ON POLYNOMIAL INVARIANTS

Walter Ferrer Santos Gerardo Gonzalez-Sprinberg

ABSTRACT

Let S be a graded K-algebra equipped with a projection P into the kernel S
of a family of homogeneous operators {A;:i=1,..,n} of degree —1. In this paper
we prove that under certain exactness hypothesis that relate the operators
P and Ay, if S is a polynomial algebra so is S®. We obtain additional
information in the monomial case and show that the above result specialized
to the case of a finite group generated by reflections produces a proof of the
well known theorem of Chevalley, Shephard and Todd.

1. INTRODUCTION

In classical invariant theory , as described for example in (7), there were always
considered “a first fundamental theorem” that produces the invariants, and a “sec-
ond fundamental theorem” that yields the relationships between the invariants.

In the case of a finite group it has been known for a long time, that even for linear
groups and their natural actions on the affine space, non trivial relations between
the invariants may exist (see (6, Chapter 4 , Sect. 5) or (3)).

In these contexts it is natural to look for a characterization of the finite linear
groups for which the fundamental invariants have no relations.

Around 1955, first in (5) by means of a case by case discussion, and then in (2)
using a general method that we discuss at length along this paper, it was proved
that a finite linear group over a field of characteristic zero is generated by reflections
if and only if the algebra of its invariants is generated by algebraically independent
elements.

The purpose of this paper is to use the standard machinery on graded algebras in
order to prove a general theorem on kernels of homogeneous operators of degree —1,
that yields —for the case of finite groups— the theorem of Chevalley, Shephard and
Todd. The same methods applied to other situations produce analogous results on
polynomial invariants.

Mots clés: polynomial invariants, reflection groups.

Classification AMS: 14130, 13A50
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2. INVARIANTS OF GRADED ALGEBRAS

We assume that K is an arbitrary field and that all vector spaces we consider are
defined over K. We consider objects graded over the semigroup N of natural numbers
and if S is a graded algebra we assume that Sy = K. We denote S =3 _ Sy.

We adopt the usual notation in the subject. For example if V and W are graded
K-—spaces, a linear map T is called homogeneous if there exists d € Z such that for
all n € N, T(V,,) C Wy, 4q. The number d is called the degree of T'. In this situation
the subspace Ker(T) is graded and denoted as V7.

In the case of a family of homogeneous operators 7 = {7}, : « € A} we denote as
VT = yileacdt = Ve =N o4 Ker(Ty).

The theorem that follows is the starting point of our considerations. It can be
considered as an abstraction of the basic techniques used in (2).

Theorem 2.1. Let S be a graded commutative algebra without zero divisors and de-
fined over K. Assume that there exist K-linear homogeneous operators P, A1, Ao, ..., Ay, :
S — S such that:
(i) The operators A; are of degree —1, P is of degree 0 and P(1) = 1.
(ii) The operators A; and P are S®-linear, i.c., Yr € S®,Vy € S we have
P(zy) = xP(y) and A;(xy) = 2A;(y). Here we abbreviate A = {Aq,..,A,}.
(iii) If for alli=1,2,..n, T C S is a A;-stable homogeneous ideal, then T is also
P-stable and the sequence

5 Are.0A,
7291225 9T e S/T

s exact where ]3, A\l, ..,E; are the corresponding maps defined on the quo-
tient.

Then S is a free homogeneously generated S™— module and rkgaS = dimKS’/S_%S.

Proof: First we extract some consequences from our hypothesis and show
that some of the statements in the theorem make sense. The K-space S2 is a graded
K-subalgebra of S. If 2,y € S2, then A;(2y) = 2A;(y) = 2.0 = 0. Hence 2y € S*.
Also as each of the A; has degree —1, we have that 1 € S®. Suppose z € S2,
P(z) = P(xz.1) = zP(1) = z. If we take Z = 0, the assertion (i7i) implies that
Vi=1,.,n, AP =0,ie P(z) € S? Vr € S, and hence P is a projection of S
into the subalgebra S2.

We write S; = ®p~0S; and Sf = @k>OSkA. Consider the ideal SﬁS = T gener-
ated in S by Sf. Consider the K-space S/Z and consider a family of homogeneous
elements B = {e, : & € A} in S such that {e, +Z : a« € A} is a K-basis of S/Z. We
prove that B is a family of free S®-generators of S.

