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ON COMPACT COMPLEX ANALYTIC VARIETIES.* 

By WEi-LIANG CHOW. 

1. Introduction. Let S7, be the projective space of n dimensions over 
the field k of all complex numbers. For any given choice of the inhomogeneous 
coordinates xl, , xn in Sn, let An (x) be the n-dimensional complex affine 
space consisting of all the points of Szn which are finite with respect to this 
coordinate system. A point set U in Sn is said to be analytic in the neighbor- 
hood of a point (a) if, choosing the inhomogeneous coordinates so that (a) is a 
point in An(x), there exists a neighborhood R of (a) in A"(x) such that the 
intersection U nR consists of all the points of R which are common solutions 
of a finite set of equatioiis, 

(1-) fi (xi, .. xn) On( n. ) 

where the fi(xi, , x) , i = 1, , s, are holomorphic functions in the 
region R. A point set in S. is called an analytic variety if it is analytic 
in the neighborhood of every one of its points. An analytic variety is called 
compact if it is a compact point set. A point set in S. is called an algebraic 
variety if it consists of all the points whose homogeneous coordinates 
xo0 x1, **, x satisfy a finite set of equations 

Oi (xon xi, . . .*, xn) -~ O,( ,** t 

where the d(xo, x1, , x.), i =, , t, are homogeneous polynomials in 
the x0, x,, * *, xn. It is easily seen that an algebraic variety is a compact 
analytic variety. Trhere is a classical conjecture that conversely any compact 
analytic variety in Sn is also an algebraic variety. So far as we are aware, 
no proof of this conjecture has ever been offered. It is the purpose of this 
paper to present a proof of this conjecture. 

We begin by recalling some well known properties of an analvtic variety.1 
Let R be a neighborhood of the origin of An(x) defined by the conditions 
xi I < e, i 1, , n. Let k{xiy , x;} be the ring of all power series 

in the variables xi, , Xr which are convergent in the region I xi < e, 
= 1, , r. Consider a set of equations of the following type 

* Received April 9, 1949. 
1 For the results of the theory of functions of several complex variables used in 

this paper, we refer here once for all to Osgood [7], Bochner and Martin [1]. 
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(2) Xr+iA + BlXr+i'-1 + + By ixr+i + Bt 0 

Hxj = G(Xr), (j j r + 2(, *-**+ n), 

where the B1, - B,L and 1I are elements of the ring I{x1< - * * , Xr} and 
the Gj (xr+i), j 4 r- 2, * *, are polynomials in Xr+1 with coefficients in 
k {Xi, * Xr}; and the left hand side of the first equation is an irreducible 
distinguished polynomial in xrll over ,7c{xi xj} and H is its discriminant. 
Let D be the set of all common solutions of the equations (2) in the region R 
for which H -# 0, as well as those which are limiting points of such solutions. 
Such a point set D, or any point set in S. which can be represented as such a 
set by a suitable choice of the affine space A" (x) and its coordinates, is called 
an analytic element in S,,, The number r is called the dimension of the 
analytic element D, and we shall write Dr to indicate this. The nunmber P 
depends in general upon the choice of the affine space and its coordi- 
nates; the smallest possible value of this number for a given Dr is 
called its order. An analytic element is called regular if it has the 
order one, otherwise it is called singular. The point (a) is called the celnter 
of Dr. It is well known from the theory of functions of several complex 
variables that every point of an analytic variety TV has a neighborhood I such 
that R n W consists of a finite number of analytic elemenits. In other words, 
an analytical variety is a topological sub-space of Sn which has a system of 
neighborhoods consistinig of analytic elements. An analytic variety is called 
irreducible if any two analytic elements of it can be obtained from each other 
by analytic continuations. It is easily seen that all the analytic elements of 
an irreducible analytic variety T1V must have the same dimension r; we shall 
call this number r the dimension of W and we shall write Wr to indicate this. 
Following a recent practice in algebraic geometry, we shall from now on use 
the expression " analytic variety " to denote exclusively an irreducible aaalytic 
variety; the reducible ones being taken care of later by the more precise con- 
cept of an analytic cycle. A point of an analytic variety Wr is called regular 
if it has a neighborhood consisting of a single regular analytic element; those 
points of Wr which are not regular are called singular. The set Wr of all 
singular points of Wr constitutes a finite or enumerably infinite number of 
analytic varieties of dimensions less than r; we shall call this set 1Vr the 
singular part of Wr,. The set 14'r - Wr of all the regular points of Wr is a 
connected set. 

For our present purpose the most important properties of an analytic 
variety Wr are the following: 

(A) TV,r is a topological complex. This is the triangulation theorem for 
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analytic loci, for the proof of which we shall refer to the literature.2 In 
particular, if Wr is compact, it is a finite complex and can be taken as a sub- 
complex of a simplicial subdivision of the projective space Sn and the 
singular part Wr can in turn be taken as a subcomplex of Wr. 

(B) Wr can be covered by an enumierable agggregate of regular analytic 
elements of dimensionts r. This cani be easily proved by induction, starting 
with the facts that 'Vr - Wr can be covered by an enumerable aggregate of 
analytic elements of dimension r and that 14 consists of an enumerable aggre- 
gate of analytic varieties of dimensions < r. 

In the following sections we shall show that the main theorem can be 
proved bv using these two properties (A) and (B) alone, without referring 
directly to the fact that each point of TV, has a neighborhood consisting of a 
finite number of analytic elements of dimension r. For this reason, we shall 
give a new (possibly more general)' definition of an analytic variety in 2, 
essentially by means of these two properties (A) and (B) only. In 2 and 3 
we shall study the topological properties of analytic varieties and derive from 
them the Theorem III, which expresses a special property of a regular analytic 
element Dr contained in a compact analytic variety of r dimensions. In 4 we 
then proceed to show (Theorem IV) that this property is really a characteristic 
property of a regular analytic element Dr which is contained in an algebraic 
variety of r dimensions. The main theorem (Theorem V) then follows imme- 
diately from these two results. In the last section (5) we shall indicate some 
applications of our main theorem. 

Finally, we add a few words about the terminology and notations. A 
topological complex K is a homeomorphic image of an Euclidean complex, and 
we shall say 2r-complex if it consists only of simplexes of topological, dimension 
2r and their sides. The boundary or an unioriented comiplex K (i. e. considered 
as a chain modulo 2) will be denoted by Kf. If the complex K is oriented to 
become a chain with integral coefficients, then its chain boundary will also be 
denoted by k. There is no danger of confusion in this, as the meaning will. 
be clear from the context in each case. The word " dimension " without any 
further qualification will nean the complex dimension, which is twice the 
topological dimension; subscripts will be used to denote the former, super- 
scripts the latter. 

