Finally, assume ¢ < j. Then by definition of @ = ;, V is not contained in {J E,.
£>j
Consequently, its image in Z;4; is not contained in B;. As it coincides with the strict

ransform of W, we denote it by W;,;. As above by the projection formula, one has :
(—E;)k-W = (‘—Bj)k‘ i = e1(Qz,,,(~B;)® OB,-)k—l‘(_BjO i+1)
= ~e/(O)* ™ o(BjeWjn1) = — deg(Bj e Wia1) .

Now since j > i+ 1, B;eW;41 is the exceptional divisor of the blowing-up of Q; in
the strict transform W; of W in Z;, namely the projective tangent cone Proj CrW; of
W; at R = ;. Its degree is nothing but the multiplicity eg(W) since both coincide
with the degree of the Hilbert Samuel polynomial of the local ring Ow; g. Note that if
J 7 i, then Q; ¢ W;. Indeed by definition, this means that Q; ¢ F;. But recall that
W C B;, therefore the same inclusion holds for their respective strict transform W;
and E,' in Zj.

1.3.5.1. REMARK. — If er(W) #0in 1.3.5, then R — P foreach P € Jv.
Indeed this is obvious if d = 2. If not, set P = (. With R = Q; and @ = @); as
above, we have that V C E;N E;. Now, since j — i, one has 7 > ¢ and by definition of
@), one has i > £. So W; C E; N E; in Z;. Hence if ep(W) £ 0, then R = Q; € W},
soRe Epand R — @}, = P.

Theorem 1.3.5 motivates the following definition :

1.3.6. DEFINITION. — Let A = (C,m) be a cluster and W a k-dimensional
subvariety of Bg for some @Q € C with & > 1. We say that .4 satisfies the proximity
inequality with respect to W if one has

deg(W) mfy > D er(W) m}.
R—Q
The integers & and s = deg(W) are called, respectively, the degree and the class of the
proximity inequality.

In other words, this theorem expresses that the cluster associated to a finitely
supported complete ideal I satisfies the proximity inequalities with respect to any
subvariety of Bg for each Q € Cr.

1.3.7. — The following proximity inequalities are intrinsically associated to
the cluster : take a subset 7 = {{; < ... < 1}, 1 <1< d-1,0f {0,1,...,n}
such that {Qi,,...,Q;,} is completely self-proximate and set @ = @;, and W =
Eyzn...NEy,_ NB; CBg.Here k =dimW =d—1!and s =degi¥ =1, so one
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has the following class one and degree d — ! proximity inequalities

d-1 d—1
m;, > E my

i VieT

Note that these special (proximity) inequalities only depend on combinatorial
data associated to the cluster, namely the tree I' of the constellation (1.1.3), the proxi-
mity matrix and the weight vector rn. For this reason, we call them combinatorial
proximity inequalities. The combinatorial proximity inequalities correspond intersec-
tion theoretically to the conditions

ry 1= (*D)d_roEglo 0B, > 0.

Finally note that although for d =3, rz7 has a meaning if J is not completely
self-proximate, the condition »7 > 0 is superfluous since E;, N...N E;, = 0 obviously
implies r7 = 0.

For d = 2, there is only one proximity inequality for each @ € C, namely that
corresponding to W = Bg. It is a degree one and class one combinatorial inequality

given by
mg 2 2 meg.

It is known that the galaxy G of a given constellation C is the set of clusters A = (C, m)
for which the set of proximity inequalities on m for @) ranging in C hold ({E.C], [Ca],
[LIL[L3]). As a consequence and the intersection matrix ((EQ.ER)) being negative
definite with determinant —1 (1.6.6), one has :

1.3.8. THEOREM. — Ford = 2, G is a regular cone in the following sense :
the map D which -takes A to D(A) identifies G with
=D Ixo(-EY)
QecC

where (Eé) is the basis of E, identified with its dual EY = Homgz(E,Z) via the
bilinear form defined by the intersection matrix, dual to (Fg)gec, 1.e. such that
(Ec"é-ER) =0ifQ # R and 1 otherwise.

