Q). Moreover, D denotes the Dieudonné ring over the perfect
closure of k, and V ∈ D the Verschiebung as in §3.1.5.

If char(k) = 0, then

R =

( ⊕
A∈J DA 0

(
⊕

T∈I,A∈JMT,A)⊕ (
⊕

A∈JMA) (
⊕

T∈I DT )⊕ k

)
,

where MA := H1(A,OA)∗. We may now state:

Theorem 3.5. With the above notation, the abelian categories C and C̃ are

hereditary, and C̃ has enough projectives. Moreover, there are compatible equiva-
lences of categories

C
∼=−→ R-mod, C̃

∼=−→ R-m̃od.
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Proof. When char(k) > 0, this follows by combining Proposition 3.4 with

the structure results for U , Ũ recalled in §3.1.5, and those for S, S̃ obtained in

Proposition 3.2. When char(k) = 0, recall from §3.2.2 that (L,A) (resp. (L̃,A))

is a torsion pair of Serre subcategories of C (resp. C̃); moreover, L ∼= T × U and

L̃ ∼= T̃ ×Ũ by §3.1.4. In view of the bi-functorial isomorphisms (3.9) and (3.12), the
assertions follow from Theorem 2.13 like in the cases of vector extensions of abelian
varieties (Proposition 3.1) and of semi-abelian varieties (Proposition 3.2). �

Also, recall from Proposition 2.15 that the intersection of the left ideals of finite
colength in R is zero. One may check (by using Remark 2.16) that this also holds
for the two-sided ideals of finite colength as left modules.

We will show in Subsection 3.4 that the center of C equals Q if char(k) = 0,
and contains Q× Zp if char(k) = p > 0.

3.3. Functors of points. Let G be an algebraic group. Then the group of
k̄-points, G(k̄), is equipped with an action of the absolute Galois group Γ. We
also have the subgroup of ks-points, G(ks), which is stable under Γ. Since every
x ∈ G(ks) lies in G(K) for some finite Galois extension of fields K/k, we see that
the stabilizer of x in Γ is open, i.e., G(ks) is a discrete Γ-module. Likewise, the
Γ-module G(k̄) is discrete as well.

Clearly, the assignment G 7→ G(k̄) extends to a covariant exact functor

(k̄) : C −→ ZΓ-Mod, F −→ ZΓ-Modtors.

The assignment G 7→ G(ks) also extends to a covariant functor

(ks) : C −→ ZΓ-Mod, F −→ ZΓ-Modtors

which is additive and left exact. But the functor (ks) is not exact when k is an
imperfect field, as seen from the exact sequence

0 −→ αp −→ Ga
F−→ Ga −→ 0,

where p := char(k) and F denotes the Frobenius endomorphism, x 7→ xp. Yet the
functors (k̄) and (ks) are closely related:

Lemma 3.6. (i) Let K/k be an extension of fields of characteristic p > 0
and assume that Kpn ⊂ k. Then pnx ∈ G(k) for any x ∈ G(K).

(ii) For any x ∈ G(k̄), there exists n = n(x) ≥ 0 such that pnx ∈ G(ks).

Proof. (i) By assumption, we have x ∈ G(k1/pn). Consider the nth relative
Frobenius morphism,

FnG/k : G −→ G(pn)

(see e.g. [CGP15, A.3]). Then FnG/k(x) ∈ G(pn)(k): indeed, this holds with G

replaced with any scheme of finite type, since this holds for the affine space An and
the formation of the relative Frobenius morphism commutes with immersions. We
also have the nth Verschiebung,

V nG/k : G(pn) −→ G,

which satisfies V nG/K ◦ F
n
G/k = pnG (see [SGA3, VIIA.4.3]). It follows that pnx =

V nG/k(FnG/k(x)) is in G(k).

(ii) Just apply (i) to ks instead of k, and use the fact that k̄ =
⋃
n≥0 k

1/pn

s . �
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As a direct consequence, we obtain:

Lemma 3.7. (i) The natural map G(ks)Q → G(k̄)Q is an isomorphism
for any algebraic group G.