2. Analytic varieties. An analytic simplex Er of r dimensions in S. is 
a topological 2r-simplex in S., which is a one-to-one analytic image of a 
topological 2r-simplex in a complex affine space Ar(z) of r dimensions. More 

2 See Koopman and Browln [4], Lefschetz and Whitehead [6]. 
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specifically this means that, for a suitable choice of the inhomogeneoun 
coordinates x1, , x,, in S., the points of Er can be represented parametrically 
by a set of n equations 

(3) xj ! fj(zl, Zr), **nn 

where the n functions fj(z1y, , Zr), j= 1, , n, are all holomorphic in 
a region R of the affine space Ar (z) of r complex parameters z,, - , zr., and 
the matrix 11 Of/OZk 11, i j 1,, * *, n, k-1, * - *, r, has the maximum rank r 
at every point of the region R; and that this representation induces a homeo- 
morphism between Er and a topological 2r-simplex Q2r in the region R. 
Without loss of generality, we can assume that the coordinate origin (z) (0) 
of Ar (z) is contained in the interior of C2r; the corresponding point (x) = (a) 
in Er is then called the center of Er (with respect to the parameters zl, * , 
Zr ). It is obvious that if the analytic simplex Er is subdivided into a complex, 
then each simplex of this complex is also an analytic simplex. Since in all 
our arguments we can always replace any complex by a subdivision in which 
the simplexes are arbitrarily small, we can therefore assume, without any 
essential restriction to the concept of an analytic simplex, that for a suitable 
choice of the coordinates x1, . . , xn, and the parameter space Ar(z), the 
equations (3) have the form 

)X1- Z . . . Xr Zr 

Xr+i = fr+1 (zl., *** Zr)p * *nXn A n(zi, *** Zr); 

and that the region R has been chosen so small that the functions fr+i, . . . , fn 
can be represented as power series which are convergent in R. Since the 
equations (4) map the region R into a regular analytic element Dr iln S., 
it follows that an analytic simplex Er is simply a topological 2r-simplex 
imbedded in a regular analytic element Dr. On the other hand, the set of 
interior points Er - Pr of an analytic simplex is itself a regular analytic 
element. Hence it is rather indifferent whether a point set is covered by an 
aggregate of analytic simplexes or an aggregate of regular analytic elements; 
the use of either one instead of the other is only a matter of convenience. 

The concept of an analytic complex in Sn is defined by induction as 
follows. Any topological 0-complex in Sn is an analytic complex KE of zero 
dimension. A topological 2r-complex (finite or infinite) in Sn is called an 
analytic complex Kr of r dimensions, if it contains a subcomplex Kr which 
consists of an enumerable aggregate of analytic complexes of dimensions less 
than r, such that any point of Kr - (kr + Kr) has a neighborhood which is 
a regular analytic element Dr. The points of Kr - (Kr + Kr) are called 
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regular points of K. The topological complex kr is also called the boundary 
of K,.. The aggregate of analytic complexes Kr is called the singular part of 
Kr, though not every point (or even any point) of it need be a singular 
point in either the topological or analytic sense. An analytic simplex Er 
is of course also an analytic complex of r dimensions, the boundary being the 
boundary Pr and the singular part being the empty set. An analytic variety 
Wr of r dimensions in S,n is a connected analytic complex with the properties 
that it has no boundary and its singular part Wr consists of an enumerable 
aggregate of analytic varieties of dimensions less than r. This definition by 
induction can be completed by the stipulation that an analytic variety WO of 
zero dimension consists of a single point in Sn. An analytic variety is called 
compact if it is a compact point set; that is, if it is a finite topological complex. 

It is clear that the set Wr - Wr of all the regular points of WVr can be 
covered by an enumerable aggregate of analytic simplexes of r dimensions. 
From this and the fact that Wr consists of an enumerable aggregate of analytic 
varieties of lower dimensions, it follows by induction that the analytic variety 
Wr can be covered by an enumerable aggregate of analytic simplexes of dimen- 
sions ? r. However, it is to be noticed that this covering of Wr by an 
enumerable aggregate of analytic simplexes is not a simplicial subdivision 
of Wr as a complex in the topological sense, nor is it a covering by neighbor- 
hoods of Wr as a topological subspace of Sn. It is simply a representation of 
Wr as the set-theoretic sum of an enumerable aggregate of analytic simplexes 
of various dimensions, and this aggregate will be in general infinite even in 
case of a compact analytic variety Wr. 

Let Er and Es be two analytic simplexes in Sn contained in the regular 
analytic elements Dr and D, respectively. The intersection Dr n Ds of the 
two analytic elements Dr and D8, if it is not empty, consists of an enumerable 
aggregate of connected components, each of which is an analytic variety of 
dimension not less than r + s - n. In case such a component has exactly 
the dimension r + s - n, it is called a proper component of the intersection. 
It is easily seen that if the join of the tangent spaces of Dr and D, at some one 
regular point of such a component has the dimension n, then the component 
has the dimension r + s - n and is therefore proper. In such a case we shall 
call the component regular. We shall say that two analytic simplexes Er 
and Es are regular with respect to each other if either (1) the intersection 
Er n E, is empty, or (2) each point of Er nF E is contained in a regular 
component of Dr nD D. 

It is clear that for r + s < n the first possibility alone can occur, so that 
in this case two analytic simplexes Er and Es are regular with respect to each 
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other if and only if they are disjoint. In case r + s = n, the intersection of 
two analytic simplexes Er and En r, regular with respect to each other, is 
either empty or consists of a finite number of points at each of which the 
tangent spaces of Dr and ]n-r are transversal to each other. We are mainly 
interested in the case r + s - n, though the following results hold also for 
the general case. 

Let P be the group of all projective transformations in Sn; it is an 
analytic manifold of (n + 1)2 - 1 dimensions. It is easily seen that if Er 
is an analytic simplex in Sn and T is a projective transformation in Sn, then 
the transformed set TEr of Er is also an analytic simplex of r dimensions. 
It follows then that if Kr is an analytic complex covered by an aggregate of 
analytic simplexes {E}, then TKr is also an analytic complex covered by the 
aggregate of the transformed simplexes {TE}. In the proof of the following 
theorems, we shall make use of the simple fact about everywhere dense sets 
which is true for every regular separable topological space: The intersection 
of a finite or enumerable infinite number of everywhere dense open sets is 
also an everywhere dense set. Since a closed set is nowhere dense if its 
complement is everywhere dense, it follows that the sum of a finite or enumer- 
ably infinite number of nowhere dense closed sets is a set the complement 
of which is everywhere dense; hence, if this sum is a closed set, then it is 
also nowhere dense. 