Proof. — Indeed, any D € E such that (D«Eg) < 0 for every Q € C
is effective (cf. [L1], §18) and it follows from 1.2.9 and the above remarks that
DG)Y=E*={D€E|(DiEg) <0 forevery Q € C}.

For d = 3, the example 1.3.9 shows that this is no longer true.
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1.3.9. ExampLE. — Consider a point O in a three-dimensional non singular
variety X and a non singular cubic curve W) in the exceptional divisor By obtained by
blowing-up O. Consider the constellation C consisting of O and nine points P,..., P
in general position on W (i.e. such that no other cubic curve in By goes through all of
them). Let A = (C,m) with mg =3 and mp, = 1,1 < <9.

Since W} is the only cubic in By going through A ,..., B, it follows that the
cluster .A may not be associated to a finitely supported ideal 7. In fact, if otherwise, M
being the maximal ideal of Ox ¢, I should be included in M? and the class mod M*
of any f € I should be a scalar multiple of an homogeneous polynomial defining Wj.
Consequently, ¥; should be a base curve of I and I would not be finitely supported.

Nevertheless, .4 satisfies all the proximity inequalities. First, this is obvious for
those corresponding to W C Bp,, 1 <1 < 9. If W = Bg, one has
mL =3=9> Z m% =9.1.
R—O
Finally, if W is a curve in By distinct from W, then by Bézout’s theorem
3degW) > Y, er(M) 2 D er ().
REWHNW 1<i<9
If W =W,
3deg(Wp) =92> > ep (W) =9.
1<i<9

Further relationship between Bézout’s theorem and proximity inequalities will appear
in 2.4.1.

1.3.10. REMARK. — A cluster A = (C,m) which satisfies the proximity
inequalities of degree 1 (i.e. with respect to any curve of B for each @ € C) satisfies
the proximity inequalities of any degree.

This can be rephrased by saying that A satisfies the proximity inequalities if and
only if —D(A) is =-nef (numerically effective).

Indeed recall that a divisor D on the sky Z of C is said to be m-nef if DoV > 0
for any exceptional irreducible curve. Then apply Kleiman’s theorem ([K] p. 320) to
Oz (—D(A) @ OF, for each E;.
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2. Linear systems with infinitely near base conditions

2.1.1. — In this section, we fix a cluster A = (C, m) of infinitely near points

of X with origin at O. As in 1.18, D = Y mgEy = 3 dgEg denotes its
QEC Qgec
associated exceptional divisor on the sky Z of C and 7 : Z — X is the canonical

map. We maintain the notation of § 1. The complete linear system on the germ of X at
O associated to A will be defined by valuative conditions.

For each @ € C, the valuation vg of the function field K(X) centered at B is
the valuation given by the order function ordg of the local ring Rg of () on the variety
on which it lies (1.2).

For 0 # f € R := Ox,0. the strict transform f5 (resp. the virtual transform
fg,a) of f at Q is defined inductively as follows :

) fo = fo,a=f.
ii) for @ € X, goingto P € X1, 1 <£<{, (see 1.1.2)

fo = (x)~*PYR fL,Ox, g (resp. fg,a4 = (2)"™F fp 4Ox, g) Where z = 0 is a local
equation of the exceptional divisor Bp at Q. Unlike fg, fq 4 may belong to K(X)\Rq.

Set eq(f) = vo(fp) and eg, 4(f) = vg(fq,4). Note that both eq(f) and eq 4 (f)
depend only on f and A.

For simplicity, here we call “hypersurface” an effective Cartier divisor on the
germ (X,0) of X at O. In particular, it need not be reduced.

2.1.2. DEFINITION. — Let .A = {C, m) be a cluster as above. An hypersurface
H on (X, 0) is said to pass through C with virtual multiplicities n, or simply to pass
through A, (resp. to pass effectively through A), if for each @ € C, one has

eq,a(f) > (resp. =)mgq
where f = 0 is any equation defining H.
Let s(A) be the complete linear system of hypersurfaces passing through A.