(ii) The covariant exact functor

(k̄)Q : C −→ QΓ-Mod, G 7−→ G(k̄)Q := G(k̄)Q

yields a covariant exact functor, also denoted by

(k̄)Q : C −→ QΓ-Mod.

Remarks 3.8. (i) Assume that G is unipotent. If char(k) = p > 0, then G(k̄)
is p-torsion and hence G(k̄)Q = 0. On the other hand, if char(k) = 0, then G ∼= nGa
and hence G(k̄)Q ∼= nk̄ as a Γ-module. Using the normal basis theorem, it follows
that the multiplicity of any simple discrete Γ-module M in G(k̄)Q equals n dim(M);
in particular, all these multiplicities are finite.

The latter property does not extend to the case whereG is a torus. For example,
the multiplicity of the trivial Γ-module in Gm(k̄)Q is the rank of the multiplicative
group k∗, which is infinite when k is not locally finite. Indeed, under that assump-
tion, k contains either Q or the field of rational functions in one variable Fp(t);
so the assertion follows from the infiniteness of prime numbers and of irreducible
polynomials in Fp[t].

Whenn G is an abelian variety, the finiteness of multiplicities of the Γ-module
G(k)Q will be discussed in the next subsection.

(ii) For any abelian variety A and any torus T , we have a bi-functorial isomorphism

Ext1
C(A, T )

∼=−→ HomΓ(X(T ), Â(k̄)Q),

as follows from (3.12) together with Lemma 3.7. Also, recall that Â is isogenous to

A (see e.g. [Mi86]) and hence the Γ-module Â(k̄)Q is isomorphic (non-canonically)
to A(k̄)Q.

Next, we associate an endofunctor of C with any discrete Γ-module M , which
is a free abelian group of finite rank. We may choose a finite Galois extension
K/k ⊂ ks/k such that Γ acts on M via its finite quotient Γ′ := Gal(K/k). For
any G ∈ C, consider the tensor product of commutative group functors GK ⊗Z M .
This group functor is represented by an algebraic group over K (isomorphic to the
product of r copies of GK , where r denotes the rank of M as an abelian group),
equipped with an action of Γ′ such that the structure map GK ⊗Z M → Spec(K)
is equivariant. By Galois descent (see e.g. [Co06, Cor. 3.4]), the quotient

G(M) := (GK ⊗Z M)/Γ′

is an algebraic group over k, equipped with a natural Γ′-equivariant isomorphism

GK ⊗Z M
∼=−→ G(M)K .

The assignment G 7→ G(M) extends to a covariant endofunctor (M) of C, which
is exact as the base change functor ⊗kK is faithful. Moreover, one may easily
check that (M) is independent of the choice of K, and hence comes with a natural
Γ-equivariant isomorphism

Gks ⊗Z M
∼=−→ G(M)ks



COMMUTATIVE ALGEBRAIC GROUPS UP TO ISOGENY. II 29

for any G ∈ C. In particular, we have an isomorphism of Γ-modules

G(ks)⊗Z M
∼=−→ G(M)(ks).

This implies readily:

Lemma 3.9. With the above notation and assumptions, the endofunctor (M)
of C yields a covariant exact endofunctor (M)Q of C that stabilizes T , U , A and S.
Moreover, (M)Q only depends on MQ ∈ QΓ-mod, and there is a natural isomor-
phism of Γ-modules

G(M)(ks)Q ∼= G(ks)⊗Z MQ = G(ks)Q ⊗Q MQ

for any G ∈ C.

Remarks 3.10. (i) If G is a torus, then one readily checks that G(M) is the
torus with character group HomZ(M,X(G)). As a consequence, the endofunctor
(M) of T is identified with the tensor product by the dual module M∗, under the
anti-equivalence of categories of T with QΓ-mod.