THEOREM I. Let Er and Es (r + s? n) be two analytic simplexes in 
S and let Q be the set of all elements T of P such that Er and TEs8 are 
regular with respect to each other, then Q is an everywhere dense open set in P. 

Proof. We shall choose the inhomogeneous coordinates x1, - - -, xn in 
Sn in such a way that both Er and Es are in the affine space An(x), which is 
always possible if these simplexes are sufficiently small. Let Er be given by 
the one-to-one analytic mapping 

(5>) xi == fi (zi, * - zr), n**an 

of a region R' in Ar(Z) into A.(x), so that Er is the image of a topological 
2r-simplex C2r in R. Similarly, let E. be given by the one-to-one analytic 
mapping 

(6) xi== gi (wi, P *,ws), i 1,* n 

of a region 1?' in A, (w) into A. (x), so that E8 is the image of a topological 
2s-simplex C28 in R". 

We first prove that the set Q is everywhere dense in P; it is evidently 
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enough to show this for the neighborhood of the identity transformation I. 
Let T(,) be the affine transformation of A4(x), 

x'i = xi +e,,i , ,n; 

it is of course also a projective transformation in Sn and is arbitrarily near 
to the identity transformation I for points (e) sufficiently near to (0). The 
transformed analytic simplex T(e)E, is then given by the one-to-one analytic 
mapping 

xi=--gi(wi,* ,w.) +-ei, - * 

of the topological simplex C28 in the region 1?". Consider the analytic 
mapping 

(7) Ui==Fi(Z, U3) = fi (Ztv Zr) - gi(Wi, . .*, Ws) i=1 *,n 

of the region R-=1R' X 1" in the product space Ar+8(z, w) - Ar(Z) X As(w) 
into the space An (u). Let C2r+28 be the 2 (r + s) -simplex C2r X C28 in the 
region R. It is clear that every common solution of the equations (7) for 
(u) = (e) in the simplex C2r+28 will correspond to an intersection point of 
Er and TE8 and conversely. For r + s < n, the image of C2r+28 in A. (u) 
under the analytic transformation (7) is a nowhere dense set; hence there 
exist points (e) in An (u) arbitrarily near to the origin such that the equations 
(7) have no common solution in C2r+28 for (u) = (e). Then the analytic 
simplexes Er and T( f3)E8 will be disjoint and hence regular with respect to 
each other. Thus the assertion is proved for this case. For r + s = n, we 
can assume that for all points (e) in a sufficiently small neighborhood of (0) 
the two analytic simplexes Er and T( 6)Es have an intersection, for otherwise 
the assertion is obviously true already. This means that for all points (u) 
in a sufficiently small neighborhood of the origin in A,(n(u) the equations (7) 
will have a common solution in C2r+28. It is well known 3 that in this case 
the Jacobian determinant 

J (z, w) I= I OFi/zj, OFd/Wk ofilzj,f - / il |Wk 

does not vanish identically in the region R. Then the set of all the solutions 
of the equation J (z, w) = 0 in R, if it is not empty, constitutes an enumerable 
aggregate of analytic varieties of dimension n - 1 in R. Let E(i, i = 1, 2, 

. , be a sequence of analytic simplexes covering this set J, and let E(S)*, 
= 1, 2, ** , be the corresponding images in A,(u) under the analytic 

transformation (7). Then the image J* of J under the analytic transforma- 

s See Knopp and Schmidt [3], p. 379. 
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tion (7) is evidently the sum of all the sets E($)*, i =1,2, . Since each 
E(i)* is a nowhere dense set in An (u), it follows that the complement of J* 
in An (un) is an everywhere dense set. This means that there exists in every 
neighborhood of the origin of A. (u) at least a point (e) which is not in J*. 
Then for this point (u) = (e) the equations (7) will have no common solution 
in the set J; or, in other words, we have J (z, w) 7 0 at every common solution 
in R of the equations (7) for (u)= (e). This implies that every inter- 
section point of Er and T(e)Ee corresponds to a point in C2r+28 at which 
J(z, w) 4 0; hence Er and T( e)Es are regular with respect to each other. 
Thus our assertion is also proved for the case r + s = n. 

It remains to show that the set Q is open in P; that is, we have to show 
that if Er and Es are regular with respect to each other, then Er and TE8 are 
also regular with respect to each other for all T in a sufficiently small neighbor- 
hood of the identity I. For r + s < n, this is obvious; for the Er and Es 
are disjoint closed subsets in SM, and TE, varies continuously with T. To 
prove the assertion for r + s - n, let a projective transformation T be given 
by the equations 

n n 
Zi 4 (ai. + Eyxjj) / (aoo + E aojxj),,i n. 

j=1 J=1 

If the matrix (anj) is sufficiently near the identity, then the analytic simplex 
TE, will still lie in the affine space An(x) and is given by the one-to-one 
analytic mapping 

n n 

xi= g(w1, w* , W) = [a0o + -Y. aLjgj(wi, w*, w)/[ao0 + E aojgj(wi, WS), 
j=1 j=1 

of the topological simplex 028 in the region 1?. Consider the Jacobian 
determinant 

JT (z, W) = | Of/azj, Og'i/@Wk |, 
and the n functions 

F,T(Z, W) = fi (Zl, * Z * r) g-(Wl, Ws)n -,***nn 

which are all defined in the region R. It is clear that these functions are 
also continuous functions of the transformation T in a neighborhood of the 
identity I. Now, it is easily seen that the two analytic simplexes Er and 
TE8 are regular with respect to each other if and only if the following 
equations 

JT (Z, W) = 0, 
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have no common solution in the topological simplex C2r+2s in the region B. 
Let AT be the set of all the common solutionis of the equations (8) in R; 
then AT is closed in R and varies continuously with T. Since Er and Es 
are assumed to be regular with respect to each other, the intersection 
02r+28 n A' is empty. Now, if C2r+28 n AT is not empty for all T in a 
sufficiently small neighborhood of I, then there is a sequence of TM, 
i= 1, 2, , converging toward I such that C2r+28 n AT") is not empty. 
Since C2r+28 is a compact set, the sequence of sets C2r+2s n AT") has at least 
one limit point in C2r+28; and it is easily seen that this limit point is a 
point of C2r+28 n A', which is a contradiction. Therefore, the intersection 
02r+28n AT is empty for every T in a sufficiently small neighborhood of the 
identity I; and this means that Er and TE8 are regular with respect to each 
other for all such T. This concludes the proof of Theorem I. 