The following lemma characterizes the hypersurfaces in s(A).
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2.1.3. LEMMA. — With the preceding notations, let I be the stalk of
7« Oz(~D) at O. For 0 # f € R, the following conditions are equivalent :

(i) The hypersurface H; defined by f in (X,0) passes through A, i.e.
eq,A(f) > mq, foreach Qe C
() fel
(i) vo(f) > dg, foreach Q€ C.

Proof. — The equivalences between (ii) and (iii) are obvious. Now, from the
definition of fg 4, one has in K(X)

fQ,A = f H .’..'.';mP
P|Q—PFP
where zp = 0 is a local equation for the exceptional divisor Bp on a neighborhood of
the image of Q).
On the other hand, by definition of Eg, one has
E& = Eg+ Z UP(JTQ)EP ()
PIP—G
where, as above, zg = 0 is a local equation of Bg on a neighborhood of the image
of P.

But by 1.1.6, 'E* = M~ . 'E and by 1.1.8, d = M~!m. Using the explicit
expression for M ~! provided by (%), it follows that

dé —mg = Z vg(zp)mp .
Q—P
Hence : .
e, A(f) — mg = vg(fg,4) — mq = vo(f) — dg

and the inequalities (ii) and (iv) are equivalent.

2.1.4. REMARK — DEFINITION. — Let #*(H;) = div(f) be the total trans-
form of Hy on Z ; H; passes through A if and only 7*(H;) — D is an effective
divisor. We call it the virtual transform of H; on Z and denote it by 7(H ). It follows
immediately from the previous equality that Hy passes effectively through A if and
only if vg(f) = dg for each Q € C, i.e. if D is the exceptional part of #*(H). Since
this last divisor is %: eq(f)Eg, another equivalent condition is that eq( f) = mg for

each Q € C.
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corresponding combinatorial (d — 1) proximity inequality is strict, 1.e.

d—1 d-1
mQ > Z mR .
R—Q

2.2.1. — Finitely supported ideals behave well under restriction. As a co-
rollary, we get an interpretation of the class one proximity inequalities (1.3.6) which
generalizes 2.1.7.

Let A = (C,m) be a cluster of infinitely near points of X with origin at O
and let Y be a non singular algebraic subvariety of X passing through O of dimension
k+1 > 2. Then the points of C which lie on the strict transform of ¥ may be viewed
as infinitely near points of Y. By attaching to each one of them its weight in A4, one
gets a cluster Ay = (Cy,my ) of infinitely near points of Y with origin at O ; we call
it the cluster induced by AonY.

2.2.2. ProprosITION. — Let I be a finitely supported ideal in Ox o and
let A = (C,m) be its associated cluster. For each @ € Cy, let Ig|y, be the image
of the weak transform Ig of I at @ in the local ring of (Q on the strict transform
Yg of Y.

(1) For each Q € Cy, the ideal Iy, Is finitely supported and its associated
cluster is the cluster induced by A, on Yg.

(i) For each pair of points P, Q in Cy with P > @, Ip|y, is the weak
transform of Iy, at P.

Proof. — First we prove that for any ¢} € Cy, one has ordg I = ordg Ig|y,-
In fact, if otherwise, the tangent directions to Yy at ) would determine a subvariety
of base points of I in By of dimension k > 1. This may not be, since [ is finitely
supported. Note that if @ is an infinitely near point of Y above O and if @ ¢ Cy, the
same equality holds since both members vanish.

Now consider P € Cy such that £(P) = £(Q)+1. The exceptional divisor Bg(Y)
of the blowing-up of @ in Yg is, locally at P, the trace of Bg on Yp ; l.e. if =0 is
a local equation of By at P, then zjy,, = 0 is a local equation of Bg(Y) at P where
z|y, is the image of = in Oy, p. The assertions (i) and (ii) follow directly from the
above observations and definitions 1.2.1 and 1.2.2.

2.2.3. CoroLLARY. — WithY, I and A as above, the Rees valuations of
the image Iy of I in Oy,o are the order functions vg on the function field K(Y) of
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Y for which the class one proximity inequality for A with respect to the projective
tangent space ProjTqYg of Yg at Q Is strict i.e.

ms > E m% .
ReCy R Q

2.2.4. REMARK. — Note that given @ € C and a k-dimensional linear
subvariety W of Bg, there exists a least P & @Q such that W is the projective tangent
space at @ of the strict transform of some non singular Y going through P. The
proximity inequality with respect to W is strict if and only if the order function vg on
K(Y) is a Rees valuation of Ipy.