On the other hand, the endofunctor (M) of U is just given by the assignment
G 7→ rG, where r denotes the rank of the free abelian group M . Indeed, we
may assume that G is indecomposable and (using the invariance of U under purely
inseparable field extensions) that k is perfect. Then G ∼= Wn and hence G(M)ks =
Wn,ks ⊗ZM ∼= rWn,ks in Uks . In view of the uniqueness of the decomposition in U
as a direct sum of groups of Witt vectors, it follows that G(M) ∼= rWn as desired.

(ii) The endofunctor (M) can be interpreted in terms of Weil restriction when M
is a permutation Γ-module, i.e., M has a Z-basis which is stable under Γ. Denote
by ∆ ⊂ Γ the isotropy group of some basis element, and by K ⊂ ks the fixed
point subfield of ∆. Then K/k is a finite separable field extension, and one may
check that there is a natural isomorphism G(M) ∼= RK/k(GK) with the notation of
[CGP15, A.5].

(iii) The assignment G 7→ G(M) is in fact a special case of a tensor product con-
struction introduced by Milne in the setting of abelian varieties (see [Mi72]) and
systematically studied by Mazur, Rubin and Silverberg in [MRS07]. More specif-
ically, the tensor product M ⊗Z G, defined there in terms of Galois cohomology, is
isomorphic to G(M) in view of [MRS07, Thm. 1.4].

3.4. Finiteness conditions for Hom and Ext groups. Recall from §§3.1.3,
3.2.1 that the abelian categories T , A are Q-linear and Hom-finite. Also, recall
from §3.1.4 that U ∼= U ∼= k-mod is k-linear, semi-simple and Hom-finite when
char(k) = 0.

Proposition 3.11. (i) The abelian categories T and A are not K-linear
for any field K strictly containing Q.

(ii) The abelian category U is not K-linear for any field K, when char(k) =
p > 0.

(iii) The center of C is Q when char(k) = 0.

Proof. (i) The assertion clearly holds for T , as EndT (Gm) = Q. For A,
we replace Gm with appropriate elliptic curves E. Given any t ∈ k, there exists
such a curve with j-invariant t (see e.g. [Si86, Prop. III.1.4]). If char(k) = 0,
then we choose t ∈ Q \ Z; in particular, t is not an algebraic integer. By [Si86,
Thm. C.11.2], we have EndA(E) = Z and hence EndA(E) = Q. If char(k) = p
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and k is not algebraic over Fp, then we may choose t transcendental over Fp. By
[Mu08, §22], we then have again EndA(E) = Q. Finally, if k is algebraic over Fp,
then every abelian variety A is defined over a finite subfield of k, and hence the
associated Frobenius endomorphism lies in EndA(A) \ Q. In that case, it follows
from [Oo88, (2.3)] that EndA(E) is an imaginary quadratic number field in which
p splits, if E is ordinary. On the other hand, if E is supersingular, then EndA(E)
contains no such field. It follows that the largest common subfield to all rings
EndA(E) is Q.

(ii) Assume that U is K-linear for some field K. Then K is a subfield of
EndU (Ga), and hence char(K) = p. More generally, for any n ≥ 1, we have
a ring homomorphism K → EndU (Wn) = R/RV n with the notation of §3.1.5.
As these homomorphisms are compatible with the natural maps R/RV n+1 =
EndU (Wn+1) → EndU (Wn) = R/RV n, we obtain a ring homomorphism K →
lim←−R/RV

n. Since the right-hand side has characteristic 0, this yields a contradic-
tion.

(iii) By Proposition 2.15, it suffices to show that the center of R is Q. Moreover,
every central element of R is of the form

z =

(∑
A∈J yA 0

0 (
∑
T∈I xT ) + x

)
,

where each yA is central in DA, each xT is central in DT , and x ∈ k; also, xmA =
mAyA for all m ∈ MA, and xTmT,A = mT,AyA for all mT,A ∈ MT,A. Like in
the proof of Proposition 3.1, it follows that x ∈ Q and yA = x for all A. As a
consequence, xT = yA whenever MT,A 6= 0.