The proof that B generate S over S2 is standard. Call M the graded S®-
subalgebra of S generated by B.

One proves by induction on d € N that My = Sy. To start with the induction we
have to show that My = K.

As {eq + I} generate 1 + Z over K, we can find scalars a, € K such that 1 —
Y 0 Gata € SﬁS . If we look at the degree zero part of the above equation we get
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1 =3 (adeg(ea)=0} @a€a = 0 so that for at least one a , deg(eq) = 0. This implies
that Mo =K.

Suppose that we know that Ve < d , M, = S.. If we take f € S; we can find
scalars aq such that f — )" aneq € T . We deduce that there exist homogeneous
elements rg € Sﬁ, fs € S such that f — 3" aseq = > 5 farp. Taking the part of
degree d of the above equation we obtain:

- Z A€o = Z fars
{ozdeg(ea)=d} {B:deg(fg)=d—deg(rs)}

As deg(r3) > 0, d — deg(rg) = deg(fg) < d. Hence Vf3, f3 € M and so does f.

Now we prove that B is free over S®. The truth of this assertion will be deduced
from the following: For any relation x1y1 +xoyo+...+Zmym = 0 with x; € SA, yi €S
and y; homogeneous, we have z1 € S?zy + .. + S?z,, or y; € SﬁS = 7. Indeed,
if we have a relation of the form zie; + z2es + ... + Tmenm = 0 with z; € S2,
as e; € T we deduce that x1 = 2012 + .. + 2Ty, With 2o, ..., 2, € SA. Hence
(2222 + .. + zmTm)er + ... + Tmem = za(22e1 + €2) + .. + T (2me1 + em) = 0. The
alternative that zoe; +e2 € 7 is impossible. This is because if deg(z2) = 0 the above
equation produces a K-linear dependence relation between e; and es in S/Z, and
deg(z2) > 0 leads to the conclusion that zpe; € Z and hence that es € Z. It follows
then that zo € S®?z3 + .. + S%z,,. Continuing in this way until the end we find a
relation of the form (t1eq + ... + ti_1€m_1 + €m)2m = 0 with ¢; € S2. From this we
conclude that tie1 + ... + tjp_1€m—_1 + €, = 0. If we write t; = s; + p; being s; and
p; the parts of degree zero and positive degree of t;, we obtain a relation of the form
sie1+ ...+ Sm_1em_1+em € SfS. This contradicts the K-independence of the e;
modulo SfS.

All that remains to be done is to prove that the mentioned alternative is valid,
i.e. that for any relation z1y1 + zoy2 + ... + TmYm = 0 with z; € S2,y; € S we have
T € SAZEQ + ..+ SAxm or yi € SfS =17.

The proof proceeds by induction on the degree of .

If y1 = 0 there is nothing to prove, and if y; € K*, we write x1 = x229+.. + T 2m-
Applying P to the above equation we have x; = P(x1) = x2P(22) + .. + 2 P(2m)-
Hence 21 € S2z9 + .. + S2x,.

Suppose that deg(y1) = d > 0 and that the assertion is established for all elements
of smaller degree.

If we apply the operator A; to the original relation we get: x1A;(y1) 4+ x2A;(y2) +
e + A (ym) = 0. If Aj(y1) = 0 for all 4, as y; has positive degree it belongs to
Sﬁ and we are done.

If for some i, A;(y1) # 0, as this element has degree d — 1 we conclude-by
induction— that we are in the hypothesis in which the alternative is true. Hence
r1 € SPxo + .. + Sz, or Ay(y1) € S_%S forallz=1,..,n.

In the first case we are done so we can assume that for all i, A;(y1) € SfS .