From Theorem I we can deduce a similar theorem for analytic varieties. 
We shall say that a point is a regular intersection of two analytic complexes 
Kr and Kn r if it is a regular point of both Kr and K.-r and if the tangent 
spaces of Kr and Kn-r at this point are transversal to each other. 

THEOREM II. Let Wr and Wn r be two analytic varieties in S., and 

let Q be the set of all the transformations T in P such that Wr and TWn r 
have only regular intersection points. Then the set Q is everywhere dense 
in P. 

Proof. Let {E} and {F} be two enumerable sets of analytic simplexes 
which cover the analytic varieties Wr and Wn-r respectively. Then the set 
{ G}= { (E, F) } of all the pairs of analytic simplexes, one from each of the 
two sets {E} and {F}, is also enumerable and hence can be arranged in a 
sequence G (0 = (E (), F()), i ! 1,2,- - .. For each i- 1, , ., let 
Q(?) be the set of all transformations T in P such that E( and TF(0 are 
regular with respect to each other. It is easily seen that the intersection of 
all the sets a (0), i= 1, 2, * * , consists of exactly those transformations T 

such that Wr and TWXnr have only regular intersection points. Since, 
according to Theorem I, each set U(I) is an everywhere dense open set in P, 
it follows that (2 is also an everywhere dense set in P. 

3. Intersection of analytic varieties. There is a " natural " orientation 
for an analytic simplex Er which can be extended to any analytic complex Kr. 
Let Er be an analytic simplex in S,n defined by the one-to-one analytic 
mapping (3) of the topological 2r-simplex C2r in Ar (z). Let zj= z'j + iz"j, 
j - 1, * , r; then the ordered set of 2r real coordinates z'1,, * * Z'r, 
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Zer of the space Ar (z) determines a definite orientation of this space and 
consequently also an orientation of the simplex C2r. This orientation of C2"' 

determines an orientation of Er which we shall call its natural orientation. 
It can be easily shown that the natural orientation is independent of the 
choice of the analytic parameters and is thus an intrinsic property of an 
analytic simplex. The set of all regular points Kr - (fkr + kr) of an analytic 
complex Kr can be covered by a set of analytic simplexes of r dimensions. It 
cani be shown that if each analytic simplex of the set is given its natural 
orientation, then all these orientations are coherent; and if we orient each 
topological 2r-simplex of Kr in concordance with the natural orientation of 
any one analytic simplex Er contained in it, we obtain a topological 2r-chain 
on Kr with boundary in the sub-complex Tr, or a 2r-cycle mod kr. Thus 
an analytic complex Kr is an orientable pseudo-manifold, and it has a natural 
orientation determined by its analytical structure. This applies in particular 
also to the projective space Sn itself, since it is also an analytic complex. 
Furthermore, if Kr is a finite complex, its natural orientation will make it a 
topological 2r-chain in Sn with boundary in the subset [r. Hence a compact 
analytic variety Wr, if oriented with the natural orientation, is a topological 
2r-cycle in Sn,. We shall from now on assume that all analytic complexes, 
including the space Sn itself, are oriented with the natural orientation, so 
that a finite analytic complex Kr corresponds to a uniquely determined 
topological 2r-chain in Sn. The significance of the natural orientation is given 
by the following well-known result: 

LEMMA 1. The topological intersection multiplicity of a regular inter- 
section point of two finite analyttc complexes- Kr and Kn-r iS + 1. 

For the proof of this lemma, which is very simple, we refer to the 
literature.4 

As to the topological properties of Sn, it is well known that the 2r-th 
homology group of Sn is cyclic and the class determined by a linear analytic 
variety Lr of r dimensions is a generator of this grQup. From this we can 
derive at once the following consequences: (1) To each 2r-cycle in Sn there 
is associated an integer g called its degree; it is the total topological inter- 
section number of this 2r-cycle with a linear variety Ln-r; (2) two 2r-cycles 
are homologous if and only if they have the same degree; (3) the total 
topological intersection number of a 2r-cycle of degree g and a 2 (n - r) -cycle 
of degree h is equal to gh. In view of Lemma 1 we can conclude that the 

For the topological properties of analytic varieties, we refer once for all to 
Lefsehetz [5], Ch. VIII, ? 3 and van der Waerden [9]. 
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degree of a compact analytic variety Wr is always positive; for it is equal 
to the number of intersection points of W1 with a linear variety Ln.r which has 
only regular intersections with Wr. 

We shall need the following lemma concerning the multiplicity of ani 
intersection point. Let B8 and B2n-8 be two topological chains in S., and let 
(p) be an isolated point of B8 n B2n-8 which does not lie in either B8 or 

B2n-8. Then this point (p) has a uniquely determined multiplicity as an 
intersection of the two chains Bs and B2n-8. For the determination of this 
multiplicity we have the following criterion: 

LEMMA 2. Let R be a neighborhood of (p) such that the closure of R 
does not intersect Be or B2n-8 or any other component of the intersection 
B8 n0 2n-8, and let As and A2n-8 be two chains which are d-homologous to the 
chains B8 and B 2n-' respectively, where d is a sufficiently small positive number 
depending on B8, B 2n-8 and R. Then each component of the intersectionl, 
As 0 A22-8 lies either in R or outside of R, and the intersection multiplicity 
of (p) is equal to the sum of the intersection multiplicities of those components 
of As 0 A2 2-8 which lie in R. 

In the above lemma the notion of d-homology is defined as follows: Let . 
be a d-neighborhood of Be and V' be a closed d-neighborhood of Be, then a 
chain A8 is said to be d-homologous to Be if it is contained in E and is homol- 
ogous to B8 mod .' on E. This includes in particular the case when As is a 
d-deformation of B8. The proof of Lemma 2 follows easily from the well 
known results about intersection of chains,5 so that we can omit it here. 

Let Wr and Wn-r be two compact analytic varieties of degrees g 
and h respectively, and let (p) be an isolated intersection point of them. 
Let B be a neighborhood of the point (p) in Sn, and let d be the 
number such that the Lemma 2 holds for all d-deformations of Wr and Wn-r. 
According to Theorem II, there exists a projective transformation such that 
TWn-r is a d-deformation of Wn-r and the two analytic varieties Wr and TWn-r 
have only regular intersection points. Since according to Lemma 1 each of 
these intersection points has exactly the multiplicity + 1, it follows that 
the intersection Wr n TWn-r consists of exactly gh points. If I of these gh 
points lie in the neighborhood R, then /i is the multiplicity of (p) as an inter- 
section of Wr and Wn-r. Applying this in particular to a regular point of 
Wr, we obtain the following result: Let Er be an analytic simplex in Sn and 
(p) be an interior point of Er. If Er is an element of a compact analytic 
variety Wr, then there exists a positive number N such that if Wn-r is a 

; See Lefschetz [51, Cbi. IV, ? 3. 