To complete the proof, it suffices to show that for any T ∈ I, there exists A ∈ J
such that MT,A 6= 0; equivalently, the Γ-module A(k̄)Q contains X(T )Q. We may
choose an elliptic curve E such that E(k) is not torsion, i.e., E(k)Q 6= 0; then the
Γ-module E(X(T ))(k̄) contains X(T ). Thus, the desired assertion holds for some
simple factor A of E(X(T )). �

Remark 3.12. The above statement (iii) does not extend to the case where
char(k) = p > 0, since we then have C ∼= S×U . One may then show that the center
of U contains the ring of p-adic integers, Zp = W (Fp), with equality if and only if
k is infinite. In view of Remark 3.3, it follows that the center of C contains Q×Zp,
with equality if k is separably closed.

Proposition 3.13. The abelian category S is Q-linear and Hom-finite. It is
Ext-finite if and only if k satisfies the following condition:

(MW) The vector space A(k)Q is finite-dimensional for any abelian variety A.

Proof. Recall that every semi-abelian variety is divisible. In view of (3.1), it
follows that S is Q-linear. It is Hom-finite in view of the Hom-finiteness of T and
A, combined with Proposition 2.6.

By that proposition, S is Ext-finite if and only if the Q-vector space Ext1
S(A, T )

is finite-dimensional for any abelian variety A and any torus T . In view of the
isomorphism (3.12) and of the anti-equivalence of categories (3.3), this amounts to

the condition that the vector space HomΓ(M, Â(ks)Q) be finite-dimensional for any
M ∈ QΓ-mod. The latter condition is equivalent to (MW) by Lemma 3.9. �
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Remarks 3.14. (i) The above condition (MW) is a weak version of the Mordell-
Weil theorem, which asserts that the abelian group A(k) is finitely generated for
any abelian variety A over a number field k.

(ii) The condition (MW) holds trivially if k is locally finite, as the abelian group
A(k) is torsion under that assumption.

(iii) Let K/k be a finitely generated regular extension of fields (recall that the
regularity assumption means that k is algebraically closed in K, and K is separable
over k). If (MW) holds for k, then it also holds for K in view of the Lang-Néron
theorem (see [Co06] for a modern proof of this classical result). As a consequence,
(MW) holds whenever k is finitely generated over a number field or a locally finite
field.

One can also show that (MW) is invariant under purely transcendental exten-
sions (not necessarily finitely generated), by using the fact that every rational map
from a projective space to an abelian variety is constant.

Proposition 3.15. Assume that char(k) = 0. Then the Q-linear category V
(resp. C) is Hom-finite if and only if k is a number field. Under that assumption,
V and C are Ext-finite as well.

Proof. If V is Hom-finite, then EndV(Ga) is finite-dimensional as a Q-vector
space. Since EndV(Ga) = EndU (Ga) = k, this means that k is a number field.

Conversely, if k is a number field, then U is Hom-finite, and hence so is L. In
view of Proposition 2.6, it follows that C is Hom-finite, and hence so is V. By that
proposition again, to prove that C is Ext-finite, it suffices to check that the Q-vector
space Ext1

C(A,L) is finite-dimensional for any abelian variety A and any connected
linear algebraic group L. Since L = U × T for a unipotent group U and a torus
T , this finiteness assertion follows by combining the isomorphisms (3.9), (3.12) and
the Mordell-Weil theorem. �

3.5. Finiteness representation type: an example. As in §3.2.3, we con-
sider the abelian category V of vector extensions of abelian varieties over a field k
of characteristic 0. Recall that V is Q-linear and hereditary, and has enough projec-
tives; its simple objects are the additive group Ga and the simple abelian varieties.
In particular, V has infinitely many isomorphism classes of simple objects. Also,
by Proposition 3.15, V is Hom-finite if and only if k is a number field; then V is
Ext-finite as well.

We now assume that k is a number field. Choose a finite set F = {A1, . . . , Ar}
of simple abelian varieties, pairwise non-isogenous. Denote by VF the Serre sub-
category of V generated by F . More specifically, the objects of VF are the algebraic
groups obtained as extensions

0 −→ m0Ga −→ G −→
r⊕
i=1

miAi −→ 0,

where m0,m1, . . . ,mr are non-negative integers. The morphisms of VF are the
homomorphisms of algebraic groups.