Consider the exact sequence

B AL®.. DA,
S/588 L 9/588 T 57988 @ L@ §/5AS
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The element 77 = y1+ S35 € Ker(ﬁ\l@..@ﬁ\n)? so that 77 € Im(P),i.e., P(y1)—y1 €
S2S. But y1 € S4 hence P(y1) € S£S. So that y; € SLS.
U

3. POLYNOMIAL SUBALGEBRAS OF POLYNOMIAL ALGEBRAS

In the last section we proved that —under convenient hypothesis— the algebra S —
considered as a module over the subalgebra S2— is freely generated by homogeneous
elements. In this situation standard results in commutative algebra—due mainly to
J.P. Serre- guarantee that if S is a polynomial algebra so is S2, see (4) . It is worth
noticing that the above result is characteristic free. For the sake of completness
we sketch its proof. By Serre’s result mentioned above it is enough to prove that
SA has finite global dimension. We call n the number of free generators of S and
take a proyective resolution of S® of length n — 1 and call Z its last kernel. We
need to prove that Z is proyective. The freeness hypothesis and the fact that S is a
polynomial algebra imply that the module induced at the level of S by Z, i.e. the
module Z ®ga S is S-proyective. Using again the freenes of the extension on can
prove that Z is also proyective as an S®-module.

In the literature an elementary proof of the above result is usually presented —see
for example (1) or (6)—. The price to be paid for being elementary is that it is not
characteristic free.

We state and prove a couple of lemmas that seem to be a simplification of some
of the arguments presented in the mentioned references and at the end produce the
elementary proof.

Lemma 3.1. Let K be an arbitrary field and let R C S be a graded extension of
commutative K -algebras. Assume also that:

(i) The extension R C S is integral and flat.
(i1) If Z is an arbitrary homogeneous ideal of R, then: ZSN R =1.
(iii) If we order the family of all sets of homogeneous generators of the ideal R
of R in terms of their cardinal, there exists a minimal set in this family all

whose elements have degrees non divisible by the characteristic exponent of
K.

Then, if S is a polynomial algebra generated by elements of degree one, R is a
polynomial algebra with the same number of generators than S.

Proof: First recall that in the situation above the condition that S is
integral over R is equivalent to the condition that S is finitely generated as an R—
module and each of them implies that R is a finitely generated K-algebra. Hence R
is noetherian and its fundamental ideal R, is finitely generated as an R-module.

Assume that F = {f1, .., fin} is a set of homogeneous generators as the in hypoth-
esis (iii), i.e., such that the characteristic exponent of K does not divide d; = deg( f;).

An easy argument — that apparently goes back to Hilbert — guarantees that F
generates R as a K-algebra.

We want to prove that F is algebraically independent over K.
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Assume there is a non-zero polynomial h € K[X7, .., X;,,] such that h(f1, .., fm) =
0. We can assume that h is homogeneous in its variables and with minimal degree.

If we take the partial derivatives h; = 0h/0X; and consider h;(f1, .., fm) € R, we
can define the ideal J of R as J = (h1(f1, -, fm)s s P (f1, -, fm)) R-

From the hypothesis on the minimality of the degree of h we deduce that at least
one of the generators h;(f1, .., fm),7 = 1,..m of the ideal J is non-zero.

After renomination of variables one can define a number s,1 < s < m such that
is minimal with respect to the property that

J = <h1(f1a "7fm)7 ")hs(fh “7fm)>R

Hence, for all s+ 1 < j < m we have that h;(f1,.., fm) = D iq Tijhi(f1, .., fm) for
some 71 ; € R.

If we differentiate the equality h(f1, .., fr,) = 0 with respect to the variables Tj,1 =
1,..,nand call 0f; /0T = f;; wehave: 0 = 9/ITi(h(f1, .., fm)) = Doieq hi(f1s ey ) fin =
Dot hilfs s fm) fig + 2201 Oz Tighi (s s f)) i =
Dot hiCfus e fmdlfig + 227 g1 i fial-

Now we prove that the term between brackets of the above equation belongs to
the ideal R S.

Consider the R-linear map ¢ : R® — R given by the formula: ¢(ry,..,rs) =
i hi(f1, - fm)rs, and call ¢g : S® — S its extension to S® by the same formula.

By definition J = Im(¢). The hypothesis about the flatness of S as an R—module
guarantees that the sequence:

0—>Ker(¢5)—>RSf>J—>O

remains exact after tensoring with S.
From the exactness of the tensored exact sequence

O—»Ker(¢)S—>SS¢—S>JS—>O

we conclude that Ker(¢s) = Ker(¢)S.

As we proved before the element
fig+ 25 i fia € Ker(¢s) = Ker(¢)S.

Now we prove that Ker(¢) C R.