11 
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comnpact analytic variety of degree h and if (p) is an isolated intersection 
point of Er with Wn,r then the multiplicity of this intersection is not greater 
than hN. In fact, we can take N to be any number not less than the degree 
of Wr. In the next section we shall see that this fact is characteristic of an 
anialytic simplex which is an element of an algebraic variety of r dimensions. 
However, in order to state this result in the definitive form which we shall use 
in the next section, we introduce the concept of an analytic cycle. An analytic 
cycle Zr of r dimensions in S., is a topological 2r-cycle in Sn which can be 
expressed as a sum of multiples of compact analytic varieties. Thus an 
analytic cycle Zr is a finite set of compact analytic varieties Wr 1), ,Wr(, 
to each of which is assigned an integer ni (positive or negative) called its 

multiplicity. If gi is the degree of Wr( ) respectively, then the integer E nigi is 
J=1 

evidently the degree of the analytic cycle Zr. An analytic cycle Zr is called 
positive if the multiplicities of its component varieties are all positive; it is 
called algebraic if all of its component varieties are algebraic. It is a simple 
matter to show that what we have proved above for compact analytic varieties 
can be generalized to positive analytic cycles. Thus we have the following 
theorem: 

THEOREM III. Let Er be an analytic simplex in S, and (p) be an 
interior point of Er. If Er is an element of a compact analytic variety Wr, 
then there exists a positive number N such that if Z?X-r is a positive analytic 
cycle of degree h and if (p) is an isolated intersection point of Er with Z.-r, 
then the multiplicity of this intersection is not greater than hN. 

We have stated the above theorem only for a regular analytic element, 
as this is the only case we shall need for our purpose. It is however clear 
that the theorem holds in general for any analytic element, whether regular 
or not. Incidentally we should like to remark that it is well known 6 that 
an isolated intersection of two analytic varieties, in the usual sense as defined 
in section 1, has always a positive multiplicity. This property is fundamental 
for many applications of topological methods to algebraic geometry, but we 
have no direct use for it in the present paper. In fact, we do not know whether 
this property is true at all for the analytic varieties as we have defined here in 
the previous section; for the proof of it depends on the fact that the neighbor- 
hood of each point of an analytic variety consists of a finite number of analytic 
elements. What is essential for our present purposes is not to rule out the 
possibility of a zero multiplicity for an isolated intersection point, but to 

" See van der Waerden [9], or Lefschetz [5], Ch. VIII, ? 4. 
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rule out the possibility of a negative multiplicity for any connected com- 
ponent (of any dimension) of the intersection. That the latter is true for 
intersections of positive analytic cycles in Sn can be easily deduced from our 
results, but it is not generally true for intersections of positive analytic cycles 
in an arbitrary analytic or algebraic manifold. 

4. Proof of the main theorem. We begin with two lemmas. 

LEMMA 3. Let f (x,< - * - , X,) be a power series in r variables xl, , xr. 
Given any positive integer N, we can always find an integer M with the 
following property: For every integer m > M, there exists a polynomial 
F(x1, . . . ) Xr, Xr+l) in r + 1 variables x1, . . . Xr+l of degree m such that the 
power series F(xiy . . . , Xrp f (Xjy . . . Xr) ) contains no terms of degree ? mN. 

Proof. Let F (x1,. . ,.+xr) be the general polynomial of degree mn in 
r + 1 variables x, * , xr+i If h j denotes the binomial coefficient 
h !/j ! (h - j) !, then F contains r+l+m Rr+l terms and hence that many indeter- 
minate coefficients (c). The power series F(x1, X . r, f(xr , * *, xr) ) 
contains at most r+mN r terms of degrees < inN, the coefficients of which are 
linear forms Lx,(c) in the (c). The r+mNer linear equations LX(c) = 0 will 
have a non-trivial solution in the (c) if r+l+mer+l > r+mNgr. This will be the 
case if we take m greater than 1AI (N + 1)r(1 + r); for we have then 

(m + 1) > (1 + r)mr(N + 1)r/,r 

> (r +1) [(mN +r) . .* (mN + 1)]/[(m + r+ 1) **(m + 2)], 

hence [(m + r + 1) . (m + 1)]/[r + 1] > (mN + r) . * (mN + 1), 
hence r+l+m r+1 > r+mNr 

Before proceeding to the next lemma we shall recall here some well- 
known facts about the intersection of two algebraic cycles Zr and Z8 in Sn. 

While in general any two arbitrary cycles C' and C" in Sn have a " topological 
intersection " consisting of a homologous family of cycles about their geometric 
intersection C n c0", it is possible in case of the algebraic cycles Zr and Zs 
to define an intersection cycle Zr Zs provided all the components of the 
geometric intersection Zr n Z8 are proper (i. e. have the dimension r + s - n). 
Let U(1) . , U(? be the components of Zr n ZS; they are all algebraic 
varieties of dimension r + s - n. Then we can assign in a unique manner 
to each component U(0 a positive integer n such that the algebraic cycle 

ni U ) is a member of the homologous family of cycles constituting the 
J=1 

"topological intersection" of Zr and Zs. This cycle n,U") is called the 
i=1 
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intersection cycle Zr- Z8 of Zr and Z8, and the numbers n1, *, nx are called 
the intersection multiplicities of UM, U(?) respectively. The degree of 
Zr Z, is the product of the degrees of Zr and Z,. Corresponding to the 
Lemmas 1 and 2 of the preceding section, we have here the following result 
about the intersection cycle Zr Z,: (1) If Vr and V8 are component varieties 
of multiplicity one of Zr and Z, respectively, and if U is a regular component 
of Vr n VT and is not contained in any other component of Zr or Z8, then 
the multiplicity of U in the cycle Zr Zs is equal to + 1. We shall say the 
U is a regular component of Vr n V8 if it contains a point which is regular 
for both Vr and V8 and if the join of the tangent spaces of Vr and VI at 
this point has the dimension n. (2) Given any positive number d there 
is a positive number e (depending of course also on Zr and Zs) such that if 
the algebraic cycles Z'r and Z'8 are e-homologous to Zr and Z8 respectively, 
then the cycle Z'r- Z' is d-homologous to the cycle Zr Z,. All these hold 
in fact (with slight modifications) also for the intersection of analytic 
cycles and complexes, but we shall not need them here. 