By Theorem 2.13 and Remark 2.14, we have an equivalence of categories

VF
∼=−→ RF -mod,
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where RF denotes the triangular matrix ring(
D1 ⊕ · · · ⊕Dr 0
M1 ⊕ · · · ⊕Mr k

)
.

Here Di := EndV(Ai)
op is a division ring of finite dimension as a Q-vector space,

and Mi := H1(Ai,OAi
)∗ is a k-Di-bimodule, of finite dimension as a k-vector space.

Thus, RF is a finite-dimensional Q-algebra. Also, RF is hereditary, since so is VF .
The Q-species of RF is the directed graph ΓF with vertices 0, 1, . . . , r and edges

εi := (0, i) for i = 1, . . . , r. The vertex 0 is labeled with the field k, and each vertex
i = 1, . . . , r is labeled with the division ring Di; each edge εi is labeled with the
k-Di-bimodule Mi. The category RF -mod is equivalent to that of representations
of the Q-species ΓF , as defined in [DR76] (see also [Le12]).

The valued graph of ΓF is the underlying non-directed graph ∆F , where each
edge {0, i} is labeled with the pair (dimk(Mi),dimDi(Mi)). As all edges contain 0,
we say that 0 is a central vertex ; in particular, ∆F is connected.

Recall that an Artin algebra is said to be of finite representation type if it has
only finitely many isomorphism classes of indecomposable modules of finite length.
In view of the main result of [DR76], RF is of finite representation type if and only
if ∆F is a Dynkin diagram. By inspecting such diagrams having a central vertex,
this is equivalent to ∆F being a subgraph (containing 0 as a central vertex) of one
of the following graphs:

B3 : 1 0 2
(1,2)

C3 : 1 0 2
(2,1)

D4 : 1 0 2

3

G2 : 0 1
(3,1)

Gop
2 : 0 1

(1,3)

The subgraphs obtained in this way are as follows:

A2 : 0 1 B2 : 0 1
(1,2)

C2 : 0 1
(2,1)

A3 : 1 0 2

Here all unmarked edges have value (1, 1). We set

gi := dim(Ai) = dimk(Mi), ni := [Di : Q], n := [k : Q].

Then the label of each edge {0, i} is (gi,
gin
ni

). The above list entails restrictions
on these labels, and hence on the simple abelian varieties Ai and the associated
division rings Di. We will work out the consequences of these restrictions in the
case where k is the field of rational numbers, which yields an especially simple
result:

Proposition 3.16. When k = Q, the algebra RF is of finite representation
type if and only if ∆F = D4,C3,G2 or a subgraph containing 0 as a central vertex
(i.e., A2,A3,C2), and the abelian varieties Ai satisfy the following conditions:
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D4: A1, A2, A3 are elliptic curves.
C3: A1 is an elliptic curve and A2 is a simple abelian surface with [D2 : Q] = 2.
G2: A1 is a simple abelian threefold with [D1 : Q] = 3.

Proof. Since ∆F is a Dynkin diagram, we have dimQ(Mi) = 1 or dimDi
(Mi) =

1. In the former case, we have gi = 1, that is, Ai is an elliptic curve. Moreover,
Di ↪→ EndQ(Mi) as Mi is a k-Di-bimodule; thus, Di = Q. In the latter case,
we have gi = ni. The result follows from these observations via a case-by-case
checking. �

Remarks 3.17. (i) We may view the Dynkin diagrams D4 and C3 as unfoldings
of G2. In fact, a similar picture holds for the abelian varieties under consideration:
let A := A1 ⊕ · · · ⊕ Ar, then A1, . . . , Ar satisfy the assertion of Proposition 3.16 if
and only if dim(A) = 3 = dim EndV(A)Q. In the “general” case where A is simple,
this yields type G2; it “specializes” to types C3 and D4.