Consider a family of elements (rq,...,7s) € R® : >.7_ hi(f1,.., fm)ri = 0. The
non-zero r; that verify the above equation have part of degree zero equal to zero.
Otherwise we would have a relation of the form "7 | h;(f1, .., fm)Ai = 0 with some
non-zero escalar coefficients \; € K. This contradicts the minimality of the number
of generators of the ideal J.

We conclude that for 1 <7 < s,1 <1 <mn,f;+ Z;»n:sH rijfi1 € RyS. Hence,
as we know that the elements {fi,.., f,} generate R, we conclude that there exist
elements s;;; € .S, 1 < j < m such that for all 1 <i <s,1 <1<,

m m
fiot D riglia=Y_ sl (1)
i=1

Jj=s+1
By Euler’s relation we have that for all 1 <i <m, d;fi = -, Tifis
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Multiplying in equation 1 both sides by 7; and adding all the terms we obtain,
for 1< i < s, 350 Tifig + X earig Q0 Tifin) = X500y Tisigg) fi If
we call t;; = Z?:l Tysiy; it is clear that ¢; ; € Sy and that for 1 < ¢ < s,d;f; +
Dimet Tigdifi =251 tig i + 2 tig S

We can rewrite the above equation as : d;fi =3 7_ tijfj = D0 (tij—djrij) f
and it is valid for 1 <1 < s.

Now we take for example ¢ = 1 and display the equation above as: di f1 —t1,1f1 —
tLQfQ — .. — t175fs = (t175+1 — d5+17°1’5+1)f5+1 + ..+ (th — dmrl,m)fm- As the term
t1,1/1 has no homogeneous part of degree d; when we take the homogeneous part
precisely that degree of the displayed equation we obtain a relation of the form:
difi € Sfa+ ..+ Sfm.

Using our hypothesis about the degrees of the polynomials f; and calling Z the
R-ideal generated by {fa,.., fim}, we conclude that f; € ZS N R = Z. Hence f; €
Rfs+..+ Rfy, and this contradicts the minimality of the chosen set {f; : i =1,..,m}
of generators of R .

To prove the last assertion of the Lemma we consider the field extension [R] C [S]
that is algebraic because of hypothesis (i). Hence the transcendence degree of [R]
and of [S] over the base field K are the same. Hence m = n.

O

Observe that in the case that the base field is of characteristic zero, the hypothesis
(iii) about the degrees of the generators is authomatically verified.

The following Lemma guarantees that in the case that S is free homogeneous and
finitely generated as an R-module the hypothesis (i) and (ii) are verified.

Lemma 3.2. Let K be an arbitrary field and let R C S be a graded extension of
K-algebras. Assume that as an R-module , S has a finite basis of homogeneous
elements, then the extension R C S is integral and flat and for all homogeneous
ideals T of R, LISN R =T1.

Proof: It is clear that being free and finite the extension has to be flat and
integral.

We prove now the condition about the extension and contraction of ideals. Call
{s1,.., 8-} an homogeneous finite basis of S over R. The neutral element can be
written as 1 = a181 + .. + a,s, with a; € R, hence it is clear that one of the s; has
degree zero and that the homogeneous basis can be taken of the form {1, .., s,}.

Assume that 7 is an ideal of R and take £ € ZS N R. If we write £ = ) ajt;
with a; € 7 and t; € S and t; = ) b;;s; with b;; € R, we have a relation of the
form § = >7,(3°; a;bij)si. As £ € R we can also write { = {1 = (3_; a;b1;)1 +
Zi>1(2j ajbi7j)si. Hence f = (ZJ aijj) el

O

4. THE MONOMIAL CASE

In the monomial case additional information can be obtained. In fact , assume
that R C S is an extension of graded rings such that S is polynomial over K and
free finitely generated as an R-module. Next theorem proves that in the case that
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R is generated by monomials these monomials can be taken as powers of a system
of variables of S.

Theorem 4.1. Let K be an arbitrary field and let R C S be a graded extension of
K-algebras. Assume that S is polynomial algebra generated by elements {T4,..,T,}
of degree 1 and that R, as a K—algebra, is generated by monomials. Suppose that as
an R-module S is finitely generated and free. Then:

(i) As R-module S has a finite monomial basis.