2.3.1. — Various global linear systems are naturally attached to clusters and
finitely supported ideals (Basic definitions and properties of linear systems are given in
{H], chap. IL.7).

Let A = (C,m) be a cluster and let D = D(.A). First observe that by 2.1.3 and
2.1.4, the complete linear system ?(.A4) on the germ (Z, | D]) of Z along the exceptional
fiber |D| of 7 : Z — X corresponding to Oz(—D), is the set of virtual transforms of
those hypersurfaces in (X, O) passing through A. Indeed the stalk I of 7.(Oz(—D))
at O is the set of global sections of the inverse image of (z(—D) on (Z,|D]) and, by
definition, 3(A) = {div(f)~ D | f € I}.

For each completely self-proximate set J = {iy < --- < iz} with1 < k < d-1,
we denote by 0 7(A4) the trace of 3(A) on Ey := FE; N---NE;, (1.14).

Recall that, by definition, 2 7(A) is the linear system on E'; corresponding to
the image of I under the natural map

I — HYE;,0z(-D)® Op,) .

It consists of all divisors #(Hy)e E 7 with f € I such that the virtual transform 7(H ) of
the hypersurface H, defined by f intersects £z properly. Even if A is associated to a
finitely supported complete ideal I, 2.7(.A) may be a proper subsystem of the complete
linear system ¢z(A) on Ez associated to Oz(—D) ® O, (cf. example 2.4.3 below).

The following notations generalize those which have been introduced in 1.3.3
and 1.34. let 7y : E; — By = E;; N---N B;, C Z;, 1 be the map induced by
Z — Zj,+1, let Ly := 7% (H 7) be the total transform of a general hyperplane H 7 in the
(d— k) projective space By and fori — J (i.e. i — i, 1 <L < k) let Ef ;1= EfoEy
(this is also the total transform on F s+ C Z of the exceptional divisor of the blowing-up
of Qiin £y = E; N---NE;, C Zin). Finally let mz := m;,.
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2.3.2. LEMMA. — With the preceding notation, there is a natural Og, -
isomorphism

Oz(-D)® OEJ ~ Og, (mgLJ - Z m,-E::J) .
i—7

Proof. — Since D =5 m; E}, this is a straightforward consequence of 1.3.4.

This last computation suggests to extend the notions of constellations, clusters
and associated linear systems from local to projective context.

2.3.3. DEFINITIONS. — A constellation (resp. cluster) of points of B =
P4, £ > 2, consists of finitely many constellations (resp. clusters) with distinct origins
in B. '

The sky of such a constellation is the variety obtained by blowing-up its points.

Given such a cluster, its associated exceptional divisor is the sum of the
exceptional divisors of each one of the clusters originated at a point of B in it. (1.1.8).

Given an integer m > 1 and a cluster 2, the linear system sg(m) is the set of
those hypersurfaces of degree m in B passing through each one of the clusters originated
at a point of B in 2 (2.1.2).

We extend these definitions to B = P}, by identifying infinitely near and proper
points of Pk.

2.3.4. ProproSITION. — Let D = D(2) be the exceptional divisor of a
cluster A of points of B and let 7 : E — B be the canonical map from its sky F to
B. For any projective hypersurface W in B, let (W) denote its total transform
on £ and set (W) = (W) = D.

The map 7 is a projective isomorphism from sg(m) to the complete linear
system cy(m) corresponding to QOg(mL — D), where L := v*(H) is the total
transform of a general hyperplane H in B. We call (W) the virtual transform
of W on E (with respect to ).