LEMMA 4. Let Er be an analytic simplex in S", with center at (p) and 
let Ln-r+i be a linear variety containing the point (p) such that the inter- 
section of Er with Ln r+i is an analytic simplex E1 with center at (p). If a 
positive algebraic cycle Z,1 of degree m has an isolated intersection with E, 
at the center (p) with a multiplicity I, then the intersection cycle of Z,, 
and Ln r+i is a positive algebraic cycle Z-,. of degree m which has an isolated 
intersection of multiplicity IA at the point (p) with Er. 

Proof. The linear variety Lnr+i does not lie in any component hyper- 
surface of Zn-,; for otherwise the entire analytic simplex E1 would lie in 

Zn-l. in contradiction to our assumption that Zn-, has an isolated intersection 
with E1 at the point (p). Therefore every component of the intersection 
Lnr+l n Zn1 is an algebraic variety of dimension n -r and hence is proper. 
Therefore the intersection cycle of Ln-r+l and Zn-1 is a positive algebraic 
cycle Zn-r of degree m, and it remains only to show that this cycle Zn-r inter- 
sects Er at the point (p) with the multiplicity /A. It is obviously enough to 
prove the assertion for the case when Zn1 is an irreducible hypersurface, for 
otherwise we can apply the same argument to each irreducible component of 
Zn-l The assumption that Zn-1 intersects E1 at the center (p) with the 
multiplicity /A implies that there is a projective transformation arbitrarily 
near to the identity and such that TZ._l has exactly p regular intersections 
with E1 which lie in any given sufficiently smiall neighborhood R of (p). For 
such a T the components of TZn- n Ln-r+l are all proper and hence there 
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is an intersection cycle ZT - TZ 1 Ln r+i; and since each of the u regular 
intersection points of TZn l with E1 is contained in exactly one regular 
component of TZni n L-,r+i, it is contained in exactly one component of 
multiplicity one of the cycle ZT nr. Let the positive number d be chosen 
with respect to the chains Zn-r and Er and the neighborhood R of the point 
(p) as in Lemma 2, and let the positive number e be chosen with respect 
to the number d and the intersection cycle Z,-r -- Zn-l * Ln.r+ as in the 
remark (2) immediately preceding this Lemma. Since for T sufficiently 
near to the identity the cycle TZ., is an e-deformation of Z,-,, it follows 
that for such a T the intersection cycle ZTn_r is d-homologous to Zn-r. It is 
clear that the part of the intersection ZT _r n Er which lies in 1 consists of 
the same z intersection points of TZ,1 and E1. Since each of these points 
is contained in exactly one component variety of multiplicity one of ZT"_r, 
and since it is also a regular intersection of this component variety with Er, 
therefore it is an intersection of -multiplicity one of ZTn-r and Er. It 
follows then from Lemma 2 that the multiplicity of the intersection (p) of 
Z,-r and Er is equal to Ji. 

With the help of these two lemmas we can prove the following theorem: 

THEOREM IV. Let Er be an analytic simplex in Sn. Suppose there 
exists a positive integer N such that if any positive algebraic cycle Zn-,r of 
degree m in S. has an isolated intersection with Er at its center, then the 
multiplicity of this intersection is at most equal to inN. Then Er is an 
element of an algebraic variety Vr in Sn. 

Proof. The theorem is evidently equivalent to the following statement: 
If E,. is not an element of an algebraic variety Vr in S,n then given any 
positive integer N there exists a positive algebraic cycle Zn-r of degree .n such 
that Zn-r has an isolated intersection with Er of multiplicity greater than 
mnN at the center of Er. 

Let Dr be the analytic element containing Er. Let the affine space 
A. (x) be so chosen that the analytic element Dr is given by the set of 
equations 

Xr+i fr+l (Xl. 
.. 

* >Xr))' * * * xn=-_fn(Xl" *** xr).1 

where the f (x1,i , xr), i - r+ 1,* , n, are convergent power series in 
a region in the affine space Ar (x) of the r complex variables x1i, , xr. We 
can assume without any loss of generality that Er is the image of a simplicial 
2r-simplex C2r in Ar (x) and that the center of Er is the origin of An (x). 

Since the analytic simplex Er, hence also the analytic element D}r is not 
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algebraic, at least one of the n -r power series xr+i fr+i (x1, x Xr)* 

xn fn (XL * ' 'Xr), say the power series Xr+i =fr+i(Xl,' , xr), is not an 
algebraic element over the field I (xl, * *, xr). According to Lemma 3, there 
exists to any given positive integer N a polynomial F(x) F(xi,' * , Xr+i) 

of degree m (> M) in the r + 1 variables xi, , xr+i, such that the power 
series P(x1, , xr) F(x1, * , Xr,, fr+1 (xz1, * , Xr) ) contains no terms 
of degree ? imN. Since the element fr+i (1,x , Xr) is not algebraic over 
k(Xi, * - *, Xr), the power series P(x1, * * *, Xr) is not identically zero. 
Hence, after a suitably chosen linear transformation in Ar(x) if necessary, 
we can assume that the power series P (x1) = P (x1, 0 * , 0) is not iden- 
tically zero. It is clear that this power series P(xi) contains no terms of 
degree < mnN. Let Ln r+l be the linear variety in S. defined by the r - 1 
linear equationls x2 = 0,* - ' Xr -- 0, then the intersection of L.-r+1 with Dr 
is a regular analytic element D1 given by the equations X2 ? 0, , * * xr 0 
Xr+1 - fr+i (Xi 0, O., 0), , n X n fn(xl, 0,' , 0); and the intersection 
of Ln-.+, with Er is an analytic simplex E1 contained in D1, which is 
the image of the topological 2-simplex C2 obtained from C2r by intersection 
with the subspace X2 X3 Xr 0 in Ar(X). (Thus C2 is a 2-simplex 
in the x1-plane.) 