(i) R is of the form R = K[T™, .., Td].

n

Proof: First we prove (i) i.e., we find a monomial R-basis of S. Let
B = {p1,..,pr} be an arbitrary R-basis of S. To obtain a monomial basis we will
perform on B elementary operations over R.

It is clear that at least one of the p; has a non zero constant term, that we can
assume to be equal to 1. By elementary operations over K we can transform the
given basis into another—that will still be denoted as {p1, .., px }— such that there is
only one element of it , that we call p; that has a non zero constant term— and that
we assume it is 1-. We can write 1 = py + Y .o, mip; with r; € R,2 <4 < k. This
equation defines an elementary transformation of the basis. Hence we can assume
that p; = 1 and that the other p;’s have zero constant term.

Having settled the first step we proceed by induction. We assume k > 1 because
if K =1 we are done. We prove by induction in j that for all 1 < j7 < k we can find
a basis {p1,..,pr} of S over R such that:

(1) The element p; is a monomial for 1 <i < j.
(2) deg(p1) < deg(pa) < .. < deg(p;)-
(3) deg(p;) < deg(pf(p:)), vVt > j, where pf(p;) denotes the principal form of the
polynomial p;.
(4) For all ¢ > j there is no monomial term in p; of the form rp; with r a
monomial in R and 1 <7 < j.
Choose h > j such that the term p; has degree of its principal form minimal, and
choose in pp a monomial my, of this degree. By elementary operations on B we may
assume that no K-multiple of my is a monomial term of py for A’ # h,h' > j.
As my, € S, it can be written as my, = > ;' rp;. From the above conditions we
conclude that r; = 0,1 <! < j and r, = 1. After renumbering we may assume
that h = j + 1. Hence the substitution of p; by my, is an elementary transformation
and after performing this transformation we see that conditions (1), (2) and (3) are
verified for h = j + 1. Condition (4) can be obtained by elementary operations.
Hence we obtain a monomial R—basis of S.

Now we prove (ii). Let F = {f; = [[.,T,"’,1 < j < m} be a monomial
generating system of R,. First we prove that for any 1 < ¢ < n any system F as
above contains a pure monomial of the form Tidi for a certain d; > 0. As S is integral
over R, for any i we have a relation of the form:

TN +ry TN+ 419 =0 (2)
with N >0 and r, € Rfor 0 <k < N.
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Each r; can be written as a polynomial a; with coefficients in K on the elements
{fi,1<j <m}, ie,

Tk(Tla "7Tn) = ak(fl(Tla ~7Tn)7 X fm(T17 aTn))

In order to have the integral relation( 2)verified , there must exist at least one
rp with a pure monomial term on 7j. Then there is at least one f; which is a
pure monomial on Tj, because if f;(0,..,0,7;,0,..,0) = 0 for 1 < j < m, then
r,(0,..,0,7;,0,..,0) = ax(0,..,0) € K, so r; would not have a pure monomial term
on T;.

Let d; be the minimal positive integer such that Tid" € R. Consider Fy a minimal
monic monomial generating system of the ideal R,. It contains all the monomials
Tidi for1 <i<n.

Assume F contains another monomial of the form [, Tibi. Because of the
minimality of Fy the exponents b; verify that 0 < b; < d;,V1 < 7 < n and because
of the minimality of d; there are at least two indices —that we can assume to be 1
and 2— such that by, by > 0.

Let B be a monomial monic basis of S over R. Then B contains 1 and all the
monomials of the form Tl-a" with 1 < a; < d; for 1 < ¢ < n. In particular Tldlfb1 €
B and we have a relation ([]/, TP)T b = TH ([T, T) where : [, T €
R, Th™"epB TheR, [[l,T €S

Writing []i", Tibi as a product of a monomial in R and a monomial in B not
containing 77, we would have a non trivial linear relation over R of two elements of
the basis B, and this is a contradiction. If follows that R = K[T™, .., T%] and R is
a polynomial algebra since the elements {Tldl, .., T are algebraically independent
over K.

O

We summarize the results of the last two sections as follows.