(ii) When RF is of finite representation type, its indecomposable modules of finite
length are described by the main result of [DR76]: the isomorphism classes of such
modules correspond bijectively to the positive roots of the root system with Dynkin
diagram ∆F , by assigning with each module its dimension type (the sequence of
multiplicities of the simple modules). This yields a case-by-case construction of
the indecomposable objects of VF . For example, in type D4, the indecomposable
object associated with the highest root (i.e., with the sequence of multiplicities
m0 = 2, m1 = m2 = m3 = 1) is the quotient of the universal vector extension
E(A1⊕A2⊕A3) by a copy of Ga embedded diagonally in U(A1⊕A2⊕A3) ∼= 3Ga.
But we do not know any uniform construction of indecomposable objects for all
types, along the lines of (i).

(iii) All the abelian varieties Ai over Q that occur in Proposition 3.16 satisfy the
condition that End(Ai)Q is a field of dimension equal to dim(Ai). This condition
defines the class of abelian varieties of GL2-type, introduced by Ribet in [Ri92];
it includes all elliptic curves over Q, and also the abelian varieties associated with
certain modular forms via a construction of Shimura (see [Sh71, Thm. 7.14]).
Assuming a conjecture of Serre on Galois representations, Ribet showed in [Ri92]
that this construction yields all abelian varieties of GL2-type up to isogeny.

Examples of abelian varieties of GL2-type have been obtained by González,
Guárdia and Rotger in dimension 2 (see [GGR05, Cor. 3.10]), and by Baran in
dimension 3 (see [Ba14]).

(iv) Still assuming that k is a number field, the question of characterizing finite
representation type makes sense, more generally, for the Serre subcategory CE,F ⊂ C
generated by a finite set E of simple linear algebraic groups and a finite set F of
simple abelian varieties, pairwise non-isogenous (so that CGa,F

= VF ). The abelian
category CE,F is equivalent to RE,F -mod, where RE,F is a triangular matrix algebra
of finite dimension over Q, constructed as above. The Q-species associated with
RE,F is the directed graph ΓE,F with vertices E t F and edges (i, j) for all i ∈ E,

j ∈ F such that Ext1
C(Aj , Li) 6= 0; here Aj (resp. Li) denotes the corresponding

simple abelian variety (resp. linear algebraic group). In particular, if Ga ∈ E then
the associated vertex is linked to all vertices in F , but some simple tori need not be
linked to some simple abelian varieties. Each vertex v is labeled with the division
ring Dv opposite to the endomorphism ring of the corresponding simple module,
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and each edge (i, j) is labeled with the Di-Dj-bimodule Ext1
C(Aj , Li). Then again,

the category RE,F is equivalent to that of representations of the Q-species ΓE,F ;
it is of finite representation type if and only if each connected component of the
associated valued graph ∆E,F is a Dynkin diagram. Note that such a diagram
comes with a bipartition (by vertices in E, F ).

To obtain a full characterization of finite representation type in this generality,
we would need detailed information on the structure of Γ-module of A(k̄)Q for any
A ∈ F . But it seems that very little is known on this topic. For example, just
take E := {Gm}; recall that Ext1

C(A,Gm) ∼= A(k)Q for any abelian variety A. We

may thus assume that the finitely generated abelian group A(k) is infinite for any
A ∈ F ; then Gm is a central vertex of ΓGm,F . Arguing as in the proof of Proposition
3.16, one obtains a similar characterization of finite representation type in terms of
Dynkin diagrams satisfying the following conditions:

D4: [Di : Q] = 3 = dimAi(k)Q for i = 1, 2, 3.
C3: [D1 : Q] = 1 = dimA1(k)Q and [D2 : Q] = 2 = dimA2(k)Q.
G2: [D1 : Q] = 3 = dimA1(k)Q.

As a consequence, all simple abelian varieties A occuring in F must satisfy
[DA : Q] ≤ 3 (in particular, DA is commutative) and dimA(k)Q = [DA : Q]. We
do not know whether such abelian varieties exist in arbitrary large dimensions.
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