Proof. — It follows immediately from 2.1.3 that sy (m) corresponds to the
subspace H%(3 @ Op(m)) of HY((Og(m)) where J := 7.(Op(—D)). Therefore for
W € sy(m), there exists a unique ¥ € HY(JI® Op(m)) such that W = div(F)+mH ;
since F(W) = div(F) + mL - D, it is enough to verify that the natural isomorphism
K(B) ~ K(E) of function fields respectively of B and E induces an isomorphism from
HY%J @ Op(m)) with HY(@Og(mL — D)). It is a direct consequence of the definitions
of J, L and of the projection formula.
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2.3.5. — Note that, J = {#; < .-- < i} being a completely self-proximate
set of indices as in 2.3.1, €&(7) := {Q,- ECli—J } is a constellation of points of
B whose sky is E 7. By restricting to €(.7) the weights in A, we get a cluster A(7)
whose associated exceptional divisor is 3~ m;E] ;. Lemma 2.3.2 expresses that the
complete linear system ¢7(A) on E7 i;_;lgthing but cg¢7)(mz). Similarly, we write
a7 (A) instead of sg(7)(m ) ; the linear system a7 (A) is the set of those hypersurfaces
of degree m s in B 7 passing through each one of the constellations originated at a point
of By contained in {@Q; € C | { — J} with virtual multiplicities induced by m. By
2.3.4, the operation of taking virtual transform 77 is an isomorphism from az(A) to
¢7(A). We denote by b 7(A) the linear subsystem of ay(A) corresponding to ?7(A).

More generally, if I is a finitely supported ideal with associated cluster A, we
consider the linear subsystem ?(I) of 2(A) defined by 2(J) := {div( H-D|fel }
and its trace 07(1) on E 7. We denote by b 7(7) the corresponding subsystem of a7 (A).

If I is complete, then d4(I) = 97(A4) and b 7(I) = b7(A). The linear system
b (1) can also be described directly from the weak transform of I at Q7 := @, as
follows :

2.3.6. THEOREM. — Let I be a finitely supported ideal and let b (1) be
the linear system of hypersurfaces of degree mgz in By just defined.

(1) The image Ij7 of the weak transform Ig of I at Q@ = @, in the local
ring Sz of Q on E;; N+--N E;,_, C Z;, has order mg(= mq) with respect to
Mg :=MaxSy7.

(i) Let In I} be the image of 1|7 under the canonical map

M7 — M7 /M7 = H%(Op,(myz)) .
Then b4(I) is the linear system corresponding to In | 7.

In particular, for each base point Q = @; of I, bg(I) = by;(I) is the linear
system given by InIg.

Proof. — First, we observe that by definition, 9(J) coincides with (ig)
on a neighborhood of Eg = E;,. Now, it follows from 2.2.2 applied to Ig and
Y =FE,Nn---NE;_, CZ, and from the definition of the trace of a linear system
that ordg(J| 7) = ordg Ig = mgq and that 37(I) = 0g(])7). Indeed, 2.2.2 ii) expresses
that the operations of taking virtual transforms and intersecting properly commute.
Consequently, replacing (E;, N---NE;,_,,@) by (Z,0) and I} 7 by I, we are reduced
to prove (ii) in the case where £ = 1 and 7 = {41} = {0}. So consider f € I. The
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virtual transform #(H;) of H; intersects Ey properly if and only if ordp f = mg and
if this is so by 2.1.4, 1.3.4, 2.34, 2.3.5

%(HI)QEO = W*(HI)QE() - Z m,'E;oEo

5 (Hing) — Y miEfg = To(Hin )
im0
where 79 : Eg — By is the canonical map and T(Hy, ;) is the virtual transform on Eg
of the hypersurface of degree mg in By defined by In f = fmod M(;““” (with respect
to 2(0)). This completes the proof.

The following diagrams gather all linear systems previously introduced and
bijections between them are represented by |

V(DT (A)Ceg(A) o(A)
E F 3
T 7 iy
ALY
x
b (DChby(A)Cag(A)
Ba
s / CD/ <
Y
~ s(A) ¢
p-
. (X,0)
sa(m)
2.3.7. REMARK. — Let A be the set of completely self-proximate sets. If I

is a finitely supported ideal, then

(i) for each J € A, 2 7(]) is base-point free

(ii) for each pair 7', J of sets in A with J C 7', 04(I) 7+ = 07:{I), where
d7(D)) 7+ is the trace of D7(I) on Ez..
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