Theorem 4.2. Let S be a polynomial algebra defined over K generated by the vari-
ables {T1,..,T,} and graded in the natural way. Assume that there exist K-linear
homogeneous operators P, Aq,..,Ap : S — S such that:
(i) The operators A; are of degree —1, P is of degree 0 and P(1) = 1.
(ii) The operators A; and P are SA linear, i.e., Vx € S®,Vy € S we have
P(xy) = xP(y) and A;(xy) = 2A;(y). Here we abbreviate A = {Aq, .., Ap}.
(iii) If T C S is a homogeneous ideal that for all i = 1,2,..n is A;-stable, then T
1s also P-stable and the sequence

b Re.ek
s/7 L g7 28

S/T®...®8/T

1s exact where ﬁ, 1\1, . &1 are the corresponding maps defined on the quo-
tient.
(iv) The K-space S/S2S is finite dimensional.

Then the subalgebra S is polynomial and in the case it can be generated over K by
monomials it is of the form K[Tldl, ., Tm] for certain positive integers d;.
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5. EXAMPLES OF POLYNOMIAL INVARIANTS

In this section we illustrate the results proved before with some examples. First
we show that the theorem of Chevalley-Shephard-Todd can be proved using the
methods developed above. Then we exhibit an example that is not covered by the
classical results.

We start by reviewing some well known definitions and constructions.

Let K is an arbitrary field and 7' : K™ — K" an invertible linear map. 7T is called
a pseudo-reflection if dim g Ker(T —id) = n— 1. The structure of a pseudo-reflection
can determined exactly. The condition about the rank guarantees that it has 1 as
eigenvalue with multiplicity at least n — 1. Two alternatives are possible: the other
eigenvalue is different from one in which case the matrix will be diagonalizable to a
matrix of the form S, = diag(1,1,..,1, ) ; the other eigenvalue is one in which case
the matrix cannot be diagonalizable, and is similar to a matrix of the form

100 .. 00O

010 ..000

001 ..000
Soo =

000 .. 10O

0 00 ... 01

000 .. 001

A diagonalizable pseudo-reflection will be called strong. The only strong pseudo-
reflections are the ones of type S,. A seudo-reflection T" with finite order not divided
by the characteristic of K is authomatically strong. The pseudo-reflections of type
Seo are of finite order only if the base field has positive characteristic.

Let T be a strong seudo-reflection and call fr : K™ — K a linear functional dual
to Ker(T'—id), ar the T—eigenvalue different from 1 and vy the ar—eigenvector of T
such that fr(vr) = 1. Then T = id + (ar — 1) frvp and T~! = id + (a;1 — 1) frur.

The action of T"on K™ induces an action of 7" on (K™)* by the formula (T.f)(v) =
f(T~1v) or more explicitly T.f = f + (a7' — 1) f(vr) fr. This action of T on (K™)*
can be extended by multiplicativity to the symmetric algebra S = S((K™)*). The
following result is well known and easy to prove.

Lemma 5.1. In the situation above there exists a linear operator Ap : S — S
homogeneous of degree —1 such that: ¥ € S |, T.& — & = frArp(E), Ar(n) =
EAT(n) + nAr (&) + frAr(§)Ar(n).

Let G be a finite linear group and consider its natural action on K™. For any
strong pseudo-re/-flec/-tion s € G we associate an operator Ay as above. In the case
in which char(K) is prime with the order of G —and hence the pseudo-reflections
are strong-we can also consider the standard projection P from S to S¢. Assume
that sq, .., s, is a list of all the pseudo-reflections of G and that we call A, .., A, the
corresponding operators. If G is generated by si, .., s,, the operators P, Ay, .., A,
verify the hypothesis of Theorem 4.2.



10 ON POLYNOMIAL INVARIANTS

First observe that S& = {€ € S: A;(&) =0,i=1,.,n}={6 € S:s.6 =€ i=
1,.,n}={¢e€8S:gf=¢Vge Gy =89 Ttis clear that P is SC-linear. If we
apply the formula A;(€n) = EA;(n) + Ai(E)n + fil\i(€)As(n) for € € S,n € SC we
conclude that the operators A; are S¢—linear.

If 7 is a A;—stable ideal, it is also stable by s; for all ¢ = 1,..,m and hence it
is G—stable. Finally if we have an element £ + 7 : A;(§) € Z for i = 1,..,n, then
si.& —& € T for all i. As the set {s; : ¢ = 1,..,n} generate G, we conclude that
g.£ — ¢ €T, Vg € G. Adding all the above relations we conclude that P(§) — ¢ € 7.