Consider now the homogeneous algebraic equation 

G (xo, xi, * * , Xr+l) = xoF (Xl/Xo, , X*r+l/Xo) 0; 

it defines a positive algebraic cycle Z,-1 in Sn consisting of as many hyper- 
surfaces as the distinct irreducible factors on the left side of this equation, 
each taken with its multiplicity. The fact that P(x1) = F (x1, 0, * *, 0, 
fi+(x1, ,j * *, 0) ) vanishes for x1 0 but not identically shows that the 
point (x) (0) is an isolated intersection of Z,1 and E1. It only remains 
to prove that the multiplicity of this intersection is greater than mnN, for 
then our theorem will follow from Lemma 4. Here again we can assume 
that the algebraic cycle Z,-, is an irreducible hypersurface, which means that 
the form G (xo, x1, - *, Xr+i) and hence also the polynomial F (x1, - - *, xr+,) 
is irreducible; for otherwise we can apply the same argument to each com- 
ponent hypersurface of Z,,-. According to Lemma 2, it is sufficient to show 
that given any neighborhood R of the point (x) = (0) in An(x) there exists 
a linear transformation T(e), 

x',= xi,+ ei,, =, *n 

arbitrarily near to the identity, such that T(e)Zn l has more than mnN regular 
intersections with E1 in R. 
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Consider the power series in x1 with coefficients in ke(u) - k(1, , i-Ur+l) 

4D (xi, (iu)) =F F (xi + unl, u,, * * * Ur, Ur+l + fr+i (X1, O., , * 0)), 

which is convergent for all sufficiently small xi for any given (u). The 
intersection of T(,e)Zn,- and E1 is then given by the zeros of the power series 
1 (x,, (- e)) in C2, and it is well known that a simple zero xi - b1 corre- 
sponds to a point (b) == (b1, 0,O , 0, ftr+l(b, Op, , 0), , fn(bi,0, * ,0)) 
on E, which is a regular intersection of T(e,)Zn-l and E1. Now we have the 
fact that 4D (xi, (0) ) == P(xi) has a zero of order /A > mN at the point xl - 0. 
Hence, by the Weierstrass Preparation Theorem, there is a neighborhood I' 
of x1 = 0 and a neighborhood R' of (u) =- (0) such that 

(D(x1, (u) ) =- g (x1, (u) )Q (xl, (u) ), 

where Q (x1, (u) ) is a distinguished polynomial of degree /A in xl with center 
at x1 = 0, (u) = (0), and g(x1, (u) ) is a power series which does not vanish 
for x1 in I' and (u) in i'. The distinguished polynomial Q (xi, (u)) might 
be reducible as a polynomial in x1 over the field of all quotients of power 
series in (u), but it cannot have multiple factors. In fact, if any power series 
q(x1, (u) ) with the property q(O, (0)) = 0 is a multiple factor of Q(x1, (u) ), 
then the power series q(u) = q(0, (u)) is a multiple factor of Q(0, (u)) and 
hence also a multiple factor of the polynomial cJ (0, (ui)) = F (u). One 
observes that the power series q (u) is not a constant, for q (u) is not identically 
zero and we have q(0) = 0. Hence the equation q(u) = 0 defines a finite 
number of analytic elements of r dimensions in A,+1 (u) with center at 
(u) - (0). If one of the variables (ui), say u1, is actually involved in the 
polynomial F(u), then aF(u) /7ul is also a polynomial in (u). It follows 
then that both polynomials F (u) and OF(u) /7um are divisible by the power 
series q (u). This means that the two positive algebraic cycles of r dimensions 
in Ar+l (u) defined by the two equations F(u) 0 and OF(u)/0u, =0 have 
at least an analytic element of r dimensions in common and consequently 
also at least one component variety in common. Since F(u) is an irreducible 
polynomial, the algebraic cycle F(u) = 0 is an irreducible algebraic variety 
and hence must be a component variety of the algebraic cycle aF(m) /amu = 0. 
This means that the polynomial F(u) is a factor of the polynomial OF(u) /au1, 
both being now considered as elemnents of the polynomial ring le[m]. But 
this is impossible, for the polynomial aF(u)/aul has a lower degree than 
F(u). Thus we have shown that the distinguished polynomial Q(x1, (u)) 
has no multiple factors.7 

7The last part of the argument consists essentially in showing that an irreducible 
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Since Q (x,, (u)) has no multiple factors, its discriminant H (u) is not 
identically zero in R". Hence for any point (e) in R" such that HI(e) 7? 0, 
the polynomial Q (x1, (e) ) has exactly pt simple zeros and consequently also 
the power series 4?(x,, (e)) has exactly ,u simple zeros in R. For all points 
(e) sufficiently near to the point (u) = (0) with H(e) / 0, the p simple 
zeros will lie in any given neighborhood of the point x1 = 0 and hence the 
corresponding Iu intersection points on E1 will lie in any given neighborhood 
of the point (x) = (0). This completes the proof of the theorem. 

Combining Theorem III and Theorem IV, we obtain immediately the 
main theorem: 

THEOREM V. A compact analytic variety in S is an algebraic variety. 

Proof. Let Er be an analytic simplex contained in the compact algebraic 
variety Wr. According to Theorem III and Theorem IV, there is an algebraic 
variety Vr which also contains the analytic simplex Er. By the principle of 
analytic continuation, any two (irreducible) compact analytic varieties of r 
dimensions which have an analytic simplex Er in common must coincide. 
Hence we have Wr = Vr, and the theorem is proved. 

It is perhaps not without interest to point out here the analogy between 
Theorem IV and the well known criterion for an algebraic number by means 
of diophantine approximation: A number $ is algebraic if and only if there 

n 
exists a positive integer N such that no form 2 z,j( has a proper approxi- 

J=o 

mation t-N with respect to the variables zo, z1,- , Zn. In other words, if 
Z = max (I zo If, I I , , I Zn I), then the number $ is algebraic if and 
only if for each n the diophantine inequality 

n 

I E, Z,$, I < Z-N- 
4=0 

has only a finite number of solutions for which the left hand side is not zero. 
Hence, for each n there exists a positive number rP such that the diophantine 
inequality 

n 
IE ZiV I < (rnZ)-N 
4=0 

has no solution for which the left hand side is not zero. Taking the negative 
of the logarithm of both sides, we can write the inequality as follows: 

polynomial F (ai1I. * ) cannot have multiple factors in the ring of power series 

k{ul, . . .r+l}. This is a special case of a theorem proved by Chevalley, see [2], 
p. 11, Theorem 1, which asserts that any prime ideal in k (ul,. . * Iurn1) is the inter- 

section of prime ideals in k{U1,i {f.. ., Ur+i}. 
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-log z jI > N(log Z + log . 
j=o 

In the analogy between algebraic number field and algebraic function field 
of one variable we can regard the number e as an " analytic branch " and the 

n 
equation l z,yt = 0, for a given (z), as an "algebraic curve." The number 

J=o 
log Z + log rP can then be regarded as representing the " degree " of the 
"algebraic curve" and the left hand side of the above inequality as the 
"intersection multiplicity " of the " analytic branch " with the "algebraic 
curve." Carrying this over to the algebraic function field of one variable, 
we obtain the statement that an analytic branch E1 in S2 is algebraic if and 
only if there is a number N such that no algebraic curve of degree m can 
have an isolated intersection with E1 with a multiplicity greater than inN. 
Thus our Theorem IV can be considered as the extension of this criterion 
to analytic elements in space of higher dimensions. 

Finally, we should like to remark that though Theorem IV is stated 
and proved only for a regular analytic element, it is not difficult to see that 
it holds in fact for any analytic element, whether regular or singular. Thus 
this theorem expresses a property which is both necessary and sufficient for 
any analytic element to be algebraic. Though our proof is partly algebraic 
and partly topological, as is necessary for our present purpose, the theorem 
itself can be expressed in purely algebraic terms, using only formal power 
series. In fact, one could probably obtain a purely algebraic proof of this 
result by means of the intersection theory for algebroid varieties as developed 
by Chevalley.8 

5. Meromorphic transformations. We begin with an almosi obvious 
generalization of Theorem V to a multiply projective space. For the sake 
of convenience we shall restrict ourselves to the case of a doubly projective 
space Sm X Sn, though the results hold obviously for the general case. We 
can define an analytic variety W1 in Sm X S, in exactly the same way as we 
have done in 2 for S,. Now the space S. X S, can be mapped by a bi-regular 
birational transformation onto a non-singular algebraic variety Vm+n in a 
suitably chosen projective space S,. Under this transformation any analytic 
or algebraic variety in Sm X S, is carried into an analytic or algebraic variety 
in V+m+n respectively, and conversely. Therefore, if Wr is a compact analytic 
variety in Sm X Sn. then its image Wr* is also a compact analytic variety in 

8 Chevalley [21. 
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Vmtn and hence also in ST. By Theorem V, Wr* is an algebraic variety, hence 
Wr is also an algebraic variety. 

THEOREM VI. A compact analytic variety in a multiply projective space 
is an algebraic variety. 

In fact, we can extend this theorem to all the so-called " extended spaces" 
of Osgood,9 but we shall not go into details here. Instead we shall derive 
from Theorem VI an important result concerning meromorphic transformation 
of an analytic variety. A mapping of an analytic variety Wr in Sn into the 
space Sm is called a meromorphic transformation if in a sufficiently small 
neighborhood R of any point (a) of Wr and for a suitable choice of the affine 
spaces An(x) and Am (y) in Sn and Sm respectively, the mapping is defined 
by a set of equations 

(9) g (x) y = f (x),i ***,n 

where the functions g (x), f1 (x)y, * * * , fm (x) are holomorphic in R and g (x) 
does not vanish for all points of Wr n R. These equations are to be under- 
stood with the following stipulations: For a point (x) = (p) in WrnR 
such that g (p) #Z 0, the image under the mapping is the point yi = f(p)/g(p), 
i 1, m M, in Sm. We shall call such a point (p) a regular point of the 
mapping. For a point (x) = (p) such that g(p) 0, the image under the 
mapping is to be the set of all points in S. which are limits of the images 
of a sequence of regular points approaching (p). Thus a meromorphic 
transformation, just like the rational transformation in case of an algebraic 
variety, is not a mapping in the strict sense of the word; it assigns only to a 
sufficiently " general " point of Wr a unique image, while to the others (which 
correspond to the fundamental points of a rational transformation) it assigns 
certain subsets as images. 

THEOREM VII. A meromorphic transformation of a compact analytic 
(hence algebraic) variety Wr in S,, into a projective space Sm is a rational 
transformation of Wr, and the image is an algebraic variety in Sm. 

Proof. The graph of the meromorphic transformation in the product 
space Sn X Sm is a point set G, the projection of which in Sn is the variety 
Wr. Let ((a), (b)) be any point of G, and let R be a sufficiently small 
neighborhood of ((a), (b)) with R' and B" as its projections in S. and Sm 
respectively. The variety Wr being algebraic, it is defined in the neighborhood 

9 See Osgood [7], Ch. III, ? 32. 
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R' of the point (a) by a set of algebraic equations pi(x) = 0, i 5 .,* . . s. 
Then the set G n P will be defined by the set of equations 

g (x) yi ft (x), z , , n 
(10) 

oj(X) O, 0. 1,*,s, 

with the stipulation that any component variety lying entirely in the 
hypersurface g(x) 0, if it is an isolated one, should be deleted from 
the set. It is well known 10 from the theory of power series ideals that 
this can be achieved by the adjunction of a finite number of suitably chosen 
analytic equations to the equations (10), if the neighborhood R is chosen 
sufficiently small. Thus the set G n R consists of all the common solutions 
of a set of analytic equations in R. Since ( (a), (b) ) is any point of G, this 
means that G is an analytic variety in S. X S. 

It remains to show that G is a compact set. Let ( (a()), (b($))), i= 1, 
2<+ * , be a sequence of points in G converging to a point ((a), (b)) in 
Sn X Sm; we have to show that ((a), (b)) is a point of G. Since Wr is 
compact and the point (a) is the limit point of the sequence (a()), i = 1, 
2, . ., it follows that (a) is a point of Wr. In a sufficiently small nieighbor- 
hood of (a) the given meromorphic transformation will be represented by 
a set of equations (9), with the corresponding stipulations. We can assume 
without loss of generality that for all large i the points (a()) are regular, 
i. e. g(a(0) )#6 0. For, since each point ( (a(")), (b(0)) ), with g(a(M ) =) 0 is 
by our stipulation the limit of a sequence of regular points, we can always 
replace each point ((a(")), (b(f)), for sufficiently large i, by a regular point 
sufficiently near to it so that the resulting sequence will have the same limit 
point ((a), (b)). Now, if g(a) #70, then we have 

bj ==lim bj1 M - lim fj(a( )/g (a() j f(a)/g (a), j-1, * ,m; 
J---> o0 i--->-oo 

and hence ((a), (b) ) is a point of G. On the other hand, if g(a) 0, then 
the point (b) is by our stipulation a point of G. Therefore G is a compact 
point set. 

Thus we have shown that G is a compact analytic variety in Sn X S; 
hence, by Theorem VI, G is an algebraic variety. It follows then that the 
projection of G in Sm is also an algebraic variety We and the given mero- 
morphic transformation is really an (irreducible) algebraic correspondence 
between Wr and W8. Since this algebraic correspondence assigns to a generic 
point of Wr a unique image point in W* (and since our ground field has 

10 See Riiekert [SI, or Bochner and Martin [l], Ch. X. 
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the characteristic 0), therefore it is a rational transformation of Wr onto W*. 
Thus the proof is completed. 

The concept of a meromorphic transformation evidently includes that 
of a meromorphic function as the special case m! 1. Hence we have the 
corollary: 

COROLLARY. An everywhere meromorphic function on a compact analytic 
variety is a rational function. 

So far as we know, even this corollary has been proved up to. now only 
for a few special cases such as the projective space and the space of analysis 
(the product of projective lines). 
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