~

Hence € + 7 € Im(P) and the sequence:

2 Are.0A,
S)TE ST " ST »S/T

is exact.

The hypothesis about the finiteness of the dimension of S/ SfS as a K—space
follows easily from the well known fact that in the case of a finite group the extension
SG C S is integral.

Next example shows that the operators also appear in a completely different
context than the classical case above.

Suppose that K is a field of characteristic 2, and consider the graded polynomial
ring S = K[X,Y]. Consider 01,02 the K-linear derivations of S defined over the
generators by the formulae:

(X) =Y (Y)=0
5(X) =Y &(Y)=Y

Call K,,[X,Y] the homogeneous component of degree n of the original polynomial
algebra. On the K-basis {X" X"71Y, .., XY" 1 Y™} of K,[X,Y], the matrices
associated to 61 and do —that we call Dy and Ds— are the following;:

0 0 0 .. 00 O
n 0 0 0 00
0 n—1 0 0 00
Dy = 0 0 n—2 0 00
0 0 0 2 00
0 0 0 010
0 0 0 0 0 0
n 1 0 0 0 0
0 n—1 2 0 0 0
Dy = 0 0 n—2 0 0 0
. . . .. 2 n—1 0
0 0 0 ... 0 1 n

As the matrices verify Dy = D;+diag(0,1,..,n) , Ker(D;)NKer(D3) = Ker(D1)N
Ker(diag(0, 1, ..,n)). Let {en,en_1,..,e0} be the canonical basis of K" 1.
If n is even one easily checks that Ker(D;) = Ker(diag(0, 1, ..,n)) = (en, €n—2, .., €0).
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If n is odd of the form n = 2k + 1, we have that Ker(D;) = (eax, €2k—2, --, €0)
and
Ker(diag(0,1,..,2k + 1)) = (€2k+1, €2k—1, -, €1)-
Hence the homogeneous n-th component of Ker(d1) N Ker(dz) is:
0 if n=2k+1
(X% X*=2y2 O XPYHR-Z YRR if n=2k

We conclude that Ker(81) N Ker(dy) = K[X?2,Y?].

The direct computation above, that implies that Ker(d;)NKer(d2) is a polynomial
ring, can be explained in terms of the theory developed before.

Call A; and Ay the differentiation operators of degree —1 in K[X,Y] defined as:

A(X)=1 A(Y)=0
Ag(X) =1 Ay(Y)=1

As 01 =Y A; and d2 = YAy , Ker(A;) N Ker(Ag) = Ker(d;) N Ker(dz).

Now we find the operator P of Theorem 4.2.

It is clear that any polynomial f € K[X,Y] can be decomposed in a unique
form in the following way: f(X,Y) = f1(X%, Y?)+ X fo(X2, Y?)+ +Y f5(X2, V%) +
XYf4(X27 Y2)

We define the operator P : K[X,Y] — K[X,Y] by the formula : P(f) = f;. In
more explicit terms P(Enm ApmX"Y™) = Zkz,h a2k72hX2kY2h.

Clearly P, A1, As are K[X?,Y?]-linear.

It follows that:

AL(f) = (X2, Y2) + Y fu(X2,Y?)
Do(f) = Lo(X2, V) + f5(X2,Y?) 4+ (X + V) f2(X2,V2).

From the above equalities we easily deduce that if an ideal Z is stable by Ay and
Asg then f € 7 if and only if fi1, fo, f3, f4 € L.

Now we check condition (iii) of Theorem 4.2.

Let 7 be a A;—stable ideal of K[X,Y] for i = 1,2 and assume that f € K[X,Y]is
such that A1(f) € Z and Ao(f) € Z. Hence: fo+Y fu €T, fo+ fs+(X+Y)fs €Z.

Applying As to the first equality we conclude first that f4 € Z and then that
fo, fs € Z. Hence f — f1 € Z and consequently the element f belongs to the image
of P in the quotient K[X,Y]/Z.

It is interesting to observe that the above example is not covered by the classical
theory of Chevalley, Shephard and Todd. Indeed it is not hard to prove that the
subalgebra K[X?2,Y?] of K[X,Y] is not realizable as the algebra of invariants of a
finite group G acting linearly on K?2. In characteristic zero this can be proved using
for example Poincaré series and in the characteristic 2 case a direct argument can
be given.
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